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1. Introduction

Trigonometric polynomials (TPs) arise in many areas of pure and applied mathematics: algebra of
polynomials and complex analysis [1,2], Fourier analysis, approximation theory, numerical methods
and interpolation [3] to name a few, as well as in various applications including signal processing
[4]. TPs occur (see e.g. [5] and references therein) in the search for eigenvalues of non-selfadjoint
Sturm-Liouville problems on the semi-axis, whole axis, or an interval with piecewise constant coef-
ficients in the equations and local or non-local boundary or transmission conditions or conditions at
infinity containing spectral parameter.

Analysis of TPs including the existence and distribution of their (real or complex) zeros constitutes
a specific direction of real and complex analysis developed in many classical works. Information about
the existence and location of zeros is essential property of TPs (as it is the case of any polynomial).
The proofs of the existence and investigations of distribution of the TP zeros constitute complicated
mathematical problems addressed during the last two centuries by many famous mathematicians:
Littlewood [2,6,7], Erdelyi [8,9], Lanczos [10], and others [11].

Let us give an example (taken from an extended collection of problems [12]) and a typical
sophisticated task of the TP theory. A 'regular’ TP

N
Ly(®) =) (Cjcosjo + S;sin jb) (1)
j=0
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Figure 1. TP Ligo(x) = :,?21 cos Nmx, x € (0, ), with randomly distributed digits 1 < n,, < 106.

where coefficients C; and S; do not vanish simultabeously has exactly 2N zeros. However, generally,
the occurrence of zeros of a TP may constitute a severe problem. Indeed, a cosine TP

M
Ly(0) = Z cos njf (2)
=1

was considered by Littlewood in [2] who posed the following problem: if the #; are integral and all
different, what is the lower bound on the number of real zeros of TP (2)? Possibly M—1, or not much
less. No progress has been made on this problem in the last half century until 2008 when it has been
shown [13] that there exists a cosine polynomial (2) with the ; integral and all different so that the
number of its real zeros in the period [—, ) is O(M 5/6 log M). Below we make another contribution
to the analysis of the Littlewood TPs and prove a statement (Corollary 5.3) estimating the number of
zeros for a certain subfamily of TPs (2). Figure 1 gives an example of a TP (2) of order 100 with the
estimated number 2 - 100°/° of zeros located in [—, 7) to be around 93.

Many approaches in the TP theory deal with introduction of various TP families and obtaining
different sufficient conditions providing the existence of the TP zeros valid for each particular family
or class of TPs. In many cases, the developed approaches enable one to describe distribution of zeros
and determine their number (over a period). Let us give two examples illustrating such methods. In
[9] it is examined the size of a real TP of degree at most n having at least k zeros in K :=R (mod 27)
(counting multiplicities). In [14] the following sufficient conditions are obtained for the existence of
zeros of a family of cosine TPs

M
1
Cux) = 2 + Z amcosmx, apy =0, (3)

m=1

where {a,,}, ap = 1, is a monotonically decreasing (a;y+1 — am <0, m =0,...,M — 1) and con-
vex (Am+42 — 2am41 + am < 0,m = 0,..., M — 2) number sequence: TP (3) has one simple zero on
every interval (mm /M, (m + 1)w/M),m=1,...,M — 1.
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An example of the TP generalization according to [11] has the form

M
1
Ty(x) = an + Z amcosml, ap # 0, (4)

m=1

where 6 = W(x) is a continuous function with positive (or negative, but not both) first derivative for
x real. In particular, Ty (x) = cos(karccos x), x € [—1, 1], are the Chebyshev polynomial of degree k.

Cylindrical polynomials (CPs) have much in common with TPs; however, their theory is much
less developed. CPs occur when particular solutions to Maxwell equations are sought in polar
or cylindrical coordinates in domains where boundary and interface contours or surfaces pos-
sess circular symmetry. Standard reference books on cylindrical functions (see e.g. [15-17]) con-
sider two-term sums of products of two cylindrical functions occurring, e.g. in the form [18,19]
Jn(k1%) Yy (k2%) — J(k2%) Yy(k1x) (n =0,1,2,...) of cross-products of Bessel functions. Extension
to the greater number of factors in the products or greater number of product terms has not been
performed, to the best of our knowledge.

This study follows and contribute to the three main directions of the TP and CP theories: creating
a universal form of generalized TPs; extension of the methods of the TP analysis to the class of CPs
involving cylindrical functions of different kinds and order; and obtaining new sufficient conditions
providing the existence and description of distribution of zeros of certain families of TPs and CPs.
The latter employs non-periodic TPs and analysis of their parameter dependence.

