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In this paper, we study the auxiliary problems that appear in p-order Received 31 August 2019
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with v-Holder continuous pth derivatives. This type of auxiliary prob- KEYWORDS

inimizati f -order regulariza- ; G
Igms corresponds to the mlnlmlzatl'on of a (p+v) order reg Unconstrained minimization;
tion of the pth-order Taylor approximation of the objective. For the high-order methods; tensor
case p = 3, we consider the use of Gradient Methods with Bregman methods; Holder condition;
distance. When the regularization parameter is sufficiently large, we worst-case global complexity
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1. Introduction
1.1. Motivation

In [19], a cubic regularization of Newton’s method (CNM) was proposed for convex and
nonconvex minimization of functions with Lipschitz continuous Hessian. At each itera-
tion of CNM, a trial point is computed by minimizing a third-order regularization of the
second-order Taylor approximation of the objective function around the current iterate.
When the objective f is convex, it was shown that CNM takes at most O(e ~1/2) iterations
to generate X such that f(X) — f. < €, where f, is the optimal value of f. An accelerated
version of CNM was proposed in [16] with an improved complexity bound of O(e~1/3).
In the sequel, accelerated p-order tensor methods with complexity of O(e~/®+D) were
proposed by Baes [1], generalizing the accelerated CNM. However, each iteration of these
tensor methods require the exact minimization of a potentially nonconvex model, namely,
a (p + 1)-order regularization of the pth-order Taylor approximation of the objective.
Since the global minimization of general nonconvex multivariate polynomials is com-
putationally out of reach, the contribution in [1] remained restricted to the theoretical
field.
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Recently, two important works have pointed new ways towards practical tensor meth-
ods. In the context of nonconvex optimization, Birgin et al. [3] presented a p-order tensor
method that can find x with ||Vf(X)|l« < € in at most O(e~P+D/Py jterations, general-
izing the bound of O(e3/?) proved in [19] for the CNM (case p = 2). The method is
based on the same regularized models used in [1] but allows the trial points to be approx-
imate stationary points of the tensor models. On the other hand, in the context of convex
optimization, Nesterov [17] proved that regularized tensor models are convex if the cor-
responding regularization parameter is sufficiently large. This makes possible the iterative
solution of tensor auxiliary problems by efficient methods from Convex Optimization.

The tensor methods in [17] make explicit use of the Lipschitz constant of the higher-
order derivative of the objective and also require the exact solution of the convex auxiliary
problems. In [10,11], we proposed adaptive tensor methods for unconstrained mini-
mization of convex functions with v-Holder continuous pth derivatives. These methods
generalize the regularized Newton methods presented in [8,9] for p = 2 and allow inexact
solution of the auxiliary problems as in [3].

In this paper, we investigate the use of Gradient Methods with Bregman distance to
approximately solve the auxiliary problems in third-order tensor methods. When the reg-
ularization parameter is sufficiently large, we prove that these schemes applied to the
corresponding tensor model take at most O(log(e 1)) iterations to find either an approx-
imate stationary point of the model (in the sense of [3]) or an e-approximate stationary
point of the original objective function.

1.2. Contents

The paper is organized as follows. In Section 2, we state the general problem. In Section 3,
we establish convexity and smoothness properties of regularized third-order tensor mod-
els. In Section 4, we consider a Bregman Gradient Method for the approximate solution
of smooth third-order tensor auxiliary problems. In Section 4, we consider possibly nons-
mooth auxiliary problem that arise in composite convex optimization. General complexity
results for Bregman Gradient Methods are provided in the Appendix.

1.3. Notations and generalities

In what follows, we denote by [E a finite-dimensional real vector space, and by E* its dual
space, composed by linear functionals on [E. The value of function s € E* at point x € £
is denoted by (s, x). Given a self-adjoint positive definite operator B : E — E* (notation
B > 0), we can endow these spaces with conjugate Euclidean norms:

x| = Bx,x)"/%, x € E, |sll« = (s, B"'s)1/2, s € E*.

For a smooth function f : dom f — R with convex and open domain dom f C E, denote
by Vf(x) its gradient, and by V2f(x) its Hessian evaluated at point x € dom f. Note that
Vf(x) € E* and V2f(x)h € E* for x € domf and h € E.

For any integer p > 1, denote by

DPF(O)[h,. .. by
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the directional derivative of function f at x along directions h; € E, i=1,...,p. In
particular, for any x € dom f and hy, h; € [E we have

Df(x)[l] = (Vf(x), ) and D*f(x)[h1, ha] = (V*f(x)h1, ha).

Ifh) = --- = hy, = h € E, wedenote DPf(x)[h1, . . ., hy] as DPf (x)[h]P. With this notation,
the pth-order Taylor approximation of function f at x € dom f can be written as follows:

fGe+h) = Oupe+ 1) +o([IP),  x+h e domf, (1)
where
LA .
cDx,p(y) Ef(x) + Z 1—'le(x) [y —x]% yE E. ()

i=1 "

Since DPf (x)[-] is a symmetric p-linear form, its norm is defined as:

IDPf(x)|| = max {IDPf )R, .. k]| 2 IRl <1, i=1,...,p}.

Lo
It can be shown that (see, e.g. Appendix 1 in [18])
IDPfG0)ll = max {|DEf Go[hIP| - 1Al < 1}

Similarly, since DPf(x)[-,...,:] — DPf(»)[-,...,-] is also a symmetric p-linear form for
fixed x, y € dom £, it follows that

IDPf(x) — DPF(y)|l = max {|DPf(x) [} — D) [RIP] : [|R]| < 1}.

