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On the complexity of some quorum colorings problems of graphs

Rafik Sahbi

Department of Preparatory Training, Algiers Higher School of Applied Sciences, Algiers, Algeria

ABSTRACT
A partition p ¼ fV1, V2, :::, Vkg of the vertex set V of a graph G into k color classes Vi, with i 2
f1, :::, kg is called a quorum coloring if for every vertex v 2 V, at least half of the vertices in the
closed neighborhood N½v� of v have the same color as v. The maximum order of a quorum color-
ing of G is called the quorum coloring number of G and is denoted wqðGÞ: In this paper, we give
answers to two open problems stated in 2013 by Hedetniemi, Hedetniemi, Laskar and Mulder. In
fact, we prove that the decision problem associated with wqðGÞ is NP-complete when the input
graph is a 4-regular graph. We also show that the decision problem asks whether a given graph G
has a quorum coloring of order at least 2 is NP-complete too.
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1. Introduction

Let G ¼ ðV, EÞ be a simple graph with order n ¼ jVj: The
complement graph of G is denoted by �G: The graph induced
in G by a subset S of V is denoted by G½S�: For every vertex
v 2 V, the open neighborhood NGðvÞ is the set fu 2 VðGÞ :
uv 2 EðGÞg and the closed neighborhood of v is the set
NG½v� ¼ NGðvÞ [ fvg: The degree of a vertex v in G is
dGðvÞ ¼ jNGðvÞj, while the degree of v in the complement
graph �G is denoted by �dGðvÞ: More generally, the degree of
a vertex v in G½S� is denoted by dSðvÞ, while the degree of v
in �G½S� is denoted by �dSðvÞ:

A partition p ¼ fV1,V2, :::,Vkg of the vertex set V of a
graph G into k color classes Vi, with i 2 f1, :::, kg is called a
quorum coloring if for every vertex v 2 V, at least half of
the vertices in the closed neighborhood NG½v� have the same
color as v. The color classes Vi are called quorum classes.
The maximum order of a quorum coloring of G is called
the quorum coloring number of G and is denoted by wqðGÞ:
A quorum coloring of order wqðGÞ is called a wq-coloring.
Quorum colorings were introduced by Hedetniemi,
Hedetniemi, Laskar and Mulder [5]. The concept of
Quorum colorings is closely related to the concept of defen-
sive alliances in graphs introduced by Kristiansen,
Hedetniemi and Hedetniemi [4]. Indeed, a defensive alliance
in G is a subset S of V such that for every vertex v 2 S,
jNG½v� \ Sj � jNGðvÞ \ ðV n SÞj: Hence every color class of a
wq-coloring is a defensive alliance. Note that Haynes and
Lachniet in [3] were the first to introduce the problem of
partitioning the vertex set V into defensive alliances. This
problem was also studied later by Eroh and Gera [2].
However, we will adopt in this paper the definitions and
notations given in [5].

A matching in a graph G ¼ ðV, EÞ is a set of edges M �
E having the property that no two edges in M have a vertex
in common. The matching number b1ðGÞ equals the max-
imum cardinality of a matching in G.

In [5], Hedetniemi et al. raised the following problems.

1. It is easy to see that for 1-regular graphs G of order n,
wqðGÞ ¼ n: It is also easy to determine the value of wqðGÞ
for any 2-regular graph G. In addition, since wqðGÞ ¼
b1ðGÞ for 3-regular graphs G, it is easy to determine, in
polynomial time, the value of wqðGÞ for 3-regular graphs.
This leads us to the following decision problem:

4-REGULAR QUORUM

Instance : A 4� regular graph G ¼ ðV ,EÞ, positive
integer K � jVj:

Question : Does G have a quorum coloring of order
at least K?

2. What is the complexity of the following decision problem:
QUORUM-ONE
Instance : Graph G ¼ ðV ,EÞ:
Question : Is wqðGÞ > 1?

In 2018, Sahbi and Chellali [6] showed that the problem
associated with wqðGÞ, to which we refer as QUORUM-K,
is NP-complete in general graphs, thus answering to an
open problem stated in [5]. However, Questions 1 and 2
remain open. In this paper, we first show that the problem
4-REGULAR QUORUM is NP-complete by reducing the
PARTITION INTO TRIANGLES problem in 4-regular
graphs, to which we refer as 4-REGULAR PARTITION
INTO TRIANGLES, to the problem 4-REGULAR
QUORUM. The NP-hardness of the problem 4-REGULAR
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PARTITION INTO TRIANGLES was proven in 2011 by
van Rooij et al. [7].

