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ABSTRACT

A Roman domination function on a graph G is a function r : V(G) — {0, 1,2} satisfying the condi-
tion that every vertex u for which r(u) = 0 is adjacent to at least one vertex v for which r(v) = 2.
The weight of a Roman domination function is the value r(V(G)) = > ,cy(g) (u). The Roman dom-
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ination number y;(G) of G is the minimum weight of a Roman domination function on G. “Roman
Criticality” often refers to the study of graphs where the Roman domination number decreases
when adding an edge or removing a vertex of the graph. In this paper we add some condition to
this notion of criticality and give a complete characterization of critical graphs with Roman

Domination number y;(G) = 4.

1. Introduction

Let G = (V(G),E(G)) be a simple graph of order #, this is, a
graph without loops and multiple edges and with |V(G)| = n.
Notice that herein we are not assuming that the graph is con-
nected. Let V(G) and E(G) denote, as usual, the sets of vertices
and edges respectively. The degree of a vertex v, degg(v) or
simply deg(v), is the number of edges in E(G) incident to it.
We denote by Ng[v], or just N[v] the closed neighborhood of
a vertex v in G. As usual, G\{v} denotes the graph which is
obtained by removing vertex {v} together with all edges con-
taining it.

A function r: V(G) — {0,1,2} is a Roman domination
function if for every u € V(G) such that r(u) = 0, then there
is a vertex v adjacent to u so that r(v) = 2. The weight of a
Roman domination function is the value r(V(G)) =
> ucv r(u). The Roman domination number (or RDN) of a
graph G, denoted by y;(G) is the minimum weight of all
possible Roman domination functions on G.

If a Roman domination function r on G satisfies that
7R(G) = >_ucv(g) r(u) we say that r is a minimal Roman
domination function or a yg-function.

Given a graph G and a Roman domination function r:
V(G) — {0,1,2} let P:=(Vy;Vy;V,) be the partition of
V(G) induced by r, where V; = {u € V(G) | r(u) = i}. Then,
P is called a Roman partition. Clearly there is a one to one
correspondence between Roman domination functions 7 :
V(G) — {0,1,2} and Roman partitions (Vo; V1;V2). Then,
we may denote r = (Vo; V1; V).

For basic properties on Roman domination functions, see
for instance [4] and [8] and for an excellent motivation on
the topic see [11] and [13].

In the last years, Roman domination has been intensely
studied. Some papers study extremal problems on the RDN
of a graph giving upper and lower bounds for it. See, for
example [1] or [5]. Other authors are interested in how the
RDN is changed or unchanged by removing a vertex or by
adding or removing an edge. These properties are usually
called criticality properties. For example, in [10], the authors
study how the RDN changes by removing a vertex or an
edge from a graph. Similarly, in [7], the authors study
graphs for which removing a vertex or adding a new edge
decreases the RDN. On the contrary, in [2], the authors
study graphs for which adding a new edge does not change
the RDN. A good compilation of all these properties can be
found in [12]. For other works on criticality properties of
the RDN see also [3, 6, 9] and the references therein.

A graph is called vertex critical if removing any vertex
decreases the Roman domination number. A graph is called
edge critical if adding any edge decreases the Roman domin-
ation number. If a graph is vertex critical then the elimin-
ation of any edge does not change the RDN. A vertex
critical graph is called edge-vertex critical if eliminating any
edge the graph is not vertex-critical anymore.

In this paper, we give a complete identification of the
family of graphs which are vertex critical, edge critical and
edge-vertex critical with Roman domination number four.
In fact, we obtain that there is a graph G, with n vertices
(for n>5) and yR(G,) = 4 satisfying these three properties
if and only if n is even. Furthermore, G,, is unique for each
even n. We also prove that it can be checked if any graph G
with yx(G) = 4 satisfies these criticality properties by look-
ing at the induced subgraphs with 8 vertices
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2. Some critical properties on Roman domination

Definition 2.1. A graph G is nonelementary if y,(G) <
V(G).

It is well known the following characterization of nonele-
mentary graphs.

