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Graphs whose line graphs are ring graphs

Mahdi Reza Khorsandi

Faculty of Mathematical Sciences, Shahrood University of Technology, Shahrood, Iran

ABSTRACT
Given a graph H, a path P of length at least two is called an H-path if P meets H exactly in its
ends. A graph G is a ring graph if each block of G which is not a bridge or a vertex can be con-
structed inductively by starting from a single cycle and then in each step adding an H-path that
meets graph H in the previous step in two adjacent vertices. In this article, we classify all graphs
whose line graphs and total graphs are ring graphs.
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1. Introduction

Throughout this article, the graphs we consider are simple
and finite. A cut-vertex (resp., a bridge) of a graph is a ver-
tex (resp., edge) whose deletion increases the number of
components. A maximal connected subgraph that has no
cut-vertex is called a block.

Given a graph H, a path P of length at least two is called
an H-path if P meets H exactly in its ends. A graph G is a
ring graph if each block of G which is not a bridge or a ver-
tex can be constructed inductively by starting from a single
cycle and then in each step adding an H-path that meets
graph H in the previous step in two adjacent vertices. Ring
graphs were first introduced by Gitler et al. [5, 6]. For an
application of ring graphs in commutative algebra, the
reader should refer to Gitler et al. [6]. Examples of ring
graphs include forests and cycles.

A cycle without chords is called primitive. Recall that a
graph G has the primitive cycle property if any two primitive
cycles intersect in at most one edge. A subdivision of a
graph is any graph that can be obtained from the original
graph by replacing edges by paths. Two graphs are said to
be homeomorphic if both can be obtained from the same
graph by subdivision. The complete graph with n vertices is
denoted by Kn. For an integer r� 2, the complete r-partite
graph whose partite sets having n1,… ,nr vertices, respect-
ively, is denoted by Kn1,… ,nr. Gitler et al. [6, Theorem 2.13],
showed that:

Theorem 1.1. The following conditions are equivalent for a
graph G with n vertices and q edges:

a. G is a ring graph.
b. The number of primitive cycles is equal to q–nþ r, where

r is the number of components of G.

c. G satisfies the primitive cycle property and G does not
contain a subdivision of K4 as a subgraph.

An immediate consequence of Theorem 1.1 is that ring
graphs are planar. Another subclass of planar graphs is the
class of the outerplanar graphs. A planar graph is outerpla-
nar if it can be embedded in the plane such that all its verti-
ces lie on the outer face. Also, Gitler et al. [6, Proposition
2.17] proved that outerplanar graphs are ring graphs. Note
that the class of outerplanar graphs is a proper subclass of
ring graphs (see Figure 1).

The line graph L(G) of a graph G is the graph whose ver-
tices are the edges of G and two vertices of L(G) are adja-
cent if the corresponding edges of G are adjacent. The total
graph T(G) of a graph G is the graph whose vertices are the
vertices and the edges of G and two vertices of T(G) are
adjacent if the corresponding elements of G are adjacent or
incident. The line graph arose from the work of Whitney
[9] while the total graph one introduced by Behzad [1]. The
maximum degree of a graph G, denoted by D(G), is the max-
imum degree of its vertices. The main motivation for this
work is a result of Sedl�a�cek [8], which classifies planar
line graphs.

Theorem 1.2. The line graph of a graph G is planar if and
only if G is planar, D(G) � 4 and if deg(v) ¼ 4 for a vertex
v of G, then v is a cut-vertex.

A Similar result was proved by Chartrand et al. [3] for
outerplanar graphs; it states that:

Theorem 1.3. The line graph of a graph G is outerplanar if
and only if D(G) � 3 and if deg(v) ¼ 3 for a vertex v of G,
then v is a cut-vertex.

Also, Ghebleh and Khatirinejad [4] and Lin et al. [7]
studied the planarity and outerplanarity of the iterated line
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graphs, respectively. In this article, we characterize all graphs
whose line graphs and total graphs are ring graphs.

2. Line graphs which are ring graphs

In this section, we classify all graphs whose line graphs are
ring graphs. First, we recall the following Lemma which uses
frequently in this article:

Lemma 2.1. (see [6, Lemma 2.11]) Let G be a ring graph.
Then for any two non-adjacent vertices x, y of G there are at
most two vertex disjoint paths joining x and y.

Now, we are ready to prove the main theorem:

Theorem 2.2. The following statements are equivalent for a
graph G.

a. The line graph L(G) of G is a ring graph.
b. The line graph L(G) of G is outerplanar.
c. D(G) � 3 and every vertex of degree 3 in G is a

cut-vertex.
d. G has no subgraph homeomorphic to K1, 4,K2, 3 or K1,1,2.