2. Problem statement

Let f : E — R be a p-times differentiable convex function with v-Hélder continuous pth
derivatives, that is,

IDPf(x) — DPf ()l < HpWllx = yII", ¥V x,y € E, (3)

for some v € [0, 1]. Given x € E, let us consider the following minimization problem:
: Q(V) =o H ptv 4
ryrgIIEl wpHD) = Pap(y) + ;!”)/ — x[|7, (4)

where @, ,(-) is defined in (2) and H > 0. Problems of the form (4) appear as auxiliary prob-
lems in p-order tensor methods for convex and nonconvex unconstrained optimization
(see, e.g. [3,5,10,11,15]). In these methods, only approximate stationary points of QS,);,H(‘)
are required [3]. Specifically, it is enough to find x* such that

Q) (") < f), (5)
and
VR ()l < Ollx — 2P, (©)

where 6 > 0. The next lemma gives a sufficient condition for (6) to be satisfied.
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Lemma2.1: Letx € E,H,0 > 0andd € (0,1). If

+ w o+ : l 6(p— D!
IVF(x)l« =& and IIVQX,P,H(X e Smln{Z’Z[Hf’p(l})—I—H(p—}—U)]}3, (7)

then x* satisfies (6).

Proof: From (3), it follows that

Hyp(v) |

Vi) = Vo x =
IVf(») 2D = -1

ly —x[PT!, vy eR. (®)
Combining (7) and (8) we obtain

8 < VANl < IVFET) = Vrp (s + IV Prpx™) — VL) D)l

+ VR 5Dl
H
< oWy gt f HOED e iy 2
@- 1! p! 2
_ Hyp) + Hp+v)
(—D!

5
et — P

Thus,

H H
g < < fsp + (P + \))> ||x+ _ x”p+v71’
(- D!

which gives

[ O~ 1 ]asenﬁ—xnﬁ“. 9)
2H; ) + HGp + v)]

Finally, (6) follows directly from the second inequality in (7) and (9). [ |

In view of Lemma 2.1, x™ satisfying (5)-(6) can be computed by any monotone opti-
mization scheme that drives the gradient of the objective to zero. It is worth mentioning
that the lemma above does not require the convexity of f. Therefore, a slight modification
of it also applies to the tensor models in [3,5,15]. Our goal in the next sections is to describe
iterative schemes to solve (4) with p = 3, and also provide iteration-complexity bounds for
reducing the norm of the gradient below the threshold specified in the second inequality
in (7).

3. Gradient method for smooth third-order tensor models
3.1. Convexity and relative smoothness properties

The next lemma gives a sufficient condition for function QS}Z 1 (+) to be convex.
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Lemma 3.1: Let p > 2. Then, for any x,y € [E we have

Hyp(v)

rETyL x[[P+" 2B, (10)

V(y) < V20, () +

Moreover, if H > (p — 1)Hy,,(v), then function Qi‘ﬁ)H(.) is convex for any x € E.

Proof: See Lemma 5.1 in [10]. |

()

In order to exploit additional properties of 2, ; ;

that

(+), let us focus on the case p = 3. Note

1 1
®3(y) = f(x) + (Vf(x),y — x) + E<v2f<x><y —x),(y —x)) + gD3f(x> [y —xI?, (11)
and

H
QM) () = Du3() + <y x| (12)

The next auxiliary result gives bounds on the third-order derivatives of f. Its proof is an
adaptation of the proof of Lemma 3 in [17].

Lemma 3.2: Forany x,y € E and v > 0 we have
1
==V () = T HsW)lly = xlI"B < D)1y — 4]

1
< -V + T Hps@)lly — 2B (13)

Proof: Given u,y € [E, by Lemma 3.1 (for p = 3) and the convexity of f, we have:

0 < (VY u,u) < (V2Dy3()u,u) + Hrs()lly — x| [|ul?
= (Vf(x) + D’f(0)ly — xDu, u) + Hs0) Iy — x| [Jull*.

Thus, replacing y by y = x + t(y — x), we obtain

0 < (VX (Du, u)
< (VEfu,u) + (D’ F )y — xlu, u) + T T Hp30) [y — x| [Jull?
= —t(D’f(O)[y — xlu, u) < (VEFOu,u) + T T Hp30)ly — x| Ju)|®.

Then, dividing this inequality by —7, it follows that
1
(D*f(0)y — xlu, u) > —;<v2f<x>u, u) — =t Hes )y — =" ul>. (1)

Since u is arbitrary, this gives the first inequality in (13). The second inequality in (13) can
be obtained by replacing y—x by —(y — x) in (14). |
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Now, using Lemma 3.2, we can prove relative smoothness properties! [14] of Q)%)H()

Theorem 3.3: Let 1y = [(3 + v)H/6Hf,3(u)]1/(1+") and

= l 2 — _ ; 13tV
Px()/)—z(Vf(X)()/ x)sy x)+3+vl|y x[I7 (15)

Then, the following assertions hold:
(a) Function Qi‘g’H(-) is Ly-smooth relative to px(-) for

g+ 1

Ly = max : Ty (te + 1)Hf’3(v)} . (16)

TH

(b) Ifty > 1, then function QJ(:;H(-) is uy-strongly convex relative to px(-) for

/g = min { tH , Th(TH — 1)Hf)3(v)} . (17)

TH

Proof: In view of (12) and (13), we have
H
V00 = V) + DYl — 21 + 5 (G Iy = 51

H+1 H
< (Ht—H> V(%) + thHps )y — x| 'V B + V7 (g ly - x||3+”)

tH+ 1), v 2 1 34
Vv Vel ——Ily —
=< ( - ) f(x) + Ty Hy3(v) <3 oy ly — x|l

G+vH_, [ 1 -
V _ v
+t— 3+V||y x|l

_ Ty + 1 2 v 2 1 o 3+v
= < - )V f(x) + ty(ta + DHp3(V)V <—3+ l}||)’ x|l

Ty +1

1
< max { T (T + 1)Hf,s<v)} [sz(x) +V? (3—}—_v||y - x||3+”)}
= LV p.(y).
Since px(-) is convex, by Proposition 1.1 in [14] we conclude that Q)(C?)H(-) is Ly-smooth

relative to p,(-). This proves (a).
Now, suppose that 7 > 1. In this case, by (12) and (13) we have

v H Vv
VR0 = V) + DYl 21 + 5 (G Iy = 51

Ty —1
> < HtH )sz(x) — tHz(W)lly — x||'TB
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3+ v)H 1
< v? (3 lly — x||3+”)
+v

Ty —1

=

v 1 v
o ) Vf(x) — tfyHy3(v)V? (?)—i—_v“y —x|*t )

B3+vH 1
p <3 ly — xll3+”)
+v

+ — +

= (rHtH ) V2 f(x) + 1y (ta — DHf3(v)V? (m”y _ x”3+v)

. ) TH
> min
{ 34+v

1
L Th(th — 1)Hf,3<v>} [sz(x) + V2 (—Ily - x||3+“)}
= nuV2px(y).

Thus, by Proposition 1.1 in [14], we conclude that Q)(CQ’H(-) is py-strongly convex relative

to px(+), and this proves (b). [ |

Remark 3.1: Note that

1 _
v? <3+_u Iy - x||3+“) =1+ vy —xI""By -0 -0 "B+ |y — xI"B.

