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ABSTRACT

For a graph G = (V,E), a double Roman dominating function (DRDF)f : V — {0,1,2,3} has the
property that for every vertex v € V with flv)=0, either there exists a vertex u e N(v), with
flu)=3, or at least two neighbors x,y € N(v) having fix) = fly)=2, and every vertex with value 1
under f has at least a neighbor with value 2 or 3. The weight of a DRDF is the sum
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f(V) =>",c/f(v). A DRDF fis called independent if the set of vertices with positive weight under

f, is an independent set. The independent double Roman domination number ig(G) is the min-
imum weight of an independent double Roman dominating function on G. In this paper, we show
that for every graph G of order n, i;s(G) —ig(G) < n/5 and i(G) + ir(G) — isr(G) < n/4, where
i3(G),ir(G) and i(G) are the independent 3-rainbow domination, independent Roman domination
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and independent domination numbers, respectively. Moreover, we prove that for any tree

G, igr(G) > in(G).

1. Introduction

In this paper, G is a simple graph with vertex set V= V(G)
and edge set E=E(G). The order |V| and size |E| of G is
denoted by n(G) and m(G), respectively. For every vertex
v €V, the open neighborhood N(v) is the set {u € V(G):
uv € E(G)} and the closed neighborhood of v is the set
N[v] = N(v) U{v}. The degree of a vertex veV is
deg.(v) = dg(v) = [N(v)|. The minimum degree and the
maximum degree of a graph G are denoted by 6 =4J(G) and
A= A(G), respectively. A vertex of degree one is called a
leaf and its neighbor is called a support vertex. A strong sup-
port vertex is a support vertex adjacent to at least two leaves.
The distance between two vertices # and v in a connected
graph G is the length of a shortest uv-path in G. The vertex
independence number or simply the independence number, of
a graph G, denoted by «(G) is the maximum cardinality
among the independent sets of vertices of G. We write P,
for the path of order n, C, for the cycle of order n and K,
for the complete graph of order n. The join of two graphs G
and H, G v H, is the graph with vertex-set V(GVvH) =
V(G)U V(H) and edge set E(GvH) = E(G) UE(H) U {uv:
ue V(G),ve V(H)}.

An independent set S C V in a graph G is called an inde-
pendent dominating set if every vertex of G is either in S or
adjacent to a vertex of S. The independent domination num-
ber i(G) is the minimum cardinality of an independent dom-
inating set on G.

An independent subset SC V is an independent k-
dominating set if every vertex of V - S has at least k

neighbors in S. The independent k-domination number ir(G)
is the minimum cardinality of an independent k-dominating
set in G. This parameter has been studied in [14, 22].

A function f: V(G) — {0,1,2} is a Roman dominating
function (RDF) on G if every vertex u € V for which flu) =
0 is adjacent to at least one vertex v for which f(v) = 2. The
weight of a Roman dominating function f is the value
o(f) =f(V(G)) = > .ev(g)f(#). The Roman domination

was introduced by Cockayne et al. in [8] and was inspired
by the work of ReVelle and Rosing [16] and Stewart [18],
and has been extensively studied by researchers (see for
example [5, 9, 13]). Here we recall some new variants of
Roman domination.

A Roman dominating function f:V(G) — {0,1,2} is
called an independent Roman dominating function (IRDF) if
the set {u € V(G)|f(u) > 1} is an independent set. The
independent Roman domination number ig(G) is the min-
imum weight of an IRDF on G. The concept of independent
Roman dominating function was first defined by Cockayne
et al. in [8] and has been studied by several authors [7, 19].

A Roman {2}-dominating function is a function f:V —
{0,1,2} with the property that for every vertex v € V with
f(v) =0,f(N(v)) > 2, that is, there is a vertex u € N(v)
with flu) = 2, or there are two vertices x,y € N(v) with
f(x) =f(y) =1. The minimum weight of a Roman {2}-
dominating function is called the Roman {2}-domination
number and denoted by 7(z,;(G). This concept was investi-
gated in [6, 11]. A Roman {2}-dominating function f =
(Vo, V1, V2) is called an independent Roman {2}-dominating
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function (IR2DF) if V; U V, is an independent set. The inde-
pendent Roman {2}-domination number ifg;y(G) is the min-
imum weight of an IR2DF on G. This concept was
introduced by Rahmouni and Chellali [15].