Proof. (a) ) (c) If D(G) � 4, then there exists a vertex of G
incident with four edges. These four edges are mutually
adjacent vertices in L(G), i.e., the graph K4, which contra-
dicts Theorem 1.1. Now, suppose on the contrary there
exists a vertex v of G such that deg(v) ¼ 3 but that v is not
a cut-vertex. It follows that there exist three distinct vertices
x, y and z of G that are adjacent to v. Since v is not a cut-
vertex, there exists a path of the form

v, x ¼ x0, x1, :::, xk, y ¼ xkþ1:

Now, we have two cases:

Case 1. For some 1� j� k, there exists a path of the form

v ¼ z�1, z ¼ z0, :::, zl ¼ xj,

where zi’s, –1� i< l, and xt’s are distinct.
Consider the following paths in L(G):

P1 : ðvxÞ, ðz�1z0Þ, :::, ðzl�1zlÞ, ðxjxjþ1Þ,
P2 : ðvxÞ, ðx0x1Þ, :::, ðxjxjþ1Þ,
P3 : ðvxÞ, ðvyÞ, ðxkþ1xkÞ, :::, ðxjþ1xjÞ:

These paths are three vertex disjoint paths joining two
non-adjacent vertices (vx) and (xjxjþ1) of L(G), which con-
tradicts Lemma 2.1.

Case 2. There exists a path of the form

v ¼ z�1, z ¼ z0, :::, zl,

where either zl ¼ x or zl ¼ y and also zi’s, �1 � i < l, and
xj’s are distinct. Without loss of generality we can assume
that zl ¼ y.

Consider the following paths in L(G):

P1 : ðzvÞ, ðvyÞ, ðxkxkþ1Þ,
P2 : ðzvÞ, ðvxÞ, ðx0x1Þ, :::, ðxkxkþ1Þ,
P3 : ðzvÞ, ðz0z1Þ, :::, ðzl�1zlÞ, ðxkxkþ1Þ:

These paths are three vertex disjoint paths joining two
non-adjacent vertices (zv) and ðxkxkþ1Þ of L(G), which con-
tradicts Lemma 2.1.

(c) ) (b) It is an immediate consequence from
Theorem 1.3.

(b) ) (a) Since by [6, Proposition 2.17], every outerpla-
nar graph is a ring graph, L(G) is a ring graph.

(b) () (d) It follows from [7, Theorem 2.2]. w

3. Total graphs which are ring graphs

In this section, we classify all graphs whose total graphs are
ring graphs. In [2, Theorem 3], Behzad proved the follow-
ing theorem:

Theorem 3.1. The total graph T(G) of a graph G is planar if
and only if D(G) � 3, and if deg(v) ¼ 3 for a vertex v of G,
then v is a cut-vertex.

By combining Theorems 2.2 and 3.1, we obtain the fol-
lowing corollary immediately.

Corollary 3.2. The total graph T(G) of a graph G is planar if
and only if its line graph L(G) is a ring graph.

Afterward, Chartrand et al. [3, Theorem 2] proved the
following theorem for outerplanar graphs:

Theorem 3.3. The total graph T(G) of a graph G is outerpla-
nar if and only if each component of G is a path.

Analogous to these theorems, we state the following:

Theorem 3.4. The following statements are equivalent for a
graph G:

a. The total graph T(G) of G is a ring graph.
b. The total graph T(G) of G is outerplanar.
c. Each component of G is a path.
d. The line graph L(G) of G is a forest.

Proof. (a) ) (c) It is sufficient to show that D(G) � 2 and
every vertex of degree 2 in G is a cut-vertex. If D(G) � 3,
then there exists a vertex G that incidence with three edges.
This vertex with these three edges is four mutually adjacent

Figure 1. An example of a ring graph which is not outerplanar.
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vertices in T(G), i.e., the graph K4, which contradicts
Theorem 1.1.

Now, assume to the contrary there exists a vertex v such
that deg(v) ¼ 2, but v is not a cut-vertex. It follows that v
lies on a cycle of the form

v, v1, v2, :::, vn, v:

Consider the following paths in T(G):

P1 : v1, ðvv1Þ, ðvvnÞ,
P2 : v1, v2, :::, vn, ðvvnÞ,
P3 : v1, ðv1v2Þ, :::, ðvn�1vnÞ, ðvvnÞ:

These paths are three vertex disjoint paths joining two
non-adjacent vertices v1 and (vvn) of T(G), which contra-
dicts Lemma 2.1.

(c) ) (b) It is an immediate consequence from
Theorem 3.3.

(b) ) (a) Since by [6, Proposition 2.17], every outerpla-
nar graph is a ring graph, T(G) is a ring graph.

(c) () (d) It follows from [3, Proposition 5]. w
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