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ABSTRACT
Surface ocean currents have a significant influence on the climate
and their dynamics depend to a large extent on the behaviour of
the vertical eddy viscosity. We present an analytic study of wind-
driven surface currents for general depth-dependent vertical eddy
viscosities. A novel formulation for Ekman-type flows, that relies of a
transformation to polar coordinates, enables us to show that in the
Northern Hemisphere the horizontal current profile decays in mag-
nitude and turns clockwise with increasing depth, irrespective of the
vertical variations in diffusivity. Using a perturbation approach, we
also derive a formula for the deflection angle of the current at the
surface from the wind direction and discuss its implications.

ARTICLE HISTORY
Received 10 January 2020
Accepted 25 March 2020

KEYWORDS
Wind-driven current;
spiralling horizontal flow;
deflection angle

1. Introduction

The ocean covers more than 70% of the Earth’s surface and is the largest solar energy col-
lector on Earth. As water can absorb large amounts of heat without a large increase in
temperature, the oceans are Earth’s largest thermal reservoir, with the upper 3m of the
ocean storing as much heat as the overlying atmosphere (see Gill 2018). Also, more than
80% of the Earth’s thermal imbalance due to the anthropogenic forcing has been absorbed
by the ocean (see Levitus et al. 2012) and the Intergovernmental Panel on Climate Change
(IPCC) 5th Assessment Report revealed that the ocean has absorbed 93% of the extra
energy from the enhanced greenhouse effect. This is especially relevant since the rate of
global warming is determined mainly by the increase of anthropogenic greenhouse gases
and the ocean heat uptake, with most of the increase in temperature concentrated in the
ocean’s upper 100m (see Levitus et al. 2012). Moreover, the rate of warming of the upper
ocean is currently larger than that of the deep ocean (see Marshall and Zanna 2014). The
tremendous ability to store and release heat over long periods of time gives the ocean a cen-
tral rôle in stabilising the climate, with the ocean currents helping to counteract the uneven
distribution of solar radiation reaching Earth’s surface (see Marshall and Plumb 2016).
While the thermohaline circulation due to deep-ocean currents has an impact on climate
(see Vallis 2005), the heat transport due to surface ocean currents is also a key the factor in
regulating the global climate. Surface ocean currents can occur on local to global scales and
are typically wind-driven, their effect being mainly confined to the top 400m of the ocean.
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2 A. CONSTANTIN

Note that the horizontal mass transport induced by wind-drift currents generates verti-
cal movement throughout the upper 1 km of the ocean since these transports converge in
some regions and diverge in others, and mass conservation brings about the development
of vertical flow to replace or remove the diverging/converging water masses; for exam-
ple, the convergence occurring throughout the subtropical North Pacific is associated with
downwelling, while the divergence in the subpolar North Pacific is related to upwelling
(see Talley et al. 2011). Even though the horizontal velocities of ocean flows, typically of
the order of 1m s−1, are about a factor 104 larger than the vertical velocities (see Viúdez
and Dritschel 2003), downwelling is a key process in the transfer of energy from the sur-
face to the interior of the oceans (see Roquet et al. 2011). Since surface currents can carry
warmed or cooled water as far as several thousand kilometres (for example, the warmGulf
Stream in the North Atlantic or the cold Humboldt current in the South Pacific), an appar-
ently small change in just one aspect of the ocean’s behaviour can produce major climate
variations over large areas. A better conceptual understanding of the generation of surface
currents, based on models that represent the main physical processes more realistically, is
therefore relevant for climate studies.

