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ABSTRACT
This study presents a case of a problem that did not originate in
theory but rather ended in theory. It addresses the issue of the preva-
lent, traditional public view of the nature of mathematics and that
of its teaching and learning that might hamper mathematics reform.
In this study, we present a five-day professional development pro-
gramme that was designed and conducted within the context of
practice-oriented research to help elementary school principals to
enrich their views of mathematics in order to see mathematics in a
different way,more alignedwithmathematics reform. Datawas gen-
erated before, during, and at the end of this programme, and results
showed significant enrichment in participants’ views of mathemat-
ics. By using the Variation Theory of Learning, this study aimed to
understand how this programmeof short duration canmake a differ-
ence. The core tenet of Variation Theory is that people learn through
experiencing differences and similarities (in this order). The Varia-
tion Theory of Learning is used as a lens to see the programme’s
framework, its activities, and outcomes. The analysis clarified that
principals’ ways of seeing mathematics were enriched when they
experienced patterns of variations and invariance, in particular, the
pattern of contrast.
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1. Ways of seeingmathematics

This study refers to the ‘traditional view’ of the nature of mathematics and the nature of
its teaching and learning. This view holds mathematics to be an absolute and unchange-
able truth that is independent of human subjectivity. Calls for a wider perspective enriched
by more fallibilistic and humanistic views have increased in the last three decades. These
calls came as a result of rapidly accelerating human advancements, especially during the
last five decades, in science, technology, and communications, as well as in learning theo-
ries and education. As a consequence, most countries have adopted mathematics reforms
since the 1990s. These reforms have called – and are still calling – for changing traditional
practices in teaching and learning mathematics. According to this shift in viewing mathe-
matics, teachers and students have to see mathematics as a subject that can be thought out
and that also makes sense. Reformers want mathematics classrooms to function as math-
ematical communities in which students have opportunities to reason and communicate
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mathematically and make connections (e.g. National Council of Teachers of Mathemat-
ics [NCTM], 2010; NCTM, 2014; National Governors’ Association Center & Council of
Chief State School Officers, 2010). Throughout this paper, we use the term ‘mathematics
reform’ in its general sense to indicate the international orientations of the global mathe-
matics education community over the last three decades. We can read about differences
in students’ learning that may, in one way or another, mediate the differences between
reformist and traditional inclinations. Examples include relational versus instrumental
understanding (Skemp, 1976), conceptual and procedural knowledge (Hiebert & Lefevre,
1986), conceptual orientation versus calculation orientation (Thompson et al., 1994), and
the discovery learningmethod as opposed to the ‘basic’ way of teaching and learningmath-
ematics (Herbel-Eisenmann et al., 2016). The dichotomous view of mathematics as static
versus dynamic, in which the former type is rooted in public community and the latter is
demanded strongly in mathematics reform, is a challenge facing mathematics education
(Latterell &Wilson, 2016; Stephan et al., 2015;White-Fredette, 2010). The traditional view
that mathematics learning is a combination of memorizing a series of facts and mastering
procedural manipulation is still common around the world. Evidence is presented in sup-
port of the existence of these traditional views in the public community, which includes
those with and without a formal education in mathematics.

People generally see mathematics as a difficult, mysterious, and abstract subject that is
irrelevant and unpleasant; it is viewed as a masculine subject, more suited to elites and
those with special abilities than to common people (Darragh, 2018; Ernest, 1996; For-
gasz et al., 2014; Latterell & Wilson, 2016). Students see mathematics as a collection of
facts to be learned (Bicknell & Hunter, 2009). In addition, students perceive mathemat-
ics as a subject that is just for ‘smart people’ (Markovits & Forgasz, 2017). Frequently,
people – including in-service and pre-service teachers – perceive mathematics as a tool
for arithmetic computations (Cassel & Vincent, 2011; Latterell & Wilson, 2012; Seaman
et al., 2005). Mathematics is seen as static content rather than as a dynamic activity; it is
viewed as a collection of fixed theories, facts, rules, and procedures to be mastered (Lim
& Ernest, 2000; Nisbet & Warren, 2000; Reeder et al., 2009; Viholainen et al., 2014) or an
end product with specific right answers (Cassel & Vincent, 2011). Even individuals whose
professions relate to mathematics can see it as a mere collection of formulae and theorems
(Peterson, 1996). In addition, the view thatmathematical facts should be taught first, before
applications and problem solving, is still prevalent (Innabi & El Sheikh, 2007; Oster et al.,
1999).

Widespread traditional views on the nature of mathematics and the teaching and learn-
ing of the subject not only contradict mathematics reform but they could also hamper it
(Bleiler, 2015; Nadelson et al., 2014; Sheffield, 2017; Urick & Bowers, 2014). For instance,
if parents think their children are doing well in mathematics because they can do all the
computations quickly and precisely or, conversely, if parents think that their children are
doing badly in the subject because they cannot do computations, then home support for
developing the teaching and learning of mathematics will probably remain minimal (Brez
& Allen, 2016; Innabi, 2009; Nanna, 2016; Powell et al., 2012). Ernest (1989) found that
teachers’, students’, and parents’ views of mathematics affect the teaching and learning of
the subject. Moreover, Goldin et al. (2009) emphasized the importance of ‘beliefs’ in the
mathematics teaching and learning process, not just at student and teacher levels but also
in terms of their influence on reform efforts across countries.
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The social contexts in which learning takes place are important for pedagogical pro-
cesses. These contexts are shaped by the beliefs and expectations of students, parents,
principals, and policymakers, as well as by the structure of educational systems (Thomp-
son, 1992). Therefore, shifting the educational community’s awareness towards a more
enriched vision of teaching and learningmathematics is necessary for mathematics reform
to succeed; otherwise, all efforts made to change mathematics curricula and train teachers
could prove ineffective (Nelson et al., 2007;White-Fredette, 2010). Few studies have explic-
itly aimed at bringing about change in how people see mathematics. Most of this research
was conducted onmathematics teachers (e.g. Gill et al., 2004; Kutaka et al., 2018), in which,
the focus was mainly on investigating the effect of changes in instructional pedagogy or
classroomenvironments on pre-service or in-servicemathematics teachers’ beliefs, images,
and perceptions about mathematics learning and teaching (e.g. Anderson & Piazza, 1996;
Cerrato, 2019). Sterenberg (2008), for example, succeeded in moving elementary mathe-
matics teachers away from their previous static-image mathematics metaphors towards a
view of mathematics as capable of change through communication.

The results of a survey of a wide range of members of the mathematics education com-
munity that was aimed at identifying the ‘grand challenges’ that mathematics educators are
currently facing have appeared as commentary in the Journal for Research on Mathematics
Education (Stephan et al., 2015). These results revealed the following three themes:

• Changing perceptions about what it means to do mathematics: This involves the ‘chal-
lenge of helping people see that doingmathematics is about problem solving, reasoning,
curiosity, and enjoyment, and not about following procedures to get “the answer” or
“just about doing well on a test”’;

• Changing the public’s perception about the role ofmathematics in society: This involves
asking, ‘By what means can we address common thinking such as “I was never good
at math”? . . . [There is a] need to see mathematics as something that human beings
normally do and that has relevance and beauty’; and

• Achieving equity in mathematics education: It is ‘more complex than “just” achieve-
ment gaps among different groups of students . . . general beliefs about who can do
mathematics and how these beliefs affect teaching and learning’ (Stephan et al., 2015, p.
139).

The present research is a response to the above challenges that mathematics education
researchers face. It aims to further develop public views on mathematics. It focuses on
enriching theways of seeing that apply to the teaching and learning of mathematics for one
group of the educational community in particular: school principals.

The educational community is a part of the public, and it is affected by the rooted view
of mathematics, but, at the same time, its perspective could affect that of the entire com-
munity. For instance, Lim (1999) showed that mathematics teachers and parents could
affect students’ images of and beliefs about mathematics. Thus, public views of mathemat-
ics inside and outside of schools are dependent and interconnected. If we want to make a
change, these views have to be addressed and challenged both within the classroom and
outside it.

The educational community not only comprises mathematics teachers but also parents,
students, principals, administrators, teachers of other subjects, and more. This research is
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concerned with school principals, who comprise an important group in the educational
sector. The next section clarifies the importance of this group to supporting mathematics
reform.

