Taylor & Francis
Taylor & Francis Group

TONAL JOURNAL OF

AKCE AKCE International Journal of Graphs and Combinatorics

NI COMBINATORICS

ISSN: 0972-8600 (Print) 2543-3474 (Online) Journal homepage: https://www.tandfonline.com/loi/uakc20

Degree associated edge reconstruction number of
split graphs with biregular independent set is one

N. Kalai Mathi & S. Monikandan

To cite this article: N. Kalai Mathi & S. Monikandan (2020): Degree associated edge
reconstruction number of split graphs with biregular independent set is one, AKCE International
Journal of Graphs and Combinatorics, DOI: 10.1016/j.akcej.2019.12.009

To link to this article: https://doi.org/10.1016/j.akcej.2019.12.009

© 2020 The Author(s). Published with
license by Taylor & Francis Group, LLC

@ Published online: 24 Apr 2020.

N
G/ Submit your article to this journal &

||I| Article views: 51

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=uakc20


https://www.tandfonline.com/action/journalInformation?journalCode=uakc20
https://www.tandfonline.com/loi/uakc20
https://www.tandfonline.com/action/showCitFormats?doi=10.1016/j.akcej.2019.12.009
https://doi.org/10.1016/j.akcej.2019.12.009
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.12.009
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.12.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.12.009&domain=pdf&date_stamp=2020-04-24
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.12.009&domain=pdf&date_stamp=2020-04-24

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS
https://doi.org/10.1016/j.akcej.2019.12.009

Taylor & Francis
Taylor &Francis Group

8 OPEN ACCESS ‘ ) Checkforupdates‘

Degree associated edge reconstruction number of split graphs with biregular

independent set is one

N. Kalai Mathi and S. Monikandan

Department of Mathematics, Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli, Tamil Nadu, India

ABSTRACT

A degree associated edge card of a graph G is an edge deleted subgraph of G with which the
degree of the deleted edge is given. The degree associated edge reconstruction number of a
graph G (or dern(G)) is the size of the smallest collection of the degree associated edge cards of G
that uniquely determines G. A split graph G is a graph in which the vertices can be partitioned
into an independent set and a clique. We prove that the dern of all split graphs with biregular

independent set is one.

1. Introduction

All graphs considered are nonempty, simple and finite. We
shall mostly follow the graph theoretic terminology of [5]. A
vertex-deleted subgraph or card G - v of a graph (digraph) G
is the unlabeled graph (digraph) obtained from G by delet-
ing the vertex v and all edges (arcs) incident with v. The
deck of a graph (digraph) G is the collection of all cards of
G. Following the formulation in [2], a graph (digraph) G is
reconstructible if it can be uniquely determined from its
deck. The well-known Reconstruction Conjecture (RC), due
to Kelly [9] and Ulam [23], asserts that every graph with at
least three vertices is reconstructible. Several classes of
graphs and many parameters of graphs are proved to be
reconstructible. Nevertheless, the full conjecture remains
open. Surveys of results on the RC and related problems
include [4, 12, 17]. In their paper, Harary and Plantholt [7]
have defined the reconstruction number of a graph G,
denoted by rn(G), to be the minimum number of cards
which can only belong to the deck of G and not to the deck
of any other graph H, H#G, these cards thus uniquely
identifying G. Reconstruction number is known for only few
classes of graphs [2].

An extension of the RC to digraphs is the Digraph
Reconstruction Conjecture (DRC), proposed by Harary [6],
which asserts that every digraph with at least seven vertices
is reconstructible. The DRC was disproved by Stockmeyer
[22] by exhibiting several infinite families of counter-exam-
ples. In 1981, Ramachandran [18] studied degree associated
reconstruction for digraphs and proposed a new conjecture.
It was proved [18] that the digraphs in all these counterex-
amples to the DRC obey the new conjecture.
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The ordered triple (a, b, c) where a, b and c are respect-
ively the number of unpaired outarcs, unpaired inarcs and
symmetric pair of arcs incident with v in a digraph D is
called the degree triple of v. The degree associated card or
dacard of a digraph (graph) is a pair (d, C) consisting of a
card C and the degree triple (degree) d of the deleted vertex.
The dadeck of a digraph D is the multiset of all the dacards
of D. A digraph is said to be N-reconstructible if it can be
uniquely determined from its dadeck. The new digraph
reconstruction conjecture [18] (NDRC) asserts that all
digraphs are N-reconstructible. Ramachandran [19, 20] then
studied the degree associated reconstruction number of
graphs and digraphs in 2000. The degree (degree triple) asso-
ciated reconstruction number of a graph (digraph) D is the
size of the smallest collection of dacards of D that uniquely
determines D. Articles [1, 3] and [11] are recent papers on
this parameter.