Ekman’s theory of wind-driven currents (see Ekman 1905) is a cornerstone of physical
oceanography, being essential in our understanding of the wind-driven ocean circula-
tion. Yet Ekman’s theory relies on a number of idealised assumptions rarely met in reality.
Ekman’s explicit solution applies to uniform steady wind blowing over a homogeneous
oceanhaving a constant eddy viscosity, with thewind-induced current having the following
characteristics (see figure 1):

(i) the surface flow is directed at an angle of 45◦ cum sole to the wind (that is, to the
right in the Northern Hemisphere and to the left in the Southern Hemisphere);

(ii) in successively deeper layers the current speed is reduced, and the direction rotates
farther away from the wind direction following a spiral;

(iii) the vertically averaged wind-drivenmotion (Ekman transport) is at 90◦ to the wind,
being to the right/left of the wind direction in the Northern/Southern Hemisphere.

An essential feature of Ekman’s approach – that the dominant momentum balance for
steady wind-driven currents is between the wind stress, frictional forces and the Corio-
lis acceleration – breaks down in equatorial regions, where the Coriolis effect due to the
Earth’s rotation vanishes so that the resulting wind drift current moves azimuthally, in the
same direction as the wind (see Basu 2019, Boyd 2018), and where nonlinear effects have
to be accounted for (see Henry 2018, Constantin and Johnson 2019b, 2019c). However,
in non-equatorial regions, Ekman’s precept holds: the wind-driven stress is balanced by
the Coriolis force and frictional forces. Indeed, observational evidence for Ekman’s solu-
tion is provided by the wind-driven currents in the Southern Ocean and in some coastal
straits (see Stacey et al. 1986, Polton et al. 2013, Roach et al. 2015). However, some data
in non-equatorial regions, while confirming the mass transport to the right of the wind
direction and being qualitatively similar to the other two of Ekman’s predictions, exhibit
noticeable quantitative mismatches, both with regard to the deflection angle of the surface
current from the wind direction (with values below 20◦ and in excess of 50◦ being reported
in Yoshikawa and Masuda 2009) as well as with respect to the turning rate with depth.
A depth-dependent eddy viscosity is typically essential to overcome the inconsistency
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Figure 1. Depiction of Ekman’s classical solution: while the surface current is deflected by 45◦, each
deeper layer in the water column is deflected slightly less, which results in a spiral pattern decaying
exponentially with depth and with the averaged wind-driven horizontal water transport at a right angle
to the wind direction (Image credit: NOAA). (Colour online)

between the recorded data and classical Ekman theory. Since explicit solutions for non-
constant eddy viscosity are very scarce (see Madsen 1977, Grisogno 1995, Constantin and
Johnson 2019a), a general theoretical approach is needed to investigate Ekman flows with
depth-dependent eddy viscosities. In this paper, we will establish the general validity of
the characteristics (ii) and (iii) of Ekman flows by adapting and simplifiying the approach
used in Constantin and Johnson (2019a) for flows in the atmospheric boundary layer.With
regard to the deflection angle, for eddy viscosities that are small perturbations of a con-
stant, we simplify the perturbative approach proposed in Bressan and Constantin (2019)
to derive a formula that predicts the deviation of the deflection angle from the classical 45◦
reference value. In particular, this formula invalidates the speculation (see the discussion
in Krauss 1993) that eddy viscosities that increase/decrease with depth produce deflection
angles less/larger than 45◦.

2. Preliminaries

The linear steady-state equations for the wind-induced current in the f -plane approxima-
tions are (see Wang and Huang 2004, Cronin and Kessler 2009)

− fv = ∂

∂z

(
K(z)

∂u
∂z

)
, fu = ∂

∂z

(
K(z)

∂v
∂z

)
, (1a,b)

where (u, v) is the horizontal velocity vector, f is the vertical component of the Coriolis
parameter, andK(z) is the depth-dependent vertical eddy viscosity coefficient. The surface
boundary condition,

(τ1, τ2) = ρK(z)
(

∂u
∂z

,
∂v
∂z

)
at the surface z = 0, (2)
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relates the wind-stress vector (τ1, τ2) with the shear stress, ρ being the (constant) density,
while the bottom boundary conditions,

(u, v),
(

∂u
∂z

,
∂v
∂z

)
→ (0, 0) as z → −∞, (3)

express the fact that the wind-drift current is insignificant at great depths. Ekman’s clas-
sical solution for constant eddy viscosity K(z) = K0 > 0 in the non-equatorial Northern
Hemisphere (for f >0) is, in complex variables notation,

u + iv = 1
ρ
√
fK0

[τ1 + iτ2] eλz ei(λz−π/4), (4)

where

λ =
√

f
2K0

.

