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Figure 5.3: Inverse pole figure maps and pole figures for section 1 (a), section 2 (b), and section 3 (c)

A summary of the maximum, minimum, and average grain size, as well as
standard grain size deviation can be found in Table 5.2 for each of the 13 oblique
sections. The a-titanium material in this study had an overall average grains size of 11.09
with a standard deviation of 5.64 um, as measured by the equivalent diameter method in
OIM. A total of 19,642 grains were resolved but since edge grains were excluded from
the analysis, only 17,437 were included in the statistics. A combined grain size

distribution plot for all 13 sections is shown in Figure 5.4.



Table 5.2: Grain statistics obtained from analysis of OIM data

. INIHlsEr Minimum | Maximum | Average | Standard
sesion | Nomlbar | @lNeme || e Diameter Grain | Deviation
Number | of Grains Edge .

Grains (km) (um) | Size (um) | (um)

1 1540 1352 3.321 50.655 10.960 5.590
2 1517 1341 3.321 42.304 11.068 5.477
3 1524 1352 3.321 39.820 11.033 5.642
4 1496 1328 3.321 44.153 11.025 5.771
5 1700 1525 3.321 44.166 10.426 5.270
6 1581 1411 3.321 37.392 10.868 5.512
7 1280 1122 3.483 46.215 12.028 6.084
8 1800 1614 3.321 35.377 10.254 4.906
9 1535 1364 3.321 49.231 11.019 5.446
10 1499 1308 3.321 38.839 11.195 5.649
11 1646 1480 3.321 36.315 10.669 5.133
12 1262 1105 3.321 50.184 11.952 6.435
13 1292 1135 3.321 51.827 11.720 6.430
19,672 17,437 3.321 51.827 11.094 5.642
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Figure 5.4: Grains size distribution from OIM analysis
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5.4 Chord length distribution plots

A chord length distribution plot is presented in Figure 5.5 for three of the primary
hexagonal slip systems of titanium. In this way the CLDF was used to calculate the
average grain size for each of the 17,437 grains examined with orientation imaging
microscopy. However, the complete subset of primary slip systems totaling 18 were

sampled and then averaged to obtain the grain size values input into the Taylor model.
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Figure 5.5: Chord length distribution plot

5.5 Comparison between OIM and CLDF grain size statistics

The overall average grain size for the o-titanium material as calculated by the
CLDF method was 7.72 um with a standard deviation of 4.35 um. This compares nicely
to the OIM value of 11.09 £+ 5.64 um. The difference between the two methods is due to
the grain geometry and how grain size is calculated. If the two methods returned the
same results, we would assume the grains were equiaxed since the OIM approach

calculates the equivalent grain diameter from the area of the grain. Because they are
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different, we can assume that the grains are slightly non spherical. This was verified by
calculating the average grain’s shape within OIM. The results show that the grains are
elongated with an average major diameter of 7.24 um vs. a minor diameter of 5.24 um
using the least squares method. Table 5.3 summarizes the important grain size statistics

as calculated by both methods.

Table 5.3: Comparison of grain size statistics calculated from OIM and CLDF

Grain Size Statistics OIM CLDF
Minimum Grain size (pm) 3.321 0.335
Maximum Grain size (Lm) 51.827 38.126

Average Grain Size (um) 11.094 7.715
Standard Deviation (pm) 5.642 4.346

5.6 Chord length spacing sensitivity

In order to understand the influence spacing between chords plays in the chord

length distribution function, a test was conducted to determine the average grain size for

a 10 um circle. For spacings between 0.01 um and 1 pm the average chord length, L was

calculated and compared to the theoretical value of 7.8540, as obtained from the

equation, L =% [19]. The error plot shown in Figure 5.6 illustrates the need to

carefully choose the spacing between chords. An average chord length of 7.8553 was
calculated for a spacing of 0.01 pm which equates to an error of 0.016%. This value of

spacing was used in our calculations to ensure precise measurements of the CLDF.
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Figure 5.6: CLDF chord spacing error plot

5.7 ODF and grain statistics plots

Plots of the orientation distribution function, maximum grain size, mean grain size,
and standard deviation calculated from the CLDF are found in Figure 5.7. Six cross
sections were taken through the HCP fundamental zone at 0°, 60°, 120°, 180°, 240°, and
300° respectively. The peak intensity of the orientation distribution function was 6.36.
The maximum grain size within any of the bins was 38.126 microns and the mean grain
size for all bins was 7.7153 microns with a standard deviation of 3.76 microns.

