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On graphoidal length of a tree in terms of its diameter
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ABSTRACT
A graphoidal cover of a graph G is a set W of non-trivial paths (which are not necessarily open) in
G such that every vertex of G is an internal vertex of at most one path in W and every edge of G
is in exactly one path in W. We denote the set of all graphoidal covers of graph G by GG: The
graphoidal length gl(G) of a graph G is defined as

glðGÞ ¼ max
W2GG

fmin
P2W

lðPÞg:

In this paper, we obtain bounds for the graphoidal length of a tree in terms of its diameter. We
prove that if G is any tree (excepts paths) of diameter d, then graphoidal length gl(G) is less than
equal to b2d=3c: Further, we characterize trees attaining the upper bound. Also, the trees for
which gl(G) ¼ k where bd=2c < k < b2d=3c are characterized.
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1. Introduction

For standard terminology and notation in graph theory, as
also for pictorial representations of graphs, we refer the
standard text-books such as Harary [10], West [15] or
Chartrand [8]. Terms and notations, not specifically defined
or described in these text-books, will be separately defined
as and when found necessary. Throughout we consider only
nontrivial, connected, finite, undirected graphs without
loops and multiple edges.

For any graph G ¼ ðV ,EÞ, V (or V(G)) denotes the set of
vertices of G, E (or E(G)) denotes the set of edges of G and e
(or e(G)) denotes the number of vertices of degree 1 (pendant
vertices) in G. The distance d(u, v) between two vertices u and
v is the length of shortest path joining them. Further, the dis-
tance d(u, S) of the vertex u from the set S � V is given by
dðu, SÞ ¼ minfdðu, vÞ : v 2 Sg: The diameter of G is given
by diamðGÞ ¼ maxfdðu, vÞ : u, v 2 Vg:
Definition 1.1. A graphoidal cover of a graph G is a set W
of non-trivial paths (which are not necessarily open) in G
such that:

GC1: Every vertex of G is an internal vertex of at most
one path in W;

GC2: Every edge of G is in exactly one path in W.

The set of all graphoidal covers of a graph G is denoted by GG

and for a given W 2 GG, the ordered pair ðG,WÞ is called a
graphoidally covered graph. For any graph G, the set E of
edges (consisting of paths of length one) is a graphoidal cover
of G and is referred to as the trivial graphoidal cover of G.

There are three types of vertices in a graphoidally covered
graph ðG,WÞ (see Figure 1):

1. W-Exterior Vertex or Black Vertex: A vertex which is
not an internal vertex of any W-edge. In the diagram-
matic representation of ðG,WÞ, it is shown as a small
filled circle.

2. W-Interior Vertex or White Vertex: A vertex which is
not an end-vertex of any W-edge. In the diagrammatic
representation of ðG,WÞ, it is shown as a small
unfilled circle.

3. W-Composite Vertex: A vertex which is neither an
exterior vertex nor an interior vertex of ðG,WÞ, which
means it is an internal vertex to a W-edge and also an
end-vertex to at least one other W-edge. In the diagram-
matic representation, this vertex is represented as an
unfilled circle with as many small tangents to the circle
as the number of W-edges for which this vertex is the
end-vertex.

In Figure 2, we give diagrammatic representation of a
graphoidally covered graph ðG,WÞ with W ¼ fða, b, eÞ,
ða, c, f Þ, ða, d, gÞ, ððc, dÞÞg: The vertices a, e, f , g are all black
vertices (W-exterior vertices), b is a white vertex (W-interior
vertices) and c, d are W-composite vertices.

Acharya and Sampathkumar [3] in 1987 introduced the
concept of graphoidal covers as a close variant of another
emerging discrete structure called semigraphs [13]. Many
interesting notions like graphoidal covering number [3],
graphoidal labeling [12], graphoidal signed graphs [14], etc

CONTACT Purnima Gupta purnimachandni1@gmail.com Department of Mathematics, Sri Venkateswara College, University of Delhi, Delhi 110021, India.
� 2020 The Author(s). Published with license by Taylor & Francis Group, LLC
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS
https://doi.org/10.1016/j.akcej.2019.12.012

http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.12.012&domain=pdf&date_stamp=2020-04-22
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.akcej.2019.12.012
http://www.tandfonline.com


were introduced and are being studied extensively. In par-
ticular, notion of graphoidal covering number of a graph
has attracted many researchers and numerous work is pre-
sent in literature on graphoidal covering number [5–7, 11].
Later on in 1999, Acharya and Gupta [9] extended the
notion of graphoidal covers to infinite graphs and intro-
duced the notion of domination in the discrete structure,
called graphoidally covered graph [2,9]. A detailed treatment
of graphoidal covers and graphoidally covered graphs is
given in [9, 1].

