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Decomposition of product graphs into paths and stars on five vertices

M. Ilayaraja, K. Sowndhariya, and A. Muthusamy

Department of Mathematics, Periyar University, Salem, India

ABSTRACT
Let Pk , Sk and Kk respectively denote a path, a star and a complete graph on k vertices. By a
ðk; r, sÞ-decomposition of a graph G, we mean a decomposition of G into r copies of Pkþ1 and s
copies of Skþ1: In this paper, it shown that the graph Km � Kn admits a ð4; r, sÞ-decomposition if
and only if mnðm� 1Þðn� 1Þ � 0 ðmod 8Þ, where Km � Kn denotes a tensor product of complete
graphs. Also we extend the existence of such a decomposition in complete m-partite graphs.
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1. Introduction

All graphs considered here are finite. By a decomposition of
G, we mean a list of edge-disjoint subgraphs of G whose
union is G. For the graph G, if E(G) can be partitioned into
E1, :::,Ek such that the subgraph induced by Ei is Hi, for all
i, 1 � i � k, then we say that H1, :::,Hk decompose G and
we write G ¼ H1 � :::� Hk: For 1 � i � k, if Hi ffi H, we
say that G has a H-decomposition. If G can be decomposed
into r copies of H1 and s copies of H2, then we say that G
has a rH1, sH2f g-decomposition or ðH1,H2Þ-multidecompo-
sition. If such a decomposition exits for all possible r
and s satisfying trivial necessary conditions, then we say
that G has a H1,H2f g r, sf g-decomposition or complete
fH1,H2g-decomposition.

Let Kn be a complete graph on n vertices and Kk, k be the
complete bipartite graph with bipartition ðX,YÞ, where X ¼
f1ig and Y ¼ f2ig, 1 � i � k: For two graphs G and H, their
tensor product G�H and wreath product G� H have the
same vertex set VðGÞ � VðHÞ and their edge sets are
defined as follows: EðG�HÞ ¼ fðg, hÞðg0, h0Þ j gg0 2 EðGÞ
and hh0 2 EðHÞg,EðG� HÞ ¼ fðg, hÞðg0, h0Þ j gg0 2 EðGÞ or
g ¼ g0, hh0 2 EðHÞg:

The above products are associative and distributive over
edge-disjoint union of graphs and the tensor product is
commutative. A graph G having partite sets X1, :::,Xm with
Xij j ¼ n, 1 � i � m and EðGÞ ¼ fxy j x 2 Xi and y 2 Xj, 8
i 6¼ jg is called complete m-partite graph and is denoted by
Km � Kn : Let Pkþ1,Ck and Skþ1 respectively denote a path,
cycle and star each with having k edges. Also ½x1:::xkxkþ1	
and ðy1; x1, :::, xkÞ respectively denotes a path Pkþ1 and a star
Skþ1ðffi K1, kÞ: If there are t stars with same end vertices
x1, x2, :::, xk and different centers y1, y2, :::, yt , we denote it
by ðy1, y2, :::, yt; x1, x2, :::, xkÞ:

The study of (G, H)-multidecomposition has been intro-
duced by Atif Abueida and M. Daven [1]. Moreover, Atif
Abueida and Theresa O’Neil [2] have settled the existence of

(G, H)-multidecomposition of KmðkÞ, when ðG,HÞ ¼
ðK1, n�1,CnÞ for n ¼ 3, 4, 5: Priyadharsini and Muthusamy
[11] gave necessary and sufficient condition for the existence
of ðGn,HnÞ-multidecomposition of kKn, n, where Gn, Hn 2
Cn,Pn, Snf g: H.C. Lee [8] established necessary and suffi-
cient condition for the multidecomposition of Km, n into at
least one copy of Ck and Skþ1: H.C. Lee and J.J. Lin [10]
have obtained necessary and sufficient condition for the
decomposition of Km,m graph minus a one factor into cycles
and stars. Shyu [12, 13] respectively, considered the exist-
ence of a decomposition of Km, n, Kn into paths and stars,
cycles and stars with k edges. Jeevadoss and Muthusamy
[5–7] have proved that the necessary and sufficient condi-
tion for the existence of a decomposition of Km, n, kKm, n

into paths and cycles each having k edges, also product
graphs into paths and cycles of length four. H.C. Lee [9]
established necessary and sufficient conditions for the exist-
ence of a decomposition of complete bipartite multigraph
into cycles and stars with at least one copy of each.
Recently, Shyu [13] has been proved that the necessary and
sufficient conditions for the existence of decomposition of
Km, n and Kn into paths, satrs and cycles with four edges
each. M. Ilayaraja and A. Muthusamy [4] have obtained
necessary and sufficient conditions for the existence of
decomposition of Km, n into cycles and stars with four edges.
By a ðk; r, sÞ-decomposition of a graph G, we mean a
decomposition of G into r copies of Pkþ1 and s copies of
Skþ1: In this paper, we prove that the there exists a
ð4; r, sÞ-decomposition of Km � Kn if and only if mnðm�
1Þðn� 1Þ � 0 ðmod8Þ, where Km � Kn denotes a tensor
product of complete graphs. Also we extend the existence of
such a decomposition in complete regular m-partite graphs.

Remarks.
(1) Let AþB¼ ðx1þy1,x2þ y2Þ

� j ðx1,x2Þ 2A, ðy1, y2Þ 2
Bg and rA is the sum of r copies of A.
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(2) If G1 and G2 have a ð4;r,sÞ-decomposition, then G1

�G2 has a such decomposition.