QUORUM-K
Instance: Graph G ¼ ðV ,EÞ, positive integer K � jVj:
Question: Does G have a quorum coloring of order at

least K?

4-REGULAR PARTITION INTO TRIANGLES
Instance : A 4-regular graph G ¼ ðV, EÞ:
Question : Can V be partitioned into 3-element sets

S1, S2, :::, SjVj=3 such that each Si forms a triangle in G?

Then, we prove that the problem QUORUM-ONE is NP-
complete by firstly showing that its balanced version, to which
we refer as BALANCED QUORUM, is NP-complete and
secondly by reducing the problem BALANCED QUORUM
to the problem QUORUM-ONE. The problem BALANCED
QUORUM was inspired from the BALANCED
SATISFACTORY PARTITION problem introduced by
Bazgan et al. [1] and the polynomial reduction from the prob-
lem BALANCED QUORUM to the problem QUORUM-ONE
is an adaptation of the proof of Proposition 1 in [1].

BALANCED QUORUM
Instance : Graph G ¼ ðV, EÞ of even order:
Question : Is there a partition fV1,V2g of V such that

jV1j ¼ jV2j and for every v 2 V , if v 2 Vi then dViðvÞ
þ1 � dV3�iðvÞ?
For a graph G ¼ ðV, EÞ of even order, a bipartition fV1,V2g
of the vertex set V is a balanced quorum coloring if jV1j ¼
jV2j and each Vi, with i 2 f1, 2g is a quorum class, that is,
for every v 2 V, if v 2 Vi then dViðvÞ þ 1 � d3�iðvÞ:

BALANCED SATISFACTORY PARTITION
Instance : Graph G ¼ ðV, EÞ of even order:
Question : Is there a partition fV1,V2g of V such that
jV1j ¼ jV2j and for every v 2 V , if v 2 Vi then dViðvÞ
� dV3�iðvÞ?
In fact, we prove the NP-completeness of the problem
BALANCED QUORUM by reducing it to the BALANCED
CO-SATISFACTORY PARTITION problem, to which we
refer in this paper as BALANCED COST EFFECTIVE
BIPARITITON. The NP-completeness of the problem
BALANCED COST EFFECTIVE BIPARTITION was proven
in 2005 by Bazgan et al. [1].

BALANCED COST EFFECTIVE PARTITION
Instance : Graph G ¼ ðV, EÞ of even order:
Question : Is there a partition fV1,V2g of V such that
jV1j ¼ jV2j and for every v 2 V , if v 2 Vi then dViðvÞ
� dV3�iðvÞ?

2. Answer to Question 1

Theorem 1. Problem 4-REGULAR QUORUM is NP-complete.

Proof. 4-REGULAR QUORUM is a member of NP, since
we can check in polynomial time that any partition of the ver-
tices of a 4-regular graph G into at least K color classes is a
quorum coloring. Let G be a 4-regular graph of order 3q,
instance of both problems 4-REGULAR PARTITION INTO
TRIANGLES and 4-REGULAR QUORUM, and set K¼ q. We
will show that the instance G has a solution with respect to
the first problem if and only if the same instance has a solu-
tion with respect to the second problem, that is, we will show
that G has a partition into triangles if and only if wqðGÞ � K:

Suppose that G has a partition into triangles and let p ¼
fV1, :::,Vqg be such a partition. Then, one can easily see
that each Vi is a quorum class. Hence, p is a quorum color-
ing of order q¼K.

Conversely, suppose that G has a quorum coloring of order
at least K¼ q and let p0 ¼ fV 0

1, :::,V
0
qg be such a coloring.

Clearly, jV 0
i j � d4þ1

2 e ¼ 3, for every i 2 f1, :::, qg: Therefore,
jV 0

i j ¼ 3, for every i 2 f1, :::, qg for otherwise, jVðGÞj > 3q:
Since each class of p0 is a quorum class, all vertices of each V 0

i
are necessarily pairwise adjacent, that is, each V 0

i is a triangle.
Consequently, p0 is a partition of G into triangles. w

The NP-completeness of the problem 4-REGULAR
QUORUM being now established, an interesting open prob-
lem is to determine more generally the complexity of the
decision problem associated with the quorum coloring num-
ber in r-regular graphs, for r > 4.

