
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=lagb20

Communications in Algebra

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/lagb20

Rings of congruence preserving functions, II

C. J. Maxson & J. H. Meyer

To cite this article: C. J. Maxson & J. H. Meyer (2020): Rings of congruence preserving functions,
II, Communications in Algebra, DOI: 10.1080/00927872.2020.1812619

To link to this article:  https://doi.org/10.1080/00927872.2020.1812619

© 2020 The Author(s). Published with
license by Taylor and Francis Group, LLC.

Published online: 21 Sep 2020.

Submit your article to this journal 

Article views: 109

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=lagb20
https://www.tandfonline.com/loi/lagb20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2020.1812619
https://doi.org/10.1080/00927872.2020.1812619
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2020.1812619
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2020.1812619
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2020.1812619&domain=pdf&date_stamp=2020-09-21
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2020.1812619&domain=pdf&date_stamp=2020-09-21


Rings of congruence preserving functions, II

C. J. Maxsona and J. H. Meyerb

aDepartment of Mathematics, Texas A&M University, College Station, Texas, USA; bDepartment of
Mathematics & Applied Mathematics, University of the Free State, Bloemfontein, South Africa

ABSTRACT
For several classes of special p-groups G, of exponent p, p> 2, we show
that the near-ring, C0ðGÞ, of congruence preserving functions on G is a
ring if and only if G is a 1-affine complete group.
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1. Introduction

Let G :¼ hG, þ , 0i be a finite group written additively but not necessarily abelian, with neutral
element 0. As usual, we let M0ðGÞ denote the near-ring of zero-preserving functions on G under
the operations of pointwise addition and function composition. We consider subnear-rings
P0ðGÞ, the near-ring of polynomial functions on G, and C0ðGÞ, the near-ring of congruence pre-
serving functions on G. We recall P0ðGÞ is the subnear-ring generated by the inner automor-
phisms of G while a function f 2 M0ðGÞ is congruence preserving if, for each x, y 2 G and normal
subgroup N of G, if x� y 2 N, then f ðxÞ � f ðyÞ 2 N:

We let gðGÞ denote the lattice of normal subgroups of G and recall gðGÞ is lattice isomorphic
to the congruence lattice of G. For any subgroup H of G, the normal closure H of H is defined
by H ¼ \fN 2 gðGÞjN � Hg: For x 2 G we let x ¼ hxi and thus we have f 2 C0ðGÞ if and only
if f ðxÞ � f ðyÞ 2 x� y for all x, y 2 G: We have IðGÞ ¼ hInnðGÞi ¼ P0ðGÞ � C0ðGÞ � M0ðGÞ:

In this paper we continue the investigation initiated in [11] as to when C0ðGÞ is a ring. Of
course, if C0ðGÞ is a ring so is P0ðGÞ and from Chandy ([3]), P0ðGÞ is a ring if and only if G is a
2-Engel group, i.e., every element of G commutes with all of its conjugates. Since a group G of
nilpotency class at most 2 is 2-Engel, in this investigation we restrict to nilpotent groups of class
at most 2, and using standard results, can restrict to p-groups of class at most 2. (See [11].) For
finite abelian groups, A, C0ðAÞ is a ring if and only if A is 1-affine complete, and the 1-affine
complete finite abelian groups are known ([11]). Recall that a group G is 1-affine complete (1-ac)
means C0ðGÞ ¼ P0ðGÞ: For background material and history see [10, pp 158–160].

Several necessary conditions on finite non-abelian nilpotent p-groups of class 2 for C0ðGÞ to
be a ring were given in [11] (see Theorem II.1 below) and in these cases for p 6¼ 2 all the groups
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G were 1-ac. The first examples of 1-ac non-abelian p-groups were given by Dorda ([6]). These
groups were p-groups, nilpotent of class 2, exp ðGÞ ¼ p, jGj ¼ p6, p > 2:

In light of this example and some GAP examples, we restrict our attention to finite non-abelian
p-groups, G, p 6¼ 2, of class 2 and ZðGÞ ¼ ½G,G� and G=½G,G� is elementary abelian, that is a special
p-group. Recall that a finite group G is special if G is elementary abelian or G is nilpotent of class 2,
ZðGÞ ¼ ½G,G� and G=½G,G� is elementary abelian. (The first occurrence we have found of these groups
is in Hall and Higman ([9])). From group theory one finds that a non-abelian p-group, G, is special if G
is nilpotent of class 2 and ZðGÞ ¼ ½G,G� ¼ UðGÞ (the Frattini subgroup of G). A special p-group has
exponent p or p2 ([7]). We focus here on non-abelian special p-groups, G, exp ðGÞ ¼ p, p 6¼ 2:

A further reason for restricting to these special p-groups is that Verardi ([13]) has shown that
there exists an injective map G7!Gp from the class of finite groups into the class of special p-
groups of exponent p. Thus information about the associated special p-group Gp may be used to
obtain information about G.