The edge card, edge deck, edge reconstructible graphs and
edge reconstruction number are defined similarly with edge
deletions instead of vertex deletions. The edge reconstruction
conjecture, proposed by Harary [6], states that all graphs
with at least 4 edges are edge reconstructible. The ordered
pair (d(e),G —e) is called a degree associated edge card or
da-ecard of the graph G, where d(e) (called the degree of e)
is the number of edges adjacent to e in G. The edeck (da-
edeck) of a graph G is the collection of all ecards (da-ecards)
of G. For an edge reconstructible graph G, the edge recon-
struction number of G is defined to be the size of the small-
est subcollection of the edeck of G which is not contained
in the edeck of any other graph H, H % G. The edge recon-
struction number is known for only few classes of graphs
[13, 14]. For an edge reconstructible graph G from its
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da-edeck, the degree associated edge reconstruction number
of a graph G, denoted by dern(G), is the size of the smallest
subcollection of the da-edeck of G which is not contained in
the da-edeck of any other graph H, H 2¢ G. Articles [10, 15]
and [16] are recent papers on this parameter.

A split graph G is a graph in which the vertices can be
partitioned into an independent set (say X) and a clique
(say Y). Throughout this paper, we use G, X and Y in the
sense of this definition. In their paper, Ramachandran and
Monikandan [21] proved a reduction on the RC that the
family # of all 2-connected graphs G with diam(G) = 2 or
diam(G) = diam(G) = 3 is reconstructible if and only if all
graphs are reconstructible. So, any result proving or deter-
mining the possibility of the (edge) reconstructibility of a
subclass of 7 is of interest. In this paper, as all connected
split graphs without end vertices belong to %, we shall
determine the dern of split graphs. We prove that the dern
of all split graphs with biregular independent set is one.

2. Dern of split graphs

For a da-ecard (d, C), let dsum(C) = {degu + degv : u and v
are nonadjacent vertices in C and degu + degv is possibly
equal to d}. For the sake of clarity of the proof, even though
the elements in dsum(C) have no specific ordering, we
denote the first element, second element and so on in
dsum(C) by dy,dy, ..., respectively. For U, W C V(G), the
set of edges of G that join a vertex in U to a vertex in W is
denoted by E(U, W). By Nx(U), we mean the set of all ver-
tices in X that are adjacent to a vertex in a subset U of Y.
Let |X|]=m>0 and |Y|=n>0. For i=1,2, let X,
denote the set of vertices in X of degree r;. For i=0, 1,...,
m, let Y; denote the set of vertices in Y adjacent to exactly i
vertices in X; therefore, the degree of a vertex v € Y; is n —
1+4+iin G.

Let ki, ky, ...,k be integers with 1 < k) <k, < ... <k <
m such that Yy, # ¢ for all i=1,2,...,t and Y=Y, U
(Ui_,Yy,). For expediency, we shall write sometimes a da-
ecard as (dy+dy, —2,G—e), which indicates that the
deleted edge e is joined to a d;-vertex and a d,-vertex in G
(Figure 1).

Lemma 1. The dern of a graph G is 1 if G has a da-ecard
(d, C) containing only one pair of nonadjacent vertices whose
degree sum is d.

Proof. Such a da-ecard has a unique extension and it is iso-
morphic to G. O

Lemma 2. If G is a split graph such that every vertex in X is
of degree zero in G, then dern(G) = 1.

Proof. Now G is K, UK,, and all its da-ecards are (2n —
4,G —e). Since |E(G)| > 4 and E(X,Y) = ¢, it follows that
n > 4. Since G - e contains exactly one pair of nonadjacent
vertices with degree sum 2n — 4, every extension H(2n —
4,G — e) obtained by adding a new edge that joins the two
nonadjacent vertices of degree sum 2n — 4 is isomorphic to
G and hence dern(G) = 1. O

X - independent set of size m

Y - clique of order n

Yo

Figure 1. The split graph G.

Theorem 3. Let G be a split graph such that every vertex in
X is of degree r; or ry. Then dern(G) = 1 if every vertex in Y
is adjacent to at least one vertex in X.