Consequently, for all y € [E, we have
V200l < IV2F GOl + 2 + )y — 21, (18)

where ||A|| = maxy=1 [|Ahl|, for any matrix A. Moreover, by Lemma 5 in [7], it follows
that p,(-) is uniformly convex of degree 3 + v with parameter 2=+,

The next lemma establishes an upper bound for the Hessians of function px(-) when
H Z Hf)p(v).

Lemma 3.4: Given x € Eand H > Hy3(v), let
Lhw ={zeB: QY40 = f®}.

Suppose that f has a global minimizer x* and that

x € F(xg) = {zeE:f(Z) Sf(xo)}’

with
sup Iy — x|l < Ry < +o00, (19)
yeF (xo0)
and Ry > 1. Then,
sup {IIV2oxW)l : y € co (L)} < VA ()l 4+ 12Rf = Ny, (20)

where co(X) denotes the convex hull of the set X.
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Proof: If y € Ly (x), then
Q) 4 < f@) < f(x0). (21)
Since H > Hy 3(v), it follows from (3) that
)
fO) < Q550 (22)
Combining (21) and (22), we conclude that y € F(x¢) and, by (19), we obtain
ly — xIl < Ily = x*[| + lx* — x| < 2R,. (23)

Now, let y € co(Lp(x)). Then, there exists A € [0,1] and y1,y2 € Lg(x) such that
y = (1 — A)y1 + Ayz. Consequently, using (23), we get

ly —xll = (1 = Mlly1 — xll + Ally2 — x|l < 2Ro. (24)

Finally, by (18) and (24), we conclude that (20) holds. |

Even when H < Hy,(v) and x ¢ F(xo), we can bound the Hessians of px(-) on
co(Ly(x)). For that, we need first to establish the coercivity of SZ%)H() when v # 0.

Lemma 3.5: Letx € E, H> 0 and v # 0. Then, the following statements are true:

(a) GivenA > 0, if

_ 1/3 12
Iy -l > m“w_ﬂ»] IERCEES
H H

3V [3+ ||D3f(x)ll}1/v} (25)

H H

then Q;(cl,)3),H()’) > A.

(b) Q%’H(-) is coercive.
Proof: First, by the definition of Q3 y(-) and the Cauchy-Schwarz inequality, we obtain
QL) 2 f) = IVf G llly — =l = %nvzf(x) Iy —
— Dy = I+l =

Thus, to ensure chvg 1 (») > A, it is enough to have

H 1
<= x[PT > (A = F(0)) + IVF@ll«lly — x|l + Envzf @y — x|1?

1
+ g||D3f<x>||||y — x|,
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which is equivalent to

s 6(A—f(x) 6Vl 3IVE@I 1D
x||” > + .

ly — (26)
Y Hly—xI° " Hly—xI? " Hly—xl H
Note that, if (25) holds, then (26) holds. Therefore,
(25) = (26) = Q) () > A.
This proves statement (a).
Finally, given A > 0, if
6(A —feN " T6IV @117 B3IV
Iyll > llx]| + max { [Tf] , ]; u , I_J; ,
D3 1/v
|:3_|_|| f(x)||:| ’
H
then, by (a), we have Qi‘g () > A.Since A > 0 is arbitrary, we conclude that
lim Q) () = +oo.
Iyll—+00 ™7
This proves statement (b). |

As a corollary of Lemma 3.5, we can establish the following upper bound for ||y — x||
whenever y belongs to the convex hull of a suitable sublevel set of Qy 3 ;7 (-).

Lemma 3.6: Givenx € E,H>0andv # 0, let

Lnw ={zeB: QY40 = f®}. (27)

Then,

1/2 2 3 1/v
Iy — =l 5max{1,|:6|lvf(x)”*j| 31V f(x)ll’[3+ ||Df(x)||} }
H H H

= Dx, (28)
forall y € co(Lu(x)). Consequently,

sup {[IV2ox ()l : y € co (L)} < IV @) + 2+ v)D2y = Neg.  (29)
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Proof: By Lemma 3.5(a) with A = f(x), we have the implication

1/2 2 3 1/v
||y_x||>max{[6”vf(x>”*] )3||Vf(x)ll,[3+IIDf(x)II] }

H H H

— Q) () > f(x),

whose contrapositive is

QM L) <fx) = lly — x|

1/2 1/v
g max{[awf(x)n*] 3||V2f(x)||’[3+ ||D3f(x)||} }

H ’ H H

Thus, if y € Ly(x), then the bound (28) holds for y. Consequently, as in the proof of
Lemma 3.4, we obtain

ly —xll < Dxn, Vye€co(Lux). (30)

Finally, (29) follows by (18), Dy y > 1 and (30). [ |

3.2. Gradient method and its efficiency

Let us consider the problem

min 273 1(7) (31

By Theorem 3.3, Remark 3.1 and Lemma 3.6, it follows that:

o Q)},() is Ly-smooth;
e () is uniformly convex of degree 3 + v with parameter 2~ 4w,
o py(+) is twice differentiable and || V2 P« |l is bounded on co(Ly(x)).

This means that QS);H() and py(-) satisfy assumptions H1-H3 in Appendix. Therefore,
we can apply Algorithm A (see page 17) to solve (31). The Bregman distance corresponding
to px(+) is

Box (s v) = px(v) — px() — (Vox (1), v — u). (32)

Thus, Algorithm A applied to (31) can be rewritten as follows.
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Algorithm 1. Algorithm A applied to (31)
Step 0. Choose Ly > 0. Set yp = x and k: = 0.
Step 1. Set i: = 0.