To prove our main results we require the following:

Theorem 1.1. [12] Let r and s be nonnegative integers, and
let n be a positive integer with n 
 16. There exists a
ð4; r, sÞ-decomposition of Kn if and only if 4ðr þ sÞ ¼ eðKnÞ:

Theorem 1.2. [14] Let r and s be nonnegative integers, and
let n be a positive integer with n 
 2: There exists a
ð4; r, sÞ-decomposition of K2, 2n if and only if 4ðr þ sÞ ¼
eðK2, 2nÞ and s is even.

Theorem 1.3. [12] Let r and s be nonnegative integers, and let k
and m be positive integers such that m 
 k. There exists a
ðk; r, sÞ-decomposition of Kk,m if and only if the following
conditions are fulfilled:

(1) kðrþ sÞ¼ eðKk,mÞ;
(2) r�dk2e�1)ðr� 0ðmod 2Þ�m
 kþ rÞ;
(3) ðdk2e�r�k�1�k�1ðmod 2Þ�r�1ðmod 2ÞÞ)m
 kþ1:

Theorem 1.4. [3] A nontrivial connected graph G has a P3-
decomposition if and only if G has even size.

Theorem 1.5. [15] Let k, m and n be positive integers with
m � n: There exists an Skþ1-decomposition of Km, n if and
only if one of the following holds:
ðiÞ k � m and mn � 0 ðmod kÞ; (ii) m < k � n and n � 0
ðmod kÞ:

2. Constructions

In this section we present some basic constructions which
are required to prove our main result.

Lemma 2.1. There exists a (4; r,s)-decomposition of Kn, when
n ¼ 8, 9.

Proof. Case 1 Let VðK9Þ ¼ figf j 1 � i � 8g: The required
ð4; r, sÞ-decompositions are given below:

(1). r = 7 and s¼ 0. The required paths are [71862],
[27843], [42165], [32851], [25763], [13546], [14738].
(2). r¼ 6 and s¼ 1. The required paths and stars are
[71862], [27843], [56124], [76328], [13546], [14738], (5;1,2,7,8).
(3). r¼ 5 and s¼ 2. The required paths and stars are
[71862], [27843], [42165], [32851], [25763], (3;1,5,7,8), (4;1,5,6,7).
(4). r¼ 4 and s¼ 3. The required paths and stars are
[71862], [27843], [56124], [76328], (3;1,5,7,8), (4;1,5,6,7).
(5). r¼ 3 and s¼ 4. The required paths and stars are
[71862], [56124], [76328], (3;1,4,5,8), (4;1,5,6,8), (5;1,2,7,8),
(7;2,3,4,8).
(6). r¼ 2 and s¼ 5. The required paths and stars are
[71862], [27843], (2;1,3,4,8), (3;1,5,7,8), (4;1,5,6,7), (5;1,2,7,8).
(7). r¼ 1 and s¼ 6. The required paths and stars are

[71862], (2;1,3,4,8), (3;1,4,5,8), (4;1,5,6,8), (5;1,2,7,8), (6;1,3,5,7),
(7;2,3,4,8).
(8). r¼ 0 and s¼ 7. The required stars are (1;5,6,7,8),
(2;1,3,4,8), (3;1,4,5,8), (4; 1,5,6,8), (5;2,6,7,8), (6;2,3,7,8), (7;2,3,4,8).

Case 2. Let V (K9)¼ {{i} | 1 � i � 9}. The required (4; r,s)-
decompositions are given below:

(1). r¼ 9 and s¼ 0. The required paths are [51326],
[52436], [35846], [37456], [67689], [16879], [21496], [19275],
[28395].
(2). r¼ 8 and s¼ 1. The required paths and stars are
[51326], [52436], [35846], [37456], [19283], [41275], [67189],
[16879],(9;3456).
(3). r¼ 7 and s¼ 2. The required paths and stars are
[63715], [57216], [43569], [46259], [39485], [38679], [54789],
(1;3489), (2;3489).
(4). r¼ 6 and s¼ 3. The required paths and stars are
[51326], [52436], [35846], [37456], [17695], [18275], (1;2469),
(8;3679), (9;2347).
(5). r¼ 5 and s¼ 4. The required paths and stars are
[51326], [52436], [35967], [37546], [65847], (1;4678),
(2;1789), (8;3679), (9;1347).
(6). r¼ 4 and s¼ 5. The required paths and stars are
[51326], [52436], [35846], [37456], (1;4689), (2;1789),
(7;1569), (8;3679), (9;3456).
(7). r¼ 3 and s¼ 6. The required paths and stars are
[41239], [58349], [48765], (1;3579), (2;4679), (5;2349),
(6;1349), (7;3459), (8;1269).
(8). r¼ 2 and s¼ 7. The required paths and stars are
[12349], [14839], (1;3789), (2;5679), (4;2567), (5;1389),
(6;1359), (7;3569), (8;2679).
(9). r¼ 1 and s¼ 8. The required paths and stars are
[41237], (3;1456), (4;2567), (5;1279), (6;1259), (7;1269),
(8;1234), (8;5679), (9;1279).
(10). r¼ 0 and s¼ 9. The required stars are (1;2345),
(2;3456), (3;4567), (4;5678), (5;6789), (6;1789), (7;1289),
(8;1239), (9;1234). w

Lemma 2.2. There exists a ð4; r, sÞ-decomposition of K5, 5 � I,
where I is a 1-factor of distance zero in K5, 5, and r 6¼ 1:

Proof. Let VðK5, 5 � IÞ ¼ ðf1ig, f2igÞ
� j 1 � i � 5g: The

required ð4; r, sÞ-decompositions are given below:

(1) r¼5 and s¼0. The required paths are ½2415221125	,
½2214251324	, 2411231225½ 	, 2213211423½ 	, 2412211523½ 	:

(2) r¼ 4 and s¼ 1: The required paths and stars are
½2112231124	, ½2211251224	, 2113221423½ 	, 2114251324½ 	,
ð15;21, 22, 23, 24Þ:

(3) r¼3 and s¼2. The required paths and stars are ½2112
231124	, ½2213241225	, 2113251122½ 	, ð14;21, 22, 23, 25Þ,
ð15;21, 22, 23, 24Þ:

(4) r¼ 2 and s¼ 3: The required paths and stars are
½2112231124	, ½2211251224	, ð13;21, 22, 24, 25Þ, ð14;21,
22, 23, 25Þ, ð15;21, 22, 23, 24Þ:

(5) r¼1 and s¼4. It is easy to see that K5,5� I, can not
be decomposed into 1P5 and 4S5:
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(6) r¼0 and s¼5. The required stars are ð11;22, 23,24,
25Þ, ð12;21, 23, 24, 25Þ, ð13;21, 22, 24, 25Þ, ð14;21,22,
23, 25Þ, ð15;21, 22, 23, 24Þ: w

Lemma 2.3. There exists a ð4; r, sÞ-decomposition of K9, 9 � I,
where I is a 1-factor of distance zero in K9, 9:

Proof. We can write, K9, 9 � I ¼ 2ðK5, 5 � IÞ � 2K4, 4: By
Lemma 2.2 and Theorem 1.3, the graphs K5, 5 � I and K4, 4

have a ð4; r, sÞ-decomposition. Hence, by the remark,
the graph K9, 9 � I has the desired decomposition except
f1P5, 17S5g:

Finally, ð4; r, sÞ-decomposition for the case f1P5, 17S5g is
given as follows: 1325142615½ 	, ð11; 22, 23, 26, 28Þ, ð13; 22,
24, 26, 27Þ, ð15; 23, 24, 27, 28Þ, ð16; 22, 24, 25, 29Þ, ð17; 24,
25, 28, 29Þ, ð18; 22, 23, 24, 25Þ, ð19; 23, 24, 25, 28Þ, ð21; 12,
13, 16, 18Þ, ð21; 14, 15, 17, 19Þ, ð22; 14, 15, 17, 19Þ, ð23; 12,
14, 16, 17Þ, ð26; 12, 17, 18, 19Þ, ð27; 14, 16, 18, 19Þ, ð28; 12,
13, 14, 16Þ, ð29; 13, 14, 15, 18Þ, ð11, 12; 24, 25, 27, 29Þ: w

Lemma 2.4. There exists a ð4; r, sÞ-decomposition of
K4xþ1, 4xþ1 � I, where I is a 1-factor of distance zero in
K4xþ1, 4xþ1, x 
 1, and r 6¼ 1 for x ¼ 1:

Proof. When x ¼ 1 and 2, the graphs K5, 5 � I and K9, 9 � I
have a ð4; r, sÞ-decomposition, by Lemmas 2.2 and 2.3. For
x 
 3, we can write, K4xþ1, 4xþ1 � I ¼ K9, 9 � I � ðx� 2Þ
ðK5, 5 � IÞ � 2ðx� 2ÞK4, 8 � ðx� 2Þðx� 3ÞK4, 4: By Lemmas
2.2 and 2.3 and Theorem 1.3, the graphs K5, 5 � I,K9, 9 � I, K4, 4

and K4, 8 have a ð4; r, sÞ-decomposition. Hence, by the remark,
the graph K4xþ1, 4xþ1 � I has the desired decomposition. w

Lemma 2.5. There exists a ð4; r, sÞ-decomposition of P3 � K3,
where r 6¼ 1:

Proof. Let VðP3 � K3Þ ¼ [3
i¼1Xi, where Xi ¼ fij j 1 � j �

3g: The required ð4; r, sÞ-decompositions are given below:

(1) r¼ 3 and s¼ 0: The required paths are 1122132112½ 	,
1123312233½ 	, 1223322133½ 	:

(2) r¼ 2 and s¼ 1: The required paths and stars
are 1123122113½ 	, 3123322133½ 	, ð22;11, 13, 31, 33Þ:

(3) r¼ 1 and s¼ 2: It is easy to see that P3�K3, can not
be decomposed into 1P5 and 2S5:

(4) r¼ 0 and s¼ 3: The required stars are ð21;12, 13, 32,
33Þ, ð22;11, 13, 31, 33Þ, ð23;11, 12, 31, 33Þ: w

Lemma 2.6. There exists a ð4; r, sÞ-decomposition of P3 � K6:

Proof. Let VðP3 � K6Þ ¼ [3
i¼1Xi, where Xi ¼ fij j 1 � j � 6g:

The required ð4; r, sÞ-decompositions are given below:
Now, we decompose the graph P3 � K6 into 15S5’s as
follows:

fð12, 32; 23, 24, 25, 26Þ, ð14, 34; 21, 22, 23, 26Þ, ð15, 35; 21, 22, 24, 26Þ,
ð16, 36; 21, 22, 23, 24Þ, ð25, 26; 11, 13, 31, 33Þ, ð22, 24; 11, 13, 31, 33Þ,
ð21; 12, 13, 32, 33Þ, ð23; 11, 15, 31, 35Þ, ð25; 14, 16, 34, 36Þg:

First, we decompose the given 2S5’s into f2P5g as follows:

(1) ð12,32;23,24,25,26Þ) ½23,12,24,32,25	,½25,12,26,32,23	
� �

:

(2) ð14,34;21,22,23,26Þ) ½21,14,22,34,23	,½23,14,26,34,21	
� �

:

(3) ð15,35;21,22,24,26Þ) ½22,15,21,35,26	,½22,35,24,15,26	
� �

:

(4) ð16,36;21,22,23,24Þ) ½21,16,22,36,23	,½23,16,24,36,21	
� �

:

(5) ð25,26;11,13,31,33Þ) ½13,26,11,25,33	,½13,25,31,26,33	
� �

:

Now, we consider the 5S5’s ð21; 12, 13, 32, 33Þ,
� ð23; 11,

15, 31, 35Þ, ð25; 14, 16, 34, 36Þ, ð22, 24; 11, 13, 31, 33Þg which can
be decomposed into either f4P5, 1S5g or f3P5, 2S5g or f2P5,
3S5g as follows: ½1221132231	,

� ½1122332132	, ½1324312315	,
½3324112335	, ð25; 14, 16, 34, 36Þg or ½1122132433	,

� ½152311
2431	, ½3322312315	, ð21; 12, 13, 32, 33Þ, ð25; 14, 16, 34, 36Þg or
½1122332132	,

� ½1221132231	, ð23; 11, 15, 31, 35Þ, ð24; 11, 13,
31, 33Þ, ð25; 14, 16, 34, 36Þg:
Further, we consider the 7S5’s ð25, 26; 11, 13, 31, 33Þ,

�

ð22, 24; 11, 13, 31, 33Þ, ð21; 12, 13, 32, 33Þ, ð23; 11, 15, 31, 35Þ,
ð25; 14, 16, 34, 36Þg which can be decomposed into either
f7P5g or f5P5, 2S5g or f4P5, 3S5g or f3P5, 4S5g as follows:
1122132433½ 	,�

1523112431½ 	, 3322312335½ 	, 1221132514½ 	, 3221½
332534	, ½1326112516	, ½3326312536	g or 1122132433½ 	,�

1523½
112431	, 3322312335½ 	, 1221132514½ 	, 3221332534½ 	, ð25; 11, 16,
31, 36Þ, ð26; 11, 13, 31, 33Þg or 1221132514½ 	,�

3221332534½ 	,
1326112516½ 	, 3326312536½ 	, ð22; 11, 13, 31, 33Þ, ð23; 11, 15, 31,
35Þ, ð24; 11, 13, 31, 33Þg or 1122132433½ 	,�

1523112431½ 	,
3322312335½ 	, ð21; 12, 13, 32, 33Þ, ð25; 13, 14, 33, 34Þ, ð25; 11, 13,
31, 33Þ, ð26; 11, 13, 31, 33Þg:

Finally, ð4; r, sÞ-decomposition for the case f1P5, 14S5g is
given as follows:

1225322314½ 	, ð21; 12, 13, 32, 33Þ, ð21; 14, 16, 34, 36Þ,
ð22; 11, 13, 14, 34Þ, ð22; 16, 31, 33, 36Þ, ð23; 11, 15, 31, 35Þ,
ð23; 12, 16, 34, 36Þ, ð24; 11, 12, 13, 32Þ, ð24; 16, 31, 33, 36Þ,
ð25; 14, 16, 34, 36Þ, ð26; 12, 14, 32, 34Þ, ð25, 26; 11, 13, 31, 33Þ,
ð15, 35; 21, 22, 24, 26Þ:

Lemma 2.7. There exists a ð4; r, sÞ-decomposition of P3 � K7:

Proof. Let VðP3 � K7Þ ¼ [3
i¼1Xi, where Xi ¼ fij j 1 � j �

7g: The required ð4; r, sÞ-decompositions are given below:
Now, we decompose the graph P3 � K7 into 21S5’s as fol-
lows:

ð23, 24; 11, 17, 31, 37Þ, ð24, 27; 12, 13, 32, 33Þ, ð25, 26; 11, 12, 31, 32Þ,
�

ð21; 13, 15, 33, 35Þ, ð22; 13, 15, 33, 35Þ, ð26; 13, 14, 33, 34Þ,
ð21; 14, 16, 34, 36Þ, ð24; 15, 16, 35, 36Þ, ð27; 14, 15, 34, 35Þ,
ð22; 16, 17, 36, 37Þ, ð23; 14, 16, 34, 36Þ, ð25; 14, 17, 34, 37Þ,
ð22; 11, 13, 31, 33Þ, ð25; 13, 16, 33, 36Þ, ð27; 11, 16, 31, 36Þ,
ð21; 12, 17, 32, 37Þ, ð23; 12, 15, 32, 35Þ, ð26; 15, 17, 35, 37Þ

�
:

w

First, we decompose the given 2S5’s into f2P5g as follows:

(1) ð23,24;11,17,31,37Þ)f½1123312417	, ½1124372317	g:
(2) ð24,27;12,13,32,33Þ)f½1224332713	, ½1227322413	g:
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(3) ð25,26;11,12,31,32Þ)f½1125322612	, ½1126312512	g:
Now the remaining 3S5’s can be decomposed into f3P5g as
follows:

(4) ð21;13,15,33,35Þ,ð22;13,15,33,35Þ,ð26;13,14,33,
�

34Þg)
½1321332614	, ½1422352115	,

� ½1326342215	g:
(5) ð21;14,16,34,36Þ,ð24;15,16,35,36Þ,

� ð27;14,15,34,35Þg)
½1421342715	, ½1524362116	,

� ½1427352416	g:
(6) ð22;16,17,36,37Þ,ð23;14,16,34,36Þ,

� ð25;14,17,34,37Þg)
½1423362216	, ½1425372217	,

� ½1623342517	g:
(7) ð22;11,13,31,33Þ,ð25;13,16,33,36Þ,

� ð27;11,16,31,36Þg)
½1122332516	, ½1127362513	,

� ½1322312716	g:
(8) ð21;12,17,32,37Þ,ð23;12,15,32,35Þ,

� ð26;15,17,35,37Þg)
½1221372615	, ½1223352617	,

� ½1523322117	g:

Further, the decomposition of the case f20P5, 1S5g is given
as follows: From (1) and (3), we obtain f3P5, 1S5g as ½1124