A double Roman dominating function (DRDF) on a graph
G is a function f : V — {0,1,2,3} having the property that
if flv) = 0, then vertex v has at least two neighbors assigned
2 under f or one neighbor w with fiw) = 3, and if flv) = 1,
then vertex v has at least one neighbor u with f(u) > 2. The
double Roman domination number y;(G) of a graph G is
the minimum weight of a DRDF on G. For a DRDF f, let
Vi={v e V|f(v) =i} for i=0,1,2,3. Since these four sets
determine f, we can equivalently write f = (Vo, Vi, V2, V3)

(or f= (V{;, V{, V’;, Vg) to refer f). We note that o(f) =
[Vi| + 2| V2| + 3| V3|. The concept of double Roman domin-
ation in graphs was introduced by Beeler, Haynes and
Hedetniemi in [4] and has been studied in [1-3, 20, 21, 23].
In [4], it is proved that for any connected graph G of order
n>3, y;,-(G) <2 and all extremal graphs are character-
ized. Abdollahzadeh Ahangar et al. in [2] proved that every
connected graph G having minimum degree at least 3 with
order n, satisfies the inequality y,z(G) < n.

A DRDF f = (V,,Vy,V,,V3) is called an independent
double Roman dominating function (IDRDF) if V; UV, U
V3 is an independent set. The independent double Roman
domination number ijr(G) is the minimum weight of an
IDRDF on G, and an IDRDF of G with weigth is;r(G) is
called an i p-function. By definition we have

7ar(G) < iar(G).- (1

Let S be a maximal independent set of graph G. It is clear
that, a function f = (V,, Vi, V,,V3), where Vo =V\S,
Vi=V,=0 and V3 =S is an IDRDF function. Hence
igr(G) < 30(G), where «(G) is the independence number
of G.

The concept of independent double Roman domination
introduced by H. R. Maimani and et al. in [12]. They show
that the decision problem associated with izr(G) is NP-com-
plete for bipartite graphs.

In this paper, we first present some sharp bounds on the
independent double Roman domination number and in last
section Relationship between independent double Roman
domination and independent 3-rainbow domination is
investigated.

Proposition 1. [12] Let G be a graph. There exists an izg-
function f = (Vo, Vi, V2, V3) such that Vi = 0.

By Proposition 1, we assume no vertex needs to be
assigned the value 1 for any iz(G)-function f. Thus accord-
ing to this proposition, it is sufficient in the definition of an
independent double Roman dominating function f that V, U
V3 is independent.

Lemma 2. [15] For every connected graph G of order
1,ir(G) — itpoy (G) < 4§ and this bound is sharp.

Proposition 3. [2] For n > 1,
R if n=0 (mod 3),
/dR(P”)_{nH if n=1,2 (mod 3).

Corollary 4. [12] For n > 1,iar(P,) = p4r(Pn).

Proposition 5. [2] For n > 3,

_In if ©=0,2,3,4 (mod 6)
Var(Co) = {n—i—l if n=1,5 (mod 6).

Corollary 6. [12] For n > 3,is(C,) = y4(Cy)-

Proposition 7. [2] Let G be a connected graph of order
n > 3. Then

1. y(G) =3 ifand only if A(G) =n— 1.
v4r(G) =4 if and only if G=K,VH, where H is a
graph with A(H) < |V(H)| — 2.

3. yi(G)=5ifand only if A(G)=n—2and G# K, vVH
for any graph H of order n — 2.

Proposition 8. Let G be a connected graph of order n > 3.
Then 74(G) = k if and only if izr(G) = k for k € {3,4,5}.

Proof.

1. Suppose that p,z(G) = 3. It is clear that izr(G) > 3 and
by Proposition 7 (1), A(G) =n—1. Suppose that
d(v) = n—1. Assigning 3 to v and 0 to other vertices
of G, introduces an IDRDF of G implying that izr(G) <
3. Conversely, Suppose that izz(G) = 3. It is easy to see
that yz(G) = 3.