Proof. Now Y = U!_| Y}, since Yy = ¢p. We proceed by two
cases depending upon the cardinality of Yj,. By Lemma 2,
we can take that 0 < r; < ry.

Case 1. |Y;,| =1
Since k; > 1, we have k; > 2 and we proceed by two
cases depending upon the values of k;.

Case 1.1. k; =1
We proceed by three subcases depending upon the values
of 1.

Case 1.1.1.r, = n

If y = n — 1, then, since k; = 1, it follows that |X,| = 1.
Also, since r; =n—1, we have |Y;]=1and Y=Y, UY,,.
Clearly |Y,,| =1, n=2 and r, = 1. Consider a da-ecard
24+ (m+1)—2,G—e), where ec(Y,Y,). Then
dsum(G—e) ={1+1, 1+2, 1+m}. If d; were equal to
m + 1, then m would be one, giving a contradiction. If d, is
equal to m + 1, then m=2 and the two 1-vertices of G - e
have the same neighbourhood in G — e. Hence the extension
H(3,G —e¢) is isomorphic to G and hence dern(G) = 1.
Finally, if d; is equal to m + 1, then, since there is only one
such pair of non adjacent vertices in G—e (m > 2),
dern(G) = 1 by Lemma 1.

Now suppose that r; < n— 2. Since |Y;| =1 and k; =
1,k; > 2 and |X,| = 1. Consider a da-ecard (n+ (n —1+
ki) —2,G —e), where e € E(Y},Yy,). Then dsum(G —e) =
{n+r, n+tn n+n-1), n+n—-1+k—1), rn+
m—1+k), n+(n—14+k), ... n+mn—14+k_), (n—
1)+ (n— 14k — 1)}. If dy, d, or d; were equal to d(e), then
k; would be strictly less than 2, giving a contradiction. If d,
were equal to d(e), then r; would be n — 1, again a contradic-
tion. If d; were equal to d(e) for i =5,6,...,t + 3, then k,
would be at most kj, j=1,2,..,t — 1, again a contradiction.
But for the last element d; 4 in dsum(G — e), since there is
only one such pair of non adjacent vertices in G — e, it follows
that dern(G) = 1 by Lemma 1.

Case 1.1.2. n,=n—1

First, suppose that k; # k;_; + 1. Now we consider a da-
ecard (n+ (n—14k)—2,G—e), where e€ E(Y},Yy).
Then dsum(G—e)={rn+nrn, n+(n—-1), n—1)+ (n—
), n+(n—1+k—-1), (n)+(n—1+k), (n)+Hn-



1+k), (n) +(n—14k_), (n—1)+ (n—1+k),
m—1)+mn—-1+k), ..n—1)+(n—1+k_), (n-—
1)+ (n—1+k —1)}.Ifdy, d, ords were equal to d(e), then
k; would be at most one, a contradiction. If dy were equal to
d(e), then r; would be n — 1, again a contradiction. If d; were
equal to d(e) for i =5,6,...,t + 3, then k, would be at most
ki, j=1,2,...,t — 1, contradicting. Similarly, if d; was equal to
d(e) fori=t+4,t+5,...,2t + 2,, then k; would be equal to
ki+1, j=1,2,...,t — 1, again a contradiction. Finally, if the
last degree sum dy 3 in dsum(G — e) is equal to d(e), then
either there is only one such pair of nonadjacent vertices in G - e
or the two (n — 1)-vertices of G - e have the same neighbour-
hood in G —e. Hence the extension H(2n+ k; — 3) is iso-
morphic to G and dern(G) = 1.

Next, assume that k; = k;_; + 1 and k; > 3. Consider a
da-ecard ((n—1+k1)+(n—1+k)—2,G—e), where
e € E(Yx,_,,Yy). Then dsum(G—e)={r+nr, n+(n-—
1), n+(n—1+k1-1), n+(n—14+k—-1), (n—1)
+(n—-1), n—1)+m—-14k,1-1), n—1)+mn—-1+
k—1), n+(n—1+k), n+n-1+4k), ..on+(n-
l+kiq), (mn=1)+(n—14+k),(n—1)+mn—-14k),...,
m—1)+m—1+k—y), (n—1+ky—1)+mn—-1+k—
1)}. If d; was equal to d(e) for i =1,2,...,7, then k; would
be at most two, a contradiction. If d; was equal to d(e) for
i=38,9,...,t +6, then 2k; would be at most kj+2, j=
1,2,..,t — 1, again a contradiction. If d; was equal to d(e)
for i=t+7,t+8,..,2t+5, then 2k; would be equal to
ki+3, j=1,2,..,t —1, again a contradiction to |Yj|=
1, k; >3 and k; > k;. Finally, if the last degree sum in
dsum(G —e) is equal to d(e), then dern(G) = 1 by
Lemma 1, since there is only one such pair of nonadjacent
vertices in G — e.