Another objective is application of the obtained results in the electromagnetic field theory, namely,
to the determination of real and complex oscillations and waves. The latter are reduced to multi-
parameter eigenvalue problems [20,21] and then in many cases (when, e.g. the Helmholtz equation
admits closed-form solutions using separation of variables) to dispersion equations (DEs). Their com-
plete study is a sophisticated task which requires deep analytical-numerical investigations. In this
work, a major attention is paid to creating an introduction to a general method that enables obtain-
ing (sufficient) conditions of the existence and description of localization of the DE roots providing
thus justification for the methods of determination of oscillations and waves in multi-layered struc-
tures which can be easily implemented in calculations. The method is based on the studies of the
so-called generalized TPs (GTPs) and generalized CPs (GCPs) aimed in particular to finding zeros of
GTPs and GCPs using different approaches.

The approach proposed in this study makes use of the method [22,23] employing GCPs applied in
[23] to the rigorous analysis and determination of real waves in a dielectric waveguide (DW) and
a Goubau line (GL) of circular cross section. The technique involves recursive procedures of the
determination of zeros of TPs, GTPs, and GCPs.

2. Trigonometric polynomials

TPs are weighted linear combinations

2 Mq M
Tu) =YY P @Uy(ngmx) or En(t) =Y P (e (5)
q=1 m=0 m=0

of complex exponents or trigonometric functions U;(y) = siny (g=1) or U(y) = cosy (g=2),
where M = My + M, (for i), ng,m and ny, are integers forming integer frequency’ parameter vec-
tors Kgm = (ng,1. . ., ngm), and Pém) (x) and pim (x) (m=1,2,..., Mg, q=1,2) are constants or
bounded continuous functions considered on the whole line, half-line x > 0, or an interval. A cosine
TP (2) considered by Littlewood has all P™ (x) =1 and is therefore 27 -periodic. One also sep-
arates the cases M} = M, = My and ny,, = ny, = m or n, = m and all Pém)(x) =const (m =

1,2,...,My) giving classical (27 -periodic) TPs, even (a cosine TP with all Pim) (x) =0) or odd (a
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sine TP with all Pém) (x) = 0). A’regular’ TP (1) constitutes, as well as TPs (2)-(4), examples of such
polynomials; several more are presented in the appendix.

Together with TPs (5) we will study more general cases of non-periodic TPs considering wieghted
trigonometric sums (TSs)

2 Mq
Gu(x) =Y > P (0)Uy (kg m) 6)
q=1 m=0
with generally non-integer ‘frequency’ parameter vectors kg = (kq,15. - -»KgMm)> 4= 1,2. TS (6) is a

TP having the form (5) of the order M = M; + M,.
Many standard examples of TPs and TSs calculated in the closed form for which it is possible to
determine all zeros explicitly are considered in the appendix.

3. Cylindrical polynomials

In this study, we call CPs the weighted linear combinations

M
Cu(x) = Y Q™ () T(kcmx) (7)

m=0

of cylindrical functions Z,,, where each 7, is either Bessel, J,, or Neumann, Y, function (p =
0,1,2,...), km are real numbers forming parameter vectors kpr = (K1, .. .,kn), and Q™ (x) (m =
0,1,...,M) are constants or bounded continuous functions considered on the whole line, half-line
x>0, or an interval. Unlike classical 277 -periodic TPs and TSs (A1)-(A6) with integer parameter
vectors, CPs (7) are non-periodic (and in this respect they are similar to TPs (6)) although every
term in (7) is an almost-periodic function. Namely, the following statements hold: (i) every func-

tion Z,, has a countable sequence of positive simple zeros {z,(cm)} increasing w.r.t. index k; (ii) the

distance d,((m) = z,(ﬁ)l — z,im) (k=10,1,2,...) between two neighboring zeros of Z,, tends to a con-

stant (in particular, to 7 for the Bessel functions) as x — oo; (iii) there is a number r > 0 such that
r = ming—q,. . d,((m) (m =1,2,...); and (iv) zeros of every two different cylindrical functions J,, (x),
Jn (%), Y (%), Yy (x) (m # n), or J(x), Yu(x) (m,n =0,1,...) alternate.

Analysis of CPs including the existence and distribution of their (real or complex) zeros constitutes
a specific set of complicated mathematical problems that has been rarely addressed in the literature
as compared with TPs (where one may refer, e.g. to [1,2,10,12]).

4. Generalized TPs and CPs

Consider weighted linear combinations

M
Tum(x) =Y Q™ U ™M (x) (8)
m=1
or
M
Gum(x) = Y P W (x) )
m=1

of the products YmNm) — Hfﬁlul,z(icf:'%)x) or WmNm) () = HI,:];”OI;M) (K,ﬁfrgx) of trigonometric,

U2, or cylindrical, L(,m), functions, where N = Z%:l Ny, PP (x) and Q" (x) are constants or
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bounded continuous functions for x > 0 and K and /c(m)

quency’ parameter vectors K7(~m) (Kl(?, - ’KI(\IM)T) and K(m) (K,E%, - ,K,(ll\é'")) m=12,...,M.