Proposition 2.2. A graph G is nonelementary if and only if
there is a connected component with at least 3 vertices.

Remark 2.1. If G is nonelementary, y;(G) < 3 if and only if
there exists a vertex v € V(G) with deg(v) > n — 2.

A graph G is called vertex critical or v-critical if for
every v € V(G), 7r(G\{v}) = 72(G) — 1.

The following useful result appears as Proposition 11 in
[10] and can be found also in [7].

Lemma 2.3. A graph G = (V(G),E(G)) is v-critical if and
only if for every vertex v there is a vyp-function r=
(Vo; V1; Va) such that v € V.

A graph G = (V(G),E(G)) is called edge critical or e-crit-
ical if for any pair of nonadjacent vertices v, w, the graph
G = (V(G),E(G) U [v,w]) satisfies that yx(G") = 7z(G) — 1.

The following proposition was proved in [7].

Proposition 2.4. A graph G = (V(G),E(G)) is e-critical if
and only if for every pair of vertices v, w such that [v,w] &
E(G) there exists a yp-function r = (Vo; Vy; V) such that v €
Viandwe Vy,orwe Viandv e V,.

Proposition 2.5. If G = (V(G),E(G)) is a v-critical graph,
then for any e € E(G), (G \ e) = yx(G).

Proof. Tt is readily seen that y4(G\ e) > yz(G). Consider
any e = [v,w] € E(G). By Lemma 2.3, there is a yp-function
of G, r=(Vy;V1;V,), such that v€ V). Hence, r is a
Roman function on G\ e and y;(G\ e) < yx(G). Therefore,
7r(G\ €) = 1r(G). o

Definition 2.6. A v-critical graph G = (V(G), E(G)) is edge-
vertex critical or e-v-critical if for every edge e € E(G) the
graph G\ e is not v-critical.

Proposition 2.7. A v-critical graph G = (V(G),E(G)) is e-
v-critical if and only if for every edge e there exists a vertex
v, such that for any yg-function r= (Vo;Vi;Vy) with
Ve € Vi, then e = [v,w] with v € Vy and N[v| NV, = {w}.

Proof. By Proposition 2.5, yx(G\{e}) = n. If G is e-v-critical,
then for every e € E(G), G\{e} is not v-critical. Therefore,
there exists v, such that yz(G\{e, v.}) = n. Since G is v-crit-
ical, yp(G\{v.}) = n — 1. Then, for any Roman function on
G\{ve}, v = (Vy; Vi V), with [V +2|V5=n—1 (in
particular, for any Roman function of G, r = (Vy; Vy; V3),
with |Vi|+2|Vo|=n and v, e Vy), (Vi;V];V5) (resp.
(Vo; Vi\{ve}; V2)) is not Roman on G\{e,v.}. Therefore,
e € [Vi, V5] (resp. e € [Vo, V2]). Moreover, if e = [v, w] with
v € Vo, then the only vertex in V, adjacent to v is w.

Now, consider any e € E(G) and let v, be such that for
any yg-function r= (Vy;Vy;V,) with v, € V;, then e€
[Vo, V2] and if e = [v, w] with v € V} then w is the only ver-
tex in V, which is adjacent to v. Hence,  is not Roman for
G\{e}. Thus, there is no Roman function r = (Vy; Vy; V2)
on G\{e} with v, € Vi and |Vi|+ 2|V,| = n. Hence, by
Lemma 2.3, G\{e} is not v-critical. O

3. Roman domination number 4

Notice that e-critical, v-critical and e-v-critical graphs with
Roman domination number less or equal than 3 are trivially
classified. In this section we study the first non-trivial case:
graphs satisfying these criticality properties with Roman
domination number 4. We obtain a complete identification
of this (infinite) family proving that the graph is determined
(up to isomorphism) by the number of vertices. (We do not
distinguish between isomorphic graphs. Thus, given two
graphs G = (V(G),E(G)) and G' = (V(G),E(G)), if there
is a bijection ¢ : V(G) — V(G') such that [v,w] € E(G) if
and only if [¢p(v), (w)] € E(G') we consider them the same
graph and simply write G = G'.)

