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ABSTRACT

A dominating set in a graph G is a subset of vertices D such that every vertex in V \ D is a neigh-
bor of some vertex of D. The domination number of G is the minimum size of a dominating set of
G and it is denoted by y(G). A dominating set with cardinality y(G) is called optimal dominating
set. Also, a subset D of a graph G is a [1, 2]-set if, each vertex v € V' \ D is adjacent to either one
or two vertices in D and the minimum cardinality of [1, 2]-dominating set of G, is denoted by
71,2)(G)- Chang's conjecture says that for every 16 <m < n,y(Gm,n) = L%J — 4 and this
conjecture has been proven by Goncalves et al. This paper presents an explicit constructing
method to find an optimal dominating set for grid graph G,,, where m,n > 16 in O (size of
answer). In addition, we will show that y(Gp,n) = 7p1,2/(Gm,n) Where m,n > 16 holds in response

to an open question posed by Chellali et al.

1. Introduction

The concept of domination and dominating set is a well-
studied topic in graph theory and has many extensions and
applications. A discussion of some of these can be found in
[14, 15]. Many variations of domination problems have
shown to be NP-complete [2, 5, 6, 17, 19, 21, 24]. Also, many
algorithmic results have studied for these problems in differ-
ent classes of graphs. A subset S of vertices is a dominating
set if every vertex not in S has at least one neighbor in S. A
dominating set with minimum cardinality is called an optimal
dominating set of a graph G; its cardinality is called the dom-
ination number of G and is denoted by y(G). Note that
although the domination number of a graph, y(G), is unique,
there may be different optimal dominating sets. Grid graphs
are a special class of graphs and the dominating set of them
have many applications in robotics and sensor networks [3].
Due to the special structure of grids, their domination num-
ber can be determined optimally, although this number was
known recently by Goncalves et al., [10]. They proved that
for m x n grids, where m,n > 16,

" (Gor) = {(n+2)§m+2)J .

The idea behind their proof is using a dynamic program-
ming method to store all dominating sets that occur in borders
of a grid. Various attempts have been made in recent years to
find an algorithm for the optimal dominating set. Chang [4], by

using diagonalization and projection, constructed a dominating
set for grids in polynomial-time, such that
(G < [(n+2)5(m +2)-‘.

The cardinality of dominating set constructed by Chang’s
method is at most (G, ) + 5, when 16 < m < n.

In [1], Alanko et al used brute-force computational tech-
nique to find optimal dominating set in grids of size up
ton=m=29.

Fata et al. [8] presented a distributed algorithm for find-
ing near optimal dominating sets on grids. The size of the
dominating set provided by their algorithm is upper-

bounded by {%—‘ for m x n grids and its difference

from the optimal domination number of the grid is upper-
bounded by five.

P. Pisantechakool et al. [23] improved upon the distrib-
uted algorithm of Fata et al. and presented a new distributed
that

algorithm size

{(n+2)(m+2)

computes a dominating set of

= —‘ —3 on an mx n grid, 8 < m,n and its differ-
ence from the optimal domination number of the grid is

upper-bounded by two.
There are numerous intermediate results for minimal

dominating set and (G, ,) for small values of n and m by
a dynamic programming algorithm [12, 13, 18, 20, 24, 28].
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Most of those algorithms are not efficient in practice
when the values n or m be over 20.

One of the interesting issues that can be expressed in dif-
ferent types of domination problems is that under which
conditions the domination number of graph is equal to the
domination number of that particular domination problem
(7, 11, 16].

A dominating set like D of graph G(V, E), called [1, 2]-
dominating set if each vertex v € V' \ D is adjacent to at most
two vertices in D. The concept of [1, 2]-dominating set, as a
special case of [p,o]-dominating set [26], is introduced by
Chellali et al [6]. They studied [1, 2]-dominating sets in graphs
and posed a number of open problems. Some of those prob-
lems are solved in [9, 27]. One of the proposed questions is:

Question: Is it true for grid graphs G,,, that (G, ,) =
V[l,z](Gm,n)?