In this study, functions (8) or (9) are referred to, respectlvely, as generalized TPs (GTPs) or GCPs
of order (N, M). In particular, for TPs (5) and (6)

are real parameters forming the ‘fre-

M M,
Gux) = Y P (@) sin (k1 mx) + 3 PY™ (%) cos (kamx) = Tarm(x) (10)
m=1 m=0

all N, = 1 so that they are GTPs of order (M, M) with M = M, + M,.
In the studies of cylindrical functions (e.g. in [15-17]) zeros are considered of the two-

term sums of products of two cylindrical functions; that is, of G4 (x) = Z W2 (x), where
m=1

W (x) = I,(l:"i (k™ x)I,(lm) (K(m) x) with n;,,, denoting the order of two cylindrical func-

n1,m
tions I(mi and I(m) that have elther different kind, or the same kind and different order
or different parameters K(”‘i and K (m=1,22). Such two-term sums of products, e.g.
Ju(k1%) Y, (k2%) — Ju(k2x) Yy(k1x) (n = 0 1 2,...) as in [19] are called cross-product Bessel func-
tions.

Lemma 4.1: A product U™N (x) = IY_ U, z(K(m)x) of trigonometric functions Uy can be rep-
resented as a GTP of order (M',M") wzth a certain M' = M'(N), that is, as a TP (6) of order
M.

Proof: The first step of the induction proof is to check basic trigonometric identities sinx siny =
0.5(cos(x — y) — cos(x + ¥)), sinx cos y = 0.5(sin(x — y) + sin(x + y)), and cos x cos y = 0.5(cos(x
— %) + cos(x + y)) and to apply them to the triple products, e.g. sin x sin y sinz = 0.5(sin z cos(x —
y) —sinzcos(x + y)) = 0.25(sin(z — x + y) +sin(x + y — z) +sin(z + x — y) + sin(—x — y — 2))
so that Hizlul (knt) = 0.25 an:l Uy (k) = Taa(x) = Ga(x) with x = k1t, y = kat, 2 = k3t, k| =

—K1 + k2 + K3, K5 = K1 + K2 — k3, K5 = k1 — k2 + k3, and Ky = —K1 — k2 — K3. [ |
Assuming now that
M (N—1)
M Uy p(enx) = Y Pallya (i), (11)
m=0

one can easily verify, after converting each product of two trigonometric functions to a sum, that

M'(N)
T U (k) = Unp (k)T U o (enx) = ) Pl o (icpx).
m=0

Corollary 4.2: A GTP (8) of order (N, M) can be represented as a TP (6) of a certain order M, =
M; (M, N).

Proof: Every product ™) in (8) can be written according to Lemma 4.1 as a GTP of order
(M}, M;,)) with a certain M, = M, (N,,). Consequently, GTP (8) of order (M, N) can be represented
as a sum of TPs (6) and finally as a TP (6) of the order M = er\:{:l M. [ |
Lemma 4.3: Denote by AV (a) = (x"™ (), xX"™ ™ (a)) and Al(z) B) = (xél’l) B, xELlH) 8,
m,l = 1,2, ..., intervals formed by two pairs of neighboring positive zeros of sin ax and cos Bx given by
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(A9) and (A10) with o, B # 0. Then for any three distinct positive numbers x; > 0, x*, and x3, x1 <
x* < xp, therearea > 0, B > 0, and integers m’ and l' such that x* € Aii,) (o) and Afﬁ,) (o) C (x1,x2)
orx* € AP (B) and AP (B) C (x1,x2).

Proof: Endpoints of Ainl)(ot) and A;Z) (B) form equidistant (uniform) grids of points on the half-
line x > 0 separated by d; = ma~ ! and d, = 7B, Therefore, there is an interval between certain
neighboring grid points of each grid that contains one, two, or three of the numbers x;, x*, and
x2 (we assume that x* does not coincide with any of the grid points). Choosing « or 8 such
that di, < min {x* — x1,x; — x"} < x; — x; we see that there are integers m’ and !’ such that
x* e Aii,)((x) orx* e Al(,z)(ﬂ) and A(r}q,zl), C (x1,%2). [ |

5. Zeros of GTPs and GCPs

In order to formulate sufficient conditions that guarantee the existence of zeros of GTPs and GCPs
and describe their localization, we will use the following

Lemma 5.1: Let f;(x) € Cla,b], j=1,2,3 (continuous in a closed interval [a, b]), f2(a) = f2(b) =0,
and fi1(a)f1(b) < 0 or, equivalently, there is an s € (a, b) such that fi(s) = 0; then the equation

flo) =fL)fx) +fi(x) =0

has a root x* € (a, b).