Definition 1.2. [3] The graphoidal covering number of G,
denoted by gðGÞ, is the minimum cardinality of a graphoi-
dal cover of G.

gðGÞ ¼ minfjWj : W 2 GGg
A graphoidal cover of G with cardinality gðGÞ is referred to
as an g-graphoidal cover.

In [4], a new graph invariant gl(G), called graphoidal length
of a graph G, based on graphoidal covers was introduced and
some bounds were found for this parameter. Therein, an upper
bound for graphoidal length of a tree was obtained in terms of
its edges and pendant vertices. In this paper we establish
another upper bound for graphoidal length of a tree in terms
of its diameter. It will be proved that these two upper bounds
for graphoidal length of a tree are independent.

Definition 1.3. (Length of a Graphoidal Cover)
Given a non-trivial graph G, associate a function H with as
follows:

H : GG ! Z
þ

HðWÞ ¼ minflðPÞ : P 2 Wg:
The positive integer HðWÞ associated with W is called the
length of the graphoidal cover W and is denoted
by glWðGÞ:
Definition 1.4. (Graphoidal Length of a Graph)
The maximum of the range of H is called the graphoidal
length of graph G and is denoted by gl(G). Thus,

glðGÞ ¼ maxfHðWÞ : W 2 GGg
¼ maxfglWðGÞ : W 2 GGg

Obviously, for any graphoidal cover W of a given graph
G, glðGÞ � glWðGÞ: Since glEðGÞ ¼ 1 for the trivial graphoi-
dal W ¼ E of G, therefore glðGÞ � 1: A graphoidal cover W

of graph G with glWðGÞ ¼ glðGÞ is called a gl-graphoidal
cover (or gl(G)-graphoidal cover) of G.

In Figure 3, we illustrate the notion of graphoidal length
by depicting four different types of graphoidal covers of the
complete graph K4 namely, E,W1,W2,W3 where E is the
edge set of G, W1 ¼ fbd, bca, badcg,W2 ¼ fbd, ac, badcbg
and W3 ¼ fbadc, acbdg:

In W ¼ E, each path is an open path of length one and
hence glEðGÞ ¼ 1: In W1 there are three open paths of length 1,
2 and 3 and hence glW1ðGÞ ¼ 1: In W2, there are two open
paths of length one and one closed path of length 4, therefore
glW2ðGÞ ¼ 1: In W3 there are two paths each of length 3, there-
fore glW3ðGÞ ¼ 3: Hence glðK4Þ � 3: Since G has a vertex of
degree 3, every graphoidal cover of G has at least two paths. As
jEðK4Þj ¼ 6, therefore glWðK4Þ � 3 for every graphoidal cover
W. Consequently, glðK4Þ � 3: It follows that glðK4Þ ¼ 3:

Observe that for any graph G of order n and size m,
glðGÞ � minfn,mg: Moreover glðGÞ ¼ minfn,mg if and
only if G is either a path or a cycle. It is interesting to note
that graphoidal length of a path or cycle coincides with its
usual length. Further, if G is a graph of size m and max-
imum degree D � 3, then every graphoidal cover W of G
contains at least one path of length at most bm=2c:

In [4], the natural connection that graphoidal length of a
graph exhibits with graphoidal covering number was
exposed in the form of bound for gl(G) in terms of gðGÞ:
Theorem 1.5. [4] For any graph G

1 � glðGÞ �
� jEðGÞj

gðGÞ
�
:

Pakkiam and Arumugum [11] established the following
interesting and useful results which give exact value of
graphoidal covering number in case of trees.

Theorem 1.6. [11] For any tree T with e pendant verti-
ces, gðGÞ ¼ e� 1:

From Theorems 1.5 and 1.6, we have the following upper
bound for graphoidal length of a tree in terms of its size
and pendant vertices.