Thewind-driven horizontal current [u + iv] is directed at 45◦ to the right of thewind stress
[τ1 + iτ2], decays and rotates with depth to the right to form a spiral, while the depth-
averaged mass transport per unit width attributed to the wind,

∫ 0

−∞
ρ[u + iv] dz = −i

f
[τ1 + iτ2],

is at right angles to the wind stress (see figure 1). In contrast to the case of constant eddy
viscosity, one can not expect to validate the counterparts of the three main characteristics
of the classical Ekman flow by means of explicit calculations. In this paper, we address
the case of eddy viscosities K(z) that are perturbations of an asymptotic reference value
K0 = limz→−∞ K(z) > 0, so that

K(z) = K0 + εK1(z) + o(ε) > 0, z ≤ 0, (5)

where ε � 1 and K1, K ′
1 are bounded on (−∞, 0].

3. Depth-averagedmass transport and the general Ekman spiral

The general validity of the depth-averaged mass transport per unit width being at right
angles to the wind stress follows at once by integrating (1) and taking (2) into account:

∫ 0

−∞
ρ[u + iv] dz = −ρi

f

{
K(z)

[
∂u
∂z

+ i
∂u
∂z

]}
z=0

= −i
f

[τ1 + iτ2].

We now claim that for a general depth-dependent eddy viscosity the horizontal current veloc-
ity vectors form a descending spiral to the right/left direction of the wind in the non-equatorial
Northern/Southern Hemisphere, with a decreasing speed as the depth increases (see figure 2).
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Figure 2. For a depth-dependent eddy viscosity the wind-induced horizontal current in the Northern
Hemisphere spirals to the right of the wind direction and decays with increasing depth, with the wind-
driven horizontal transport oriented perpendicular to the direction of the wind, a qualitative pattern
predicted by Ekman’s classical theory. However, the angle between the surface current and the wind
direction is found often to differ substantially from the 45◦ reference value of the classical theory. (Colour
online)

To prove this claim, it is convenient to introduce polar coordinates. We denote the flow
speed by

M(z) =
√
u2(z) + v2(z) ≥ 0, z ≤ 0,

and let θ with θ(0) := θ0 ∈ (−π ,π] be such that

u(z) = M(z) cos
(
θ(z)

)
, v(z) = M(z) sin

(
θ(z)

)
, z ≤ 0. (6a,b)

ThenM is differentiable wheneverM 
= 0 and

u′ = M′ cos θ − Mθ ′ sin θ , v′ = M′ sin θ + Mθ ′ cos θ , (7a,b)

where the ′ stands (here and henceforth) for the z-derivative, while

u′′ = M′′ cos θ − 2M′θ ′ sin θ − Mθ ′′ sin θ − M (θ ′)2 cos θ , (8a)

v′′ = M′′ sin θ + 2M′θ ′ cos θ + Mθ ′′ cos θ − M(θ ′)2 sin θ , (8b)

so that (1) is replaced by the pair of equations

[K ′M′ + KM′′ − KM(θ ′)2] cos θ

− [(K ′M + 2KM′)θ ′ + KMθ ′′] sin θ = −f M sin θ ,

[K ′M′ + KM′′ − KM(θ ′)2] sin θ

+ [(K ′M + 2KM′)θ ′ + KMθ ′′] cos θ = f M cos θ .