Proof: Indeed, f(a) = f1(a) and f(b) = f1(b) so that f(a)f (b) < 0 and therefore f(x) = 0 has a root
x =x* € (a,b). |

5.1. GTPs

We have already noted that TPs (A1)-(A6) have each infinitely many zeros for any number of their
terms N = 2,3,... and that infinitely many zeros of neighboring’ TPs Sy, Sn—1, Cn, Cn—1, and
Tn, Tn—1 (N = 2,3,...) alternate. This statement can be in a certain sense generalized for arbitrary
GTP using Lemma 5.1, validating simultaneously a recursive procedure of proving the existence and
determining the location of zeros of TPs, GTPs, and GCPs.

Theorem 5.2: There are (in general, non-integer) frequency vectors kgy = (kg1 - - -»KgMm)> 9= 1,2,
such that a TP (6) of order 2M where PU™ (x) are arbitrary constants or bounded continuous functions
that do not vanish on the half-line x > 0 has a positive zero.

Proof: The first step of the induction proof is to call that TPs of orders 1 and 2, sin(k,1x), cos(k2,1%),
and Pj sinky,1x + P cos k2,1x, have each infinitely many positive zeros for any P, = const, P% +
P% # 0,and k41 # 0, g=1,2. The latter statement is easily extended to the case when P, = Py »(x)
are any two functions satisfying the condition of the theorem. Next, assume that TP Gops—»(x) in the
form (6) of order 2(M — 1) has a positive zero x},_; and consider TPs of order 2M—1

Gram—1(0) = P () sin(ieymx) + Gan—2(x), (12)
Grom—1(x) = P§M) (x) cos(ka,mx) + Gam—2(x). (13)

Applying Lemmas 4.3 and 5.1 with (a,b) being an interval formed by two neighboring zeros of
sin(k1,x) or cos(ka,px) and choosing ks or k3,3 in line with Lemma 4.3 with respect to x3;_; €
(a, b) we prove the statement of the theorem.
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Statement of Theorem 5.2 is valid for cosine TP (2) considered by Littlewood in the form stronger
than that for non-periodic TPs and GTPs. Namely, one can estimate the number of zeros on half-
period (0, r] and establish the existence of infinitely many positive zeros of TP (2).

Corollary 5.3: TP (2) of order M > 2 where ny and ny, ny > ny, are two aribtrary (different) integers,
has at least 2n, zeros on half-period (0, 7] and infinitely many positive zeros.

Proof: The first step of the induction proof is to call that TPs (2) of orders 1 and 2, L;(x) = cos n1x
and Ly (x) = cos na1x + cos nippx = 2 cos((naa + n21)/2)x cos((na2 — n21)/2)x, have each infinitely
many positive zeros

b0 = @k - Dm br X&) = @-Dr b em _ @m=Dr —_1):1’ klm=12 ..., (14
2ny n nt n n
for any integers n1, 121, and ny, 1y > 11, with nT = ny, + ny1;in particular, L; (x) has n; zeros and
Ly(x) has ny = nt /2 + n~ /2 (when parity of n* and n™ is the same) or ny + 1 = (n* +1)/2 +
(n~ + 1)/2 (parity of n™ and n~ is different) zeros on half-period (0, r]. Thus, zeros of L,(x) form
a finite set of distinst points on the interval (0, 7). To show details of the proof of the induction step,
consider L3(x) = cos n3x + La(x). According to Lemma 4.3, one can choose n3 such that intervals
AE,? = 5,13 S), %SH)) s=1,2,...,n% (where n$} = ny or nfj = ny; + 1) between two neighbor-
ing zeros of cos n3x contain each one zero of Ly(x). This means, in line with Lemma 5.1, that L3(x)

has a zero on each Aif; Consider now Ly (x) = cos nyx + Ly—1(x) and assume that {x(p ) }p Lt

are L1 zeros of Ly;—1(x) on (0, 7). According to Lemma 4.3, one can choose 7, such that 1ntervals
between two neighboring zeros of cos njsx contain each one zero of Lys—; (x). Therefore, Lemma 5.1
implies that the corollary is proved. u

Figures 2 and 3 illustrate the proofs and display examples of TPs (2) of different orders. Comparing
Figures 2 and 4 one observes a clear similarity between CPs and TPs with respect to the statements
of Theorems 5.2 and 5.4 and Lemma 4.3.

5.2. GCPs

According to Corollary 4.2, Theorem 5.2 can be applied to GTP (8). However it is reasonable to give
an independent proof which provides sufficient conditions of the existence of zeros of both GTPs (8)
and GCPs (9).