Finally, we consider the case that k; = k;_; + 1 and k; = 2.
Clearly, the graph G has the following properties:

(i) n=>3;

(11) Y = Yl U Yz, where |Y2| = 17

(iii) |X,—1] = 1 (because |Y,| =1 and |X;,| > 1); and

(iv) |X,,| =1 or 2 (as otherwise, |X,,| > 3 and so |Y,| > 2
or k; > 3, a contradiction).

If |X;,| =1, then clearly r; = 2. Therefore r, =n—1>3
and hence n > 4. Now consider a da-ecard (n+ (n+1) —
2,G—e), where ecE(Y,Y,). Clearly dsum(G—e)=
{2+(n—-1), 24+n, (n—1)+(n—-1), (n—1)+n}. If d,
or d, was equal to (n+ (n+1) —2), then n would be at
most 3, a contradiction. If d; was equal to d(e), then we
would have —1 =0, contradicting. But the last degree sum
in dsum(G — e), since there is only one such pair non adja-
cent vertices in G —e, it follows that dern(G) = 1 by
Lemma 1. Otherwise, |X;,| = 2. Now r; = 1 and the two ver-
tices in X, are adjacent either to the same vertex or to two
different vertices in Y. Consider a da-ecard (n+ (n+1) —
2,G—e), where ecE(Y,Y,). Clearly dsum(G—e)=
{1+1, 1+(n—-1), 1+n, (n—1)+n}. If dy, d, or ds
was equal to d(e), then n would be at most 2, a contradic-
tion. For the last degree sum in dsum(G — e), either only
one such pair of nonadjacent vertices in G - e or the two
(n — 1)-vertices of G - e have the same neighbourhood and
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so the extension
Hence dern(G) = 1.

H(2n—1) is isomorphic to G.

Case1.1.3.rn,<n-—2

Consider the da-ecard (n+(n—14+k)—2,G—e),
where e € E(Yy, Yy, ). Clearly, dsum(G—e)={r +r, rn+
r, nt+r,n+m—-1),n+nH-1),n+n-1+k—1),
ntn—1+k—-1), n+n—-14+k), n+n-1+k),
o+ =14k ), n+(n—1+4k), n+(n—1+k,),
o +(m—1+k_1), (n—1)+mn—-1+k—1)}. If 4
was equal to d(e) for i =1,2,3,4,5, then, since r; <n—3
and r, < n — 2, we have k; would be at most zero, a contra-
diction. If d; was equal to d(e) for i = 6,7, then both the
values of r; and r, would be n — 1, a contradiction. If d;
was equal to d(e) for i =38,9,...,t + 6, then k, would be at
most kj—1, j=1,2,..,t—1, again a contradiction.
Similarly, for each of d;.7, diig, ..., darys, the value of k;
would be at most kj, j=1,2,...,t — 1, again a contradic-
tion. But for the last degree sum in dsum(G —e), since
there is only one such pair of nonadjacent vertices in G — e,
it follows that dern(G) = 1 by Lemma 1.

Case 1.2. k; > 1

Since k; > 2, we have k; > 3 and k; + k; > 5. Consider
the da-ecard (n—1+k;)+ (n—1+k;) —2,G—e), where
e € E(Yy,,Yy,). Clearly, dsum(G—e)={r+r, n+
1y, T+ 12, 7’1+(I’l*1+k1*1), r2+(n71+k171),
n+n—-1+k-1), n+(n—-14+k-1), n+mn-—-1+
k1), n+mn—1+k), ..n+n—14+k_), n+(n—
1+k1), rz—i—(n— 1+k2), ...,72+(f’l— 1+kt,1), (ﬂ—
14k —1)+(n—1+k —1)}. If d; was equal to d(e) for
i=1,2,3, then, since r;, <n—1 and r, < n, the value of
ki + k; would be at most four, again a contradiction. If d;
was equal to d(e) for i = 4,5, then the value of k, would be
at most one, a contradiction. If d; was equal to d(e) for i =
6,7, then the value of k; would be at most one, a contradic-
tion. If d; was equal to d(e) for i =8,9,....,t + 6, then, the
value of k, would be at most kj — k; + 2, since kj <k, j=
1,2,..,t—1, k; <1, again a contradiction. Similarly, for
each of the degree sum d;is, diio, ..., darrs,> we would
have k; <kj—k +3, j=1,2,...,t —1. If k; >3 then k
would be less than or equal to kj, j=1,2,..,t—1, a
contradiction. Otherwise, k; = 2. Now k; < k; + 1 and k; =
kj +1, j=1,2,..,t — 1, which implies r, = n. This is not
possible, because no nonadjacent pair of r,-vertex and
(n— 1+ kj)-vertex exists (j=1,2,...,t —1). For the last
degree sum in dsum(G — e), since there is only one such
pair of non adjacent vertices in G —e, it follows that
dern(G) = 1 by Lemma 1.