2. Suppose that y;,z(G) =4. By Proposition 7 (2), G =
K, vH, where H is a graph with A(H) < |V(H)| - 2.
This means there exist vertices x, y that xy ¢ E(G) and
d(x) =d(y) =n—2. Assigning 2 to x, y and 0 to
other vertices of G introduces an IDRDF of G yielding
ijr(G) <4 and it follows from (1) that inR(G) =4.
Conversely, Suppose that izr(G) = 4. It is easy to see that
3 < y,&(G) <4, an by above item we have yz(G) = 4.

3. Suppose that y;(G) = 5. It is clear that izr(G) > 5 and
by Proposition 7 (3), A(G) =n—2 and G # K, VH for
any graph H of order n — 2. This means there exist verti-
ces x, y that xy € E(G) and d(x) =n —2, d(y) <n—2.
Assigning 3 to x, 2 to y, and 0 to other vertices of G
introduces an IDRDF of G and so ig(G) <5.
Conversely, Suppose that izr(G) =5. It is easy to see
that 3 < y(G) <5, if 7;2(G) =3 or y;r(G) =4 then
by 1,2, ixr(G) =3 and ing(G) =4 a contradiction.
So yr(G) =5. O

Proposition 9. If G is a connected graph with order n and size
m, then for some spanning tree Tg of G, igr(Tc) < iw(G) +
m—n+ 1.

Proof. If G is a tree, the result is trivial. Assume that G is
not a tree. Let C be a cycle in G. Suppose that f is an izg-
function on G such that V; = ). Obviously at least one ver-
tex on C say v has the value 0. We consider two cases.

Case 1. One of two vertices that are adjacent with v on C
say w, has the value 0. In this case we let G = G — vw and
define g=fon G.

Case 2. Each of two vertices that are adjacent with v on C,
has the value 2 or 3. Suppose that w, z are two adjacent



vertices with v on C. Let G' = G — vz and define a function
gon G as g(w) = 3, g=f for other vertices of G'.

Thus we obtain a graph G/, with at least one cycle less
than G and independent double dominating function g of
weight at most w(f) + 1 on G'. By repeating this procedure
we obtain a spanning tree Tg of G and an independent
dominating function on T of weight at most w(f) +m —
(n—1). Thus izr(Ts) < igr(G)+m—n+1. O

2. Some upper and lower bounds of igr(G)

Proposition 10. Let G be a graph and f = (Vy, V1, V,) an
ip-function of G. Then izr(G) < 2|Vy| + 3|V,|.

Proof. Let G be a graph and f = (Vj, V1, V2) be an ip-func-
tion of G. We define a function g = (V, Vi, V5, V5) as fol-
lows: Vi =V, Vi =0, V,=V;, and V; = V,. Note that
under g, every vertex assigned a 0 has a neighbor assigned
3, and no vertex is assigned 1. Hence, g is an independent
double Roman dominating function. Thus, i < 2|V}| +
3|V4| = 2|Vi| 4 3| V2|, as desired. O

Corollary 11. If G is a nontrivial connected graph, and f =
(Vo, V1, V2) is an ig-function of G that maximizes the num-
ber of vertices in V,, then igr(G) < 2ip(G) — | V3.

Proposition 12. For every graph G, ir(G) < izr(G).

Proof. Let f = (Vy, V2, V3) be any igz-function of G, where
Vy = 0 (by Proposition 1 such a function exists). If V; # (),
then every vertex in V; can be reassigned the value 2 and
the resulting function will be an independent Roman domi-
nating function, that is, ir(G) < izr(G). Assume that V3 =
(). Since V, U V3 dominates G, it follows that V, # (). Thus,
all vertices are assigned either the value 0 or the value 2,
and all vertices in V, must have at least two neighbors in
V,. In this case one vertex in V, can be reassigned the value
1 and the resulting function will be an independent Roman
dominating function, that is, ir(G) < izr(G). 0

Corollary 13. If f = (Vo, V2, V3) is any igr-function of a
graph G, then ix(G) < 2(|V2| + |V3]) = iar(G) — | V3.

Corollary 14. For any nontrivial connected graph G,iz(G) <
iar(G) < 2ir(G).

Proposition 15. For any graph G, 2i(G) < iz(G) < 3i(G).