In the remainder of the paper G will denote a non-abelian special p-group, p 6¼ 2, of exponent
p. As usual, Z(G) denotes the center of G, ½G,G� ¼ G0, the commutator subgroup, and
M0ðGÞ,C0ðGÞ and P0ðGÞ as defined above.

2. Background results: old and new

As indicated at the end of the previous section, henceforth our groups G will be non-abelian special
p-groups of exponent p 6¼ 2: For ease of exposition we denote this by “Let G 2 NASð exp p 6¼ 2Þ”.

For G 2 NASð exp p 6¼ 2Þ, let gðGÞ denote the lattice of normal subgroups of G. Let D, E 2
gðGÞ,D(G, f0g(E: The pair (D, E) is called a splitting pair if for each N 2 gðGÞ,N � D or N �
E: If G contains a splitting pair, we say G splits or G is split. In the case D¼E, we say D is a cut-
ting element and G is cut.

For x 2 G, we let ½x,G� ¼ h½x, g�jg 2 Gi ¼ f½x, g�jg 2 Gg: We have x ¼ hxi þ ½x,G� and x is
abelian ([11, 3.3]).

For use in the sequel we collect some (mostly) known results. We note that some of these
hold for any non-abelian p-group of nilpotency class 2.

Theorem II.1. Let G 2 NASð exp p 6¼ 2Þ. If any one of the following holds:

1. G is split ([11, 3.1]);
2. jGj < p6 ([11, 4.7]);
3. G is abelian by cyclic ([11, 4.6]);
4. There exists x 2 G such that ½x,G� is cyclic ([6, Hilfsatz 9]);
5. The derived subgroup G0 ¼ ½G,G� is cyclic ([11, 4.1]);
6. G0 is 2-generated, that is G0 ffi Zp�Zp,

then C0ðGÞ is not a ring and thus G is not 1-ac.

Proof. For (4), Dorda ([6]) constructs a function g 2 C0ðGÞ � P0ðGÞ: One finds that gðid þ idÞ 6¼
g � id þ g � id so C0ðGÞ is not a ring. For (6), we take G0 ¼ hc1, c2i ffi Zp�Zp: Let x 2 G� ZðGÞ
and note ½x,G� ¼ G0, otherwise ½x,G� is cyclic and the result follows from (4). For N 2 gðGÞ, if
N 6�ZðGÞ then for x 2 N � ZðGÞ,G0 ¼ ½x,G� � N: Thus Z(G) cuts G and we use (1). w

We mention two additional cases. In [4], Corsi Tani proved that if G is a finite p-group of nil-
potency class 2 having an automorphism r 6¼ id, with gcdðjrj, pÞ ¼ 1, and such that rðNÞ � N
for all N 2 gðGÞ, then G 2 NASð exp p 6¼ 2Þ and G is cut. Thus these groups are not 1-ac and
C0ðGÞ is not a ring. Gorenstein ([7]) calls G 2 NASð exp p 6¼ 2Þ extra special if jG0j ¼ p and pro-
ceeds to discuss the use of extra special groups in the classification problem of finite simple
groups. From Theorem II.1, extra special p-groups, G, are not 1-ac and C0ðGÞ is not a ring.
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We know if G is not cut then gðGÞ is a simple lattice ([2, Lemma 6.1]). For H,K 2 gðGÞ the
interval I(H, K) is said to be a prime interval if jIðH,KÞj ¼ 2 and in this case we write H � K:
From lattice theory, when gðGÞ is simple then any two prime intervals are projective, hence if
H � K and A � B, then B/A and K/H are C0ðGÞ isomorphic (See also [1] and [2]).

Lemma II.2. Let G 2 NASð exp p 6¼ 2Þ, jZðGÞj 	 p2. Let f 2 C0ðGÞ. Then

1. 1. f jZðGÞ ¼ k � id, k 2 Zp:
2. If G is not cut, then h ¼ f � k � id 2 C0ðGÞ, where k 2 Zp is given in part 1,

and hðGÞ � ZðGÞ, hðZðGÞÞ ¼ f0g:
Proof.
1. Let x, y 2 ZðGÞ and f 2 C0ðGÞ: Then f ðxÞ 2 x so f ðxÞ ¼ kx � x and f ðyÞ ¼ ky � y, kx, ky 2 Zp:

Since f 2 C0ðGÞ, f ðxÞ � f ðyÞ 2 x� y, that is kx � x� ky � y ¼ kðx� yÞ, k 2 Zp: Therefore
ðkx � kÞx ¼ ðky � kÞy: If hxi 6¼ hyi, then kx ¼ k ¼ ky: If hxi ¼ hyi, then since jZðGÞj 	 p2,
there exists w 2 ZðGÞ, hwi 6¼ hxi and hwi 6¼ hyi: But then kx ¼ ky ¼ kw so f jZðGÞ ¼ ‘ � id, ‘ 2
Zp: (This also follows from ([12]) since Z(G) is affine complete.)