It is immediate to check that the only elementary v-crit-
ical graphs G with y4(G) =4 are (V(G))) ={a,b,c,d},
E(G) =0), (V(G) ={ab.cd}, E(G)={[ab]}) and
(V(Gs) = {a, b, c.d}, E(Gs) = {[a, b], [c.d]}).

Lemma 3.1. Let G be a nonelementary graph with
yr(G) = 4. Then, G is v-critical if and only if for every x €
V(G) there exist two vertices a,, b, so that a, # x # b, and
such that Nla,] = G\{x, b.}.

Proof. The if part is clear. For every x € V(G), it suffices to
define 1, : V(G)\{x} — {0,1,2} so that r.(a;) = 2,1.(by) =
1 and r(y) =0 for all y # a,,b,. Then, r, is Roman and
Jr(G\{x}) < 3. (In fact, since 73(G) = 4, 7(G\{x}) = 3).

Now let G be a nonelementary v-critical graph with
yr(G) = 4. Since it is v-critical, for any vertex x € V(G)
there is a Roman domination function r,: V(G)\{x} —
{0,1,2} such that 3=y g) (y7x(#) = 3. Since it is nonele-
mentary, |V(G)\{x}| > 3 and hence, there are two vertices
v,z € V(G)\{x} so that r.(y) =2 and ry(z) =1. Since
n(G\{x}) = 3, 2] & E(G).

Then, let a, = y and b, = z. If [a,,x] € E(G), then ) :
V(G) — {0, 1,2} such that r|yg) () = 1+ and 7, (x) =0 is
Roman and yx(G) < 3 which is a contradiction. Therefore,
Nla,] = G\{x, b,}. O

Corollary 3.2. Let G be a nonelementary v-critical graph
with yx(G) =4 and consider x,a,,b, such that Nla,] =
G\{x,b,}. Then, either Nlx] =V (G)\{awny} or N[b, =
V(G)\{ax, y} for some y € V(G).

Proof. It suffices to apply Lemma 3.1 to a,. There are edges
from a, to every vertex different from x,b,. Therefore,
aa, € {x,b,}. O

Lemma 3.1 implies the following theorem which appears
as Theorem 14 in [10].



X, X3

Figure 1. X is v-critical.

Theorem 3.1. Let G be a nonelementary graph of order n
and Roman domination number yg(G) = 4. Then, G is v-crit-
ical if and only if for every x € V(G) there exists a nonadja-
cent vertex a, with deg(a,) =n — 3.

The following proposition establishes that in a v-critical
graph with Roman domination number four at least half of
the vertices have degree n - 3.

Proposition 3.3. Let G be a nonelementary v-critical graph
of order n and Roman domination number y5(G) =4. If
Wy :={v € V(G)|deg(v) = n — 3}, then |W| > 5.

Proof. By Theorem 3.1 we know that there is at least one
vertex, a; such that deg(a;) = n — 3. Then, there are exactly
two vertices x;, y; so that N[a;] = V(G)\{x1,y:}. Consider
any point x, € {x1,y1}. By Lemma 3.1, there is some vertex
a, such that N[ay] = V(G)\{x2,,} for some y, (not neces-
sarilly different from x,;, y;). Since x, & {x;,y1}, then a, #
a; and |{x1, y1,%2, 72 }| < 4. Then, we consider some vertex
x5 & {x1,y1,%2,y2} and repeat the process until {x,y1,...,
%k Ykt = V(G). Then k > 5 and ay, ..., ax are k different ver-
tices with degree n - 3. 0

Remark 3.4. Using Theorem 3.1 it is easy to build an
infinite family of different nonelementary v-critical graphs
with y(G) = 4.

