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Note on diagonal construction of Z2nm-supermagic labeling of Cn wCm

Dalibor Froncek and Michael McKeown

Department of Mathematics and Statistics, University of Minnesota Duluth, Duluth, MN, USA

ABSTRACT
A C-supermagic labeling of a graph G(V, E) with jEj ¼ k is a bijection from E to an Abelian group
C of order k such that the sum of labels of all incident edges of every vertex x 2 V is equal to the
same element l 2 C: An existence of a Z2nm-supermagic labeling of Cartesian product of two
cycles, Cn wCm for n odd was proved recently. This along with an earlier result by Ivan�co proved
the existence of a Z2nm-supermagic labeling of Cn wCm for every n,m � 3: In this paper we pre-
sent a simple unified labeling method for all n,m � 3:
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1. Motivation

The similarity between the structure of Abelian groups and
Cartesian product of cycles Cn1

wCn2
w � � � wCns , which can

be viewed as the Cayley graph of group Zn1 � Zn2 � � � � �
Zns generated by group elements ð1, 0, :::, 0Þ, ð0, 1, :::, 0Þ, :::,
ð0, 0, :::, 1Þ leads to the following question.

Let G ¼ Cn1
wCn2

w � � � wCns be a Cartesian product of
cycles with vertex set V and edge set E and C ¼ Zm1 �
Zm2 � � � � � Zmt a finite Abelian group. We can ask when
we can label the vertices, edges, or vertices and edges of G
bijectively with elements of C, where jCj ¼ jVj, or jEj, or
V [ Ej j, respectively, so that the sum of the labels of the ele-
ments incident or adjacent to every edge or vertex is the
same group element l? We provide exact definitions of the
above notions in Section 2.

The question has been so far studied for products of two
cycles for both vertex and edge labelings. For edge labelings
of Cn wCm, three different constructions depending on par-
ities of n and m were used in [3] (the case of n, m both
even is based on a related result by Ivan�co [4]).

We present a construction that covers all cases in a uni-
form way. The construction is a modification of a similar
construction used for a vertex labeling in [2].

2. Definitions and known results

Although the Cartesian product of graphs is a well known
notion, we define it here for completeness.

Definition 1. The Cartesian product G ¼ G1 wG2 of graphs
G1 and G2 with disjoint vertex and edge sets V1, V2, and E1,

E2, respectively, is the graph with vertex set V ¼ V1 � V2

where any two vertices u ¼ ðu1, u2Þ 2 G and v ¼ ðv1, v2Þ 2
G are adjacent in G if and only if either u1 ¼ v1 and u2 is
adjacent with v2 in G2 or u2 ¼ v2 and u1 is adjacent with v1
in G1.

The notion of a C-supermagic labeling was introduced
in [3].

Definition 2. A C-supermagic labeling of a graph G(V, E)
with jEj ¼ k is a bijection f from E to an Abelian group C
of order k such that the sum of labels of all incident edges
of every vertex x 2 V, called the weight of x and denoted
w(x), is equal to the same element l 2 C, called the magic
constant. That is,

wðxÞ ¼
X

xy2E
f ðxyÞ ¼ l

for every vertex x 2 V:

The definition is a generalization of previously studied
notion of a vertex-magic edge labeling, where the labels are
consecutive positive integers 1, 2, :::, jEj and the addition is
performed in Z: This type of labeling is also often called a
supermagic labeling.

The vertex version of the labeling, called C-distance magic
labeling was introduced in [2].

Definition 3. A C-distance magic labeling of a graph G(V,
E) with jVj ¼ p is a bijection g from V to an Abelian group
C of order p such that the sum of labels of all adjacent verti-
ces of every vertex x 2 V, called the weight of x and
denoted w(x), is equal to the same element l 2 C, called
the magic constant. That is,
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wðxÞ ¼
X

y:xy2E
gðyÞ ¼ l

for every vertex x 2 V:

Again, results on a labeling with positive integers
1, 2, :::, jVj and addition in Z preceded those on a labeling
with group elements. Such labeling is called simply a dis-
tance magic labeling.

Rao et al. proved the following [5].

Theorem 4. The graph Cn wCm is distance magic if and only
if n ¼ m � 6 and n,m � 2 ðmod 4Þ:

Based on this notion of distance magic graphs, Froncek
in [2] introduced the concept of group distance magic label-
ing and proved a complete result on C-distance magic label-
ing of Cartesian product of two cycles with cyclic groups.

Theorem 5. The Cartesian product Cn wCm has a Znm-dis-
tance magic labeling if and only if n,m � 3 and nm is even.

Cichacz [1] then extended the result to a wider class of
Abelian groups.

Theorem 6. Let n,m, t, s be positive integers, n,m � 3 and
l ¼ lcmðn,mÞ. Let C ¼ Zlt � A, where A is an Abelian group
of order s and nm¼ lts. Then the Cartesian product Cn wCm

has a C-distance magic labeling.

Results analogical to Theorem 4 for supermagic labeling
were proved by Ivan�co [4].

Theorem 7. Let n, m be positive integers. Then C2n wC2m

has a supermagic labeling for any n,m � 2 and Cn wCn for
any n � 3:

Ivan�co also conjectured that the Cartesian product
Cn wCm allows a vertex-magic edge labeling for
any n,m � 3:

Froncek et al. [3] proved that a group supermagic label-
ing equivalent of the conjecture is true for the cyclic
group Z2nm:

Theorem 8. The Cartesian product Cn wCm admits a
Z2nm-supermagic labeling for all odd n � 3 and any m � 3:

This along with Ivan�co’s theorem gives a complete result.

