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ABSTRACT

Let D be a digraph on n vertices sy, ..., s, and let D;, ..., D, be a family of vertex-disjoint bipartite
digraphs. We think of D, ..., D, as 2-colored digraphs with the same color set. The P-composition
DDy, ..., D,,}p is the digraph obtained from D by replacing each vertex s; of D by D; and adding an
arc from each vertex of D; to each vertex of D; if and only if those vertices have different color and
si — sjis an arc of D (with j, j € [n] and i # j). Notice that this is a generalization of the usual compos-
ition D, whenever each of the digraphs D, ..., D, are k-partite, we obtain a k-partite digraph as a
‘P-composition and this digraph is a subdigraph of the usual composition D[D;, ..., D,]. In our case,
we obtain a bipartite digraph. Particularly, the P-composition C,[D1, ..., D,]”, when C, is the 2- or
3-cycle and each D; is a semicomplete bipartite digraph, is also a semicomplete bipartite digraph.
Gutin, Haggkvist and Manoussakis proved that a semicomplete bipartite digraph has a Hamiltonian
cycle if and only if it is strong and has a cycle-factor. In this article, we prove that a digraph C,[Ds, ...,
D,,]P, where C, is the n-cycle and each D; is a strong semicomplete bipartite digraph, has a
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Hamiltonian cycle if and only if it is strong and has a cycle-factor.

The study of the generalizations of tournaments, as they
were posed by Bang-Jensen in [1], had involved several
classes of digraphs, like locally semicomplete digraphs,
quasi-transitive digraphs, arc-locally semicomplete digraphs,
path mergeable digraphs, etc. (see [2]). Those classes of
digraphs are mainly couched in terms of properties on the
adjacency, their neighborhoods or the structure of their
paths. From those studies have arisen characterizations in
terms of operation of digraphs and, particularly, in terms of
compositions of digraphs. In this work, we are interested in
an analogous operation which preserves the property of
being multipartite.

The compositions C,[S;, ..., S,], where C, is the n-cycle
and each §; is a semicomplete digraph, are locally semicom-
plete digraphs, this is, for each vertex v of C,[S1, ..., Si],
the subdigraphs spanned by the out-neighborhood and in-
neighborhood of v are semicomplete. In [1], Bang-Jensen
proved that a locally semicomplete digraph has a
Hamiltonian cycle if and only if it is strong.

Gutin, Haggkist and Manoussakis characterized the exist-
ence of Hamiltonian cycles in semicomplete bipartite
digraphs in [5, 6]:

Theorem 1. A semicomplete bipartite digraph D has a
Hamiltonian cycle if and only if D is strong and contains a

cycle-factor (that is, a collection of vertex-disjoint cycles cover-
ing all the vertices of D).

Galeana-Sanchez and Goldfeder introduced in [3] an
operation in digraphs which preserves multipartiteness, the
‘P-composition. Let C, be the n-cycle and let Dy, ..., D, be
strong semicomplete bipartite digraphs, C,[Di, ..., D,]” is
a bipartite subdigraph of C,[S;, ..., Su]. In fact, it is a max-
imal bipartite subdigraph.

In this work, we prove that this characterization is also
true for digraphs of the kind C,[Dy, ..., DH]P, where C, es
the n-cycle and D;, ..., D, are strong semicomplete bipart-
ite digraphs.

Theorem 2. Let H be a digraph with vertex set V(H) = {vy,
..» Vu} and let Dy, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with ordered-partitions given by

P and let H be the P-composition C,[D, ..., D,)", H is
Hamiltonian if and only H has a cycle-factor.

1. Definitions

For general concepts we refer the reader to [2]. In this art-
icle, D= (V(D),A(D)) denotes a loopless directed graph
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(digraph) with at most one arc from u to v for every pair of
vertices u and v of V(D).

We denote an arc (4,v) in A(D) by u — v or uv. Two
distinct vertices u and v are adjacent if u — v or v — u. An
independent set is a set of vertices of pairwise nonadjacent
vertices of D. If A and B are sets of vertices or subdigraphs
of a given digraph, A — B means that for every vertex a €
A and every vertex b € B, we have a — b. If A and B are
sets of vertices or subdigraphs of a given digraph, (A.B);
denotes the set of arcs of the digraph D with tail in A and
head in B.

Our paths and cycles are always directed. A cycle-factor
of a digraph D is a collection F of pairwise vertex-disjoint
cycles in D such that all vertices of D are in F. A cycle-fac-
tor with k elements is a k-cycle-factor. We denote F by F =
Cy U ---UCy. An almost cycle-factor of a digraph D is a col-
lection of vertex-disjoint subdigraphs of D covering V(D)
and such that one of the subdigraphs is a path and the
others are cycles. Given a path or a cycle P = vyv; - - - v, and
i, j€{l, ..., p} such that i <j, Plx;, xj| denotes the subpath
ViVigr -+ vj of P.