Case 2. |Yy,| > 1
We proceed by three cases depending upon the values
of k;.

Case 2.1. k, = 1

Clearly Y = Y; and r, <n —1 (as otherwise, X,, would
be empty, contradicting). Hence we proceed by three sub-
cases depending on the possible values of r,.

Case2.1.1.n=n—1
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Clearly |X;,|=1,11 =1,|X,-1/ =1 and n > 3. For this
case, the da-ecard we consider is (1+n—2,G —e), where
e€ E(X;,Y;). Clearly dsum(G—e)={0+(n—1), 0+
(n), (n—1)4+(n—1)}. If d; is equal to d(e), then, since
two (n — 1)- vertices of G - e have the same neighbourhood
in G—e, the extension H(1+ n —2) is isomorphic to G
and hence dern(G) = 1. If d, was equal to d(e), then we
would have 0 = —1, a contradiction. Similarly, If d; was
equal to d(e), then n would be one, again a contradiction.

Case2.12. r,=n—2

Since k, = 1 and |X,,| # ¢, we have |X, ;] =1 and
|X;,| =1 or 2.

If |X,,| =1, then r; =2 and n > 5. For this case, the da-
ecard we consider is (2+n—2,G—e), where e€
E(X,,Yy). Cleatly dsum(G—e)={1+n, 1+(n—2), (n—
2)+n (n—2)+(n—1), 1+ (n—-1}. If d; or d, was
equal to d(e), then we would have 0=1 or 0=-1, a
contradiction. If ds or dy was equal to d(e), then the value
of n would be 2 or 3, again a contradiction. If ds is equal to
d(e), then, since there is only one such pair of nonadjacent
vertices in G — e, it follows that dern(G) =1, by Lemma 1.
Now suppose that |X,, | =2. Clearly r; =1 and n > 4. We
consider a da-ecard (n+n—2,G—e), where e=uju; €
E(Y;,Yy) such that both u; and u, are adjacent to none of
the (n—2)-vertices in X. Clearly dsum(G—e) = {1+
L 1+(n—-2),1+n—-1), 1+n (n=2)+(n—-1), (n—
1)+ (n—1)}. If d; was equal to d(e) for i =1,2,3,4, then
n would be at most three, a contradiction. If ds was equal to
d(e), then we would have —1 =0, again a contradiction.
But, for d¢ = d(e), since there is only one such pair of non
adjacent vertices in G — e, we have dern(G) = 1.

Case 2.1.3. 7, <n-—3

We consider a da-ecard (n+n—2,G—e), where e€
E(Y},Yy). Then dsum(G—e)={r+r, rn+rn, nt+rn,
n+mn—-1), n+n n+n-1), n+n (n—1)+(n-—
1)}. If d; was equal to (n+n—2) for i=1,2,...,7, then,
since r; <n—4 and r, < n — 3, the value of r; would be n
-1 or n — 2 and the value of r, would be n — 1, n — 2 or at
least n + 2, contradicting. For d; = d(e), since there is only
one such pair of nonadjacent vertices in G —e, it follows
that dern(G) = 1.

Case 2.2. k, = 2
We proceed three cases depending upon the values of r,.

Case 2.2.1.n,=n

Since k; = 2, we have |X,,| = |X,| = 1.

Ifri=n—1and n>3, then [X,_;| =1, m=2, Y| =1
and Y =Y, UY,. Now consider a da-ecard ((n+ 1)+ (n+
1) —2,G —e), where e € E(Y,Y;). Clearly dsum(G —e) =
{(n—1)+n, n+n}. If d was equal to d(e), then we
would have —1 =0, a contradiction. If d) = d(e), then
dern(G) = 1, since there is only one such pair of nonadja-
cent vertices in G —e.

