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On inclusive d-distance irregularity strength on triangular ladder graph and path

Budi Utami, Kiki A. Sugeng, and Suarsih Utama

Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Indonesia, Kampus UI Depok, Depok, Indonesia

ABSTRACT
The length of a shortest path between two vertices u and v in a simple and connected graph G,
denoted by d(u, v), is called the distance of u and v. An inclusive vertex irregular d-distance label-
ing is a labeling defined as k : VðGÞ ! f1, :::, kg such that the vertex weight, that is wtðvÞ ¼
kðvÞ þP

fu:1�dðu, vÞ�dg kðuÞ, are all distinct. The minimal value of the largest label used over all

such labeling of graph G, denoted by dis0dðGÞ, is defined as inclusive d-distance irregularity
strength of G. Others studies have concluded the lower bound value of dis01ðGÞ and the value of
dis01ðLnÞ: In this paper, we generalize the lower bound value of dis0dðGÞ for d � 2: We used the
lower bound value of dis0dðGÞ and the previous result of dis01ðLnÞ to investigate the value of
dis02ðLnÞ: As a result, we found the exact values of dis02ðLnÞ for the cases n � 0, 3, 4, 5, 8 ðmod9Þ,
n¼ 7, and the value of the upper bound of dis02ðLnÞ for other n. We also found the relation of the
value of dis0dðLnÞ and the value of dis02dðP2nÞ: Further investigation on path brought us to con-
clude the exact value of dis02ðPnÞ, dis03ðPnÞ and dis04ðPnÞ for some n.
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1. Introduction

Consider a simple and connected graph G with V(G) as a
vertex set of G and E(G) as an edge set of G. A distance
between vertex u and vertex v, with u, v 2 VðGÞ, is defined
as the length of the shortest path between them and denoted
by d(u, v). The set of all vertices u with dðu, vÞ ¼ 1 is called
the neighbor of vertex v and denoted by N(v) [4]. We use
the notation NdðvÞ to represent the set of all vertices u with
dðu, vÞ � d and Nd½v� to represent NdðvÞ [ fvg: A degree of
v 2 G is the number of adjacent vertices of v, or simply
denoted by jNðvÞj: The smallest degree of G is denoted by
dðGÞ, while the largest degree is denoted by DðGÞ:

Motivated by distance labeling that is introduced by
Miller et al. [5] and irregular assignment by Chartrand et al.
[3], Slamin [6] introduced a new variation of vertex labeling,
that is called distance irregular labeling. It is a vertex label-
ing f : VðGÞ ! f1, :::, kg, such that the sum of adjacent ver-
tex labels at each vertex are distinct. In this labeling, f does
not need to be injective. The weight of vertex v, wtðvÞ, in
this labeling is generalized to the sum of all labels of
vertices u which dðu, vÞ � d: Moreover, the labeling is gen-
eralized to non-inclusive and inclusive vertex irregular d-
distance labeling by Bong et al. [2]. In the inclusive vertex
labeling, the label of vertex v is included when computing
wtðvÞ, while in the non-inclusive, it is excluded. The def-
inition of the inclusive vertex irregular d-distance labeling
is given below.

Definition 1.1 [2]. An inclusive vertex irregular d-distance
labeling k is an irregular labeling of vertices in a graph G
where the weight of a vertex v 2 VðGÞ is the sum of the
label of v and all labels up to the distance d from v, that is
wtðvÞ ¼ kðvÞ þP

fu:1�dðu, vÞ�dg kðuÞ: The largest label used

in this labeling is called the inclusive d-distance irregularity
strength of G and denoted by dis0dðGÞ:

If such a labeling exists for any graph G, then the value
of dis0dðGÞ can be determined. Meanwhile, if it does not
exist, the value of dis0dðGÞ is defined as 1: Theorem 1.1
gives a sufficient and necessary condition for dis0dðGÞ < 1,
while Lemma 1.1 gives a lower bound value of dis0dðGÞ for
any graph G.

Theorem 1.1 [1]. For any graph G, dis01ðGÞ ¼ 1 if and
only if there exist two distinct vertices u, v 2 VðGÞ such
that N½u� ¼ N½v�:

Lemma 1.1 [2]. Let G be a graph with the number of vertices
jVðGÞj, the smallest degree dðGÞ, and the largest degree

DðGÞ. Then dis01ðGÞ �
l
jVðGÞjþdðGÞ

DðGÞþ1

m
:

We derived our results in this paper based on Theorem 1.1,
Lemma 1.1 and the previous study on triangular ladder graph
Ln by Utami et al. [7]. Illustration of the graph Ln is shown in
Figure 1. Triangular ladder graph is obtained from ladder
graph with some edges addition, those are viviþ1 for i even

CONTACT Kiki A. Sugeng kiki@sci.ui.ac.id Departement of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Indonesia, Kampus UI
Depok, Depok 16424, Indonesia.
� 2020 The Author(s). Published with license by Taylor & Francis Group, LLC
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS
https://doi.org/10.1016/j.akcej.2019.10.003

http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.10.003&domain=pdf&date_stamp=2020-04-30
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.akcej.2019.10.003
http://www.tandfonline.com


and 2 � i � 2n� 2: The exact value of dis01ðLnÞ is already
found for some cases, which is stated in Theorem 1.2.

Theorem 1.2 [7]. Let Ln be triangular ladder graph with
order 2n, for n � 3, then

dis01ðLnÞ ¼
l 2nþ 2

5

m
, n 6� 4 mod 5ð Þ;

3, n ¼ 4:

8<
:

If n � 4 ðmod 5Þ, n > 4, then

2nþ 2
5

� dis01ðLnÞ � 2nþ 2
5

þ 1:

We proved Theorem 1.2 by using the following idea of
labeling with d¼ 1 for the graph Ln:

� Let the largest label used is k. Label vertex vn and all the
vertices in NðvnÞ, those are vn�2, vn�1, vnþ1 and vnþ2, with
k. Thus, vertex vn has the largest weight, which is 5k.

� Label five vertices before vn�2, those are vi for n� 7 �
i � n� 3, with k – 2, and the next five vertices before
them, those are vi for n� 12 � i � n� 8, with k – 4,
and so on, so that the weights of vertices before vn form
a decreasing sequence of even numbers, those
are 5k� 2, 5k� 4, 5k� 6, :::, 6:

� Label one vertex after vnþ2 with k – 1 and four vertices after
it, those are vi for nþ 4 � i � nþ 7, with k – 2, and the
next one and four vertices after it, those are vnþ8 and vi for
nþ 9 � i � nþ 12, with k – 3 and k – 4, and so on, so that
the weights of vertices after vn form a decreasing sequence of
odd numbers, those are 5k� 1, 5k� 3, 5k� 5, :::, 5:

We modified this labeling idea to form the labeling with
d¼ 2 for graph Ln with n � 5 ðmod 9Þ: The illustration of the
modified labeling is shown in Figure 2. As a result, we determine
the exact value of dis02ðLnÞ with n � 5 ðmod 9Þ: And then, we

modified the obtained labeling to determine dis02ðLnÞ for others
values of n ðmod 9Þ: Moreover, we investigate the value of
dis0dðPnÞ with d � 1 using the result on graph Ln:

2. Results

First, we generalized the lower bound value of dis01ðGÞ which
is stated in Lemma 1.1 for d � 1: Let NdðvÞ denotes a set of
vertices where their distance from vertex v are less than or
equal to d. Based on Definition 1.1, it is obvious that the min-
imum possible value of wtðvÞ is 1þminjNdðvÞj: Thus, the
largest possible value of wtðvÞ is at least jVðGÞj þminjNdðvÞj:
Therefore, the largest label is at least

l
jVðGÞjþminjNdðvÞj

maxjNdðvÞjþ1

m
: If the

label used is less than
l
jVðGÞjþminjNdðvÞj

maxjNdðvÞjþ1

m
, then the weight of

vertex v with maxjNdðvÞj will be less than jVðGÞj þ
minjNdðvÞj: In other words, minjNdðvÞj þ 1 � wtðvÞ <
jVðGÞj þminjNdðvÞj: However, there are jVðGÞj vertices in
graph G, so it is impossible to have all the vertex weights dis-

tinct. Thus, the label cannot be less than
l
jVðGÞjþminjNdðvÞj

maxjNdðvÞjþ1

m
:

This result is stated in Lemma 2.1.