Theorem 1.7. For any tree T with e pendant vertices,

1 � glðTÞ �
� jEðTÞj
e� 1

�
:

2. Bounds on graphoidal length of trees

Clearly, graphoidal length of a path Pdþ1 of diameter d is d.
For a tree G ð 6ffi Pdþ1Þ of diameter d, the graphoidal length

Figure 1. Each of the collections W1 ¼ fðu, u1, v1, vÞ, ðu, u2, v2, vÞ,
ðu, vÞ, ðv1, u2Þg and W2 ¼ fðu, u1, v1, v, uÞ, ðv1, u2, v2, vÞ, ðu, u2Þg of paths in G is
a graphoidal cover for the graph G.

Figure 2. Diagrammatic representation of a graphoidal cover W of graph G.
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gl(G) < d. This motivates us to find an upper bound for
graphoidal length of a tree in terms of its diameter. In fact
we show that if G is any tree (excepts paths) of diameter d,
then graphoidal length gl(G) is less than equal to b2d=3c:
Further, we characterize trees attaining this bound. We also
characterize trees for which graphoidal length gl(G) ¼ k
where bd=2c < k < b2d=3c:
Theorem 2.1. Let G ð 6ffi Pdþ1Þ be a tree of diameter d. Then

glðGÞ �
�
2d
3

�
:

Proof. Suppose there exists a tree G such that glðGÞ >
b2d=3c ¼ k ðsayÞ: Let W be a graphoidal cover of G with
minimum cardinality such that glWðGÞ > k: Since
G 6ffi Pdþ1, jWj � 2: Thus we can choose two W-edges P, Q
such that VðPÞ \ VðQÞ 6¼ ;: Let VðPÞ \ VðQÞ ¼ fvg: Then
v is end vertex of at least one W-edge P or Q. If v is an end
vertex of both P and Q, then U ¼ W [ fP [ Qg n fP,Qg is a
graphoidal cover of G such that jUj ¼ jWj � 1 and glWðGÞ >
k, a contradiction. Hence v is an end vertex to exactly one
W-edge P or Q. Without loss in generality we assume that v
is an end vertex of P. Let P ¼ ðv0v1:::vpÞ and Q ¼
ðu0u1:::uqÞ with v ¼ vp ¼ uj for some j ð0 < j � bq=2cÞ:

Consider the path R ¼ ðv0v1:::vp ¼ ujujþ1:::uqÞ of length
pþ ðq� jÞ: Clearly,

d � lðRÞ ¼ pþ ðq� jÞ � pþ
�
q
2

�

> pþ d
3

since q ¼ lðQÞ > k ¼ b2d=3c� �

�
�
2d
3

�
þ 1þ d

3
¼ d, a contradiction:

Hence for any given tree G, glðGÞ � b2d=3c: w

Thus we have found an upper bound for graphoidal
length of a tree in terms of its diameter. Naturally one is
tempted to ask “Is the bound sharp?” . The bound is indeed
sharp. The star K1, 3 is an example of extremal graph for the
upper bound.

Since the bound is sharp, we characterize extremal graphs
for this bound. In this direction, we first prove the follow-
ing lemma.

Lemma 2.2. Let G ð 6ffi Pdþ1 or K1, n, n � 3Þ be a tree with
diameter d and gl(G) ¼ k for some k such that
bd=2c < k � b2d=3c. If W is a graphoidal cover of G such
that glWðGÞ ¼ k, then jWj ¼ 2:

Proof. Since G 6ffi Pdþ1, jWj � 2: Now suppose, if possible,
jWj > 2: Then we can choose W-edges P, Q, R such that
VðPÞ \ VðQÞ 6¼ ; and VðQÞ \ VðRÞ 6¼ ;: Let v 2 VðPÞ \
VðQÞ and u 2 VðQÞ \ VðRÞ: If v is an end vertex for both P
and Q, then the path P [ Q has length pþ q and d �
pþ q � 2k, a contradiction to the fact that k > bd=2c: Thus
v is an end vertex of exactly one of P or Q. Similarly, u is
an end vertex of exactly one of Q or R. Also, on the similar
lines it can be proved that v 6¼ u: Let P ¼ ðv0v1:::vpÞ,Q ¼
ðu0u1:::uqÞ and R ¼ ðw0w1:::wrÞ: Consider the following
possibilities:

Case I. v is an end vertex of P and u is an end vertex of R.
Let v ¼ vp ¼ ui for some i ð1 � i � qÞ and u ¼ w0 ¼ uj for
some j ð1 � j � qÞ: Without loss of generality we may
assume that i< j. Then the path S ¼ ðv0v1:::vp ¼ v ¼
uiuiþ1:::uj�1uj ¼ u ¼ w0w1:::wrÞ in G has length pþ ðj�
iÞ þ r: By definition of diameter,

d � lðSÞ ¼ pþ ðj� iÞ þ r � kþ ðj� iÞ þ k > d,

a contradiction.