2. Principals andmathematics reform

Research confirms the important role school principals play in mathematics reform (Cobb
et al., 2018; Darling-Hammond et al., 2009; Johnson, 2013; National Association of Ele-
mentary School Principals, 2002; Ontario Principals’ Council, 2009; Urick et al., 2018).
Despite some unclear findings about how principals influence student achievement or
school performance (e.g. Hattie, 2009; Hochbein & Cunningham, 2013), many more stud-
ies have shown that principals have an important effect on student achievement (Boberg &
Bourgeois, 2016; Chiang et al., 2016; Cotton, 2003; Dempster, 2001; Grissom et al., 2015;
Hallinger & Heck, 1998; Hattie, 2015; McCullough et al., 2016; Pelfrey, 2006; Stronge et al.,
2008; Tan, 2018). One intermediary explanation for this relationshipmay be that principals
influence teachers; this is valid since many studies have confirmed that principals’ instruc-
tional leadership affects teacher practices (Lambersky, 2016; Mangin, 2007; Proffitt-White,
2017; Quinn, 2002; Rigby et al., 2017; Supovitz et al., 2010). For example, in ameta-analysis
of the literature, Robinson et al. (2008) found that when principals work directly with
teachers to plan, coordinate, and assess their instructional practices, student outcomes are
significantly higher.

In order to understand principals’ influence on mathematics reform, we must con-
sider the numerous challenges that mathematics teachers face, according to this reform.
Mathematics teachers must provide opportunities and experiences that allow students
to learn mathematics independently (e.g. Hiebert & Grouws, 2007). This requires not
only a fuller grasp of mathematical content than that developed by traditional teaching
methods (Burrill, 2014) but also more time, better conditions, and more supplies such
as teaching materials (McDuffie & Graeber, 2003; Yeliz, 2016). Researchers have found
that teachers are likely to feel anxiety and frustration during the process of implementing
reform-based approaches (Campbell & White, 1997); teachers commonly have inade-
quate knowledge or understanding of the new vision of school mathematics (Burrill &
Biehler, 2011). In order to overcome these limitations, teachers need support; without
it, the challenges they face may tempt them to return to more stable and comfortable
traditional practices. However, with continued assistance, the successful implementa-
tion of reform goals becomes more likely (McDuffie & Graeber, 2003). Accordingly,
it is important that principals provide active pressure and support to establish change
(Lamichhane, 2016).

Studies have shown that principals’ views and attitudes influence teachers’ experiences
(Youngs, 2007; Youngs & Bruce, 2002). Thus, principals can profoundly influence teachers
who are working to change how they teach mathematics (Lee & Nie, 2017; Reed et al.,
2006). In addition, researchers have found that school principals contribute to higher
morale and stronger motivation to succeed among teachers in countries that perform
well in mathematics (Abazaoglu & Aztekin, 2016). As Brown and Smith (1997) showed,
teachers are concerned about their administrators’ opinions; further, they need to know
that these administrators understand development approaches (Gokçe, 2009; Nelson &
Sassi, 2005).
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3. Professional development programmes

In the previous section, we argued for the importance of the school principal’s role in
ensuring thatmathematics reform is successful. This section highlights efforts to help prin-
cipals meet their needs through professional development programmes so that they can be
effective instructional leaders of mathematics.

Mathematics reform that requires a higher quality of teaching and learning has made
effective professional development more important than ever (Kelleher, 2003; Peterson,
2002). Sparks (2002) argued that teachers’ and principals’ professional development is a
central factor in determining teaching quality. Principals need support and opportunities
that strengthen them so that they, in turn, can provide support for mathematics reform
(Donaldson & Papay, 2014; Perry et al., 2015). Despite substantial research on the effect
school principals have on mathematics reform, as the previous section showed, far less
attention has been given to the principals’ own needs in their efforts to support mathe-
matics in their schools and how those needs can be fulfilled. Adequate professional devel-
opment programmes are needed to help principals confront their own understandings
and reflect on their knowledge, as well as learning, curricula, and assessment procedures
(Boston et al., 2017; Hussin & Al Abri, 2015; Stein & Spillane, 2005).

As Cobb and Jackson (2011) discussed, researchers have argued about what level of
content knowledge of mathematics principals need in order to act as effective instruc-
tional leaders. All efforts related to supporting principals in mathematics have focused
on improving principals’ needed competences. These efforts have always concentrated
on knowledge and skills. For example, Lester and Grant (2001) conducted a programme
as part of the implementation of National Council of Teachers of Mathematics (NCTM)
2000 standards to help administrators become more effective mathematics supervisors by
engaging in mathematical activities and exploring students’ thinking and teachers’ roles
in standards-based classrooms. Another example of these programmes is a training pro-
gramme for principals that sought to develop their understanding of a more constructivist
pedagogy and its application in the classroom, as well as their capacity to use a programme-
aligned observation rubric for rating teacher performance (Meyers et al., 2016). As a third
example, Boston et al. (2017) investigated how principals can be supported in their devel-
opment of the knowledge and skills necessary to bolster high-quality teaching and learning
inmathematics. In order to enhance principals’ capacity to serve as instructional leaders in
mathematics, a three-session professional development experiencewas applied. The results
identified changes in the feedback principals gave to mathematics teachers; however, the
changes were not sustained in the years that followed. In summary, we can say that none
of the school principals’ mathematics-related professional development programmes were
directly concerned with prevalent traditional views on mathematics among the public.

In examining how to support principals in becoming better instructional leaders, Fox
(2018) showed the limited nature of understanding of the design of effective support for
principal learning. This is also evident in the processes by which effective support may be
designed. As a contribution to supporting principals’ learning, which may, in turn, help
them to become better instructional leaders, the present study claims that principals need
to enrich their rooted views on mathematics that represent the traditional shared views of
the entire community. We argue that school principals should be presented with alterna-
tives to the common, traditional understanding of mathematics that was described above.
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We want them to envision that mathematics and teaching and learning mathematics can
be far more interesting than the mathematics traditionally taught in schools has been thus
far. Our argument is that school principals have no opportunities to act as instructional
leaders in shaping the direction of mathematics reform if they have never experienced
mathematics as a dynamic, humanistic tool for reasoning, communication, and problem
solving.

In this study, we present a five-day professional development programme (PDP) that
was designed and conducted to help elementary school principals to enrich their view
of the meaning of mathematics to see it in a different way – a way that is more aligned
with mathematics reform. By describing and explaining the changes that occurred in how
participant principals seemathematics and the teaching and learning of it, we try to under-
stand how giving the PDP of a short duration can make a difference. The questions that
this study aimed to answer are as follows: What enrichments can a five-day PDP yield that
will affect a group of elementary school principals’ views about mathematics and teaching
and learning mathematics? How can these enrichments be explained?

4. Theoretical framework

In an attempt to bring about a shift in school principals’ traditional view of school mathe-
matics in favour of a view that is more in line with reform ideas, we framed the necessary
change as a problem of learning and adopted the Variation Theory of Learning (VT) as a
theoretical framework in this study. VT is an approach that usually serves as a point of
departure not only for designing instructional sequences but also for analyzing the pro-
cess and outcomes of such designs (Lo, 2012). In this study, VT is not used as a point
of departure but as a theoretical lens for explaining changes in the participating school
principals’ views. It is important to bear in mind that it is not uncommon to use phe-
nomenography and VT as tools for the analysis of data materials that were generated for
other purposes (e.g. Al-Murani et al., 2019; Baillie et al., 2001; Marton, 2006; Marton &
Häggström, 2017). Further, in both Marton and Booth (1997) and Marton (2015) a vast
number of the re-analyzed studieswhere not originally designedwithVT-analyses inmind.

Throughout this article, we use the expressions views andways of seeing as labels for indi-
cating how people experience, perceive, or understand the nature ofmathematics andwhat
it means to learn and teach mathematics. In the literature, terms like beliefs, metaphors,
images, and perceptions are used to describe fundamental differences in human under-
standing of learning, teaching, and knowledge. We adopt VT where ways of seeing, one
of the major terms or ideas, is defined in terms of the aspects (attributes) that are dis-
cerned at a certain point in time (Marton & Tsui, 2004). The following section offers a
brief clarification of VT, which is the theoretical framework of this study.