It is noteworthy to mention that the variation of maximum grain size to average
grain size is approximately 5 for a-titanium. This is substantial considering the grains
were nearly equiaxed. Additionally, a comparison between the ODF plots and mean
grain size plots demonstrate that crystal orientations and grain size do not necessarily
correlate. Although a particular orientation is strongly present in a material, it is not
guaranteed that the mean grain size distribution of that orientation is also large. We can

conclude that the mechanical properties of a-titanium can vary substantially according to
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its orientation distribution as well as its grain size distribution. Furthermore, titanium
materials that contain acicular grain types or distribution with different grain sizes would
result in an even larger change in variation that could substantially affect the overall

strength of the material.
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Figure 5.7: Orientation distribution plots, maximum grain size, mean grain size, and standard
deviation plots are presented for several cross sections of the fundamental zone

5.8 True stress — true strain plots

In order to calibrate and verify the accuracy of the Taylor model predictions,

uniaxial compression testing was performed for titanium test samples electrical discharge
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machined from the plate in the RD, TD, and ND directions. The testing was performed at
room temperature with a constant strain rate of 1072 s-L. During the test, Teflon sheets,
high pressure grease, and regular lubrication were used to negate frictional effects. The
raw load and displacement data was corrected for machine compliance before true stress
—true strain curves were calculated. As plotted in Figure 5.8, the uniaxial compressive
yield strength in the ND, RD, and TD directions was 352 MPa, 192 MPa, and 174 MPa
respectively. Because the yield strength in the RD and TD directions is nearly the same,
it was necessary to perform a fourth test to properly calibrate the model. A plane strain
compression test in the ND direction was conducted and resulted in a yield strength of

199 MPa.

D00

200

800

700

600

500

True Stress (MPa)

400

300

True Strain

Rolling Direction (RD}

Transverse Direction (TD} Normal Direction (ND} — Plane Strain (ND Direction) |

Figure 5.8: True stress - true strain curves from uniaxial and plane strain compression testing
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6 Calibration and evaluation of model

6.1 Calculation of reference shear stresses

Reference shear stresses for the three primary slip families (basal, prismatic, and
pyramidal) of hexagonal close pack titanium are necessary to calibrate the crystal
plasticity model presented in this paper. These values were determined by curve-fitting
the predicted yield strengths in simple deformation modes to the experimentally obtained
curves shown in Figure 5.8 by trial and error until the predictions match the measured
values. The values obtained through this process were 200 MPa, 10 MPa, and 120 MPa
respectively for basal, prismatic, and pyramidal. Additionally, values of 57.1 MPa, 5.4
MPa, and 44.4 MPa for the basal, prismatic, and pyramidal intrinsic frictional shear stress
were estimated based on the work of Churchman [20]. By substituting the
abovementioned shear stresses along with the average value of grain size into Relation
(2.3), we can calculate the values of the mesoscale Hall-Petch slope that are tabulated in

Table 6.1.

6.2 Numerical challenges

Solving the Taylor viscoplastic equations for thousands of grains is
computationally demanding. These five dimensional equations are known to converge

poorly due to their stiff, non-linear nature. The situation becomes even more complex
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when grain size effects are incorporated into the equations, as the calculations must be
repeated for multiple grain sizes. A computationally efficient method is therefore needed
that will eliminate the need to repeatedly solve the equations for every combination of

grain orientation and size.

Table 6.1: Mesoscale Hall-Petch parameters

. * S *
Slip System & (MPa) Té ) (MPa) k' (MN/m*?)
Basal 200 5.40 12.777
Prismatic 10 57.10 396.925
Pyramidal 120 44.40 209.999

6.3 Database approach

Knezevic et al [16] has developed a database approach where the necessary
variables are computed only once and then stored for later retrieval. The strain rate
equation can be written in terms of a single angular variable, &, when expressed in its
principal frame [17]. This is illustrated in Equation (6.1) where the reference value of

strain rate, &,, has a value of 0.001 sec’’. By working in the principal frame, only the
0 y g p p y

diagonal terms of the strain rate space need to be sampled, and the time necessary to
probe the entire five dimensional strain rate space is conserved.

The database is computed by tessellating € into uniform intervals and solving for
the deviatoric stresses at the centroid of each fundamental zone bin, which have also been

tessellated into uniform bins. Because our model allows for variation of grain size, these
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calculations must also be repeated for intervals of grain size uniformly distributed

between zero and the maximum grain size.

\/ECOS(Q—ZJ 0 0
3 3

v . 2 T

=&, 0 \/;cos(9+§j 0 (6.1)
0 0 —\/% cos(d)

Discrete values of deviatoric stress in the principal frame, &, , are thus stored for
each value of theta between 0 and 27 . Nevertheless, we are interested in resolving the
stresses in the sample frame, &), of our titanium plate. Therefore, a method is required

to enable the sample frame strain rate space to be uniformly sampled over all possible
crystallographic orientations and € increments to resolve the deviatoric stress in the
sample frame. This is done by taking combinations of orientation and & in the sample
frame strain rate space, and decomposing them into their eigenvalues and eigenvectors.
The eigenvalues give us the strain rate in the principal frame that corresponds to the

sample frame strain rate that was input, whereas the eigenvalues give us a transformation

S—>P
matrix , g , which allows us to move back and forth between the principal and sample

stresses. The database can thus be searched for the value of principal stress that
corresponds to the principal strain rate obtained from the eigenvalues. Once the principal
stress is know, the transformation matrix is used to convert it into the sample frame

according to Equation (6.2).
s s—»pT _ s~
] | [#] ¢ (62)
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6.4 Discretization scheme

