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ABSTRACT

ONE PROBLEM, TWO CONTEXTS

DanielleLeigh Gigger
Departmenbf Mathematic€Education

Masterof Arts

In this study, a group of students were presented with two mathematically
isomorphic problems but in radically different contexts. Analysis of their thinkir
and reasoning as they worked to solve and explain each problem demonstrate
the thinking and reasoning that emerged in each problem responded to clear
purposes that the problems elicited in these students. The first problem was p
a context that relied on experience and intuition rather than a formal mathema
description. The second problem was posed in a formal, set-theoretic context.
the analysis offered here reveals similarities in the students’ final reasoning in
two contexts, it brings to light major differences between the purposes, choice:

reasoning in both contexts.
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Chapter I: Introduction and Background

Proof has been a research topic of interest thenaatics education for several
decades. This research has included investigaitibmshe aspects of proving and the role
of proof in the development of mathematical thimk{Galbraith, 1981; Fischbein &
Kedem, 1982). Research has also turned to the pgitadjaspects of proof, including
topics such as preservice teachers’ views of paadfstudents’ transitions to formal
proof (Martin & Harel, 1989; Hanna, 1990; Moore 929.

Considering the pedagogical aspects of proof, nmawe found that the role of
proof in the classroom is often limited to logigakification. However, Hoyles (1997)
states that if this is the only meaning studentkibo regard to proof, then students will
likely encounter many conceptual difficulties imstructing proofs. Hanna (1990)
asserts that if the goal of mathematical understgnd to be reached, explanatory proofs
must be developed and used in a classroom. Reaffiraanna’s ideas, Hoyles adds that
rather than focusing only on verification, schoaqfs should offer students insight into
why a given statement is true, illuminating the Inematical structures of the ideas.
Indeed, many others have come to describe proafi@arning tool that offers both
convictionand understanding to a particular mathematical asse(tiersh, 1993;

Weber, 2005).

Researchers conclude that for students to accesfsphat offer both conviction
and understanding, the social dimension must asmhsidered. Hanna (1991) discusses
social interaction as a means of determining aeé@ong a convincing argument. Others
add that students can gain conviction of trutrhay &re given opportunities to test and

refine their conjectures as well as to present tp@neralizations and evidence for their



ideas (Bell, 1976; Mason, Burton, & Stacey, 198@cKeroft, 1982). These perspectives
lead to a view of proof as a problem solving sgtimwhich students engage in social
interaction, testing and refining conjectures &ytvork to build arguments that offer
conviction as well as understanding of mathemaid=ds.

Although, as indicated above, considerable resdaastbeen focused on proof,
especially on proof as a problem solving activitygre still remains much to be
understood. For example, Francisco and Maher (26@%¢ that, “more research is
needed that can help provide a ‘coherent explap&tame’ as to how problem solving
and mathematical thinking fit together” (p. 362)eWing problem solving as a setting in
which proof takes place, the gap seems to lie dewstanding how mathematical
thinking and reasoning play out in a problem saj\setting. The National Council of
Teachers of Mathematics (NCTM) (2000) gives ditts to where we can look to fill
this gap. They state, “Reasoning and proof canngtlg be taught in a single unit on
logic” (p. 56). Rather, mathematical reasoning “tesdeveloped through consistent use
in many contexts” (p. 56). Thus, research that@gs mathematical thinking and
reasoning in more than one context can offer insigh how that thinking plays a part in
a problem solving setting and in the constructibproofs.

This study concentrates on the thinking and reagpoi a group of students as
they work to solve and explain two mathematicalymorphic problems that are
presented in radically different conteti particular, this study demonstrates that the

thinking and reasoning that emerge in each ofileproblems responds to clear

! The first problem was adapted by the instructomfia problem listed in D’Angelo and
West (1997). The second problem was created binsteictor as a formalized version
of the first.



purposes that each of the two problems eliciteati@se students. For this reason, their
emergent thinking and reasoning will be referredgdheir purposeful thinking and
reasoning. The first problem was posed in a corteattrelied on experience and
intuition to describe the problem situation rattiem a formal mathematical description.
Eleven weeks later, the second problem was destiba formal, set-theoretic context.
While the analysis offered here reveals strikingikgirities in the students’ final
reasoning in the two contexts, it brings to ligtdjar differences between the purposeful
thinking and reasoning in the first context andgheposeful thinking and reasoning in
the second context.

Students’ purposes, perhaps drawn from differentecds, could offer teachers
insight into students’ thinking and reasoning thiaterge from those purposes. Thus,
understanding these purposes could better prepacadrs to understand their students’
work as those students develop and use probleniffénent contexts. Consider the use
of “story” or “real-world” problems in a lesson. 8h these problems are introduced after
a general concept has been “taught” in order wistitate the applicability of the general
concept in real life situations. However, some beas, on the contrary, use these
problems to introduce a concept, encouraging stsderdiscover the concept from real
life situations. It is clear that the real life ¢ext of the problem will influence the
students’ purposes, choices, and reasonindyda® And will that reasoning align with
the goals of the lesson? Now consider the use r@iyaymbolic problems. Similar
guestions arise: With what purpose do studentsoagprthese problemsfw will the

context help the students to develop reasoningadigvith the goals of the lesson as they



reason through these problems? By focusing onttltests’ purposes and emergent

reasoning in both contexts, teachers can begindeoer these questions.



Chapter I1: Theoretical Perspective

To carefully describe and analyze the differencebsamilarities in the students’
purposeful thinking and reasoning requires intemieaseveral perspectives: proof as
problem solving, communication of meaning througpresentation, representation as
presentation to oneself or others, representasa@ananchor for reasoning, and the
evolving nature of representations.

Proof is often described as a problem-solving &gtiWeber (2005) states that
when proofs are constructed, they can be viewgnt@sem-solving tasks in which valid,
logical arguments are built. Indeed, by viewinggdriotom a problem-solving
perspective, the mathematical knowledge, insigtrid, reasoning of students can be
observed.

Freeman (2000), a neurobiologist, offers insighd students’ reasoning in
problem-solving settings. He states:

“Meanings exist only in brains, because each mepexpresses the entire history

and experience of an individual...It is the limitdtheng of meanings between

brains for social purposes that requires recipregahanges of representations,
each presentation by a transmitting brain indugimgconstruction of a new

meaning in the receiving brain” (p. 93).

Although Freeman believes that representationalargys external, Maher (2002)
asserts that the mental images that students inuitchthematics are used in building
representations of the ideas involved in their matatical problem solving. Through
public discourse, certain features of the intercagjnitive representations of students are

made available. As these students explain andyjukgir ideas, they encounter new

experiences that drive them to revisit and modiBirtexisting representations.



In this study, a representation is defined as aguation in accordance with the
work of Speiser, Walter, and Maher (2003). RepriedEms are presentations either to
“oneself, as part of an ongoing thought...or to athas part of an emerging discourse”
(p. 2). Therefore, a representation includes tlzargtes, “graphs, diagrams, written
symbols, gestures, or specific language use” osthdents (p. 2).

Scholars have argued that representations proviokenaation from which
mathematical reasoning can build, allowing for ssful proof production in a problem
solving setting. Weber (2005) describes succegstdf productions as those in which
students develop and refine their informal represgt@ns and gain conviction and
understanding by reasoning from their refined repnéations. Lester and Kehle (2003)
also place representations at the center of probtduing. They state:

Successful problem solving in mathematics invols@srdinating

previous experiences, knowledge, familiar represd@nis and patterns of

inference, and intuition in an effort to generagavirepresentations and

related patterns of inference that resolve theaans ambiguity (i.e.,

lack of meaningful representations and supportiigrential moves) that

prompted the original problem-solving activity §1.0).

Speiser, Walter and Sullivan (2006) state thahasstudents in their study began
their explorations, they were led “to the constiutiof one or more presentations of the
problem situation, then to solutions to be justifierough reasoning based on the way
the given presentations have been structured” (swimi in preparation).

Although each perspective above highlights theoirtgmce of representations in
problem solving and proof production, this studyntines these perspectives to afford a
much more detailed look at the students’ reasoaggell as the purposes that drive that

reasoning. The analysis presented here might hgttof as a rope whose strands are

the various perspectives above. Rather than exagheach strand individually, all of the



strands will be woven together, strengthening thedyais of how these students worked
in each context. In particular, this holistic vislwows how the purposes, choices, and
reasoning, as well as the representations theyl@zvare influenced by the context of
the problem.

The guiding questions of this study are as follows

1. How do the students’ purposes and choices affeat tise of particular
representations in each contextfiis question addresses the effects of context on
the students’ purposes and chofcasd in turn on the representations that they
use.

2. What do those representations tell us about theasoning in each context?
closer examination of each representation will show context affects their
reasoning.

3. How do their representations and reasoning compeet®veen the two contexts?
This comparison focuses on how context affectsthdents’ reasoning and the

purposes that motivate that reasoning.

2 See Walter and Gerson (in press) for a look atestts’ purposeful choices.



Chapter I11: Relevant Literature

This chapter focuses on past research concernidgris’ cognitive structures in
building meaning as they begin to construct proibfsir use of and reasoning from
representations, and the use of key ideas and miaiirabuilding proofs. Literature in
these areas shed light on the purposes and chadities students in this study in each
context as they begin to construct proofs, usingiteas and warrants in their
construction. Literature on representations off&xsess to their purposes, choices, and
reasoning as they construct proofs in a problemisglsetting.

