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ABSTRACT

Let r > 2 be an integer. A graph G = (V,E) is called r - partite if V admits a partition into r parts
such that every edge has its ends in different parts. All of the r — partite graphs with given integer
r consist of the class of multipartite graphs. Let G(r,n, D) be the set of multipartite graphs with r
vertex parts, n nodes and diameter D. In this paper, we characterize the graphs with the maximum
spectral radius in G(r,n, D). Furthermore, we show that the maximum spectral radius is not only a

decreasing function on D, but also an increasing function on r.

1. Introduction

All graphs considered here are connected, simple and undir-
ected. Let r > 2 be an integer. A graph G = (V,E) is called
r - partite if V admits a partition into r parts such that
every edge has its ends in different parts:vertices in the same
part must not be adjacent. Instead of 2-partite, we usually
say bipartite. All of the r — partite graphs with given integer
r consist of the class of multipartite graphs. An r — partite
graph is called complete, if every two vertices from different
parts are adjacent. Let G(r,n,D) be the set of multipartite
graphs with r vertex parts, order n and diameter D. The
diameter, denoted by D, is the maximum distance between
any two vertices.

For S C V(G), let G[S] be the subgraph induced by S.
We will use V'\ V' to denote the set that arises from V by
removing the subset V' C V. We use G + uv to denote the
graph arising from G by adding an edge uv ¢ E(G),
where u,v € V(G).

Let A(G) be the adjacency matrix of a graph G. It follows
immediately that A(G) is a real symmetric (0, 1) matrix in
which every diagonal entry is zero, and that all of its eigen-
values are real. The spectral radius, p(G), of G is the largest
eigenvalue of A(G). By the Perron-Frobenius Theorem, the
spectral radius is simple and has a unique positive eigen-
vector. We will refer to such an eigenvector as the Perron
vector of G.

The problem [3] concerning maximum spectral radius of
a given class of graphs has been studied extensively. The
chromatic number y(G) of a graph G is the minimum num-
ber of colors such that G can be colored in a way such that
no two adjacent vertices have the same color. According to
the result of Brooks [2], we have x(G) < A(G)+1 with
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equality if and only if G is an odd cycle or a complete
graph. By using the spectral radius of a graph, Cao [4] and
Wilf [14] improved this result. Tian et al. [12] considered
the spectral radius of graphs with given chromatic number.
So, it is important to estimating the bounds of the spectral
radius of graphs. For given order n and diameter D, Zhai
et al. [15] determined bipartite graphs with the maximum
spectral radius. Van Dam [13] determined the extremal
graphs with maximum spectral radius among the ones on n
nodes with diameter D. It is well known that every graph
belongs to a class of multipartite graphs. So, it is important
to consider the maximum spectral radius of multipartite
graphs. This paper focuses on the maximum spectral radius
of multipartite graphs with given r(r > 2) vertex parts, order
n and diameter D. That is, we will consider the follow-
ing problem:

Of all the r—partite graphs in G(r,n, D), which achieves
the maximum spectral radius?

Let T([21],r—1,1,[27]) € G(r,n,D) be the graph
obtained from a complete r—partite graph on n — D + 1 verti-
ces in which each vertex part has either [2=2+l| or [2=2+1]
vertices: joining one pendent vertex of the path Py with all

vertices in one vertex part which has [%=2+l| vertices and
joining one pendent vertex of the path Ppo_y with all vertices
in the other r — 1 vertex parts. In this paper, we will show that
the r - partite graph T([Z2],r —1,1,|%2]) is just the
extremal graph with the maximum spectral radius in
G(r,n, D). Note that the case D =n — 1 is contained in [15]
and for D=1, the extremal graph is just the complete graphs
K, (see [6]). It is easy to check that 3 <r <n— D+ 1.

The rest of this work is organized as follows. In the rest
of section 1, we give some results used in this paper. In
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section 2, the main results are given. In section 3, 4 and 5,
the main results are proved. In section 6, conclusion of our
paper is drawn. Next, there are some useful results used in
this paper.

The characteristic polynomial of G is just det(xI — A(G)),
which is denoted by @(G, x) or simply by ®(G).
Lemma 1 [8]. Let v be a pendent vertex in G, vw € E(G).
Then

D(G,x) = xD(G — v;x) — D(G— v — w; x).
By the Perron-Frobenius Theorem, we can obtain the following

results which can also be found in [5] and [7], respectively.