A digraph is said to be strong if for each pair of vertices
u, v there exists a path from u to v.

A digraph D is multipartite or k-partite if there exists a
k-partition V3, ..., Vi of the vertex set of D (i.e., U;‘zl V=
V(D), Vi # 0 for all i and, V; N V; = () whenever i # j) such
that each V; is an independent set. When k=2, we say that
D is bipartite.

A tournament is a digraph such that for any distinct ver-
tices u, v, exactly one of u — v and v — u is an arc of D. A
digraph D is semicomplete if for each pair of distinct vertices
u, v, there exists at least one arc u — v or v — u in A(D).

A spanning cycle C of D is a Hamiltonian cycle and D is
Hamiltonian if it has a Hamiltonian cycle.

For an positive integer n, [n] will denote the set {1, 2,

.., n} and [n], will denote the set {0, 1, ..., n —1}.

1.1. P-composition

Definition 3. Let D be a multipartite digraph. An ordered-
partition P(D) = (Vi, ..., Vi) of D is a fixed ordering of
the partite sets of D.

Definition 4. Let D be digraph with vertex set V(D) =
{vi, ....v,} and let Dy, ..., D, be k-partite digraphs
with ordered-partitions P(D;) = (Vi, ..., Vi), the
‘P-composition according to the ordered-partition P =
(U, viy=Vy, ..., (UL,Vi)= Vi), denoted by DDy,
.., D,]", is the digraph H with vertex set V(H) = Uk, V;
and, for w, z € V(H), the arc w — z is in A(H) if and
only if

e w and z are both in D; and w — z is in D; or
e wisin Vi, zisin V; with k#g,i#j and 5; — 5; is

in D.

We call D; a summand of H, for all i € [n]. See Figure 1.

Figure 1. G[Cs, Cy, C4]7>.

Definition 5. If A and B are sets of vertices or subdigraphs
of a multipartite digraph D with ordered-partition
P(D), A—7B means that for every vertex a € A and every
vertex b € B in different partite sets, we have a — b.

In what follows, we only consider compositions of the
type Cu[Dy, ..., D,]”, where C, is the n-cycle and each D;
is a strong semicomplete bipartite digraph, let us call it H.
Notice that H is always strong because C, is strong.
Furthermore, if C is a cycle in H, then either there exists i €
[n] such that C is contained in the summand D; or C passes
through every summand of H. Since we only work on
bipartite digraphs, we assume that each digraph D; has an
ordered-partition given by  P(D;) = (P1(Dy), P2(D;)).
Consequently, for H we have that P;(H) = U’ ,P;(D;) and
Pr(H) = UL, P,(D;)). Notice that the set {(P:i(H).
P2(H))y (P2(H),P1(H))y} is a partition of the arc set of
H. If we take g € {1,2}, then Pg(H) is either P,(H) or
Py(H), and Ps ¢(H) is Py(H) or Pi(H),
respectively.

Henceforth, C; and C, wil be the cycles ug - - - u,_juy and

either

Vo Vq_1Vo, respectively.

1.2. Concordant cycles

Definition 6. Let D be a digraph and let C; = ug - - - u,_11o
and C, = v - - - v4-1vo be two cycles in D. We say that C; and
C, have a good pair of arcs if there exist i € [p], and j € [g],
such that both arcs u; — vjand v; | — u;y; are in A(D).

Proposition 7 (Galeana-Sanchez and Goldfeder [4]). Let C;
and C, be two vertex-disjoint cycles in a digraph D. If there



is a good pair of arcs between them, then there exists a cycle
on the vertex set V(Cy) U V(G,).

Definition 8. Let D be a digraph on n vertices and let D;,
..., D, be bipartite digraphs with ordered-partitions given
by P. Consider the P-composition H = D[Dy, ..., D,]”
and take C; and C, two vertex-disjoint cycles in H such that
each one passes through all the summands. Recall that for
each i € [n], {(D; Di1)y N (P1(H), P2(H))y> (Di, Div1)yy N
(P2(H),P1(H))y} is a partition of (D;,Djyy)y, where i+ 1
is taken modulo n. We say that C; and C, are concordant
if for some i€ ([n], one element in {(D;Dj)yN
(Py(H). Pa(H)) 2 (D3 Dist )y 0 (Pa(H), Py(H)), ) has arcs
from both cycles C; and C,, See Figure 2.