4.1. Variation theory (VT)

VT is a learning theory that explains how learners come to see a phenomenon in certain
ways (Marton & Booth, 1997). It represents a theoretical framework that can direct teach-
ers’ attention toward what has to be done to provide learners with the necessary learning
opportunities (Lo, 2012). VT is developed from phenomenography, which is the study of
the different ways people experience a specific phenomenon. According to this approach,
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learning is conceptualized as a change in the person–world relationship. Nothing is trans-
ferred from the world to the individual, but when learning takes place, individuals see the
world in new ways. In other words, the learner becomes ‘capable of being simultaneously
and focally aware of other aspects or more aspects of a phenomenon than was previously
the case’ (Marton & Booth, 1997, p. 142). Hence, each particularway of seeing corresponds
to a particular set of dimensions of variation (DoV) that are being simultaneously discerned.
Learning has taken place when seeing is changed from one way to another, more complex
way (or what we call in this research enriched ways of seeing). VT clarifies, or explains,
how such enrichments are possible. In order to see something in a specific way, an indi-
vidual must discern certain aspects or attributes (or what VT calls critical aspects) of that
thing. If this is to happen, the individual must experience those aspects, and the only way
to experience them is when they vary (Marton, 2015). For instance, in order to experience
something as sweet, onemust be exposed to variations in taste, such as sourness, bitterness,
or saltiness. According to VT, it would not be possible to notice a sweet taste if all tastes
were identical. Furthermore, the very concept of taste would be meaningless if there were
not different kinds of tastes.

Two concepts are especially important in VT, namely, the dimension of variation (DoV)
and values where at least two values are required to define an aspect or dimension. In the
previous example, ‘taste’ can be seen as a DoV because it can vary between at least two
different values (e.g. sweet or bitter). We discern a value when we simultaneously experi-
ence another, different value; thus, the meaning of values originates from how they differ
from each other. Values and dimensions must be experienced simultaneously because one
cannot exist without the other in the learner’s awareness (Marton, 2015; Marton & Booth,
1997; Marton & Tsui, 2004).

In VT, it is not enough to tell learners what the critical aspects of a phenomenon are.
Rather, learning depends on the individual experiencing variation in the dimensions of the
critical aspects. When learning and teaching is examined, the object of learning, which is
defined as a ‘specific insight, skill or capability that the students are expected to develop’
(Marton & Pang, 2006, p. 2), should be considered. Learning means simultaneously dis-
cerning the critical aspects of the object of learning (Marton, 2015). The differences in how
students experience the same object of learning depend onwhich aspects of this object they
discern (Lo, 2012).

According to VT, the discernment of critical aspects occurs during systematic interac-
tions between a learner and a phenomenon (what is to be learned), and variation is the
mechanism that generates such an interaction. Thus, variation is a necessary condition
for learning. The most effective way to help students learn is by focusing on providing
opportunities for them to experience variation in relevant aspects of the concepts they
perceive as obvious or understand as undisputable (or what VT expresses as ‘taken for
granted’). According to Marton and Tsui (2004), the object of learning can be examined
from three different perspectives: (a) the intended object of learning (what the teacher
intended to be learned), (b) the enacted object of learning (what is offered in the class-
room by the teacher and students), and (c) the lived object of learning (what is actually
learned).

Another important concept in VT is the space of learning. This is related to the enacted
object of learning, which describes how the teacher arranges classroom experiences to
make it possible for the object of learning and its critical aspects to come to the foreground;
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in particular, it is a description of what is varied and what remains invariant in the class-
room (Marton&Tsui, 2004). Kullberg and Skodras (2018) clarified that what varies against
an invariant background is likely to be noticed. Accordingly, in order to understand what
is possible to learn and what is not possible to learn in a learning situation, it is necessary
to pay close attention to what varies and what is invariant in the situation (Marton, 2015).

In VT, certain patterns of variationmay be recognized. One such pattern is contrast; in
order for a person to experience something, he or she must experience something else that
contrasts with it. Thus, comparing different things is a central idea in this learning theory.
According to Marton and Tsui (2004),

[i]n order to understand what ‘three’ is, for instance, a person must experience something
that is not three: ‘two’ or ‘four’, for example. This illustrates how a value (three, for instance)
is experienced within a certain dimension of variation, which corresponds to an aspect
(numerosity or ‘manyness’). (Marton & Tsui, 2004, p. 16)

In addition to the contrast pattern of variation, Marton and Tsui (2004) describe three
other patterns – generalization, separation, and fusion – that are not used in this study.

In the last two decades, many studies have used VT for teaching different subjects at
different educational levels. These studies have examined the patterns of variation inside
the classroom and the designed space of learning where variation is used to help students
discern critical aspects of objects of learning (for examples, see Fülöp, 2019; Kullberg et al.,
2017; Runesson, 1999; To & Pang, 2019). The use of VT in teacher professional develop-
ment, especially in ‘learning studies’, is spreadingwidely. In learning studies, teachers of the
same subject examine their practices, usually with the support of a researcher to plan and
analyse a specific lesson by using VT (Huang & Li, 2017; Marton & Tsui, 2004). Numer-
ous learning studies have provided evidence that teaching and learning are more effective
when learners encounter patterns of variations and invariance (e.g. see Holmqvist Olander
& Nyberg, 2014; Kullberg et al., 2020; Pang, 2019; Pang & Ling, 2012).

5. The professional development programme (PDP)

This section presents an intervention project conducted by one of the authors of this study.
That project aimed to investigate school principals’ views ofmathematics and teaching and
learning mathematics. Importantly, that project was within the practice-oriented research
and not the VT framework when it was designed and implemented. That project formed
the basis of the problem addressed in the current study.

The project consisted of three stages. The first stage investigated how school princi-
pals view (perceive) the nature of mathematics and the nature of its teaching and learning.
The second stage used the results of stage one and created a PDP to enrich this view. The
third stage applied the programme and investigated the changes that took place in prin-
cipals’ views by analyzing pre- and post-data in addition to the data generated during the
programme. In the following more clarification of these stages is presented.

During stage one, a national, representative sample of principals of all school levels was
selected, and the data were collected using a specially prepared instrument to explore these
principals’ views of the nature of mathematics, the learning of mathematics, the teach-
ing of mathematics, and the mathematics curriculum. The instrument was based on the
mathematics reform. The responses of 244 principals on a 32-item, five-point Likert scale
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were analyzed. The results that were published (Innabi, 2006) showed that principals held
eight specific views that were ‘less aligned’ with mathematics reform. These views were as
follows:

• Mathematics is fixed, unchangeable knowledge that should be accepted;
• To be good at mathematics, one needs talent and an aptitude for the subject;
• Learning mathematics is mainly based on training and practicing;
• The most important indicator of students’ learning in mathematics is finding the right

answers;
• Problem solving means word problems that usually come as an application exercise at

the end of a lesson;
• Sharing by students while they solve problems can have negative effects because errors

made by some students could affect others;
• The mathematics curriculum is a collection of procedures, skills, and algorithms;
• It is not suitable to teach statistics and probability to elementary-level students.

At the second stage of the project, based on the above eight views, a PDP to promote
elementary school principals’ views of mathematics reform was developed to achieve the
following two goals: (1) enriching principals’ views on the nature of mathematics and
teaching and learning mathematics and (2) helping the participants reconsider their role
as principals in supporting mathematics reform in their schools.

The framework of the PDP is based on an alternative list of desired views that, to a cer-
tain extent, reflect mathematics reform. For each less-aligned view, an alternative, related
view was defined, stipulating that school principals would need to support the subject
of mathematics in their schools according to the reform. Table 1 shows the eight less-
aligned views within each category (Innabi, 2006) and provides brief descriptions of the
desired views (i.e. what the PDP intended to achieve). In order to help principals enrich
their perceptions of the nature of mathematics and its learning and teaching practices, the
eight points listed in Table 1 were challenged by giving the participants opportunities to
experience viewpoints that contrasted with their own.

The PDP’s activities were prepared and conducted in three steps. First, the principals
were asked to express their opinions about situations related to one of the less-aligned
views that the PDP attempted to enrich. This step sought to help the participants make
their views explicit. Second, several situations that suggested alternative views were pre-
sented to the participants. This step aimed to give participants the chance to compare
and reflect on their views and, ultimately, enrich them. Finally, discussion and reflection
processes were encouraged to promote views that were more aligned with mathemat-
ics reform. The PDP was designed to generate maximal dialogue and communication
in order to help participants identify common ground and build bridges of under-
standing among the group of principals. It is important to mention that there was no
explicit instruction or direct interference regarding the intended view; alternative situa-
tions were merely presented, and then participants were given the chance to discuss their
thoughts.