We show that the answer to this question is positive by
constructing a y-set for G,,, which is also a y;; ;-set.

The main result of this paper is a construction to find an
optimal dominating set for grid G,,,, where m,n > 16. The
rest of this paper proceeds as follows. In Section 2 we
describe some notations and definitions are needed. In sec-
tion 3, we present our construction and the correctness
argument for it. Also to ease of understanding we illustrate
some examples. Finally, in section 4 we prove that
P(Gm,n) = V11,2) (G, n) for m,n > 16.

2. Terminology

In this section, we introduce some definitions and notations
that will be needed in the sequel. For all terminologies and
notations are not defined here, we refer to [22]. Let G =
(V,E) be a simple graph, the neighborhood of a vertex v €
V is the set of all vertices adjacent to v and is denoted by
N(v), i.e. N(v) = {u € V|uv € E}. The closed neighborhood
of a vertex v is defined N[v] = N(v) U {v}. A set S is called
a dominating set of G if every vertex is either in S or adja-
cent to a vertex in S. The size of the smallest dominating
sets of a graph G is denoted by y(G). Any such set is called
a y-set or minimal dominating set of G.

A set SC V is called a [1, 2]-set of G if for each v €
V\S we have 1 <|N(v)NS§| <2, ie. v is adjacent to at
least one but not more than two vertices in S. The size of
the smallest [1, 2]-sets of G is denoted by yj; 5(G). Any
such set is called a y[; 5-set of G. We know that for every
graph G, 7(G) < yp;,5(G) < n [6]. In some classes of graphs,
the domination number and [1, 2]-domination number are
equal. This equality holds for cycles, caterpillars, claw-free
graphs, P,-free graphs, and nontrivial graph G with A(G) >
|V(G)| — 3, are proved in [6].

An mxn grid graph G,,, = (V;E) has vertex set V =
{rvij:1<i<m, 1<j<n} and edge set E= {(vi,vij):
i—Jj'1=1yU{(vijve ) : li—i'| =1}. For ease of expos-
ition, we will fix an orientation and labeling of the vertices,
so that vertex v;,; is the upper-left vertex and vertex vy, , is
the lower-right vertex of the grid.

We also require the following definitions.

AT"'- _“_C_ _C_ - _Q_ =f=1
L
T~\~I------C----T--C----C----T--"i.

Figure 1. Example of dominating set of size 60 for grid G616 and its sub-grid
is highlighted by a red dashed line. The intersection of each row and column is
a vertex of grid.

Definition 2.1. The boundary of grid G,,,, denoted by
B(G), is the set of vertices like v € V such that |[N(v)| < 4.

Definition 2.2. A sub-grid of G,,, is induced graph by vertices
V={vj:2<i<m—1, 2<j<n—1}\{v2,2, V2, n—1>Vm—1,25
Vm—1,n—1} (see Figure 1).

3. Construction of dominating set in grid

The idea behind our method is choosing a proper pattern
that dominates every vertex in sub-grid exactly once. Our
purpose is selecting most of the vertices of dominating set
from sub-grid as soon it is possible because every vertex in
sub-grid dominates at most five vertices (its four neighbors
and itself). These selected vertices are indicated by black
disks. Since, just by selecting vertices of sub-grid, the bound-
ary vertices of the grid may be not dominated, then we have
to add some vertices of the boundary, indicated by white
squares, to the dominating set. To do so, we identify vertices
of the optimal dominating set by two following steps:

Step 1: Identifying domination points (black disks) to
dominate the vertices of sub-grid and some of the vertices
of the boundary.

Step 2: Identifying domination points (white squares) to
dominate the boundary vertices which are not dominated by
black disks.