Proposition 9. Let H be the P-composition C,[Dy, ..., D,]”,
where C, is the n-cycle, D;, ..., D, are bipartite digraphs
with ordered-partitions given by P and C; and C, are two
vertex-disjoint and non-concordant cycles in H such that
each one passes through all the summands. For each i € [n],
there exists g € {1,2} such that (D;,Diy1)y NA(C)) = (D;
Dii1)y N (Pg(H), Ps—4(H)) and (D;Di1)y NA(C) = (Dy,
Dis1)pN (P3—g(H), Pg(H)).

Proof. Take i€ [n]. Recall
A(C1), (Di.Dis1)y NA(G)} and  {(Di, Dis)y N (Pi(H),
P2(H)) > (Di.Dig1)y N (P2(H), P1(H))y are partitions of
(Di.Djit1)y» where the subscripts are taken modulo n. Since
C, and C, are non-concordant, no element in {(D;, Dj+1)y N
(P1(H), P2(H))g> (D, Div1)yy N (P2(H), PL(H))} has  arcs
from both cycles, C; and C,. Suppose without loss of gener-
ality that (D;,Diy1)y N (P1(H).P2(H))y has one arc from
C,. Since C; and C, are non-concordant, there is no arc
of C, in (DyDit1)y N (P1(H).P2(H))y. Since C, passes
through all the summands of H, all the arcs of C, in
(Di.Dij1)y are in (P2(H),Pi(H))y. This is, (D;Dis1)y N
A(Cz) - (Di,D,-_H)Hﬁ(Pz(H),'Pl(H))H. Since Cl and C2
are non-concordant, there is no arc of C; in (D;Dj1)y, N
(Pz(H),Pl (H))H This iS, (Di’DH—l)H mA(Cz): (Di, D,-H)Hﬁ

that both {(D;Dit1)yN

(P2(H),P1(H))y. Furthermore, (D;Dit1)yNA(Cy)=(D;,
Dit1) N (P1(H).P2(H)) - O
Corollary 10. Let H be the P-composition C,[Dy, ..., D,]”,

where C,, is the n-cycle and D, ..., D,, are ordered-bipartite
digraphs. If F is a minimum cycle-factor of H, then there is at
most two cycles in F which pass through all the summands.

Proposition 11. Let H be the P-composition D[Dy, ..., Dn]P,
where D is a digraph with vertex set V(D) = {vy, ..., v,} and
D;, ..., D, are ordered-bipartite digraphs. Take C, =

Ug -~ up_1thg and Cy = vy - --vy_1vg two vertex-disjoint cycles
in H such that each one passes through all the summands. If C;
and C, are concordant, then they have a good pair of arcs.

Proof. Since C; and C, are concordant cycles, there exist t € [n]
and g € {1,2}, such that both ((D; Dyi1)y N (Pg(H), Ps_g
(H)p) NA(Cr) and  ((Dr.Dy1)y N (Pg(H), Ps—g(H))p) N
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Figure 2. Example of two concordant cycles.

A(G,) are non-empty. This is, there exist i € [p], and j € [q]
such that u; — u;yy is in (Dy,Dyy1)y N (Pg(H), P3—g(H))pp
where i+1 is taken modulo p, and v; — vy, is in
(D, Dis1) g N (Pg(H), P3—g(H)) > where j+ 1 is taken modulo
q. From the definition of P-composition, we have that u; —
vir1 and v; — u;y are in H, which are a good pair ofarcs. O

2. Main result

Lemma 12. Let D;, ..., D, be vertex-disjoint strong semi-
complete ordered bipartite digraphs and let D be the
P-composition Cy[Dy,...D,|". If H has a cycle-factor such
that exactly one of its elements passes through all the sum-
mands, then H is Hamiltonian.

Proof. If n is equal to two or three, then H is a semicom-
plete bipartite digraph. Since H has a cycle-factor, it follows
that H is Hamiltonian by Theorem 1. Hence, we can sup-
pose that n is greater than or equal to 4.

We proceed by induction on k, where k is the cardinality
of the cycle-factor. If k=1, then H is Hamiltonian. Thus,
assume that the lemma holds for k > 1 and suppose that H
has a (k + 1)-cycle-factor, such that exactly one of the cycles
passes through for all the summands. Notice that each one
of the other cycles is contained in one summand.

Let C, and C, be vertex-disjoint two cycles in the cycle-
factor, such that C, passes through all the summands and
C, is contained in the summand D), for some j € [n]. There
exists a subpath T =u,; ---u;, of C; such that u, is in
V(Dj-1),u, is in V(Dj;1) and the other vertices of T are in
V(D). Since C, is contained in the summand D; and by the
definition of D, we have that {u; }—"C,—"{u; }.