Case II. v is an end vertex of P and u is an end vertex of Q.
Let v ¼ vp ¼ ui for some i ð1 � i � bq=2cÞ and u ¼ uq ¼ wj

for some j ð1 � j � br=2cÞ: Then the path S ¼ ðv0v1:::vp ¼
v ¼ uiuiþ1:::uq ¼ u ¼ wjwjþ1:::wrÞ in G has length pþ ðq�
iÞ þ ðr � jÞ: By definition of diameter,

d � lðSÞ ¼ pþ ðq� iÞ þ ðr � jÞ
¼ kþ ðq� bq=2cÞ þ ðr � br=2cÞ
¼ kþ dq=2e þ dr=2e
� kþ k=2þ k=2

> d,

a contradiction.

Case III. v is an end vertex of Q and u is an end vertex of R.
Similar to Case II, by interchanging the roles of P and R, we
will arrive at a contradiction.

Case IV. v is an end vertex of Q and u is an end vertex of Q.
Let v ¼ vi ¼ u0 for some i ð1 � i � bp=2cÞ and u ¼ uq ¼ wj

for some j ð1 � j � br=2cÞ: Then the path S ¼ ðvpvp�1:::vi ¼
v ¼ u0u1:::uq ¼ u ¼ wjwjþ1:::wrÞ in G has length ðp� iÞ þ
qþ ðr � jÞ: By definition of diameter,

d � lðSÞ ¼ ðp� iÞ þ qþ ðr � jÞ > d similar to Case II½ �,
a contradiction.

Thus in all the cases we arrive at a contradiction. Hence
our assumption is wrong and jWj ¼ 2: w

Figure 3. Different graphoidal covers of complete graph K4.
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Remark 2.3. If Gð 6ffi K1, nÞ is a tree with diameter d such
that bd=2c < glðGÞ � b2d=3c, then every gl-graphoidal cover
of G is an g-graphoidal cover.

We now characterize extremal graphs for the upper
bound obtained in Theorem 2.1. In fact we show that for
trees with diameter not equal to 4, the only possible graphs
that can be extremal for the upper bound are stars K1, n

ðn � 3Þ and T-graphs Cm, n, k:

Definition 2.4. A T-graph, denoted by Cm, n, k, is a graph
obtained by identifying a pendant vertex of each path
Pmþ1, Pnþ1 and Pkþ1:

Theorem 2.5. Let G 6ffi Pdþ1 be a tree of diameter d ð6¼ 4Þ.
Then glðGÞ ¼ b2d=3c if and only if one of the follow-
ing holds:

(1) G ffi K1, n ðn � 3Þ
(2) G ffi Cm, n, k where minfm, nþ kg ¼ b2d=3c:

Proof. Suppose glðGÞ ¼ b2d=3c: If G ffi K1, n ðn � 3Þ, then
we are through. Let G 6ffi K1, n ðn � 3Þ and W be a graphoi-
dal cover of G such that glWðGÞ ¼ b2d=3c: Since d 6¼
4, b2d=3c > bd=2c: Hence from Lemma 2.2, it follows
that jWj ¼ 2:

Let W ¼ fP,Qg and VðPÞ \ VðQÞ ¼ fvg for some vertex
v. Clearly, v is an end vertex to exactly one of P and Q.
Without loss of generality, assume that v is an end vertex of
P. Let P ¼ ðv0v1:::vmÞ and Q ¼ ðu0u1:::uqÞ, where v ¼ vm ¼
un ðdq=2e � n < qÞ: Then setting k ¼ q� n we get that
G ffi Cm, n, k where minfm, nþ kg ¼ b2d=3c:

Conversely, if G ffi K1, n ðn � 3Þ, then diameter d of G is 2.
Clearly, in this case, glðGÞ ¼ 1 ¼ b2d=3c and we are through.
Let G ffi Cm, n, k for some m, n, k such that minfm, nþ kg ¼
b2d=3c: Then W ¼ fP,Qg, where P ¼ Pmþ1 and Q ¼ Pnþ1[
Pkþ1, is a graphoidal cover of G such that glWðGÞ ¼ b2d=3c:
Hence it follows that glðGÞ ¼ b2d=3c: w

Thus we have completely characterized extremal trees
with diameter d 6¼ 4 for the upper bound. What happens in
case the diameter of the tree is 4? The next theorem gives a
necessary and sufficient condition for a tree of diameter 4 to
attain the upper bound.