Lemma 2. Let G; and G, be two graphs. Then

(i) If ®(Gyx)>D(Gy,x) for x> p(Gy) then p(Gy) > p(Gy);
(i) If G, is a proper subgraph of a connected graph G,
then p(Gz) < p(Gi).

The complete r—partite graph on n vertices in which
each part has either |2] or [Z] vertices is denoted by T ,.
Let e(T,,,) denotes the number of edges of graph T, ,. The
following result can be found in [1].

Lemma 3. Let G is a complete r—partite graph on n vertices.
Then e(G) < e(T,), and the equality holds if and only
ifG=T,,.

2. Main results

Theorem 1. Let n, D and r be integers with 3 <r <
n—D+1and 2 <D < n—2. Then the graph

(P2 5))

is the unique graph with the maximum spectral radius
in G(r,n,D).

Theorem 2. Let r € [3,n — D + 1] and order n be fixed inte-
gers. Then for D € [2,n — 2],

(P2 )

the spectral radius of the extremal graphs in G(r,n,D) is a
decreasing function on D.

Theorem 3. Let diameter D € [2,n — 2| and order n be fixed
integers. Then for r € [3,n — D + 1],

(P2 )

the spectral radius of the extremal graphs in G(r,n,D) is an
increasing function on r.

3. Proof of Theorem 1

The proof of this result will be established in a number of
steps. Note that for G € G(r,n, D), there exists a distance
partition IT:

Uo = {M},
Ui = {vldg(u,v) = ii=1,2, ---,D,u € Up,v € V(G)\Up };

V(G) =U2,U.

Next, we will characterize the extremal graphs with the
distance partition IT when the spectral radius of graph G €
G(r,n,D) achieves the maximum.

Proposition 3.1. Let G € G(r,n,D)
partition I1 and maximal spectral
each i€ {0,1,2, ---,D—1},

distance
Then for

with the
radius.

(i) G[U;UU,] induce a complete k—partite subgraph
with 2 <k <r;

There exist two partition sets U, U+ such that
G[U;, U U, 41] is a complete r—partite subgraph.

(ii)

Proof of Proposition 3.1. (i) Suppose that for each i€
{0,1,2, ---,D — 1}, G[U; U U;4] induce a k—partite sub-
graph with k>r or k=1. The inequality k>r contradicts
the fact that G € G(r,n,D). According to the partition U,
Uy, -+, Up of V(G), U; and U, are two different partition
sets. Thus, the integer k is not equal to 1. So, the inequality
2 <k <r holds. On the other hand, Suppose that for each
i€{0,1,2,---,D—1},G[U; U Ujy1] induce a k—partite
subgraph which is not complete. Let Uj(j = 1,2, - --,k) be
the partition classes of the subgraph G[U; U U]|. Moreover,
for any different integers j, j» € {1,2, ---,k}, we can
assume, without loss of generality, that there exist two vertices
u € Uj,,v € Uj, which are not adjacent. Now, we add the edge
uv to the induced subgraph. Let G’ be a graph obtained by
adding an edge between u and v. Then G’ € G(r,n,D) and
e(G") > e(G). Thus, we have p(G') > p(G), a contradiction.
(ii) This case is clear because G is a graph in G(r,n,D). O

Proposition 3.2. Let G € G(r,n,D) with distance partition
IT and maximum spectral radius. If V' is a vertex part of
induced subgraph H; = G[U; UU;4), i € {0, 1, 2, - -+, D—1},
then V! C U; or V' C U,.

Proof of Proposition 3.2. Let X be the Perron vector of G,
where x,, corresponds to the vertex @ € V(G). For each i €
{0, 1,2, -+, D}, we assume Ni(w) be the sets of @’s neigh-
bors in vertex sets U,.

Suppose that there exist two vertices u € U;N V' and v €
Ui11 N V. Hence, these two vertices are not adjacent in the
subgraph G[U; U U;;]. Now we consider the following two
cases to finish the proof.

Case 1: For the fixed integer i € {0, 1, 2, ---,D—1},
G[U; U U;41] induce a k—partite subgraph with 2 < k<r.
Let G’ be a graph obtained by adding an edge between u
and v. Clearly, G € G(r,n,D) and e(G') > e(G). Thus, we
have p(G') > p(G), a contradiction.