Let u, be the first vertex in T such that (C,, {v;})y is non-
empty. Notice that u; is different from u, . Take v in C, such
that v — u,. Since v and u; are in different partite sets, we have
that u,_; and v, the succesor of v in C, are in same summand
of H but in different partite sets, hence they are adjacent. By
the definition of u,, we have that u,_; — v*. See Figure 3.

The arcs v — us and u,_; — v are a good pair of arcs.
Hence, we can merge both C; and C, into one single cycle
by Proposition 7. It follows that H has a k-cycle-factor such
that one of the cycles passes for all the summands and each
of the others is contained in only one summand. Therefore
H is Hamiltonian. |
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Now, let Dy, ..., D, be vertex-disjoint strong semicomplete
bipartite digraphs with an ordered-partition given by P and let H
be the P-composition C,[Dy, ..., D,]”, where n is a positive
odd number and C,, is the n-cycle. Assume that C; is a cycle in H
which passes through all the summands of H. It could happen
that C; winds several times through H (each time, C; passes
through all summands). Let ocz be the number of vertices of C; in
D; at the j-th turn. If k is the total number of winds of C; around

H, we have that the length of C, is equal to Z P o,

Recall that C; has even length, i.e., 21:1 SO o s even.
If C, passes through an odd number of vertices for each
summand in each turn, this is, oci is an odd number for all i
and j, then kn, the total number of summands in
E]]’{:I >% o, has to be even. Since we assumed that n is
odd, it follows that k is even.

Lemma 13. Let D;, ..., D, be vertex-disjoint strong semicom-
plete bipartite digraphs with an ordered-partition given by P
and let H be the P-composition Cu[Dy, ..., D,]”. Assume that
{C1, Gy} is a cycle-factor in H such that both cycles pass through
all the summands. Let o, (respectively B)) be the number of
vertices of C; (resp. C,) in D; at the j-th turn. If C; and C, are

non-concordant cycles, then ocﬁ and ﬁjl have the same parity.

Proof. Let D; be any summand in H. Let p(i,r) (respectively
o(i,r)) be the unique integer in {0, ..., p—1} (respect.
{0, ..., g—1}) such that u,;,) (resp. v(,) is the first
vertex of C; (resp. C,) in D; at the r-th turn. Since C; and
C, are non-concordant cycles, Proposition 9 implies that
there exist g, g € {1,2} such that (D;i_1,D;)y N (P, (H),
Ps3g(H))py = (Di1. D)y NA(C)  and  (Di, Dis1)y N (P
(H),P3—g,(H))y = (Di.Diy1)y NA(Cy). Hence, u,j is in
P;3_g (H) and Ui )+l is in P, (H). Moreover, v, j is in
P, (H) and Vo(ij)+p) 18 0 P3_g,(H). We have two cases.

Case 1. P3_,, (H) and Py, (H) are equal. This implies that o

is odd. Furthermore, P, (H) and Ps_,, (H) are equal and f;
is also odd.

Case 2. Ps;_,(H) and Py, (H) are different. This implies
that of is even. Furthermore, Py, (H) and P3_g,(H) are dif-

1

ferent and ﬁ], is also even. O

Lemma 14. Let Dy, ..., D,, be vertex-disjoint strong semicomplete
bipartite digraphs with an ordered-partition given by P and let H
be the P-composition Cy[Dy, ..., D,]”. If H has a cycle-factor
{C1, C,} such that both cycles pass through all the summands,
they are non-concordant and n is odd, then there exists j € [n]
such that the summand D; has arcs of both cycles, this is, the sets
A(Dj) NA(Cy) and A(D ) N A(C,) are non-empty.

Proof. Let t be the total number of winds of C; around D

and let aci be the number of vertices of C; in D; at the j-th
turn. Recall that C; = ug - - - u,_1up.

| I
D; 1 | D; I D1
I =< 7 I
| I
| E & \
| I
| U+
< >0 I
| N . r |
A v
| \ , 1
| \ | I
. = o % §e [V
| E4 Z 7
U, oy T Ug_1 Ug 1 U,

Figure 3. Proof of Lemma 12.

First, we show that there exist j € [t] and i € [n] such that in
the j-th turn, the cycle C; passes through an even number of ver-

tices in the summand D, this is, that aci is even. Suppose that, on

the contrary, o is odd for all i € [n] and for all j € [t]. Since the
length of C; is even, it follows that t has to be even, so that C;
passes for at least twice in each summand.