3. Answer to Question 2

In [1], Bazgan et al. proved that problem BALANCED
SATISFACTORY PARTITION is polynomial-time reducible
to problem SATISFACTORY PARTITION, where
SATISFACTORY PARTITION was defined as follows:

SATISFACTORY PARTITION
Instance : Graph G ¼ ðV, EÞ:
Question : Is there a partition fV1,V2g of V such that for

every v 2 V, if v 2 Vi then dViðvÞ � dV3�iðvÞ?

Proposition 2. [1] BALANCED SATISFACTORY PARTITION
is polynomial-time reducible to SATISFACTORY PARTITION.

In the following proposition, we prove similarly that
problem BALANCED QUORUM is polynomial time redu-
cible to problem QUORUM-ONE by using the reduction of
Proposition 2 and adapting its proof.

Proposition 3. Problem BALANCED QUORUM is polyno-
mial time reducible to problem QUORUM-ONE.

Proof. Let G ¼ ðV ,EÞ be a graph, instance of BALANCED
QUORUM on n vertices. The graph G0 ¼ ðV 0, E0Þ, instance
of QUORUM-ONE, is obtained from G by adding two cli-
ques of size n

2 ,A ¼ fa1, :::, an
2
g and B ¼ fb1, :::, n

�2g: In G0,
in addition to the edges of G, all vertices of V are adjacent
to all vertices of A and B. Also, each vertex ai 2 A is linked
to all vertices of B except bi, i 2 f1, :::, ng:

Let fV1,V2g be a balanced quorum coloring of G. Then,
fV 0

1,V
0
2g ¼ fV1 [ A,V2 [ Bg is a quorum coloring of G0:

Indeed, we have
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for every v 2 A, dV 0
1
ðvÞ þ 1 ¼ dAðvÞ þ dV1ðvÞ þ 1

¼ jAj � 1þ jV1j þ 1

¼ jAj þ jV1j ¼ jBjþ
jV2j ¼ dV 0

2
ðvÞ þ 1 > dV 0

2
ðvÞ, and

for every v 2 V1, dV 0
1
ðvÞ þ 1 ¼ dAðvÞ þ dV1ðvÞ þ 1

¼ jAj þ dV1ðvÞ þ 1

¼ jBj þ dV1ðvÞ þ 1 �
jBj þ dV2ðvÞ ¼ dV 0

2
ðvÞ:

By symmetry, we obtain analogously:

for every v 2 B, dV 0
2
ðvÞ þ 1 > dV 0

1
ðvÞ, and

for every v 2 V2, dV 0
2
ðvÞ þ 1 � dV 0

1
ðvÞ:

Conversely, let fV 0
1,V

0
2g be a quorum coloring of G0: Set

V 0
1 ¼ V1 [ A1 [ B1 and V 0

2 ¼ V2 [ A2 [ B2 where Vi �
V,Ai � A and Bi � B, with i 2 f1, 2g: We claim that
fV1,V2g is a balanced quorum coloring of G. We consider
the following two cases.

Case 1. Either A1 [ B1 ¼ ; or A2 [ B2 ¼ ;:
Suppose without lost of generality that A2 [ B2 ¼ ;:
Therefore, A1 [ B1 ¼ A [ B (i.e.: A1 ¼ A and B1 ¼ B). Since
fV 0

1,V
0
2g is a quorum coloring of G0, then we have by defin-

ition for every v 2 V2, dV 0
2
ðvÞ þ 1 � dV 0

1
ðvÞ: Hence, dV2ðvÞ þ

1 � dV1ðvÞ þ n, or equivalently dV2ðvÞ � dV1ðvÞ þ n� 1:
Thus, G ¼ Kn (n even) and any clique of even order has a
balanced quorum coloring.

Case 2. Now assume that neither A1 [ B1 nor A2 [ B2 is
empty. We consider the following two subcases.