In the above system, multiply the first equation by cos θ and add to the second equation
multiplied by sin θ , and thenmultiply the first equation by−M sin θ and add to the second
equation multiplied byM cos θ to obtain the nonlinear system

KM′′ + K ′M′ − KM(θ ′)2 = 0, (9a)
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(KM2θ ′)′ = fM2, (9b)

which is equivalent to (1) on the subintervals of (−∞, 0] where M 
= 0; we will actually
prove thatM(0) > 0 ensuresM(z) > 0 for all z ≤ 0. The boundary conditions (2) and (3)
are transformed to

M′(0) cos θ0 − M(0)θ ′(0) sin θ0 = 1
ρK(0)

τ1, (10a)

M′(0) sin θ0 + M(0)θ ′(0) cos θ0 = 1
ρK(0)

τ2, (10b)

and

M,
√

(M′)2 + (Mθ ′)2 → 0 as z → −∞, (11)

respectively. Multiplying the first equation in (10) by cos θ0 and adding to the second
equation multiplied by sin θ0, and then multiplying the first equation by − sin θ0 and
adding to the second equation multiplied by cos θ0, we transform (10) into

M′(0) = α

ρK(0)
cos(β − θ0), M(0)θ ′(0) = α

ρK(0)
sin(β − θ0), (12a,b)

where α =
√

τ 21 + τ 22 > 0 and β ∈ (−π ,π] are such that

τ1 = α cosβ , τ2 = α sinβ . (13a,b)

Here β is the direction of the wind at the surface, while α is the strength of the wind-stress;
typically (τ1, τ2) = cDρairUwind|Uwind|, whereUwind is the wind velocity at 10 m above the
sea surface, ρair is the density of air (about 1.2 kgm−3) and cD ≈ 0.0013 is a dimensionless
drag coefficient (see the discussion in Wenegrat et al. 2014).

For constant eddy viscosity K = K0, Ekman’s classical solution (4) corresponds to the
solution of the system (9) with the boundary conditions (11) and (12):

M(z) = M0 eλz, θ(z) = θ0 + f
|f |λ z, (14a,b)

for z ≤ 0, where

λ =
√

|f |/(2K0), θ0 = β − f
|f |

π

4
, M0 = α

ρ
√|f |K0

. (15a-c)

For a general depth-dependent eddy viscosity K(z), writing (9a) as

(KM′)′ = KM(θ ′)2 ≥ 0

and taking into account the fact thatKM′ → 0 for z → −∞ is ensured by (11), we deduce
that M′(z) ≥ 0 for all z ≤ 0. Let us now show that M(z) > 0 for all z ≤ 0, assuming
M 
≡ 0. Indeed, the existence of some z0 < 0 with M(z0) = 0 would force M(z) = 0 for
all z ≤ z0, in particularM(z0) = M′(z0) = 0. But then, interpreting (9a) as a second-order
ordinary differential equation in M, the existence and uniqueness theorem yields M ≡ 0.
Consequently, we infer thatM(z) > 0 for all z ≤ 0.
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To investigate the general behaviour of θ , without loss of generality, we discuss the
case of a non-equatorial region within the Northern Hemisphere, the case of the South-
ern Hemisphere being analogous. Equation (9b) yields for f >0 that the function KM2θ ′
is strictly increasing on (−∞, 0]. We aim to prove that θ ′(z) > 0 for all z<0, so that the
spiralling of the horizontal velocity is always clockwise and never stops as one descends
into the fluid. Assume θ ′(z0) ≤ 0 for some z0 ≤ 0. Then, since KM2θ ′ is strictly increasing
on (−∞, 0], we must have θ ′(z) < 0 for z < z0. Fixing some z∗ < z0 and denoting

A = K(z∗)M2(z∗)θ ′(z∗) < 0,

we have

K(z)M2(z)θ ′(z) ≤ A < 0, z ≤ z∗,

and therefore (9a) yields

K ′(z)M′(z) + K(z)M′′(z) = K(z)M(z)[θ ′(z)]2

= [K(z)M2(z)θ ′(z)]2
1

K(z)M3(z)

≥ A2 1
K(z)M3(z)

for z ≤ z∗.