Let p(i,r) be the unique integer in {0, ..., p—1} such
that u,(; ) is the first vertex of C; in D; at the r-th turn.
Hence, u,(r)+(a-1) 18 the last vertex in which C; passes
through the summand D; in the r-th turn. We know that
Up(ir) is in Py(H), for some g€ {1,2}. Tt follows that
Up(i,r)+(x—1) has to be in Pg(H) because o] is odd. We are
interested in analyzing how the cycle C; jumps from one
summand to the next one in each turn, this is, if that arc is
either in (Py(H).P2(H))y or in (P2(H).P1(H))y. For this,
we can assume without loss of generality that each time C;
passes through each summand, just passes through exactly
one vertex in that summand, i.e., that of is one. Moreover,
let us assume without loss of generality that u, is in
P1(H) N V(Dy). Since n is odd and we are assuming that C,
passes through exactly one vertex by each summand in each
turn, it follows that u,_; is in P,(H) N V(D,). Furthermore,
u, is in Po(H) N V(Dy). The arc ug — u; is in (D1, Dy)y N
(P1(H).P2(H))y and the arc u, — u,qy is in (D1, D)y N
(P2(H),P1(H));- Recall that Proposition 9 implies that it
exists g € {1,2} such that (Dy,D,); NA(Ci) = (D1.Dy)y N
(Pg(H), P3—g(H))y, which is a contradiction.

Hence, there exist iy € [t] and jo € [n] such that in the jy-
th turn, the cycle C; passes through an even number of ver-

tices in the summand D;,, this is, that oc’lg is even. Therefore

10>

/ﬂg is also even by Lemma 13. Thus A(D;)NA(C,) is

non-empty.
Therefore, we have that both A(D;)NA(C)) and
A(Dy)) N A(C,) are non-empty. O

Lemma 15. Let D;, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with an ordered-partition given
by P and let H be the P-composition C,[Dy, ..., D,]".
Assume that H has a cycle-factor {C,,Cy} such that both
cycles pass through all the summands and they are not con-
cordant. If there exists j € [n] such that the summand D; has
arcs from both cycles, then they have a good pair of arcs.

Proof. Recall that C; = ug---up_jug and Cy = vy -+ - v4_1p.
Take i € [k, and j € [m], such that u; — u;y; and vj — vy,



Figure 4. No matter which arc is in H, either u; — v; or v; — v;, it does appear
a good pair of arcs.

are the first arcs of C; and C,, respectively, in D,, for some
t € [n]. Hence, u;—; and v;_; are in D,_;. Without loss of
generality, suppose that wu;; — u; is in (Dy1.D)y N
(P2(D).P1(D))y. It follows that (D,_y.Dy;)y N (P2(D).
Pi(D))y = (Di—1,Dr)y NA(Cy) and  (Dy—y, Dy)yy N (P1(H),
P.(H))y = (Dy—1.Dy); NA(C,), since C; and C, are non-
concordant cycles. Notice that u; and v; are in the same
summand but in different partite sets, hence they are
adjacent, as D, is a semicomplete bipartite digraph.

Case 1. The arc v; — u; is in H. Notice that v;;; is in
P1(H) N V(D;) and u;—; is in Pr(H) N V(D;—;), by the def-
inition of the P-composition, we have that the arc u;_; —
viy1 is in H. Hence, the arcs v; — u; and u;_; — vy are a
good pair of arcs. See Figure 4.

Case 2. The arc u; — v; is in H. The proof is analogous to
the previous case.
Therefore, the cycles C; and C, have a good pair of arcs. [

Lemma 16. Let Dy, ..., D, be vertex-disjoint strong semicom-

plete bipartite digraphs with an ordered-partition given by P

and let H be the P-composition C,[Dy, ..., D,]”. Assume that:

i {Cl, Cz}, with C] = Uy--- MP,ILIO and C2 =Vy---
Vg—1Vo, is a cycle-factor in H such that both cycles pass
through all the summands,

ii. C;and C, have no good pairs of arcs and

iii. no summand of H has arcs from both cycles.

Let oci (respectively ﬂ];) denote the number of vertices of C,
(resp. C,) in D; at the j-th turn. Let A and p be the number
of times the cycles C; and C, wind through H, resp. Let
p(i,r) (resp. o(i,r)) be the unique integer in [p|, (resp. in
[qly) such that up . (resp. vo(y) is the first vertex of C;
(resp. C,) in D; at the r-th turn. Notice that Up(iyr)+(ar—1) S
the last vertex of C; in D; at the r-th turn and vg(; pyy(p—1) is
the last vertex of C, in D; at the r-th turn.