Subcase 2.1. A1 [ B1 ¼ A and A2 [ B2 ¼ B (i.e.: B1 ¼ ;
and A2 ¼ ;).
Since fV 0

1,V
0
2g is a quorum coloring of G0, we have

for every v 2 A, dV 0
1
ðvÞ þ 1 ¼ dAðvÞ þ dV1ðvÞ þ 1

¼ jAj � 1þ jV1j þ 1

¼ jAj þ jV1j � dV 0
2
ðvÞ

¼ dBðvÞ þ dV2ðvÞ
¼ jBj � 1þ jV2j
¼ jAj � 1þ jV2j ðsince jAj ¼ jBjÞ:

Consequently,
jV1j � jV2j � 1: (1)

By symmetry, we obtain
for every v 2 B, jV2j � jV1j � 1: (2)

Inequalities (1) and (2) imply that jV1j 2 fjV2j � 1, jV2j,
jV2j þ 1g: Since n is even, we get jV1j ¼ jV2j:
Then, by removing the vertices of A [ B, we remove for
each vertex of V1 and each vertex of V2, n

2 neighbors in its
class and n

2 neighbors in the other class. Thus, fV1,V2g is a
balanced quorum coloring of G.

Subcase 2.2. Either A or B is cut by the partition, with one
part in V 0

1 and the second part in V 0
2:

We now show that if ai 2 A1 for some i, then also bi 2 B2 for
the same i. Assume by contradiction that bi 2 B1:We have,

dV 0
1
ðaiÞ þ 1 � dV 0

2
ðaiÞ () dA1ðaiÞ þ dB1ðaiÞ þ dV1ðaiÞ þ 1

� dA2ðaiÞ þ dB2ðaiÞ þ dV2ðaiÞ
() jA1j � 1þ jB1j � 1þ jV1j þ 1

� jA2j þ jB2j þ jV2j () jV 0
1j � jV 0

2j þ 1

(3)

Now, let aj 2 A2: Then, either bj 2 B1 or bj 2 B2:
If bj 2 B2, by analogy with the previous case we obtain,

jV 0
2j � jV 0

1j þ 1 (4)

However, inequality (4) contradicts inequality (3).
Hence, bj 2 B1:
Since fV 0

1,V
0
2g is a quorum coloring of G0, then

dV 0
2
ðajÞ þ 1 � dV 0

1
ðajÞ () dA2ðajÞ þ dB2ðajÞ þ dV2ðajÞ þ 1

� dA1ðajÞ þ dB1ðajÞ þ dV1ðajÞ
() jA2j � 1þ jB2j þ jV2j þ 1

� jA1j þ jB1j � 1þ jV1j () jV 0
1j � jV 0

2j þ 1

(5)

(3) and (5) imply that jV 0
1j ¼ jV 0

2j þ 1, which is impossible
since jVðG0Þj ¼ 2n:
In conclusion, jA1j ¼ jB2j and jA2j ¼ jB1j: So, jA1 [
B1j ¼ jA2 [ B2j ¼ n

2 :
Moreover, we have
for every v 2 A1 : dV 0

1
ðvÞ þ 1 � dV 0

2
ðvÞ

() dA1ðvÞ þ dB1ðvÞ þ dV1ðvÞ � dA2ðvÞ þ dB2ðvÞ þ dV2ðvÞ
() jA1j � 1þ jB1j þ jV1j þ 1 � jA2j þ jB2j � 1

þ jV2j () jV1j � jV2j � 1,

(6)

and by symmetry for every v 2 A2,

jV1j � jV2j þ 1 : (7)

Inequalities (6) and (7) imply that jV1j 2 fjV2j �
1, jV2j, jV2j þ 1g: However, n ¼ jV1j þ jV2j is even and
hence, jV1j ¼ jV2j: Thus, fV1,V2g is a balanced quorum
coloring of G. w

We state now our NP-completeness result.

Theorem 4. Problem QUORUM-ONE is NP-complete.

Proof. Clearly, QUORUM-ONE is in NP: We reduce
BALANCED COST EFFECTIVE PARITION to BALANCED
QUORUM which shows the NP-completeness of BALANCED
QUORUM. Proposition 3 implies the NP-completeness of
QUORUM-ONE. The reduction is as follows.

Let G be a graph of even order, instance of BALANCED
COST EFFECTIVE PARTITION, and consider �G as instance
of BALANCED QUORUM. We will show that the instance G
has a solution if and only if the instance �G has a solution.

Suppose that the instance G of BALANCED COST
EFFECTIVE PARTITION has a solution fV1,V2g: This is
equivalent to,

for every i 2 f1, 2g, dViðvÞ � dV3�iðvÞ
() jVij � 1� dViðvÞ � jVij � 1� dV3�iðvÞ
() �dViðvÞ þ 1 � jV3�ij � dV3�iðvÞ
() �dViðvÞ þ 1 � �dV3�iðvÞ

(8)
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Inequality (8) means that fV1,V2g is a balanced quorum
coloring of �G: w
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