The Concept-Understanding Scheme

Moore (1994) developed what he cdllse Concept-Understanding Scheme
building from a concept scheme developed by Viramet others (Dreyfus, 1990; Tall and
Vinner, 1981; Vinner, 1983; Vinner and Dreyfus, 228n accordance with the work of
Vinner and others, Moore defines tt@ncept definitioras “the definition of a
mathematical concept” and thencept imagas “the cognitive structure in an
individual’s mind associated with the concept”2p2). This concept image includes all
of the pictures that one develops in his/her mimcklation to that concept. Moore adds
one more aspect to this concept scheroacept usageThis refers to how one works
with a concept whether it be doing proofs or creabr using examples.

This Concept-Understanding Schemvas useful to Moore (1994) in explaining
the difficulties that students encountered withgfsoOne particular insight into student
difficulties that his scheme offered was when shisi@ave difficulty starting a proof.
The main problem that students encountered waghbgtcould not understand or use

the language and notation. This resulted from stisdéack of an intuitive understanding



of the concepts and an inability to use their cphamages to write a proof. When
students could not understand or use the languadjae@ation, they also failed to be able
to generate and use examples. Each of these individoblems affected the students’
abilities to start a proof. In this research, the tontexts in which the students problem
solve offer a strong contrast of intuitive undensliag.
Representations

Robert B. Davis (1984) stated, “Representatioedamdamental to mathematical
thought...Hence, a major question for mathematicsaln is to explore the
representationsvhich beginners, or experts, build in their owmds” (p. 78). This study
strongly emphasizes representations, relying omsg&paNalter, and Maher’s (2003)
definition of a representation as a presentatipeiser, Walter and Sullivan (2006)
investigate the reasoning that is drawn from tipeagentations that students build and
how that reasoning supports the justification @irtilsolutions. Indeed the representations
that students use in problem solving can becom#étidation to their reasoning and
proof. Maher and Kiczek (2000) found that in onedsit’s efforts to find and justify a
solution, he created a representation, modifiedétr time with his classmates, and used
that representation to build an argument for tbatteon as well as to make connections

between the various mathematical situations thduateexplored.



Building Proofs
Sowder (1985) described problem solving as “whit you do when you don’t

know what to do” (p. 141). Davis (1985) stated tthat formulation of problems and the
solving of problems go hand in hand. Indeed, aaogrtb Cifarelli and Cai (2005), there
are “varying degrees of sense making, problem gosind problem solving” (p. 322).

Raman (2003) discusses h&ey ideaan offer insight into how people view
proof. Raman defines a key idea as an informal idaacan be mapped to a formal
proof. By connecting the public and private domakey ideas offer both conviction and
understanding by showingvhy a particular claim is true” (p. 323). Raman exmaihat
students need to think about key ideas in ordere mathematical proof from a mature
standpoint. She offers the following example:

Let's see, an even function. There is only oneglbout it, and that is its graph

is reflected across the axis. Yeah, and you cajuiie convinced that it is true by

looking at the picture. If you said enough wordse#lthe picture, you'd have a

proof (p. 323).

This example illustrates the use of a key ideastmemetry of an even function, to
provide understanding of the claim as well as coimi once the idea is translated into
more formal notation.

Weber and Alcock (2005) found that when mathematEireview a proof, they
do not worry so much about whether a claim is tbug rather they look to see whether
that claim is warranted. According to Weber andoglg a claim was warranted when
“there was a legitimate mathematical reason foeréisg) that the conclusion of the
implication was a consequence of its antecedent3gjp Toulmin’s (1969)

argumentation model follows along these same lihealmin’s model has three essential

features: the&ata, theconclusion and thevarrant The assertions or claims that one

10



makes in an argument is what Toulmin refers tdhasanclusion The evidence that is
put forth to support the conclusion is what henefe as thelata The justification for
why the “data necessitates the conclusion” istheant (Alcock & Weber, 2005, p. 35,
Toulmin, 1969). These three features can becomertat features of proof production

in a problem solving setting.
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Chapter 1V: M ethodology

Background
The participants of this study were studentsraggor western private university

enrolled in the Mathematics course titledundations of Mathematic$his course was
what has come to be known as a transition coursedhematics students. It was
designed to move students from their procedureebasperience in mathematics to a
rigorous, formal mathematics. The class this sfodysed on consisted of twenty-four
students arranged in four working groups of sixistiis each. Students in this classroom
were assigned by the instructor to their grougb@beginning of the term and remained
in those groups for the entire semester. The resgaesented here focused on one of
these groups of six students as they worked orspegific tasks. Students in the focus
group — four females and two males — were undeugii@d who had declared majors or
minors in mathematics or mathematics educationy Weze in their first or second year
of their respective majors. The focus group of thigly was chosen based on their
abilities to work cooperatively and to articuldteir ideas. Although there were six
students in this focus group, the data presenteziviadl be drawn from the work of five
of these students.
Setting

According to Brousseau (1999), a didactical cantimestablished in each
classroom that determines in a large part the tbksstudents take in the learning
process. In the classroom studied here, the daaontract was not the traditional one
in which, on a regular basis, the instructor leesuaind the students more or less passively

listen. Rather, in this setting, students, workimgroups of six for two ninety-minute

12



class periods each week, were given a series kd tassisting of three problems to be
solved, in class, on a weekly basis.

The tasks given to the students varied throughwusémester. The first group of
tasks included problems cast in “non-formal” math&oal settings whose solutions
involved counting, basic number sense, and geomEtgse tasks were experientially
based and used little formal mathematical notatiater tasks moved to a more
formalized mathematical setting and included protdérom set theory and number
theory that are expressed in a more formal matheabaetting using formal
mathematical notation. The tasks used in this stoclyded one from the earlier tasks
and one from the later tasks.

Within each group, the students would discuss thblpms, construct solutions
and develop arguments that justified their solgigkitersolutions had been constructed
and arguments developed by individual groups, tbaps presented their ideas to the
entire class using overhead transparencies andtiteboard. Although there was no
prohibition for discussion between groups, studesrtsly discussed their solutions or
arguments with other groups prior to the presemati

The role of the instructor in this class was toastthe tasks and then to respond
to the students’ thinking. The instructor accontpis this by joining each group for a
short period of time, listening to their ideas auestions and offering guidance and
encouragement usually by asking clarifying, realdpposed to leading) questions about
their work that probed into the students’ thinking. Esample, during presentations, the
instructor did not usually ask questions about Wweethe answers were right or wrong.

Rather, he often asked the students how their matheal argument illustrated the

13



concepts outlined in the problem and what aspddtsecargument made it effective.
These questions helped students to sharpen tigeimants and to highlight particularly
interesting or important components of their argotseOccasionally, the questions
drawn out in presentations led to short class dsons led by the instructor and based
on ideas or issues that arose in connection wgirtcular problem.
Researcher’s Role

As a researcher, the author participated in vigeotathe focus group, but did not
contribute to their group discussios/ery class meeting was videotaped, which seemed
to make the presence of the camera part of the slasound. This study is a part of a
larger study and thus appropriate consents of dnticgpants were obtained as per the
guidelines set forth by the university’s IRB.
Procedures

Data were collected from two sources. First, datgeveollected by one camera
videotaping the work of the focus group each ctes#od along with any presentations
that were made. This produced three hours of vageog each week. The second source
was student-produced artifacts that included stinderk that was submitted to their
instructor for a grade as well as overhead tramsyaes used in classroom presentations.

Although discussions and presentations were recoddring each classroom
session, this study focused on only two tasks dised by one group. The videotapes and
student-produced artifacts were reviewed and ardlyy a faculty researcher and the
author. The primary sources of data were videotapdse focus group working on the

tasks.Student-produced artifacts facilitated the comparisf their discussions from the

14



videotape with a written version of their argumprépared to support a public

presentation of their ideas and thinking.

Task
The students’ work and emerging thoughts analyzelis study were drawn

from the following two tasks. Note that the twokisiare isomorphic, with the second
task being given almost 11 weeks after the first.

(1) At a party with five married couples, no perstrakes hands with his or her
spouse. Of the nine people other than the hodtyashake hands with the same
number of people. With how many people does théessshake hands? (adapted
from D’Angelo & West, 1997, p. 56)

(2) Let M = {my, mp, mg, my, mg} and F = {fy, f,, f3, f4, fs} with M nF =[0.
Let P = MJF.
LetCOMXxFgivenby C={mf)|mOM,fOF}.
Note: CLO P x P

Now suppose HI P x P such that:
1.0p0OP, (p, p)dH,
2.Hn C =0,
3.0py, p O P, if (p, p2) O H, then (p, p1) O H,
4.0 h O POOpy, p O P, if p# p2, p# h, and p#£h, then
[{p OP | (o, OH} #/{p OP|(p,p) O H}.

Findl {p OP | (k, p)J H}| where (h, kI C.

(note h O Pshould read? h O M)®

Strategy of Inquiry
This study used a grounded theory approach ta lamlanalysis of the data. As

this analysis began, initial codes were developeah foreliminary observations and

reflections on the data. These initial codes wefimed and extended from further

% The fact that h is in M can be deduced from thestjon. However, to clarify Condition
4, this note should appear. The students in thidystlid not have this note but came to
the conclusion that h is unique in M by reasonhmgugh the problem.

15



guestions and inquiries that arose. Based on tereaeh in the initial codes, an axial
coding was designed, which helped make furtherrebtiens, inquiries, and
connections. Following a grounded theory approadhgoretical perspective emerged

that helped answer the guiding questions poseuasrstudy.

Analysis and Coding Procedures
Observations were recorded in field notes as tleotapes were reviewed in

order to develop initial codes for the data. Thedel codes were based on components
of their work that answered the following questions

How did they approach the problem?

What aspects of the problem might be intuitive?

What conditions were implicit? What conditions weselicit?

What was the role of the host/hostess or h/k iir freblem solving?
How did they view proof? What were they proving?

What representations did they build?