The PDP comprised ten focus group sessions spread over five days. Two sessions dis-
cussed the nature of mathematics as a school discipline, while four discussed ways of
learning and teaching mathematics. One session was devoted to mathematics curricula,
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Table 1. The PDP framework.

Less-aligned views Category More-aligned views

Mathematics is fixed, unchangeable
knowledge that should be accepted.

Nature of mathematics Mathematics is a growing body of knowledge.
It is not settled and unchangeable.
Mathematical knowledge may be changed
if contexts and axioms are changed.

To be good at mathematics, one needs talent
and an aptitude for the subject.

Learning mathematics is mainly based on
training and practicing.
The most important indicator of students’
learning in mathematics is finding the right
answers.

Learning mathematics All students can and should learn mathematics
in a meaningful way based on their
individual understandings.

Learning mathematics should be based on
understanding and not only on repeating and
training.
Finding the right answer is not necessarily the
best indicator of student learning.

Problem solving means word problems that
usually come as an application at the end of
a lesson

Students’ sharing while solving problems can
have negative effects because errors made by
some students could affect others.

Teaching mathematics Teaching mathematics should largely be based
on problem solving to promote a situation
that challenges students andmakes learning
happen.

Communication is important in teaching
mathematics; students have to be encouraged
to express and share their thinking verbally
and in writing with each other and with their
teacher.

The mathematics curriculum is a collection of
procedures, skills, and algorithms.

It is not suitable to teach statistics and
probability to elementary-level students.

Mathematics curricula A mathematics curriculum is more than
calculations and procedures; it is about
reasoning, communicating, problem solving,
and providing evidence.

Data and chance are important and useful for
all school levels, starting from kindergarten.

and the final three sessions discussed the role of school principals in supporting the teach-
ing and learning of mathematics. Notably, although every session and sub-session focused
on one of the eight views, all the sessions were integrated and built on one another.

Each session combined group and individual activities that included viewing and dis-
cussing videotapes of mathematics classes and exploring student thinking by examining
students’ work. The sessions also incorporated reading and discussing articles that encour-
aged reasoning about mathematics and teaching and learning mathematics, as well as
engaging participants to explore and discuss mathematics. The principals were engaged
in dialogues about how the different views could affect their practices as school leaders.

The third stage of the project involved implementing the PDP. In order to select the sam-
ple, an invitation was sent to 25 elementary school principals from the original first-stage
sample. The invitation stated that a five-dayworkshop on teaching and learningmathemat-
ics would be offered for school principals and that theworkshopwould be part of a research
effort that required data collection. The invitation was accepted by 11 principals, but only
eight of them attended all the sessions and completed all the activities including the pre-
and post-intervention assessments. Since most (if not all) elementary school principals are
female, all the participants were women. These principals came from different educational
backgrounds: science, mathematics, social studies, languages, and religion. In addition,
each of them holds a degree in education. Their administrative experience as school prin-
cipals ranges between 5 and 14 years. It is important to mention that these principals are
expected to be instructional leaders, attending classes, and assessing teachers’ classroom
performance.



INTERNATIONAL JOURNAL OF MATHEMATICAL EDUCATION IN SCIENCE AND TECHNOLOGY 11

5.1. Generating data

In order to identify possible enrichments in principals’ views of mathematics and teaching
and learning mathematics while attending the PDP, data were generated before, during,
and at the end of the PDP using two procedures. The first procedure used instruments to
generate data by directly asking the participants about their views of teaching and learning
mathematics in addition to their opinions about the PDP; three instruments were used.
The second procedure involved documentation of PDP activities through participatory
observation (Balsiger & Lambelet, 2014) and document analysis (Bowen, 2009).

The first instrument that was used to capture participants’ views on the new approach to
teaching and learning mathematics was a questionnaire containing eight statements that
related directly to the eight less-aligned views on which the PDP was built. This instru-
ment was used twice: once before and once after conducting the PDP. A second instrument
was used during focus group interviews. Qualitative responses were generated by ask-
ing the participants the following open-ended question: ‘What verbs would you use to
describe what students are doing in a mathematics class that you are observing?’ This
group interview was conducted twice: once before and once after the PDP. All the verbs
produced by the participants were subjected to frequency analysis. A third instrument
was the post-programme questionnaire. Qualitative responses were generated using the
following open-ended question: ‘To what extent do you think you benefitted from this
programme? Explain how’. The qualitative data obtained from the post-programme ques-
tionnaire were grouped into categories and labelled. As mentioned above, data were also
generated by documenting the PDP activities. Many of these activities were described and
analyzed. The following sections present the results of data analysis obtained by these
instruments.

6. Enrichments in principals’ ways of seeingmathematics

Bydisplaying the results of the data analysis, this section answers the first research question:
what enrichments can a five-day PDP yield that will affect a group of elementary school
principals’ views about mathematics and teaching and learning mathematics?

6.1. Pre- and post-instrument data

Table 2 shows the mean values of the participants’ views for each statement of the percep-
tions instrument before and after PDP. The asterisk in the last column indicates a significant
change in perceptions using the Wilcoxon signed-rank test. Notice that the mean ranges
between one (strongly agree) and five (strongly disagree). Higher values indicate perceptions
that are more consistent with mathematics reform.

After the PDP, the means of all statements increased; all the changes were statistically
significant, and all were in the adjusted disagreement intervals (i.e. none was below the
value of 3.4). In about half of the statements, the mean increased to a large degree. Notably,
before attending the PDP, the principals’ views on all eight points were in the adjusted agree
or neutral intervals (except for one that was just barely in the adjusted disagree interval),
which suggests that this particular sample of principals embraced these eight less-aligned
views.
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Table 2. Means of participants’ responses on a selection of items from the perceptions instrument
before and after PDP (n = 8).

Alignment before Alignment after

Mathematics is fixed, unchangeable knowledge that should be
accepted.

1.9 4.1*

To be good at mathematics, one needs talent and aptitude for
this subject.

3.5 4.8*

Learning mathematics is mainly based on training and
practicing.

2.9 4.1*

The most important indicator of students’ learning in
mathematics is getting the right answers.

2.3 4.3*

Problem solving means word problems that come as an
application at the end of a lesson.

2 4.6*

Student sharing while solving problems can have negative
effects, as errors made by some students could affect the
others.

2.9 4.4*

The mathematics curriculum is a collection of procedures,
skills, and algorithms.

2.8 4.3*

It is not suitable to teach statistics and probability to
elementary-stage students.

4 5*

Note: Responses to the items were given on a five-point Likert scale: 1 = Strongly agree, 2 = Agree, 3 = Undecided,
4 = Disagree, and 5 = Strongly disagree. This questionnaire was based on the instrument that was used in the first
stage of the project, which investigated principals’ perceptions using a sample of 244 principals. In order to determine
the improvement in principals’ perceptions, the instrument was applied twice: once before and once after applying the
training programme. Data were analyzed using the means for each statement separately (after considering the direction
of the statement, that is, whether it agreed or disagreed with the new view). In order to understand these means, the
scale was changed from discontinuous to continuous by dividing the number of intervals (4) by the number of points
(5). This provided an interval width of 0.8. Accordingly, the intervals became as follows: Strongly agree [1.0–1.8], Agree
[1.8–2.6], Undecided [2.6–3.4], Disagree [3.4–4.2], and Strongly disagree [4.2–5.0]. In order to investigate the significance
of the changes before and after the programme, a non-parametric procedure (the Wilcoxon signed ranks test) was used.

The focus group interviews that were conducted before and after the programme also
provided pre- and post-data. The group interviews focused on one question: ‘What verbs
would you use to describe what students are doing in a mathematics class that you are
observing?’ Table 3 displays the verbs participants provided before and after PDP. Dif-
ferences in the variety and quality of these verbs can be seen. For example, before the
programme, the verbs were limited to calculations and doing exercises in addition to the
regular actions students take in any class, not just mathematics, such as listening and ask-
ing questions. In contrast, the post-data represented broader andmuch richer language for
the mathematics classroom. Even though many verbs that participants provided after the
programme can also be applied in any class, the results showed that they displayed a more
advanced vision of how mathematics class should be.

