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ABSTRACT

Large deflections relevant for suspended circular graphene sheets with simply supported bounda-
ries are computed by a theory for 2D membranes subjected to several types of vertical axisym-
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metric forces, based on the principle of virtual power (PVP). Corresponding stress—strain relations

are provided in the form of a nonlinear hyperelastic material model for graphene. When approxi-
mating the deflections through Fourier series, the PVP yields a nonlinear algebraic system of equa-
tions, which is solved by the iterative Newton-Raphson procedure. The new computational
efficient method is validated through comparison of the numerical results it provides, with predic-
tions obtained from experimental nanoindentaion measurements.

1. Introduction

Two-dimensional (2D) graphene membranes, consisting of
carbon atoms arranged in a hexagonal lattice, attract consid-
erable attention in the fields of chemistry, physics, and
material science [1-5]. As regards membrane theories for
computing the deflections of suspended graphene sheets,
several methods have been used up to the present day:
Atomistic models of graphene membranes have been devel-
oped by molecular dynamics simulations using interatomic
Lennard-Jones potentials and Tersoff-Brenner potentials
[6-9], as well as by truss-type models consisting of beam
elements for simulating covalently bonded carbon atoms in
a hexagonal graphene lattice [10-12]. The by far most popu-
lar method for the solution of mechanical deformations is
that of the finite element method, which has been the basis
for many scientific contributions up to the present day
[13-21]. Besides mechanical deformations, vibrational ana-
lysis of graphene sheets was performed indicating its funda-
mental frequencies and mode shapes [19, 22-24].

However, for a circular graphene membrane, simply sup-
ported at its boundary, a more computationally efficient
Fourier series-based theory can be provided: Therefore, we
resort to the principle of virtual power (PVP) [25-33], which
we specify for the kinematic characteristics of a 2D graphene
membrane in bending mode, see Section 2. In this context,
we consider large deformations using Lagrangian quantities,
namely the Green-Lagrange strain and the energetically con-
jugated second Piola-Kichhoff stress. Corresponding stress—-
strain relations are linked by a nonlinear, anisotropic
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hyperelastic material model of graphene [34], based on density
functional theory (DFT) [35, 36]. Furthermore, the investi-
gated circular membranes are subjected to several types of axi-
symmetric vertical forces, namely to single forces or to
distributed surface loads acting on circular areas, whereby the
action points and the areas form axisymmetric patterns. Such
kinds of concentrated loads allow for consideration of nanoin-
dentation of free-standing graphene membranes [3]. In
Section 3, the PVP-based governing equation is used for con-
structing a nonlinear algebraic system of equations for deter-
mining the sought deflection function. The latter is expanded
into Fourier series according to Navier’s proposal [37] and the
unknown Fourier coefficients of the nonlinear multivariate
system of equations are determined iteratively using the
Newton-Raphson method [38]. Section 4 is devoted to
numerical investigations in the form of three representative
examples, and to comparing respective results with experi-
mental measurements. Finally, concluding remarks are pro-
vided in Section 5. Appendix A contains the algebraic system
of equations for the three aforementioned numerical examples,
in order to solve the unknown Fourier coefficients.

2. Kinematics and stress resultants of suspended
graphene membranes for large deformations -
reviewed in the context of the PVP

2.1. Basics

The PVP is an efficient and safe method for constructing
energetically consistent theories of structural members, as
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membrane in the deformed configuration

membrane in the undeformed configuration
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Figure 1. Sideview in the r-z-plane of a graphene membrane in the undeformed and in the deformed configuration.

documented by [25-27] and [29, 30]. Setting our focus point
on 2D graphene membranes, we start with the formulation
of the PVP for a standard 3D continuum, in the format put
forward by Germain and followers [30-33,39],

/Pext 4 zPint — 0) (1)

with

P =t [0 ¥ av ¢ [T v a5 @)

v N

pint — —Ja :d dv, (3)

where P and P™ denote the virtual power of the external
forces and of the internal forces, respectively; x denotes the
actual location vectors throughout the continuum and at its
boundaries with outward normals n; f denotes volume
forces; T denotes traction (surface) forces; v denotes the vir-
tual velocity; ¢ denotes the Cauchy stress; and d denotes the
virtual Eulerian strain rate. The PVP implies both kinematic
compatibility and equilibrium of the solid continuum.