Lemma 2.1. Let G be a graph with jVðGÞj vertices, ddðGÞ ¼
minjNdðvÞj and DdðGÞ ¼ maxjNdðvÞj, then dis0dðGÞ �l
jVðGÞjþddðGÞ

DdðGÞþ1

m
:

Lemma 2.2 states the sufficient condition for dis0dðGÞ <
1: We conclude this result based on Theorem 1.1 and
Definition 1.1.

Lemma 2.2. For a graph G, if there exist two distinct vertices
u, v 2 VðGÞ such that Nd½u� ¼ Nd½v�, then dis0dðGÞ ¼ 1:

We used these results to find the value of dis0dðGÞ for tri-
angular ladder graph and path as follows.

2.1. Triangular ladder graph

Let Ln with n � 2 be a triangular ladder graph with 2n verti-
ces. We denote the vertices and edges of this graph as follows.

VðLnÞ ¼ fvi : i ¼ 1, 2, :::, 2ng,
EðLnÞ ¼ fviviþ1, viviþ2 : i ¼ 1, 2, :::, 2n� 2g [ fv2n�1v2ng:

Based on Lemma 2.2, it is easy to see that dis02ðLnÞ ¼ 1 for
n< 5. Meanwhile, for another value of n, we proved the follow-
ing. Labeling illustration for the following results is shown in
Figure 2. Note that wi in the Figure is the notation for wtðviÞ:
Lemma 2.1.1. Let Ln be a triangular ladder graph with n �
5 and n � 5 ðmod 9Þ. Then

dis02ðLnÞ ¼
l 2nþ 4

9

m
:

Proof. Using Lemma 2.1, we can obtain dis02ðLÞ �l
jVðGÞjþddðGÞ

DdðGÞþ1

m
¼

l
2nþ4
9

m
: Next, we show that the largest label

used in the labeling is equal to this lower bound.
First, let k be the labeling that is defined as follows.

kðviÞ ¼

2=9ðiþ 8Þ, i � 1 mod 9ð Þ, 1 � i � n� 4

2=9ð2n� iÞ þ 1, i � 1 mod 9ð Þ,nþ 5 � i � 2n

kðvi�1Þ � 1, i � 2 mod 9ð Þ,nþ 6 � i � 2n� 8

kðvi�1Þ, otherwise:

8>>>><
>>>>:

Based on this definition of k, the largest label used is
2=9ðiþ 8Þ with i ¼ n� 4, since n � 5 ðmod 9Þ, then the

Figure 1. Illustration of triangular ladder graph Ln:
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largest label used is equal to
�
2nþ4
9

�
: The weights of vertices

obtained for this graph can be formulated as follows.

wtðviÞ ¼
2iþ 8, 1 � i � n

4n� 2iþ 9, nþ 1 � i � 2n:

(

Note for each i, wtðviÞ are even for the first n vertices,
while for the last n vertices, wtðviÞ are odd. For all i 6¼ j, it
is obvious that wtðviÞ 6¼ wtðvjÞ: We can conclude that the

weights are all distinct. Thus, dis02ðLnÞ ¼
�
2nþ4
9

�
: w

From the labeling of graph Ln with n � 5 ðmod 9Þ, we
constructed the labeling for other value of n ðmod 9Þ: If we
delete v1 and v2n from the graph Ln, we obtain a triangular
ladder graph G0 with

VðG0Þ ¼ VðLnÞ � v1, v2nf g
¼ v0i : v

0
i ¼ viþ1 2 VðLnÞ

� �
:

It is easy to see that the graph G0 is isomorphic with graph
Ln�1, simply by defined an injective function VðG0Þ !
VðLn�1Þ with v0i 7! vi where v0i 2 VðG0Þ and vi 2 VðLn�1Þ:
We can conclude that after the deletion of v1 and v2n from
the graph Ln, we obtain the graph Ln�1:

Based on this observation, we construct labeling for graph Lm

with m 6� 5 ðmod 9Þ: To construct those labeling, we did the
deletion and reduction processes as follows. Let Ln be a triangu-
lar ladder graph with labeling defined as k : VðLnÞ ! 1, :::, kf g:

Deletion Process: Delete v1 and v2n from the graph Ln and
all the incident edges of these vertices. In consequence of
this deletion, the weight of vertices in Ndðv1Þ, those are vi
with 2 � i � 2d þ 1, will reduce by kðv1Þ and in Ndðv2nÞ,
those are vi with 2n� 2d � i � 2n� 1, will reduce by
kðv2nÞ: As a result of this process, we obtain graph Ln�1

where the label of vertex vi 2 VðLn�1Þ equals to the label of
vertex viþ1 2 VðLnÞ: It means the weight of vertex vi 2
VðLn�1Þ, with 2d þ 1 � i � 2ðn� 1Þ � 2d, equals to the
weight of vertex viþ1 2 VðLnÞ:
Reduction Process A: Assume that kðv2nÞ > 1: Reduce
kðv2nÞ by 1, then wtðviÞ for all vi 2 Nd½v2n� will reduce by 1.

Reduction Process B: Assume that kðviÞ > 1 for all i.
Reduce each of kðviÞ by 1, then every wtðviÞ will reduce
by jNdðviÞj þ 1:

We apply deletion process and reduction process (A or
B) to construct labeling for graph Ln with n 6� 5 ðmod 9Þ:
As a result, we found the exact value of dis02ðLnÞ for some
cases and upper bound for the rest.

Lemma 2.1.2. Let Lm be a triangular ladder graph with m �
5 and m � 4 ðmod 9Þ. Then

dis02ðLmÞ ¼
l 2mþ 4

9

m
:

Proof. Lemma 2.1 gives dis02ðLmÞ �
�
2mþ4

9

�
: Now, we will

construct the labeling for this graph and prove that the larg-
est label used is

�
2mþ4

9

�
: Consider the labeling defined for

the graph Ln with n � 5 ðmod 9Þ:
Step 1. Apply deletion process to the graph Ln: The graph
obtained is Ln�1 with the same labels and the same vertex
weights as in Ln, except for wtðviÞ where vi 2 N2ðv1Þ [
N2ðv2nÞ: The new weights for those vertices are
wtðv2Þ ¼ wtðv2n�1Þ ¼ 10, wtðv3Þ ¼ wtðv2n�2Þ ¼ 12, wtðv4Þ ¼
wtðv2n�3Þ ¼ 14 and wtðv5Þ ¼ wtðv2n�4Þ ¼ 16:
Step 2. Apply reduction process A to the graph obtained
from Step 1. The new weights for vi 2 N2½v2n�2� are
wtðv2n�1Þ ¼ 9, wtðv2n�2Þ ¼ 11, wtðv2n�3Þ ¼ 13, wtðv2n�4Þ ¼
15 and wtðv2n�5Þ ¼ 18:

From both steps, there are nine vertices that have
new weight. Those are wtðv2Þ ¼ 10, wtðv3Þ ¼ 12, wtðv4Þ ¼
14, wtðv5Þ ¼ 16, wtðv2n�5Þ ¼ 18, wtðv2n�4Þ ¼ 15, wtðv2n�3Þ ¼
13, wtðv2n�2Þ ¼ 11 and wtðv2n�1Þ ¼ 9: Meanwhile, the rest of
vertices still have the same weight,

wtðviÞ ¼ 2iþ 8, 6 � i � n;
4n� 2iþ 9, nþ 1 � i � 2n� 6:

�

It is easy to see that all of the vertex weights are distinct.
Based on these processes, we can define an injective func-

tion VðLn�1Þ ! VðLnÞ with v0i 7! viþ1, where v0i 2 VðLn�1Þ,
so that the labeling for the graph Ln�1 can be defined as a

function k0 : VðLn�1Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼
kðviþ1Þ, 1 � i � 2n� 3;

kðv2n�1Þ � 1, i ¼ 2n� 2:

(

From this definition of the labeling k0, we obtain distinct
weights for all vertices in Ln�1: The result for the first four
vertices are wtðv01Þ ¼ 10, wtðv02Þ ¼ 12, wtðv03Þ ¼ 14, wtðv04Þ ¼
16 and for the last five vertices are wtðv02n�6Þ ¼ 18,
wtðv02n�5Þ ¼ 15, wtðv02n�4Þ ¼ 13, wtðv02n�3Þ ¼ 11,
wtðv02n�2Þ ¼ 9, while for the other vertices are

wtðv0iÞ ¼
2iþ 10, 5 � i � n� 1;
4n� 2iþ 7, n � i � 2n � 7:

�

The largest label used is the same as the largest label
used in the proof of Lemma 2.1.1, that is

�
2nþ4
9

�
: Since, for

Figure 2. Illustration of inclusive vertex irregular 2-distance labeling for the case n � 5 ðmod 9Þ:
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n � 5 ðmod 9Þ, � 2nþ4
9

� ¼ � 2ðn�1Þþ4
9

�
, we can conclude that

dis02ðLn�1Þ ¼
� 2ðn�1Þþ4

9

�
: Set n� 1 ¼ m, then dis02ðLmÞ ¼�

2mþ4
9

�
for m � 4 ðmod 9Þ: w

Proofs of our result in Lemmas 2.1.3 throughout 2.1.9 are
obtained in similar process as the proof in Lemma 2.1.2.
But, in order to obtain graph Lm with other m ðmod 9Þ,
we applied deletion process i times with 2 � i � 8 to the
graph Ln with n � 5 ðmod 9Þ:
Lemma 2.1.3. Let Lm be a triangular ladder graph with m �
5 and m � 3 ðmod 9Þ. Then

dis02ðLmÞ ¼
l 2mþ 4

9

m
:

Proof. To obtain labeling for the graph Ln�2, we applied
deletion process twice and reduction process A. Let v0i 2
VðLn�2Þ, then labeling for the graph Ln�2 is defined as k0 :

VðLn�2Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼
kðviþ2Þ, 1 � i � 2n� 5;
kðv2n�2Þ � 1, i ¼ 2n� 4:

�

The vertex weights obtained are wtðv01Þ ¼ 10, wtðv02Þ ¼
12, wtðv03Þ ¼ 14, wtðv04Þ ¼ 18, wtðv02n�8Þ ¼ 20, wtðv02n�7Þ ¼ 16,
wtðv02n�6Þ ¼ 13, wtðv02n�5Þ ¼ 11, wtðv02n�4Þ ¼ 9 and for the
rest vertices are

wtðv0iÞ ¼
2iþ 12, 5 � i � n� 2;
4n� 2iþ 5, n� 1 � i � 2n� 9:

�

Thus, dis02ðLn�2Þ ¼
� 2ðn�2Þþ4

9

�
: Set m ¼ n� 2, then we have

dis02ðLmÞ ¼
�
2mþ4

9

�
for m � 3 ðmod 9Þ: w

Lemma 2.1.4. Let Lm be a triangular ladder graph with m �
5 and m � 0 ðmod 9Þ. Then

dis02ðLmÞ ¼
l 2mþ 4

9

m
:

Proof. We performed deletion process five times and reduc-
tion process B to obtain labeling for graph Ln�5: Let v0i 2
VðLn�5Þ, then labeling for the graph Ln�5 is defined as

k0 : VðLn�5Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼ kðviþ5Þ � 1:

The weights of the vertices are wtðv01Þ ¼ 7, wtðv02Þ ¼ 10,
wtðv03Þ ¼ 13, wtðv04Þ ¼ 16, wtðv02n�13Þ ¼ 15, wtðv02n�12Þ ¼ 12,
wtðv02n�11Þ ¼ 9, wtðv02n�10Þ ¼ 6, and for the other vertices are

wtðv0iÞ ¼
2iþ 9, 5 � i � n� 5;

4n� 2i� 10, n� 4 � i � 2n� 14:

(

Therefore, dis02ðLn�5Þ ¼
� 2ðn�5Þþ4

9

�
: If we set m ¼ n� 5,

then we obtain dis02ðLmÞ ¼
�
2mþ4

9

�
for m � 0 ðmod 9Þ: w

Lemma 2.1.5. Let Lm be a triangular ladder graph with m �
5 and m � 8 ðmod 9Þ. Then

dis02ðLmÞ ¼
l 2mþ 4

9

m
:

Proof. The labeling for graph Ln�6 is obtained by using
deletion process six times and reduction process B. Let v0i 2
VðLn�6Þ, then labeling for the graph Ln�6 is defined as

k0 : VðLn�6Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼ kðviþ6Þ � 1:

The weights of the vertices are wtðv01Þ ¼ 9, wtðv02Þ ¼ 12,
wtðv03Þ ¼ 15, wtðv04Þ ¼ 18, wtðv02n�15Þ ¼ 17, wtðv02n�14Þ ¼ 14,
wtðv02n�13Þ ¼ 11, wtðv02n�12Þ ¼ 8, and for the other vertices
are

wtðv0iÞ ¼
2i þ 11, 5 � i � n � 6;

4n � 2i � 12, n � 5 � i � 2n � 16:

(

Hence, dis02ðLn�6Þ ¼
� 2ðn�6Þþ4

9

�
: We obtain dis02ðLmÞ ¼�

2mþ4
9

�
for m � 0 ðmod 9Þ by setting m ¼ n� 6: w

Lemma 2.1.6. Let Lm be a triangular ladder graph with m �
5 and m � 2 ðmod 9Þ. Thenl 2mþ 4

9

m
� dis02ðLmÞ �

l 2mþ 4
9

m
þ 1:

Proof. With applying deletion process three times and
reduction process A, we obtain labeling for the graph Ln�3:
Let v0i 2 VðLn�3Þ, then labeling for the graph Ln�3 is

defined as k0 : VðLn�3Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼
kðviþ3Þ, 1 � i � 2n� 7;
kðv2n�3Þ � 1, i ¼ 2n� 6:

�

The weights of the vertices are wtðv01Þ ¼ 10, wtðv02Þ ¼ 12,
wtðv03Þ ¼ 16, wtðv04Þ ¼ 20, wtðv02n�10Þ ¼ 22, wtðv02n�9Þ ¼ 18,
wtðv02n�8Þ ¼ 14, wtðv02n�7Þ ¼ 11, wtðv2n�6Þ ¼ 9, and for the
rest vertices are

wtðv0iÞ ¼
2iþ 14, 5 � i � n� 3;

4n� 2iþ 3, n� 2 � i � 2n� 11:

(

Since
�
2nþ4
9

� ¼ � 2ðn�3Þþ4
9

�þ 1 for n � 5 ðmod 9Þ, then� 2ðn�3Þþ4
9

� � dis02ðLn�3Þ �
� 2ðn�3Þþ4

9

�þ 1: Set m ¼ n� 3,

so that we have
�
2mþ4

9

� � dis02ðLmÞ �
�
2mþ4

9

�þ 1 for
m � 2 ðmod 9Þ: w

Lemma 2.1.7. Let Lm be a triangular ladder graph with m �
5 and m � 1 ðmod 9Þ. Then�

2mþ 4
9

�
� dis02ðLmÞ �

�
2mþ 4

9

�
þ 1:

Proof. We obtain labeling for the graph Ln�4 by applying
deletion process four times and reduction process A. Let

v0i 2 VðLn�4Þ, then defined the labeling as k0 : VðLn�4Þ !
1, :::,

�
2nþ4
9

�n o
with
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k0ðv0iÞ ¼
kðviþ4Þ, 1 � i � 2n� 9;
kðv2n�4Þ � 1, i ¼ 2n� 8:

�

The weights of the vertices are wtðv01Þ ¼ 10, wtðv02Þ ¼ 14,
wtðv03Þ ¼ 18, wtðv04Þ ¼ 22, wtðv02n�12Þ ¼ 24, wtðv02n�11Þ ¼ 20,
wtðv02n�10Þ ¼ 16, wtðv02n�9Þ ¼ 12, wtðv2n�8Þ ¼ 9, and for the
rest vertices are

wtðv0iÞ ¼
2i þ 16, 5 � i � n � 4;
4n � 2i þ 1, n � 3 � i � 2n � 13:

�

Similar as in the proof of Lemma 2.1.6, we can have�
2mþ4

9

� � dis02ðLmÞ �
�
2mþ4

9

�þ 1 for m � 1 ðmod 9Þ by
setting m ¼ n� 4: w

Lemma 2.1.8. Let Lm be a triangular ladder graph with m �
5 and m � 7 ðmod 9Þ. Then�

2mþ 4
9

�
� dis02ðLmÞ �

�
2mþ 4

9

�
þ 1:

Proof. The labeling for the graph Ln�7 is obtained by per-
forming deletion process seven times and reduction process

B. Let v0i 2 VðLn�7Þ, then define the labeling as k0 :

VðLn�7Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼ kðviþ7Þ � 1:

The weights of the vertices are wtðv01Þ ¼ 11, wtðv02Þ ¼
14, wtðv03Þ ¼ 17, wtðv04Þ ¼ 20, wtðv02n�17Þ ¼ 19, wtðv02n�16Þ ¼
16, wtðv02n�15Þ ¼ 13, wtðv02n�14Þ ¼ 10, and for the other ver-
tices are

wtðv0iÞ ¼ 2i þ 13, 5 � i � n � 7;
4n � 2i � 14, n � 6 � i � 2n � 18:

�

Similar as in the proof of Lemma 2.1.6, we can conclude�
2mþ4

9

� � dis02ðLmÞ �
�
2mþ4

9

�þ 1 for m � 7 ðmod 9Þ by
setting m ¼ n� 7: w

Note that for graph Lm with m¼ 7, it is impossible to
have

�
2mþ4

9

� ¼ 2 as the largest label. Labeling illustration
for this graph is shown in Figure 3.

If we used 2 as the largest label for L7, then there will be
at least two vertices with the same weight. Therefore, for the
case m¼ 7, we concluded dis02ðL7Þ ¼

�
2mþ4

9

�þ 1 ¼ 3:

Lemma 2.1.9. Let Lm be a triangular ladder graph with m �
5 and m � 6 ðmod 9Þ. Then

�
2mþ 4

9

�
� dis02ðLmÞ �

�
2mþ 4

9

�
þ 1:

Proof. We applied deletion process eight times and followed
by reduction process B to obtain labeling for the graph Ln�8

which can be defined as follows. Let v0i 2 VðLn�7Þ, then

defined k0 : VðLn�8Þ ! 1, :::,
�
2nþ4
9

�n o
with

k0ðv0iÞ ¼ kðviþ8Þ � 1:

The weights of the vertices are wtðv01Þ ¼ 13, wtðv02Þ ¼
16, wtðv03Þ ¼ 19, wtðv04Þ ¼ 22, wtðv02n�19Þ ¼ 21, wtðv02n�18Þ ¼
18, wtðv02n�17Þ ¼ 15, wtðv02n�16Þ ¼ 12, and for the rest verti-
ces are

wtðv0iÞ ¼ 2i þ 15, 5 � i � n � 8;
4n � 2i � 16, n � 7 � i � 2n � 20:

�

Similar as in the proof of Lemma 2.1.6, if we set m ¼ n� 8,
then we obtain

�
2mþ4

9

� � dis02ðLmÞ �
�
2mþ4

9

�þ 1 for
m � 6 ðmod 9Þ: w

Consider Lemmas 2.1.1 throughout 2.1.9. From these
results, we conclude the value of dis02ðLmÞ for m � 5 and
state it in Theorem 2.1.1 as follows.

Theorem 2.1.1. Let Ln be a triangular ladder graph with
n � 5. Then

dis02ðLnÞ ¼ 3, n ¼ 7;�
2nþ4
9

�
, n � 0, 3, 4, 5, 8 mod 9ð Þ;

�

while for n � 1, 2, 6, 7 ðmod 9Þ and n 6¼ 7,�
2nþ 4

9

�
� dis02ðLnÞ �

�
2nþ 4

9

�
þ 1:

2.2. Path

Let Pn with n � 2 be a path with n vertices. We denote the
vertices and edges of this graph as follows

VðPnÞ ¼ ui : i ¼ 1, 2, :::, nf g,
EðPnÞ ¼ uiuiþ1 : i ¼ 1, 2, :::, n� 1f g:

Consider our observation result on triangular ladder graph
and path which is stated in Observation 2.2.1.

Observation 2.2.1. Given graph Ln and P2n with
jVðLnÞj ¼ jVðP2nÞj ¼ 2n. Let vi 2 VðLnÞ and ui 2 VðP2nÞ,
then we can define a bijective function VðLnÞ ! VðP2nÞ with
vi 7! ui such that NdðviÞ ¼ N2dðuiÞ:

Based on this observation, we obtain our first result on
path as follows.

Theorem 2.2.1. Let Ln has an inclusive vertex irregular d-dis-
tance labeling with dis0dðLÞ ¼ k. Then P2n has an inclusive ver-
tex irregular 2d-distance labeling with dis02dðP2nÞ ¼ dis0dðLnÞ:

Proof. Let k : VðLnÞ ! 1, :::, kf g be an inclusive vertex
irregular d-distance labeling for the graph Ln: Then, we can
define a labeling with distance equals to 2d for P2n as b with
bðuiÞ ¼ kðviÞ, where ui 2 VðP2nÞ and vi 2 VðLnÞ: Weight

Figure 3. Illustration of inclusive vertex irregular 2-distance labeling for L7:
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for every vertex ui can be obtained as follows.

wtðuiÞ ¼ bðuiÞ þ
X

uj2N2dðuiÞ
bðujÞ ¼ kðviÞ þ

X
vj2NdðviÞ

kðvjÞ

¼ wtðviÞ:
It is obvious that all wtðuiÞ are distinct. Thus, b is an inclu-
sive vertex irregular 2d-distance labeling for path P2n with
the largest used label k. So that, dis02dðP2nÞ � k:

Suppose b0 : VðP2nÞ ! 1, :::,Kf g be an inclusive vertex
irregular 2d-distance labeling for graph P2n with K< k.
Then, we can obtain an inclusive vertex irregular d-distance
labeling for Ln, that is k0 with k0ðviÞ ¼ b0ðuiÞ: The largest
label used is K< k. It is contradiction with the fact that
dis0dðLnÞ ¼ k: So, we have dis02dðP2nÞ � k:

Since dis02dðP2nÞ � k and dis02dðP2nÞ � k, we can conclude
that dis02dðP2nÞ ¼ k: Therefore, dis02dðP2nÞ ¼ dis0dðLnÞ: w

Combining Theorems 1.2, 2.1.1, and 2.2.1, we obtain
dis02ðPnÞ and dis04ðPnÞ for some n as follows.

Corollary 2.2.1. Let Pn be a path with n � 6, n �
0, 2, 4, 6 ðmod 10Þ and n¼ 8. Then,

dis02ðPnÞ ¼
3, n ¼ 8;�
nþ2
5

�
, otherwise:

�

Corollary 2.2.2. Let Pn be a path with n � 10, n �
0, 6, 8, 10, 16 ðmod 18Þ and n¼ 14. Then,

dis04ðPnÞ ¼
3, n ¼ 14;�
nþ4
9

�
, otherwise:

�

Our next result is about the value of dis02ðPnÞ for some
odd numbers n. We derived this result by constructing
labeling with d¼ 2 for Pn in similar process as the construc-
tion of labeling with d¼ 2 for Ln with n 6� 5 ðmod 9Þ:
However, we only apply deletion process which is stated as
follows in order to obtain the labeling for Pn. Let b :
VðPnÞ ! 1, :::, kf g be an inclusive vertex irregular d-distance
labeling for Pn.