A tessellation scheme of ten degrees for orientation space and three degrees for 6

intervals was used for this project. The fundamental zone for hexagonal close pack
materials such as o-titanium, as illustrated in Figure (6.2), is defined with Bunge — Euler

angles in Euler space asg, €(0,27),® e(0,7/2),p, €(0,7/3)[21]. Additionally, the

grain size interval was incremented by a distance of 1 um between adjacent centroids.
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Figure 6.1: Discretized HCP fundamental zone shown for 10 degree bin sizes
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7 Discussion of Results

7.1 Deviatoric stress subspace

Figure 7.1 represents one of numerous combinations of deviatoric stress
subspaces that can be extracted from the full five dimensional deviatoric stress space and

illustrated as a three dimensional object. In this case, o}, o;, and oy, were selected and
the other two values of stress, o,, and o7,, were allowed to vary over all possible values.

However, any three of the five stresses could have been selected here.

Figure 7.1: Deviatoric stress subspace plot for high purity a-titanium (all units are in MPa)
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7.2 Yield surface plots

Yield surface plots were chosen as a convenient way to visually compare the
results found in this paper. The yield loci in Figure 7.2 represents yield surfaces in the

7 -plane for the a-titanium material. Using the definition for the rate of plastic work,

Wp , as expressed in Equation (7.1), we have chosen to normalize the stresses plotted in

each yield surfaces such that the rate of plastic work is constant for each point on the
yield surface. A value of 3.52 MPa/s was enforced for each point; it represents the value
resulting from the simple case of uniaxial compression in the ND direction.
. 3 3
W, = Z;Z;O'i;éy (7.1)
il o

The red surface in Figure 7.2 represents the Von-Mises or isotropic case, the blue
curve corresponds to the new grain size adjusted Taylor model, the green curve
represents the traditional Taylor viscoplastic solution, and the black triangles show the
experimentally obtained yield points. It is observable that the traditional method, which

only accounts for variations in texture, accurately predicts the yield surface in the

o, and o,, directions but substantially underestimates the yield surface in the o3,

direction of the material. The new grain size differentiated model on the other hand

slightly over-predicts the yield surface in the o), and o, direction but does a reasonable
job in predicting the anisotropic yield response of the material in the o}, direction. The

empty regions between the two Taylor models of Figure 7.2 substantiate the idea that a
material’s grain size distribution contributes significantly to its yield strength. We would

expect this effect to be even more pronounced for materials with a large Hall-Petch slope,
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materials with large grain size variations, partially recrystallized textures, or materials

with elongated grain structures.
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Figure 7.2: Pi-section yield surface comparing Von-Mises yield surface in red, traditional Taylor
model in black, and the new grain size dependent model in blue (all units are in MPa)

7.3 Effect of numerical methods on yield surfaces

The coarseness of the discretized bins had a noticeable effect on the yield surface
calculations. Several studies were conducted to determine what parameters affected the
yield loci. It was found that grain size binning had the biggest effect. Figure 7.3 shows
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yield surfaces for the following three cases: 1 grain size bin (black), 10 grain size bins
(green), and 40 grain size bins (blue). The yield surface was underestimated for the case
with only one grain size bin and was overestimated for the case with 10 grain size bins.
In order to avoid numerical effects, it is necessary to utilizing sufficient grain size bins to

accommodate the grain size distribution of the material.
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Figure 7.3: Effect of grain size bins on size of yield surface where the black curve was calculated
with a single grain size bin, the green curve incremented grains size into 10 segments, and the blue
curve represents the curve calculated with 40 grain size bins (all units are MPa)
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A second effect worth mentioning is the difference in yield surface shape caused
by varying the number of points sampled to create the yield surface. Figure 7.4 compares
three yield surfaces: (a) 768 points in black, (b) 1,500 points in green, and (c) 4,500
points plotted in blue. A minimum of 1,500 points is recommended to ensure a

uniformly sampled yield surface.

11
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Figure 7.4: Effect of number of yield points on yield surface. The black curve was calculated using
768 points, the green with 1,500 points, and the blue curve with 4,500 individual points (all units are
in MPa)
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8 Conclusions

The goal of this work has been to introduce a new methodology whereby the grain
size distribution can be introduced into crystal plasticity. A new distribution function,
similar to the orientation distribution function, but adjusted for grain size, has been
defined. This new grain size and orientation distribution function can be recovered
through orientation imaging microscopy that simultaneously recovers the chord length
distribution. The methodology has been demonstrated for a high purity sample of a-
titanium. Experimental methods used to calibrate the new model were described and
results were presented as yield surfaces in deviatoric stress space. The following
conclusions and observations can be drawn from this study:

e Grain size and its distribution have a significant impact on the yielding
characteristics of a-titanium, in that both the size and shape of the yield surface
were affected

e The chord length distribution is an effective tool in recovering grain size statistics

e A mesoscale Hall-Petch relationship can be successfully incorporated into Taylor
viscoplasticity

e Introducing grain size as a variable in Taylor viscoplasticity more accurately
predicts the anisotropic yield loci of hexagonal close pack a-titanium as compared

to the traditional approach
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