In the step 1, according to the number of columns, we
select the index of first appropriate column that a black disk
must be located in row p, denoted a,. In other words, the
vertex v, 4, is the first position in row p that a domination
point is located.

For the first row, a, is defined as

if n=0 (mod 5),

2
= {n mod 5 otherwise,

and for other rows, a, = a, + 3(p — 1) (mod 5).
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Then, we construct the set D, as union of the following Case 2: n=1 (mod 5)
sets

{vpl peAlT 1>}U{V31} if m=0,3,4 (mod 5),
D = {v1,5k+a, : 3 < 5k+a; <n—2 for some k},

FC (L, T-2 i
D= {Vpskia, 2<p<n—1and 1<5k+a <n for some k), - | VP e AT U} i m=1 (mod 5)
Dy = {Vm,skta, : 3 <5k+ay <n—2 for some k}, vprip € AT 2>}U{V3 bVmea1} if  m=2 (mod 5).
Vo p €A LU (v V) i m=0 (mod 5),
where Dp, Dy, and D; are the sets of all black disks in first vt p € AT . £ w23 (mod 3
row, middle rows and last row, respectively. pre_ ) Wer n ,

T-2)

. (1 . _
In the step 2, at first we define the set A,((”]) as Vo P €AY U {vamVmany i m=1 (mod 5),

D—{5t4+k|i<t<j}.

Also, we set S = |%] and T = |%].

In order to cover vertices in the borders which are not
dominated, the following vertices are added to the dominat- D =
ing set. These vertices are indicated by white squares.

First Row: Selecting the white squares in first row is just
depend on n and is independent from m. The set of all
white squares of first row is defined by DR, This set is

(1,8-1)