Step 1.1. Compute y,ti = arg minzeE{(VQSg’H(yk),Z —yk) + 2iLkﬁpx k> 2)}-
Step 1.2. If

QU 1) < QU L00 + (YR 100 Y — k) + 2" LiBo, o Y

set ix := i and go to Step 2. Otherwise, set i: = i+ 1 and go to Step 1.1.
Step 2. Set yyy1 = y,';.k and Ly = 2% 1L,
Step 3. Set k: = k+ 1 and go to Step 1.

When H is sufficiently large, the next theorem establishes that Algorithm 1 takes at most
O(log(e~1)) iterations to find an e-stationary point of QS%) ().

Theorem 3.7: Suppose that f has a global minimizer x* and that x € F (xo) with

sup |y —x*|| <Rg <400, Ro>1. (33)
yeF(x0)

Denote My = max{2Ly, 4Ly}, with Ly defined in (16) and
= IV ()l + 12R;,. (34)

Let {yk}r=0 be a sequence generated by Algorithm 1. If H > [6/(3 + v)]Hf3(v) and
||VQ,(C‘,)3),H(}’T+1)||* > € for agiven e € (0,1), then

M —1
T < |:10g2 (]ﬁ)] [Cx,H + (3 + V)] logz(eil)’ (35)

where

43 + v)Mff”N,%;LH) 6

Cx,H - 10g2 ( 2—(1-‘,—1})

Proof: Since H > [6/(3 + v)]Hf3(v), it follows from Theorem 3.3 that Q)(C?)H(-) is
Ly-smooth and ppy-strongly convex relative to px(-), with puy > 1. Moreover, by
Remark 3.1 and Lemma 3.4, function px(-) is twice differentiable, uniformly convex of
degree 3 + v with parameter 2~(1*") and satisfies

sup {[[V2ox ()| : y € co (Ly(x))} < Ny
Thus, Qig)’H(-) and px(-) satisfy assumptions H1-H4 in AppendixwithL = Ly,q =3 + v,

oq = 2704V N = N, and i = juy. Consequently, by Corollary A.6, we must have

M e
T < [1og2 (ﬁ)} [cx,H + G+ v)] log, (¢ ™), (37)
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where

) (2(3 + V)ME Neptsi B, (x, S(x))) G9)

Con = 10g2 7—(1+v)

with S(x) € argminyecg SZS;H()/). Clearly, S(x) € Lu(x). Thus, if follows from (32), (14),
Rp > 1 and (34) that

B (%, 8(%)) = px(S(x))

_ l 2 _ _ ; _ 3+v
= 2(V £ (S(x) — x), S(x) — x) + 3Jr1}IIS(JC) x||

IA

1 o2 C2a 1 3y
SIVF@NIS@) — x| +3+v||5(x) x|l

1
[IV2f Il + 11SG) — xI' ] 1S(x) — x|1?

=3

<2 [IVF @1+ R ] 2Ro)?

<2[IV¥ )l + 4Ry ™ RS

< 2N2. (39)
Finally, combining (37)-(39), we obtain (35)-(36). [ |

Remark 3.2: Ifx ¢ F(xp),by Lemma 3.6 wealsohave T < O(log, (e~1)) with N, replaced
by N, in (36), as long as v # 0. In both cases, it is worth mentioning that the potentially
‘bad’ constants N, and Nx,H are inside the log, (-) in (36).

When H < [6/(3 + v)]Hf 3(v), problem (31) may be nonconvex. Even in this case, we
can establish complexity bounds for Algorithm 1 if v # 0.

Theorem 3.8: Givene € (0, 1), let {yx}k>0 be a sequence generated by Algorithm 1 such that
VR y ool > € fork=0,...,T. (40)
Then, the following statements are true:

(@) IfH < [6/(3 + v)]Hf3(v), then

NG+ vMEYE | (340)
T=s| == €

where Nx,H is defined in (29) and
1
Fy =Dy [IIVf(x)II* + 5||v2f(x>||Dx,H + ||D3f(x>||D§,H] ,

with D, g given in (28).
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(b) IfH = [6/(3 + v)]Hf3(v), then

. 1/2
G2 G+ N,
A —(3+v)/2
oo C ),

Proof: Combining Theorem 3.3(a), Remark 3.1, Lemma 3.6 and (40) with Theorem A.2,
we obtain

L [REEG+ vM” (fo) - 2l sa)
<

- >—(1+) e O, (41)

with S(x) € argminycg QS})H (y). Since S(x) € Ly (x), it follows from (19) that

f@) — QN 4 (S()) = (V). x — S(x)) + %(sz(x) (S(x) — %), S(x) — x)
- éD3f @[S(x) — x]* — %usu) — x|
< IVF@ 141G — x| + %nvzf(x) 118G — x|
+ D f ) 11SG) — xI1°
< Dun [nwmn* + %nvzf(x)an,H + ||D3f<x>||Di,H]
= F,. (42)

Thus, from (41) and (42) we see that statement (a) is true.

Now, suppose that H = [6/(3 + v)]Hf3(v). Then, by Theorem 3.3(b) functions
Q;(c?,H(‘) and p,(-) satisfy assumption H4 in Appendix with u = 0. Consequently, by (40)
and Corollary A.5 we have

< 62T B+ 1), (6 S)) TV
T <3 [MHNx,H] [ S } G2 (43)
As in the proof of Theorem 3.7, by (29) we have
1o
Bp, (x,8(x)) < EN"’H' (44)
Thus, combining (43) and (44), we see that statement (b) is also true. |

In view of Lemma 2.1 and Theorem 3.7, if H > [6/(3 + v)]Hf 3(v), then Algorithm 1
takes at most O(logz(e_l)) iterations to generate x™ such that either |[Vf(x")|. <€
or (5)-(6) holds for p = 3. In contrast, by Theorem 3.8, if H = [6/(3 + v)]Hf3(v) or
H < [6/(3 + v)]Hf3(v), this iteration complexity bound is increased to O(e~3+v)/2) and
O(e= G+, respectively, in the case v # 0.
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4. Auxiliary problems in composite minimization

For third-order tensor methods designed to composite minimization [10,12], the auxiliary
problems take the form:

min ©27,0) = 255 0) + ¢ ), 45)

where Qfg’H(-) isdefined by (4), H > (p — 1)Hf3(v) and ¢ : E — R U {+o00} is a sim-
ple closed convex function whose effective domain has nonempty relative interior. In this
case, we are interested in finding an approximate solution x™ for (45) such that?