2. Let N,M 2 gðGÞ, f0g � N � ZðGÞ and M � G: Then Iðf0g,NÞ and I(M, G) are projective so
G/M and N=f0g are C0ðGÞ isomorphic. For f 2 C0ðGÞ we find from the first part, f jZðGÞ ¼
‘ � id, ‘ 2 Zp, so for h ¼ f � ‘ � id, hðZðGÞÞ ¼ ðf � ‘ � idÞðZðGÞÞ ¼ f0g: Thus hðGÞ � \fM 2
gðGÞ jM � Gg � ZðGÞ: w

From Theorem II.1 we know if G is cut, G is not 1-ac. Thus in the sequel, when G is not cut
and when attempting to show that arbitrary f 2 C0ðGÞ is also a polynomial function, without loss
of generality we consider h ¼ f � ‘ � id:

We introduce some further notation and concepts. Let G 2 NASð exp p 6¼ 2Þ: Then G=ZðGÞ
and ZðGÞ ¼ G0 are Zp-vector spaces, say

G=ZðGÞ ¼ he1 þ ZðGÞ, :::, en þ ZðGÞi and ZðGÞ ¼ hc1, :::, csi
so G ¼ he1, :::, en, c1, :::, csi and jGj ¼ pnþs, n ¼ dimZpðG=ZðGÞÞ, s ¼ dimZpðZðGÞÞ: Note T :¼
f½ei, ej�j1 
 i < j 
 ng is a generating set for ZðGÞ ¼ G0 so without loss of generality we take B :
¼ fc1, :::, csg � T: Thus each ½ei, ej� 2 T � B is a linear combination of elements from B. See
Cortini ([5]) for this representation of G 2 NASð exp p 6¼ 2Þ:

We mention that another computational approach to non-abelian special p-groups of exponent
p is given by Grundh€ofer and Stroppel ([8]) in their investigations of Heisenberg groups. This
approach is used to obtain information about automorphisms of these special p-groups.

We next introduce a directed graph in which the defining information of our groups is
enclosed. Let G 2 NASð exp p 6¼ 2Þ be given by G ¼ he1, :::, en, c1, :::, csi and the linear combina-
tions for ½e‘, ek� 2 T � B, ½e‘, ek� ¼

Ps
i¼1 a

i
l, kci: The vertices are the generators fe1, :::, eng and the

directed edges are ½ei, ej�, i < j: For x, y 2 G, x ¼Pn
i¼1 aiei þ z1, y ¼

Pn
j¼1 bjej þ z2, z1, z2 2

ZðGÞ, ½x, y� can be determined from the graph.

Example II.3
A. G is full. G is isomorphic to he1, :::, en, c1, :::, csi, s ¼

�
n
2

�
: In this case B ¼ T. For n¼ 4 we have
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B. G is circular. G is isomorphic to he1, :::, en, c1, :::, cni, ½ei, eiþ1� ¼ ci where we take enþ1 ¼ e1,
and other ½e‘, ek� ¼ 0: For n¼ 4 we have

C. Consider G given by

where ½ei, eiþ1� ¼ ci, 1 
 i 
 4 (with e5 ¼ e1), and ½e2, e4� ¼ c1 þ c2: Note ½e2, e4� ¼ ½e1, e2� þ ½e2, e3�
so ½e2, e4 � e3 þ e1� ¼ 0: Thus G is isomorphic to

where b1 ¼ e1, b2 ¼ e2, b3 ¼ e3, b4 ¼ e4 � e3 þ e1: Therefore G is circular.

In the next section, with the aid of this graphical representation, we determine new classes of
non-abelian special p-groups of exponent p which are 1-ac and new classes which are not 1-ac.
In these latter classes, C0ðGÞ is not a ring.

3. Main results

As usual, G 2 NASð exp p 6¼ 2Þ, jGj ¼ pnþs, n ¼ dimZpðG=ZðGÞÞ, s ¼ dimZpðZðGÞÞ:
Theorem III.1. (Full) Let G ¼ he1, :::, en, c1, :::, csi, n 	 3, s ¼

�
n
2

�
. Then G is 1-ac.

Proof. Let f 2 C0ðGÞ: As we have shown above, we may assume that f ðGÞ � ZðGÞ, so we let
f ðuÞ ¼ ½u, du�, u, du 2 G: We also let ½ei, ej� ¼ cij for 1 
 i < j 
 n: From f ðe2Þ � f ðe1Þ 2
½e2 � e1,G� we have f ðe2Þ � f ðe1Þ ¼ ½e2 � e1, x� for some x 2 G: It follows that

e2, de2 � de1½ � ¼ e2, de2½ � � e2, de1½ � � e1, de1½ � þ e1, de1½ �
¼ f ðe2Þ � f ðe1Þ þ e1, de1½ � � e2, de1½ �
¼ e2 � e1, x½ � � e2 � e1, de1½ �
2 e2 � e1,G½ �:
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So we have ½e2, de2 � de1 � 2 ½e2 � e1,G� \ ½e2,G�: Furthermore,

e2 � e1,G½ � ¼ h e2 � e1, e1½ �, e2 � e1, e2½ �, e2 � e1, e3½ �, :::, e2 � e1, en½ �i
¼ hc12, c23 � c13, :::, c2n � c1ni,

while

e2,G½ � ¼ h e2, e1½ �, e2, e2½ �, e2, e3½ �, :::, e2, en½ �i ¼ hc12, c23, :::, c2ni:

From the linear independence of the cij, it follows that ½e2 � e1,G� \ ½e2,G� ¼ hc12i, and hence
de2 � de1 is forced to have the form ae1 þ be2 þ c, a, b 2 Zp, c 2 ZðGÞ: If we let bd1 ¼ de1 þ ae1 þ c
then ½e1, bd1 � ¼ ½e1, de1 � and ½e2, de2 � ¼ ½e2, de1 þ ae1 þ be2 þ c� ¼ ½e2, bd1 þ be2� ¼ ½e2, bd1 �: We put
d ¼ bd1 so that f ðe1Þ ¼ ½e1, d� and f ðe2Þ ¼ ½e2, d�: For j 	 3, it follows similarly that f ðejÞ � f ðe2Þ 2
½ej � e2,G� and so ½ej, dej � d� 2 ½ej � e2,G� \ ½ej,G� ¼ hc2ji: Using f ðejÞ � f ðe1Þ 2 ½ej � e1,G� we
get ½ej, dej � d� 2 ½ej � e1,G� \ ½e1,G� ¼ hc1ji so ½ej, dej � d� ¼ 0, and f ðeiÞ ¼ ½ei, d�, i ¼ 1, 2, :::, n:

For aej, let f ðaejÞ ¼ ½aej, g�, g 2 G: Using f ðaejÞ � f ðeiÞ 2 ½aej � ei,G�, i 6¼ j, we get ½aej, g �
d� ¼ 0 and f ðaejÞ ¼ ½aej, d�:

Thus we find d 2 G, f ðaeiÞ ¼ ½aei, d� for each i 2 f1, :::, ng, a 2 Zp:
Now let u ¼ uiei þ ujej þ c, i 6¼ j, ui 6¼ 0 6¼ uj, c 2 ZðGÞ: As above we find ½u, du � d� 2

½ei,G� \ ½ej,G� ¼ hciji and for k 6¼ i, k 6¼ j, ½u, du � d� 2 ½uþ ek,G� \ ½ei,G� \ ½ej,G� ¼ f0g:
Hence f ðuÞ ¼ ½u, d�:

By induction, f ðPn
i¼1 uiei þ cÞ ¼ ½Pn

i¼1 uiei, d� so f 2 P0ðGÞ, that is, G is 1-ac.

We may now assume n 	 4: For if n¼ 3, then s 

�
3
2

�
¼ 3: If s¼ 3 then from the above the-

orem, G is 1-ac. If s¼ 1 or s¼ 2, then from Theorem II.1, C0ðGÞ is not a ring. For n¼ 2, s¼ 1
we are again finished using Theorem II.1. It should be mentioned that the “full” case n ¼ 3, s ¼ 3
is the example of Dorda mentioned above.

Theorem III.2. (Circular) Let G be circular, i.e., G is isomorphic to he1, :::, en, c1, :::, cni, ½ei, eiþ1� ¼
ci where we take enþ1 ¼ e1, and the other ½e‘, ek� ¼ 0. Then G is 1-ac if and only if C0ðGÞ is a ring
if and only if n is odd.

Proof. We have

where we take ci ¼ ½ei, eiþ1� and identify enþ1 ¼ e1, i ¼ 1, :::, n:
Let n be even, s ¼ n, jGj ¼ p2n and define a function h 2 M0ðGÞ by

h
Xn
i¼1

kiei þ c

 !
¼
Xn
i¼1

ð�1Þiþ1kikiþ1ci, where knþ1 ¼ k1,

and where c 2 ZðGÞ is arbitrary. We show h 2 C0ðGÞ and show C0ðGÞ is not a ring.
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Now

h
Xn
i¼1

kiei

 !
� h

Xn
i¼1

‘iei

 !
¼
Xn
i¼1

ð�1Þiþ1ðkikiþ1 � ‘i‘iþ1Þci, where ‘nþ1 ¼ ‘1

¼ ðk1k2 � ‘1‘2Þc1 � ðk2k3 � ‘2‘3Þc2 þ ðk3k4 � ‘3‘4Þc3
� ðk4k5 � ‘4‘5Þc4 þ� � � �
þ ðkn�1kn � ‘n�1‘nÞcn�1 � ðknk1 � ‘n‘1Þcn: ð�Þ

Also,�Xn
i¼1

kiei �
Xn
i¼1

‘iei,G

�
¼
�Xn

i¼1

ðki � ‘iÞei,G
�

¼ hðkn � ‘nÞcn � ðk2 � ‘2Þc1, ðk1 � ‘1Þc1 � ðk3 � ‘3Þc2,
ðk2 � ‘2Þc2 � ðk4 � ‘4Þc3, ðk3 � ‘3Þc3 � ðk5 � ‘5Þc4,

..