What conjectures did they make? What questionshdigd pose?
What specific examples did they use?

What conclusions did they draw?

CoNoO~WNE

After the initial codes were developed for the dataalyzing the student-
produced artifacts in conjunction with the vide@sjpfurther connections were drawn
between codes in the data. These connections gingéd significant events within each
context. These events allowed the data to be amdlgtiowing what Siegler (1996) calls
a microgenetic method. This method involves stuglyire “fine structure of change” (p.
179) that occurs within particular instances otlstuts’ learning and development.
Siegler continues that as researchers’ understgmdithe changes occurring at any given
time become more precise, researchers can betlersiand the changes made over the
short-, medium-, and long-term. He states, “It Buiebetter to have high quality

information about some types of changes than abong” (p. 179). By analyzing the
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data presented here within significant eventsctianges that occur throughout the
problem solving process can be better understoddresight can be drawn as to how
those changes in their reasoning and justificatadfest their proof construction and

solution.
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Chapter V: Data and Preliminary Analysis
The Handshake Context

Introductory Work and Discussion
(0:00-0:55f

Five of the six students in the group, all but kexeho had not arrived, had
begun to explore the problem on their own for a fieivutes prior to the beginning of the
video data. During this period, the students weaéiy working independently and very
little discussion took place. The group’s discusdiegins with suggestions of how the
problem might be approached. On the one hand, &hasloffers that they might not
need to worry about the host until they figure extryone else. Then they can “throw
him in wherever [they] want.” Heather, on the othand, believes it would be best to
start with the piece of information she knows thestrabout, the information about the
host. She proposes using the handshakes of thathasstarting point, then figuring out
the handshakes of everyone else. Heather illustthie by proposing one specific case,
“Say the host shook two people’s hands and somebélsgyshook two people’s hands.”
Heather’s idea considers how one specific exanmle]ving the host, might influence
or force the handshakes of the other party membéesgroup agrees to follow
Heather’'s idea and decides to look at how the Healds of the host affect the

handshakes of the other party members.

4 Time codes indicate where each event can be foutig: video data.
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Emerging Strategies
(0:55-2:25)

Shoshanna combines her idea with Heather’s idesuggesting that they assign
handshakes to people at the party, that they “rttakaip”. Shoshanna writes two

columns, shown in Figure 1.

v e U opes =
S — N W LO\\Q\\IDQY

Figure 1.Shoshanna’s first list

The first column represents the people at the palnigre couples are designated by upper
and lower cases of the same letter. The secondeotapresents the number of
handshakes. As Shoshanna lists the numbers irtioad column, the group agrees that
the distribution of handshakes must range fromtamlaero with each of the nine people
other than the host shaking a different numberaoids. At this point, it is not clear how,

if at all, Shoshanna is imagining a specific relatbetween the first and second column.
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Heather constructs two columns (Figure 2) simtaShoshanna’s. The only

difference is that in Heather’'s second column tiiepof the numbers is reversed.

A ®)
A |
B 2
b 3
C 4
c 5
D 5
d T
E ¥
¢ X

Figure 2.Heather’s first list
0:55
Heather indicates that she intends to match eatttegseople at the party,
signified by the capital and lowercase letters Avgh a number in the second column
that represents the number of hands that persd&eshalthough Heather's comments
about matching seem to be very explicit, there m@adiscernible attempt in constructing
the lists to display any specific matching. Heatth@es make a gesture matching the A
with thex, and designates A, at least tentatively, as tisé that shakes hands, wher
represents the number of handshakes of the hoesg #iis is the number that is still
unknown.

Looking at her own list, Shoshanna indicates hognsbuld proceed.

Shoshanna: Well, why don't we try humberin'. Let's say that
the hostess shook nine, eight, seven, six, five,
four, ... let's see if we can do that. See if we can

make this up, you know.
Shoshanna: And it might not be possible because maybe, you

know, two and three can't be married to each
other, you know, type thing.
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Heather and the rest of the group show intereShimshanna’s idea and ask her to
continue to explain in more detail.

Shoshanna: So if we can find out that they have to shake each
other's hands to make this possible then we can
discover that this is not the order that they did it
in.

Shoshanna seems to imagine constructing a modplpststep, that would reflect a

range of possible handshakes. In this way, sheteeenstraints of the problem as
helping her determine the possible handshakeseXamnple, her comment, “And it might
not be possible because maybe, you know, two aeé ttan't be married to each other,
you know, type thing,” considers whether the cowaledition, the condition that states
that no one shakes hands with his/her spouse taffee possible handshake assignments.

Shoshanna: [to Tyler] So there might be some other way, but
that's the only way ... [inaudible]

Tyler: [to Shoshanna] [inaudible] have a proof by
contradiction

Shoshanna: [to Tyler] Yeah, proof by contradiction is all I can
think of.

Meanwhile, Heather continues her focus on A antléln” .

1:47
Heather: Okay, so we know that little a didn't shake hands
with the same amount as whatever x is [pointing to
"little a” and then to the x on Figure 2].

Betsy: [to Heather] Well, how do we know that, she could
have shook the same as her husband.

Heather: Cause a's are, well, my, no, because no person
shakes hands with their spouse.

Betsy: Right, but
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Shoshanna now joins the conversation.

Shoshanna:

Betsy:

Heather:
Betsy:
Heather:

Shoshanna:

Betsy:

Shoshanna:

Betsy:

Heather:

Betsy:
Heather:

[to Heather] She could've just done the same
amount. [Shoshanna has now joined Betsy and
Heather’s conversation. ]

She could've just done the same amount. She could
have done x like her spouse.

Oh, but only if x is lower than eight.

[interrupting Heather] is the total

Because if the host shook hands with eight people,
she can't. Wait

Yeah

Right, she can't.

The host can do up to eight people.

Right and she can do up to eight people. And they!'ll
be the two.

And still not shake her husband's hand. [Placing her
hand on her forehead, Heather contemplates the
truth of this statement.]

Yeah because she's, yeah

Yeah [with a look of confidence]

Following Heather’s initial statement that the hastl hostess cannot shake the same

number of hands, Heather, Shoshanna, and Betsydeotise possibility of the host and

hostess shaking the same number of hands. Heahevds that the host and hostess

might shake the same amount of hands, but onlh@randition thatxXis lower than

eight,” wherex represents the number of hands the host shakes.

Shoshanna and Betsy do not initially share Heatheew that the case where the

host and hostess both shake eight hands is sppeaiay way. Indeed, they now seek to

build an argument that it is possible for the laosl hostess to both shake eight hands.
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A Key ldea
(2:25-5:34)
For about 10 seconds Shoshanna reflects on thépidgshat the host and
hostess could each shake eight hands. Then she:stat
2:25
Shoshanna: So to do this, wait, eight's not possible either. Oh

wait, yes, the hostess cannot shake eight hands FYI
because that she would have to shake everyone's

hands and she can't shake zero's hands. So eight
has to be married to zero.

This last remark transforms the thinking of theugrdy shifting their focus away from

the host and hostess to a more general statemeut thie couple in which one member
shaking eight hands forces the spouse to shakehaeds. The general idea that the
spouse of the person that shakes eight hands malst zero hands will be referred to as
the 8-0 idea or the 8-0 relationship. This notatslhalso be used to describe this

specific couple, the 8-0 couple, and the argunteattforces that relationship, the 8-0
argument or reasoning. A similar notation will alsused to refer to the other couples at
the party, n-k, where n represents the amountmdfithat a person shakes and k
represents the amount of hands that the spoubatgbérson shakes.

3:03
Heather agrees with Shoshanna'’s 8-0 relationstdprathe same breath,

apparently thinking about a possible pattern, ssiggen extension that would organize
all couples, i.e. there is a 7-1 couple, a 6-2 tmup5-3 couple, and a 4-4 couple. This
last couple, she notes, would have to include tst &nd hence, the hostess. However,
Heather’s pattern seems a bit premature for theofeéke group who are still focused on

Shoshanna’s conjecture and her rationale.
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Tyler, Betsy, and Heather acknowledge that Shoshaaams to have a warrant
for her claim that the person that shakes eightifamust be married to the person that
shakes zero hands. However, it becomes clearlthaugh aspects of Shoshanna’s
argument seem plausible to the others, they cldanlgor some questions. Betsy is the
first to express doubt.

3:20
Betsy: The one that does eight and zero has to be married?
But why?

Shoshanna, in turn, offers a concise explanation.

Shoshanna: Because eight has to shake everyone else's hands
except their spouse. So their spouse has to shake
none.

However the rest of the group, echoing Betsy, asghat Shoshanna’s result seems much

too restrictive.

Tyler: [inaudible], but the spouse could shake other
people's hands.

Heather: Wait, a minute ago I followed that, but I don't
anymore.

Betsy: [inaudible] But the spouse could, the spouse could
shake . . .

Heather responds with her own articulation ofahgument for the 8-0 relationship.

3:50

Heather: It makes sense, [with a tone of uncertainty]...
No, because you can't shake eight people's h.. ,
because if they shake that person's hand then that
means that that person hasn't shaken no hands. So
they can't ever shake, you know what I mean. If
you, if they shake eight people's hands, and um,
then that means every person that they shook
hands with now has one shake.

Heather reframes the argument so that it focusee specifically on each of the eight

people who have shaken hands with the person wdksight hands.
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It is at this point that the focus of the studemietk changes from starting with
the handshakes of the host and hostess to finavhg the married couples” are. In other
words, might a given couple be limited to only @ feossible handshake configurations?
The group openly acknowledges this shift in focod addresses what this means for
them in terms of counting the handshakes of thé Aty know they cannot ignore the
handshakes of the host completely but they seaectignize that they might need to
wait before counting those handshakes.