Next, suppose that r; =n — 1 and n = 2. Then |X,_;| <
2and m=2or3. If m=2, then Y=Y, UY,,|Y;|=1 and
|Y2| =1, a contradiction. If m = 3, then we consider a da-
ecard (3+3-2,G—e), where ecE(Y,Y,). Clearly

dsum(G—e) ={1+1,142,2+2} and the only possible
degree sum is d;. But in this case dern(G) = 1, since there
is only one such pair of non adjacent vertices in G — e.

Finally, we consider the case that r, <n —2. Now we
consider a da-ecard ((n+1)+ (n+1)—2,G—e), where
e € E(Y,,Y;). Then dsum(G—e)={r+r, n+n, rn+
(n+1), n+n}. If d; was equal to d(e) for i =1,2,3, then
r1 would be n - 1 or n, a contradiction. If dy = d(e), then
dern(G) = 1, since there is only one such pair of nonadja-
cent vertices in G — e.

Case 2.2.2. r,=n—1

Now n >3 and |X,_1| <2 (as otherwise, |X,|=¢ or
k: > 3, contradicting). Now we consider a da-ecard ((n -+
1)+ (n+1)—2,G—e), where the edge e is chosen in
E(Y,,Y;) as below:

i. If |X,_1] =1 and if there exists exactly one vertex, say
u, of degree n+1 and also it is adjacent to no
(n — 1)-vertex, then we choose an edge incident to u as
e; choose any edge in E(Y3, Y;) as e otherwise.

ii. If |X,_1] =2 and if there exists exactly one vertex, say
u, of degree n+1 and also it is adjacent to no
(n — 1)-vertex, then we choose an edge incident to u as
e; if there exists exactly one vertex, say v, of degree
n+1 and also it is adjacent to only one (n — 1)-vertex,
then we choose an edge incident to u as e; if there
exists two vertices, say u; and u, of degree n+1 and
they are adjacent to only one (n — 1)-vertex, then we
take the edge e to be ujuy; choose any edge in
E(Y,,Y,) as e otherwise.

Clearly dsum(G—e)={r+nrn, n+n—-1), rn+n,
n+m+1), (n—1)+n, n+n}. If d was equal to d(e)
for i = 1,2,3,4 then r; would be at least n — 1, contradict-
ing. If ds was equal to d(e), then we would have —1 =0,
again a contradiction. Finally, for ds = d(e), we have
dern(G) = 1, since there is only one such pair of nonadja-
cent vertices in G — e.

Case 2.2.2. r, <n—2

We consider a da-ecard ((n+1)+(n+1)—2,G—e),
where e € E(Y5,Y,). Then dsum(G—e)={r+r, n+
n, n+m+1l), n+r, ntrn, nt+tn n+n+l), n+
n}. If d; was equal to d(e) for i = 1,2,3, then r, would be n
- 1 or n, giving a contradiction. If d; was equal to d(e) for
i=4,5,6,7, then r, would be n — 1 or n or at least n + 3,
again a contradiction. Finally, for ds =d(e), we have
dern(G) = 1, since there is only one such pair of nonadja-
cent vertices in G — e.

Case 2.3. k; > 3

Now consider a da-ecard (n—1+k)+(n—1+k)—
2,G —e), where e€ E(Yy,Yy). Clearly, dsum(G—e) =
{rn+r, rn4+rn, n+rn n+n-14+k—-1), n+(n—
14k —1), n+(n—1+4+k), n+mn—-1+k), ..rn+
m—1+4+k) n+n—-1+4+k), n+h-1+k), ..n+
m—1+4+k) n—1+k—-1)+(n—1+k —1)}. If d; was
equal to d(e) for i =1,2,3, then, since r, <n—1,r, <n,
the value of k, would be at most two, a contradiction. If d;



was equal to d(e) for i = 4,5, then both r; and r, would be
at least n + 1, giving a contradiction. If d; was equal to d(e)
for i=6,7,...,t +5, then either r; would be at least n

(when k; = kt) or the value of k, would be at most =— k+2
(when k #k), j=1,2,..,t, giving a contradiction. If d
was equal to d(e) for i=t+6,t+7,...,2t + 5, then either
k; would be 3 (when k; = kj) and r, would be n, giving a
contradiction to the fact that no pair of vertices of degree r,
and (n—1+kj), j=1, 2 t is nonadjacent, or the value

of k, would be at most L— (when ke #kj, j=1,2,..,1),
again a contradiction. For the last degree sum in dsum(G -
e), we have dern(G) = 1 since there is only one such pair of
nonadjacent vertices in G — e, which completes the proof. O

Theorem 4. Let G be a split graph such that every vertex in
X is of degree r; or ry. Then dern(G) = 1 if there is a vertex
in Y nonadjacent to any vertex in X.