1. Ifol > 1 for some i € [n] and j € [, then o, is odd and
B =1 forall r € [u].

2. If B} > 1 for some i € [n] and j € [u], then P, is odd and
af =1 for all r € [2].

3. Take g € {1,2} and suppose that u,,,) is in Pg(H).
For every integer odd i € [n],u,; ) and (1) are
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in Pe(H) and vy and ve(ins g1y are in Py ¢(H).
And for every integer even i € [n],u, ) and u,; )+ —1)
are in Pi o(H) and vei, and veipi(p—1) are
in Py(H).

4. If & > 1, for some i € [n], then Wyti (e —1) — Volir) =
Uy j) for every r € [].

5. If B} > 1, for some i € [n], then Volij)y(g—1) — Yolir) =
Vo(i,j) for every r € [u].

6. Forallic [n]andallr,s € [A,uyi -1 — Up(s)-

7. Forallic [n] and all 1, s € [u],Ve(i, -1 — Vo(is)-

Proof. Since C;, and C, have no good pairs of arcs,
Proposition 11 implies that they are non-concordant.
Furthermore, since no summand of H has arcs of both
cycles, Lemma 15 implies that n is even.

If of is greater than one for some r € [1], then C, has at
least one arc entirely contained in the summand D;. Since
no summand of H has arcs from both cycles, that implies
that f5; =1 for every s € [u]. Analogously, if f; is greater
than one for some s € [y, then C, has at least one arc
entirely contained in the summand D;. Since no summand
of H has arcs from both cycles, that implies that of =1 for
every r € [A]. This proves Claims 1 and 2.

Since of and f; are always odd for every i€ [n],r € [/]
and s € [pu] (recall Lemma 13) and H are bipartite, u,
and Up(i,r)+(ar—1) are in the same part and v, and
Vo(i,s)+(g:—1) are in the same part. This proves Claim 3.

Proposition 9 implies that there exists g € {1,2} such
that (D1, D2)yy N (P34 (H), P3—4(H))y = (D1, D2)y NA(Cy)
and (D1, Dy)y N (Ps—g(H), Pe(H))y = (D1, D2)y NA(C).
Moreover, w1, ), Up(1,r)+(x—1) € Pg(H) for every r € [4] and
Vo(Ls) Vo(Ls)+(B—1) € 733_g( ) for every s € [u]. This implies
that 1, 1), Up(2, (1) € P3—¢(H) for every r€ [4] and
Vo2 Vo2 +(f—1) € Py(H) for every s € [u]. Furthermore,
since H is bipartite and » is even, we have that:

® Ui Up(i,r)+(or—1) € Pg(H) for every i odd in [n] and for
every r € [1],

® Ui Up(iyr)+(or—1) € P3—g(H) for every i even in [n] and
for every r € [4],

® V(s Va(is)+(gi—1) € Ps—g(H) for every i odd in [n] and
for every s € [y, and

®  Vo(i5) Va(is)+(gi—1) € Pg(H) for every i even in [n] and for
every s € [u].

This and the definition of P-composition imply Claims 6
and 7.
Notice that u,; -1 = i1

L)+, —1)» whenever i>1,

and uy(; ;-1 = Uyt 4(-1-1) if i=1. Analogously, Vs ;-1 =
Vo(i-1,n+(p,,—1)> if i>1,and vg( 1 = Vor iy (g 1—1)> ifi=1.

Finally, since vg(; ;-1 and u,(;j4; are in different parts,
Vo(i,)—1 is in Dy and u,(; ), is in D; there exists the arc
Va(ir)—1 = Up(ij)+1- Lhis implies that v ;) — u,; ;) (other-
wise, we obtain a good pair of arcs). Similarly, since
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Ui+ (4 -2) and v,(;, ;)41 are in different parts, u p(i.j)+(#—2) is

in D; and v 41 is in Diyy, there exists the arc

Ui (a—2) — Volir)+1- This implies that u,;,) — Vo))

(otherwise, we obtain a good pair of arcs). This proves
Claims 4 and 5. O

Lemma 17. Let D;, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with an ordered-partition given
by P and let H be the P-composition Cu[Dy, ..., D,]”. If n
is odd and H has a 2-cycle-factor, then H is Hamiltonian.

Proof. Let C, = ug---up_up and C, = vy ---vs_1vy be the
two cycles in the cycle-factor. We consider the following cases:

Case 1. Suppose that C; passes through all the summands
of H and C, is contain in one summand. Hence, by Lemma
12, it follows that H is Hamiltonian.

Case 2. Suppose that C, and C, are contained in different
summands. Therefore #n has to be two, which is a contradic-
tion since # is odd.

Case 3. Suppose that each cycle C; and C, pass through all
the summands.