Theorem 2.6. Let G ð 6ffi Pdþ1Þ be a tree of diameter d¼ 4.
Then glðGÞ ¼ b2d=3c if and only if jN�ðuÞj � 2 for
each u 2 V, where N�ðuÞ ¼ fv 2 NðuÞ : dðvÞ ¼ 1 or v is a
support to two pendant verticesg:

Proof. Necessity: Let G be a tree such that glðGÞ ¼ b2d=3c ¼
2: Suppose there exists w 2 V such that jN�ðwÞj > 2: Let
u1, u2, u3 be vertices in N�ðwÞ:

Consider any graphoidal cover W 2 GG such that
glWðGÞ ¼ 2: Then every W-edge has length at least 2. Now if
for any i ð1 � i � 3Þ, ui is supporting two pendant vertices
say ui1 and ui2 : Then Ri ¼ ðui1uiui2Þ must be a W-edge. For
otherwise either uiui1 or uiuii is a W-edge, a contradiction to
the fact that glWðGÞ ¼ 2: Thus ui must be an end vertex for

the W-edge containing uiw. Now let P be the W-edge con-
taining the edge u1w with u1 as its end vertex. Then since
glWðGÞ ¼ 2, w must be an internal vertex of P. Clearly P ¼
ðu1wu2Þ, for otherwise wu2 will be a W-edge, a contradic-
tion. But then u3w is a W-edge, again a contradiction.
Hence lemma holds and we are through.

Sufficiency:
Suppose the hypothesis holds. Let w be the center of G. We
shall show that glWðGÞ ¼ 2 for some graphoidal cover W of
G. Clearly, due to the hypothesis, dðuÞ � 3 for each u 2
NðwÞ: Now partition the neighborhood N(w) of w as follows

NðwÞ ¼ N1ðwÞ [ N2ðwÞ [ N3ðwÞ
where NiðwÞ ¼ fu 2 NðwÞ : dðuÞ ¼ ig for i¼ 1, 2, 3. For
each u in N2ðwÞ, let zu denote the pendant vertex with sup-
port u. If N3ðwÞ 6¼ ; then for each u in N3ðwÞ, let xu, yu
denote pendant vertices with support u. Also, let P ¼
fðxuuyuÞ : u 2 N3ðwÞg: Obviously, by definition N�ðwÞ ¼
N1ðwÞ [ N3ðwÞ:

Now since jN�ðwÞj � 2, following three cases arise:

Case 1: N�ðwÞ ¼ ;
Then W ¼ fðwuzuÞ : u 2 N2ðwÞg is a graphoidal cover of G
of length 2.

Case 2: N�ðwÞ ¼ fv1g
In this case N2ðwÞ 6¼ ; and therefore we choose a vertex v
in N2ðwÞ: Then W ¼ P [ fðwuzuÞ : u 2 N2ðwÞ � fvgg [
fðzvvwv1Þg is a graphoidal cover of G of length 2. Note that
P may possibly be empty in case v1 2 N1ðwÞ:
Case 3: N�ðwÞ ¼ fv1, v2g
Then W ¼ P [ fðwuzuÞ : u 2 N2ðwÞg [ fðv1wv2Þg is a graph-
oidal cover of G of length 2. Again in this case, P may pos-
sibly be empty if v1, v2 2 N1ðwÞ:

Thus in all the cases above we have constructed a graph-
oidal cover W such that glWðGÞ ¼ 2: Consequently, from
Theorem 2.1, glðGÞ ¼ 2 ¼ b2d=3c: w

After characterizing trees G of diameter d for which
graphoidal length glðGÞ ¼ b2d=3c, we now make an attempt
to look at the structure of trees for which graphoidal length
glðGÞ < b2d=3c: In our next theorem we partially answer
this question by characterizing trees G of diameter d having
graphoidal length gl(G) ¼ k, where bd=2c < k < b2d=3c:
Theorem 2.7. Let G be tree of diameter d and k be an inte-
ger such that bd=2c < k < b2d=3c. Then gl(G) ¼ k if and
only if one of the following condition hold:

(1) G ffi Cm, n, d�m for some m, n ðm � nÞ such that k�
n ¼ m < d � k;

(2) G ffi Ck,m, d�k for some m such that 2k� d �
m � d � k:

Proof. Let gl(G) ¼ k, where bd=2c < k < b2d=3c: The condi-
tion b2d=3c > bd=2c þ 1 ensures that d � 11: Therefore
G 6ffi K1, n ðn � 3Þ: Also, since gl(G) < d, therefore G 6ffi Pdþ1:
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Let W be a graphoidal cover of G such that glWðGÞ ¼ k:
Then from Lemma 2.2, jWj ¼ 2: Let W ¼ fP,Qg and VðPÞ \
VðQÞ ¼ fvg for some vertex v. Again, v cannot be an end ver-
tex to both P and Q. Without loss of generality, assume that v
is an end vertex of P. Let P ¼ ðv0v1:::vaÞ and Q ¼
ðu0u1:::ubÞ, where v ¼ va ¼ uc for some c such that db=2e �
c � b: Then G ffi Ca, c, b�c: Now we have two possibilities:
Case I. a � b:
Then b¼ k and d ¼ aþ c: Set m ¼ c, n ¼ b� c, then a ¼
d �m, k� n ¼ m < d � k: Hence G ffi Cm, n, d�m where m �
n and k� n ¼ m < d � k:

Case II. b> a.
Then a¼ k and d ¼ maxfaþ c, bg: But since a ¼ k >
bd=2c � bb=2c � b� c, it follows that d ¼ aþ c: Set m ¼
b� c, then 2k� d � m � d � k: Hence G ffi Ck,m, d�k where
m is such that 2k� d � m � d � k:

Conversely, if G ffi Cm, n, d�m for some m, n ðm � nÞ such
that k� n ¼ m < d � k: Then W ¼ fP,Qg, where P ¼
Pd�mþ1 and Q ¼ Pmþ1 [ Pnþ1, is a graphoidal cover of G
such that glWðGÞ ¼ k: Now if G ffi Ck,m, d�k for some m such
that 2k� d � m � d� k: Then W ¼ fP,Qg, where P ¼
Pkþ1 and Q ¼ Pmþ1 [ Pd�kþ1, is a graphoidal cover of G
such that glWðGÞ ¼ k: Thus in either case there exists a
graphoidal cover W of G such that glWðGÞ ¼ k: It follows
that gl(G) ¼ k. Hence the theorem. w

3. Concluding remarks

In this paper, we focused on the problem of finding graph-
oidal length of a tree in terms of its diameter. We observed
that for a tree of diameter d, gl(G) ¼ d if and only if G ffi
Pdþ1: We proved that for trees G (other than paths) with
diameter d, glðGÞ � b2d=3c and that the extremal trees for
this upper bound are homeomorphic to K1, 3: Further, we
characterized trees G of diameter d having graphoidal length
gl(G) ¼ k, where bd=2c < k � b2d=3c: Thus it remains to
characterize trees G with gl(G) ¼ k where k � bd=2c:
Problem 1. Characterize trees G of diameter d having graph-
oidal length gl(G) ¼ k such that k � bd=2c:

In particular, one can first look to tackle the follow-
ing problem.

Problem 2. Characterize trees G of diameter d with glðGÞ¼bd=2c:
It is interesting to note that the two upper bounds for

graphoidal length of a tree obtained in Theorems 1.7 and
2.1 are unrelated and independent of each other. The trees
G1, G2 and G3 in Figure 4 exhibit this fact.

� jEðG1Þj
e� 1

�
<

�
2dðG1Þ

3

�
,

� jEðG2Þj
e� 1

�

¼
�
2dðG2Þ

3

�
,

� jEðG3Þj
e� 1

�
>

�
2dðG3Þ

3

�
:

Problem 3. Characterize trees G of diameter d such that

1:

� jEðGÞj
e� 1

�
<

�
2d
3

�

2:

� jEðGÞj
e� 1

�
¼

�
2d
3

�

3:

� jEðGÞj
e� 1

�
>

�
2d
3

�
:
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