In the case of circular membranes, undergoing large
deformations, we formulate strains and stresses as a function
of the location vector X in the undeformed configuration
(Lagrangian representation). Any position within the surface
of such a membrane is described by a cylindrical coordinate
system, with an origin located in the center of the mem-
brane, and with base vectors e,,e,, and e,. The latter is
orthogonal to the undeformed membrane and the azimuth
of ¢ = 0 corresponds to a base vector e, pointing in the so-
called “zigzag” direction of graphene. Thus, for describing
large deformations, the following virtual power of external
and internal forces are provided in Lagrangian representa-
tion

R2n
pext — J v(X)-F-n(X) N(X) rdodr, (4)
00
R2n +
Pi”t:—JJ n:ﬁrdzdwdr, (5)
00 "

NI

where X denotes the initial location vectors throughout the
membrane with outward normals N and radius R; F denotes
the deformation gradient; = denotes the second
Piola-Kirchhoff stress tensor; and E denotes the virtual
Green-Lagrange strain rate. Note that we neglected volume

force vectors due to the infinitesimal small thickness of gra-
phene (single layer of carbon atoms), see Section 2.2.

2.2. Kinematics

2D graphene membranes in so-called bending mode are
characterized by the following kinematic features:

1. The thickness of graphene is negligibly small [4, 5],
such that all straight lines (generators) orthogonal to
the undeformed membrane remain, throughout the
deformation process, straight, constant in length, and
orthogonal to the undeformed membrane plane.

2. All points of a generator have, in good approximation,
the same displacement in the z-direction, namely the
deflection u,, see Figure 1.

3. The deflections are large when compared to the thick-
ness of the membrane.

4. Axisymmetric loads result in axisymmetric patterns of
the displacements.

5. Stretching stiffness is dominant over negligible shear
and bending stiffnesses.

Under the aforementioned kinematic conditions, the dis-
placement field of the membrane reads as

u(X) = u,(r) e, (6)

and the corresponding virtual velocity field follows from a
virtual displacement field of the form

u(X) = u,(r) e,. (7)

Namely, temporal derivation of (7) yields the virtual velocity
field as

V(X) = u(X) = 1.(r) e, )

with ¥, as the temporal derivative of the time-dependent
virtual displacement ii,.
Displacement field (6) implies a Green-Lagrange strain
1

tensor E [32]
1 &1+<8u>l<6uf u
200X \oX 0X/) 0X

= Z Z E,] e,-®ej, (9)

=1, (52 J=15052

with non-zero components reading as

=3 (")

(10)



where the transverse shear strains are neglected due to the
extreme thinness of the 2D membrane. Derivation of (10)
with respect to the time, and substitution of the occurring
time derivatives of displacements by virtual velocities, yields

E=E, eQe, (11)

with

Iéﬂ(r) _ 8u5£r) 8175£r) ‘

Thus, the virtual Green-Lagrange strain rate (appearing in
the virtual power of internal forces) depends on both the
virtual velocity ¥, and the actual deflection u, indicating a
non-linearity in the structural problem.

Furthermore, displacement field (6) implies a deform-
ation gradient, F =1+ Ju/0X (appearing in the virtual
power of external forces), reading as

F=F,e®e +F,, e,0e,+F, e, Qe +F,; e,Re,
(13)

(12)

with
~ Ouy(r)

F, =1, or >

Fpp=1, F, and F,=1. (14)

2.3. Virtual power of internal forces and corresponding
hyperelastic material model of graphene

As regards specification of the virtual power of internal
forces (5) for the kinematic characteristics of graphene
membranes undergoing large deformations, the virtual
Green-Lagrange strain rates (12) imply that only stresses 7,,
perform power along the virtual strain rates E,,. Hence, the
virtual power of the internal forces reads as

R2n+§
pint _ _” Jnrr(r) B (r) rdzde dr
00 _%
Ran+h (15)
R Du, (1) aaz(r)]
= JJ an(r) { o or rdzdodr.
00 _h

Equation (15) indicates that the membrane-specific “degrees
» Ouy(r) Ov.(r) . .

of freedom” =5~ =5~ induce internal stress resultants on

which they produce power, namely internal forces per unit

length
+

) = | mulr) de = 2220)

h

2

(16)