The Solution and the Argument
(5:00-23:04)

For a reason or reasons we do not know, Shoshaturas to Heather’s earlier,
seemingly ignored, suggestion about a handshakerpahat would lead to a solution of
the problem.

5:00
Shoshanna: You guys, the person who shakes seven has to be
married to the person who shakes one because of
the fact that z...eight shakes everyone's hands, so
one obviously has one. Seven shakes hands with
everyone except their spouse and the one that
didn't shake hands with anyone. You can keep

doing this circular reasoning down until you figure
out four is the hostess.

Shoshanna describes her reasoning of the probléaraslar reasoning”. What
she means is that virtually the same logic thatddrthe 8-0 relationship between the first
couple will also determine a 7-1 relationship betwéhe next couple, a 6-2 relationship
between the next, a 5-3 for the next, and finally-4 for the last couple, thus identifying
the host and hostess. Her “circular reasoningttisurom the 8-0 reasoning in that just
as the location of the person shaking zero handgevaed from the assumption of

his/her spouse shaking eight hands, the locatidgheoindividuals that shake one, two,
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three, and four hands is also forced from the aptiomof their spouses shaking seven,
six, five, and four hands respectively. Betsy, heosveis not satisfied that Shoshanna’s
assertion is warranted and expresses a need taigyplork through the “circular
reasoning”.

5:34
In response, Heather and Shoshanna seek to reptiesiendeas by listing

vertically the people at the party in a columnpirg to a, and then, corresponding to
each person in the column, listing horizontallyadlthe people with whom that person
shakes hands. (See Figure 3.) Heather and Shoshagimaby listing the handshakes for

E and e.

E-AaBbCc Dd

e -
D-Aa BvolCec E
d-E
C-RaBbDE
e -8E
B-AnCDE
b-L
A-BCDE
a-BCDE

Figure 3.Heather and Shoshanna’s second list

While Shoshanna and Heather construct their ligiugeé 3), they reflect on the
purposes their representations serve. Shoshanterexthat the representation shows
rather than proves. For Heather, the representeatian outline of whose hands everyone
at the party shakes; it captures the global siunati

8:23
Even as Shoshanna and Heather complete the refatsenhat anchors their

arguments about the distribution of handshakesppipertunity arises to test the potential
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of their representation for clarifying the 8-0 amgent. In this way, Shoshanna responds

to Tyler’s lingering doubt about the necessitylw 8-0 relationship.

8:23
Tyler:

Shoshanna:

Tyler:

Shoshanna:

Shoshanna:

Shoshanna:

Tyler:

So why do you know that e didn't shake
anyone's hands?

Um, because, so we know that, because A has
shaken, E has to shake everyone's hand, right
[pointing to Figure 3]? Well, E has to be
married to zero because now everyone has
shaken hands. You see, these all have E
[pointing to the list of letters E to a in the first
column of Figure 3]. That's why it makes
sense. So, here's the group right, so ...

But like someone down here could ...

[pointing to Figure 1] So E shakes hands with
him, E, E, E, E, E, E, E [writing the letter E
next to each letter, except for E and e, in the
first column of Figure 1].

So here's the couples. Here's the eight
couples, or the eight people, right, other than
him and his wife. If E shakes hands with all
eight of these people, right, then that's the
only way he could have eight handshakes
right? Then...

So, we have these eight people right? Well
everyone's now shaken one hand, right? Who's
the only person who cannot shake hands? The
person who didn't shake hands with him.

Oh, him, and that would have to be the spouse.

Shoshanna explains the 8-0 argument by first pamiut the occurrence of E in

each row of Figure 3, except the rows corresponttirig and e. Thus, every person,

except e, has clearly shaken at least one handugher emphasizes this point by

modifying her first list, Figure 1, to show the uéis of E’'s handshakes. She places the

letter E next to each person in Figure 1 with wHeishook hands. (See Figure 4.)
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Figure 4.Shoshanna’s modification of Figure 1

9:38
Shoshanna now turns to the argument for the canpldich one member shakes

seven hands. Shoshanna returns to her secondeefatsn, Figure 3 to anchor her
argument. She explains that someone other tharelrst shake seven hands, and since
D is next in line in her representation, she assggven handshakes to D. She then points
to the letter D and the letters in the row corresioeg to D representing the handshakes
of D. Shoshanna relies on Tyler’s interpretatiomef representations to provide the
warrant that she cannot seem to fully express Vgrba

Betsy raises the question of uniqgueness by askingcould we do it
differently?” Shoshanna replies, “No, there’s noywése that someone could shake eight

hands unless they were married to someone thakstmbands.”
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11:30
Reflecting on her experience so far in seekingrtwigde a compelling way to

present her reasoning, Shoshanna prepares a negepfation to display “two different

ways of looking at who each person shakes hands.\iee Figure 5.)
e Dd CceBb Aa
DACcB

CcBbho
iE ><
CE >< B Ao
g E D
BE D >< s
be D C
Ae D C ><
o E D C [%
Figure 5.Shoshanna’s final representation

Each row of this representation, like Figure 3 vehavith whom a given person
shakes hands, thus establishing the relationshgissere unknown in Figure 1. The
columns, however, provide a sense of each partipgison’s handshake situation at any
stage of the argument. In this way, Figure 5, seean extension of Figure 4, effectively
anchors the layered process of their complete nagoThe largeX’s in the figure cross

out handshakes that are not permitted. Shoshaysedhsa representation makes it easier

to see why her solution works.
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Heather and Shoshanna both reference the rolé oépresentations for them as

they build their presentation. Referring to Figbré&Shoshanna notes:

Shoshanna:

The way this makes more sense to me is it
shows that everyone's shaken hands, so that
it has to be married to that person. You see,
because E has to do eight people's hands, it
shows that the only person who hasn't shaken
hands with, the only person who hasn't
shaken hands period, is his wife.

Heathers, referring to Figure 3, adds,

Heather:

I keep having to look at this to reprove it to
myself that that's true.

Indeed, these students found the representatiegsctinstructed to be indispensable to

not only their own understanding but also to hoaythould build a compelling

argument.

Heather:

I think the best way, yeah the best way to
represent it is not with words, it's just with
the charts and then we can explain it when
we're up there.

The two representations, Figure 3 and Figure Sotnecthe focus of the group’s class

presentation as they invite the audience to readong with them, from the

representations.
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The Set-Theoretic Context (11 weeks later)

Introductory Work and Discussion
(Tape 1, 7:15-16:13)

Tape 1, 7:15
For the first 9 minutes, the students work throtlghmeaning of the notation —

unions, intersections, and cross products. Theysfacainly on the general meaning of
cross products, as well how they apply to the cdrdaéthe problem. In the students’
explanations of cross products, several of thera gkamples of ordered pairs that are
found in the cross product of MxF. The studentsaiaffrom analyzing the four
conditions of the problem until they have built mieg for the descriptions of the sets.
Once they are comfortable with the notation of asjantersections, and cross products,
they apply their understanding to the first threaditions. The first condition states:

1. OpoP, (p, p)aH, [Condition 1
From this condition, the students conclude that gamnot have an ordered pair in the set
H where both elements in the ordered pair aredhees Next, they consider the second
condition:

2. Hn C =0, [Condition 3
This statement leads them to the conclusion thar@ered pair of the form ()
cannot be in H, where the index of both m and ftheesame. The third condition states:

3. Opy, p2OP, if (p, ) O H, then (p, pr) O H, [Condition 3
The students conclude from Condition 3 that sircelements of the set C are in H,
where C ={(m, f}) | m O M, f; O F}, then any ordered pairs from the set,{(k) | f O F,

m; O M} are also eliminated from the set H. In otherds if the elements jnand f
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contained in the ordered pairs of C are reversesh those new ordered pairs cannot be
in H.

Summarizing the three conditions in their own wottle group concludes: You
cannot have an ordered pair in H where both elesrteate the same index.
Emerging Strategies
(Tape 1, 16:13-Tape 2, 4:08)

The students focus their work on the fourth conditiseeking to make sense of
how Condition 4 relates to the set H and the thrate conditions. The fourth condition
states:

4.0 h o POOpy, p OP, if m# p2, pi# h, and p£ h, then  Condition 4
{p 0P | (p. ) OH} #[{p OP | (p, p) 0 H}.

For 30 minutes, the students work to build meafongCondition 4. They recognize that
central to that meaning will be understanding taelinalities presented in Condition 4.
Thus, they focus on how they might describe, inrtvn terms, those cardinalities.
Heather and Betsy conclude that cardinality in gingblem means “how many ordered
pairs [we’re] gonna have”. Now, to find the cardityeof a set of the form {@m P | (p, p)
0 H} for a given p 0O P, requires determining all the ordered pairs ith&t have pas the
second entry. The students identify each of thodered pairs with the first entry of the
ordered pair. They refer to cardinality in thistisgf as “the number of p’s that go with
p1”.

Using this language, Heather asks, “Why could yawvetfewer or more p’s with
one of the elements than you could with the oth&r?&sponse, the students consider
fixing p1, “what if p; is my?” From all possible ordered pairs ending iy they make use

of the first three conditions to eliminate two ameld pairs as possible members of H. In
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particular, “[the] p [that goes with shcannot be for my”. “Now that limits p to only
eight options [namely pimg, My, ms, f, fs, fs, f5].”

Heather generalizes the argument above for evarigelof p and asks, “All we
want to do is count them, so can’t we just sayatight and we’re done?” Heather
proposes that irregardless of the particular chfmce,, the cardinality of the ordered
pairs in H that end injpvould be eight. This proposal elicits a brief dission of the
purpose of examining cardinalities. Heather sttasher goal is to figure out why you
could put one element with put not with p. In other words, why the two cardinalities
corresponding tojpand p are not equal.