6.2. Benefits gained from participants’ viewpoints

Before the end of the PDP, participants were asked to answer the following open-ended
question: ‘Explain to what extent you benefitted from this programme’. All participants
reported that they benefitted from it. Their explanations were classified into the four
categories shown in Table 4.

The benefits the participants perceived were consistent with the goals of PDP, namely, to
enrich their understanding of the nature of mathematics and of the ways to learn and teach
this subject. These benefits corresponded to the categories listed previously in Table 1. In
addition, the PDP achieved its goal of clarifying the principals’ role as leaders in promoting
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Table 3. Principals views of students’ acts inmathematics classrooms before
and after PDP (n = 8).

Pre Post

Acts Frequency Acts Frequency

Calculating 8 Representing 3
Doing exercises 7 Connecting 3
Solving problems 1 Justifying 2
Listening 3 Applying 5
Working cooperatively 3 Clarifying 3
Talking 4 Explaining 4
Working individually 4 Deducing 2
Asking questions 2 Estimating 1

Concluding 1
Describing 1
Using 2
Proving 2
Discovering 1
Modelling 1
Investigating 1
Solving problems 6
Formulating 1
Communicating 4
Asking questions 3
Talking with each other 3
Listening 2

mathematics in their schools. All participants expressed that they benefitted from seeing
differences in their roles as school leaders to support mathematics reform in mainly two
ways: changing how they evaluate their mathematics teachers and classes, and spreading
new ideas about mathematics among teachers, parents, and the community.

6.3. Data generated from PDP activities

Some of the PDP activities are described here alongside the data that showed improvement
in participants’ views and supported the results found in the previous section (in particular,
the benefits gained as illustrated in Table 4). One of these activities was an ongoing activ-
ity regarding the principals’ roles. Throughout the programme, the principals were asked
after each session to write down all actions they could take as school leaders to support
the implementation of the new vision of mathematics they had heard described during the
sessions. A flip board was set up for this activity to enable principals to add their sugges-
tions. Another activity was conducted at the end of the programme, in which participants
were invited to modify or rebuild the assessment tools they were using to observe mathe-
matics instruction and evaluate teacher performance. Participants worked in pairs for one
hour and put their work on transparencies to enable them to present their ideas using an
overhead projector. Each pair’s work was presented and discussed. A third activity came
at the end of the programme that required pairs of principals to design a one-semester
plan that would help their schools move towards supporting mathematics reform. Each of
these three activities (principals’ roles, assessment, and school plan) generated qualitative
data in the form of statements written by principals. For the first activity, these state-
ments were placed on the board dedicated to this ongoing activity. During the other two
activities, statements were written on transparencies. The three sets of data were analyzed
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Table 4. Benefits gained from participants’ viewpoints (n = 8).

Benefit Frequencies Examples of participants’ responses

Enrichments in seeing the nature of mathematics 8 I learned that mathematics is not fixed but flexible
and changeable.

My view of mathematics as a subject is different
now.
My overall perception of mathematics has been
changed from fixed calculations to acts and
growing structures.

Enrichments in seeing the ways to teach
mathematics

8 I now understand how mathematics should be
taught.

Before this programme, my view of teaching
mathematics was different and quite traditional.

Enrichments in seeing the ways mathematics
should be learned

7 Any student can understand mathematics if it is
taught in the proper way.

My view of students’ learning has changed from
giving the right answer to expressing their thinking
strategies.
I know now that our students can learn
mathematics.

Enrichments in seeing different roles as school
leader

8 I have a new understanding of how to evaluate my
math teachers.

I realize now that my evaluations of my
mathematics teachers have been improper and
bound by tradition.
I see the necessity of transferring this viewpoint
to parents to be able to produce a generation
that thinks and reflects, moving away from
memorization and routines.
I learned that there are many ways to make
students and the community believe that
mathematics is important and that everybody can
learn it.
I should share my new attitudes toward
mathematics with others.

separately, and responses were grouped into categories. Three tables were then generated
for the three activities. As all these activities were related to the principals’ actions (i.e.
acts and roles), many duplications appeared in the three original tables. Accordingly, the
three tables were examined together to produce one set of results that was labelled ‘prin-
cipals’ views on their role in supporting mathematics reform during and at the end of the
programme.

As can be seen in Table 5, three major actions were identified: (1) spreading the mathe-
matics reform vision, which requires the principals to work with the community, parents,
teachers, and students; (2) helping mathematics teachers use the reform approach, which
can be divided into two subcategories, namely, helping mathematics teachers in their pro-
fessional development (such as attending workshops and conferences) and encouraging
them to teach according to the reform approach (for example, by listening to their needs
and fears); and (3) assessing mathematics teachers and classrooms in a different way. Each
action was categorized according to one of the four study concerns (the nature of math-
ematics, the learning of mathematics, the teaching of mathematics, and the mathematics
curriculum). Table 5 shows examples of how the principals viewed their roles to support
mathematics in their schools within each of the four PDP concerns.
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Table 5. Principals’ views on their role in promoting mathematics reform (n = 8).

Nature of
mathematics

Learning of
mathematics

Teaching of
mathematics

Mathematics
curriculum

Spread new vision
of mathematics
(parents, teachers,
students)

Arrange activities for
parents, such as a
family mathematics
evening and
newsletters
to discuss the
traditional and
alternative views of
mathematics.

Show students that
math is fun and
attractive through
school activities, such
as competitions and
mathematics days.

Parents need to
promote their
awareness about
what mathematics
their kids need
to learn (doing
mathematics,
recognizing
patterns, explaining
thinking strategies,
listening to others,
and connecting
ideas).

I will highlight the
importance of
having parents
know how to teach
and help their kids
to learn.

Mathematics
curriculum is not
limited to a specific
textbook; rather,
activities and
experiences should
be part of the
curriculum inside
and outside the
school.

Help math teachers
to teach according
to new view
(professional
development,
encouragement)

Arrange workshops
for teachers to help
them to see the real
picture of math.

Give workshops
on conceptual
understanding,
recent learning
theories.

Professional devel-
opment for math
teachers through
training, cooper-
ation with other
math teachers,
conferences, and
higher studies.

Meet with math
teachers to identify the
needs, weaknesses,
fears, and challenges
they face when
applying math reform.

Make sure math
teachers are aware
of math curriculum
standards.

Provide instructional
tools.

Change assessment
of math class-
room (teacher’s
skills, classroom
environment)

When assessing
mathematics
teachers, I will check
that she considers
problems that do
not have one specific
answer.

Patterns and relation-
ships are important
criteria for my
assessment.

Lesson plans have
to contain high-
quality outcomes
requiring students
to solve problems,
communicate, give
evidence, explain,
and present their
work.

Questioning strategies
that reflect
interesting
questions and that
ask for clarification
and justification;
give encouragement
to students to think
creatively by giving
them new methods
of finding solutions.

I will assess math
teachers according
to the new
curriculum
standards.

During data analysis, it was noted that some of the participants’ responses could be
seen as general ideas that might already have been suggested in other professional devel-
opment programmes, such as ‘Teachers have to have classroom management skills’ or
‘content knowledge’. However, the language used reflects mathematics reform, including
that all students should and can learn mathematics and students have to ‘do’, ‘reason’, and
‘communicate’ mathematics. In addition, the indicators that principals will watch for in
mathematics classes are clearly aligned with the major points that were discussed through-
out the PDP, such as problem-solving norms. Thus, the focus points that the programme
addressed, including conceptual understanding, doing mathematics, and teaching math-
ematics effectively, were being considered by the participants by the programme’s end.
Alongside principals’ comments in the post-PDP questionnaire about what they learned
from the programme, this finding confirms that the PDP helped the principals enrich their
former views regarding their role in promoting mathematics reform.



16 H. INNABI AND J. EMANUELSSON

7. PDP through the lens of VT

In this section, we use VT to explain the enrichments in participants’ views on mathemat-
ics as described in the previous section. Two interconnected analytical tracks are used in
explicating enrichments in the principals’ ways of seeing mathematics. First, we clarify the
relationship between the rationale for developing the PDP and its different design features;
hence, we show parallels with VT assumptions on what it takes to enrich ways of seeing.
This part of the result is described in terms of the intended object of learning. Second,
analyse the activities within the programme from the viewpoint of VT, thus enabling the
enrichments in the principals’ ways of seeing to be explained in terms of the lived object
of learning.