Consider a cycle, C,, of length n > 5 where the vertices
V(C,) are ordered in the natural way by xi,...,x,, and
X, Xip1 € E(C,) for every i = 1,...,n(mod n). As we already
know, if n=5 y4(Cs) =4 and the graph is v-critical.
Assume n > 6 and let us define X,, by attaching some extra
edges to C, so that, for every vertex x;, Nx|=
V(Cy)\{xi—2,xi12} (where the vertices are taken (mod n)).
See Figure 1. By Lemma 3.1, the resulting graph X, is a
nonelementary v-critical graph with y5(X,,) = 4.

Observe that these are not the only examples of v-critical
graphs with Roman domination number four. Take any of
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Figure 2. A v-critical graph with a cut vertex vs.

the X,, above, with n > 6. Then, if we remove any of those
extra edges (consider, for example, an hexagon with two
diagonals, [x1,x4] and [x;,xs]) it is still a nonelementary v-
critical graph with y,(G) = 4.

Let us recall that a cut vertex in a connected graph G is a
vertex v such that G\{v} is not connected. The following
lemma is trivial.

Lemma 3.5. If G is a nonelementary v-critical graph with
yr(G) =4 and v is a cut vertex, then one of the connected
components of G\{v} has only one vertex.

Example 3.6. There exists an infinite family of nonelemen-
tary critical graphs with cut vertices. See, for example, the
graph represented on Figure 2. See also the family D,
defined below and represented in Figure 3.

Proposition 3.7. A nonelementary graph G = (V(G),E(G))
of order n and yg(G) = 4 is e-critical if and only if given any
pair of vertices vy, v, with deg(vy),deg(v2) < n— 3, then
[Vl,Vz] S E(G)

Proof. Suppose v, v, with degg(v1),degs(v2) < n—3 and
[vi,v2] € E(G). Let G = (V(G),E(G)U[vy,v5]). Clearly,
every vertex in G’ has degree less or equal than n - 3. Then,
by Remark 2.1, y(G’) > 3 and G is not e-critical.

Assume that for any pair of vertices v, v, with
degs(v1),degg(v2) <n—3, then [v,v,] € E(G). Let G =
(V(G),E(G) U [v,w]) for some v,we V(G) with [v,w] ¢
E(G). Then one of them, say v, satisfies that degg(v) >
n — 3. Thus, dege(v) > n — 2 and by Remark 2.1, yx(G) < 3
(Figure 4). 0

Lemma 3.8. Let G=(V(G),E(G)) be a nonelementary e
critical, v-critical graph of order n and yx(G) = 4. If Wi :
{ve V(G)|deg(v) = n — 3}, then |W;| > 2.

Proof. Let V(G)={v;,v2,...,v,} and assume W;=
{v1,...v}. By Proposition 3.7, and Remark 2.1 we know
that for all v,, v, with r,s > k then [v,,v,] € E(G). Therefore,
since deg(vj) < n — 3 for every j >k, there are at least three
vertices vj,, vj,, vj, with ji,ja,j3 < k such that [v;,vj], [v;,, vj],
[vi» vi] € E(G).

Also, by Lemma 3.1, every v; with i < k is joined at most
to k — 2 vertices in W,. Hence, there is at most one vertex
v; with j>k such that [v;,v;] € E(G). Therefore, given
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Figure 3. If n>5 with n even, then there is a unique v-critical, e-v-critical and
Roman complete graph, D, with y;(D,) = 4.

Xg X4

>

X X,

Figure 4. A nonelementary v-critical, e-critical graph with 8 vertices and two
adjacent vertices of degree 4.

Vi, Vj,» Vj,» V), as above, v, # vy for any j # j or i # i'. Thus,
k>3(n—k)and k>3, O

Remark 3.9. Notice that the graphs in the family described
in Remark 3.4 are e-critical since every vertex has degree
n-3. Then, this is an infinite family of different nonelemen-
tary v-critical, e-critical graphs with y4(G) = 4.

Proposition 3.10. A nonelementary v-critical graph G =
(V(G), E(G)) with yg(G) = 4 is e-v-critical if and only if for
every edge e € E(G) there is a vertex v, € V(G) such that
every vertex with degree n — 3 is either contained in e or
adjacent to v,.