Case 2: For the fixed integer i € {0, 1, 2, ---,D—1},
G[U; U U] induce a r—partite subgraph. Now we con-
sider the following three subcases to finish the proofs of
Case 2.



Subcase 2.1: For the fixed integer i € {1, ---, D-2},
G[U; U U;y4] induce a r—partite subgraph. Without loss of
generality, we assume that x, < x,. Let G be the graph
obtained by deleting all edges between the vertex u and all
its neighbours in U;_;, and joining u with all neighbours of
the vertex v in Uj,.Clearly, G € G(r,n,D) and

p(G') = p(G) > XTA(G)X — X"A(G)X
=2x, - Z xw Z Xy |-
weNL? (v YENG ! (u)

Since A(G)X = p(G)X,

= > xw+ > xet Z Ko

WwENL? (v weNE (v) weNL(
ij*'23x+ X:x
PENEY( PENL (u) 7EN (u
with
D S D o
weNE (v PENG (u) weNL( PENL(
Thus
p(G) = p(G) = 2xup(G)(xy — xu) > 0

If p(G') = p(G) then x, = x,; for the vertex w € N5?2(v),
we have x, =p(G)x, — p(G)x, =0, a contradiction.
Consequently, we have p(G') > p(G), a contradiction.

Subcase 2.2: For i=0, G[U;UU;4| induce a
r—partite subgraph.

In this subcase, we can obtain the distance between u
and v will be greater than 1, a contradiction.

Subcase 2.3: For i=D—1,G[U;U Uy,]
r—partite subgraph.

By Case 1, Subcase 2.1 and Subcase 2.2, for each integer
i€{0,1,2,---,D—2}, if u€ U; and v € Uy, then uve
E(G) and G[U; U Uy,] induce a complete multipartite sub-
graph with k(2 <k <r) vertex parts. Therefore, if
G[Ui1] = G[Up] = |Up| - K; then G[Up_, U Up_] induce a
k—partite subgraph with k>r, implying a contradiction.
Thus we assume that G[U;y1] = G[Up| induce a k—partite
subgraph with 2 < k < r. Then let G’ be the graph obtained
by joining v with all neighbours of the vertex u in U,_; =
Up_». Clearly, G € G(r,n,D) and e(G') > e(G). Thus, we
have p(G') > p(G), a contradiction. Therefore, Case 1 and
Case 2 complete the proof.

induce a

The following result can be deduced from Proposition 3.1
and Proposition 3.2.

Proposition 3.3. Let G € G(r,n,D) with the distance
partition I1 and maximal spectral radius. Then, for each
integer i€ {0,1,2,---,D—1}, if ueU; and ve Uy,
then uv € E(G).

Remark 3.4. Let G € G(r,n,D) with the distance partition
IT of V(G) have the maximal spectral radius. By the
Proposition 3.1, Proposition 3.2 and Proposition 3.3, G[Uj]
induce a complete k—partite subgraph with 2 <k <r—1 or

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS 3

G[Uj] 22 |Uj| - Ki(here, we call this subgraph an empty graph
or 1—partite graph). Thus, we can give some useful symbols.
Let Uy=U"_ U, where i = 0,1,---,D,1 <k <r—1
and G[U; ] 2 |U; 1| - Ki. In particular, if k; = 1 then U; =
Vj,l and G[U,] = |V,| - Ky = ‘Ui,1| - Kj. Clearly, Uy = U()’l.
By Proposition 3.1(ii), there exist two vertex parts Uj,, Uj 41
such that G[U;, U U; 4] induce a complete r—partite sub-
graph. In fact, the size of the other vertex parts can also
be determined.

Proposition 3.5. Let G € G(r,n,D) with the distance parti-
tion I1 and maximal spectral radius. Then, there exist at
most two partition sets U; and U; containing more than one
vertex. Furthermore, |i - j| = 1.

Proof of Proposition 3.5. The cases D=2, 3 are trivial. Now
let D>4 and G be an extremal graph in G(r,n,D). By
Remark 3.4, we have U; = U]:,;:IU,',m. Let X be the Perron
vector of G. We observe that x, = x, for any two vertices
u,y € Ui, since they have the same neighbors. Let x;
correspond to the vertices in U, ,,. By Proposition 4.1(ii),
there exist two vertex parts U, U, ;1 such that G[U, U
U,,+1] induce a complete r—partite subgraph. Now we have
to show that the vertex parts contain no more than one ver-
tex other than U, U; 1.