Multiplying both sides of the above inequality by 2K(z)M′(z) ≥ 0 leads us to

2K(z)M′(z)[K(z)M′(z)]′ ≥ A2 2M
′(z)

M3(z)
for z ≤ z∗,

and an integration on [z, z∗] yields

[K(z∗)M′(z∗)]2 − [K(z)M′(z)]2 ≥ A2
(

1
M2(z)

− 1
M2(z∗)

)
for z < z∗.

In the limit z → −∞ of the above inequality we obtain a contradiction, since the left-
hand side converges to [K(z∗)M′(z∗)]2, while the right-hand side blows-up because
limz→−∞ M(z) = limz→−∞ M′(z) = 0 and K(z) is bounded. The obtained contradiction
enables us to conclude that θ ′(z) > 0 for all z<0. This proves our claim.

4. The deflection angle at the surface: a perturbative approach

Introducing the complex-valued function Ψ (z) = u(z) + iv(z), we can write the system
(1) more compactly as the complex-valued second order differential equation

(KΨ ′)′ = if Ψ , z < 0, (16)

and we recast the boundary conditions (2) and (3) as

Ψ ′(0) = 1
ρK(0)

[τ1 + iτ2], (17a)

Ψ ,Ψ ′ → 0 for z → −∞. (17b)
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Writing

Ψ (z) = Ψ0(z) + εΨ1(z) + o(ε), z ≤ 0, (18)

where Ψ0 is the classical Ekman solution for the constant eddy viscosity K0, and inserting
(18) into (17), using (5), one obtains

K0Ψ
′′
1 + K ′

1Ψ
′
0 + K1Ψ

′′
0 = ifΨ1 + o(ε). (19)

For the non-equatorial Northern Hemisphere, from (4) we get

Ψ ′
0 =

√
f

2K0
(1 + i)Ψ0, Ψ ′′

0 = if
K0

Ψ0,

so that letting ε → 0 in (19) yields a linear, non-homogeneous second-order differential
equation for the perturbation Ψ1, namely

Ψ ′′
1 − i

f
K0

Ψ1 = b (20)

with

b(z) = −
(

(1 + i)K ′
1(z)

√
f

2K3
0

+ K1(z)
if
K2
0

)
Ψ0(z), (21)

to be solved with homogeneous boundary and asymptotic conditions

Ψ ′
1(0) = 0, Ψ1 → 0 for z → −∞. (22)

Note that ifΨ1 → 0 for z → −∞, then the fact thatΨ0 → 0 for z → −∞, in combination
with (20) and the boundedness of K1 and K ′

1, yield Ψ ′′
1 → 0 for z → −∞, which forces

Ψ ′
1 → 0 for z → −∞. Indeed, if for a fixed z0 ≤ 0 we define

m0 = sup
z≤z0

{|Ψ1(z)|}, m1 = sup
z≤z0

{|Ψ ′
1(z)|}, m2 = sup

z≤z0
{|Ψ ′′

1 (z)|},

thenm2
1 ≤ 4m0m2 (see Rudin 1976). This explains why the asymptotic condition Ψ ′

1 → 0
for z → −∞, required in (17), is automatically granted if the asymptotic condition in (22)
holds.

Writing (20) in the form of the first-order differential system Φ ′ = AΦ + B, where

Φ =
(

Ψ1
Ψ ′
1

)
, A =

⎛
⎝ 0 1

if
K0

0

⎞
⎠ , B =

(
0
b

)
,

the variation of constants formula yields a representation of the general solution in the
form

Φ(z) = eAzΦ(0) −
∫ 0

z
eA(z−s)B(s) ds, z ≤ 0,
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where⎛
⎜⎝

1
2
[
e(1+i)λz + e−(1+i)λz] 1

2(1 + i)λ
[
e(1+i)λz − e−(1+i)λz]

(1 + i)λ
2

[
e(1+i)λz − e−(1+i)λz] 1

2
[
e(1+i)λz + e−(1+i)λz]

⎞
⎟⎠ , z ∈ R,

is the fundamental matrix of the homogeneous constant-coefficient differential system
Φ ′ = AΦ . Since Ψ ′