Proof. Suppose G is e-v-critical. Then, for every edge e there
is some v, such that y,(G\ {e,v.}) = 4. Let w be any vertex
with degg(w) =n—3 and suppose [v.,w|] € E(G). Then,
Ng[w] = G\ {v.,y} for some vertex y. Let r,, : V(G)\{v} —

{0,1,2} such that r,(w) =2,7,(y) =1 and r,(x) =0 for
every x € V(G)\{ve,w,y}. Since px(G\ {e,v.}) =4, it fol-
lows that r,, is not Roman on G\ {e}, this is, there is a ver-
tex x, labelled with 0 which is not adjacent to w on G\ {e}.
Thus, e = [w, xy].

Now suppose that for any edge e € E(G) there is a vertex
v, € V(G) such that every vertex w with degree n - 3 is
either contained in e or adjacent to v,. Let us see that G\
{e} is not v-critical. By Proposition 2.5, we know that
yr(G\{e}) = 4. Suppose y(G\ {e,v.}) = 3 and let r be any
Roman domination function on G\{e,v.} such that
2uev(G)\{v,)T(4) = 3. Then, r also defines a Roman domin-
ation function on G\{v.}. If r"1(2) = {w}, since yx(G) =
4,degs(w) =n—3 and Ng(w) = G\{v.,y} for some yé€
V(G). Also, r1(1) ={y} and r1(0) = V(G)\{ve,y}. By
hypothesis, since w is nonadjacent to v,, e = [w,w/] with w/
different from v,,y. Therefore, since r(w') =0, r is not a
Roman domination function on G\{ev.}, leading to
contradiction. 0O

Remark 3.11. Consider the family {X,|n > 5} described in
Remark 3.4. For each n, consider X, = XS,X}I, ...,Xﬁ" a
sequence of graphs where X! is obtained from X' by
removing one edge so that X' is again v-critical until X% is
e-v-critical (since X, is nonelementary, by Proposition 2.5,
there is always such a k). Since for each n, |V(X,)| =#,
the graphs in {X*'|n > 5} define an infinite family of differ-
ent v-critical and e-v-critical graphs.

Proposition 3.12. Let G = (V(G),E(G)) be a nonelementary
e-critical, v-critical and e-v-critical graph with yx(G) = 4. Let
Wy :={v € V(G)|deg(v) =n —3} = {v,.., vk} and W, :=
{ve V(G)|deg(v) < n— 3} = {Vkt1>..»Vn}. Then, either
G=Cs or |Wy|=n—k=1,deg(v,) =1 and there is a
cut vertex.

Proof. Claim: |W;| < 1. Otherwise, suppose there exist at
least two vertices v,,vs € W,. By Proposition 3.7, for all
Vi, Vs € Wa,e = [vy, vs] € E(G). By Proposition 3.10, there is
a vertex v, € V(G) such that for every v € Wj, either v =
v, v = v, or v is adjacent to v.. In this case, since v,,v; €
W, every v € Wi\{v.} is adjacent to v, However, by
Theorem 3.1, there exists some vertex a,, # v, in W, such
that a,, is not adjacent to v, leading to contradiction.
Therefore, |W| < 1.

Claim: If |W,| =1, then deg(v,) =1 and there is a cut
vertex. Suppose n — k = 1 and deg(v,) > 2. There is no loss
of generality if we assume that [v,_1, V4], [Va2,Vn] € E(G).
Applying Proposition 3.10 for e = [v,_1,v,] and e =
[Vn—2,vn] we know that there exist two vertices, v,,,V., €
{v1,...Vy—3} such that for every v € Wy, if v+# v, v,
then [v,v,,] € E(G) and if v # v,,, v, then [v,v,,] € E(G).
See Figure 5. Let us assume that v, =v; and v, = v,.
Hence, N[vi] = V(E)\{v,_1,v»} and N[v;] = V(E)\{v,—2,
vy}. Notice that this implies that v; # v,_5,v, and v, #
Va1, Vy. In particular, e; = [vi,v;] € E(G). Let us apply
again Proposition 3.10 for e;. Then, there is some vertex v,,



