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It is shown that the thermal conductivity of anharmonic insulators can be derived par-
ameter free and self-consistently from the temperature (T) dependence of the phonon–-
phonon scattering momentum, the phonon group velocities, and the specific heat.
Using the example of SrTiO3 the phonon mean free path is derived from the Fourier
transform of the acoustic—optic mode crossing momentum. The temperature depend-
ence of the phonon group velocities is self-consistently evaluated from the soft optic,
acoustic phonon modes, which are also the input for the calculation of the specific heat.
The overall quantitative agreement with experimental data suggests further applications
to other anharmonic systems like, e.g., KTaO3 PbTe, and related materials.
The thermal conductivity (TC) of solids is typically characterized by temperature

dependent phonon scattering processes which at low temperatures are in the ballistic
regime and follow at high temperature the normal Fourier heat conduction. The calcu-
lation of the TC is mostly based on the Callaway model [1] and modifications of it
[2,3], where instead of scattering lengths relaxation times are introduced which, how-
ever, are rather difficult to evaluate explicitly for a specific system. In addition, an exact
knowledge of the phonon spectrum and its temperature dependence are indispensable.
Extensive studies of the TC have been devoted to ferroelectric or almost ferroelectric
compounds since their lattice dynamics is governed by large anharmonicity [4–13]. A
recent study of SrTiO3 (STO) and doped STO has revealed a novel region in the TC,
namely a regime of phonon Poiseuille flow where TC evolves faster than cubic in tem-
perature [12]. A similar observation has been made before in (Ta1-xNbxSe4)2I which has
been attributed to extremely strong anharmonicity [14].
Here it is shown that quite generally the TC can be rather simply evaluated in ferro-

electric and almost ferroelectric systems by calculating their specific heat, the tempera-
ture dependent phonon–phonon scattering length and the temperature dependent
phonon group velocity. The model is parameter free, meaning that the interaction con-
stants are derived from the temperature independent zone boundary optic mode fre-
quency, the temperature dependent zone boundary acoustic mode frequency, whereas

CONTACT Annette Bussmann-Holder a.bussmann-holder@fkf.mpg.de
Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/gfer.
� 2020 The Author(s). Published with license by Taylor & Francis Group, LLC.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/
licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

FERROELECTRICS
2019, VOL. 553, 26–35
https://doi.org/10.1080/00150193.2019.1683492

http://crossmark.crossref.org/dialog/?doi=10.1080/00150193.2019.1683492&domain=pdf&date_stamp=2020-02-28
http://www.tandfonline.com/gfer
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.tandfonline.com


the transverse soft optic mode frequency is derived self-consistently. Details about the
self-consistent phonon approximation are given in Refs. [15–17], and applications to
STO in Refs. [18–20]. The procedure outlined in these papers resembles closely the
work of Ref. [21]. The overall features of the calculated TC are in good quantitative
agreement with experimental data. In view of the fact that the lattice dynamics of STO
are well understood, this compound is taken as an example. Extensions to doped STO
are discussed.
STO is one of the best investigated perovskite oxides due to its outstanding properties

and its wide application range. In analogy to true ferroelectric perovskites it exhibits
long wave length transverse optic mode softening over a broad temperature interval
[22–24], where the completion of softening is, however, inhibited by quantum fluctua-
tions which was named quantum paraelectricity [25]. Besides of the soft optic mode
also a transverse acoustic zone boundary mode softens and freezes at 105 K, inducing a
structural phase transition from cubic to tetragonal [26–28]. This transition is character-
ized by the oxygen octahedral rotation angle [29]. Ferroelectricity can be induced in
STO by either isotopic replacement of 16O by 18O [30,31] or by introducing small
amounts of Ca at the Sr lattice site thereby causing an XY pseudospin ferroelectric tran-
sition [32]. Also the replacement of Ba at the Sr site yields a polar transition [33]. Small
amounts of oxygen vacancies rapidly change the system from insulating to semiconduct-
ing and metallic [34–36], where superconductivity is observed at low temperature and
unusually small carrier density [37,38]. Similarly, superconductivity sets in with small
amounts of Nb doping [39,40]. This superconducting state is unusual since it corre-
sponds to the first two-band superconductor after its prediction.
The lattice dynamics of STO has been investigated in detail using the polarizability

model [15–17]. This model is superior to first-principles approaches and effective
Hamiltonian schemes, since it enables a self-consistent derivation of all relevant tem-
perature dependent properties of ferroelectric and quantum paraelectric perovskite
oxides and IV–VI semiconductors [19]. Its basic ingredients are attractive harmonic
interactions in the local electron-lattice coupling stabilized by long range repulsive
fourth-order anharmonic terms [15–17]. Upon treating the latter by a cumulant expan-
sion, pseudo-harmonic temperature dependent effective interactions are obtained which
have to be calculated self-consistently for each temperature T. In this way the soft
modes which dominate the lattice dynamics are derived. Simultaneously, the double-
well potential of the respective compound is obtained which is characteristic for each
compound and differs significantly between those [20].
While for a long time the focus was on the soft lattice modes only, early on an appar-