1(0) = 0, we get

Ψ1(z) = 1
2
[
e(1+i)λz + e−(1+i)λz]Ψ1(0)

−
∫ 0

z

e(1+i)λ(z−s) − e−(1+i)λ(z−s)

2(1 + i)λ
b(s) ds, z ≤ 0, (23)

with Ψ1(0) to be chosen so that the asymptotic condition limz→−∞ Ψ1(z) = 0 from (22)
holds. Clearly

lim
z→−∞

1
2e

(1+i)λz Ψ1(0) = 0,

while the Lebesgue dominated convergence theorem (see Rudin 1976) yields

lim
z→−∞

1
2(1 + i)λ

∫ 0

z
e(1+i)λ(z−s)b(s) ds = 0,

since b is integrable on (−∞, 0] and |e(1+i)λ(z−s)| ≤ 1 for s ≥ z. Consequently, writing (23)
as

Ψ1(z) = 1
2e

(1+i)λz Ψ1(0) − 1
2(1 + i)λ

∫ 0

z
e(1+i)λ(z−s)b(s) ds

+ 1
2
e−(1+i)λz

[
Ψ1(0) + 1

(1 + i)λ

∫ 0

z
e(1+i)λsb(s) ds

]
, z ≤ 0,

for the asymptotic condition in (22) to hold, we must have

Ψ1(0) = − 1
(1 + i)λ

∫ 0

−∞
e(1+i)λs b(s) ds. (24)

Moreover, if (24) holds, then l’Hospital’s rule in combination with (4) and (21) ensure

lim
z→−∞ e−(1+i)λz

[
Ψ1(0) + 1

(1 + i)λ

∫ 0

−∞
e(1+i)λs b(s) ds

]
= 0,

validating the asymptotic condition in (22).
From (18), (4) and (24), we obtain

Ψ (0) = 1
ρ
√
fK0

[τ1 + iτ2] e−iπ/4

×
[
1 + ε

1
K0

∫ 0

−∞
e2(1+i)λs (K ′

1(s) + (1 + i)λK1(s)
)
ds
]
,
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and an integration by parts permits us to re-arrange the integral expression, obtaining

Ψ (0) = 1
ρ
√
fK0

[τ1 + iτ2] e−iπ/4

×
[
1 + ε

1
K0

(
K1(0) − (1 + i)λ

∫ 0

−∞
e2(1+i)λs K1(s) ds

)]
.

The complex variables formula

d
dε

arg(1 + εξ)

∣∣∣∣
ε=0

= Im{ξ}

enables us to express the change of the deflection angle due to the perturbation as

Im
{
− (1 + i)λ

K0

∫ 0

−∞
e2(1+i)λsK1(s) ds

}

= −λ
√
2

K0

∫ 0

−∞
e2λsK1(s) sin

(
2λs + π

4

)
ds. (25)

Due to (25), a positive/negative value of the integral
∫ 0
−∞ e2λsK1(s) sin(2λs + π/4) ds

corresponds to an increase/decrease of the deflection angle from the reference value π/4.
The formula (25) is analogous to a formula derived recently in Bressan and Con-

stantin (2019) in terms of the implicit variable t(z) = K0
∫ z
0 [K(s)]−1 ds. Despite their

similarity – due to a typographical error, a multiplicative minus factor is actually miss-
ing on both sides of formula (22) in Bressan and Constantin (2019) – the formula (25) is
advantageous since it is expressed in terms of the physical depth variable z, rather than
implicitly (as in Bressan and Constantin 2019).