QL) () < () + 9(x) = ), (46)
and
VL (D) + o (Dl = Ol —x)*, (47)

for some g, (xT) € dp(x™). For general p > 2, we have the following generalization of
Lemma 2.1.

Lemma4.1: Letx € E,H,0 > 0and § € (0,1). Given g,(x) € dp(xT), if

IVFT) + o (Dl = 6, (48)
and
e 6(p— 1)!
vol (x") 4+ ¢, (xM)||x < min { =, 3, (49)
IV€epm 8ol = 2’ 2[Hyp(v) + Hip + v)]
then x* satisfies (47).
Proof: 1t follows as in the proof of Lemma 2.1. |

Suppose that H > 2Hy3(v). Then, in view of the relative smoothness properties of

Q)(C?)H(-) established in Section 3.1, we can apply Algorithm B (see page 25) to solve (45):

Algorithm 2. Algorithm B applied to (45)

Step 0. Set yp = x and k: = 0.

Step 1. Compute yii1 = argminger{(VQ2:x30Wk),2 — yk) + 2LaBp, (VK> 2) +
®(2).

Step 2. Set k: = k41 and go to Step 1.
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The next theorem establishes that Algorithm 2 takes at most O(log, (e~ 1)) iterations to
generate x™ such that

IVRY) ) + g (M llx < e,

with g, (xT) € dp(xT).
Theorem 4.2: Suppose that f = f + ¢ has a global minimizer x* and that

x e Flxy) = {z cE:f(z) 5]7(960)}’

with

sup |ly —x*|| <Ry < 400, Ro>1.
yeF(xo)

Assume that H > 2Hy 3(v) and let {y}r=0 be a sequence generated by Algorithm 2. Then,
forall k > 1, we have

2K = 2L [Vox0k—1) — Vox (0] — V2L 1 0k-1) € 39 (). (50)

Moreover, if

IVRY yrrs1) + g Ora)lls > € (51)
for a given € € (0,1), then
2Ly -1 _1
r=[on (32 )] Bt ool o
where
Kyt = log, <4<3 +v) z(ifer)f”NiMH) o)
with Ny given in (34).

Proof: By Lemma A.8 and ri(dom ¢) # ¢, we have
H(y) = 2o () + VR0 € 000 1 0 = { VR0 | + 00 0.

Thus, g, (yk) = u(yx) — VQ)(CQ’H(yk) € d¢(yx), and so (50) holds. Moreover, by (51), we
have

lu(yr+D) s > €.

Then, the bound (52) on T follows directly from Corollary A.10. |
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In view of Theorem 4.2, if H > 2Hy 3(v), Algorithm 2 takes at most O(log, (e 1)) iter-
ations to generate x* such that either | Vf(xT) + g,(x) ||« < € or (48)-(49) holds, for
2o(xT) € dp(x™) defined in (50).

5. Conclusion

In this paper, we studied the auxiliary problems that appear in non-universal adaptive p-
order tensor methods for unconstrained minimization of convex functions with Holder
continuous pth derivatives [10,11]. For p = 3, we consider the use of Gradient Methods
with Bregman Distance. When the regularization parameter is sufficiently large, we prove
that Bregman Gradient Methods applied to the corresponding tensor model takes at most
O(log(e’l)) iterations to find either a suitable approximate stationary point of the tensor
model or an e-approximate stationary point of the original objective function. The authors
believe this work is a step towards implementable third-order tensor methods for con-
vex optimization. Future research includes the development of methods for the auxiliary
problems in universal tensor methods and numerical experimentation.

Notes

1. See also [2] for a version of relative smoothness without strong convexity.
2. See, e.g. Section 5 in [10].
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Appendix. Adaptive Bregman proximal gradient method

A.1T Smooth minimization

Consider the following optimization problem

min g(y), (A1)
yeE

where g : E — R is L-smooth relative to a convex and smooth function d(-), that is, for all x, y € E,

g(x) <g(y) +(Vg(y),x — y) + LBa(y, x), (A2)
with

Ba(y, x) := d(x) — d(y) — (Vd(y),x — y) (A3)
being the Bregman distance corresponding to d(-). We assume that g(-) has at least one global
minimizer y* € [E. We do not assume the convexity of g(-) yet.

We shall consider the following adaptive version of the Proximal Gradient Scheme proposed
in [14]:

Algorithm A. Adaptive Proximal Gradient Method
Step 0. Choose yy € E, Ly > 0 and set k: = 0.

Step 1. Seti: = 0.

Step 1.1. Compute

Yoy = argmin {(Vg(y), x = i) + 2'LiBayio )} (A4)
Step 1.2. If
W) <80 + (Vg vt — yk) + 2 LiBaGi i), (A5)

set i := i and go to Step 2. Otherwise, set i: = i+ 1 and go to Step 1.1.
Step 2. Set yy41 = y,:fik and Ly = 2% 1L,
Step 3. Set k: = k+ 1 and go to Step 1.

Let us assume that:

(H1) g() is L-smooth relative to d(-).
(H2) d(-) is twice differentiable and uniformly convex of degree g, with parameter o; > 0.
(H3) There exists a constant N > 0 such that

sup {[IV2d()| : y € co (L))} < N,
where L(yo) = {y € E: g() = ().

The next lemma gives a global upper bound on Ly and a lower bound on the functional decrease
in successive iterations.