Deletion Process A: Delete vertex u1 and its incident edge
from Pn. This process will reduce weight of vertices in
Ndðu1Þ, those are ui with 2 � i � 1þ d, by bðu1Þ: As a
result, we obtain the graph Pn�1 where the label of vertex
ui 2 VðPn�1Þ equals to the label of vertex uiþ1 2 VðPnÞ: It
means the weight of vertex ui 2 Pn�1, with 1þ d � i �
n� 1, equals to the weight of vertex uiþ1 2 VðPnÞ:

Deletion Process B: Delete vertex un and its incident edge
from Pn. In consequence of this deletion, the weight of verti-
ces in NdðunÞ, those are ui with n� d � i � n� 1, will be
reduced by bðunÞ: From this process, we obtain the graph
Pn�1 where the label of ui 2 VðPn�1Þ equals to the label of
vertex ui 2 VðPnÞ: So that the weight of vertex ui 2 Pn�1,
with 1 � i � ðn� 1Þ � d, equals to the weight of ver-
tex ui 2 VðPnÞ:

With applying the deletion process A or B to the graph
Pn, we obtained labeling for the graph Pn�1: Since labeling

with distance 2d of the graph Pn can be obtained from the
labeling with distance d of graph Lm with n ¼ 2m, labeling
for the graph Ln�1 also can be obtained from Lm: We
derived our result on dis02ðPnÞ for some odd numbers n
based on Theorems 1.2 and 2.2.1. In the proof of Lemmas
2.2.1–2.2.3, the proof of Theorem 1.2 is used for defining
vertex label of graph Lm and the weight of these vertices.
The labels of vertices of P2m are constructed using the proof
of Theorem 2.2.1.

Lemma 2.2.1. Let Pn be a path with n � 5 and
n � 1 ðmod 10Þ. Then

dis02ðPnÞ ¼
�
nþ 2
5

�
:

Proof. The graph Lm with m � 1 ðmod 5Þ has inclusive ver-
tex irregular 1-distance labeling as follows. Let vi 2 VðLmÞ,
the labeling for Lm can be defined as k : VðLmÞ !
1, :::,

�
2mþ2

5

�n o
with kðv2mÞ ¼ kðv2m�1Þ ¼ kðv2m�2Þ ¼

kðv2m�4Þ ¼ 1, kðv2m�3Þ ¼ kðv2m�5Þ ¼ 2, while for the rest
vertices are

kðviÞ ¼

ð2iþ 13Þ=5, 1 � i � m� 1, i � 1 mod 5ð Þ;
2ð2m� i� 1Þ=5, m � i � 2m� 6, i � 1 mod 5ð Þ;
kðvi�1Þ � 1, m � i � 2m� 6, i � 2 mod 5ð Þ;
kðvi�1Þ, otherwise;

8>>>><
>>>>:

and the weights of vertices are wtðv1Þ¼9,wtðv2Þ¼
12,wtðv2m�7Þ¼13,wtðv2m�6Þ¼11,wtðv2m�5Þ¼10,wtðv2m�4Þ¼
8,wtðv2m�3Þ¼7,wtðv2m�2Þ¼6,wtðv2m�1Þ¼5,wtðv2mÞ¼3, and
for the rest vertices are

wtðviÞ¼ 2iþ9, 3� i�m�3;
4m�2i�2, m�2� i�2m�8:

�

So, the inclusive vertex irregular 2-distance labeling for

the graph P2m is defined as b : VðP2mÞ ! 1, :::,
�
2mþ2

5

�n o
with bðuiÞ ¼ kðviÞ such that wtðuiÞ ¼ wtðviÞ, where ui 2
VðP2mÞ:

With applying deletion process B to the graph P2m, we
obtained labeling with d¼ 2 for the graph P2m�1 as follows.
Let u0i 2 VðP2m�1Þ, the labeling for P2m�1 can be defined as

b0 : VðP2m�1Þ ! 1, :::,
�
2mþ2

5

�n o
with b0ðu0iÞ ¼ bðuiÞ ¼

kðviÞ: Thus, the obtained weights are wtðu0iÞ ¼ wtðuiÞ ¼
wtðviÞ for 1 � i � 2m� 3 and wtðu0iÞ ¼ wtðuiÞ � 1 ¼
wtðviÞ � 1 for i ¼ 2m� 1 and 2m� 2: It is easy to see that
all the weights are distinct.

The largest label used in this labeling is
�
2mþ2

5

�
, while

the lower bound value which is obtained from Lemma 2.1

for P2m�1 is
� ð2m�1Þþ2

5

�
: Since m � 1 ðmod 5Þ, then� ð2m�1Þþ2

5

� ¼ �
2mþ2

5

�
: Therefore, dis02ðP2m�1Þ ¼

� ð2m�1Þþ2
5

�
:

By setting n ¼ 2m� 1, we have dis02ðPnÞ ¼
�
nþ2
5

�
with

n � 1 ðmod 10Þ: w

Lemma 2.2.2. Let Pn be a path with n � 5 and
n � 5 ðmod 10Þ. Then
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dis02ðPnÞ ¼
�
nþ 2
5

�
:

Proof. The inclusive vertex irregular 1-distance labeling for the
graph Lm with m � 3 ðmod 5Þ is defined as follows. Let vi 2
VðLmÞ, then the labeling is k : VðLmÞ ! 1, :::,

�
2mþ2

5

�n o
with

kðviÞ ¼

ð2iþ 8Þ=5, 1 � i � mþ 2, i � 1 mod 5ð Þ;
2ð2m� iÞ=5þ 1, mþ 3 � i � 2m, i � 1 mod 5ð Þ;
kðvi�1Þ � 1, mþ 3 � i � 2m, i � 2 mod 5ð Þ;
kðvi�1Þ, otherwise;

8>>>><
>>>>:

and the weights of vertices are

wtðviÞ ¼ 2iþ 4, 1 � i � m;
4m� 2iþ 5, mþ 1 � i � 2m:

�

Let ui 2 VðP2mÞ: Then, the inclusive vertex irregular 2-dis-
tance labeling for the graph P2m is defined as

b : VðP2mÞ ! 1, :::,
�
2mþ2

5

�n o
with bðuiÞ ¼ kðviÞ such that

wtðuiÞ ¼ wtðviÞ:
To obtain the labeling with d¼ 2 for graph P2m�1, we

performed deletion process A to the graph P2m: Let u0i 2
VðP2m�1Þ, the labeling for P2m�1 can be defined as b0 :

VðP2m�1Þ ! 1, :::,
�
2mþ2

5

�n o
with b0ðu0iÞ ¼ bðuiþ1Þ ¼

kðviþ1Þ: The weights obtained are wtðu0iÞ ¼ wtðuiþ1Þ ¼
wtðviþ1Þ for 3 � i � 2m� 1 and wtðu0iÞ ¼ wtðuiÞ � 2 ¼
wtðviÞ � 2 for i¼ 1 and 2. It is easy to see that all the
weights are distinct. Similar with the proof of Lemma 2.2.1,
by setting n ¼ 2m� 1, we can conclude dis02ðPnÞ ¼

�
nþ2
5

�
with n � 5 ðmod 10Þ: w

Lemma 2.2.3. Let Pn be a path with n � 5 and
n � 9 ðmod 10Þ. Then

dis02ðPnÞ ¼
�
nþ 2
5

�
:

Proof. Let vi 2 VðLmÞ with m � 0 ðmod 5Þ, then the inclu-
sive vertex irregular 1-distance labeling for the graph Lm is

defined as k : VðLmÞ ! 1, :::,
�
2mþ2

5

�n o
with

kðviÞ ¼

1, i ¼ 1, 2;

ð2iþ 9Þ=5, 1 � i � mþ 2, i � 3 mod 5ð Þ;
2ð2m� iþ 3Þ=5, mþ 3 � i � 2m, i � 3 mod 5ð Þ;
kðvi�1Þ � 1, mþ 3 � i � 2m, i � 4 mod 5ð Þ;
kðvi�1Þ, otherwise;