Proof. Let S be an i(G)-set. Note that ((,(),S) is an independ-
ent double Roman dominating function. This yields the upper
bound of ik(G) < 3i(G). For the lower bound, let f =
(Vo, V2, V3) be an igp-function of a graph G. Note that, V, U
V3 is an independent dominating set for G. Thus, i(G) <
| V2| + |V3]. Using this observation, we can obtain the lower
bound, ldR(G) = 2|V2| + 3|V3| Z 2(|V2| + |V3|) Z 21<G) O

Both the bounds of Proposition 15 are sharp. For the
upper bound, as we have seen, the family of non-trivial stars
Ky, -1 has i(Ky,,—1) =1 and igr(Ky,,—1) = 3. For the lower
bound, we also recall that the family of complete bipartite
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graphs K, i,k > 2, has i(Ky ) =2 and ig(Kyi) = 4. The
independent 2-domination number i,(G) equals the min-
imum cardinality of an independent set S such that every
vertex in V - § is adjacent to at least two vertices of S.

Proposition 16. For any graph G, 2i(G) = izr(G) if and
only if i(G) = i,(G).

Proof. Let f = (Vy, V2, V3) be an izp-function on G. Note that
2i(G) < 2(|Va + [Va)) < 21Va| + 3|Va] = i(G). If 2i(G) =
igr(G), then both inequalities must be equalities. The first
inequality is an equality if and only if V, U V3 is a minimum
independent dominating set. The second inequality is an
equality if and only if V3 = (). This happens if and only if
V, is a minimum independent dominating set and (V —
V,, V2, 0) is an ige-function of G. Hence by definition, every

vertex in V — V, must have at least two neighbors in V5.
Therefore, i(G) = i2(G). O

Proposition 17. If G is a connected graph of order n and
maximum degree A(G) = A, then for any is-function

f= Vo, Vo, Vi), ig(G) > 2ol

Atz > and this bound is sharp.

Proof. Assume first that A < 2. In this case G is a path or a
cycle and by Corollaries 4 and 6, it is not difficult to see
that, izr(G) > 3(T—+|‘2/3‘). Assume now that A > 3, and let f =
(Vo, V2, V3) be an igp-function. Let Vi={xe V;:
N(x) N V3 # (0} and Vi = V, — V{. Since every vertex of V;
can have at most A neighbors in V}, we obtain that |V}| <
A|V3|. On the other hand, using the facts that every vertex
of Vi has at least two neighbors in V, and every vertex of
V, has at most A neighbors in V{/, we deduce that 2|V{| <
A|V,|. Therefore, we obtain

n= Vol + V5| + V2| + | V3]
< AlV3| + 1/2A|Va| + | Va| + | V3]
= (A+1)|V5| +1/2(A+2)|V,]
= (A+2)[V3] +1/2(A +2)|V2| = | V3
= (A+2)(|V3| + 1/2|V3]) — | V3]
< (A+2)(|Vs| +2/3|V2]) — | V3]
= (A +2)(iar(G)/3) — | V3],
and this leads to the desired bound.
That this bound is sharp may be seen by the graph of
order 8 obtained from path P4 : v; — v, — v; — v4 by adding
new vertices x, y,z,t and adding edges xvy, yv1, zvs, tvs. 0

Proposition 18. [12] For any graph G of order n > 1,
ir(G) +1 < iar(G) < 2ir(G).
The equality in upper bound holds if and only if G = K,,.

Next result present bounds on izr(G) in terms of domin-
ation, independent domination and independent Roman {2}-
domination numbers.

Proposition 19. For every connected graph G of order n,
iR} (G) +i(G) < iar(G) < n+ir2}(G) — 7(G).

Proof. First we prove the lower bound. Clearly the result is
valid for n=1, 2. Let n >3 and f = (Vo,0, V5, V3) be an
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izr-function of G. Note that V, U V3 dominates V, and so
i(G) < |V3] + |V3]. Now define the function g on G as fol-
lows: g(x) =f(x) —1 for all x€ V,UV; and g(x) = f(x)
for all x € Vj. Clearly, g is an independent Roman {2}-dom-
inating function on G, and so i} (G) < [Va| +2|V3).
Therefore, ir(G)=2|V,|+3|V;3|=|Va|+|V3|+|V2|+2| V3| >
i(G)+ i{Rz}(G).