Figure 5. If |W>| =1 and deg(v,) > 1, then there is a contradiction: v,, # v,
and deg(ve,) =n — 2.

such that for every v # vy, v2,v,;, vy, then [v,v,,] € E(G). Let
us distinguish the following three cases:

o If v, =v,, then v, is adjacent to every vertex v # v, v,
and deg(v,) = n — 3 which is a contradiction.

o If [v,,v,] € E(G). By the election of v, v, either
[Ve,>v1] € E(G) or [ve,,v2] € E(G). Therefore, deg(v,,) >
1+1+n—4=n—2 which implies that v4(G)=3
leading to contradiction.

o If v, #v, and [v,,,v,] ¢ E(G). Then v,, # v,_1,V,— and,
therefore, [v.,,v1] € E(G) and [v,,,v2] € E(G). Thus, v,, is
adjacent to every vertex v # vy, v,, and deg(v,,) =n —2
which implies that y;(G) = 3 leading to contradiction.

Thus, there is a unique edge incident to v,, let’s say
[Vu—1,Vn), and v,_; is a cut vertex.

Claim: If |W,| =0, then G = Cs.

Suppose k= n, this is, deg(v) = n — 3 for every v € V(G).
Consider all the edges incident to v;: ej,...,e,—3 and let
e; = [v1,w;],i = 1,n — 3). Then, by Proposition 3.10, there are
n - 3 different vertices v,,...,v,—2 such that N[v] =
G\{v1,w;} for i = 1,n — 3. In particular, [v;,v;11] € E(G) for
i=1,n—3. But since deg(v;) =n — 3, it follows that n —
3 <2 and n < 5. Since we assumed that G is nonelementary
then n=>5 and deg(v;) =2 for every 1 <i < n.

Let us assume with no loss of generality that
[vi,v2], [v2, v3] € E(G). Then, if [v;,vs] € E(G) these vertices
have already degree 2. Hence, deg(vs),deg(vs) < 2 leading
to contradiction. So, we may assume, again without loss of
generality, that [v3,v4] € E(G). Again, if [v;,v4] € E(G), then
deg(vs) < 2. Therefore, G = Cs. O

Corollary 3.13. Cs is the unique nonelementary graph, G,
with yx(G) = 4 which is e-critical, v-critical and e-v-critical
with no cut vertices.

For any even number n > 6, let us denote by D, =
(V(D,),E(D,)) the graph such that V(D,) = {v1,...,v,} and
E(Dy) = {[vuva]} U v} UL v ] 23 <j < m =230
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{vov]:r=12and 3 <j<n—-2}U{[v,v]:3<4,j<
n — 21\{[vaj-1, v3j] : 2 < j < %52} See Figure 3.

Notice that for every 1 <i<n—1,deg(v;) =n—3 and
deg(v,) = 1. In fact, if r=1, 2, N(v;) = V(E)\{vu—1, vn}, if
3<j<n—2 with j odd, then N(v;) = V(E)\{vj1, v}, if
3<j<n—2 with j even, then N(vj;) = V(E)\{vj—1, v}
N(vy—1) = V(E)\{v1,v2} and N(v,,) = {v—1, Vs }.

Proposition 3.14. For every even number n>6, D, is a
nonelementary e-critical, v-critical and e-v-critical graph
with yx(G) = 4.

Proof. Since deg(vi) =n—3 for every i#n it follows
immediately that G is v-critical, by Theorem 3.1, and G is
e-critical.

To check that G is e-v-critical, by Proposition 3.10, it suf-
fices to find for every edge e = [x,y] a vertex v, which is
adjacent to every vertex in {vy, ..., v,—1 }\{x, ¥}.

If e = [v,—1, V), then v, = ;.

If e = [v1,v5], then v, = v,_1.