Theorem 9. The Cartesian product Cn wCm admits a
Z2nm-supermagic labeling for all n,m � 3:

The results obtained in Theorem 8 were based on two
different (yet similar) constructions for n, m both odd, and
n odd and m even. The last case of n, m both even relied on
Ivan�co’s purely existential result in Theorem 7. Since Ivan�co
did not provide a construction of a labeling whose existence
he proved, the construction in the next section is filling the
gap for this case. Also, this method provides a unified
approach for all three cases for different parities of n and m.

3. Diagonal construction

We use the following notation. Vertices of Cn wCm will be
denoted xst for s ¼ 0, 1, :::, n� 1 and t ¼ 0, 1, :::,m� 1:

Every vertex xst is then incident with two vertical edges
xðs�1Þtxst and xstxðsþ1Þt and two horizontal edges xsðt�1Þxst
and xstxsðtþ1Þ:

By a diagonal Dj we mean a cycle consisting alternately
of horizontal and vertical edges starting with x0jx0ðjþ1Þ: More
precisely,

Dj ¼ ðx0jx0ðjþ1Þ, x0ðjþ1Þx1ðjþ1Þ, x1ðjþ1Þx1ðjþ2Þ,

x1ðjþ2Þx2ðjþ2Þ, :::, xðn�1Þjx0jÞ:

Construction 10. First we observe that each diagonal Dj is a
cycle of length 2 l, where l ¼ lcmðn,mÞ: To see that, we
notice that getting back to x0j we need to pass through am
horizontal edges and bn vertical edges, where a, b are posi-
tive integers. Because the number of horizontal and vertical
edges in the diagonal is the same, we must have am ¼ bn ¼
lcmðn,mÞ and the conclusion follows. Since each diagonal
has 2 l edges, the number of diagonals, call it d,
is d ¼ 2nm=2l ¼ nm=l ¼ gcdðn,mÞ:

Now we label each diagonal with two cosets of order l
induced by the subgroup h2di: In particular, we label Dj

with h2di þ j and h2di � j� 1 for 0 � j � 2d � 1: We use
h2di þ j for the horizontal edges in increasing order, and
h2di � j� 1 for the vertical edges in decreasing order, start-
ing with edges x0jx0ðjþ1Þ and x0ðjþ1Þx1ðjþ1Þ, respectively. To
avoid complicated notation in vertex subscripts, we just
denote the horizontal edges in Dj consecutively as

hj0, h
j
1, :::, h

j
l�1 and the vertical ones by vj0, v

j
1, :::, v

j
l�1: That is,

hj0 ¼ x0jx0ðjþ1Þ, v
j
0 ¼ x0ðjþ1Þx1ðjþ1Þ and so on.

Thus we have f ðhjkÞ ¼ 2dkþ j for the horizontal edges

and f ðvjkÞ ¼ �2dk� j� 1 for the vertical edges. Then we
look at the partial weights created by the labels in each Dj.

We will call the pair of consecutive edges ðhjk, vjkÞ the

HV-corner and the pair ðvjk, hjkþ1Þ the VH-corner. Now at
the k-th HV-corner, we have the partial weight wHV of the
appropriate vertex of Dj defined as

wHVðxstÞ ¼ f ðhjkÞ þ f ðvjkÞ ¼ ð2dkþ jÞ þ ð�2dk� j� 1Þ
¼ �1 (1)

and at the k-th VH-corner the partial weight wV H is

wVHðxstÞ ¼ f ðvjkÞ þ f ðhjkþ1Þ
¼ ð�2dk� j� 1Þ þ ð2dðkþ 1Þ þ jÞ ¼ 2d� 1,

(2)

regardless of the value of j. At each vertex xst the edges
xsðt�1Þxst and xstxðsþ1Þt form an HV-corner inducing the par-
tial weight wHVðxstÞ ¼ �1 and the edges xðs�1Þtxst and
xstxsðtþ1Þ form a VH-corner inducing the partial weight
wVHðxstÞ ¼ 2d � 1: Notice that when d> 1, then the two
corners come from two consecutive diagonals Dj and Djþ1,
while when gcdðn,mÞ ¼ 1 they both come from the same
diagonal, as there is only one, D0.

Adding (1) and (2), we get for every vertex xst

wðxstÞ ¼ wHVðxstÞ þ wVHðxstÞ ¼ �1þ ð2d � 1Þ ¼ 2d � 2:

2 D. FRONCEK AND M. MCKEOWN



This means that the labeling is really a vertex-magic edge
Z2nm-labeling with magic constant l ¼ 2d � 2:

To make sure that we were not just re-inventing the
wheel by finding the same labeling using different approach,
we look for instance at C3 wC3: The labeling used in the
proof of Theorem 8 assigns the subgroup h6i to the edges of
the same horizontal cycle, similarly as the cosets h6i þ 2 and
h6i þ 4: Each of the odd cosets is then assigned to one of
the vertical cycles.

In the diagonal construction, the subgroup h6i is assigned
to the horizontal edges of the diagonal D0. No two of these
edges belong to the same horizontal cycle. Similarly, the ele-
ments of the remaining two lower cosets h6i þ 1 and h6i þ
2 are used for horizontal edges in diagonals D1 and D2,
while the upper cosets h6i þ 3, h6i þ 4 and h6i þ 5 label the
vertical edges in the three diagonals. Therefore, we can for-
malize our observation.

Observation 11. The labelings provided in Theorem 8 and
Construction 10 are different.
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