Now we prove the upper bound. Let f = (V{;, V{ , VJZ() be
an igg;)-function of G such that V; is as large as possible. It
is easy to see that Vg is a dominating set of G. Define h :
V(G) — {0,1,2,3} by h(u) =f(u) if uc V), and h(u) =
fu)+1 for ue V{ u VJZC. Clearly, h is an IDRDF on G and
this implies that

ir(G) < 2|VI| + 3]V
= iy (G) + V]| + | VY]
= ipo)(G) + 1 — |V}
<iroy(G) +n—9(G),

as desired. 0

Next result is an immediate consequence of Proposition
19 and Lemma 2.

Corollary 20. For every connected graph G of order
n, iar(G) 2 i(G) +ir(G) — §.

3. Relationship between independent double
Roman domination and independent
3-rainbow domination

Let f be a function that assigns to each vertex a subset of
colors chosen from the set {1,..,k}; that is f: V(G) —
P({1,...,k}). If for each vertex v € V(G) with f(v) =0, we
have Uyen(nf(u) = {1,....k}, then f is called a k-rainbow
dominating function (kRDF) of G. The weight of a kRDF f is
defined as f(V) = 3_ oy ) f(v)[- For a sake of simplicity, a
3RDF f on a graph G will be represented by the ordered

s S v f f f f f f
partition (VU)’ V{1}> V{z}, V{3}, V{1,2}> V{m}, V{“}, V{1,2,3})

of V(G) induced by f, where VJ/: ={uecV|f(u) =A}. A
function f : V(G) — P({1, ..., k}) is called an independent k-
rainbow dominating function (IkRDF) of G, if f is a kRDF
and no two vertices in V(G) — V£ are adjacent. The inde-
pendent k-rainbow domination number ix(G) is the min-
imum weight of an IKRDF of G. The independent k-rainbow
domination number was introduced by Shao et al. [17].

In this section, we present bounds on izr(G) in terms of

i;3(G). For any is(G)-function f = (V{;, V{, V{, VJ;) of a
graph G, let V{)[,1 be the set of all vertices of V{; having at
least one neighbor in V{ and V{;z = V{; - V{;l. Clearly, each

vertex of V{;z has at least two neighbors in VJ; . Let R be a
minimal spanning subgraph of the induced subgraph

G[V{;z u V{] such that each vertex in V{;z is adjacent to two
vertices in VJ; . By the choice of R, we have degy(v) =2 for
each ve Vg’z. Suppose Hy is the graph with vertex set

V(Hy) = V(VJ;) and edge set E(Hy)= {xy|x and y
have a common neighbor in Vg in R}. Clearly, if V{)[,2 #
(), then |E(Hy)| > 1. The graph H; will be called an associ-
ated graph with respect to f.

For every graph G, let 7(G) = {81, S,, ..., Sk} be a parti-
tion of V(G) such that S; is a maximum independent set of
the subgraph induced by S;USiy; U...USk for every i€
{1,...,k}. This concept was introduced by Fradkin [10] who
defined a greedy independent decomposition of G. According
to the definition of 7(G), we have |S;| > |S;| and every vertex of
S; has at least one neighbor in §; for all i, j with i < j. Now let us
define the sets A, B and C as follows: A is the set of all vertices

of Vé’z having neighbors in both §; and S, C is the set of all
vertices of V&z having no neighbor in S; US,, and B =
VI, —(AUCQ). Let Xy = UL,S, = V(Hy) — (S US,).
Obviously we have the following proposition.

Proposition 21. Every graph G has an independent 3-rainbow
dominating function.
Proposition 22. Let f = (Vg, V{ , V’; , VJ; ) be an igr(G)-function
and Hy an associated graph with respect to f whose vertex parti-
tion is n(Hy) = {S1,S2, ..., St }. Then

()  if Hyis a bipartite graph, then i;3(G) < igr(G).

(i)  is(G) < iar(G) + |Xp|.

(iii)  Every vertex of Xy (if any) has at least two neighbors
in B and |B| > 2|Xj|.
(iv)  |A] > |S,|

™ |Cl=0ift<3.

i) |C| > [Xf| — |Sy] if t = 4.
(vii)  |C|] > 2|Xf| —3|S,| if t > 5.
Proof.