For example, let us consider for K0 > 0 > z0 and μ > 0 the piecewise linear eddy
viscosity

K(z) =
⎧⎨
⎩μ + K0 − μ

z0
z, z0 ≤ z ≤ 0,

K0, z < z0,
(26)

that is decreasing or increasing with depth, according to whether μ > K0 or μ > K0,
respectively. For (26), we have

εK1(z) =
⎧⎨
⎩
K0 − μ

z0
(z − z0), z0 ≤ z ≤ 0,

0, z < z0,

so that the integral in (25) becomes

I = K0 − μ

z0

[∫ 0

z0
se2λs sin

(
2λs + π

4

)
ds − z0

∫ 0

z0
e2λs sin

(
2λs + π

4

)
ds
]
.

Since [
1

2λ
√
2
e2λs sin(2λs)

]′
= e2λs sin

(
2λs + π

4

)
, (27a)
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[
1

2λ
√
2
e2λs sin

(
2λs − π

4

)]′
= e2λs sin(2λs), (27b)

we can use integration by parts and the fundamental theorem of calculus to compute

I = K0 − μ

z0

[
s

2λ
√
2
e2λs sin(2λs)

∣∣∣∣
s=0

s=z0

− 1
2λ

√
2

∫ 0

z0
e2λs sin(2λs) ds − z0

2λ
√
2
e2λs sin(2λs)

∣∣∣∣
s=0

s=z0

]

= −K0 − μ

z0
1

2λ
√
2

∫ 0

z0
e2λs sin(2λs) ds

= −K0 − μ

z0
1
8λ2

e2λs sin
(
2λs − π

4

) ∣∣∣∣
s=0

s=z0

= K0 − μ

z0
1
8λ2

[
1√
2

+ e2λz0 sin
(
2λz0 − π

4

)]
.

In view of (25), this shows that whether the deflection angle is smaller or larger than
45◦ is determined not by the monotonicity of K but by the values of the depth |z0| of
the near-surface region of non-constant eddy viscosity and of the surface eddy viscosity
μ. This invalidates the expectation (arising from the case study Madsen 1977) of a lin-
ear decrease with depth (see the discussion in Krauss 1993) that an eddy viscosity that
increases/decreases with depth produces a deflection angle that lags/exceeds 45◦. Note that
the approach in Bressan and Constantin (2019) also applies to (26), but the conclusion is
less precise due to the intricate nature of the implicit alternative to the formula (25).

5. Discussion

Throughout the research literature various choices of depth-dependent eddy viscosities are
investigated. The corresponding Ekman-type solutions all retain two of the fundamental
properties of the classical, constant eddy-viscosity, Ekman flow: the depth-averaged mass
flow (Ekman transport) is at right angles to the steady wind at the surface and the hori-
zontal wind-induced current spirals to the right in the Northern Hemisphere, with a speed
that decreases with increasing depth. On the other hand, the deflection angle of the sur-
face current with respect to the direction of the steady wind presents significant deviations
from the reference value of 45◦ of the classical Ekman flow. This issue is especially rele-
vant for the climate, since the ocean stores most of the heat in its near-surface region. It
is therefore of interest to investigate the frictional effects for a general depth-dependent
eddy viscosity. While the direction of the Ekman transport can be established generally by
means of a simple computation (see the first paragraph of section 3), the other aspects are
more challenging.

In section 3, we have adapted an approach that was used recently in Constantin
and Johnson (2019a) in the study of the atmospheric boundary layer to the context of
ocean flows. For a general variable eddy viscosity, we have shown that, in the Northern
Hemisphere, the wind-induced horizontal current always decays in magnitude and turns
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clockwise with increasing depth. This result is new, as all previous work was based on
a few cases, corresponding to rather limited types of eddy viscosities, for which explicit
calculations are possible.