=

mp pEA

U {Vm,3 Vimn—1} if m=1

{

{

{ }

{ }

{ '}

{vpn pe AT 1)}U{v2n,vm 2n} if  m=4 (mod 5).
{ ) |
{mpipeair>m}

{ompipeal s}

{

{

selected as follow: Case 3: n=2 (mod 5)
. (0,7-2) . _
{vp: peal Uy if n=0 (mod 5), {rspeal™ U sy it m=0 (mod ),
s D¢ = {v peAé”’”} if m=1,23 (mod 5),
{V])P: pEA }U{V1 »Vin—2} if  n=1 (mod 5), (0,7-1)
{v pEAy }U{vm L1} if m=4 (mod 5).
DFR — { : (1,5-2) } . —
s Vip: P EA Uvsvina} if n=2 (mod 5), {v pEAg1 = 2)}U{vz Wm-1n} if  m=0 (mod 5),
1,8-1 . _ ;
{VI,P: p GA( )} U{vin—2} it n=3 (mod 5), . {v peA(Sl‘l -2 }U{vz wman} if  m=1 (mod 5),
Dy~ =
{vLP: p€A151}U{v1n2} if n=4 (mod 5), {v peAg”l}U{vzn} if m=2,3 (mod 5),
Vot peA U{va,n} if m=4 (mod 5).
Left-Right Columns and Last Row: Selecting the white { o S}U .
squares in these borders, aside from the first row, depend {V’”P PEA] } if m=0 (mod 5),
on both m and n. The sets of all white squares in the first, {vmp pe Al ”}U{vm,y,,l} if m=1 (mod 5),
FC c
last columns and last row are denoted by D.“, DSL and DI® = {Vmp peAls’”}U{vm,z} it m=2 (mod 5),
DIR, respectively. These points are selected as follow: 0.5
{vmp peA )} if m=3 (mod 5),
Case : n=0 (mod 5) {vmp pEA(ls 2>}U{vm,3,vm,n,z} if m=4 (mod 5)
{VPI pea™ }U{V'” sip if m=0 (mod 5), Case 4: n =3 (mod 5)
. (0,T—1) . _
e _ {vp,l tpEA, } if m=1,2 (mod 5), {Vp,l p EA(()1,T—1)} if m=0 (mod 5),
{vp,l p EAgo‘T)} if m=3 (mod 5), D — {vp,l 'p EA(()I’T)} if m=1,4 (mod 5),
s . (1,T7-1) . _
{Vp,lipeAOT I}U{Vm i} if  m=4 (mod 5). {vp’l.per }U{vm,l,l} if m=2 (mod 5),
(1,7-1) . _
Vp1:p €A U{Vm21} if m=3 (mod5).
{Vp,n pGAlT 1)}U{v n} if m=0,3,4 (mod 5), {p’l pefo ] } {21} ( )
{vp,n :pGAgl’l -2 }U{VZ wVm-1,n} if m=0 (mod 5),
D¢ = pe ATy if m=1 (mod 5
s {Vp,n pe } {(V3msVm-1,n} it m (mod 5), " {Vp,n :peAgl T-2) }U{vz Vo) i m=1 (mod 5),
{vp,n peal™ 2)}U{V3 wVm-2n} if  m=2 (mod 5). ) {vp,n:peAg‘T K }U{v“} if m=2,3 (mod 5),
{v peAzos 2) }U{an ) if m=0 (mod 5), {vpm :peA3’ }U{vz,”} if m=4 (mod 5).
. (1,5-1) . _
{Vmp Perl $—1) } if m=1 (mod 5), {Vm,p (pEA; }U{vm’z} if m=0 (mod 5),
Vi p @ EA151 UV if m=1 (mod 5),
DR = {vmp pEA”l} if m=3 (mod 5), { v P } {mnr} ( )
DR = {vm,P:peAls b }U{vmj} if m=2 (mod 5),
A (LS-2) T if =2 ,
{vmp pe }U{sz Vmn-1} it m (mod 5) {Vm,p peAld >} if m=3 (mod 5),
{Vmp pGA‘(Ll’S)}U{V 3} it m=4 (mod 5). {vm,p :peAél’&l)}U{vm,n,z} if m=4 (mod 5)
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Table 1. Number of black disks in blocks.

m, n n=>5k n=>5k+1 n=>5k+2 n=>5k+3 n=>5k+4
First block m>1 55-2 55-1 55 55+2 5543
Middle blocks m>1 5§ 55+ 11 5542 5§+3 55+4
m=5/ 55-2 5541 5541 5542 5543
m=5/+1 S S-1 S S S
Last block m=>5/+42 25-1 25+1 25+1 25+1
m=5/+3 3S 35+1 35+1 35+1 35+2
m=>5/+4 45-1 4S 4542 4542
Table 2. Number of white squares in boundary.
n\m 5k 5k+41 5k+2 5k+3 5k+4
n=>5/ 2T+2S 2T+25-1 2T+2S 2T+ 25-1 2T+25+2
n=>5/+1 2T+ 25-1 2T4+25+1 2T+ 25-1 2T+ 25-1 2T+ 25+1
n=>5/+2 2T+25+1 2T+2S 2T+ 2S 2T+ 2S 2T+25+2
n=>5/+3 2T+ 25-1 2T+ 25 2T+ 2S 2T+25+1 2T+ 25+1
n=>5/+4 2T+25+1 2T+25+1 2T+2S 2T+25+1 2T+ 2S
Case 5: n =4 (mod 5) the blocks are distinct. The number of black disks in the
blocks is summarized in Table 1.
{v : EA(l'sz)}U V2,1,V if m=0(mod5) ;
p1:P € A3 {r2pVm-11} = ’ Also the sum of all white square that locate on boundary
DF¢ = {Vp,l » 6A(Sl,T—z)} U{vaivmar} if  m=1(mod5), of grid are summarized in Table 2.
out . .
{Vp,l p EA(I,Tfl)} U{v1} if m=234(mod5), Lemma 3.2. The set D is a dominating set for G, .
{me p eAgI,T—Z)} U (rammoin} i m=0(mods) Proof. Let v, 4 € V and apzf;(n +3(p—1)), where 2 < plg
m — 1, be the first column in row p such that a black disk
LC ,T— . .
D~ = {vp,n peAl 2)} U{vomVm—2n} if m=1(mod5), is appeared. If ¢ = 5k + a,, then v, ; € D
{Vp,n peAgl,T—l)}U{vz’n} £ m=2,3,4(mod5). Let pe{l,m} and g€ ;{1,2, nmn—1}. If a, € {1,2},
s then v, 4 is not added to D° in step 1. Therefore, there are
1,5-1 _ .
{Vm,p pPEA; } U{vms} if m=0(mod5), at most four 4-degree vertices {v2,2,V2,n—1,Vimn—1,2 Vm—1,n1}
{mep pe A;o,s—l)} Uvmaa} if  m=1(mod5), which may be not dominated by black disks. If one of them
" ws) is not dominated in step 1, then it is dominated in step 2.
b= {Vm,p pEAy } it m=2(mod5), We consider other four cases:
L9 -
€A } U f =3 (mod5), . .
{v'”’l’ pPeds {vm2} it m=3(mods) Case 1: If g = a, + 1 (mod 5). Since that all 5k’ + a, in row
{vw peAls 1)} U{Vmn2} if m=4(mod5). p was added to D’ then there exist a k” such that