(i) Assume that Hy is a bipartite graph (possibly
E(Hy) = () when Vg,z =) and let U and W be the
partite sets of Hy. By definition of Hy every vertex of
V{;z (if any) has a neighbor in U and another one in
W. Define the function g : V(G) — P({0,1,2,3}) by
g(x) =0 if x € V], g(x) = {1,2,3} if x€ V], g(x) =
{1,2} if x € U and g(x) = {2,3} if x € W. Clearly, g
is an I3RDF on G implying that i;(G) < w(g) =
izr(G) as desired.

(i)  If Hyis a bipartite graph, then the result follows from

(i). Assume that H is not a bipartite graph. Then

t > 3 and the function g: V(G) — P({0,1,2,3}) by

gx)=0if xe Vé, g(x) ={1,2,3} for x € Vg U Xs,

f(x) ={1,2} for x € §; and f(x) = {2,3} for x € S,

is an I3RDF on G of weight ijr(G) + |X;| yielding

i3(G) < w(g) = iar(G) + |Xf| as desired.

Let u be an arbitrary vertex of X; By the definition

of m(Hy), u has a neighbor in S;, say v, and a neigh-

bor in §,, say w. Let a be the common neighbor of u

and v in R, and 4’ be the common neighbor of u and

w in R. Since a and 4’ do not belong to A (because

of ue€Xy) and v,we€ S US,;, we conclude that

a,a’ € B. Since each vertex of B has exactly one

neighbor in X; and exactly one neighbor in §; US,,

we deduce that |B| > 2|Xy|.

(iii)



(iv)  Let S; = {x1,...,xc}. By definition of m(Hy), there is
an edge x;y; € E(Hy) where y; € S for each i. By the
construction of Hy x;, y; must have a common neigh-
bor z; € A in R for each i. Since degy(z;) =2 for
each i, we conclude that z; # z; if i # j. It follows
that |A] > |S,].

(v) Ift <3, then Xy is either empty or independent, and
thus C = ().

(vi) Let t=4. Let Sy ={xj,...,xx}. By definition of
n(Hy), there is an edge x;y; € E(Hy) where y; € S;
for each i. By the construction of Hy x;, y; must have
a common neighbor z; € C in R for each i. Since
degp(z;) =2 for each i, we conclude that z; # z;
if i#j. It follows that [C|> |Ss| = [Xf|—[S5] >
1X¢]— 152

(vii) Let t>5. Let C={x€ C|Np(x)NS; #0} and
C, = {x € C|Nr(x) N S; = 0}. As in the (v), we can
see that |Ci| > [X¢| —[S3] and |G| > [X| — [S3] —
|Sa]. Since |C| = |Cy| + |C,|, we obtain

|Cl = (1X¢| = 1S5]) + (1X7[ = 1Ss] = ISa])
— 20| — 218| — I8
> 2|Xy| - 355,
and the proof is complete. O

Proposition 23. If G is a Cyi-free connected graph for an
integer k > 1, then

iar(G) > iy3(G).

Proof. Let f= (V{;, 0, Vi, Vg) be an isr(G)-function. If
V{;2 = (), then clearly the function g: V(G) — P({0,1,2,
3}) defined by g(x) = {1,2,3} for x € V3, g(x) = {1,2} for
x €V, and g(x) =0 otherwise, is an I3RDF of G with
weight isr(G), and so igr(G) > i;3(G). Henceforth, we
assume that Vg)z # 0. Let Hy be the associated graph with
respect to f. We claim that Hy is a bipartite graph. Suppose,
to the contrary, that Hyis not bipartite. Then Hf contains an
induced odd cycle Cyy1 := (uuy...us41) for some positive
integer t. By the construction of Hy for every two consecutive
vertices u;, u;41 of the cycle, there exists a vertex w; € V&z
such that w;u; and w;u; ., € E(G). Hence the subgraph of G
induced by vertices {u;, Uy, ..., Uar1, Wi, Wa, ..., Wi } cONtains
a cycle Cyry, which is a contradiction. Thus Hy is a bipartite
graph. Now the result follows from proposition 22 (part (i)). O

Corollary 24. If G is a tree, then igr(G) > is(G).