Lemma A.1: Suppose that H1 holds and let {yy}r>0 be a sequence generated by Algorithm A. Then,
for all k,

Ly < max{Ly,2L}, (A6)

and

8K) — §Wks1) = 2Lk 1Ba(Vks1>Y)- (A7)
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Proof: Letus prove by induction that (A6) is true. It is obvious for k = 0. Assume that (A6) is true for
some k > 0. Then, it follows from H1 and (A2) that 2* L cannot be bigger than 4L, since otherwise

the line search procedure should have stopped earlier. Thus,
Liy1 = max {Lo, 2% 'L} < max {Lo,2L},

that is, (A6) also holds for k + 1, which concludes the induction argument.
Now, let us prove (A7). In view of (A4), we have

Vek) + 2%Li (Vd(yi1) — Vd(p)) = 0,
which gives

(VEW)» yia1 — yi) = —2%Li(Vd(yir1) — VA, Y1 — Yi)-
Then, combining (A5) and (A8), we get

gk+1) < 8Uk) — 2% Li(Vd(yir1) — VAR, Ykt — yi) + 2% LeBa(ks Ykr1)
= g) — 2%Li(Vd(yks1) — VAR, Vi1 — Vi)
+ 2% L [dks) — ) — (VAR yks1 — yi)]
= g() — 2% L [d(yr) — dyir1) — (VA1) Yk — Yir1) ]

= gk) — 2% L Ba(Wir15 Yi)»
that is

. 8K — gk = 2% LkBa(yie1 yb)-
Finally, since Lyy; = 261, (A7) follows directly from (A9).

Theorem A.2: Suppose that H1-H3 hold. Then, for all k > 0 we have

8K — gUkr1) = IVgld,

q
q[max {2Lo, 4L}]9~ N4
where o4 and N are specified in H2 and H3, respectively. Moreover, for all T > 1,

[max {2Lo, 4L}]77! (g(y0) —g(y*))]l/q <1>1/q
i)

; q
m % <N
0§k§1¥—1 Vel = |: oq
Consequently, if

IVl > €, fork=0,...,T—1,

for a given € > 0, we have

I < [qu [max {2Lo, 4L}]97" (g(y0) —g(y*))] o
Oq

Proof: By H2, d(-) is uniformly convex of degree q with parameter o; > 0. Therefore,

0,
BaWkt1, yk) > ;quykﬂ — el

In this case, by (A7) we obtain

2Liy104

80K —gWky1) = Iyks+1 — yll9.

By the definition of i, this point satisfies the following first-order optimality condition:

Vei) + 2%Li (Vd(yrs1) — V() = 0.

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

In view of H3, it follows from the mean value theorem that Vd is N-Lipschitz continuous on
co(L(y9)). From (A14), we see that {g(yx)}x>0 is nonincreasing, and so {yx} C L(y9). Combining
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these facts, we get

IVdyrs1) — VAl < Ny —yell, Yk (Al6)
Then, it follows from (A15), (A16) and (A6) that

Vel < 2% Lel| Vd(ir1) — VAW e < Q¥ LONlyksr — yll.

Thus,
— > \Y% . Al7
lye+1 — yill = 2Lk+1N” gl (A17)
Combining (A14), (A17) and (A6), we obtain
2Lk 10,
g0 — gis) = g — yiel®
2Lk+1‘7q q
\Y%
4 CLe)iNd Vgl
94 q
=— |V
2L N Ve Il
g,
> 2 VeI,

q [2 max {Lo,2L}]97! N4
which gives (A10). Summing up inequalities (A10) for k =0,...,T — 1, we get

g0o) — g™ = gvo) —gyr)
T-1

=) 80K —gWk+1)
k=

T—

_— O

%
— 4 [2max{Lo, 2L}]1~" N4

v

IVg(yill?

=

o q
T 4 — |
~ ql[2max{Lo,2L}]97" N4 <0§k§1T_1 I g()’k)ll*)
which gives (A11). Finally, (A13) follows directly from (A11) and (A12). m

Now, let us consider the following additional assumption:
(H4) g(-) is u-strongly convex relative to d(-).

Lemma A.3 (Three-Point Property): Let ¢ (-) and d(-) be convex functions and let B4(-,-) be the
Bregman distance from d(-). Given y € E, let

y+ = arg?eillEl {(]5(36) + ,Bd(y’x)} .
Then,
6+ Ba(n ) = 9O + Balyy) + Bayt %), VxeE, (A18)

Proof: See [6,13,20]. |

The next theorem establishes sublinear and linear convergence rates for Algorithm A.
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Theorem A.4: Suppose that H1, H2 and H4 hold and let {yx}k>0 be a sequence generated by
Algorithm A. Then,
1Ba (0, y*) _ (max {2Lo, 4L} — 40) Ba(yo, y*)
k - k ’
(1 + i) —!

where, in the case . = 0, the middle expression is defined in the limit as p — 0.

(A19)

g — g™ <

Proof: By H1 and Lemma A.1, it follows that {yx}i>0 is well-defined. Let us denote My = 2k L.
Then, for all k > 1, it follows from (A5) that

8k) < gWk—1) + (Vg€Wk—1)> Yk — Yk—1) + MikBa(Yk—1yk)- (A20)

In order to get an upper bound for the inner product in (A20), let us apply Lemma A.3 with h = d
and

800 = 3 (V80k-1)x = ).
In this case, y© = yk and, for y = y,_1, we obtain
%) + Ba(k—1,%) = ¢ (k) + Bak—1,76) + Baye-x), Vx € E,
that is
(V&(k—1)s % = yk—1) + MrBa(Yk—1,%) = (V& (k—1)s ¥k — Yk—1) + MiBa(yk—1,yk) + MiBa(yi> x).
This gives the upper bound
(VEWk—1) Yk — Yk—1) < (VEk—1)> X — Yk—1) + MBa(yk—1,%)
— MiBa(yk—1>yk) — MgBa(y> %)- (A21)

Combining (A20) and (A21), we obtain

8UK) = gk—1) + (VEWk—1)> X — yk—1) + MiBa(Vk—1, %) — MiBa(yk> x). (A22)
By (A4), we have