Now, we show that the union of constructed sets builds a
dominating set for G,,,. We define D, and D°* as follows

D, = DFRuDf“ U DM U DEC (1)
and
D" = Dy UD;. (2)

In Theorem 3.5, we will prove that the set D°* is an opti-
mal dominating set for G,, .

Example 3.1. The resulting dominating sets for grids
G24,20,G24)21,G24)22,G24,23 and G24,24 are illustrated in

Figure 2(a-e).

3.1. Correctness and time complexity

We consider two case when the remainder m by five be zero
or not. In the first case, we partition the grid G,,, into
By, By, ...Br such that every block B;, 1 <i<T be a grid
Ps x P,. In the second case, we divide the grid G,,, into
Bi, B,,...Bry1 such that every block B;, 1 <i < T be a grid
Ps x P, and the last block, By, is a grid Py,_sr x P, that
is denoted by B. We remember that T = [%],S = |%| and

q—1=>5k" + ap, therefor v, ,_; € D*. Also vp_1,g,
Vpt1,q> Vp,q+1 are not selected in step 1, because g #
Ap—1, Gpy1,ap +4 (mod 5).

Case 2: If g=a, +2 (mod 5). In this case, if p > 1 then
Vp_1,4 € D" because

q=a,+2=a, (mod?5).

Also similar to previous case vy g—1,Vp,q+1> Vp+1,q ar€
not selected in step 1, because g # a, + 1,4, +
5, apy1 (mod 5).

Case 3: If g =a, + 3 (mod 5). In this case, if p + 1 < m then
Vpi1,q4 € D™ because

q=ay,+3=a, (mod?5),

and Vp 4-1,Vp,q+1>Vp-1,4 are not selected in step 1,
because q # a, + 2,a, +4,a,_; (mod 5).

Case 4: If g = a, +4 (mod 5). Since that all 5k’ + a, in the
row p were added to D, then there exist a k” such
that g+ 1 = 5k” +a, (mod 5) and v), 441 was added
to D™ and vy 4 1,Vp1,0>Vp+1,q are not selected in
step 1, because q # a, + 3,ap_1,ap41 (mod 5).

It is clear that every vertex of degree four is dominated
by at most one black disk.
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T i i il i i i am)
5 &
u]
u]
[ / / I B I
(a) Dominationg set of size 110 in G24,20 (b) Dominationg set of size 115 in G'24,21
J.——n i’ T n—-—]] 1——7]
L—L. o a—j o .ij
(c) Dominationg set of size 120 in G24,22 (d) Dominationg set of size 126 in G'24,23
T 4
TT1 I ! ] i

(e) Dominating set of size 131 for grid G24,24

Figure 2. Examples of some grids.