8>>>>>><
>>>>>>:

and the weights of vertices are wtðv1Þ ¼ 5, wtðv2Þ ¼
8, wtðv2m�1Þ ¼ 7, wtðv2mÞ ¼ 4, and for the other vertices are

wtðviÞ ¼ 2iþ 5, 3 � i � m;
4m� 2iþ 6, mþ 1 � i � 2m� 2:

�

Hence, the inclusive vertex irregular 2-distance labeling for

the graph P2m is defined as b : VðP2mÞ ! 1, :::,
�
2mþ2

5

�n o

with bðuiÞ ¼ kðviÞ such that wtðuiÞ ¼ wtðviÞ,
where ui 2 VðP2mÞ:

The labeling with d¼ 2 for the graph P2m�1 is obtained
by applying deletion process B to the graph P2m: Let u0i 2
VðP2m�1Þ, the labeling for P2m�1 can be defined as b0 :

VðP2m�1Þ ! 1, :::,
�
2mþ2

5

�n o
with b0ðu0iÞ ¼ bðuiÞ ¼ kðviÞ:

Thus, the weights obtained are wtðu0iÞ ¼ wtðuiÞ ¼ wtðviÞ for
1 � i � 2m� 3 and wtðu0iÞ ¼ wtðuiÞ � 1 ¼ wtðviÞ � 1 for
i ¼ 2m� 2 and 2m� 1: It is easy to see that all the weights
are distinct. Similar with the proof of Lemma 2.2.1, with set-
ting n ¼ 2m� 1, we can obtain dis02ðPnÞ ¼

�
nþ2
5

�
with

n � 9 ðmod 10Þ: w

Immediately from Corollary 2.2.1 and Lemmas
2.2.1–2.2.3, we obtained our result on dis02ðPnÞ as follows.

Theorem 2.2.2. Let Pn be a path with n � 5, n �
0, 1, 2, 4, 5, 6, 9 ðmod 10Þ and n¼ 8. Then

dis02ðPnÞ ¼
3, n ¼ 8;�
nþ2
5

�
, otherwise:

�

Our next result is the value of dis04ðPnÞ for some odd
numbers n that we derived from Theorems 2.1.1 and 2.2.1.
To conclude this result, we constructed labeling with d¼ 4
in similar process with the process of our previous result on
Theorem 2.2.2. Yet in the proofs of the next result, we also
perform addition process (A or B) which is stated as follows,
aside from deletion process (A or B). Let b : VðPnÞ !
1, :::, kf g be an inclusive vertex irregular d-distance labeling
for Pn.

Addition Process A: Add vertex u0 with label 1 and edge

u0u1 to the graph Pn. Then wtðu0Þ ¼ 1þPd
i¼1 bðuiÞ and the

weight of vertices in Ndðu0Þ, those are ui with 1 � i � d,
will increase by 1. From this process, we obtain graph Pnþ1

where the label of vertex ui 2 VðPnþ1Þ equals to the label of
vertex ui�1 2 VðPnÞ [ u0f g: It means the weight of vertex
ui 2 VðPnþ1Þ, with dþ 2 � i � nþ 1, equals to the weight
of vertex ui�1 2 VðPnÞ [ u0f g:

Addition Process B: Add vertex unþ1 with label 2 and edge
ununþ1 to the graph Pn. In consequence of this addition, the
weight of vertices in Ndðunþ1Þ, those are ui with ðnþ 1Þ �
d � i � n, will increase by 2. Meanwhile, the weight of the
new vertex is wtðunþ1Þ ¼ 2þPn

i¼ðnþ1Þ�d bðuiÞ: As a result,

we obtain graph Pnþ1 where the label of vertex ui 2 VðPnþ1Þ
equals to the label of vertex ui 2 VðPnÞ [ unþ1f g: So that
the weight of vertex ui 2 VðPnþ1Þ, with 1 � i � n� d,
equals to the weight of vertex ui 2 VðPnÞ [ unþ1f g:

Lemma 2.2.4. Let Pn be a path with n � 9 and
n � 1, 17 ðmod 18Þ. Then

dis04ðPnÞ ¼
�
nþ 4
9

�
:
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Proof. Consider the labeling with d¼ 2 for graph Lm with
m � 0 ðmod 9Þ (proof of Lemma 2.1.4). Let vi 2 VðLmÞ
and k is the labeling for graph Lm: Then, labeling with
d¼ 4 for graph P2m can be defined as bðuiÞ ¼ kðviÞ, where
ui 2 VðP2mÞ, such that wtðuiÞ ¼ wtðviÞ:

� Case 1: n � 1 ðmod 18Þ
With applying addition process A to the graph P2m, we
obtained graph P2mþ1 and its labeling with d¼ 4 as fol-
lows. Let u0i 2 VðP2mþ1Þ, then labeling for the graph
P2mþ1 can be defined as b0ðu01Þ ¼ 1 and b0ðu0iÞ ¼ bðui�1Þ
for 2 � i � 2mþ 1: The obtained vertex weights
are wtðu01Þ ¼ 5, wtðu02Þ ¼ 8, wtðu03Þ ¼ 11, wtðu04Þ ¼ 14,
wtðu05Þ ¼ 17, wtðu2m�2Þ ¼ 15, wtðu02m�1Þ ¼ 12, wtðu02mÞ ¼
9, wtðu02mþ1Þ ¼ 6 and for the rest vertices are

wtðu0iÞ ¼
2iþ 7, 6 � i � mþ 1;
4m� 2iþ 12, mþ 2 � i � 2m� 3:

�

It is obvious that all the weights are distinct. Lemma 2.1 gives

dis04ðP2mþ1Þ �
� ð2mþ1Þþ4

9

�
: Meanwhile, the largest label used

in this labeling is the same as the largest label for graph P2m,

which is
�
2mþ4

9

�
: Since

� ð2mþ1Þþ4
9

� ¼ �
2mþ4

9

�
for m �

0 ðmod 9Þ, then dis04ðP2mþ1Þ ¼
� ð2mþ1Þþ4

9

�
: Set n ¼

2mþ 1, then dis04ðPnÞ ¼
�
nþ4
9

�
with n � 1 ðmod 18Þ:

� Case 2: n � 17 ðmod 18Þ
For this case, we applied deletion process B to the graph
P2m: We obtained graph P2m�1 and its labeling with
d¼ 4 as follows. Let u0i 2 VðP2m�1Þ, then labeling for
graph P2m�1 can be defined as b0ðu0iÞ ¼ bðuiÞ: Thus,
the weights are wtðu01Þ ¼ 7, wtðu02Þ ¼ 10, wtðu03Þ ¼ 13,
wtðu04Þ ¼ 16,wtðu02m�4Þ ¼ 17,wtðu02m�3Þ ¼ 14,wtðu02m�2Þ ¼
11,wtðu02m�1Þ ¼ 8 and for the other vertices are

wtðu0iÞ ¼
2iþ 9, 5� i�m;
4m� 2iþ 10, mþ 1� 2m� 5:

�

Similar as the Case 1, we can have dis04ðP2m�1Þ ¼� ð2m�1Þþ4
9

�
: Finally set n¼ 2m� 1, then dis04ðPnÞ ¼�

nþ4
9

�
for n� 17 ðmod 18Þ: w

Lemma 2.2.5. Let Pn be a path with n � 9 and
n � 7 ðmod 18Þ. Then

dis04ðPnÞ ¼
�
nþ 4
9

�
:

Proof. Let k is the labeling with d¼ 2 for graph Lm with
m � 4 ðmod 9Þ (proof of Lemma 2.1.2). Then, the labeling
with d¼ 4 for P2m can be defined as bðuiÞ ¼ kðviÞ, where
ui 2 VðP2mÞ and vi 2 VðLmÞ, so that wtðuiÞ ¼ wtðviÞ: With
performing deletion process A twice and addition process B
once to the graph P2m, we obtained graph P2m�1 and its
labeling with d¼ 4 as follows. Let u0i 2 VðP2m�1Þ, then the
labeling for P2m�1 can be defined as b0ðu2m�1Þ ¼ 2 and
b0ðu0iÞ ¼ bðuiþ2Þ for 1 � i � 2m� 2: Thus, the weights
are wtðu01Þ ¼ 10, wtðu02Þ ¼ 12, wtðu03Þ ¼ 16, wtðu04Þ ¼ 20,

wtðu02m�6Þ¼18, wtðu02m�5Þ¼17, wtðu02m�4Þ¼15, wtðu02m�3Þ¼
13, wtðu02m�2Þ¼11,wtðu02m�1Þ¼9 and for the rest vertices are

wtðu0iÞ¼
2iþ14, 5�i�m�2;