.

ðkn�2 � ‘n�2Þcn�2 � ðkn � ‘nÞcn�1, ðkn�1 � ‘n�1Þcn�1 � ðk1 � ‘1Þcni:
We see that ð�Þ can be written as

� k1 ðkn � ‘nÞcn � ðk2 � ‘2Þc1½ � þ ‘2 ðk1 � ‘1Þc1 � ðk3 � ‘3Þc2½ �
� k3 ðk2 � ‘2Þc2 � ðk4 � ‘4Þc3½ � þ ‘4 ðk3 � ‘3Þc3 � ðk5 � ‘5Þc4½ �

..

.

� kn�1 ðkn�2 � ‘n�2Þcn�2 � ðkn � ‘nÞcn�1½ � þ ‘n ðkn�1 � ‘n�1Þcn�1 � ðk1 � ‘1Þcn½ �,
that is,

h
Xn
i¼1

kiei

 !
� h

Xn
i¼1

‘iei

 !
2
Xn
i¼1

ðki � ‘iÞei,G
" #

for all ki, ‘i 2 Zp, which implies h 2 C0ðGÞ: However, hðe1 þ e2Þ ¼ c1 ¼ hð�e1 � e2Þ, from which
it follows that h�ð�idÞ 6¼ �h, so C0ðGÞ is not a ring.

Suppose now n is odd. As above we take ci ¼ ½ei, eiþ1�, 1 
 i 
 n, and identify enþ1 as e1. We
take f 2 C0ðGÞ and show f 2 P0ðGÞ: Recall that we may assume without loss of generality that
f ðxÞ 2 ½x,G� for all x 2 G:

From f ðeiÞ 2 ½ei,G�, 1 
 i 
 n, we have f ðeiÞ 2 hci�1, cii, 1 
 i 
 n, (identifying c0 ¼ cn), say
f ðeiÞ ¼ ai, 1ci�1 þ ai, 2ci, 1 
 i 
 n, ai, 1, ai, 2 2 Zp: Next, from f ðeiÞ � f ðeiþ2Þ 2 ½ei � eiþ2,G� we get

ai, 1ci�1 þ ai, 2ci � aiþ2, 1ciþ1 � aiþ2, 2ciþ2 ¼ k1ðci þ ciþ1Þ þ k2ci�1 þ k3ciþ2, ki 2 Zp,

since ½ei � eiþ2,G� ¼ hci þ ciþ1, ci�1, ciþ2i: This forces ai, 2 ¼ �aiþ2, 1, 1 
 i 
 n, and by putting
si ¼ ai�1, 2, 1 
 i 
 n, we find that f ðeiÞ ¼ ½ei, d� where d ¼Pn

i¼1 siei:
Take p 2 P0ðGÞ where pðxÞ ¼ ½x, d�, x 2 G and let h ¼ f � p 2 C0ðGÞ: Now hðeiÞ ¼ 0, 1 
 i 


n, and we show h(x) ¼ 0 for all x 2 G, that is f 2 P0ðGÞ and G is 1-ac.
Let k 2 Zp, k 62 f0, 1g: Then hðkeiÞ � hðei�2Þ 2 ½kei � ei�2,G� ¼ hci�3, kci�1 þ ci�2, cii, where we

take c�3 ¼ cn�3, c�2 ¼ cn�2, c�1 ¼ cn�1 and hðkeiÞ � hðeiþ2Þ 2 ½kei � eiþ2,G� ¼ hci�1, kci þ
ciþ1, ciþ2i which implies hðkeiÞ ¼ 0, k 62 f0, 1g: But hðkeiÞ ¼ 0 for k 2 f0, 1g so we
have hðkeiÞ ¼ 0, 1 
 i 
 n, k 2 Zp:

We also find hðkei þ ‘ejÞ ¼ 0 if ji� jj 	 2: In fact, for ji� jj 	 2, hðkei þ ‘ejÞ � hð‘ejÞ 2
½ei,G� ¼ hci�1, cii and hðkei þ ‘ejÞ � hðkeiÞ 2 ½ej,G� ¼ hcj�1, cji: Since hci�1, cii \ hcj�1, cji ¼ f0g
for ji� jj 	 2, hðkei þ ‘ejÞ ¼ 0, k, ‘ 2 Zp:
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We next show that hðkei þ ‘eiþ1Þ ¼ 0, k, ‘ 2 Zp � f0g: From hðkei þ ‘eiþ1Þ � hð‘eiþ1Þ 2
½ei,G� ¼ hci�1, cii and hðkei þ ‘eiþ1Þ � hðkeiÞ 2 ½eiþ1,G� ¼ hci, ciþ1i, we find that hðkei þ ‘eiþ1Þ 2
hcii, say

hðkei þ ‘eiþ1Þ ¼ qiðk, ‘Þci, where qiðk, lÞ 2 Zp:

But, for m 2 Zp � f0g, hðkei þ ‘eiþ1Þ � hð‘eiþ1 þmeiþ2Þ 2 ½kei �meiþ2,G� ¼ hkci þmciþ1, ci�1,
ciþ2i, that is, qiðk, ‘Þci � qiþ1ð‘,mÞciþ1 ¼ kðkci þmciþ1Þ for some k 2 Zp: This implies that

qiþ1ð‘,mÞ ¼ �mk�1qiðk, ‘Þ (1)

for all 1 
 i 
 n, k, ‘,m 2 Zp � f0g: (Note that qiðk, ‘Þ ¼ 0 if at least one of k and ‘ is zero.) The
right-hand side of (1) equals the left-hand side for all k 2 Zp � f0g: Hence, k�1qiðk, ‘Þ ¼
qið1, ‘Þ, k 2 Zp � f0g, so that

qiðk, ‘Þ ¼ kqið1, ‘Þ, k 2 Zp � f0g: (2)

Hence, from (1), qiþ1ð‘,mÞ ¼ �mqið1, ‘Þ: Put ‘ ¼ 1, and qiþ1ð1,mÞ ¼ �mqið1, 1Þ, which implies
m�1qiþ1ð1,mÞ ¼ �qið1, 1Þ, m 2 Zp � f0g: So, m�1qiþ1ð1,mÞ ¼ qiþ1ð1, 1Þ, giving

qiþ1ð1,mÞ ¼ mqiþ1ð1, 1Þ: (3)

From (2) and (3),

qiðk, ‘Þ ¼ k‘qið1, 1Þ: (4)

Now, put k ¼ ‘ ¼ m ¼ 1 in (1). Then

q1ð1, 1Þ ¼ �qnð1, 1Þ ¼ qn�1ð1, 1Þ ¼ �qn�2ð1, 1Þ ¼ � � � ¼ q2ð1, 1Þ ¼ �q1ð1, 1Þ,
since n is odd. From q1ð1, 1Þ ¼ �q1ð1, 1Þ we have q1ð1, 1Þ ¼ 0, and hence also �q1ð1, 1Þ ¼
q2ð1, 1Þ ¼ � � � ¼ �qnð1, 1Þ ¼ 0: By (4), qiðk, ‘Þ ¼ 0, 1 
 i 
 n, k, l 2 Zp: This shows that hðkei þ
‘eiþ1Þ ¼ 0ci ¼ 0, 1 
 i 
 n, k, ‘ 2 Zp: So we now have that

hðkei þ ‘ejÞ ¼ 0, 1 
 i, j 
 n, k, ‘ 2 Zp:

We proceed by induction. Let 2 
 t < n, and assume that hðk1ei1 þ k2ei2 þ � � � þ kteitÞ ¼ 0 for
any fi1, i2, :::, itg  f1, 2, :::, ng and any k1, k2, :::, kt 2 Zp: Then, without loss of generality, put
w ¼Ptþ1

i¼1 kiei, with all ki 6¼ 0: Then hðwÞ � hðw� k1e1Þ 2 ½e1,G� ¼ hcn, c1i and hðwÞ � hðw�
k3e3Þ 2 ½e3,G� ¼ hc2, c3i implies hðwÞ 2 hcn, c1i \ hc2, c3i ¼ f0g: We conclude that

h
Xn
i¼1

kiei

 !
¼ 0, ki 2 Zp:

Thus, hðxÞ ¼ 0, x 2 G and f 2 P0ðGÞ: w

In Theorem II.1 several sufficient conditions were stated for a group G to have C0ðGÞ not a
ring. Most of these conditions lead to G being split. In Example 3.2 (2) of [11], GAP was used to
find a group H, not split, and a function f 2 C0ðHÞ � P0ðHÞ with C0ðHÞ not a ring. In the next
theorem we give a construction process for a large collection of groups G 2 NASð exp p 6¼ 2Þ to
construct a function f 2 C0ðGÞ which shows C0ðGÞ is not a ring.

First some notation. For a, b, c, d 2 G we have a 2� 2 determinant

a b
c d

���� ���� ¼ a, d½ � � b, c½ �:
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For x, y 2 G, x ¼Pn
i¼1 xiei þ

Ps
j¼1 ujcj, y ¼

Pn
i¼1 yiei þ

Ps
j¼1 vjcj,

x, y½ � ¼
X

1
i<j
n

ðxiyj � xjyiÞ ei, ej½ � ¼
X

1
i<j
n

xiei xjei
yiej yjej

���� ����,
similar to the wedge product in multilinear algebra.