For the boundary vertices, we discuss just the correctness
of first row and the argument for the other vertices in
boundary is the same manner. In the first row, selection of
dominating vertices only depend on #n and independent
from m. In Table 3, we summarize black disks and white
squares that are selected according to different #.

For instance, let n =0 (mod 5). Then
DR = DIR U DR = {VLP Lp e AL uA};S*I} U {3}

Therefore, every vertex in the first row except vy 3, is either
in the set D' or it is dominated by a vertex in D', Since
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Table 3. Dominating vertices in first row (in the case 1 and 3, vy, is not dominated and in the case 4 and 5 both of v;; and v , are

not dominated).

Case n Black disks White squares

1 n=>5l {vi,p: peAg‘S*')} {vip: peAfﬂ’S*”}U{vm}

2 n=>5/+1 {v,: peA My (vip: peA TN U v avina)

3 n=5+2 {vip: pe AQ'S*')} {vip: pe A§1’572)} U{vi,q+1,Vi,n—2}

4 n=>5+3 {va,p: peAg’S*”} {vip: peAS’S*”}U{vM,z}

5 n=>5l+4 {v,: peA My {vip: pe A U {vi 0}
Table 4. White squares that dominate {vy2,V2n-1,Vn-1,2,Va—1,n-1}-
n\m 5k 5k+1 5k+2 5k+3 5k+4
5/ {Vz,lrV1,n—1:Vn,2:Vn—1,n} {V2,11V1,n—1:Vn—1,n} {V2,1:V1,n—1rVn,2:Vn,n—1} {V2,1rV1,n—1:Vn—1,1} {V2,1rV1,n—1rVn—1,1:Vn,n—1}
5/+1 {v1,2,Vn-1,n} {v1,2,Vn,n1} {v1,2,Vn2} {vi,2Van} {Vi,2:Vn-1,n}
5142 {V2,1:Vn,2,Va_1,n} {v21 {3, 1,V 2} {V2,1: V1,1, Va,n—1} {V2,1:Va=1,1, Va—1,n}
5’+3 {Vn,Zan—Ln} {Vn—1,1/Vn,n—1} {Vn—1,1} {Vn,ZrVn,n—1} {Vn—Ln}
5/+4 {V1,2,Vo_1,1,Va—1,n} {V1,2,Vn,2,Vo,n1} {v1,2} {V1,2.Vn,2,Von1} {V1,2,Va_1,1, Va—1,n}

in all cases, the vertex v, is selected as a white square, so
vertex v, also is dominated.

In other cases, n £ 0 (mod 5), all vertices in the first
row are dominated except maybe v;; and v ,. In the case 1
and 3, the vertex v, ; in the first column and in the case 4
and 5, the vertices v, ; and v, , always are selected in step 2.
Hence every vertex in the first row is dominated. m|

So, every vertex of degree four is dominated by at most
one black disk.

Lemma 3.3. The cardinality of the set D™ is L%J — 4.

Proof. 1t is straightforward to investigate |D°“| = y(G,,)
as follows.

The black disks of the set D° are divided into three
part: black disks in the first block, middle blocks and last
block. Hence

if m = 5k,

D, — | Da(B1) + (T = 2)Da(B;) + Da(By),
d otherwise.

D4(Bi) + (T — 1)Da(B;) + Da(By),

For instance, we show for m, n if they are multiples of
five, D = D; U Ds, where D; is defined in Eq. (1). The
other cases are similar.

D =DyUD; =58 —2+ (T —2)(55) + 58 — 2+ 2T + 28
_V"+2><m+2>J_4

5
|

Lemma 3.4. The set D° can be computed in time O (size
of answer).
Proof. By lemma 3.3, [D°“] is equal to (G, p)- |

According to Lemmas 3.2, 3.3 and 3.4, we have the fol-
lowing theorem.