�

122531	, ½1723112632	, ½3225312337	, ð24; 11, 17, 31, 37Þg and
together f17P5g given in (2) and (4) to (8) gives the
required paths and stars except the case f1P5, 20S5g:
Finally, ð4; r, sÞ-decomposition for the case f1P5, 20S5g is
given as follows:

1322372117½ 	, ð21; 13, 14, 33, 34Þ, ð22; 14, 17, 33, 34Þ,
ð11, 31; 22, 23, 24, 25Þ, ð12, 32; 21, 23, 24, 25Þ, ð13, 33; 24, 25, 26, 27Þ,
ð14, 34; 23, 25, 26, 27Þ, ð15, 35; 23, 24, 26, 27Þ, ð16, 36; 23, 24, 25, 27Þ,
ð17, 37; 23, 24, 25, 26Þ, ð21, 22; 15, 16, 35, 36Þ, ð26, 27; 11, 12, 31, 32Þ:

w

Lemma 2.8. There exists a ð4; r, sÞ-decomposition of Km, 6 for
m¼ 2, 4, 6.

Proof. The cases m¼ 2, 4 follows by Theorems 1.2 and 1.3.
For m¼ 6, let VðK6, 6Þ ¼ fðf1ig, f2igÞ j 1 � i � 6g: We can
write, K6, 6 ¼ K2, 6 � K4, 6: By Theorems 1.2 and 1.3, we
obtain the required decomposition for the cases ðr, sÞ 2
fð3, 0Þ, ð1, 2Þg þ fð6, 0Þ, ð5, 1Þ, :::, ð2, 4Þ, ð0, 6Þg ¼ fð9, 0Þ,
ð8, 1Þ, :::, ð3, 6Þ, ð1, 8Þg: Further, the required decomposition
for the case f2P5, 7S5g is given as follows: ½2111221223	,
½2112251123	, ð13, 14; 21, 22, 23, 26Þ, ð15, 16; 21, 22, 23, 24Þ,
ð24; 11, 12, 13, 14Þ, ð25; 13, 14, 15, 16Þ, ð26; 11, 12, 15, 16Þ: Finally,
by Theorem 1.5, we get ðr, sÞ ¼ ð0, 9Þ: w

Theorem 2.1. Let r and s be nonnegative integers, and let m
be a positive even integer with m 
 4. Then there exists a
ð4; r, sÞ-decomposition of Km,m if and only if 4ðr þ sÞ ¼
eðKm,mÞ, and r 6¼ 1 for m¼ 4.

Proof. Necessity. The condition 4ðr þ sÞ ¼ eðKm,mÞ is trivial
by using counting arguments. Sufficiency. The cases m¼ 4,
6 follows by Theorem 1.3 and Lemma 2.8. For m¼ 8, we
can write, K8, 8 ¼ K6, 6 � K2, 6 � 2K2, 4: By Lemma 2.8 and
Theorem 1.2, we obtain the required decomposition for the
cases ðr, sÞ 2 fð9, 0Þ, ð8, 1Þ, :::, ð1, 8Þ, ð0, 9Þg þfð3, 0Þ, ð1, 2Þg þ
fð4, 0Þ, ð2, 2Þ, ð0, 4Þg ¼ fð16, 0Þ, ð15, 1Þ, :::, ð2, 14Þ, ð1, 15Þg:
Further, by Theorem 1.5, we get ðr, sÞ ¼ ð0, 16Þ: For m 

10, we deal the proof is two cases as follows:

Case 1. m � 2 ðmod 4Þ 
 10: We can write, Km,m ¼ K6, 6 �
m�6
4

� �
K4, 4 � �i K4, if g � �j Kj, 4f g, where 6 � i, j �

2 ðmod 4Þ � m� 4: Note that Kj, 4 ffi K4, j: By Theorem
1.3 and Lemma 2.8, the graphs K4, 4,K4, i,Kj, 4 and K6, 6 have
a ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km,m has the desired decomposition.

Case 2. m � 0 ðmod 4Þ 
 12: We can write, Km,m ¼
K8, 8 � m�12

4

� �
K4, 4 � �i Ki, 4f g � �j K4, jf g, where 4 � i �

0 ðmod 4Þ � m� 4 and 8 � j � 0 ðmod 4Þ � m� 4:
Note that Ki, 4 ffi K4, i: By Theorem 1.3 and the first para-
graph of the proof, the graphs K4, 4,Ki, 4,K4, j and K8, 8 have a
ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km,m has the desired decomposition. w

3. (4;r,s)-decomposition of Km 3 Kn

Lemma 3.1. There exists a ð4; r, sÞ-decomposition of K4 � K4:

Proof. Let VðK4 � K4Þ ¼ [4
i¼1Xi and Xi ¼ fij j 1 � j � 4g:

Then the required ð4; r, sÞ-decompositions are as given below:
First, we decompose the given 2S5’s into f2P5g as
follows:

(1) ð11;22,23,24,32Þ,ð12;21,23,24,33Þ
� �) ½3211231233	,

�

½2112241122	g:
(2) ð13;21,22,24,34Þ,ð14;21,22,23,31Þ

� �) ½3114221334	,
�

½2413211423	g:
(3) ð21;32,33,34,44Þ,ð22;31,33,34,41Þ

� �) ½3122342132	,
�

½4122332144	g:
(4) ð31;42,43,44,13Þ,ð32;41,43,44,13Þ

� �) ½4132133143	,
�

½4231443243	g:
(5) ð33;41,42,44,11Þ,ð34;41,42,43,11Þ

� �) ½4233113443	,
�

½4234413344	g:
(6) ð41;12,13,14,23Þ,ð44;11,13,22,23Þ

� �) ½1144134112	,
�

½1441234422	g:
(7) ð42;11,13,21,24Þ,ð43;11,21,22,24Þ

� �) ½1142244322	,
�

½1143214213	g:
(8) ð12;31,34,43,44Þ,ð23;31,32,34,42Þ

� �) ½3223311243	,
�

½4223341244	g:
(9) ð14;32,33,42,43Þ,ð24;31,32,33,41Þ

� �) ½3124331443	,
�

½4124321442	g:

Now, from (1) and (2), we have 4S5’s which can be
decomposed into either f4P5g or f3P5, S5g or f2P5, 2S5g as
follows:

½3211231233	,
� ½2112241122	, ½3114221334	, ½2413211423	g or
½2213241233	,

� ½2112231431	, ½2214211334	, ð11; 22, 23, 24, 32Þg
or ½3211231233	,

� ½2112241122	, ð13; 21, 22, 24, 34Þ, ð14; 21, 22,
23, 31Þg:
Finally, ð4; r, sÞ-decomposition for the case f1P5, 17S5g is
given as follows:

½1132243322	, ð12; 21, 23, 24, 33Þ, ð12; 31, 34, 43, 44Þ,
ð13; 21, 22, 24, 34Þ, ð14; 21, 22, 23, 31Þ, ð14; 32, 33, 42, 43Þ,
ð21; 32, 33, 34, 44Þ, ð22; 11, 31, 34, 41Þ, ð23; 11, 31, 32, 34Þ,
ð24; 11, 31, 41, 42Þ, ð31; 13, 42, 43, 44Þ, ð32; 13, 41, 43, 44Þ,
ð33; 11, 41, 42, 44Þ, ð34; 11, 41, 42, 43Þ, ð41; 12, 13, 14, 23Þ,
ð42; 11, 13, 21, 23Þ, ð43; 11, 21, 22, 24Þ, ð44; 11, 13, 22, 23Þ: w
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Lemma 3.2. There exists a ð4; r, sÞ-decomposition of K4 � K5:

Proof. We can write, K4 � K5 ¼ 6ðK5, 5 � IÞ: By Lemma 2.2,
the graph K5, 5 � I has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K4 � K5 has the desired decompos-
ition except the case f1P5, 29S5g: We can write, K4 � K5 ¼
K4 � K4 � 12K1, 4, then by Lemma 3.1 and Theorem 1.5, we
have ðr, sÞ 2 ð1, 17Þ þ ð0, 12Þ ¼ ð1, 29Þ: w

Lemma 3.3. There exists a ð4; r, sÞ-decomposition of K4 � K6:

Proof. We can write, K4 � K6 ¼ 3ðP3 � K6Þ: By Lemma 2.6,
the graph P3 � K6 has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K4 � K6 has the desired decompos-
ition. w

Lemma 3.4. There exists a ð4; r, sÞ-decomposition of K4 � K7:

Proof. We can write, K4 � K7 ¼ 3ðP3 � K7Þ: By Lemma 2.7,
the graph P3 � K7 has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K4 � K7 has the desired decompos-
ition. w

Lemma 3.5. There exists a ð4; r, sÞ-decomposition of K5 � K3:

Proof. We can write, K5 � K3 ¼ 3ðK5, 5 � IÞ: By Lemma 2.2,
the graph K5, 5 � I has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K5 � K3 has the desired decompos-
ition except the case f1P5, 14S5g:
Further, ð4; r, sÞ-decomposition for the case f1P5, 14S5g is
given as follows:

1322113214½ 	, ð11; 23, 24, 25, 33Þ, ð12; 23, 24, 25, 34Þ,
ð13; 21, 24, 25, 32Þ, ð14; 21, 22, 23, 25Þ, ð15; 22, 23, 24, 32Þ,
ð21; 12, 15, 32, 35Þ, ð22; 31, 33, 34, 35Þ, ð23; 31, 32, 34, 35Þ,
ð24; 31, 32, 33, 35Þ, ð25; 31, 32, 33, 34Þ, ð31; 12, 13, 14, 15Þ,
ð33; 12, 14, 15, 21Þ, ð34; 11, 13, 15, 21Þ, ð35; 11, 12, 13, 14Þ:

Lemma 3.6. There exists a ð4; r, sÞ-decomposition of K5 � K5:

Proof. We can write, K5 � K5 ¼ 10ðK5, 5 � IÞ: By Lemma
2.2, the graph K5, 5 � I has a ð4; r, sÞ-decomposition. Hence,
by the remark, the graph K5 � K5 has the desired decompos-
ition except the case f1P5, 49S5g: Let K5 � K5 ¼ K4 � K4 �
3ð4ÞK1, 4 � 4ð5ÞK1, 4, then by Lemma 3.1 and Theorem 1.5,
we have ðr, sÞ 2 ð1, 17Þ þ ð0, 32Þ ¼ ð1, 49Þ: w

Lemma 3.7. There exists a ð4; r, sÞ-decomposition of K5 � K6:

Proof. We can write, K5 � K6 ¼ 5ðP3 � K6Þ: By Lemma 2.6,
the graph P3 � K6 has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K5 � K6 has the desired decompos-
ition. w

Lemma 3.8. If m, n � 0 ðmod 4Þ, then there exists a
ð4; r, sÞ-decomposition of Km � Kn:

Proof. Let m ¼ 4x and n ¼ 4y, where x, y 
 1: Then we can
write,

K4x � K4y ¼ xyðK4 � K4Þ � xyðy� 1Þ
2

ðK4 � K4, 4Þ

� xyðx� 1Þ
2

ðK4, 4 � K4Þ

� xyðx� 1Þðy� 1Þ
4

ðK4, 4 � K4, 4Þ

¼ xyðK4 � K4Þ � 2xyðxþ y� 2ÞðK4, 12Þ
� 2xyðx� 1Þðy� 1ÞðK4, 16Þ:

By Lemma 3.1 and Theorem 1.3, the graphs K4 � K4, K4, 12

and K4, 16 have a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph Km � Kn has the desired decompos-
ition. w

Lemma 3.9. If m � 0 ðmod 4Þ and n � 2 ðmod 4Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn:
Proof. Let m ¼ 4x and n ¼ 4yþ 2, where x, y 
 1: Then we
can write,

K4x � K4yþ2 ¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K6Þ
� xðy� 1ÞðK4 � K4, 6Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4Þ

� xðx� 1Þ
2

ðK4, 4 � K6Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4, 6Þ

¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K6Þ
� 4xðy� 1ÞðK4, 18Þ
� 2xðx� 1Þðy� 1ÞðK4, 12Þ � 3xðx� 1ÞK4, 20

� 4xðx� 1Þðy� 1ÞðK4, 24Þ:

By Lemmas 3.1 and 3.3 and Theorem 1.3, the graphs K4 �
K4,K4 � K6,K4, 12,K4, 18,K4, 20 and K4, 24 have a
ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km � Kn has the desired decomposition. w

Lemma 3.10. If m � 0 ðmod 2Þ and n � 1 ðmod 4Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn:

Proof. We deal the proof in two cases.

Case 1. m � 0 ðmod 4Þ and n � 1 ðmod 4Þ:
Let m ¼ 4x and n ¼ 4yþ 1, where x, y 
 1: Then we can
write,
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K4x � K4yþ1 ¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K5Þ
� xðy� 1ÞðK4 � K4, 5Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4Þ

� xðx� 1Þ
2

ðK4, 4 � K5Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4, 5Þ

¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K5Þ
� 4xðy� 1ÞðK4, 15Þ

� 2xðx� 1Þðy� 1ÞðK4, 18Þ � xðx� 1Þ
2

ð5K4, 16Þ

� 4xðx� 1Þðy� 1ÞðK4, 20Þ:

By Lemmas 3.1 and 3.2 and Theorem 1.3, the graphs
K4 � K4,K4 � K5,K4, 15,K4, 16,K4, 18 and K4, 20 have a
ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km � Kn has the desired decomposition.
Case 2. m � 2 ðmod 4Þ and n � 1 ðmod 4Þ:
Let m ¼ 4xþ 2 and n ¼ 4yþ 1, where x, y 
 1: Then we
can write,

K4xþ2 � K4yþ1 ¼ ðx� 1Þðy� 1ÞðK4 � K4Þ � ðx� 1ÞðK4 � K5Þ
� ðx� 1Þðy� 1ÞðK4 � K4, 5Þ
� ðy� 1ÞðK6 � K4Þ � ðK6 � K5Þ
� ðy� 1ÞðK6 � K4, 5Þ
� ðx� 1Þðy� 1ÞðK4, 6 � K4Þ
� ðx� 1ÞðK4, 6 � K5Þ
� ðx� 1Þðy� 1ÞðK4, 6 � K4, 5Þ

¼ ðx� 1Þðy� 1ÞðK4 � K4Þ � ðx� 1ÞðK4 � K5Þ
� 4ðx� 1Þðy� 1ÞðK4, 15Þ � ðy� 1ÞðK6 � K4Þ
� ðK6 � K5Þ � 6ðy� 1ÞðK4, 25Þ
� 4ðx� 1Þðy� 1ÞðK4, 18Þ � 5ðx� 1ÞðK4, 24Þ
� ðx� 1Þðy� 1Þð5K4, 24 � 4K4, 30Þ:

By Lemmas 3.1 to 3.3 and 3.7 and Theorem 1.3, the graphs
K4 �K4,K4 �K5,K4 �K6,K5 �K6,K4, 15,K4, 18,K4, 24,K4, 25 and
K4, 30 have a ð4; r, sÞ-decomposition. Hence, by the remark, the
graph Km �Kn has the desired decomposition. w

Lemma 3.11. If m � 0 ðmod 4Þ and n � 3 ðmod 4Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn:

Proof. Let m ¼ 4x and n ¼ 4yþ 3, where x 
 1 and y 
 0:
When y¼ 0, we can write, K4x � K3 ¼ xð4x� 1ÞðP3 � K3Þ,
by Theorem 1.4. Then the graph P3 � K3 has a
ð4; r, sÞ-decomposition, by Lemma 2.5. Hence, the graph
K4x � K3 has the desired decomposition. When y 
 1, we
can write,

K4x � K4yþ3 ¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K7Þ
� xðy� 1ÞðK4 � K4, 7Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4Þ

� xðx� 1Þ
2

ðK4, 4 � K7Þ

� xðx� 1Þðy� 1Þ
2

ðK4, 4 � K4, 7Þ
¼ xðy� 1ÞðK4 � K4Þ � xðK4 � K7Þ
� 4xðy� 1ÞðK4, 21Þ

� 2xðx� 1Þðy� 1ÞðK4, 12Þ � 7
xðx� 1Þ

2
ðK4, 24Þ

� 4xðx� 1Þðy� 1ÞðK4, 28Þ:

By Lemmas 3.1 and 3.4 and Theorem 1.3, the graphs
K4 � K4,K4 � K7, K4, 12,K4, 21,K4, 24 and K4, 28 have a
ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km � Kn has the desired decomposition. w

Lemma 3.12. If m � 1 ðmod 4Þ and n � 1 ðmod 2Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn:

Proof. We deal the proof in two cases.