Using the above definition of determinant we define a “wedge” product for
x1, :::, xk, y1, :::, yk 2 G by^ x1 x2 � � � xk

y1 y2 � � � yk

� �
¼ x1 x2

y1 y2

���� ����, x1 x3
y1 y3

���� ����, :::, xk�1 xk
yk�1 yk

���� ����
 !

,

a

�
k
2

�
-tuple.

For an abelian subgroup, A, of G, A � ZðGÞ, we choose a basis fe1 þ ZðGÞ, :::, e‘ þ ZðGÞg for
A=ZðGÞ and extend this to a basis fe1 þ ZðGÞ, :::, e‘ þ ZðGÞ, e‘þ1 þ ZðGÞ, :::, en þ ZðGÞg of
G=ZðGÞ: Thus without loss of generality we have G ¼ H þ A where H ¼ he‘þ1, :::, eni
and A ¼ he1, :::, e‘i þ ZðGÞ:
Theorem III.3. (Wedge) Let G ¼ H þ A as above with A ¼ Y þ ZðGÞ,Y ¼ he1, :::, e‘i. If there
exist p‘þ1, :::, pn 2 Y such that

i.
V� e‘þ1 � � � en

p‘þ1 � � � pn

�
¼ 0, and

ii. ½ej, pj� 6¼ 0 for at least one j 2 f‘þ 1, :::, ng,

then C0ðGÞ is not a ring.

Proof. For suitable p‘þ1, :::, pn 2 Y , i.e., pi, ‘þ 1 
 i 
 n, satisfying i) and ii), we will show that
the function f 2 M0ðGÞ, defined by

f
Xn
i¼1

xiei

 !
¼

Xn
i¼1

xiei,
Xn
i¼‘þ1

xipi

" #

¼
Xn
i¼‘þ1

xiei,
Xn
i¼‘þ1

xipi

" #
, since ej,pi½ � ¼ 0, 1 
 j 
 ‘, 1 
 i 
 n

is in C0ðGÞ, but not in P0ðGÞ: Moreover, we’ll show that, for some non-zero c ¼Ps
i¼1 dici 2

ZðGÞ, f ðPn
i¼1 xieiÞ ¼ f ðPn

i¼1ð�xiÞeiÞ ¼ c, which shows that C0ðGÞ contains a non-distributive
element, hence C0ðGÞ is not a ring.

First we show that for arbitrary x ¼Pn
i¼1 xiei, y ¼

Pn
i¼1 yiei 2 G,

f ðxÞ � f ðyÞ ¼ f
Xn
i¼1

xiei

 !
� f

Xn
i¼1

yiei

 !
2
Xn
i¼1

ðxi � yiÞei,G
" #

¼ x� y,G½ �:

Now, for suitable pi, ð‘þ 1 
 i 
 nÞ (those given by i) and ii)):

f
Xn
i¼1

xiei

 !
� f

Xn
i¼1

yiei

 !
¼

Xn
i¼‘þ1

xiei,
Xn
i¼‘þ1

xipi

" #
�

Xn
i¼‘þ1

yiei,
Xn
i¼‘þ1

yipi

" #

¼
Xn
j¼‘þ1

xjej,
Xn
i¼‘þ1

ðxi � yiÞpi
" #

þ
Xn
j¼‘þ1

ðxj � yjÞej,
Xn
i¼‘þ1

yipi

" #
¼ Lþ R, where R 2 x� y,G½ �:
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We show that also L 2 ½x� y,G�:

L ¼
Xn
j¼‘þ1

xjej,
Xn
i¼‘þ1

ðxi � yiÞpi
" #

¼
Xn
j¼‘þ1

Xn
i¼‘þ1

xjðxi � yiÞ ej, pi½ �

¼
Xn
j¼‘þ1

Xn
i¼‘þ1

xjðxi � yiÞ ei,pj½ �, by iÞ

¼
Xn
j¼‘þ1

Xn
i¼‘þ1

ðxi � yiÞei, xjpj
� �

¼
Xn
i¼‘þ1

ðxi � yiÞei,
Xn
j¼‘þ1

xjpj

" #
2 x� y,G½ �:

This shows that f 2 C0ðGÞ: By ii), there is an i0ð‘þ 1 
 i0 
 nÞ such that ½ei0 ,pi0 � 6¼ 0: So
f ðei0Þ ¼ ½ei0 , pi0 � ¼ ½�ei0 , � pi0 � ¼ f ð�ei0Þ: It follows that f �ð�idÞ 6¼ �ðf �idÞ, showing that C0ðGÞ
is not a ring. w

Note that condition ii) is necessary here. Otherwise we could have chosen all pi ¼ 0 and i) is
still satisfied. But in this case f would be the zero function, hence distributive.