Suppose that |Uj|,|Uj| >2 with |i—j >2 and i, j &
{io, ip + 1}. Without loss of generality, we assume that
and by Remark 3.4,

-1 ki
Ul = <U Ui,m) U ( U Uz,m> U Ui,l’
m=1 m=I+1

h—1 kj
o= (Uue) U (B0 o
m= m=h+1

Select a vertex u € Uj, and let G’ be a graph obtained
by deleting all edges incident to u and joining u with
all vertices in (Ui UUy;)U (U;\ Upj). Clearly, G €
G(r,n,D) and

p(G) —

xi,l 2 xj,h>

o(G) = xTA(G’)X ~ X"A(G)X
Kit1

Z|Uz 1m| Xi— lm+Z|Uz+lm‘ x1+1m
+Z‘U1m| x1m+ Z|U1m| x:m:I

= 2xj,h .

m=I+1

ki1

= 2Xh - [ZU] Lm| - Xj— 1m+Z|UJ+1m| Xjt+1,m

h—1
+D Uil i

m=1

k]

+ Z ‘U],m| '-xj,m .

m=h+1

Since A(G)X = p(G)X,
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i+1

ki k
p(G)xi = Z|Ui71,m| “Xiel,m + Z|Ui+1,m| “Xitl,m
m=1 m=1

ki
Z |Ui,m| - Xi, m>

-1
+ Z|Ui,m| * Xiym +
m=1 m=I+1
ki1 ki1
p(G)xjn = le]jfl,m| “Xj—t,m T Z|Uj+1,m| * Xjr1,m
m=1 m=1

ki
> Upnl - 5im:

h—1
+ D Uil i +
m=1 m=h+1

Thus
p(G') — p(G) > 2x;,5p(G)(xi,1 — xj,n) > 0

If p(G') = p(G) then x;; = xj 4, p(G')X = A(G')X. Thus, we
have

ki ki
p(G)xi—1,1 = Z|Ui72,m| “Xi—o,m + ZlUi,m| “Xiom
m=1 m=1

ki1
+ Z‘Uifl,m‘ “Xi_1,m>
m=2

kis ki
p(G)xiiy1 = Z|Ui72,m| “Xi—o,m ZlUi,m| “Xiym
m=1 m=1

ki
+ Z‘Uifl,m‘ “Xiot,m + X b
m=2
a contradiction. Consequently, we have p(G') > p(G), a
contradiction. 0

Proposition 3.6. Let G € G(r,n,D) with the distance parti-
tion Il and wmaximal spectral radius. Then |Up|=1
for D > 3.

Proof of Proposition 3.6. Suppose that |Up| > 2. Then by
Proposition 3.5, |U]=1(i=0,1,2---,D—1) or |Uj]=
1(i=0,1,2---,D — 2). Let G’ be a graph obtained by delet-
ing the edge incident to uy, € U, and joining u, with all ver-
tices in Up. Clearly, G' € G(r,n,D) and e(G') > e(G). Thus,
we have p(G') > p(G), a contradiction. |

By Proposition 3.5 and 3.6, if G € G(r,n, D) with the dis-
tance partition Il and maximal spectral radius then there
exist at most two consecutive partition classes U;, and Uj 4
of IT containing more than one vertex, and G[U;, U Uj 1] is
a induced complete r—partite subgraph. That is, each of the
rest of the partition classes of II contains only one vertex.

Let G € G(r,n,D) with the distance partition IT and
maximum spectral radius. Without loss of generality, we
assume that the partition classes U, and U,y satisfy the
conditions of Proposition 3.1-3.6. That is, for integer D >
3, U, U,y induce a complete (o 4 ff)—partite graph with 2
< o+ B < %(G). Each of the partition classes other than U,
and U,y; has only one vertex. Hence, the distance partition
IT of extremal graph G € G(r,n, D) with maximum spectral
radius can be displayed as

H : U0> Ul) Y Ua—b Uaa Ua+1> Ua+2> Y UDa

The extremal graph G = G, ;, with the distance partition IT
can be obtained by

e constructing the path P, : ug uy -+ tg—y (u; € U, i =0,
1, .-+, a - 1), and joining the end vertex u,_; € U,_; to
every vertices in U,;

e constructing the path Py : tgy Ugys -+ up (4; € Uy j =
a+2,a+3, -+, D), and joining the end vertex u,., €
U,y to every vertices in Ugyg.