Theorem 3.5. The set D°* is an optimal dominating set for
G and is computed in O (size of answer) time.

4. [1, 2]-Domination number of grid

In this section, we follow the construction is proposed in
the Section 3 to obtain a [1, 2]-dominating set for grid G,,, .,
where 16 <m <mn. It is not hard to investigate that
711,2](Gm,n) for n,m < 16 by constructions are presented in
[4]. We also show that yj; 5(Gim,n) = 7(Gm,n) where m,n >
16 which is a positive answer to open question is posed
in [6].

Theorem 4.1. Let m,n > 16 and G,,,, be a m x n grid, then

V[1,2](Gm,n) = (Gm,n)-

Proof. We show that every vertex v, , € V is dominated by
at most two vertices in D*** and according to the y;; 5(G) >
7(G), the result is obtained.

In proof of Lemma 3.3, we show that every vertex of
sub-grid is dominated exactly by one black disk. Also, the
distance between every two white squares is at least 5. Then
every vertex v, , is dominated at most twice.

In Table 4, the white squares in D°* that dominate verti-
ces V2,2, V2, n—1>Vm—1,2 and v, ,—1 are shown.

By Table 4, it can be seen that none of white square pairs
v b {VawVin-1h {Va-1,1Vn2} and {Vie1n V1)
appears in any cell. So the vertices {v2,2, V2,015 Vn—1,25
Vp_1,n—1} are not dominated more than two times.

These claims are appeared in Figures 3 and 4. In fact,
Figure 3(a-d), show that the vertex v,, is dominated at
most twice according to different a;. Since selecting the
domination vertices at the right-up corner depend on a,
and n. Therefor two cases occur, as can be seen in Figure
4(a,b). These figures show that the vertex v,,; is



AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS e 7

A > Y PITE ¢
o ® + ’ e *— ’
® ® 1 ® ® ®
® ® *— T ®
(@a; =1 (b)a; =2 (©a =3 (d)ay =4
Figure 3. Left-up corner of grid.
. [9] Goharshady, A. K., Hooshmandasl, M. R., Alambardar
S P o0— ® ! Meybodi, M. (2016). [1, 2]-sets and [1, 2]-total sets in trees
l : I with algorithms. Discrete Appl. Math. 198:136-146.
L [10]  Gongalves, D., Pinlou, A., Rao, M., Thomassé, S. (2011). The
® 0 ® domination number of grids. SIAM J. Discrete Math. 25(3):
wiofe repeeepe 1443-1453.
® —® *— [11] Hansberg, A., Volkmann, L. (2007). Characterization of block
— @ o ® graphs with equal 2-domination number and domination num-
ber plus one. Discuss. Math. Graph Theory 27(1):93-103.
® 4 ® [12] Hare, E. O, Hedetniemi, S. T., Hare, W. R. (1986). Algorithms
for computing the domination number of k x n complete grid
T T T graphs. Congr. Numer. 55:81-92.
[13] Hare, E. O., Fisher, D. C. (1995). An application of beatable
@n=0 (mod 5) b)yn#0 (mod 5) dominating sets to algorithms for complete grid graphs. Graph
’ _— ' Theory, Combinatorics, and Algorithms: proceedings of the
Figure 4. Right-up corner of grid. Seventh Quadrennial International Conference on the Theory
. . and Applications of Graphs. 1:497-506.
dominated at most twice. For the other corners, we have a [14] Haynes, T. W., Hedetniemi, S., Slater, P. (2013). Fundamentals
similar argument. of Domination in Graphs. New York, NY: CRC Press.
So, every vertex of Gm,n is dominated at least one and at [15] Haynes, T. W., Hedetniemi, S., Slater, P. (1997). Domination in
most twice by vertices of D4 0O Graph.s: Advanced Topics. Heidelberg: Marcel Dekker: o
[16] Henning, M. A., Rall, D. F. (2013). On graphs with disjoint
dominating and 2-dominating sets. Discuss. Math. Graph
Theory 33(1):139-146.
Disclosure statement [17] Johnson, D. S. (1985). The np-completeness column: an
ongoing guide. J. Algorithms 6(3):434-451.
No potential conflict of interest was reported by the authors. [18] Leung Ma, K. (1990). Partition algorithm for the dominating
set problem. PhD dissertation. Concordia University.
[19]  Lichtenstein, D. (1982). Planar formulae and their uses. SIAM J.
References Comput. 11(2):329-343.
[1]  Alanko, S., Crevals, S., Isopoussu, A., Ostergard, P., Pettersson, [20] E;Vrlr?i%lsitr(r):;mM&’()rsr:?r?;ir?. F. (1994). Constant tlm.e computation
] o . g sets. Congr. Numer. 102:116-128.
V. (2011). Comp}ltlng the domination number of grid graphs. [21]  Masuyama, S., Ibaraki, T., Hasegawa, T. (1981). The computa-
Electron. J. Combin. 18(1):141. tional complexity of the m-center problems on the plane. IEICE
[2]  Attalah, K., Chellali, M. (2013). On connected k-domination in Trans. (1976-1990) 64(2):57—64.
graphs. Australas. ]. Combin. 55:289-298. [22]  Murty, U. S. R, Bondy, A. (2010). Graph Theory (graduate texts
[3] Barnett, J., Blumenthal, A., Johnson, P., Jones, C., Matzke, R, in mathematics 244). Heidelberg: Springer.
Mujuni, E. (2017). Connected minimum secure-dominating sets [23]  Pisantechakool, P., Tan, X. (2015). A new distributed algorithm
in grids. AKCE Int. J. Graphs Combin. 14(3):216-223. for computing a dominating set on grids. International
(4] Chang, T. Y, Clark, W. E,, Hare, E. O. (1994). Domination Workshop on Frontiers in Algorithmics. Heidelberg: Springer,
numbers of complete grid graphs. I. Ars Combin. 38(1):994. pp. 217-228.
[5]  Chellali, M., Favaron, O., Haynes, T. W., Hedetniemi, S. T, [24] Rad, N. J. (2017). Some notes on the isolate domination in
McRae, A. A. (2014). Independent [1, k]-sets in graphs. graphs. AKCE Int. J. Graphs Combin. 14(2):112-117.
Australas. J. Combin. 59:144-156. [25]  Singh, H. G, Pargas, R. P. (1987). A parallel implementation for the
(6]  Chellali, M., Haynes, T. W., Hedetniemi, S. T., McRae, A. domination number of a grid graph. Congr. Numer. 59:297-311.
(2013). [1, 2]-sets in graphs. Discrete Appl. Math. 161(18): [26] Telle, J. A. (1994). Complexity of domination-type problems in
2885-2893. graphs. Nord. J. Comput. 1(1):157-171.
[7]  Chellali, M., Meddah, N. (2012). Trees with equal 2-domination  [27] Yang, X., Wu, B. (2014). [1, 2]-domination in graphs. Discrete
and 2-independence numbers. Discuss. Math. Graph Theory Appl. Math. 175:79-86.
32(2):263-270. [28]  Zerovnik, J. (1999). Deriving formulas for domination numbers

Fata, E., Smith, S. L., Sundaram, S. (2013). Distributed dominating
sets on grids. 2013 American Control Conference. IEEE, pp. 211-216.

of fasciagraphs and rotagraphs. International Symposium on
Fundamentals of Computation Theory. Springer, pp. 559-568.



	Abstract
	Introduction
	Terminology
	Construction of dominating set in grid
	Correctness and time complexity

	[1, 2]-Domination number of grid
	Disclosure statement
	References