Next we present an upper bound on i,3(G) in terms of
izr(G) and the order of G.

Proposition 25. For every connected graph of order
n, ldR(G) Z 1,»3(G) — g
Proof. Let f = (V{, 0, Vf, V];) be an isr(G)-function, Hy an
associated graph with respect to f and n(Hy) = {Si,
S2,...»Sk} be the independent partition of V(Hy). If Hy is
bipartite, the result is valid by Proposition 22 (part (i)).
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Assume that Hy is not bipartite. Then ¢ > 3. By Proposition
22 (part (i), i,3(G) < iar(G) + |Xf|. Hence, we need only to

show that |X[ <%. Recall that \V£| = [X¢| + [S1| + Sz ].
Consider the following cases.

Case 1. t=3.

Then Xy =S; and |Xf| = [S3| < [S:| by the definition of
n(Hy). It follows from Proposition 22 (parts (ii)-(iv))
that

n=|Vi| + V]| + V)|
> V)] + |V,
= (1X7] + [$1] + [S2]) + (|A] + [B] + |Cl)
> 3|X;| + (JA| + |B])
> 3[X¢| + |So] + 2| X¢| > 6]Xp],

and so |Xy| <2 <%,

Case 2. t=4.

Clearly, [X¢| = [S3| + [S4| < [S1] + [S2|. Applying Proposition
22 (parts (ii), (iii) and (v)), we have

n=|Vj| + V]| + V]
> |V + |Vh,| = (1X7] + 1Si] + IS2]) + (|A] + |B] + |C])
> 2|X¢| 4 [Sa] + 2|Xf| + |Xr| — [S2] = 5|XF|

and so [X;| < %.
Case 3.t > 5.
Using parts (ii), (iii) and (vi) of Proposition 22, we obtain

n=|Vi| + V]| + |V}
> V3| + [VE,| = (1X7] + |Si] + 1Sa]) + (JA| + |B| + [C])
> (1X¢] +21S2]) + (IS2] + 21X7| + 21| — 312]) = 5|X/]

and so |Xy| <%. This completes the proof. O
For any isr(G)-function f = (Vo, 0, V2, V3), the function

g:V(G) = P({1,2,3}) defined by g(x) = {1,2,3} for x €

Vo, U V3 and g(x) = () for x € Vp, is an I3RDF on G and so

) 3.
is(G) < EldR(G)- ()
Now we improve the upper bound (2) considerably.

Proposition 26. Let G be a connected graph with maximum
degree A > 1. Then

2A+2
3A+1

iar(G) = ( )ir3(G)-

Proof. Let f = (V{;,(Z), v, Vg) be an igr(G)-function and Hy
be an associated graph with respect to f with vertex partition
n(Hy) = {S1,82,...,Sc}. If Hy is bipartite, then i3(G) <
iar(G) by Proposition 22 (part (i)). Assume that Hy is not
bipartite and so |VJ2[| > 1. By Proposition 22 (part (ii)),
i3(G) < igr(G) + |Xy|. Thus i,3(G)/iar(G) < 1+ |X¢|/iar(G).
Since igr(G) =2|V3| +3|V]| and [X;| = V4| - (|Si] + ISa)),
we obtain
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i3(G) < inr(G (1 + |Xf|/1dR ))

IVA| — ( |s1+|sz|>>

_|_

1
( 2v] +3| V]|
LAR(SIEIEY)
+ ]
2|v3]

3 |S S
—in(c) (3 BEIST),
2 V)

Moreover, since |V£\:|Sl|+|82|+~--+\8t| and |§;] <

|S;| for all i > j, we have
2\ V| = (IS:] + IS:]) +
<

IS1] +[S2]) +
= t(|S1| + [S2])-

(ISt +182]) + -+ + (IS1] +[S21)

and so (|S1] +S2])/| V2| > 2/t. Now using the fact that ¢ <
A(H)+1<A(G)+1 and combining the previous results,

we obtain

. , 3|5 +|S
in(6) < (@) (2~ IS
2 )

<iul6)(3- 1)

< fa(G) @ aTT 1))'

Then by a straightforward calculation, we have

iax(G) > <2A “) i(G),

3A+1
and the proof is complete.
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