Stress resultant (16) can be interpreted as the normal compo-
nent of the 2D second Piola—Kirchhoff stress tensor in e, dir-
ection acting on a 2D solid. For a hexagonal graphene lattice,
the nonlinear, anisotropic material behavior is described by the
following hyperelastic stress—strain relation [34]

L = pifo[ﬁl + ﬁz E, + ﬁ3 Srr]~ (17)
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In Eq. (17), p2’, is the initial mass density per area of gra-
phene; f;, f,, and f; are scalars depending on graphene’s
DFT-based material fitting coefficients ¢; and principal
invariants I, of the strain and structural tensor [34]"

Pr=c I +c If+C9 If-l-Cla I,

ﬁz = —C + 2 cq + (3 C5 — 66)11 + (4 C7 — CQ)I%) (18)
Bs=c3+ci3 I,
with
I =E,, ©L=E cos(6¢p). (19)

S, refers to the anisotropic behavior and is the component
of the second-order tensor, S = 0I;/JE, reading as,

S, =3 EZ cos (6¢), (20)

characterizing the influence of the strain of E,, onto the
mechanical response of graphene.

Inserting (16) together with (17)-(19) into the power
expression (15) yields the virtual power of internal forces in
the following form

R2m
pint _ _szl,)oJJ [2¢4 E,y + 3(cs + ¢3 cos (6¢))EL,
00
Ou,(r) Ov,(r
+4(c7 + c13 cos (69))E2 | x [ 85 ) 8;(’ )} rdodr.
(21)

Substitution of the Green-Lagrange strain (10) results in

o [0 o (22

o sweoton (57

+

« [ptn 20

o o }rd(p dr.

1
2
(22)

2.4. Virtual power of external forces and formulation of
the PVP

Evaluating (4) for a membrane with outward normals N =
e;, with virtual velocity (8) and deformation gradient (13)
and (14) yields

R2m

pet — +JJ€7(X) -F-n(X) e, rdpdr
o @3)
=[50 (et + 2 0)) sty

Eq. (23) indicates that the membrane-specific degree of free-
dom ¥,(r) induces external Lagrangian stress resultants on
which power is produced, namely vertical Lagrangian sur-
face loads (dimension force per unit area), reading as

"The fitting coefficients within the used hyperelastic material model of
graphene are valid for Green-Lagrange strains between —0.03 and +0.28 [34,
Table 2].
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Figure 2. (a) Vertical surface load py,,(r) non-uniformly distributed over the entire membrane; (b) vertical surface load p, , uniformly distributed over a centered cir-
cular area of radius Rr; and (c) vertical single force P, , acting in the center of the membrane.

Ou,(r)
or

pL2(r) = 7w (r) + T2 (7). (24)
Substitution of (24) into the power expression (23) yields

the virtual power of external forces in the following form

2n

R
Pt = —I—J JpL (1) v.(r) r do dr. (25)
00

Regarding more complex loading cases, Eq. (25) can be
straightforwardly extended to membranes loaded by surface
loads per unit area p; ,(r) over the entire membrane, dis-
tributed forces p; , over the centered circular area of radius
Ry, and vertical single forces Py, acting at the center of the
membrane, see Figure 2. In this context, the virtual power
of external forces for a circular membrane subjected to axi-
symmetric loads reads as

R2m Ry 21
Pt — —I—J pLe(r)vo(r)rdodr+p, , J J V. (r)rdegdr
00 00
+PL,Z 1A’z(r)

(26)

Insertion of the expression for the virtual power of
internal forces (22) as well as of the expression for the vir-
tual power of external forces (26), into the PVP (1), yields

Pext + Pint
R2n Rp2n

— +JJPL’Z(r) Vo (r)rdodr +[)L,ZJ J V(r)yrdodr + Pp,v,(r)
00 00 -

BTN R —

a_()) [P 2500y

or or or

—I—%(w + c13 cos (6¢)) (
(27)

The PVP (27) is the basis for determining the unknown
deflection function u,(r). We therefore expand the latter
into a Fourier series, which leads to the so-called Galerkin
method, as described in Section 3.