Theorem 5.4: There are frequency’ vector sets ®(M) =uM_ _(m) and @8\/1 ) = uM_ Ké ™ where
'(m) ("1(’?")’ .. KI(\,m)T) and /c(m) (Kl(lé, ce KZ(VN"%) (m = 1, 2, .. .» M) have real components, such

that GTP (8) and GCP (9) of order (N,M) (N = Zm:l N,.) where Q" (x) and P (x) (m =
1,2...,M) are arbitrary constants or bounded continuous functions that do not vanish on the half-line
x> 0 have each a positive zero.

Proof: First, note that at M =1, GTP (8) and GCP (9) of order (1, N;) are single products having
each (as a function of x) infinitely many positive zeros forming countable sets Tz(\,1 ) = L.JN1 t(l) and
ZI(\}I) = UN1 Z(l) being unions of the infinite sets tﬁll) and Z(l) of the zeros r(l) and z(l) k=1,2,...)
of all U, 2(/((1) x) and Z, 1 that enter these products. |

Second, forany M = 2,3...,andm = 1,2..., M, the products UTNm) (x) and WNm) (x) com-

prising N, factors have each infinitely many positive zeros forming countable sets T(m) = UN"’ {m)
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3 i I i i i i

Figure 2. TPs L[3(x) = cos3x 4+ cos7x +cos20x (M=3, ny =7, ny =3, n3=20) with L[y(x) =cos3x + cos7x =
2cos2xcos5x, x € (0,7); La(x) (0) has 7 zeros located together with 7 zeros of L3(x) (¥) between pairs of neighboring
zeros of cos 20x.

kappa=[7,13,2,15,6,4,11,17,6]

Lg[x][blue], cos(6x], L E'[x] -5 6x)

Figure 3. TPs Lo(x) = ng:1 cosnmx (lower curve with greater number of oscillations) with iy = (n1,...,n9) = (7,13,2,
15,8,4,11,17,6), Lg(x) = Lo(x) — cos 6x (upper curve with greater number of oscillations), and cos 6x, x € (0, ); zeros of TPs
alternate and Ly (x) and Lg(x) have each 11 zeros located between pairs of neighboring zeros of cos 6x.

and ZI(\,";) = UL\IQOZﬁlm) being unions of the infinite sets tf,m) and Z;,m) of the zeros rr(:z) and z’(g()

(k=1,2,...)ofallUhy» (K,(:V})x) and I,ﬁ"“. Elements of tﬁ,m) and Zﬁ,m) (and of TI(\,r:’n) and Zl(\,r:ln)) depend

on the parameter vectors E;m) and ;Zg”) (m=12...,M).
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kappa ,=[7,13,2,15,84,11,17,8]

04 € 2020 (0, J (20

08 i i j i ; ;
0.5 1 1.5 2 2.5 3 35

Figure 4. CPs G3(x) = Jo(3x) + Jo(7x) + Jo(20x) with Co(x) = Jo(3x) + Jo(7x),x € (0, 7); C2(x) (0) has 4 zeros located together
with 6 zeros of C3(x) (*) between pairs of neighboring zeros of Jy(20x).

Perform the next step of induction and represent GTP (8) and GCP (9) as

Tam(x) = QM (kM )t MW (x) 4+ Top pp 1 (x), (15)
Gnm(x) = PYD KMy WANW (x) 1 Gy (x), (16)

where N’ = an/l;ll Ny, UMNW (x) and WMNM (x) vanish at the endpoints of the intervals
M) _(M M) (M

Up k(M) = (a,b) = (r’ik),r}ik}rl) and I,y (M) = (a,b) = (z;’k),zfl’kil) (n=1,2...,Np) between

every two their neighboring zeros.

Assume that the parameter vector sets @gw_l) and ®(GM_1) in (15) and (16) are such that GTP
TIn' m—1(x) and GCP Gy pr—1(x) of order (M — 1, N’) have each a zero x}. > 0 or xj, > 0. Choose
®(TM71) and @8\4—1) according to Lemma 4.3 with (a, b) being intervals u,y (M — 1) or Iy jr (M — 1)
formed by two neighboring zeros of U YN (x) or WMNM) (x) with index pairs (n/, k') or (n”, k")
such that x7. € (a,b) or x{; € (a, b). Next, use Lemma 5.1 to conclude that GTP (8) and GCP (9) of
order (M, N) have each a zero on these intervals proving thus the statement of the theorem.