Proof. Now Yy # ¢ and r, <n—1. If r, =n — 1, then let
¥o be the unique vertex in Y;. Now the set X U {y,} and
Y — {yo} will become an independent set and a clique of G,
respectively, such that it satisfies the hypothesis of Theorem
3 and hence dern(G) = 1. So, we can take that r, <n—2
and that 0 <7 < r, in view of Lemma 2. We proceed by
three cases depending upon the values of r,.

Casel.rn=n—2
Clearly r; < n—3 and |Yy| =1 or 2. We proceed by two
cases depending upon the values of |Y,|.

Case 1.1. |V | =1

Consider the da-ecard ((n—1+k;)+ (n—1+k)—
2,G—e), where e€ E(Yy,Y:,). Clearly, dsum(G—e)=
{n+rnn+m=-2), n+n-1), (n—=2)+(n-2), (n—

)
D+ (n—=1), n+n—-14+k —1),
m=2)+n—1+k —-1), (n—2)+
(n—1+k), n+(n—1+4+k), ..orn+(n—1+k_y), (n—
Q)+ (n—14k), (n—2)+n—-1+k), ... (n —2) + (n—
14+k—), (n—14k—-1)+mn—-1+k—1)} If d; was
equal to d(e) for i =1,2,...,5, then, since r; < n—3, the
value of k; + k; would be at most one, a contradiction. If d;
was equal to d(e) for i =6,7,8,9, then, since r; <n—3,
the values of k; and k, would be at most —1, again a
contradiction. If d; was equal to d(e) for i = 10,11, ...,t + 8,
then k, would be at most kj—k; and at most kj, j=
1,2,...,t —1 (as k; > 1), again a contradiction. Similarly, if
d; was equal to d(e) for i=1t+9,t+ 10,...,2t + 7, then the
value of k, would be equal to kj — k; + 1 and so k; would be
at most kj, j=1,2,..,t — 1, a contradiction. For the last
degree sum in dsum(G —e), we have dern(G) = 1 since
there is only one such pair of nonadjacent vertices in G — e.

Case 1.2. |V, | > 2

Consider the da-ecard ((n—14+k)+(mn—1+k)—
2,G—e), where e€ E(Y,Yy). Clearly, dsum(G—e)=
{Tl+(1’l—1+k1), T1+(1’l—1+k2),..., T1+(1’l—1—|—kt),
n=2)+(n—14+k), m—-2)+n-1+k), ... (n—2)
+n—14k), m—1+k—-1)4+n—-14+k—-1), n+rn,
n+mn-2), n+n-1), n+(n—1+k—-1), (n—2)+

n+mn—1+k—1),
(mn—1+k—1), n+
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(n—=2), n—=2)+(n-1), mn—-2)+(n—1+k -1} If
d; was equal to d(e) for i =1,2,...,t, then either k, would
be at most zero (when k; = k;) or k, would be at most k;/2
(when k; # k;), which is a contradiction to k; <k; j=
1,2,...t. If d; was equal to d(e) for i=¢t+1,t+2,..,2¢
then we will get either a contradiction or dern(G) = 1 as
follows: If k; # k;, then k; = 2k; — 1, giving a contradiction
to ki <k; j=1,2,..,t. Otherwise, that is kj=k;, j=
1,2,...t. Then k; = 1. Since r, =n—2 and |X,,| # ¢, we
have |Yy| = 1. Now, consider the graph G, obtained from
G, whose independent set X' = X U {yp} and clique Y’ =
Y —{y}, where Y;={y}. Then [X||=|X{|=1 and