4m�2iþ7, m�1� i�2m�7:

(

With similar argument as in proof of Lemma 2.2.4, we con-

clude dis04ðP2m�1Þ ¼
� ð2m�1Þþ4

9

�
: So that, we can obtain

dis04ðPnÞ ¼
�
nþ4
9

�
for n � 7 ðmod 18Þ simply by setting

n ¼ 2m� 1: w

Lemma 2.2.6. Let Pn be a path with n � 9 and
n � 9 ðmod 18Þ. Then

dis04ðPnÞ ¼
�
nþ 4
9

�
:

Proof. Consider the labeling with d¼ 2 for graph Lm with
m � 5 ðmod 9Þ (proof of Lemma 2.1.1). Let vi 2 VðLmÞ
and k is the labeling for graph Lm: Then, the labeling with
d¼ 4 for graph P2m can be defined as bðuiÞ ¼ kðviÞ, where
ui 2 VðP2mÞ: So that, wtðuiÞ ¼ wtðviÞ: The graph P2m�1 and
its labeling with d¼ 4 are obtained by performing deletion
process A to the graph P2m: Let u0i 2 VðP2m�1Þ, then label-
ing for P2m�1 can be defined as b0ðu0iÞ ¼ bðuiþ1Þ: Thus, the
weights are wtðu01Þ ¼ 10, wtðu02Þ ¼ 12, wtðu03Þ ¼ 14, wtðu04Þ ¼
16 and for the other vertices are

wtðu0iÞ ¼
2iþ 10, 5 � i � m� 1;
4m� 2iþ 7, m � i � 2m� 1:

�

We can conclude that dis04ðP2m�1Þ ¼
� ð2m�1Þþ4

9

�
with similar

argument as in Lemma 2.2.4. Set n ¼ 2m� 1, then we have
dis04ðPnÞ ¼

�
nþ4
9

�
with n � 9 ðmod 18Þ: w

Lemma 2.2.7. Let Pn be a path with n � 9 and
n � 15 ðmod 18Þ. Then

dis04ðPnÞ ¼
�
nþ 4
9

�
:

Proof. Let vi 2 VðLmÞ and k is the labeling with d¼ 2 for
graph Lm with m � 8 ðmod 9Þ (proof of Lemma 2.1.5).
Then, the labeling with d¼ 4 for P2m can be defined as
bðuiÞ ¼ kðviÞ, where ui 2 VðP2mÞ, so that wtðuiÞ ¼ wtðviÞ:
With applying deletion process B to the graph P2m, we
obtain graph P2m�1 and its labeling with d¼ 4 as follows.
Let u0i 2 VðP2m�1Þ, then the labeling for P2m�1 can be
defined as b0ðu0iÞ ¼ bðuiÞ: Thus, the weights are wtðu01Þ ¼
9, wtðu02Þ ¼ 12, wtðu03Þ ¼ 15, wtðu04Þ ¼ 18, wtðu02m�4Þ ¼ 19,
wtðu02m�3Þ ¼ 16, wtðu02m�2Þ ¼ 13, wtðu02m�1Þ ¼ 10 and for the
other vertices are

wtðu0iÞ ¼
2iþ 11, 5 � i � m;
4m� 2iþ 12, mþ 1 � i � 2m� 5:

�

So that, with similar argument as in the proof of Lemma 2.2.4, we

conclude dis04ðP2m�1Þ ¼
� ð2m�1Þþ4

9

�
: By setting n ¼ 2m� 1,

then we have dis04ðPnÞ ¼
�
nþ4
9

�
for n � 15 ðmod 18Þ: w
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Immediately from Corollary 2.2.2 and Lemmas 2.2.4 through-
out 2.2.7, we conclude our result on dis04ðPnÞ as follows.
Theorem 2.2.3. Let Pn be a path with n � 9, n �
0, 1, 6, 7, 8, 9, 10, 15, 16, 17 ðmod 18Þ and n¼ 14. Then

dis04ðPnÞ ¼
3, n ¼ 14�
nþ4
9

�
, otherwise:

�

Our further investigation brought us to the result of
dis03ðPnÞ: Different with our previous results on path, this
result cannot be obtained by using the relation between the
labeling from graph Lm and P2m: Yet, the labeling idea for
the graph Lm is used in order to construct the labeling with
d¼ 3 for the graph Pn with n � 1 ðmod 7Þ: Based on
Lemma 2.1, it is easy to see that dis03ðPnÞ ¼ 1 for n< 7. So,
the value of dis03ðPnÞ is obtained for n � 7:

Lemma 2.2.8. Let Pn be a path with n � 7 and
n � 1 ðmod 7Þ. Then

dis03ðPnÞ ¼
�
nþ 3
7

�
:

Proof. Proof of this result is divided into two cases, n �
8 and 1 ðmod 14Þ: For each case, we defined a labeling
with d¼ 3. Then, we show that the weights obtained is dis-
tinct for all vertices and we show that the largest label used
is equal with the lower bound value which is given by
Lemma 2.1, that is dis03 �

�
nþ3
7

�
:

� Case 1: n � 8 ðmod 14Þ
Let ui 2 VðPnÞ: Defined the labeling for Pn as b1 :

VðPnÞ ! 1, :::,
�
nþ3
7

�n o
with

b1ðuiÞ ¼
2=7ðiþ 6Þ, i � 1 mod 7ð Þ, 1 � i � n=2þ 3;
2=7ðn� iÞ þ 1, i � 1 mod 7ð Þ, n=2þ 4 � i � n;
b1ðui�1Þ � 1, i � 2 mod 7ð Þ, n=2þ 4 � i � n;
bðui�1Þ, otherwise:

8>><
>>:

The largest label used is b1 un
2�3ð Þ ¼ 2

7
n
2 þ 3
	 
 ¼ nþ6

7 which

is equals to
�
nþ3
7

�
: With this labeling, then we obtain the

weights of the vertices as follows.

wtðuiÞ ¼ 2iþ 6, 1 � i � n=2;
2ðn� iÞ þ 7, n=2þ 1 � i � n:

�

It is easy to see that all the weights are distinct. Thus, we
can conclude that dis03ðPnÞ ¼

�
nþ3
7

�
for n � 1 ðmod 7Þ

with n even.
� Case 2: n � 1 ðmod 14Þ

For this case, defined the labeling for Pn as b2 : VðPnÞ !
1, :::,

�
nþ3
7

�n o
with

b2ðuiÞ ¼

1, 1 � i � 4;
1=7ð2iþ 11Þ, i � 5 mod 7ð Þ, 5 � i � ðnþ 1Þ=2þ 3;
2=7ðn� iþ 4Þ, i � 5 mod 7ð Þ, ðnþ 1Þ=2þ 4 � i � n;
b2ðui�1Þ � 1, i � 6 mod 7ð Þ, ðnþ 1Þ=2þ 4 � i � n;
b2ðui�1Þ, otherwise:

8>>>><
>>>>:

The weights of vertices obtained are wtðu1Þ ¼ 4, wtðu2Þ ¼
7, wtðu3Þ ¼ 10, wtðun�2Þ ¼ 11, wtðun�1Þ ¼ 8, wtðunÞ ¼ 5
and for other vertices are

wtðuiÞ ¼ 2iþ 5, 4 � i � ðnþ 1Þ=2;
2ðn� iþ 4Þ, ðnþ 1Þ=2þ 1 � i � n� 3:

�

The largest label used is b2 unþ1
2 �3ð Þ ¼

�
nþ5
7

�
which is

equals to
�
nþ3
7

�
: Therefore, we can conclude that

dis03ðPnÞ ¼
�
nþ3
7

�
for n � 1 ðmod 7Þ with n odd. w

To obtain the exact value of dis03ðPnÞ for other value of
n ðmod 7Þ, we applied deletion process (A or B) to the
labeled graph Pn with n � 1 ðmod 7Þ: As a result from this
process, we have the labeling for Pn with n �
0, 6 and 5 ðmod 7Þ: Based on the labeling obtained, we
conclude the exact value of dis03ðPnÞ for n �
0, 6 and 5 ðmod 7Þ as we state in the following Lemma.