6. Application to DEs in electromagnetic field theory
6.1. Waveguides with circularly symmetric layered media

When electromagnetic wave propagation is considered [20,24] in waveguides having circular sym-
metry, like DWs or GLs formed by several concentric layers of media, all the field components of
symmetric and non-symmetric waves are expressed [21,24] via a potential function ¢ (r) which is
sought generally as a linear combination of cylindrical functions of order m = 0, 1,2, .. .. This fact
enables one to reduce finally the determination of the wave propagation constants to the solution of
DEs involving CPs and GCPs. Further stages of the mathematical model are described in the next
section.
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6.1.1. Sturm-Liouville problems

Analysis of running (normal) waves in waveguides filled with circularly symmetric layered media
is reduced [21,22,25] to the non-selfadjoint Sturm-Liouville problems for the Bessel equation with
piecewise constant coefficients on the semi-axis

=0, (17)

r=a

rdr \ dr dr
¢ € C'0,+00) N C*(0,a) N C*(a,+00), ¢(r) = 0, r > oo, (DW),

d d
£¢>— __( ¢>+k2¢=0,7’>0, [¢]|r=a= |:Ol1()/)—¢:|

Lo=0, r>a ¢@ =0 [pll_,= [am)‘;—ﬂ =0 (18)
¢ € C'[a, +00) N C*(a,b) N C*(b, +00), ¢ (r) — 0, ;—> oo, (GL); (19)
here
T _ ki —B% r>a, OW), © = :k(z) —p% r>b D),
eké—,Bz,r<a ek(z)—,Bz, a<r<b

B is the wave propagation constant (spectral parameter of the problem), € and kg are, respectively (real
or complex) permittivity of the media and wavenumber of vacuum (a real parameter), and o2 (y)
with y = B/kg are given expicitly for a particular structure.

Finding eiganvalues of (17) and (18) (propagation constants of running waves) is reduced [20-26]
to the solution of functional equations w.r.t. spectral parameter y or A = y? usually called DEs.
When real spectrum of problems (17) and (18) is considered, the quantities are sought as real-valued
functions of real spectral parameter y (or A) varying on a certain interval y € (y1, y2).

For multi-layered DWs or GLs when the number M > 1 of dielectric layers (that is, discontinuities
of the coefficient in the differential equations entering (17) and (18)) may be arbitrary, transmission

conditions in (17) and (18) comprise 2M jump relations with different Oll 2 (y) at the layer boundaries
r=aj,ajt1 > aj > 0,for DWorr=bj,bjy1 > bj>a>0(=12,...M— 1), for GL.

The general results of the classical Sturm—LiouVille theory concerning the existence and distribu-
tion of (real or complex) spectrum for this type of problems are not applicable because the boundary
(transmission) conditions depend on the spectral parameter; this dependence which is specified by
concrete functions obtained explicitly governs the presence or absence of spectrum.

The explicit expressions for the DEs obtained in [22-24] for multi-layered DWs and GLs (open
or shielded) or structures formed by plane-parallel layers of media [27,28] show that these DEs
involve GCPs where weight coeflicients P (x) and Q"™ (x) are constants or bounded continu-
ous functions for x >0 determined explicitly and K(m) and Kr(l"g forming the parameter vectors

_(m) (Kl(r;), . ,KI(\,m)T) andlc(m) (K,i%, ... ,Kr(f\g”)) m = 1,2,..., Marereal quantities expressed

in terms of parameters of the partlcular structure (Figure 5) .

6.1.2. Single-layer DW and GL
The DEs for single-layer DW and GL can be represented [21-23,25,26] in the general form involving
GCPs (9)

Fi(x) = Pp(W)]1(x) + xJo(x) =0 (DW), (20)
Fg(x) = Pp(qw)@1(x) — gxPo(x) =0 (GL), (21)

where ], Y., and K,,, (m=0,1) are the Bessel, Neumann, and Macdonald functions, Pp(w) = €

(WKo(w)/K1(w)), o = Jo(qx) Yo (x) — Jo(x)Yo(qx) and @1 = Jo(x) Y1(gx) — J1(qx) Yo (x) are Bessel

cross-products [19], and the waveguide geometric and material parameters x = /€ — y2,y = kﬁo’
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Phin[green], Phi 1 [red), F g[black]al eps=10,ka=10[u=30],q=2

1 T T T T T

Figure 5. Zeros of a GCP Fy (curve with highest oscillation) given by (21) situated between neighboring zeros of ®q (curve with a
negative starting value) and &1 (curve with a positive starting value).

k = koa, u = k+/€ — 1 (B, €, and kg are, respectively, the wave progation constant, permittivity, and
free-space wavenumber), w = /u? — x% = /c\/y2 —1l,andg = (b/a) > 1 (aand b are characteristic
dimensions of DW and GL).

For a GCP Fg in (21) we can apply this reasoning and Lemma 5.1 by setting f (x) = —gx®¢(x) and

f2(x) = @1 (x). Then Fg(x) has a zero between every two neighboring Z(er)os h,(cl) and hl(<1421 of ®;(x) as
1

1) The latter condition can

be satisfied because zeros hg) = hg) (q) of @;(x) alternate for different j= 1,2 and form sequences of
points decreasing with respect to g [21,22,26]. The conclusion concerning the existence and location
of the zeros of Fg between neighboring alternating zeros of ®¢(x) and @ (x) is perfectly illustrated
by Figure 7.