3. Mathematical solution procedure

The PVP in the form (27) can also be used for constructing a
nonlinear algebraic system of equations giving access to the
deflection function u,(r). For this purpose, we resort to Navier
[37], representing the axisymmetric deflection function as a
series of trigonometric functions, that is, a Fourier series

N
r) = Zam Wi (1)

where a,, are unknown Fourier coefficients (amplitudes),
and w,, denote corresponding trigonometric functions read-
ing as

(28)

mryr

wp(r) = cos <—> for m=1,3,5... (29)

2R

Subscripts m refer to the number of waves related to the
trigonometric functions, with N,, as the total number of
employed deflection modes. Eq. (29) automatically ensures a
circular membrane with simply supported boundaries, that
is, deflection modes are zero for r=R: w,,(R) = 0.

Similar choices are made for the virtual velocities ¥,(r),
through introduction of ansatz functions identical to those
in Eq. (28),

N,

r) = Z a, wi(r) (30)
=1

with the virtual velocity coefficient ﬁt. Insertion of (28) and

(30) into Eq. (27) yields the following Galerkin-type solution

scheme

rPext + zpint
N, R2m Rp2m

:Zﬁ, JJpL,zw,rdqodr-i-ﬁL)ZJJwtrdqodr-i-PL,zw,
t=1 00 00 r=0

AN 3 s Ow )
2 Wi Wi
—pi OJJ [q (Zum —r) Z cs ~+ ¢3 cos 6go (Zam —>
N N
%(q + ¢13 cos (6¢)) <Zam %) :| (Zum %> % rdo dr}

—o.
(31)

After simplification, we further obtain a more suitable solu-
tion scheme



Pext 4 /Pint

Rr2m

|
M=
Q.
© S

0 00

JpL,Zwtrdqodr +ﬁL’Z‘[ Jwtrdgodr—i—PL)z wy
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r=0

Ow; Owy Ow; Ow,
-2 ! rd
np’"‘)c“,;:laja"a’J ar or or or |7
) (32)
3 p No Owj Owi. O Wy OWy, Owy
TG DL Gakman | o e T
js ks Iy myn=1 0
N,
o Owj Owy OwW; OWy Ow,, OWy Ows Ow,
RGOk ndy “sJEWﬁa—f"a—fa—fa—ﬁﬁ r
Jrky Iy myny gy s=1
=0.
Requiring validity of (32) for any combinations of the vir- Ran
tual coefficients 4, yields a nonlinear system of N, algebraic JJ pr.wirdedr, (37)
equations for the unknowns a,,, reading as 00

N
E a; ax alelt

=1

fi=VI+Vp+ V] -

Non
11
- Z aj Ak a1 Am An Mjklmnt
Jrky Iy myn=1
Nin
— Z aj G a1 A Gy g Gs M},gmnqxt =0, for t=1,3,..,N,
bk bmyn, gy s=1
(33)
with
Ow; Owy Ow; Ow,
MjIklr =27 piy c J 81’] o or or " dr, (34)

as the stiffness matrix elements associated to deformation
amplitudes of third power (see Appendix A, Eq. (A.4), for
analytical expressions concerning (34));

R
I 3 ,p Owj Owy OW; OWyy OWy, Oy
jklmnt = 2 TPmo | 5. A, A, 9,

81’ or Or Or Or Or

as the stiffness matrix elements associated to deformation
amplitudes of fifth power (see Appendix A, Eq. (A.5), for
analytical expressions concerning (35));

jklmngst —

= T Pmo 7 or Or Or Or Or Or Or 8r

0

1 2D J OWj Owg OW OWy, Ow,, OWy Ow 5Wt

(36)

as the stiffness matrix elements associated to deformation
amplitudes of seventh power (see Appendix A, Eq. (A.6), for
analytical expressions concerning (36));

as the load vector elements associated to general surface
loads acting on the entire membrane, respectively (see
Appendix A, Eq. (A.1), for analytical expressions concerning
(37), specified for constant and cosine-type loads);

Ry 2m

Vi :f)L,Z J J wyrdeodr,

00

(38)

as the load vector elements associated to the distributed load
acting over the centered circular area of radius Ry (see
Appendix A, Eq. (A.2), for analytical expressions concerning

(38));

th = Pp; W], (39)

as the load vector elements associated to single forces act-
ing in the center of the membrane (see Appendix A, Eq.
(A.3), for analytical expressions concerning (39)). The
corresponding approximative solution for u,(r) is more
accurate for a larger number N, of included series deflec-
tion members.