8x) = gyk—1) + (Vg(k—1), X — yk—1) + 1Ba(yk—1,%),

and so

(VE(k-1)>x — yk—1) < g(x) — gyk—1) — uBa(k—1,%). (A23)
Now, using inequality (A23) in (A22), it follows that

gk = g(x) + (M — 1) Ba(yx—1,%) — MiBa(yx, X).
Substituting x = y*, we get
g0k <80 + Mk — W Bak—1,Y") — MiBa (> y™). (A24)
Since B3(¥k—1,y™) = 0 and p > 0, it follows that
0 =gk — 80" = My — 10)Ba(k—15¥") = MiBa (i y*)
< Mi[BaGk=1,Y") — Bay)]
and so

Ba(k-1,y") — Ba(yi- y*) = 0. (A25)
Moreover, by Lemma A.1 we have

My = 2%L = 2(2%'Ly) < 2Li4 < max {2Lg, 4L} . (A26)
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Denote M = max{2L, 4L}. In view of (A24)—(A26), we obtain
8k < &™) + My — 1WBa(k—1,5") — MkBa(ye. y*)
=g0") + My [BaGk-1,Y") — BaWisy) | — uBak—1,y")
< 80" + M[Bak-1Y") = Baioy)] — nBa(k-1,5%)
= g0 + M = 1) Ba(k-1,y") — MBa(yi, y'). (A27)
Now, as in the proof of Theorem 3.1 in [14], we can show by induction that, for all k > 1,

Zk: (M)ig(y-) < Xk: (M>ig(y*) + MBa(yo, ") — <M)kMﬂd(yk y)- (A28)
M—pu)f =2\ —u ’ M—p .

i=1 i=1

Since {g(yx)} is nonincreasing and B, (yk, ¥*) is nonnegative, it follows from (A28) that

k M i
{Z <M—M> @K —g0") = MBa(yo,y™), Yk=1.

i=1

Thus, denoting
1

S ()

8w —g(") < GeMBa(yo,y*), Vk=1. (A29)
If u = 0, it follows that Cx = 1/k and so (A29) becomes

Cy =

we get

M
gk — g™ < I,Bd()’o,}’*)- (A30)

On the other hand, if & > 0 we have

which gives

Cr = p . (A31)
M [(1 + ML_M) - 1]
In this case, combining (A29) and (A31) we obtain
gk — g0 < “ﬂd(yo’yk) : (A32)
[(1 + ﬁ) - 1]
Thus, (A19) follows from (A30), (A32) and M = max{2Ly, 4L}. |

Corollary A.5: Suppose that H1-H3 hold and let {y\}i>o be a sequence generated by Algorithm A.
Additionally, assume that H4 holds with u = 0. If T = 3s for some s > 1, then

x71/9 2/q
qﬁd(yo,y)] <j> ) (A33)

T

in |V <MN
omin VeI = [

Oq
where M = max{2Ly, 4L}. Consequently, if
IVg)lls >€ fork=0,...,T—1, (A34)
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for a given € > 0, then

aPa(yo, ") ] "

T < 3 [max {2Lg, 4L} N]7/? |:
o
q

Proof: By Theorem A.4, we have

M > * .
g — 80" < 7'3‘1(?0 )iz
Since T' = 3s, in particular, it follows that
M )
MBaYo:YD - o9 - g07%)
2s
T-1
=g — g0 + D [g0m) — gksn)]

k=2s

9 q
- sm <0<5§Ef;,1 IIVg(ywn*) .

Therefore,

q %
. aMN)Ba(yo.y") | 1
(Osggil IIVg(yk)||*> < [ o4 ] 2

which gives (A33). Finally, (A35) follows directly from (A24) and (A34).

(A35)

Corollary A.6: Suppose that H1-H3 hold and let {yi}i>0 be a sequence generated by Algorithm A.
Additionally, assume that H4 holds with u > 0. Then, for all T > [log,(1 + /(M — w)]™L, with

M = max{2Ly, 4L}, we have

IVeplls < [
o 1+ —M’iM

Consequently, if || Vg(yT) ||« > €, for a given € € (0, 1), then

max (2L, 4L} -1 )
= [IOgZ <W2L}—ﬂﬂ [C+ a]logy (7,

where

2 2L, 4L} IN Ly
co log2< qmax {2Lg, 4L} wBa(yo, y )>'
0q

Proof: By Theorems A.2 and A 4, for all k > 1 we have

O
T | VEOR I = 80w g0
< Mﬂd(y())y*)
- k
[(1 o) - 1}
In particular, it follows that
1Vgnd < TN PGy

aq[<1+ML_M)T—1]

_ T/q
2gM1 INM,Bd()’O,}’*)T/q< 1 )

(A36)

(A37)

(A38)

(A39)
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Since T' > [log, (1 + /(M — w)]~! we have

wo\" 1 wo\"
1 —1>=(1 ) A40
<+M—M> _2<+M—u) (A40)

Thus, combining (A39) and (A40), it follows that

2gMI " N Ba(yo, y*)
q q HPalyo,y
IVeyrlls < >

o0 (1+ 55)

which gives (A36). Finally, (A37) follows directly from (A36), ||g(yT)|l« > € and € € (0, 1). |

In summary, if g(-) is L-smooth relative to a convex function d(-) which is uniformly convex
of degree g, then Algorithm A takes at most (J(§719) iterations to generate a point yx such that
Vgl < 8. If g(-) is also pu-strongly convex relative to d(-) with u = 0, then this complexity
bound is reduced to O(8~%/2). Moreover, if i > 0, the complexity bound is further improved to
O(log(5~1).

A.2 Composite minimization

Consider now the composite minimization problem

min g(y) =g(») + (), (A41)
yekE

where g : E — R is a twice-differentiable function satistying H1 and H4 (on pages 17 and 20,
respectively), and ¢ : E — R U {+00} is a simple closed convex function whose effective domain
has nonempty relative interior. We assume that there exists at least one optimal solution y* € E
for (A41). Moreover, for the sake of brevity, we suppose that the constant L in H1 is known. Thus,
to approximately solve (A41), we may use the following adaptation of Algorithm A:

Algorithm B. Proximal Gradient Method
Step 0. Choose yg € [E and set k: = 0.
Step 1. Compute

Ykt1 = argmin {(Vgi), x — yi) + 2LBa(yi x) + 9(x)} . (A42)

Step 2. Set k: = k+ 1 and go to Step 1.