Moreover, the vertex set, partition classes and diameter of
extremal graph G, ; satisfy

V(G) = V(Pa) UU,UUg U V(Ph)’

o
Ua - ‘Ul Ua,ia
i=

=

Upy1 = U Uatr,j>
]:

G[Ua,i] = ‘Ua,i| 'le
G[Uas1,j] & |Uay,jl - K1,
a+b=D-—1.

Proposition 3.7. Let G = G, , € G(r,n, D) with the distance
partition I1 and maximal spectral radius. Suppose that X be
a Perron vector of G. For any vertex w € V(G), its corre-
sponding component in X is denoted by x,,. Then

(1)  G[U,U U,y] is an induced r—partite subgraph with
n— D+ 1 vertices in G, p; note that each vertex part
have [2=2HL| vertices or [2=2+1] vertices;

(2) Either « = 1 and G[U) = [=2H].K; or f =1
and G[Upy1] = [*=0H] - Ky

(3) a—b € {0) 1}) if Xa—1 Z Xa+t2-

Proof of Proposition 3.7. (1) By Proposition 3.1-3.6, it is true
that |(U,UU,1| = n—D+1, and that G[U,UU,4] is a
complete induced (o + f)—partite subgraph with 2 < o+
p<r.lf a+ f <r then G[U,_; UU,] a complete induced
(o0 + 1)—partite subgraph with o+ 1 < r; G[Upq1 U U,po] is
a complete induced (f + 1)—partite subgraph with f+1
< r. Thus, we have G & G(r,n,D), a contradiction. So, we
must have o+ f = r. Furthermore, each vertex part in
G[U, U Uyyi] have |2=BEL| vertices or [*=2+l] vertices by
Lemma 3, since it is well known that adding edges may
increase the value of the spectral radius of any graph G.
(2) Suppose that o> 1 and > 1, and

Xy = X%,V € Upi (0r u,v € Usyy,j)-
Without loss of generality, we assume that
Xa—1 < Xat2,
[Uai| 2 |Ua2| =5 -+ |Usal

The corresponding components of vertices u,—; € U,_1, Uy,
€Usitarr,j € Usprjpttarz € Uspz in X are denoted
by  Xa—1,Xa i» Xat+1,j>Xatr2, Tespectively. Let graph G’ is
obtained by



e deleting the edges between the vertices in U,_; and the
vertices in U, \U, 4;

e joining the vertex u,,
in U\U,, 4.

€ Usz to every vertices

Then, we have that

p(G') = p(G) > XTA(G)X — X"A(G)X

oa—1

= 2<Z|Ua,i| 'xa,i> : (xu+2 - xu—l)
i=1

>0

If p(G') = p(G) then x, | = X412, p(G') = XTA(G')X. Thus,
we have

B o—1

p(G)Xarz = Xays + Z|Ua+1,j| “Xat1,j + Z|Ua,i| * Xa,i>
j=1 i=1

B
p(G)xa+2 = Xa+3 + Z|Ua+1,j| * Xat1,j>
=1
a contradiction. So, we must have p(G') > p(G), a contra-
1, and that G[U,] =
|2=DHL| . K;. Carrying out analogical proofs, for x,; >
Xat2, we have f =1 and G[U,4] = =24 . K.
(3) Suppose that a — b > 2. Then, the graph G, ; satisfy
(1) and (2) of this present proposition. By Lemma 1, we
have

diction. Hence, it is true that o =

D(Gap; %) = xD(Gaep,p; %) — D(Gae2 5 X) (3.1)

D(Gao1,p115 %) = xP(Gyo1,p; %) — P(Gao1,p-1; %) (3.2)
From the formulas (3.1) and (3.2), we have

Q(Ga,p3 %) = P(Ga1, 5413 %) = P(Ga1,5-15%) = P(Gaz,p3 %)

= (D(Gafb,o;x) - (I)(Gafbfl,l;-x)

By Lemma 2(ii), we have
P(Ga-1,b41) > p(Ga—b-1,1) = p(Ga-,0)-
Now, suppose that
D(Gyop,0; %) — P(Ga—p-1,1; %) < 0.