46:52
To anchor more globally the kind of thinking thaishemerged, Derek suggests

that a list might be helpful. Everyone agrees thedgpresentation could afford them a
view of the structure these conditions demand. Bargues that the list would make it
easier to go through the elements gPRAnd see if the conditions are satisfied.

Several suggestions are put forward for an appatghist: P, H, and the
complement of H. Betsy pursuesHPin spite of the objection of some that it is la@e.
Shoshanna starts trying to build a representatothe elements in H and the elements
not in H simultaneously. Tyler, Derek, and Heatloow a different idea: create a
smaller problem situation that resembles the oaigiim this new problem, M and F each
consists of two elements: M ={mn,} and F ={f;, f,}. Tyler states that by limiting these

sets it would be easier to work with the ordereidspa

33



Heather and Derek begin to list the elementsxéf id their problem.

(%0, (m, ) ()8, S (m, 58, )
(ma, my Y (g Y (my £, (K8 )
CEn, Y (F1y my ) CECE (68, )
(Fr, m) (Fyn,) (6o, 0) (566,

Figure 6.Tyler, Derek, and Heather's small version offP

They cross out ordered pairs that violate the firete conditions of H, leaving two
ordered pairs in each column. (Note that each collists the ordered pairs that have the
same second entry.) At this point, they conclude tihe cardinality of each subset
(column) in their smaller problem is at most two.

Heather applies Condition 4 to their results.

57:44
Heather: Ummm, so this is saying that you can choose
one of these f;, f,, m;, m, and there will be
less, there will be fewer ordered pairs for that
one than for another one? That isn't true.

Heather alerts the others that Condition 4 is atsed. Derek responds by eliminating
the crossed out ordered pairs from Figure 6 ansisang out ordered pairs in the new

array so that there are only two subsets (colurirag)have the same cardinality.

(m,m,)(m, ) (i (6
(1(:\ )W\L\(Ln >$z\(ﬂcyl ) M) (4:7><£,3

Figure 7.Derek’s elimination according to Condition 4
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Thus, the subsets (or columns) have the followenglioalities: 2, 2, 1, and 0. Note that
this is the first instance where the possibilityaafero cardinality arises.

A Key Representation
(Tape 2, 4:08-19:44)

While Derek, Tyler, and Heather are working witbmaaller “population,” Betsy
takes on the task of listing out all 100 elemeht®>d. Her list is shown below as Figure
8. The elements crossed off are the ordered gatdhave the same index, a result of

applying Conditions 1-3. Note that Betsy’s arragliganized so that the second elements

in the ordered pairs are the same within a row.

m m.m, m;m, m,,m, MS‘M, h{; ‘{ll!, ‘(,M, ‘ﬁ'ﬂ, @M,

eym, Mg MM, Pym, msm, £o™, n, csm, ‘1 My ‘sn,

(]
M3 MMy e, My m, n,n, £,m, &n,“i\»’ c‘cn csu,
)
m
1M MRy My oy, Mstmy Loy Somy ‘t’m ‘\q fem
3] 4
MRs m m; My Ms My My M “n“‘s ‘;Ms “s"‘, -C.‘M, %
W& ot s
1%y my* o myl om ¢
ot v sty N £8 4, ('q‘. 454,
.; mdy o, mob, mab, L6 R hE, L £4,
] f
1 mady N\ My 4, m,f, £, € f,f, &, L -f,f’
md, md |
" " mf oy ms€, &, £.5, ey By -‘—;f,

m £
5 Mt‘s "3‘5 "‘\1"5 ng-(; I,(ls ‘,Cs Lz‘r “"S ﬁ(,
) Figure 8.Betsy’s Array of PxP
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With Betsy'’s array on the table, the whole groupimes to the original problem.
Shoshanna draws the following conclusion from Darelork and the new array before
them:

4:52
Shoshanna: So pretty much, we have to cross them out
so that no possible p;'s and p,'s can be

equal. We have to cross out somehow that
way

Note that Shoshanna’s statement possible p;'s and p,'s can be equal,” means that

the number of ordered pairs ending in a given p; and p, cannot be equal.

12:54
Row by row, Shoshanna crosses out ordered patteasthe number of ordered

pairs remaining in each row, reading down the ro&s3, 8, 7, 6, 5, 4, 3, 2, 1, 0.

Although Shoshanna’s structure correctly reflelotsfact that only one
cardinality can be duplicated, it leaves the saomalyer of ordered pairs in the first two
rows, which, the group realizes, means that hisinmuely determined. Indeed, h could
be either mor m,.. Since h must be unique in M, they must considegand case.
Shoshanna rebuilds the array so that the firstlaadifth rows (the rows with ordered
pairs ending in mand f respectively) are the same and h is unambiguausly

17:05
At this point, although the group seems pleaseH thieir progress, there still

might be questions. Indeed, Shoshanna asks almuaattinality associated with h. Does
h have a cardinality of eight or could it be sevesome other number. After reflecting
on Shoshanna’s representation, Derek notices thiadi@on 3 is not fully satisfied. In

particular, he notes that if one ordered pair,(8ayf;), is eliminated, then they have to
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eliminate the “flip” of that ordered pair, namefy, (n). Tyler concludes that they need a
“more structured elimination”.

The Solution, Argument, and Connection

(4/11/05 Tape 2, 19:44 — 4/13/05 Tape 1, 7:25;/08.3ape 2, 5:10 — 15:57)

For the third time, Shoshanna begins to structerealray. However, this time, in
response to Derek’s observation, she chooses itwatedspecifically what ordered pairs
are kept as well as those that are to be elimin&bd circles the entire first row,
including the two ordered pairs that had been ewssit, marking the ordered pairs that
are to be retained. Then, turning to the first ooliand following Condition 3, she circles
each of the uncrossed-out ordered pairs indivigguals before, the cardinality associated
with my is eight. While others propose moving on to caatiiy seven or other ways of
eliminating ordered pairs, Shoshanna examinesrigtecblumn. Indicating by a
sweeping gesture the row associated witsle makes a remark.

Shoshanna: This has to be the one that's empty. It is the amg
that has it crossed in this row [column].

Thus, she crosses out each entry of the row anoieothat contaimf The class
period ends and Shoshanna takes a copy of thewitfajper, confident that her

elimination pattern will be successful in determgH.
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4/13/05 Tape 1, 0:00
The next class meeting, Shoshanna proposes acsoburtiher result from the

previous class, i.e. the;mow has eight ordered pairs in H and theofv has no ordered

pairs in H,
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Figure 9.Shoshanna’s marked array

Shoshanna explains that regardless of which row¢heose for a given
cardinality, “eight has to be with zero, seven tealse with one, six-two, five-three, four
and four, same as the handshake,” establishinghtbabws with the same cardinality,
four and four, point to the elements h and k. Nb&& Shoshanna’s pairing of rows, 8-0,
7-1, 6-2, 5-3, and 4-4, is according to the supsef the elements, pfi;, my-f,, ms-f3,
my-f4, and m-fs. Although her proposal refers to the surface dogrfeatures of her
solution and the underlying argument drawn fromverk the previous day, there is,
with the exception of Betsy and Heather, littlenorevidence of serious concentration on
the arguments. Instead, Derek, Tyler, Shoshanmbicaan extent Betsy, become
involved with a detailed, careful examination of #xtent to which this problem is the

“same as the handshake [problem]”.
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4/13/05 Tape 1, 1:32
Derek’s, Tyler's, and Shoshanna’s careful examamaliegins with a comparison

of each element and set to the problem in the Heake#scontext. For example, the set M
corresponds to the males at the party, F to thefdetnales at the party, and C to the set
of couples at the party. They then check that dlie €onditions of H can be mapped to
the conditions of the problem in the handshakeeodn® hey establish that the first
condition corresponds to the idea that you canimake your own hand. The second
condition corresponds to the condition that youncdirshake your spouse’s hand. They
describe the third condition by stating, “If | skeajour hand, then you shake mine.” They
match the final condition, Condition 4, with thatetment, “Of the nine people other than
the host, no two shake hands with the same nunflperaple.” Comparisons between the
two contexts continue until an isomorphism is dstabd. Surprisingly, the students do
not want to use this isomorphism in their publiegantation. Rather, they choose to
develop an argument for their solution anchoreith@ir representation. Following the
argument, they will bring in the isomorphism asoatgcript.
4/13/05 Tape 2, 5:10

The group begins their presentation of this pnoblsy first familiarizing the class
with their array, explaining how the ordered paire arranged in the array and how the
array representsdP. They then go through the first three conditiand eliminate
ordered pairs as they did during their group wértek and Shoshanna then begin to

explain Condition 4.
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Derek: And then number four, number four
basically tells us that each um, element, the
number of elements in H that end in a
given, the number of pairs in H that end in
a given element has to be unique except for
the little h, so... [Derek pauses.]

Shoshanna: So, so what it means in English is the
second pair right here [pointing to the
element m, contained in the ordered pair
(m;, m;)], there can only be so many, and
that's this row right [pointing to the first
row in the array]? You understand that?
There can only be, there has to be a unique
number in each of these rows except for the
row h. Where h equals let say ms. This row
can be the same as one other row. We'll
show you how we're gonna do this.