7.1. Seeing PDP through VT: the intended object of learning

Neither the phenomenographic approach nor its theoretical development in VT was used
as a point of departure when the PDP was originally developed. However, the search for an
explanation for how the principals’ views of mathematics enriched after attendance in this
short programme revealed strong similarities between VT and the design principles that
were used when developing the PDP. This section discusses these similarities.

The goal of the PDP was to enrich principals’ views on school mathematics and align
them with mathematics reform. Using VT language, we can say that the intended object of
learning of the PDP was to enable principals to view mathematics in a broader and richer
way than they had in the past. Principals need to see mathematics as a dynamic rather
than as a static body of knowledge; they have to see the learning of mathematics in terms
of understanding and meaningfulness, and they need to see mathematics as a reasoning
and communication tool rather than solely as a tool of calculation. In order to under-
stand mathematics in this particular way, a set of features (critical aspects) was identified
that are necessary to form that vision. These features were determined from the suggested
more-aligned views, and they correspond to the less-aligned views that were previously
found. Notably, the less-aligned views obtained in the first stage of the project were also
found among the specific group of PDP participants as the pre-data analysis has shown
(see Table 2).

Table 1 shows the list of pairwise less-aligned and more-aligned views that formed the
PDP’s theoretical framework; all the activities used in the PDP related directly to this
framework. Accordingly, based on VT, the contrast pattern of variation can be seen in the
way the PDP was developed not only in the PDP’s theoretical framework, as presented in
Table 1, but also more clearly in the formation of activities throughout the five-day pro-
gramme. The PDP activities were created by providing alternatives for the same situation
in question.

According to VT, in order to change learners’ views, the best teaching design is to first
find out what these views are and then uncover individual perspectives on the relevant
issues (Lo, 2012). These views should be described in terms of DoVs to be opened so that
learners may modify their views (Marton & Booth, 1997). It is worth noting that many
other theorists before VT have considered the learner’s previous knowledge. One of the
most-cited examples is Ausubel (1968) who stated that ‘the most important single fac-
tor influencing learning is what the learner already knows. Ascertain this and teach him
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Table 6. Object of learning, critical aspects, dimensions, and values of the PDP.

‘Object of learning’ of the PDP: To enrich the principals’ views of the nature of mathematics
and the nature of its teaching and learning

Critical aspects Dimensions Values

Mathematics is a growing body of
knowledge. It is not settled and
unchangeable. Mathematical
knowledge might be changed if
contexts and axioms are changed.

Nature of mathematics static–dynamic

All students can and should learn
mathematics in a meaningful
way based on their individual
understandings.

Who can learn mathematics (or
mathematics for all)

elite–all

Learningmathematics should be based
on understanding and not only on
repeating and training.

To learn mathematics practice–understand

Finding the right answer is not
necessarily the best indicator of
student learning.

Student learning indicators right answer–not necessarily the right
answer

Teaching mathematics should largely
be based on problem solving to
promote a situation that challenges
students and makes learning
happen.

Problem Solving at the end of lesson–not necessarily at
the end

Communication is important in
teaching mathematics. Students
have to be encouraged to express
and share their thinking verbally
and in writing with each other and
with their teacher.

Communication risky on learning–basic tool for learning

The mathematics curriculum is more
than calculations and procedures. It
is about reasoning, communicating,
problem solving, and providing
evidence.

Content of mathematics calculations–patterns & relationships

Data and chance are important and
useful for all levels starting from KG.

Statistics and probability for
elementary level

suitable–not suitable

accordingly’ (p. vi). However, VT takes this general idea a step further and offered a model
of learning in which discerning variation was taken as the basic mechanism.

In retrospect, if the PDP is looked at through the lens of VT, the eight less- and more-
aligned views shown in Table 1 can be understood as eight critical aspects, and each one
can form a DoV with different values. For example, the perception that ‘[t]o be good at
mathematics, one needs talent and aptitude’ can be viewed as aDoV entitled ‘who can learn
mathematics’. Some of its values include thatmathematics is ‘for elites’ or, alternatively, ‘for
all’. Table 6, which shows how the information in Table 1 can be seen through VT, presents
the object of learning of the PDP, the critical aspects, and their corresponding dimensions
and values. Notice that the suggested dimensions and values are defined by their meanings
and not by their wordings. For example, the value ‘elite’ could be replaced by ‘smart’ or
‘talented’ because, according to our analysis, their meanings (‘not for all’) are the same.

7.2. Constructing PDP activities

This section offers clarifications on the strategy used to develop the PDP activities, and
describes how this strategy can be seen through the lens of VT. In hindsight and from
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the perspective of VT, the aim of the PDP can be described as supporting principals to
see the nature of mathematics and the process of teaching and learning mathematics in a
different way to what they had previously experienced. The three-step strategy that was
adopted to create and implement the programme’s activities can be seen as a design that
was fine-tuned to raise the participants’ awareness of the eight DoVs identified for this
research.

During the first step of each activity, all participating principals were invited to express
their opinions or understandings of a specific situation related to one of the eight dimen-
sions included in the PDP. The reasons for this step (from a VT perspective) were to
determine what aspects were critical for the particular group of learners, to determine how
this particular group differed from the general group (Innabi, 2006), and to help the par-
ticipants recognize their own views. Care was taken to give all participants an opportunity
to share their understanding. For example, one of the sessions, which showed the partici-
pants that mathematics is not fixed but rather changeable knowledge, started by asking the
question ‘What does mathematics mean to you?’ Another session, which demonstrated
that student communication while solving problems helps increase learning, started with
the statement ‘Students talking with each other while solving problems could have negative
effects because errors made by some students could affect other students’. The following
question was then asked of the participants: ‘What do you think about this statement?’
All the answers were recorded and categorized in the presence of the participants. One
prominent feature of this step is that it created a joint focus among the principals. The
principals’ understandings became the subject matter of further discussions and enabled
them to contextualize their experiences.

During the second step of the PDP activities, the participants were shown situations
(scenes and behaviours) that contrasted with their traditional views in relation to the spe-
cific critical aspects that were the focus of the first step. The phenomena were discussed
by presenting alternative or contrasting views that reflected the object of learning. This
step sought to give each participant the chance to see the situation in question in different
ways, to compare and reflect on their views, and to provide possibilities for enrichment. For
example, one of the less-aligned perceptions found among school principals and addressed
in the PDPwas thatmathematical knowledge is a settled, unchangeable, and finished prod-
uct. In order to help principals broaden this view (i.e. open this DoV), the PDP provided
several activities that showed that any piece of mathematical knowledge can be changed
if contexts and axioms are changed. Additional activities were conducted to demonstrate
that mathematics is about seeing patterns and relationships and that it is not a finished
product but is instead a continuously evolving field. These activitiesmainly involvedmath-
ematical patterns in nature, such as the Fibonacci series, chaos, and fractal geometry; in
real life, mathematics may evolve according to axioms and assumptions, the digital sys-
tem, and the need to estimate. Another example, which is related to a dimension included
in the PDP: ‘The most important indicator of students’ learning in mathematics is find-
ing the right answer’. Since the goal was to help principals enrich the perspective that
arriving at the right answer is not necessarily an indicator that students understand math-
ematics, an activity was provided to show that many other indicators other than the right
answer can signal student learning. More importantly, the principals needed to become
aware that, depending on the indicator, arriving at the right answer can sometimes be
misleading.
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7.3. An example of PDP sessions

According to mathematics reform, problem solving is often discussed as an unfamiliar
mathematical situation that can be described as novel to the students and that challenges
them. A problem thatmight be contextualized in terms of a storymight also be represented
as a symbolic item. In addition, problem solving can come at the end of a lesson as a prac-
tical application, but, more importantly, this situation has to be the main tool used to teach
what students need to learn (Lester, 2013).