Then, by Lemma 2(i), for x > p(G_1,p41) > p(Gap-1,1) >
0(Ga—p,0), we have

p(Gafb,O) > P(Ga—b—l, 1)>

a contradiction. In fact, p(Gy_p0) < p(Ga_p-1,1), since

e(Ga—b,O) < e(Ga—b—1,1)~
So, we must have

(I)(Ga_h’();x) — (I)(Ga_b_l’l;x) > 0.
That is
(D(Gu’b;x) — @(Ga,1,5+1;x) > 0.

But, by the Lemma 2(ii), for x > p(G,—1,p11) > P(Ga—bp-1,1)
> p(Ga—po), we also have p(G,p) < p(Ga1pt1), which
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contradicts the fact that G, achieves the maximum spectral
radius. Therefore, a - b € {0, 1}.

By Proposition 3.1-Proposition 3.6, the extremal graph G
€ G(r,n, D) with maximum spectral radius has a special dis-
tance partition II. According to the Proposition 3.7, the the
extremal graph G = G, ;. Therefore, the presented Theorem 1
is true.

4, Proof of Theorem 2

Clearly, the spectral radius of extremal graphs in G(r,n,D)
is a function on D. We will show that it is a decreasing
function on D.

For any integers Dy,D, € [2,n — 2], suppose that D; >
D,. Let T([2], r—1,1,[2-|) denoted by T, and

T([%W,r -1,1, LDZZ_IJ) denoted by T, be the extremal

graphs in G(r,n,Dy) and G(r,n,D,), respectively. Next we
will show that p(T;) < p(T3).

Let V(Ty)=V(P,)UV,UV, UV(Py), where V,=
U Vais a= [Dlz_l], V(Py) = {vo, V1> -5 Vau1}, V(Py) =
,vp,}. Now let T; be the graph obtained

{Vu+2>va+3> e
from T; by

(1) selecting the p vertices vo, vy, - -+, vp_1 € V(P,) and the g
vertices Vp, _qi1,Vp,—q+2> - *>Vp, € V(Pp), where p +
q = Dy — Dy;

(2)  deleting edges incident to these p + gq vertices;

(3) joining these p + g vertices with all vertices in V,;

(4) joining these p + q vertices with the vertex v,i, €

Vasa.

Clearly, T; € G(r,n,D,) and p(Ty) < p(Ts3), since e(T}) <
e(T3). By Theorem 1, we have p(T;) < p(T3). Thus p(T) <
p(Ty). According to the arbitrariness of D; and D,, we can
get the result. 0

5. Proof of Theorem 3

Next we will show that the spectral radius of the extremal
graphs in G(r,n, D) is an increasing function on r.

For any integers r1,7, € [3,n — D + 1], suppose that r; <
r». Let T([2Y], r—1,1,|%%]) denoted by T, and
T([21], 1 — 1,1, |2]) denoted by T, be the extremal
graphs in G(r,n,D) and G(r,n,D), respectively. Now we
will show that p(T) < p(T2).

Let V(T1) = V(P.) UV, U Vi, UV(P),
UM 'Vana = [B51]. To obtain the graph T from Ty, a
total of r, — r; times the following operations will be car-
ried out:

where V, =

(1) joining one vertex u € V,;(|Vai| >2,i=1,2,---,r, —
1) to all vertices in V. ; \ {u};
(2)  joining one vertex v € V,11(|Vat1| > 2) to all vertices

in Vo \ {v}.
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Clearly, T5 € G(r2,n,D) and p(T:) < p(T5), since e(T;) <
e(T3). By Theorem 1, we have p(T3) < p(T3). Thus p(T) <
p(T2). According to the arbitrariness of r; and r,, the proof
is finished. O

6. Conclusion

It is well known that every graph belongs to a class of multi-
partite graphs, and that estimating the spectral radius is
helpful for estimating the bounds for some parameters of
graphs. So, it is important to study the spectral radius of
multipartite graphs (see [9-11]). In this paper, we consider
the spectral radius of the class of multipartite graphs, and
get the extremal graphs with the maximum spectral radius.
To some extent, we extend the results in [15] to the class of
multipartite graphs (Theorems 1, 2 and 3). Furthermore, the
result (Theorem 1) is more specific than the result in [13].
That is, for estimating the maximum spectral radius of spe-
cific graph G, it is more accurate to using the result
(Theorem 1) in this work than to using the result in [13].
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