Derek tries to explain Condition 4 as they hachirtgroup work but hesitates in
finishing his explanation. Shoshanna jumps in,ifgethe need to “translate” Derek’s
explanation in a way that will help the studentddraunderstand Condition 4. To do this,
she relates the rows of the array to “the numbgyagf in H that end in a given element.”
She then focuses her discussion on rows ratheraiftiamed pairs. The elimination
according to Condition 4 then is explained in teohthe rows and columns of the array
as discussed in their group work above. Althoughgitoup did not want to explain the
problem in terms of the handshake context, thdlyfetind a need to rely on the context
of their representation in order to help their staates understand the problem, the

solution, and the argument.
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Chapter VI: Analysis
The analysis presented here will build from thelehts’ use of representations as
discussed in the previous chapter, allowing foesamination of the students’ reasoning
in each context.
Handshake Context
The analysis in the handshake context will conmgitt four representations

displayed in the last section but recapitulatectiogr in Figure 10 for ease of reference.

A K E-fraBb Ce D4
a 3 e-
[ 1 D-Aa BoCec E
b b d-E
¢ & C-haBbLDE
v A c-DE
D > BAnCDE
d Z b-CDE
E ! A-BCLDE
e 0 a-BCDE
Figure 1Shoshanna’s first list Figure 3.Heather and Shoshanna’s second list

EeDdCcBb Aa

A OE 1 E >< DAdCcBbRAa
a E % =

b E T oE N\ ¢ee Bbho
b E b dE

¢ E & cE D (B Re
¢ E e ¢ E D

D E 3 pe D ¢ >< i
1 E 2 be D C

E | Ae D ¢ B

N 0 s D C B

Figure 4.Shoshanna’s modification Figure 5.Shoshanna’s final representation

of Figure 1

Figure 10.Student representations in the handshake context
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From the very beginning, the students were confidetheir understanding of the
statements and conditions in the problem, i.e. whastitutes a handshake, the symmetry
of a handshake, and precisely what the questios d$kis, as they sought to solve the
problem, their focus was drawn first to the relasioips between those statements and
conditions. However, no notation was suggestedh®istudents to use. Hence, in order
to reason effectively, they needed to invent usedsation and perhaps even build
representations that would communicate, anchoradrénce their reasoning about the
problem. Thus, the context of the problem influehttee choices they made in their
initial work. Given the richness of their understarg of the problem, the initial
reasoning of these students was guided by a ssemge that the distribution of
handshakes might take on many different possislitindeed, it was not clear to them
that there even needed to be a unique solutidmetpitoblem. The first two written
representations, produced by Heather and Shosligiquaes 1 and 2), presented the
possibility of identifying people with numbers dditdshakes, but without indicating any
particular identification. Heather further suggedtieat by first considering the
handshakes of the host the handshakes of the ahgrmembers might be constrained
and thus the complexity of the problem reduced.

Shoshanna’s contradiction strategy of assigningl$iaake values and
simultaneously looking for contradiction of onetloé conditions was designed with the
purpose of furthering this reduction by suggestivag from specific examples she might
infer information about a potential distributionr ftandshakes. Her strategy suggested
more than just eliminating possibilities. She mélil a specific case to clarify how the

constraints of the problem might reveal ways thatgroblem could be (or even needed

42



to be) structured. Indeed, Shoshanna’s responsaliaing that the host and hostess
could not both shake eight hands was not to opethanpossible case, but rather to
continue to structure handshakes according toefa¢ionship she found.

Heather communicated her understanding of Shoshsaooatradiction strategy
as she claimed that the host and hostess coukha&e the same amount of hands since
“no person shakes hands with his or her spousedthee believed that if the host and
hostess shook the same amount of hands, they weulafced to shake each other’s
hands. Under questioning, Heather refined her ciiagng that the host and hostess
might shake the same amount of hands, but onlyig fower than eight,” where
represented the number of hands the host shookethdhe believed that such a case
would force the host and hostess to shake hands.

Shoshanna realized that she had to agree with ergathoint, i.e. the host and
hostess cannot both shake eight hands. She alstedethat her argument for Heather’s
point had been built around a key idea and, in fastulted in a much stronger assertion.
She stated that not only can the host and host#ssanh shake eight hands, buarify
personshakes eight hands then the spougkatfpersormust shake zero hands. By
virtue of this argument, Shoshanna had shifted fhaiposes, from this point on, away
from finding the handshakes of the special hostédssscouple as a starting point to
finding the relation of the numbers of handshakgkiwarbitrary couples.

Shoshanna offered a partial warrant for the 8-@réiss: the person that shakes
eight hands must shake everyone at the party’s bacept for him/herself and his/her
spouse, therefore the spouse must shake zero t&melslid not, however, clearly

warrant the last inferenc&herefore, her initial warrant did not sufficienttiarify the
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logical necessity of the 8-0 idea. The other sttgleriearly uncertain of the validity of

her warrant and seeing her result as perhaps gifigntoo much on their expectations of

a wide range of possibilities for handshakes, engiked her statement and the warrant she
put forward to back it. Could it be true that trentshakes had to be so strictly
structured?

Very quickly Heather commented that Shoshanna@a/argument made sense.
Heathemwas still working through an argument for the 8e@@ssity in her own mind.
Heather’s understanding became apparent in hercharacterization of the logical
necessity of the 8-0 idea: whene persorshakes hands with eight people, each of the
eight people thahat persorshakes hands with now has one handshake, leanipgoe
person in a position to shake zero hands, the spofibe persorthat shook eight hands.
Heather’s explanation subtly shifted the focus frtbia person shaking eight hands to
each of the eight people whose hands were shakerthe eight people that now had one
handshake. With this shift, it becomes clear thatd is only one possible person who
could shake no hands. Shoshanna indicated heratdaigement of the need to clarify
the warrant for her assertion, stating, “I knelWwat a reason, but that's why.”

Once the argument for the 8-0 couple had beeredett least for Shoshanna and
Heather, they moved on to the remaining couplese ISaoshanna and Heather
recognized that representations would be necegsarger for them to construct clear
warrants for their argumentSor them, the representations did not prove tresedions;
rather they offered a backdrop from which theirscrang could be formulated,
communicated, and examined. Indeed, Heather ansh&hnoa built their representations,

particularly Figure 3 and Figure 5, hand in hanthwieir arguments about the
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handshake relationships. Thus, their representabename an anchor for the argument
they were developing.

At one point, the uniqueness of their solution wasstioned. Shoshanna returned
to the necessity of an 8-0 couple and its warmaargue that the structure for their
solution had to be fixed. Indeed, Shoshanna’s sgmtations evolved as she revised her
existing representations to clarify the reasonorglie 8-0 idea. As she explained to
Tyler why E shaking eight hands necessitated tbespof E shaking zero hands,
Shoshanna related Figure 3 to her earlier listyféid., and modified it, as shown in
Figure 4, so that Tyler would be able to see wleygpouse was the only one that was left
to shake zero hands. Indeed, Betsy stated in refet® Shoshanna’s array, “Her chart,
that's where it clicks.” A representation was nektieestablish the warrant for the
group.

Shoshanna’s new array, Figure 5, reprised Heathensof warranting the 8-0
relationship. Although both Figure 3 and Figure® essentially the same in that each
row contains the same letters, the arrangemetiosktletters communicates a view of
the two perspectives of the 8-0 argument. For nt&aon the one hand, the rows of
Shoshanna’s array show the eight specific peoie withom person E shook hands. On
the other hand, the columns of her array showdheah of those eight people has shaken
hands with person E.

Heather’'s statement, in regards to Figure 3, “pkeaving to look at this to
reprove it to myself that that’s true,” indicatée difficulty of overcoming her intuition
that there were many possible handshakes diswifitindeed, this intuition is

completely contradicted by the logical necessitiethe problem’s conditions. This

45



intuitive suspicion persisted for some (particydryler, Heather, and perhaps Betsy)
throughout their work. Thus, they continually rdlien their representations in order to
override their intuition. Indeed, their represeiotas anchored the reasoning of their
solution.
Set-Theoretic Context

The first striking feature of the problem posedhea set-theoretic context was the
use of formal, some might say, abstract, notafldnus, the students’ initial purpose was
to construct working meanings for the notationjrdgbns, and conditions used to pose
the problem. For the first 40 minutes of studentkanan the problem, specific examples
were often used with the purpose of building megtiut no formal lists, arrays, or
representations that might be construed as corthectle the problem were introduced.

Although the students constructed solid meaning#h®first three conditions,
the full effects of Condition 3 were not immedigtelident. They quickly noted that this
condition, in connection with Condition 2, statkattif a particular ordered pair from C,
such as (m fy), is not in H, then the ordered pair with the etats reversed, {(fm), is
not in H. But they were not yet prepared to made af the fact that it states thaaify
ordered pair, such asg(ims) is in H, then the ordered pair with the elemesat®rsed,
(ms, f3), is also in H. Thus, the fact that Condition 3ultbneed to be applied much more
widely than to the set C was to come later as gortant insight.

Examining Condition 4, the students understoochtkaning of cardinality, but
did not yet recognize how to meet the requiremehtie condition in a way that would
help them solve the problem. Indeed, from thetfahconclusion that any of the

cardinalities expressed in Condition 4 could bmast eight, they actually contradicted
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Condition 4 by supposing that those cardinalitieghinbe equivalent. The students’ main
concerns up to this point (about 38:00) were:

1. What does it mean for the element h to be urfique

2. Why can't the cardinality associated with tweraéents be equal?

3. What are we trying to find?

The first two questions focus on applying the megmf the notation to the context of
the problem. The last question seems to centerpumse for their work. It suggests
that perhaps these students were seeking to uaddrgte structures of the problem
without thought to imagining how they might seelatswer the question the problem
posed.

The students built three lists in which they wdskedo present the first three
conditions by either listing or eliminating thoselered pairs with a common index.
However, their limited grasp of the meaning of Ctind 4 hindered their ability to
illustrate the fourth condition in a representatidhus, Derek constructed and
manipulated a mini-case representation with these of understanding more explicitly
the fourth condition. Although Derek did not acdeta apply Condition 3 to his mini-
case representation, he did obtain significangimsinto how Condition 4 might structure
the set H. He then applied this understanding o he might use Condition 4 to
structure H in the original problem.