IX),| = X}, ,| = 1. Consider the da-ecard (1+n'—2,G—
e), where ecE(X|,Y]), where n'=n—1. Clearly,
dsum(G —e)={0+n" -2, 04+ 1n/, 0+n' -1, -2+

n' —1} and n’ > 4. If each of the first two elements in
dsum(G' —e) was equal to (1+#" —2), then we would
have —2=—-1 or —1=0. If the third element in
dsum(G' —e) is equal to (14 n —2), then, since the two
(n' — 1)-vertices of G - e have the same neighbourhood in
G —e, the extension H'(n' —1) is isomorphic to G' and
hence dern(G) =dern(G') =1. If the last element in
dsum(G' — e) was equal to (1 4+ n' — 2), then n’ would be 2,
again a contradiction. If dyy) is equal to d(e) = (n—1+
ki)+ (n—1+k)—2, then dern(G) =1, since there is
only one such pair of non adjacent vertices in G —e. If d;
was equal to d(e) for i = 2t 42,2t + 3,...,2t + 8, then since

r1 <n—3, the value of k, would be at most zero, a
contradiction.
Case2.,<n-—3

We proceed by two cases depending upon the value
of |Yk,|-

Case 2.1. |V, | =1

Consider the da-ecard ((n—1+k)+(n—1+k)—2,

G—e), where e€E(Y,Yy,). Clearly, dsum(G—e)=
{r+r, n+trn n+n-1), nt+n n+n-1), rn+
m—1+k—-1),n+n—-1+k—-1), n+n—1+k —

1), n+mn—-1+k—-1), n+(n—1+k), n+(n—1+
kz), oI+ (f’l —1 +kt,1), ry + (l’l -1 +k1), r, + (T’l -1+
k), cornt+(n—14k_), m—1+k —-1)+(n—1+k—
1)}. If d; was equal to d(e) for i = 1,2,...,5, then, since r; <
n—4 and r, < n — 3, the value of k; + k; would be at most
zero, a contradiction. If d; was equal to d(e) for i = 6,7,8,9,
then, since r; < n—4 and r, < n — 3, both the values of k;
and k, would be at most —1, a contradiction. If d; was equal to
d(e) for i = 10,11,...,t + 8, then, since r; < n — 4, the value
of k; would be at most k; — k; — 1, which is at most kj, j =
1,2,...,t — 1 (since k; > 1), again a contradiction. Similarly, If
d; was equal to d(e) for i=1t+9,t+10,...,2t + 7, then k,
would be at most kj — ki, which is at most kj -1, j=
1,2,...,t — 1 (since k; > 1), a contradiction. For the last degree
sum in dsum(G — e), we have dern(G) = 1 since there is only
one such pair of nonadjacent vertices in G — e.

Case 2.2. |Yy,| > 2
Consider the da-ecard (n—1+k)+ (n—1+k)—
2,G—e), where e€ E(Y,Yy). Clearly, dsum(G—e) =
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{n+nh—-1+k), n+(n—1+k),.... n+n—-1+k),
ntn—1+k), nt+h-14+k).., n+t(n—1+k),
m—1+k—-1)+n—-1+k—1), n+nr, n+rn, n+
(n—1), n+(n—1+k—1), n+nrn nt+tn-1, n+
(n—1+4+k —1)}. s If d; was equal to d(e) for i =1,2,...,t,
then either k, would be at most -1 (if k; = k), or k, would
be at most kfz;l (if kj # k), j = 1,2, ..., t, giving a contradic-
tion. Similarly, if d; was equal to d(e) for i=t+1,t+
2,...,2t, then k, would be at most zero (if k; = k,) or k,
would be at most % (if kj # k), giving a contradiction to
ki <ky j=1,2,..,t. If dyyy is equal to d(e), then, since
there is only one such pair of non adjacent vertices in G —
e, it follows that dern(G) = 1. Finally, if d; was equal to d(e)
for i=2t+2,2t+3,...,2t +8, then, since r; <n—4 and
r, < n—3, the value of k, would be at most zero, giving a
contradiction and completing the proof. O

3. Conclusion

It seems that the value of dern of split graphs not covered
under this paper and [8] is also likely to be one or two. In
most of the cases of Theorems 3 and 4, we have determined
dern(G), by using the da-ecards obtained by deleting edges
lying in the partite set Y that is complete. If one can able to
prove this result by using the da-ecards obtained by deleting
edges joining a vertex in X to a vertex in Y, then it may
lead to a way to find the dern of bipartite graphs, which
remains open in both reconstruction and edge reconstruc-
tion problems [4]. Degree associated (edge) reconstruction
number might be a strong tool for providing evidence to
support or reject the Edge Reconstruction Conjecture that
remains open.
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