Algorithm B can be viewed as a particular instance of the NoLips Algorithm in [2]. The next
lemma gives a lower bound on the functional decrease in terms of the Bregman distance. It
corresponds to Lemma 4.1 in [4]. We give its proof here for completeness.

Lemma A.7: Suppose that H1 and H4 hold and let {yy}r>o be a sequence generated by Algorithm B.
Then, for all k > 0,

E0K) — k1) = LBa(yks yi41)- (A43)
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Proof: In view of (A42), we have
(VEk)s yk+1 — ¥k + 2LBa(ks Y1) + ¢ k1) < @(k)-
Then,

(VW) yi+1 — yi) < —2LBa(yis Y1) — ¢ Wk+1) + ¢ (vk)- (A44)
Now, combining H1 and (A44), we obtain

8ka1) < gk +(VgWk), yk+1 — yk) + LBa(Vks yiv1)

<8k — 2LBaWi yk+1) — (k1) + o) + LBa(Vks Yir1)-
Therefore,
8Wkt1) =800 — LBaWs yit 1)
which gives (A43). |

The next lemma gives a lower bound on the functional decrease in terms of the norm of a certain
subgradient of g(-).

Lemma A.8: Suppose that H1-H4 hold and let {y}r>0 be generated by Algorithm B. Then, for all
k>0,

U(kt1) = VE0r1) — V) + 2L [Vd(ye) — Vd(ii1)] € 03(ks1)s (A45)
and
~ ~ 0,
BOW) —80ke) 2 oy g 4Ok DI, (A46)

where o4 and N are specified in H2 and H3 (see page 18), respectively.

Proof: By H2 and Lemma A.7, for all k, we have

B 5 Lo
oK) — 80ks1) = LBak Y1) > fnyk — Vi ll2. (A47)

By the definition of yx 1, this point satisfies the first-order optimality condition:

0 € {Vg) + 2L [VdGis1) — VAo ]} + 00 (i)

Since ri(dom ¢) # @, it follows that (A45) is true.
On the other hand, by H1, H4 and Proposition 1.1 in [14], we have

0 < uV3d(y) < Vig(y) < LV*d(y), VyeL.
Consequently,
IVZgIl < LIVZd)ll, VyeE. (A48)
Thus, in view of H3 and (A48), it follows from the mean value theorem that Vd and Vg are Lipschitz

continuous on co(L(y)) with constants N and LN, respectively. From (A47), we see that {g(yx) }k>0
is nonincreasing, and so {yx} C L(yo). Therefore,

lureD s < 1VEWkt1) — VEW s + 2LIVA(yr) — VA(rg) I«
=< (LN +2LN) llyx — yk+1ll>
that is,
1
Ik = Yl = ﬁllu(ykﬂ)ll*. (A49)
Combining (A46) and (A48), we obtain

1
(BLN)1

- 5 Laq q
8k) — 8k+1) = e lu(r+) 1+

9q q
= W””(}’kﬂ)”*,

which is (A46). |
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Theorem A.9: Suppose that H1-H4 hold and let {yi}i>0 be generated by Algorithm B. Then, for all

k > 1, we have
wBa(yo, y*) N ) Ba(yo,y*)

k - k ?
(1+25) -1

where, in case 1 = 0, the middle expression is defined by the limit as u — 07,

g — 80" <

Proof: By HI, for all k > 1, we have
gk < gk—1) +(VgWk—1)s Yk — Yk—1) + LBa(Wk—1,y1)-

(A50)

(A51)

To obtain an upper bound for the inner product in (A51), let us apply Lemma A.3 with & = d and

1
¢ = -7 [(Vgr—1),x — ye—1) + 9(0)].
In this case, y™ = y and, for y = yx_1 we have

&) + BaWk—1,% = d(K) + BaWr—1, 1) + BaO- %), Vx e K,
that is,

(VEWk—1)>X — Yk—1) + 9 () + 2LBa(Yk—1,%) = (VEWk—1)> Yk — Yk—1) + @ (¥k)

+ 2LBa(yk—1>y%) + 2LBa (k> x).

This gives the upper bound
(V&k-1)> Yk = ¥k—1) = (VE(k-1), X — yk—1) + (%) + 2LBa(Yk—1, X)
—@(K) = 2LBa(yk—1>y%) — 2LBa(yk, X).

Combining (A51) and (A52), we obtain

Ek) < gk-1) + (Vgk-1),x — yk—1) + ¢ (x) + 2LBa(yk—1, %)

— @K = 2LBa(yk—1> %) — 2LBa(yk, X) + LBa(yk—1> k)

&) = grk—1) +(Vgk—1)> X — yk—1) + (%) + 2LBa(yk—1,%) — 2LBa(yk, %)

Combining (A53) and (A23), we get

(A52)

(A53)

E0n) < gk—1) +8(x) — gk—1) — nBa(Yk—1,%) + @(x) + 2LB4(yYx—1, %) — 2LBa(yx, x)

=g(x) + QL — wBa(yk—1,%) — 2LBa(yk, X).
Substituting x = y*, it follows that

2o <20+ M — W Bak-1,y") — MBa(yiy™),

where M = 2L. Then, the rest of the proof follows exactly as in the proof of Theorem A.4 (from

inequality (A27)).

Corollary A.10: Suppose that H1-H3 hold and let {y\}i>0 be a sequence generated by Algorithm B.
Additionally, assume that H4 holds with . > 0 and let u(yx) € 9g(yx) be defined in (A45) for k > 1.

Given € € (0,1), if |u(yr+1) |« > €, then

2L \17! .
T < [logz (2L — M)] [C+ q]logy(e™),

where

-1 *
C=log, (Zq(zm NuBa(o.y )) .

0q

Proof: By Lemma A.8 and Theorem A.9, it follows as in the proof of Corollary A.6.
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