ent anomaly in the related transverse acoustic mode was observed at finite momentum
experimentally [21, 41–45], which attracted little attention. This mode-mode coupling
induced anomalies could also be reproduced within the polarizability model and
assigned to elastic finite size precursor dynamics. With decreasing temperature the pre-
cursors grow in size to eventually occupying the full sample size at the phase transition
temperature [46,47]. Simultaneously, also polar nano domains emerge, which coexist
with the soft mode and evidence that order/disorder and displacive dynamics coexist,
however, on different time and length scales [48].
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The above preliminaries are an important ingredient to calculate the TC for anhar-
monic almost ferroelectric compounds since from them the phonon–phonon scattering
length is extracted which defines the mean free path to be used further.
Basically, the TC is simply the product of specific heat cv, the phonon mean free path

lph, and the phonon group velocity. All quantities are temperature dependent, which is
the main reason for the difficulties in calculating the TC. In the following the tempera-
ture dependent dispersion of the lowest transverse optic (TO) and related transverse
(TA) acoustic modes in the (100) direction are used to derive these three quantities.
These modes have been chosen since they are strongly temperature dependent and are
coupled by higher order anharmonic interactions which cause the loss of their individ-
ual character at intermediate momentum. As such they are no longer elementary excita-
tion like but adopt a hybrid type character which is a consequence of the strong TO
softening. This softening leads to a TO–TA coupling and an avoided crossing with char-
acteristic wave vector which defines the phonon mean free path as discussed in deeper
detail below. Importantly, the strong TO mode temperature dependence induces also a
temperature-dependence in the crossing region which is especially strong at low tem-
perature where quantum fluctuations dominate the lattice dynamics of STO. The disper-
sion for these two modes is shown in Figure 1(a) as a function of temperature where
the mode-mode coupling momentum space is highlighted by the encircled area. While
detailed experimental data for the phonon mode dispersion are not available, the tem-
perature dependence of the q¼ 0 optic mode has been measured and is presented in
the inset to the figure in comparison to theoretical results evidencing the convincing
agreement between both. To increase the mode-mode coupling visibility, the difference
between optic and acoustic mode is formed where the minimum in it defines the max-
imum phonon scattering momentum (Figure 1(b)) since it indicates the avoided cross-
ing region of the two modes under consideration As is obvious from Figure 1(b), the

Figure 1. (a) The phonon dispersion of the lowest transverse optic (squares) and acoustic (circles)
modes of STO along (100) as a function of temperature; the inset to the figure shows the squared of
the soft ferroelectric mode x2

TOðq ¼ 0Þ as a function of temperature (black line and symbols) in com-
parison to experimental data (blue and green stars) from Refs. [49,50]; (b) the difference between the
transverse optic (TO) and transverse acoustic (TA) mode frequencies as a function of momentum q
and temperature. The inset to this figured shows the phonon mean free path which is derived from
the minimum in D(x) ¼ xTO(q) � xTA(q), where the inverse of the crossing momentum of optic and
acoustic modes defines the mean free path lph which is identical for both modes.
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minimum in the mode difference moves with decreasing temperature to the long wave
length limit, whereas it saturates at an almost constant value in the high temperature
regime. In addition, the difference becomes smaller and smaller with decreasing tem-
perature. The corresponding momentum value q is Fourier transformed in order to
extract the real space length scale of the scattering event as shown in the inset to Figure
1(b). This can be approximated by an exponential as displayed by the full line in the
inset which defines in the following the phonon mean free path lph. This definition is
related to the fact that anharmonicity induced phonon–phonon scattering takes place at
the crossing momentum value.
Furthermore, the group velocities of acoustic and optic modes are readily obtained

from Figure 1(a) by forming the derivative of both modes with respect to q (Figure 2).
For both, optic and acoustic modes xTO and xTA, the long wave length limit of the

velocities vTO, vTA is taken and plotted as a function of temperature in Figure 3(a,b).
These quantities enter Equation (3) below and are the essential ingredients to evaluate
the temperature dependence of the TC [51,52]. Interestingly, their individual behavior is
grossly different also with respect to the order of magnitude of the velocities. While the
optic mode velocity increases exponentially with decreasing temperature, it increases for
the acoustic mode velocity with increasing temperature. In the high temperature region
both saturate at small values for the former and at large values for the latter.
Knowing the temperature dependent dispersion of STO, it is rather straightforward

to calculate the phonon specific heat cV, which is explicitly given by:

cV qð Þ ¼
�hxTOðqÞ
� �2

kTð Þ2
expð�hxTO qð ÞÞ

expð�hxTO qð ÞÞ�1
� �2 þ �hxTAðqÞ

� �2
kTð Þ2

expð�hxTA qð ÞÞ
expð�hxTA qð ÞÞ�1
� �2 , (1)

where k is the Boltzmann constant and T temperature. Equation (1) is integrated with
respect to q over the whole Brillouin zone. The dispersion as shown in Figure 1(a) is