In section 4, we have derived the formula (25) for the deviation of the deflection angle
from the 45◦ reference value, for small perturbations of a constant leading-order eddy
viscosity. This formula improves the recent result in Bressan and Constantin (2019) and,
applied to the case of a piecewise linear eddy viscosity, invalidates the speculation that an
eddy viscosity that increases/decreases with depth produces deflection angles less/larger
than 45◦. One can actually pursue a general investigation of the formula (25). Indeed,
as s decreases from 0 towards −∞, the function e2λsK1(s) sin(2λs + π/4) changes sign
alternately, being positive for s ∈ I0 := (−π/(8λ), 0), negative on the intervals

I2j+1 :=
(

− π

8λ
− π

2λ
(2j + 1),

3π
8λ

− π

2λ
(2j + 1)

)

and positive on the intervals

I2j+2 :=
(

− π

8λ
− π

2λ
(2j + 2),

3π
8λ

− π

2λ
(2j + 2)

)
,

for integers j ≥ 0. Moreover, using (27), we compute∫
I0
e2λt sin

(
2λt + π

4

)
dt = e−π/4

4λ
,

∫
I2j+1

e2λt sin
(
2λt + π

4

)
dt = −e−2π j(e−π/4 + e−5π/4)

4λ
, j ≥ 0,

∫
I2j+2

e2λt sin
(
2λt + π

4

)
dt = e−2π j(e−5π/4 + e−9π/4)

4λ
, j ≥ 0,

and see that the sequence {Em}m≥0 of the absolute values of these integrals converges
exponentially fast to zero and is strictly decreasing starting withm ≥ 1, whereas

E2 ≈ 0.005
λ

< E0 ≈ 0.114
λ

< E1 ≈ 0.119
λ

.

Taking K1 to be constant of each of the intervals Im shows that the key to whether the
integral in (25) is positive or negative lies in the relative sizes of the values assigned to the
intervals I0 and I1. Note that π/λ is the depth of the classical Ekman layer L, the near-
surface region of the ocean affected by the movement of wind and frictional influence
(typically about 30–200m deep), at the bottom of which the wind-induced current veloc-
ity is in the opposite direction to the surface current. Consequently, I0 corresponds to the
upper eighth part of L, while I1 extends to the lower half of the Ekman layer. In general, a
slow and gradual variation of the eddy viscosity with depth will result in a positive integral
I (and thus a deflection angle larger than 45◦), while if the eddy viscosity within I0 is lower
than within I1, then the negative contribution from I1 will dominate the positive on from
I0, with a negative integral I as the typical outcome (and thus a deflection angle below 45◦).
Since an ice cover quells the turbulence near the ocean surface, this explains why the deflec-
tion angle is less than 45◦ in arctic regions. A further interesting application of formula (25)
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regards the observation that the deviation of the surface current from the wind is typically
larger during the day that during night-time (see Krauss 1993). Solar heating quenches
turbulence throughout the near-surface layer during daytime since the induced slight but
gradual change of density (with the lighter fluid above heavier fluid) hinders vertical mix-
ing. On the other hand, turbulence becomes stronger at night due to nocturnal convection
since the ocean’s upper 100m coincide with the depth above which the downward flux of
solar energy exceeds 1% of the heat flux at the sea surface (see Woods 2002). The noctur-
nal increase of the eddy viscosity occurs across the upper half of the Ekman layer, with the
change in the lower regions being rather insignificant, as the heat flux fades. This feature
amplifies the contribution from the region I1, leading thus typically to an overall nega-
tive integral in (25), so that the deflection angle is smaller during the night. The same
argument applies to the large seasonal variations of the deflection angle observed at some
locations. For example, in the Tsushima Strait the deflection angle is 17.7◦–27.3◦ in winter
and increases to 48.5◦–67.3◦ in summer (see the data in Yoshikawa and Masuda 2009).

Formula (25), predicting the deviation of the deflection angle from the classical 45◦ ref-
erence value, can be regarded as a mathematical synthesis of various cases that could be
studied individually, typically using numerical methods. The fact that (25) was derived
rigorously for a clearly specified class of eddy viscosities prevents potentially misleading
speculations based solely on the insight developed by computational methods. However,
the validity of formula (25) is restricted to the class of small perturbations of a con-
stant vertical eddy viscosity. It is of interest to go beyond this setting. For example, the
case of piecewise uniform diffusivities can be examined in detail without the smallness
assumptions inherent to a perturbative approach (see Dritschel et al. 2020).
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