Straightforward analysis of (20) and (21) demonstrates that functions F; and F, entering DEs have
distinct common features: they are sums of (products of) cylindrical functions J,,, and &, each having
infinitely many alternating simple positive zeros. The latter yields an immediate proof (illustrated by
Figure 6 and verified below) of the (sufficient conditions) providing the existence of real roots of the
DEs located between zeros of ], and ®,, (m=0,1). The existence, localization, and number of the
DE roots are governed actually by a number of zeros of J,,, or ®,, that are inside the domain x € (0, u)
of F and Fy; that is, by the value of parameter u.

soon as g > 1 is such that a zero of ®(x) belongs to the interval (h,(cl)h

6.1.3. Multi-layered waveguides
For M-layer DWs or GLs with M > 1 DE takes the form [29] of the determinant equation

Fu(y) = detA(y) =0, A= |}apq(y)||;f‘;:1 , (22)

where ¢ (y) is a one-to-one function of the spectral parameter considered on a certain interval y €
(Y1, v2) and apg(y) = TP (i éD ’q)g(y)) are cylindrical functions, either of different order or type or
with different parameter factors K(Gp D) (P.g=1,2,...2M).
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Jy loreen), J | (red), P (black) st eps =15, kappa=2
10 T T T T . T

dgpd o F

Figure 6. Example fora GCP F4(x) in DE (20): plots of Jo (x) (upper curve W|th no oscillations), J; (x) (lower curve with no oscillations),
and F4(x) (curve with one oscillations) at ¢ = 5 and k = 2 (u = k+/€ — 1 = 4) displaying a zero of F;(x) between neighboring
zeros of J; (x) and neighboring zeros of Jy(x) and J; (x).

Phi1 [red],Phia[green], F g[bla.ck], eps=10,q9=3 kappa=1{u=3)
0.3 . ! " . . ; ! r .

1.2 14 1.6 1.8 2 2.2 24 26 2.8 3

Figure 7. An example showing alternating zeros of ®¢(x) (curve starts at —0.3), ®1(x) (curve starts above 0.2), and Q(G)
Pg®o — @4 (curve starts above 0).

Thus, solution to Equation (22) reduces to the determination of zeros of a GCP (9) obtained as

a result of calculation of the determinant. The GCP involves products H Ty s q)( e q)g(y)) of the
cylindrical functions entering (22).
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A is a block-diagonal matrix obtained explicitly in [29] which yields the possibility of recursive
computation of its determinant and obtaining formulas similar to (15)

Fy =T e OFy_, — T (eGP0 (23)

using low-order minors FJI\;IZ_I and cofactors so that at the first (and each subsequent) recursive step
the expression for Fy;(y) contains two terms. This enables one to apply the procedure outlined in the

proof of Theorem 5.4: Assume that parameter K(Gl’l) in (23) is such that an interval u,((}l) formed by two

neighboring zeros of 7 an (K(Gl’l) ¢) with index k' contains one particular zero of 7 12) (Kg’z) £).Sucha

choice of parameter is possible because each Z(? (i él ?) ¢), p = 1,2, has infinitely many zeros forming

almost periodical sequences and each zero (as well as the distance between any two neighboring

. . . . 1,
zeros) is a monotonically decreasing function of Ké 25

Next, we use Lemma 5.1 to conclude that Fy; in (23) has a zero on the interval u,((}l)

6.2. Plane-parallel layered guiding structures

Determining resonant states and eigenfrequencies of plane-parallel layered dielectrics in free
space, between parallel perfectly conducting planes, or in a waveguide of rectangular cross
section is considered in terms of non-selfadjoint Sturm-Liouville problems (17) for the equation
Lo =—¢" +k*¢ =0 on the line with piecewise constant coefficients; eigenfunctions ¢(r) are
sought as a linear combination of trigonometric functions

and the problem in question is reduced [27,28] to DEs involving complex-valued TPs

2
Gr(2) = G (@) = > Py(2)Uy(icg2)s (24)

9=1

here z is a real or complex variable associated with one particular layer in an M-layer structure (e.g.
z = k+/€; — y? with s being the index of the layer with permittivity €5, 1 < s < M) and P;,(2) are
complex-valued functions depending on all the problem parameters. In particular, for the single-layer
structure (comprising one dielectric slab), we have [27]

Gr(2) = GV (2) = Py (2) sin(tz) + cos(tz), Py(z) = iZ(C,z) = % (% + g) , (25)

where t > 0 and C > 0 are (real) parameters. In [27], it is proved that g§” (2) is an entire even function,

the DE gél) (z) = 0 has no real zeros and has infinitely many complex zeros located in pairs in the
first and third quadrants in the complex z-plane. This result is extended to M-layer plane-parallel
structures. Explicit (tedious) expressions for P; »(z) in the cases of two and three layers may be found
in [27].