As regards solving the derived nonlinear multivariate sys-
tem of Eq. (33), we resort to the iterative Newton-Raphson
method [38] being defined as:

1(a) - f(ay), (40)

where  vector a; =[ay; a3,i,...,aNm,i]T contains  the
unknown amplitudes a,, ; for each iteration step i; vector
f= [ﬁ‘i,j},,-,...,ho,v]T contains each line ¢ of the nonlinear
system of equation according to (33); and J is the so-
called Jacobian matrix as the partial derivative of f with
respect to the amplitudes a. Thus, the elements of the
N; x Nj Jacobian matrix for iteration step i, when speci-
fied for (33), read as:

ap=a —J
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Ko

Figure 3. Circular graphene membrane with simply supported boundaries and radius R, subjected to (a) vertical load p, , distributed over a centered circular area
of radius Ry, (b) uniform vertical surface load p;,,, and (c) non-uniform vertical cosine-type load p;,,(r).
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Figure 4. Dimensionless deflections [u,/R] in circular graphene membrane, with simply supported boundary, subjected to a concentrated surface load
P, R/(pf,fo ¢) = 1.657 : (a) deflections in entire membrane, (b) deflections in r-z-plane, (c) convergence study of the dimensionless deflection located at r = 0
as a function of the number of deflection modes N,,,, and (d) corresponding computing time for results associated to one point of the plate.

3fn N i
Jji == —3Zak My =5 Y a8 3y M,
ky =1 kyl,myn=1
Nin

>

ky 1, my ny gy =1

a1 aj Ay Ay Ag ds M

=7 jklmngst *

(41)

According to the first iteration step, i =0, an initial estimate
for the amplitudes a, can be directly calculated using a
reduced system of equations, including deflection amplitudes
up to the third power, namely

N
1
> a0 ako ayo My, =
i l=1

for t=1,3,..,N;.

VItV + V] —
o (42)

Based on the initial estimate a;, the Newton-Raphson iter-
ation process (40) is repeated until convergence is reached.

4. Application to circular graphene membranes and
validation by means of AFM experiments

The structural problem (33)-(39) is now applied to the ana-
lysis of a free-standing circular graphene membrane of
R=500nm radius, simply supported at its boundary. In the
following, this membrane is subjected to different axisym-
metric mechanical loads as constant and cosine-type loads
pLz(r) over the entire membrane, respectively, as well as
distributed loads p; . over a circular area of radius Rr (see
Figure 3), each of them resulting in a force of F=500nN.
Corresponding results will be presented in a dimensionless
way, which does not only comprise the actual deformations
arising from the aforementioned material, structural, and
loading characteristics, but which reflects infinitely many
additional problems which are associated with different
membrane radii and different mechanical loads. In more
detail, we consider a dimensional analysis [40] of the deflec-
tion function (28) arising from the solution of (33), together
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o  experiment Lee (R = 500 nm)
membrane theory (R = 500 nm, Ry = 16.5nm)
— — —membrane theory (R = 500 nm, Ry = 27.5nm)

Figure 5. Validation of series-based solution procedure (33) according to Example 1 by experimental measurements, as provided by Lee et al. [3] using AFM

nanoindentation.

with (34)-(39). This yields the following dimensionless rela-
tions

U, U (7’ Rr ¢ ¢5 ¢; asz pr: R pL,zR>_ (43)

R R\R R'cicica e pPPycs pPPycy

Eq. (43) elucidates that the basic dimensionless functions
[u./R] depend on geometrical characteristics, in-plane stiff-
ness constants of graphene [34], and dimensionless quanti-
ties related to mechanical loadings, so as to deliver
dimensionless quantities related to deflections. These
relations, depicted in the format of [u,/R](r/R = Rr/R =
Gla=c/a=cla=casfa=p,  zR/(py,y ca)=py
z R/(pl, cs) = constant) in Figures 4, 6, and 7, are valid
for any rescaling R— AR, once r— Ar, Rr— ARy,