Betsy’s global representation (Figure 8) offeracgiuable perspective on
Condition 4. The structure of the 1D array provided a view in which the rows of the
array were seen as presenting separate subsetseatkof which represented all of the
ordered pairs that end in a particular member dfife.rows also conveyed to the

students that since nine rows of the array mustgoriedifferent cardinalities, up to a
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maximum of eight, one of the rows must have zedei@d pairs from that row in H.
Recall that the possibility of a zero cardinalitgtf arose in Derek’s list where the
columns of his representation offered a similaspective to the rows of Betsy’s array,
illustrating the necessity of a zero cardinalithisTidea, that was key in determining
which of the elements of the rows were to be inetloh H, also turned out to be key in
their solution to the problem.

The group used several different strategies witts\Be representation in order to
understand the set H. Anchored in Derek’s elimoratrom his mini- representation,
Shoshanna first eliminated ordered pairs from khabthe two cardinalities that were the
same were the highest possible value, i.e. tharadities associated with mand m
were both eight. Although, due to the uniquenegb®tlement h, these cardinalities
were later adjusted so that the cardinalities agsstwith m and f were the same;
those cardinalities were still both eight. This iclecof a duplicated cardinality is
interesting, particularly wherejnand f are the same, in that the same example was
considered in the earlier handshake problem cantext

Questioning the uniqueness of the solution forbedgroup to focus on the key
ideas of the problem. Indeed, this very questionlerek to realize that Condition 3, the
symmetry condition, had not been fully applied.sTtacognition resulted in a new
method of elimination that pointed directly to idea that if the cardinality associated
with an arbitrary mis eight then the cardinality associated wittnfist be zero (similar to
the 8-0 relationship that emerged as key in thelslaake problem).

Although the group first constructed representatifmm the purpose of better

understanding the set H, they realized as soonegshtad been successful in their
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construction that their final representation adyugave them the solution to the
problem—they could say that the cardinality asgediavith k was 4. Although the
reasoning for that solution could also be drawmftbeir completed representation of H
(as was seen later in the student’ public presemiatthe students initially chose to
justify the solution for themselves by developiagd then appealing to, a carefully
detailed isomorphism between this problem and &nkee handshake problem. The
students worked very carefully in a systematic veaiglentify their mapping and then
check that it preserved the key conditions thaingefthe two problems. Having done
this, they reasoned that the solution to the egslieblem as well as the reasoning behind
it could then map directly to this new setting. Mtreless, to provide their classmates a
sense of the great effort put forth to solve thabfm, the students chose to publicly
explain the argument and solution strictly withne tset-theoretic context, anchoring their

argument in their representation and only therhtyesthe isomorphism.
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Chapter VII: Discussion and Conclusions

Discussion
The analysis offers the following insight in resdong to the guiding questions of

this study.

1. How do the students’ purposes and choices dtfieat use of particular
representations in each context?

In the handshake context, the students’ purpos@siesl on determining the
number of handshakes of the hostess by using bptitie and implicit relationships
associated with the problem to imagine a distrdoutf all handshakes. Although they
wanted to find the handshakes of the hostess,dbelg not attack that problem directly.
They first needed to build a structure that vedifiee handshakes of the hostess. For
example, their purpose became using the numbearafdhakes of the host to find the
number of handshakes of the hostess. Shoshanmgjestion to assign handshakes to
everyone at the party, using Figure 1, indicated tihe handshakes of the host and
hostess could then be used to find the handshdletlsod the party members.
Shoshanna’s contradiction strategy took a deepdrdd the relationships, considering
how the conditions would affect those handshakmgas®ents, i.e. the condition that no
one can shake the hand of their spouse. Indeetiatidshake context offered the
students a wide span of relationships to work waghthey searched for the solution.

The students’ strong intuitive understanding ofrélationships, concepts, and
ideas in the problem facilitated their ability tergerate and use examples. Although many
examples were available for consideration, Shosh@osed a contradiction strategy that
limited the possible cases that the group couldiclen. Heather’s focus then narrowed as

she searched for contradictory examples that nafyminate impossible cases, i.e. the
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host and hostess each shake eight hands. Shoslseththe relationships found in the
problem to not only eliminate the 8-8 case, bugttacture the solution from the 8-0 idea.

The set theoretic context was described by natdhiat the students did not
understand beyond mere definitions. The studedtscl have a sense for how those
definitions might be used in a meaningful way oratfjuestions would be helpful in
answering. Thus, their initial purpose was to ustierd the problem.

The examples that the students used in the setettieoontext were first
generated to illustrate the meaning of the firs¢e¢hconditions. Their examples did not
immediately give them further insight into how tenditions structured the problem, but
did allow them to see how a given condition plagetlin a visual way, i.e. the ordered
pair (my, f;) cannot be in H.

The group’s approaches in both contexts follow M(1994)Concept-
Understanding Schemelis model of students’ concept understandingitiates that
some of the major sources of students’ difficultregdoing proofs arise from their
inability to understand and use the language atatina and their inability to generate
and use examples. By viewing proof as a problemirsplactivity, Moore’s model can be
adapted to this study and offer a helpful way stdssing the understanding of these
students. In the handshake context, when the sisidederstood and were able to use the
language and notation, they were focused on theisnland strategies for finding the
solution. Their purposes, as previously descrilbsdyell as the many relationships
available to them allowed them to generate ancexyamples that were directed towards
finding and justifying the solution. In contrast,the set-theoretic context, these

examples and strategies either were not preseméi@ much delayed. The students were
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limited in their choices as a result of their aiffity in understanding the relationships in
this context.

The relationships found in the handshake contektie students to focus on the
8-0 idea as well as the warrant for the 8-0 argunmearder to find the handshakes of the
host and hostess. Their arguments and represergatere then made in order to clarify
the concept and the importance of the 8-0 ideadddHeather and Shoshanna’s
representation in Figure 3 was built to illustriatev the 8-0 idea extended to the other
couples, particularly the host and hostess. Rezognthe importance of the warrant for
the 8-0 idea, Shoshanna built an array shown iargi§ that clarified that warrant,
extending it to the other couples, particularly hiost and hostess.

In the set-theoretic context, the group did not cel any representations that
were written for nearly 40 minutes. As previoudigted, the students’ purpose was to
understand the problem. They finally chose to epeasentations in order to fulfill that
purpose and understand what the set H lookedikeek stated that a representation
would allow them to go through and check to semdh of the four conditions were
satisfied in the set H. The students’ in the grptgrduced three written representations

with that same purpose, to see what H looked like.

2. What do those representations tell us about tle@isoning in each context?

The representations in each context show us howsttltents moved between
local and global perspectives in order to solvepitublem. The question in the
handshake context, “With how many people does tistelss shake hands?” is a local

guestion focused on the handshakes of one speeifson at the party. However, the
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students attacked that local question by first ioglat the global picture, focusing on
how the relationship between the constraints aadtuples might determine all of the
handshake assignments. The group had then appobtcteglobal picture by taking a
localized look, namely the 8-0 idea. In the sebthéc context, the students focused on
understanding the problem and set out to do sodkirhig at the global picture. They
finally decided to use representations in ordeset® that global picture, i.e. to better
understand what the set H looked like. Thus, tleeigmas focused on the global aspect
of the problem, with little thought to any localizaspects of the problem.

In building their representation shown in Figuréd@ather and Shoshanna first
sought to demonstrate the reasoning behind th&l8&) and then use that idea to
illustrate the reasoning for the other handshakbsshanna’s representation, Figure 5,
was also built with the purpose of clarifying thavant for the 8-0 idea. It is clear from
the focus of these representations that the stsigidated the 8-0 idea at the foundation
of their reasoning for the solution. Indeed the i8da offered both conviction of the
structure and solution of the problem as well adeustanding of the justification for the
solution.

Raman (2003) referred to such an idea kesyddea explaining that key ideas
allow a student’s heuristic (informal) ideas todeen in a rigorous, formal proof. The use
of key ideas is thus essential if students areeteldp a mature view of mathematical
proof. When Shoshanna discovered the 8-0 ideayabeble to recognize it as a key
idea and build her reasoning for the solution ftbat idea.

The transformation of the students’ representatibreaughout their work

demonstrates their ability to change their stra®gnd their focus as their reasoning
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developed. This proved to be instrumental in usieg8-0 key idea to structure their
reasoning. Indeed at the discovery of the 8-0 itteagroup’s focused turned from the
handshakes of the host and hostess to the handsbiakey arbitrary couple. This
change in perspective was necessary for them ve sloé problem. Shoshanna’s final
representation, Figure 5, focused on the warrarthi®8-0 idea which required an
additional shift in perspective, one that focusedhe perspective of the people whose
hands were shaken.

Raman (2003) discussed key ideas in terms of tlseiin mapping heuristic ideas
to rigorous, formal proofs. Now as these studergpgred their presentation of the
solution, Derek asked how the reasoning would wifdthkere weren couples. Shoshanna
stated the solution, that the person who shakests hands would be married to the
person that shakes no hands and the rest of tlishalkes follow the same pattern as in
the case whene =5. Derek then concluded that they would conductoafloy induction.
Thus, the 8-0 key idea allowed them access to mgpf their ideas to a more general
problem and a more formal proof.