For the rest of the edges, note that if V-1 € e then v ¢
e and v,; is adjacent to every vertex in {vi,...,v,_1 }\{vzj-1}
and if vy € e, then vy € e and v,;_, is adjacent to every
vertex in {vy, ..., v,_1 }\{vy} for every 2 < j < 252, O

Thus, there is an infinite family of e-critical, v-critical
and e-v-critical graphs.

Theorem 3.15. If G = (V(G),E(G)) is a nonelementary e-
critical, v-critical and e-v-critical graph with yx(G) = 4, then:
a) If |V(G)| =5, then G=Cs

b) If [V(G)| = n > 5, then n is even and G=D,,

Proof. If |W,| =0, it follows from the proof of Proposition
3.12 that G = Cs.

Now, let us see that if |W,| =1, then n>5 is even and,
up to relabeling the vertices, G = D,,.

As we saw, there is a unique edge incident to v,
[V> Vu—1]. Since deg(v,—1) = n — 3 then there are two verti-
ces, let’s say vy, v, such that N[v,_;] = G\{v;,v,} and for
every 3<j<n—2,[vv,] € E(G). Since deg(v;)=
deg(v;) =n—3, and [v,,w] € E(G) for r=1, 2 and k=
n,n—1, it follows that [v,v2] U {[v,,vj]:7r=1,2 and 3 <
j<n-—2} CE(G). Finally, for every 3<i<n-—
2,deg(v;) = n — 3. Therefore, for each 3 <i < n — 2 there is
exactly one j#i,3 <j<n—2, such that [v,vj] € E(G).
This forces n to be even. We may assume, relabeling if
necessary, that those missing edges are {vzj_l,vzj} with 2 <
i< "T’z Thus, G is isomorphic to D,,. 0O

In the following characterization we prove that for an
arbitrary graph G with y5(G) = 4, the Roman criticality can
be studied just by looking at small induced subgraphs. In
fact, it suffices to check some properties on the induced sub-
graphs with 8 vertices to determine if the graph is e-critical,
v-critical and e-v-critical.

Theorem 3.16. Let G= (V(G),E(G)) be a graph with
yr(G) =4 and |V(G)| = n > 8. Then, n is even and G=D,
if and only if the following conditions hold:
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(a)  There exist {vi,...,va} € V(G) such that [v;,vi| & E(G)
for every 2 < i< 4.

(b)  For every {v,...,vs} € V(G), if [vi,vi] € E(G), for
all 2 < i< 4, then |{vi:1 <k <7 such that [v,vs] €
E(G)}| > 5.

(c)  For every {v1,....vs} € V(G), if [v1,vi] € E(G) for every
2<i<4 then |{v:5<k<6 such that [v,] €
E(G)}| < 1.

Proof. Property a) holds for some subset {vy,...,v4} € V(G)
if and only if there is at least one vertex v such
that deg(v) < n — 3.

Property b) holds for every subset {vi,...,vs} € V(G) if
and only if there is at most one vertex v such that deg(v) <
n—3.

Property ¢) holds for every subset {vi,...,v} € V(G) if
and only if for every vertex v with deg(v) <n —3 then
deg(v) = 1.

Finally, as we saw in the proof of Theorem 3.15, if n>5
and the unique vertex v such that deg(v) < n — 3 satisfies
that deg(v) = 1, then G = D,,. O

Thus, from Theorems 3.15 and 3.16 we obtain the following:

Corollary 3.17. Let G= (V(G),E(G)) be a graph with
yr(G) =4 and |V(G)| = n > 8. Then, G is a e-critical, v-crit-
ical and e-v-critical graph if and only if the following condi-
tions hold:

(a) There exist (vi,...,va) € V(G) such that [v,vi] & E(G)
for every 2 < i < 4.

(b) For every (v1,...,vs) € V(G), if [vi,vi] € E(G), for
every 2 <i<4, then |[{vi:1<k<7 such that [v,
vg] € E(G)}| > 5.

(c)  For every (vi,...v) € V(G), if [v1,vi] & E(G) for every
2<i<4 then |{v:5<k<6 such that [v,] €
E(G)} <1
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