Before attending the PDP, principals saw problem solving as nothing more than a ‘story
problem’ that comes at the end of a mathematics lesson as an application exercise. In order
to support principals in seeing problem solving in a richer way, enabling them to recog-
nize its powerful role in learning mathematics, an activity was conducted to reveal how
a lesson that starts with a specific problem-solving task can lead the class to achieve the
lesson’s goal. This activity was a classroom scenario that showed how a fifth-grade teacher
engaged her students in problem solving to help them achieve the lesson’s objective, which
was to have the students think about and develop methods for adding decimals. It was
emphasized to the principals that, although students had previously worked with the sub-
ject of representing decimals, they had not yet discussed adding them. In this scenario, the
teacher presented the students with a problem-solving situation that required adding dec-
imals. This problem was taken from the NCTM 2000 standards (Schifter et al., 1999, pp.
114–201). The scenario showed how the teacher succeeded in helping the students realize
the algorithms of adding decimals using a base-ten model without her direct instructions
and connect the problem with their knowledge of adding whole numbers. This happened
through sharing thinking, asking questions, and explaining and justifying the students’
own ideas as well as the ideas of others.

This session about problem solving started with the following introduction (Step 1):
‘We will discuss today a lesson about adding decimals, but before we start, let me ask about
how you expect mathematics teachers in your school to teach this lesson’. All answers were
similar to this scenario: the teacher shows the procedure for adding decimals; the teacher
shows examples; the students do more examples; and maybe, at the end of the lesson, a
word problem could be given as an application example. After this discussion, Step 2 was
given (showing alternatives). Thus, we can see an invariance issue (the decimal lesson) and
a variation (the teaching scenario). The principals were offered two different ways to teach
the same content (adding decimals): one was the approach described by the principals, and
the other was an alternative approach shown to the principals.

8. Explaining enrichments: the perspective of VT

The traditional views of mathematics that principals had before attending the PDP are the
result of the deep-rooted, traditional ideas about mathematics held by the general public;
these may be related to what Marton and Booth (1997) refer to as ‘natural attitudes’. Prin-
cipals habitually share these traditional views. We claim that this image of mathematics is
‘taken for granted’ in their awareness of this subject, and thus, we want to support them in
enriching this traditional view by enabling them to see mathematics in a richer and more
differentiated way. This change in ways of seeing can result from making what is ‘taken
for granted’ an object of reflection and considering alternatives to what is assumed to be
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the case, thereby raising participants’ awareness of the possibility that something may be
other than what they originally perceived it to be. According to VT, the change in ways of
seeing might happen suddenly as Marton and Booth (1997) explained in using the term
‘spontaneous change’ (pp. 148–149). Thus, in order for the principals to develop another
image of mathematics than the one they took for granted, they had to experience contrast-
ing situations, which is what Marton and Booth (1997) referred to as opening dimensions
of variation in awareness. If these individuals could become aware that something was a
certain way, they could become aware that it could also be viewed in some other way. On
the basis of this approach, we can consider that eight DoVs were included in the PDP’s
activities; and they were designed to ‘open’ the participants’ views, thus allowing them to
‘enrich’ their ways of experiencing mathematics and consider those aspects of mathemat-
ics that are highlighted in mathematics reform. In order to clarify this, we will highlight
in the next section one of the PDP sessions that made it possible for participants to see a
‘taken-for-granted’ view on learning mathematics differently.

8.1. An example of enrichedways of seeing

In the traditional way of experiencing mathematics education, the main concern is that
students get the right answer rather than developing their reasoning and solving strategies
and enhancing their capacity to communicate with others. Regarding this view, the PDP
sought to help principals see that achieving the right answer is not necessarily the only
important indicator of student learning. To achieve this goal, one of the PDP’s ten sessions
was dedicated to the dimension of student learning indicators.

As can be seen in the results that were displayed earlier (in Tables 2, 4, and 5), many
indicators showed that principals experienced enrichment in relation to this view after
attending the PDP. One of these indicators came from the measurement instrument that
was designed to depict views and was administered to participants before and after the
PDP. On a scale ranging from one (strongly agree) to five (strongly disagree), themean value
of the participants’ responses to the statement ‘The most important indicator of students’
learning inmathematics is finding the right answers’ was 2.3 before PDP and 4.3 after PDP.
As shown in Table 2, this change was statistically significant. Furthermore, this change is
supported by the principals’ statements about the benefits they received from the PDP; for
example, one principal wrote, ‘My view of students’ learning has changed from giving the
right answer to expressing their thinking strategies’.

In order to describe the broader view of learning indicators that emerged, we need to
clarify what happened during the session. At the beginning of the session, the participat-
ing principals were asked the following question: ‘How do you assess student learning
in fourth-grade division lessons?’ The participants provided slightly different answers,
which were written on a whiteboard, including ‘the ability to divide’, ‘the student’s test
score’, ‘when the student divides without mistakes’, and ‘when the student can get the
right answer’. The similarity in meaning among the responses was pointed out, and all
the responses were circled and labelled as ‘getting the right answer’.

A two-part video clip was then viewed and discussed. The first part showed a fourth-
grade student who was asked to solve a division problem (20 divided by 5) using the long
division method. Using paper and a pencil, the student solved this division problem cor-
rectly and confidently by following the teacher and the textbook’s long divisionmethod. In
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the second part, this student was asked to justify what she had just done (i.e. explain her
answer) verbally and use a set of cubes to demonstrate the process of division. The student
failed to complete these tasks successfully. She kept uttering unrelated and vague sentences
and giving wrong representations even after she was provided with some support.

Therefore, we can say that the principals experienced a pattern of variation (different
ways of solving the problem) and invariance (the problem was the same in the two situa-
tions, and the same student solved the problem in the two situations) before watching the
video; the principals seemed to focus only on the correctness of the students’ mathemati-
cal activities. In accordance with the traditional view of mathematics, they were oriented
towards whether or not the student’s responses were acceptable. Thus, the group’s way of
experiencing the phenomenon in question (i.e. assessing student learning) was taken for
granted. As described above, we then introduced a contrasting example in which a young
student succeeded in finding the right answer to a division problem but failed to demon-
strate a corresponding understanding of the method using concrete materials. By opening
the DoV of ‘student learning indicator’, the principals were exposed to a contrasting exam-
ple that generated discussion. After seeing the video, a discussion started with the question
‘What can this example tell you?’ The participants came up with a much broader variety
of indicators of student learning that included the following statements: ‘We need to look
also at her ability to explain her answer’, ‘She has to be able to show us what she did with
these cubes’, ‘She has to put 20 cubes into 5 groups’, and ‘She has to talk about hermethod’.
Other suggestions were ‘She did not understand what she was doing’, and ‘If she under-
stood, she would have represented the problem as five groups, each with four cubes’. These
responses indicate that the discussion allowed the participants to come up with other val-
ues of the dimension than just ‘correctness’. The participants even mentioned values that
had not been demonstrated in the video, such as ‘She should be able to apply it in real life’.

We saw two values for the ‘student learning indicator’ dimension: (1) achieving the right
answer and (2) not necessarily achieving the right answer. For the second value, several
examples can be represented, such as ‘communicating the mathematical strategy’, ‘rep-
resenting the mathematical strategy’, and ‘applying mathematical knowledge’. When the
participants watched the video, they experienced something different that opened this
dimension to values other than the one the principals had previously taken for granted.

9. Discussion

This paper describes and explains the enrichments that occurred in a group of elemen-
tary school principals’ ways of seeing mathematics during their participation in a five-day
PDP. The goal of this programme was to help principals align their traditional views
with reformist views on the nature of mathematics and learning and teaching mathemat-
ics. The results of implementing the PDP showed noteworthy enrichments. Moreover,
the principals showed awareness of the enrichments of their views about the subject of
mathematics.

In addition to describing the enrichments in principals’ views, this study aimed to
answer the question; how to explain those enrichments. The analytical tool used to answer
this question was the VT of learning. The analysis addresses two levels. The first aimed to
clarify the relationship between the rationale for developing the PDP and VT. The second
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(more specific) level involved analyzing the activities of PDP from a VT viewpoint. This
analysis revealed patterns that helped explain the enrichments that occurred during PDP.

The VT lens illustrated that the object of learning, which was ‘to help principals enrich
their views on the mathematics subject’, was decomposed into eight critical aspects that
were derived from a previous, broader sample of principals as well as the PDP participants.
The aim was achieved by determining the less-aligned (with mathematics reform) views
and suggesting alternative, more-aligned (with mathematics reform) views. These two sets
of views were described in terms of DoVs and varying values.