7. Conclusion

We have developed the theory of TPs and proposed a generalization of the notion of TP that can be
applied to the analysis of CPs.

The proposed method is based on the introduction and analysis of GTPs and GCPs. The tech-
nique can be applied in electromagnetics using the explicit forms of DEs expressed as weighted
sums of products of trigonometric and cylindrical functions that describe eigenoscillations and nor-
mal waves in layered structures. The approach enables one to complete rigorous proofs of existence
and determine domains of localization of the DE roots and validate iterative numerical solution
techniques.



14 Y. SHESTOPALOV

The obtained results complete mathematical theory of DEs for multi-layered waveguides possess-
ing circular or plane-parallel symmetry and can be extended to more general structures as well as to
determination of complex waves.
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Appendix
The Fejer kernel

13 1 (sin 2\?2

Fp(x) = = ) " Di(x) = —( — L ) ,
n n \ sin3
k=0

the Dirichlet kernel

sin n4 1

D, (x) = Z e =1+ ZZcos(kx) M
k=—n 2

and other trigonometric sums like

sin I\g

Ex(o) =) ™ = Oy + iSy(x) = /DN

>
sin E

a cosine TP with all P(lk) (x) =0, P;k) (x) = 1, and the parameter vector ko, n—1 = (1,...,N — 1)

Cn o) = Zcos(kx) smT os 212,

a sine TP with all ng) x) =1, P;k) (x) = 0, and the parameter vector k1 ny—1 = (1,...,N — 1)

sin I\f‘ (N—1Dx

Sn(x) = Zsm(kx) sin ———,

2
a TP with all P{¥ (x) = PP (x) = 1
N-1 2 N-1
Tn(x) = Y (sinkx+coskx) = Y Y Uy(kx)
k=0 q=1 k=0
N-—1 in M
:SN(X)+CN(X):\/ESin|:( )x+§:| Sl.n z,
2 4 | sin 5
‘shifted’ TPs (A4), (A5) with all ng) (x) = —sinaand P;k) (x) = cosa
~ N-1 2 N-1
CnGsa) =) cosa+ke)=> Y (=D Us_g(@)Us_g(kx)
k=0 q=1 k=0

(N - l)x:| sin M

= Cn(x) cosa — Sy (x) sina = cos |:a + 2

>
sin 5 2

and all Pik) (x) = cosaand Pék) (x) =sina

N-1 2 N-1
Sn(xa) = Z sin(a + kx) = Z Z Uy (@)U —q(kx)
k=0 q=1 k=0

(N - 1)xi| sin %

= Cn(x) sina 4 Sy(x) cosa = sin |:a + 3

>
sin E

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

are examples of TPs which can be calculated in the closed form involving only products of trigonometric functions.

This enables one to obtain all zeros of TPs (A1)-(A6)

b4

xoN = @m—D—r m=12,..5 x¢ Xy 217 xB) =X =12,
4 2 1

(1") yn=12,...; 53;,)_ s——=1),s=12,...;
N—l N-1 4

(217) (2,p)

XrN =XCN > p=12,...

(limiting ourselves only to positive zeros, n = 1,2,...,).
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Zeros

, 2m' — 1
xEl’m)(k):%,kzl,...N—l, m=1,2..., (A9)

, v
xgw(k):%, k=1,2..N—1, ' =1,2,..., (A10)

of all intermediate terms cos kx and sin kx in TPs (A1)-(A6) alternate with x(cllf]"), (CZI{; éll\;'), x(TIIi,) and x(z ?) I fact,
(L,5) 2.p)

excluding, e.g. merging zeros of (A6) XpN =XrN when
N'(4s—1) =1(4N' — 1), N =4N/, (A11)

which is valid particularly for p = s = N’, N’ = 1,2,.. ., we have that zeros of (A6) are all different if condition (A11)
does not hold. Another valuable observation is that infinitely many zeros of Sy, Sn—1, Cn, Cn—1, and Ty, Ty—1 (N =
2,3,...) alternate.

Also, the distances d;l;\, = (Tl]f,H) (15) = (2n /(N —1))and d%\, = (TZ}€+1) (lp) = (27 /N) between neig-

boring zeros of Cy(x), Sn(x), and TN(X) are less than the distance disli) = izkm) — E,lkm) = (7/2k) between
neigboring zeros of cos kx and sinkx (k=1,...N — 1) for N > 4k + 1.
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