The representations in the set-theoretic contex¢ Wexused on clarifying how
the conditions affect the set H. Thus, the uselsyaidea to structure their reasoning
only came into play as they came to understandehél and as they considered possible
solutions. Although the representations in thisteghwere not focused on a key idea,
they illuminated the reasoning that the studentsiciered as they worked to understand
the set H. Many group members dismissed Shoshalista'®f what might be in H and
what is not in H in favor of Derek and Tyler’s repentation and Betsy’s array, each of

which offered further insight into how Conditioreffected the set H. Indeed, Derek and
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Tyler’'s smaller representation signaled to the grahat Condition 4 meant and, most
importantly, how they could apply it the larger seBetsy’s array. However, their
inaccurate application of Condition 3, the symmewpdition, hindered, to some degree,
the group’s understanding of the structure of Hidrately, the symmetric structure of
Betsy’s array signaled to the group the need teceraccurately apply Condition 3 to their
elimination strategy.

The group’s search for a representation that wioulatate how the conditions
might structure the set H seems to indicate thet there trying to figure out what the
conditions were telling them to do, as if the cdiodis were steps to solving a problem.
In fact, the group used the work from Derek anceTglrepresentation as a set of
instructions to be applied directly to Betsy’s gr@nly when these instructions failed to
produce a correct solution did the group turn terahte methods of elimination drawn

from the relationships present in the problem #odtrated in Betsy’'s symmetric array.

3. How do their representations and reasoning cametween the two contexts?

The students in this study were given two mathesalyi isomorphic problems.
Their work resulted in two isomorphicepresentations. Although their final
representations in both contexts were isomorphemathematical reasoning that led the
students to each representation was very diffefidr.two isomorphic representations
are Shoshanna'’s final representation, Figure tharhandshake context and Betsy’ array

with Shoshanna’s crossing offs, Figure 9, in thetlseoretic context. These final

> By replacing each ordered pair in the set-theorefpresentation (Figure 9) with the
first element in each ordered pair and reordeftregrows and columns, this isomorphism
can be seen.
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representations, in both contexts, were array$ fsaih the set of all possible handshakes
or the set RP, but the construction of each array was veryetktit. In the handshake
context, the students started with the global mfe@ssigning handshakes, but built up
that global picture, the array, as they determihedocal outcomes of the handshake
assignments of each couple. In the set-theoretitegt they began with a global picture
of every possible handshake at the party and themated ordered pairs as they worked
through the problem. After they had crossed ougied pairs, the global picture had
changed, allowing them to determine the local autes of that picture, namely the
number of ordered pairs that end in each element.

Consider then the thinking of the students in eamitext. In the handshake
context, the students’ work was directed towarddifig the number of handshakes of the
hostess. They inherently understood two of the tmmd, you cannot shake your own
hand (compare to Condition 1 in the set-theoraimext) and if | shake your hand, you
shake mine (compare to Condition 3 in the set-#t@ocontext). They were not held
back trying to understand why no one can shaksdh®ee number of hands, excluding the
host (compare to Condition 4). Thus, their famitiawith the context allowed them to
use examples and then to extend their thinkingrawiohg connections between the
conditions of the problem and the examples thegelio use. These same connections
could not be drawn in the set-theoretic contexil timty had first developed meaning for
each of those conditions. Even then, the groupneasble to draw the same connections
until they implemented those conditions on a regmesgtion that gave them access to each

of those conditions, specifically the symmetry atind.
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The students’ reasoning in the handshake contexbealescribed as using the
relationships in the problem to find a key idea twuld then be used as the basis of an
argument for the solution. Representations werd asd refined along the way until a
representation was found that illustrated the aequrthat they had built for the solution.
In contrast, the students’ reasoning in the satrttec context can be described as using
representations in order to build meaning from Whitey could begin to think about
possible solutions. A final representation therdbee the foundation from which they
were able to pose possible solutions and reasaut #b® relationships in the problem.
Once the solution fell out of their reasoning, tiheyt an argument that was based on
their representation and the structure of thatasgmtation.

These students did not appear to recognize anyections between the problem
set in both contexts until Shoshanna began to expkx solution and the pattern she
organized in the solution in the set-theoretic eattPerhaps it was not until they
discovered the solution that they recognized siiigs in their thinking that paralleled
their thinking in the handshake context. Even thotg students used the same example
(the host and hostess both shake eight hands emduthber of ordered pairs that end in
m; are eight and the number of that end,iark eight), they did not recognize the
connection at that point.

Once the connection was made between the soluticthe problem in the two
contexts, it was not obvious to the students thay tvere the same problem. They stated
that the two problems were similar, but then qoestd whether they were the same. This
led them to look for direct relationships betwelea two problems. As they began to

interpret each set and condition in the set-theooeintext in terms of the people and
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conditions in the handshake context, they were tabb®nnect the pieces directly
between the two contexts and then build an isomenphOnly then did they decide that
it was in fact the same problem.

Conclusions

Using the language of Freudenthal (1991), the tordexts examined here might
be thought of as exemplifying a rich or a poor&tne. Freudenthal refers to a rich
context as one in which the structures need tadmodered. In such a context, there are
more relationships available to exploit. The stiues$ in a poor context are imposed upon
one as a result of the minimal relationships thataaailable in that context. According to
these descriptions of rich and poor contexts,ntlma concluded that the handshake
context is a rich context and the set-theoreta p@or context. Indeed, the structures in
the handshake context were discovered and buthdgtudents as they discovered the
various relationships that existed in that conteat,could the conditions of the problem
affect the possible assignments of handshakes?3tiindures in the set-theory context
were imposed upon the students more than they digcevered. Their representations
matched the structure of the problem before thetginea their own reasoning.

It is clear that both rich and poor contexts allmwe to meet many different needs
in mathematics and are valuable in those respedtvw@ains. Consider the remarkable
development of warrants and key ideas in the haldsbontext as well as the impressive
arrays constructed by these students in both ctséexd the powerful reasoning built
from those arrays. It is clear that although bathtexts offered valuable mathematical
experiences, in each context, those experiencesweey different. Each context affected

the purposes of the students and the choiceshtépimade. Their arguments in each
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context were also influenced by those differenppses and choices as illustrated in their
representations.

The argument in the handshake context was bas#teamarrant for the 8-0
relationship and the relationship between the otbeples. In the set-theoretic context,
the 8-0 idea and the argument built from that iclmad not be considered until a
representation was built that could offer thema nentext from which that idea could
be discussed. Consider the group’s presentatitimecgolution in the set-theoretic
context. Although they had already discovered thrnection between the two contexts,
they chose to explain their solution strictly i thet-theoretic context. Rather than
referring to Condition 4 by discussing “the numbgordered pairs that end in a given
element,” as they had originally, they referrecCtandition 4 by discussing the rows in
the array. By using the context of the rows anerltte columns of the array, they could
offer an argument similar to the one used in thedshake context. Having invested
considerable effort in constructing an argumerthia context, perhaps these students
wished to demonstrate that the argument could bieedaout completely in the context
they were given. They may have felt that in somyg the problem was devalued by
simply appealing to the isomorphic problem whickrgone had solved much earlier.

Ellen Langer (1989) stated, “A context is a mingdagtremature cognitive
commitment” (p. 37). The purposes and choices eddtstudents illustrate their cognitive
commitments in each context. In the handshake gbtite students’ work pointed
directly at solving the problem, building notatiand representations that served that
purpose. In the second context, their work centerednderstanding the problem,

interpreting the notation and building representegito gain that understanding. Indeed
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the rich and poor characteristics of each cont#&tied those purposes and choices and
thus affected what their cognitive commitments wérezas not until the students
anchored their reasoning to a representation isdhge way as the handshake context,
allowing the cognitive aspects of their work to eges that they recognized that the two
problems were in fact the same. This study provatesxistence proof that the context of
a problem may strongly affect lines of reasoning.
Implicationsfor Teachers

Now that these lines of reasoning have been amglyzlboth contexts, what do
teachers gain from understanding the differencatsahse in these lines of reasoning? In
the handshake context, the students were stronfjiienced by their own intuition and
relied on a representation to anchor their reagpmrma way that helped them to
overcome their intuition. The representations mght-theoretic context were used to
help the students anchor their reasoning abountaning of the problem in a way that
lessened the complexity of the notation. When teechresent problems to their
students, similar difficulties may arise as a restistudents’ purposes that are elicited by
the context of the problem. When teachers undeddtase difficulties, they can then
help their students to overcome them, drawing uppresentations and key ideas that
will guide them to the type of purposeful thinkiagd reasoning that the teacher
intended. Also, when teachers understand the tyfesrposeful thinking and reasoning
that may arise from a particular context, they wake informed decisions about how to
present the problems in a way that will allow thetirdents to develop the reasoning that

was intended.
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The students’ development of an isomorphism inghisly is also significant for
teachers. As the students compared the sets addioos between the two contexts,
their understanding of the set-theoretic contegtrsz to solidify and confirm their
reasoning in that context. Similarly, as teachéiexr @pportunities for students to draw
comparisons between problems in various contegts, ‘ioeal world” contexts, graphs,
tables, or algebraic notation, the students’ uridatsng may be solidified.

Further Questions of I nterest

The results of this study also contribute to fartresearch in mathematics
education. Because of the students’ completelypaddent approach to the problem in
each context, the following question arises: Howhhstudents’ purposes, choices, and
reasoning be affected if the two contexts are aggred in the reverse order, first the set-
theoretic context, then the handshake context? guestion would help teachers to
understand the importance of offering problemsria context before problems in a
second context. Consider now the title of this gtti®ne Problem, Two Contexts”.
Additional research could advance the idea of ‘mradlem”. In what sense was the
same problem offered to these students? In whaesgan a problem be divorced from
the same context? Finally, suppose that a problampesed in a less artificially imposed
setting, rather than a party with unrealistic iestns on the handshakes, and a second
isomorphic problem was created using formal matheadanotation. Would the same

differences in students’ purposes, choices, angbreag arise between the two contexts?
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