Pre = prz/l and py = py /2

4.1. Example 1/validation: Circular graphene membrane
subjected to a concentrated load

The circular membrane of radius R =500 nm is subjected to
a vertical load Pro which is distributed over the centered
circular area of radius Ry = 16.5 nm, see Figure 3(a). This
concentrated load represents the AFM tip used to indent the
graphene membrane in the experiment by Lee et al. [3]. In
this context, a circular graphene membrane of radius
R=500nm is subjected to the indenter tip, representing a
resulting force F acting on a circular area of radius Ry of
16.5nm and 27.5nm, respectively. The relation between the
Eulerian loading area dS and the Lagrangian loading area
dSo,

ds

S N: = detF
results in equivalent loading areas of the indenter, dSy = dS,
when considering detF =1 according to (13) and (14), as
well as a horizontal tangent of the aforementioned tip with
outward normals N, = n, = —1.

The approximative solution for the dimensionless max-
imum deflection [u,/R] located at r=0 can be regarded as
converged once N, =16 series members are employed,

(44)

see Figure 4(c). With Matlab version R2012b [41] running
on a computer AMD Phenom(tm) II X6 1090 T with 8 GB
RAM, this related to 24.4s computing time, see Figure
4(d). Considering corresponding fields, the maximal
deflections occur at the center of the membrane, see
Figure 4(a)-(b).

For validation of the obtained structural problem accord-
ing to (33)-(39), the resulting deflections stemming from
the concentrated load are transferred to force-displacement
curves up to a force F of 1000nN. Those curves are then
compared to the aforementioned measurements by Lee et al.
[3] performed with an atomic force microscope (AFM), see
Figure 5. Maximum differences between experimental meas-
urements and series-based results of the deflections u,
are as low as 027% for F=500nN, and 1.44%
for F=1000nN.

4.2. Example 2: Circular graphene membrane subjected
to an uniform surface load

The membrane is subjected to an uniform surface load
p1,z(r) = constant = p; ,, representing the deadload of a
graphene membrane for example, see Figure 3(b). The
approximative solution for the dimensionless maximum
deflection [u,/R] at the membrane’s center can be regarded
as converged once N,, =7 series members are employed, see
Figure 6(c). With Matlab version R2012b running on a com-
puter AMD Phenom(tm) II X6 1090 T with 8 GB RAM, this
related to 0.2s computing time, see Figure 6(d). Considering
corresponding fields, the maximal deflections occur at the
center of the membrane, see Figures 6(a)-(b).

4.3. Example 3: Circular graphene membrane subjected
to a cosine-type surface load

The membrane is subjected to a cosine-type surface load
pLz(r) =pr.cos(r m/(2 R)), representing an external
pressure for example, see Figure 3(c). The approximative
solution for the dimensionless deflection [u,/R] at the
membrane’s center can be regarded as converged once



8 R. HOLLER ET AL.

pr: R/(pao cs) =0.0018

0.072 0
0.054
S 0.036
)
0.018
(a)
0 L L L J
-1 -0.5 0 0.5 1
r/R
0.08 | PR
-, .
. o 0—o—0—o—0—e—o—e—e—9 QE) 20 7 //
< 0.07 /0/‘/ =15 ¢ b
~ vd " "/
$ g 10
= 0.06 g Jz
2 5
(© (@) 2 .
0.05 ; ; : ; : 8 0 e at
1 4 7 10 13 16 1 4 7 10 13 16
number of deflection modes IV, number of deflection modes N,

Figure 6. Dimensionless deflections [u,/R] in circular graphene membrane, with simply supported boundary, subjected to constant surface load py,,; R/(p22, ¢5) =
0.0018 : (a) deflections in entire membrane, (b) deflections in r-z-plane, (c) convergence study of the dimensionless deflection located at r = 0 as a function of the
number of deflection modes N,,, and (d) corresponding computing time for results associated to one point of the plate.
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Figure 7. Dimensionless deflections [u,/R] in circular graphene membrane, with simply supported boundary, subjected to a cosine-type surface load
Pz R/(pfn‘?0 ) = 0.0039 : (a) deflections in entire membrane, (b) deflections in r—z-plane, (c) convergence study of the dimensionless deflection located at r = 0
as a function of the number of deflection modes N,,,, and (d) corresponding computing time for results associated to one point of the plate.

N,, = 8 series members are employed, see Figure 7(c). related to 0.3s computing time, see Figure 7(d).
With Matlab version R2012b running on a computer Considering corresponding fields, the maximal deflections
AMD Phenom(tm) II X6 1090T with 8 GB RAM, this occur at the center of the membrane, see Figure 7(a)-(b).