Lemma 2.2.9. Let Pn be a path with n � 7 and
n � 0, 6, 5 ðmod 7Þ. Then

dis03ðPnÞ ¼
�
nþ 3
7

�
:

Proof. For the first case of our proof, consider the labeling
with d¼ 3 for Pm with m � 8 ðmod 14Þ, while m �
1 ðmod 14Þ for the second case. In each cases, we applied
the deletion process A and/or B to obtain the labeling for Pn
with other value of n ðmod 14Þ:

� Case 1: n � 7, 6, 5 ðmod 14Þ
With applying the deletion process A j times to the
graph Pm with m � 8 ðmod 14Þ, we obtain graph Pm�j

for 1 � j � 3: The labeling for Pm�j with 1 � j � 3 can
be defined as b0ðu0iÞ ¼ b1ðuiþjÞ, where u0i 2 VðPm�jÞ: The
weights obtained for u0i with 4 � i � m� j are

wtðu0iÞ ¼
2ðiþ jÞ þ 6, 4 � i � m=2� j;
2ðm� ðiþ jÞÞ þ 7, m=2� jþ 1 � i � m� j:

�

Meanwhile, the weights obtained for the first three verti-
ces for graph Pm�1 are wtðu01Þ ¼ 8, wtðu02Þ ¼ 10, wtðu03Þ ¼
12, while for Pm�2 are wtðu01Þ ¼ 8, wtðu02Þ ¼ 10, wtðu03Þ ¼
14 and for Pm�3 are wtðu01Þ ¼ 8, wtðu02Þ ¼ 12, wtðu03Þ ¼
16: It is easy to see that for each graph Pm�j, the vertex
weights obtained are all distinct. Note that Lemma 2.1 gives

dis03ðPm�jÞ ¼
� m�jþ3

7

�
which is equals to the largest label

used, that is Pm�j is
�
mþ3
7

�
, since m � 8 ðmod 14Þ and

1 � j � 3: Thus, we have dis03ðPm�jÞ ¼
� m�jþ3

7

�
: Set n ¼

m� j, then dis03ðPnÞ ¼
�
nþ3
7

�
with n � 7, 6, 5 ðmod 14Þ:

� Case 2: n � 0, 13, 12 ðmod 14Þ
Consider graph Pm with m � 1 ðmod 14Þ: Graph Pm�1

is obtained by applying deletion process A once to graph
Pm, while graph Pm�2 is obtained by applying deletion
process A and B once and graph Pm�3 is obtained by
applying deletion process A twice and deletion process B
once. The labeling and the vertex weights obtained for
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each graph can be stated as follows. Let u0i 2 VðPm�jÞ
with 1 � j � 3:

With similar argument as the previous case, we can conclude

that dis03ðPm�jÞ ¼
� m�jþ3

7

�
: Simply by setting n ¼ m� j, we

have dis03ðPnÞ ¼
�
nþ3
7

�
for n � 0, 13, 12 ðmod 14Þ:

w

Based on Lemmas 2.2.8 and 2.2.9, we conclude our result
of dis03ðPnÞ in Theorem 2.2.4.

Theorem 2.2.4. Let Pn be a path with n � 7 and
n � 0, 1, 5, 6 ðmod 7Þ. Then

dis03ðPnÞ ¼
�
nþ 3
7

�
:

3. Conclusion

In the previous section, we generalized the lower bound
value of dis0dðGÞ and the sufficient condition for dis0dðGÞ <
1: For triangular ladder graph Ln, we established exact
value of dis02ðLnÞ for n � 0, 3, 4, 5, 8 ðmod 9Þ and n¼ 7,
while for the other values of n ðmod 9Þ we only found the
upper bound value. We also found relation between triangu-
lar ladder graph Ln and P2n: Based on this result, we derived
that dis0dðLnÞ ¼ dis02dðP2nÞ: For our other result on Pn, we
derived it from our previous result on relation between tri-
angular ladder graph and path. Thus we obtained the exact
values of dis02ðPnÞ for n � 0, 1, 2, 4, 5, 6, 9 ðmod 10Þ and
n¼ 8 and dis04ðPnÞ for n � 0, 1, 6, 7, 8, 9, 10, 15, 16,
17 ðmod 18Þ and n¼ 14. Yet, on our ongoing investigation
we cannot find the exact value of dis02ðPnÞ and dis04ðPnÞ for
other values of n. Another investigation that we have done
is dis0dðPnÞ with d¼ 3. We cannot derived this value directly
from the result on graph Lm, but we used the idea of label-
ing on Lm to construct the labeling with d¼ 3 for graph Pn
with n � 1 ðmod 7Þ: As a result, we have the exact value of
dis03ðPnÞ for n � 0, 1, 5, 6 ðmod 7Þ: Similar with the previous
results on path, we cannot find the exact value of dis03ðPnÞ
for other values of n ðmod 7Þ yet.

Based on our investigation results, we propose the follow-
ing open problems.

Problem 1. For graph Ln,n � 5,n � 1, 2, 6, 7 ðmod 9Þ,n 6¼ 7,
determine the exact value of dis02ðLnÞ:

Problem 2. For graph Pn, n � 5, n � 3, 7, 8 ðmod 10Þ, n 6¼ 8,
determine the exact value of dis02ðPnÞ:

Problem 3. For graph Pn, n � 9, n � 2, 3, 4, 5, 11, 12, 13,
14 ðmod 18Þ, n 6¼ 14, determine the exact value of dis04ðPnÞ:

Problem 4. For graph Pn, n � 7, n � 2, 3, 4 ðmod 7Þ, deter-
mine the exact value of dis03ðPnÞ:
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Labeling for graph Pm�1: Labeling for graph Pm�2: Labeling for graph Pm�3:

b0ðu0iÞ ¼ b2ðuiþ1Þ b0ðu0iÞ ¼ b2ðuiþ1Þ b0ðu0iÞ ¼ b2ðuiþ2Þ
and the weights are: and the weights are: and the weights are:
wtðu01Þ ¼ 6 wtðu01Þ ¼ 6 wtðu01Þ ¼ 8
wtðu02Þ ¼ 9 wtðu02Þ ¼ 9 wtðu02Þ ¼ 11
wtðu03Þ ¼ 12 wtðu03Þ ¼ 12 wtðu03Þ ¼ 14
wtðu0m�3Þ ¼ 11 wtðu0m�4Þ ¼ 13 wtðu0m�5Þ ¼ 13
wtðu0m�2Þ ¼ 8 wtðu0m�3Þ ¼ 10 wtðu0m�4Þ ¼ 10
wtðu0m�1Þ ¼ 5 wtðu0m�2Þ ¼ 7 wtðu0m�3Þ ¼ 7
for 4 � i � ðmþ 1Þ=2� 1: for 4 � i � ðmþ 1Þ=2� 1: for 4 � i � ðmþ 1Þ=2� 2:
wtðu0iÞ ¼ 2i þ 7 wtðu0iÞ ¼ 2i þ 7 wtðu0iÞ ¼ 2i þ 9
for ðmþ 1Þ=2 � i � m� 4: for ðmþ 1Þ=2 � i � m� 5: for ðmþ 1Þ=2� 1 � i � m� 6:
wtðu0iÞ ¼ 2ðm� i þ 3Þ wtðu0iÞ ¼ 2ðm� i þ 3Þ wtðu0iÞ ¼ 2ðm� i þ 2Þ
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