Before attending the PDP, the participating principals demonstrated a traditional view
of mathematics that was ‘taken for granted’ in their awareness. We showed that enrich-
ments in the principals’ views occurred during their participation in the PDP, enabling
them to perceive mathematics in a different way. Their ‘natural attitudes’ were thus bro-
ken in the phenomenological sense to which Marton and Booth (1997, p. 148) refer. The
principals’ ways of seeing mathematics and learning and teaching mathematics expanded,
allowing them to see the subject in ways that aremore differentiated andmore aligned with
mathematics reform.

According to VT, this process can take place by making what is ‘taken for granted’ an
object of scrutiny; by offering alternatives to what is assumed, it is possible to raise partic-
ipants’ awareness of the possibility that something may be other than what they thought it
was. Thus, in order for the principals to develop a view that is more aligned with mathe-
matics reform than the one they took for granted, they had to experience variations in the
eight identified critical aspects, which opened DoVs in their awareness. If the participants
could become aware that something was a certain way, they could also become aware that
it could be some other way.

On the basis of this approach, and by using a VT lens, we were able to see that the eight
DoVs were included in the PDP’s activities, which were designed to ‘open’ the participants’
views, allowing them to enrich their ways of experiencing mathematics and consider those
aspects of mathematics that are highlighted by mathematics reform.

A notable mechanism for enrichment is the use of variation in certain aspects by the
provision of contrasts in the same aspect. The idea of putting learners in situations inwhich
their conceptions become visible and contrasted with other possibilities is not unique to
VT; other views such as conceptual change theory (Kuhn, 1970; Liljedahl, 2011) and the
Gestalt theorists (cf. Koffka, 1935/1963), and different types of constructivism, present the
same general idea about exposing learners to alternatives. However, variation theorists take
this general idea a step further by suggesting a systematic learning mechanism in terms of
DoV (e.g. Emanuelsson, 2001; Emanuelsson & Sahlström, 2008; Kullberg et al., 2016; Lo,
2012; Ryve et al., 2013). Amore specificway of addressing the desired enrichment onquite a
detailed level such as the ‘correctness of the answer’ or ‘problem solving, at the beginning or
the end of the class’. In the re-analysis of our PDP, we described the nature of mathematics
as well as the nature of learning and teaching mathematics in terms of several dimensions;
each of these dimensions was opened through the introduction of a contrasting value.

Using VT, we can describe the detailed systematics that the PDP provided because it
revealed details about how the programme was designed that could not have been seen
clearly before. We described the object of learning in terms of several DoVs, and in each
of these dimensions, we offered the participants an opportunity to experience variation
on a micro-level. Hence, we went beyond the general and more overarching idea of using
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alternatives and contrasts as vehicles for learning. Instead, we opened aspects for systematic
variation that were considered critical to mathematics reform.

ThePDPcomprised ten sessions, each focusing onone aspect to be discerned. These ses-
sions were not separate; rather, they connected and supported each other. Using VT helped
us see that the design of the PDP addressed the same DoV from different angles by using
several examples. For instance, in the activity that addressed the problem-solving dimen-
sion, the session’s goal was to convey that problem solving is a powerful tool for teaching
and that students can learn through problem solving. The problem-solving session also
illustrated that it is not always beneficial for teachers to focus exclusively on whether or
not students arrive at the right answer. Instead, the teacher focused on supporting student
reasoning in other, better ways. This session can provide a good opportunity for partici-
pants to see that if teachers focus on the right answer, they might overlook opportunities
to help students learn better.

In summary, an instructional programme has the capacity to make a significant dif-
ference by systematically and empirically breaking down complex conceptions into less-
complex, interrelated parts (critical aspects and DoV), then challenging participants’
rooted ideas by confronting them with patterns of variations and invariance, in partic-
ular, the pattern of contrast. Although the focus of this paper was to understand the
enrichments that occurred in principals’ awareness while they participated in the PDP, this
discussion deems it necessary to raise two related issues. The first connects to the ratio-
nale behind the PDP itself – that is, the need to change the dominant, traditional public
view on school mathematics because it negatively affects or limits students’ learning of
mathematics. The mathematics education community needs to invest considerable effort
in remedying this issue (Stephan et al., 2015). The entire educational community, includ-
ing teachers, administrators, parents, and students, needs to viewmathematics as a subject
that can be explained and made understandable. In this study, we included literature that
explained how principals’ views onmathematics influence teachers’ work in the classroom,
and, consequently, students’ learning possibilities.

If we assume that the public’s common view of mathematics adversely affects our chil-
dren’s learning of the subject, we need to challenge the traditional and taken-for granted
ways of seeing mathematics. In order to clarify this point, let us examine the related idea of
mathematics for all,which is in widespread usage (e.g. NCTMResearch Committee, 2018).
In general, people view mathematics as a subject for just a few – for those with the right
inclination and especially for gifted and high-achieving students. Whether such a view is
present among principals, teachers, parents, or students, it presents a large obstacle to the
reform view that mathematics is for all. We believe that a more enriched view is beneficial
for the learning of mathematics, especially for those who display the weakest competence.
In order to move mathematics for all from present political rhetoric into the field of prac-
tice, efforts are needed to change people’s views. The programme presented by this study
can be considered supportive of such an effort since it exemplifies that these views can be
enriched if systematically addressed with patterns of variation.

Despite the volume of research describing how people see mathematics (different terms
have been used, such as perceptions, beliefs, images, metaphors, etc.), very little empirical
work has been done on modifying or changing these views. Hence, this study can add to
the literature and support the call for grand challenges (Stephan et al., 2015) in a more
direct and explicit way.
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The other issue that we want to raise is a call for teachers and instructors to research
their own practices. Current worldwide discussions about practice-oriented research indi-
cate that well-documented professional development programmes and similar approaches
can be considered for potential research with an integrated design that allows for further
systematic analyses. Such research should be scrutinized by practitioners and the research
community.Our PDP can be presented as an example of a commissioned development pro-
gramme that has been designed to generate research materials for later analysis. Through
this study, we aim to show that it is possible to do research on one’s own teaching and
instruction in a systematic way. This is an important point because it gives school, college,
and university teachers, as well as teacher educators and people working in professional
development, evidence that it is possible to approach teaching in systematic ways that allow
for solid research that can be documented and published. When the PDP was created and
implemented a few years ago, it was considered in the context of practice-oriented research
that aims to develop knowledge for the improvement of professional practices. Hermans
and Schoeman (2015) clarified that the knowledge created in practice-oriented research
contributes directly to professional practice and that research problems do not need to
originate in theory. This paper presents a case in which the problem did not originate in
theory but rather ended in theory.

10. Significance and limitations

In terms of significance and contributions to the field, we have showed that if a professional
development programme is designed with systematic use of variation in critical aspects
can enrich traditional views of mathematics. Very little research has aimed at purposefully
supporting the changing of views on mathematics. Notice that previous studies mainly
addressed teachers of mathematics and not the public or principals.

Our use of VT as an analytical tool for understanding enrichments in a professional
development programme is a significant contribution to VT since this theory is usu-
ally utilized in normal teaching situations with conventional subjects or courses, such
as mathematics, science, and language. Furthermore, we argue that the work represents
an important contribution since we show how good instructional practice, if sufficiently
documented and evaluated, can generate materials that can be analyzed in a rigorous
and theoretically informed way and hence be scrutinized by a wider community of peers
where ‘peers’ are principals and teachers, as well as researchers in the field of mathematics
education.

In terms of limitations, and within the constraints of the existing data materials, we
were unable to study whether the enrichment that was observed after the participants
attended the PDP had an impact on the schools in which the principals worked at the time.
Moreover, we did not study how this enrichment can be transferred into other contexts or
can affect either teachers’ views of mathematics or school policy and practice. Further, we
have no claims on the longevity of the observed enrichment. However, we argue that in
order for school principals to have an impact on teaching and learning possibilities within
their schools, they need to develop their own capacity to see mathematics as a dynamic,
humanistic tool for reasoning, communication, and problem solving.

A final point should be mentioned. Although positive changes appeared when the PDP
was applied to a limited number of principals, this study does not attempt to prove the
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effectiveness of this PDP ormake any formal generalization (c.f. Eisner, 1991, pp. 103–105).
Instead the goal of this study is to describe the enrichments that appeared within a group
over a short period of time and explain these enrichments in order to widen our under-
standing of the possibility of modifying the traditional public view of mathematics and the
teaching and learning of mathematics.
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