Case 1. m¼ 5 and n � 1 ðmod 2Þ:
Let m¼ 5 and n ¼ 2xþ 1, where x 
 1: For x¼ 1, then the
graph K5 � K3 has a ð4; r, sÞ-decomposition, by Lemma 3.5.
For x> 1. Then we can write,

K5 � K2xþ1 ¼ ðx� 2ÞðK5 � K2Þ � K5 � K5

� ðx� 2ÞðK5 � K2, 5Þ
¼ ðx� 2ÞðK5, 5 � IÞ � K5 � K5 � 5ðx� 2ÞðK2, 20Þ:

By Lemmas 2.2 and 3.6 and Theorem 1.2, the graphs K5, 5 �
I,K5 � K5 and K2, 20 have a ð4; r, sÞ-decomposition. Hence,
by the remark, the graph Km � Kn has the desired
decomposition.

Case 2. m � 1 ðmod 4Þ > 5 and n � 1 ðmod 2Þ:
Let m ¼ 4xþ 1 and n ¼ 2yþ 1, where x 
 2 and y 
 1:
Then K4xþ1 � K2yþ1 ¼ ð2yþ 1ÞyðK4xþ1, 4xþ1 � IÞ, where I is
a 1-factor of distance zero in K4xþ1, 4xþ1: By Lemma 2.4, the
graph K4xþ1, 4xþ1 � I has a ð4; r, sÞ-decomposition. Hence, by
the remark, the graph K4xþ1 � K2yþ1 has the desired decom-
position. w

Now, we prove our main result as follows:

Theorem 3.1. Let r and s be nonnegative integers, and let m
and n be positive integers. There exists a ð4; r, sÞ-decompos-
ition of Km � Kn if and only if mnðm� 1Þðn� 1Þ �
0 ðmod 8Þ, where Km � Kn denotes a tensor product of com-
plete graphs.

Proof. Necessity is trivial by counting the number of edges
of the graph Km � Kn: Sufficiency follows from Lemmas 3.8
to 3.12. w
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4. ð4; r, sÞ-decomposition of Km � Kn

In this section we obtain necessary and sufficient conditions
for the existence of a ð4; r, sÞ-decomposition of Km � Kn :

Lemma 4.1. If m � 0 ðorÞ 1 ðmod 2Þ and n �
0 ðmod 2Þ 
 4, then there exists a ð4; r, sÞ-decomposition of
Km � Kn, and r 6¼ 1 when m¼ 2 and n¼ 4.

Proof. We can write Km � Kn ¼ mðm�1Þ
2 Kn, n: By Theorem

2.1, the graph Kn, n has a ð4; r, sÞ-decomposition except r¼ 1
when n¼ 4. Hence, by the remark, the graph Km � Kn has
the desired decomposition except when ðn, rÞ ¼ ð4, 1Þ:
Further, ð4; 1, sÞ-decomposition of Km � K4 is given as fol-
lows: For m¼ 2, then K2 � K4 ¼ K4, 4 can not be decom-
posed into f1P5, 3S5g, by Theorem 2.1.

Case 1. For m¼ 3, then K3 � K4 can be decomposed into
f1P5, 11S5g is given as follows: ½1221112313	,
ð12; 22, 23, 24, 31Þ, ð13; 21, 22, 24, 31Þ, ð14; 21, 22, 23, 24Þ,
ð31; 11, 14, 22, 24Þ, ð21, 23; 31, 32, 33, 34Þ, ð22, 24; 11, 32, 33, 34Þ,
ð32, 33, 34; 11, 12, 13, 14Þ:
Case 2. For m¼ 4, then we can write K4 � K4 ¼ K3 � K4 �
K4, 12: By case 1 and Theorem 1.5, we obtain the required
decomposition for the case ðr, sÞ 2 ð1, 11Þ þð0, 12Þ ¼ ð1, 23Þ:
Case 3. For m> 4, then we can write Km � K4 ¼
K4 � K4 � ðm�4Þðm�5Þ

2 K4, 4 � ðm� 4ÞK4, 16: By Case 2, and
Theorem 1.5, we obtain the required decomposition for the
case ðr, sÞ 2 ð1, 23Þ þ ð0, 2ðm� 4Þðm� 5ÞÞ þ ð0, 16ðm� 4ÞÞ
¼ ð1, 23þ 2ðm� 4Þf8þ ðm� 5ÞgÞ: w

Lemma 4.2. If m � 1 ðmod 8Þ and n � 1 ðmod 2Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn :

Proof. We can write, Km � Kn ¼ nKm � ðKm � KnÞ: By
Theorem 1.1, the graph Km (If m¼ 9, the graph K9 has a
ð4; r, sÞ-decomposition, by Lemma 2.1) has a ð4; r, sÞ-decom-
position and by Lemma 3.12, the graph Km � Kn has a
ð4; r, sÞ-decomposition. Hence, by the remark, the graph
Km � Kn has the desired decomposition. w

Lemma 4.3. If m � 0 ðmod 8Þ and n � 1 ðmod 2Þ, then
there exists a ð4; r, sÞ-decomposition of Km � Kn :

Proof. We can write, Km � Kn ¼ nKm � ðKm � KnÞ: By
Theorem 1.1, the graph Km (If m¼ 8, the graph K8 has a
ð4; r, sÞ-decomposition, by Lemma 2.1) has a ð4; r, sÞ-decom-
position and by Lemmas 3.10 and 3.11, the graph Km � Kn

has a ð4; r, sÞ-decomposition. Hence, by the remark, the
graph Km � Kn has the desired decomposition. w

Theorem 4.1. Let r and s be nonnegative integers, and let m
and n be positive integers. Then there exists a ð4; r, sÞ-decom-

position of Km � Kn if and only if mn2ðm� 1Þ
� 0 ðmod 8Þ:

Proof. Necessity is trivial by counting the number of edges
of the graph Km � Kn : Sufficiency follows from Lemmas 4.1
to 4.3. w
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