5. Conclusion

The PVP, with rigorous discrimination of internal versus exter-
nal forces, was applied to the problem of a circular suspended
graphene membrane, simply supported at its boundary, and
subjected to different axisymmetric mechanical loads. As
regards material behavior of graphene, the DFT-based hypere-
lastic material model [34] was used, and the resulting Fourier
series-based nonlinear algebraic system of equations was solved
by the iterative Newton-Raphson method. The aforementioned
solution procedure also appears as an efficient and computa-
tional fast method for modeling specific mechanical problems
of graphene membranes. The numerical results are validated by
experimental measurements as presented by Lee et al. [3] using
AFM nanoindentation, being in good agreement up to large
deformations. We regard this as an interesting example for
energetically consistent formulations appearing as the basis for
particularly relevant and reliable solutions to the growing field
of the structural mechanics of graphene. Such an energetically
consistent theory is comparable to other nonlinear problems
regarding large deformations as the analyses of laminated com-
posite beams using the principle of virtual work and a finite
element approximation in a total Lagrangian manner [42]; of
inflated circular hyperelastic membranes based on the vari-
ational method including a Mooney-Rivlin strain energy [43];
and of the nonlinear vibration response of a neo-Hookean
membrane obtained by means of the Galerkin method [44].

Nomenclature

a; vector containing amplitudes a,, ; for each iteration step i
associated to Newton-Raphson method

A Fourier coefficient of deflection approximation

ar Fourier coefficient in approximation of virtual velocity

Gi DFT-based fitting coefficients for hyperelastic material model

d virtual Eulerian strain rate

e,e, e, base vectors of cylindrical coordinate system

E Green-Lagrange strain tensor

E,, normal component of E in the r-direction

E virtual Green-Lagrange strain rate

E, normal component of E in the r-direction

f volume force vector

R vector containing functions f} associated to
Newton-Raphson method

NR multivariate function of the nonlinear system of equations

F deformation gradient

F,, normal component of F in the r-direction

Fy, normal component of F in the ¢-direction

E,, normal component of F in the z-direction

E,, shear component of F in the r-z-plane

h effective thickness of graphene

i index of summation/of vector component

I, I3 principal invariants of the strain and structural tensor

J Jacobian matrix associated to Newton-Raphson method

Tiji elements of J for each iteration step i

j index of summation/of vector component

k index of summation/of vector component

) index of summation/of vector component

m index of summation/of vector component

My, “stiffness matrix element” associated to deformation ampli-
tudes of third power

M},{lmm “stiffness matrix element” associated to deformation ampli-
tudes of fifth power

Mg, “stiffness matrix element” associated to deformation ampli-

tudes of seventh power
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n index of summation/of vector component

n outward normal vector onto the boundaries of
deformed continuum

N outward normal vector onto the boundaries of

undeformed membrane

Ny, e internal normal force per unit length in the r-direction

N, number of Fourier series members approximating
the deflection

N; number of Fourier series members approximating the vir-
tual velocity

P, single force acting in vertical direction (z)

Pr. vertical surface load per unit area, acting over specific circu-
lar area

PLz vertical surface load per unit area, acting over
entire membrane

PVP principle of virtual power

Pt virtual power of external forces

pnt virtual power of internal forces

q index of summation/of vector component

r radial coordinate of the cylindrical coordinate system

R radius of the membrane

Ry radius of the surface load p; ,

S derivative of the principal invariant I; with respect to E

S component of $ in the r-direction, characterizing graphene’s

anisotropic material behavior
s index of summation/of vector component
t index of summation/of vector component
T traction vector
u displacement vector
u virtual displacement vector

U, deflection of the membrane

i, virtual deflection of the membrane

vV=1u virtual velocity vector

vz component of ¥ in the z-direction

VP “load vector element” associated to surface load acting on
entire membrane

Vip “load vector element” associated to surface load acting on
circular area

VP “load vector element” associated to single force

W mth deflection mode associated to 2D Fourier series
location vector throughout the deformed membrane