Example III.4. Let G be given by

Then G ¼ H þ A with H ¼ he1, e3, e4i and A ¼ he2, e5i þ ZðGÞ: We have
V� e1 e3 e4

e5 e2 e2

�
¼ 0

and ½e1, e5� 6¼ 0: Thus C0ðGÞ is not a ring.
From Theorem II.1, if G has a maximal abelian normal subgroup A of order jAj ¼ pn�1þs then

C0ðGÞ is not a ring. As an application of the wedge theorem we consider the case where a max-
imal abelian normal subgroup, A, has order pn�2þs and G/A is not cyclic. As above we choose a
basis fe1 þ ZðGÞ, :::, en�2 þ ZðGÞg of A=ZðGÞ and get G ¼ hen�1, eni þA,A ¼ he1, :::, en�2i þZðGÞ:

For i ¼ 1, 2, :::, n� 2, ½ei,G� ¼ h½ei, en�1�, ½ei, en�i: If ½ei, en�1� ¼ 0 or ½ei, en� ¼ 0, then from
Theorem II.1, C0ðGÞ is not a ring. Thus we take ½ei, en�1� 6¼ 0 6¼ ½ei, en� for i 2 f1, 2, :::, n� 2g: Let
An�1 ¼ h½ei, en�1�j1 
 i 
 n� 2i and An ¼ h½ei, en�j1 
 i 
 n� 2i: If f½ei, en�1�j1 
 i 
 n� 2g is

linearly dependent over Zp, then
Pn�2

i¼1 ai½ei, en�1� ¼ 0 and not all ai ¼ 0: So, from

½Pn�2
i¼1 aiei, en�1� ¼ 0, we see that y ¼Pn�2

i¼1 aiei is in A and y 6¼ 0: We have
V� en�1 en

0 y

�
¼ 0

and ½en, y� 6¼ 0, otherwise y 2 ZðGÞ, a contradiction. From the Wedge Theorem, C0ðGÞ is not a
ring. Thus we now take f½ei, en�1�j1 
 i 
 n� 2g to be linearly independent and similarly
f½ei, en�j1 
 i 
 n� 2g is linearly independent. We have jAn�1j ¼ pn�2 ¼ jAnj:

Suppose An�1 \ An 6¼ f0g, say ½h, en�1� ¼ ½g, en�, h, g 2 A, say g ¼Pn�2
i¼1 biei, not all bi ¼ 0: If

½g, en�1� ¼ 0 then 0 ¼Pn�2
i¼1 bi½ei, en�1�, a contradiction to the linear independence of
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f½ei, en�1�j1 
 i 
 n� 2g: We have
V� en�1 en

g h

�
¼ 0, h, g 2 A and ½en�1, g� 6¼ 0: so C0ðGÞ is not

a ring. Consequently jAn�1 þ Anj ¼ p2n�4 or C0ðGÞ is a ring.
So we have

Theorem III.5. Let G 2 NASð exp p 6¼ 2Þ and let G ¼ H þ A,A 2 gðGÞ, A abelian with ZðGÞ � A
and jG=Aj ¼ p2. If s < 2n� 4 then C0ðGÞ is not a ring. w

We use the notation and definitions from the above discussion. When s 6< 2n� 4,
then s 	 2n� 4:

If s ¼ 2n� 4, then ½en�1, en� ¼ 0 or ½en�1, en� 2 An�1 þ An: Suppose ½en�1, en� 2 An�1 þ An, say
½en�1, en� ¼

Pn�2
i¼1 ai½ei, en�1� þ

Pn�2
i¼1 bi½ei, en�: Let g ¼Pn�2

i¼1 aiei and h ¼Pn�2
i¼1 biei, so

½en�1, en� ¼ ½g, en�1� þ ½h, en�, hence ½en�1, en þ g� ¼ ½h, en�: Let ên ¼ en þ g and note ½en�1, ên� ¼
½h, en� ¼ ½h, ên� so ½en�1 � h, ên� ¼ 0 and ½ei, en�1 � h� ¼ ½ei, en�1� and ½ei, en þ g� ¼ ½ei, en�, i ¼
1, 2, :::, n� 2: By using the basis, fe1, e2, :::, en�2, en�1 � h, en þ g, c1, :::, csg, we have G ¼
hen�1 � g, en þ hi þ A with ½en � g, en�1 þ h� ¼ 0 so when s ¼ 2n� 4 we may take ½en�1, en� ¼ 0:
When n¼ 4 we see that G is circular with n even so C0ðGÞ is not a ring. The case for n > 4, s ¼
2n� 4 remains open.

When s > 2n� 4 and n¼ 4, then s ¼ 2n� 3, since s 
 nðnþ 1Þ=2 ¼ 6 and s¼ 6 is the full
case. For n¼ 4 and s¼ 5 one finds via tedious calculations that G is 1-ac. The case n> 4
remains open.

In conclusion, we have identified several further classes of non-abelian p-groups, G, p 6¼ 2, for
which C0ðGÞ is a ring if and only if G is 1-ac. However, the original conjecture as to whether this
is true for all finite non-abelian p-groups, p 6¼ 2, remains open.
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