If C; and C, are concordant cycles, then they have a
good pair of arcs and we can merge both into one cycle, a
Hamiltonian one. Hence, assume that C, and C, are non-
concordant cycles. Lemmas 14 and 15 imply that C; and C,
have a good pair of arcs, so we are done. O

Lemma 18. Let D;, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with an ordered-partition given
by P and let H be the P-composition Cu[Dy, ..., D,)". If H
has a cycle-factor such that each cycle is completely contained
in only one summand, then D is Hamiltonian.

Proof. Since each one of the cycles of the cycle-factor is con-
tained in only one summand, then each of the summands is
strong and has a cycle-factor. Hence, Theorem 1 implies
that each summand is Hamiltonian. Let C; be the
Hamiltonian cycle in the summand D, for each i€ [n].
Recall that {P;(H),P,(H)} is the partition of V(H) and
that all our cycles are even. Let C; = ugu) - - - uj _,uq be the
Hamiltonian cycle in the summand D;. Without loss of gen-
erality, assume that u{ is in P;(H), for every i € [n]. Hence,
Ug,—1 is in Pp(H). The definition of the P-composition
implies the existence of the arcs ui' | —uj in D.
Therefore, the cycle

r_ 11 2 2 non 1
C =¢C [uo,ukl,l}cz {uo,ukrl} - Cy [uo,ukrl}uo
is Hamiltonian in H. O

Lemma 19. Let D;, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with an ordered-partition given
by P and let H be the P-composition Cy[Dy, ..., D,]".
Assume that {Cy,Cy} is a cycle-factor in H such that both

cycles pass through all the summands. If there exists i € [n]
such that A(D;) NA(Cy) and A(D;) N A(C,) are empty sets,
then for each u in V(Cy) N V(D;), there exists v in V(Cy) N
V(D;) such that u — v and vice versa, for each w in V(Cy) N
V(D;) there exists z in V(Cy) N V(D;) such that w — z.

Proof. Proposition 9 implies that for each i€ [n], there
exists g€ {1,2} such that (D;_1,D;)y N (Pg(H) Ps_g
(H))y = (Di-1,D;)y NA(Cy) and (D1, Di)yy N (P3—g(H),
Py(H))y = (Di-1,D;); N A(Cy) because C; and C, are non-
concordant. Since there is no arcs of C; and C, in D,, it fol-
lows that V(C,) N V(D;) = P;_4(H)NV(D;) and V(C,;) N
V(D;) = P,(H) N V(D;) (also, we know that (D, D)y N
(Ps—g(H), Pg(H))y = (Di. Dis1)y NA(Cy) and (D;, Digy)yN
(Pg(H), P3s—¢(H))y = (Di, Dit1)y N A(Cy)). For each vertex
u € V(C) NV(D;), we know that u is in Ps_o(H) N V(D).
Because D; is strong, it follows that there exists v in
P,(H) N V(D;) such that u — v. Notice that v is in V(C;) N
V(D;). The other case is analogous. O

Lemma 20. Let D;, ..., D, be vertex-disjoint strong semi-
complete bipartite digraphs with an ordered-partition given
by P and let H be the P-composition Cy[Dy, ..., D,)". If H
has a 2-cycle-factor, then D is Hamiltonian.

Proof. Let {C,C.}, with Ci=ug---up_juy and C, =
Vo Vq-1vo, be the cycle-factor in H. We can assume that
both cycles pass through all the summands by Lemmas 12
and 18. We can assume that C; and C, have no good pairs
of arcs. Thus, Proposition 11 implies that C; and C, are
non-concordant cycles. Lemma 15 implies that no summand
of H has arcs from both cycles. Lemma 14 implies that »n
is even.

Let oci (respectively [3{:) denote the number of vertices of
C, (resp. C;) in D; at the j-th turn. Let A and u be the num-
ber of times the cycles C; and C, wind through H, respect-
ively. Suppose without loss of generality that 4 < u. Let
p(i,r) (resp. o(i,r)) be the unique integer in [p], (resp. [g],)
such that u, ) (resp. v4(;,,)) is the first vertex of C, (resp.
C,) in D; at the r-th turn. Notice that u,(; -1 i the last
vertex of C; in D; at the r-th turn and vg(; (1) is the
last vertex of C, in D; at the r-th turn.

Now, we are going to take one turn of C, around H and
inserting it into C;, obtaining a new 2-cycle-factor which
does have a good pair of arcs. In order to do that, we have
to establish some previous results.