X location vector throughout the undeformed membrane

z vertical coordinate of the cylindrical coordinate system

P> B2, P53 scalar functions of the hyperelastic material model for graphene

A scaling factor

n second Piola-Kirchhoff stress tensor

Ty normal component of 7 in the r-direction

T, shear component of 7 in the r-z-plane

T, normal component of « in the z-direction

n2P normal component of 2D second Piola-Kirchhoff
stress tensor

P22, initial mass density per area of graphene

4 Cauchy stress tensor
> summation operator
Q azimuth of the cylindrical coordinate system
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Appendix A. Stiffness matrix and load
vector elements

In order to determine the unknown coefficients a,,, we have to solve
the system of algebraic equations (33) together with the corresponding
stiffness matrix and load vector elements (34)-(39), for the employed
trigonometric functions of type wy,(r), see (29). First, we provide the
load vector elements for any combinations of t =1, 3,...,N;:

(i)  Load vector element associated to the constant and cosine-type
surface load py,.(r) acting on the entire membrane:

R2m
VP = JJpsz,rd(pdr
00
4R* [nl sin (”7)72]
pre——=g  — pr=(r) =prz
={ pr. 2 %{4) for pro(r) = przcos (5%), t=1
8R[21 sin (5) 1] pr2(r) = przcos (55), t#1,
PL’ZW
(A1)

(i)  Load vector element associated to the distributed load p; , act-
ing over the centered circular area of radius Ry :

Rr 2m

Viz :ﬁL,Z [ [ wyrdeodr
00

4R[ntRT sin ( R ) — 4Rsin? (”éﬁTﬂ

5 (A2)

:ﬁL,z

(ifi)  Load vector element associated to single forces P, acting in
the center of the membrane:

Vi =Pr. w., =P (A3)

Next, we provide the stiffness matrix elements ML klt,Mjklmm, and

M]klmnrst’ for any combinations of j,k,I,m,n,q,s, and t up to the
chosen number of 16 deflection modes (with N,,, = 31) being sufficient

for various mechanical loading cases, see Section 4:

1.  Stiffness matrix elements associated to deformation amplitudes of
third power:
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dw; Owy, Ow; Ow,
1 2D j
M =27 Py € 4_' Or Or Or Or rdr
0

R
jkita® (. (jrm\ . (krm
=g [0 Gx ) (Gr
0
s (lrn)  (trm d
Sin 2R Sin 2R rar

pm 0 C4
- Rz Ajklt’
2.  Stiffness matrix elements associated to deformation amplitudes of
fifth power:

(A4)

for jkLt=1,3,..31.

3 ow; Owy Ow; Ow,, Ow,, Ow,
M2 gD Jifiiimi"; i
jkimnt =5 TPmo S T8 55 "ar ar or | O
0
3 ,p jklmntn’
_7pm,0 5 6
2 64 R
R

(A.5)

2D
_PmoSs ,u
- R4 jkimnt>

for j,kLmmnt=13,..3L

3. Stiffness matrix elements associated to deformation amplitudes of
seventh power:

R
o 0 J Ow;j Owy, Ow; Ow,y, Ow,, OWg Ows Owy v dr
jkimngst = Pm0 €T | T8 S 5 oy or or or or
jklmngstn®
=m0 56 s
R
J, jrm\ . (krn) . (lrn) . (mrm
X |sin (=) sin | =— | sin | — ] sin [ ——
2R 2R 2R 2R
0
. nrm\ . qrmy . Srm\ . trm
x sin [ —— | sin { =— ) sin ( — | sin | — | rdr
2R 2R 2R 2R
_pfnbo ¢ All
- RS jklmngst>
for j,k,I,m,n,q,st=13,..,3L
(A.6)
The dimensionless stiffness matrix elements Ajklt,A e and A},gmnqst

are provided in form of an electronic data set for up 16 deflection
modes, see Supplementary material. Since the trigonometric functions
of form sin (jrn/(2R)), appearing in (A.4)-(A.6), are of similar shape,
the ordering of the matrix indices can be chosen arbitrarily. Thus, it is
sufficient to calculate matrix elements for indices in descending order,
j>k>1>m>n>q>s>t which then can be used for any other
chosen ordering of the indices.>

%For example, one obtains identical results for dimensionless stiffness matrix
elements Al with indices of form A%, = Ay, = A3, = Alyy5. The same

g
holds for the matrix elements A}klmm and Aj e
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