Figure 2. Group velocities of the optic vTO and the acoustic vTA modes as a function of momentum q
and temperature.
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used for each temperature. Since the phase transition from cubic to tetragonal at TS ¼
105 K is driven by a zone boundary acoustic mode, which is not shown in Figure 1(a),
because it corresponds to the (110) direction, the formerly calculated mode is inserted
in Equation (1). The results for cV are displayed in Figure 4 together with experimental
results of Ref. [49].
Around TS a rather tiny anomaly is observed which is more apparent in the deriva-

tive of cV with respect to T (inset to Figure 4). This is in agreement with various meas-
urements of cV in STO [11, 50–53].
Now all ingredients are obtained to calculate the TC of STO. This is a simple task as

only the product of the above derived quantities has to be formed for each temperature

Figure 3. (a) vTO in the limit q ! 0 as a function of temperature, (b) the same as (a) but for vTA. The
squares and circles refer to the calculations, the full lines are obtained from an exponential fit to the
calculation. Note, that the scale of the y-axis is different in both figures.

Figure 4. The specific heat cV of STO as a function of temperature in comparison to experimental
data (red open circles). The inset shows the derivative with respect to temperature of cV as a function
of temperature again in comparison with the experimental data (red open circles).
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corresponding to the Peierls–Boltzmann transport theory:

jlattice ¼ 1
3

X
q,TO,TA

cVðqÞ�q,TO,TAlph: (2)

Note that the contribution from the optic mode is neglected since vTO is much smaller
than vTA (see Figure 3(a,b)) as has also been observed in other systems [54]. This does,
however, not imply that the optic phonons are unimportant, but just the opposite,
namely they represent the dominant scattering channel for the heat-carrying acoustic
phonons. Omitting these [55–57] would release an enormous increase in the TC. The
result for the TC is shown in Figure 5.
A comparison with experimental data [11,12] shows an overall good agreement, even

though some experimentally observed fine details are not reproduced, especially for
T> 200 K where probably further phonon branches need to be taken into account.
However, in view the simplicity of this parameter free approach based on the self-con-
sistent phonon theory the overall agreement clearly suggests that anharmonic effects in
terms of phonon–phonon interactions which provide the phonon mean free path, are
the basic ingredient to understand the TC of STO and related compounds. It is import-
ant to note that the mean free path changes from the order of lattice constants at high
temperature to diverging at low temperature and thus provides a natural crossover from
kinetic to ballistic transport regimes. The observation of a Poiseuille flow appearing
above the Casimir region [12] is attributed to the enhanced quantum fluctuation effects
of STO which appear just in this temperature window.
Since the key ingredient of the above theory is the phonon mean free path as

deduced from the phonon–phonon scattering momentum (inset to Figure 1(b)), a simi-
lar analysis can be performed for doped STO where strong deviations in j as compared
to the undoped system have been reported [12]. The temperature dependent exponential

Figure 5. TC as a function of temperature for STO shown on a double logarithmic scale. The experi-
mental data of Ref. [12] of STO are represented by the black squares. The theoretically obtained
results are given by the red squares.
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decay of lph is given by:

lph ¼ l0 þ Aexp � T
Tx

� �
(2)

where l0 is of the order of some lattice constants, A is a material constant which
depends on doping and decreases systematically with increasing doping, implying that
the exponential gets less important, and Tx is a characteristic temperature which defines
the maximum in j. This temperature scale is plotted as a function of doping in Figure
6 where obviously an almost linear increase with increasing doping takes place.
Experimentally a systematic investigation has not been carried out, however, from the
data in Ref. [12] it is clearly observed that indeed the maximum in j moves to higher
temperature with increasing doping.
Simultaneously, the double-well potential of the respective compound gets shallower

and narrower to be pseudo-harmonic for large doping. Details will be presented else-
where [58].
In conclusion, a simple derivation of the TC of an anharmonic crystal has been pro-

posed where nonlinear phonon–phonon interaction is the most important ingredient.
The critical momentum at which the interaction is strongest is strongly temperature
dependent and governed by higher order electron–phonon coupling. Simultaneously, it
defines the phonon mean free path and thereby the temperature evolution of j. The
overall good agreement with experimental data approves this rather elementary scheme
in calculating the TC and should be applicable to similar compounds with significant
phonon softening, as, e.g., PbTe and KTaO3 which are, however, experimentally much
less investigated as compared to STO such that the important input data, as outlined
above, are not available at present.
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