Take i € [n] and two different integers r,s € [1]. We have
that  Ci (i, r)s (i, n+p-1)] and Ciluggs)s (s (-1)]  are
the subpaths of C; in the summand D, at the r-th and s-th
turns, respectively. Moreover, u,(; -1 and u,;_; are the
previous vertices and u(;, )4, and up(; )1, are the following
vertices of those subpaths, respectively. By Claim 6 of
Lemma 16, we have that wu,;)_1 — Ui ) Up(is—1 —
Up(i,s)> Up(i,r)+(of—1) — Up(i,r)+ol and Up(iys)+(o5—1) = Up(i,s)+o-
By interchanging Ciltp(i, > Up(i, )+ (1)) and
C [up(,-,g,up(,-,s)ﬂaf,l)] in C,, we obtain a new cycle with the
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Figure 5. If C,[D:, ..., DH]P is strong and has a cycle-factor, then
Cn[Dn, ...,D,,]P is not necessarily Hamiltonian.

same vertex set as C; and which preserves the hypothesis of
the lemma. We can perform similar interchanges in C,.

The previous paragraph allows us to suppose, without
loss of generality, that if C; or C, has an arc entirely con-
tained in the summand D;, for some i € [n], and that arc
appears in the first turn, this means, o} or 8} is greater than
one. Recall that Claims 4 and 5 of Lemma 16 implies that
Up(i, 1) +(a1 1) — Vo(i,1) = Up(i,1)s if o} is greater than one or
Vo(i, 4B -1) — Up(i1) = Vo(i1)> if B} is greater than one.

On the other hand, we have that there is no arcs of C,;
and C, entirely contained in the summand D;, for some i €
[n]. In this case, all the subpaths of C; and C, in D; have
length zero. The former argument also allows us to inter-
change that subpaths. Lemma 19 implies that for every r €
[4], there exists s € [u] such that wu,;, — v and, con-
versely, for every s € [u], there exists + € [A] such that
Va(is) — Up(i,r). Hence, we can suppose, without loss of
generality, that for every even integer i € [n], there exists
the arc v, )4 (g1_1) = Up(;,1) and that for every odd integer
i € [n], there exists the arc u,(; 1)1 (1) = Va(i,1)-

Now, we construct the new cycle-factor. Let C] be the
cycle

Ci[tp(1,1)> Up(1, 1)+ (2 -1) ] C2 [Vo(1,1)> Va(2, 1)+(83-1)
Citp2,1)> Up(3, 1)+ -1)] C2[Va3, 10> Vo(a, )4 (p-1)]
C2[Va(n-1,1)> Vo(n,1)+(8,-1)] CL [Mo(n, 1) Up(1,1)]-

Notice that the path Ci[up(, 1) Uy, 1)] starts in the first
vertex of C; in D, at the first turn and passes through the
rest of the turns of C; around H up to return to u, ;) and
that the winding number of C| around H is still /.

If the winding number of C,, denoted by g, is one, then
C| is a Hamiltonian cycle. Otherwise, let C, be the cycle
CZ[Vp(l,Z)’Vp(n,u)Jr([};}l)]Vp(l,z)- Notice that the winding num-
ber of this new cycle is u—1. The arcs v, ), 1) —
Vo(2,2) and Vo(1,2)4(F—1) — Vo(2,2) are in A(G,). Since C; and
C, are non-concordant, there exists g € {1,2} such that
both arcs are in (Dy,D;)y N (Py(H), P3—4(H))y. In the new
cycle-factor {C},C,}, those arcs are in different cycles.
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Hence, those cycles are concordant by definition.
Proposition 11 implies that those cycles have a good pair of
arcs, therefore we can merge into only one cycle, a
Hamiltonian one. O

Proof of Theorem 2. Assume that H has a cycle-factor. We
proceed by induction on k, where k is the cardinality of the
cycle-factor. If k=2, then Lemma 17 or Lemma 20 implies
that H is Hamiltonian. Thus, assume that for k > 2, the the-
orem holds and suppose that H has a (k + 1)-cycle-factor. If
each element of the cycle-factor is completely contained in
one summand, Lemma 18 implies that H is Hamiltonian. So
suppose that there exists one element C; in the cycle-factor
which passes through all the summands. If there is a cycle
C;j in the cycle-factor which is completely contained in one
summand, we can merge both cycles into one cycle by
Lemma 12, so the induction hypothesis implies that H is
Hamiltonian. Hence, all the cycles pass through all the sum-
mands of H. Since the cycle-factor has at least three ele-
ments, Corollary 10 implies that two of them are
concordant. Proposition 11 implies that there is a good pair
of arcs, so we can merge both cycles into one cycle.
Therefore, H is Hamiltonian by the induction hypothesis.

As a last remark, let H be the P-composition
Cn[Dl,...,Dn]P, where C, is the n-cycle and each D; is a
semicomplete bipartite digraph, not necessarily strong. If
CulD1, ..., D,J°
Cu[Dy, ... D)7

is strong and has a cycle-factor, then
is not necessarily Hamiltonian. See Figure 5.
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