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In this paper, first we introduce the notion of proximally weakly com- Received 9 December 2019
patible mappings and we extend the CLRg property (CLRg-Common  Revised 4 March 2020

limit in the range of g) to the case of non-self mappings. Then Accepted 8 March 2020

we prove the existence of proximally coincident point for this new  yevworps

class of mappings with the assumption of proximal CLRg property Best proximity points; fixed
in fuzzy metric space. Further, we establish new common best prox- points; weakly compatible
imity point result for proximally weakly compatible mappings in the mappings; fuzzy metric space
setting of fuzzy metric space.

1. Introduction and Preliminaries

Fixed point theory is one of the most powerful and fruitful tools in nonlinear analysis and it
has many applications in optimisation theory, economics, control theory and game theory.
So, the researchers showed more interest to prove fixed point theorems for different kind
of contractions in different domains and spaces. Later on, the study of notion of common
fixed points of mappings satisfying certain contractive conditions gets attention by many
researchers. In the sequel, in 1982, Sessa [1] proved the results on existence of common
fixed points for weakly commuting pair of mappings in metric space. Further, Jungck [2]
extended the concept weakly commuting pair of mappings to compatible mappings and
obtained theorems for common fixed points in metric space. In 1996, Jungck [3] studied
the notion of weakly compatible mappings to find fixed point results for set-valued non
continuous mappings.

In case of non-self mappings, there is no assurance for the solution of fixed point
equation fx = x. In this situation, one often tries to find an element x such that x is closest
to fx. Such a point is called best proximity point. The best proximity point theorems pos-
sess the sufficient conditions that ensure the existence of approximate solutions for fixed
point equations. For existence of best proximity point theorems in metric space, one can
refer [4-7].

On the other hand, Zadeh [8] introduced the concept of fuzzy sets and studied some
properties of fuzzy sets and its membership values. Later, George and Veeramani [9] intro-
duced the fuzzy metric space and proved some basic results of metric spaces in the setting
of fuzzy metric space. Fang [10] proved the theorems on common fixed point under
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¢-contraction for compatible and weakly compatible mappings in Menger probabilistic
metric space. Xin-Qi Hu [11] gave common coupled fixed point theorems for mappings
under ¢-contractive conditions in fuzzy metric spaces and these results are generalisation
of S. Sedghi et al. [12]. Later on, Aamri and Moutawakil [13] gave the concept of E. A prop-
erty for mappings in metric space and derived results on existence of unique common fixed
point for weakly compatible pairs. The notion of CLRg(Common limit in the range of g)
property introduced by Sintunavarat and Kumam [14] to prove existence of common fixed
point for weakly compatible mappings in fuzzy metric spaces in the sense of Kramosil and
Michalek and in the sense of George and Veeramani. Then, M. Jain et al. [15] extended the
concept of E. A property and (CLRg) property for coupled mappings and proved theorems
on common fixed point for weakly compatible maps in fuzzy metric spaces, which are gen-
eralisation of the results in [11]. Recently, in [16], the authors derived new common fixed
point theorems for weakly compatible mappings in fuzzy metric space using CLRg property
and deduced some corollaries. These results extend the corresponding results in [15]. In the
case of non-self mappings on fuzzy metric space, recently, the researchers desire to prove
the existence and uniqueness of best proximity point for different kind of contractions. For
more details, we refer [17-20].

In the light of above works, we are motivated to think that how one can get common
fixed point for non-self weakly compatible mappings. In case of non-self mappings, one
can identify that we cannot get common fixed point. At this moment, to find approximate
common fixed point (called common best proximity point) we extend the notions weakly
compatible mappings and CLRg property to the case of non-self mappings. So, in this
research work, first we define the notions proximally weakly compatible and proximal CLRg
property for non-self mappings in fuzzy metric space. Using this proximal CLRg property, we
establish the existence of common best proximity point for proximally weakly compatible
mappings in the setting of fuzzy metric space. The proposed results in this article generalise
and extend some of results in [16].

First, we recall the following terminologies from the work of [9,11,21]:

Definition 1.1: [9] A binary operation *:[0,1] x [0,1] — [0, 1] is called a continuous
t-norm if itsatisfies the following conditions:

(i) *is commutative, continuous and associative;
(i) ax1=aforallael0,1];
(iii) axb < c*xdwhenevera <candb < d,foralla,b,cd e [0,1].

Definition 1.2: [9] A fuzzy metric space is an ordered triple (X, M, ) such that X is a
(nonempty)set, * is a continuous t-norm and M is a fuzzy set on X x X x [0, co) satisfying
the following conditions, forall x,y,z € X,s,t > 0:

(i
(ii

(iii

M(x,y,0) = 0;
M(x,y, t) > 0;
M(x,y,t) = 1ifand only ifx = y;

)
)

)
(lV) M(lel t) = M(ylxr t);
(v) M, y,t) «M(y,z,5) < M(x,z,t +s);
(vi) M(x,y,.) : (0,00) — [0, 1]is continuous;
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(vii) M(x,y,.) :[0,00) — [0, 1]is left continuous.

In the Definition 1.2, if we assume the conditions (i), (iii), (iv), (v), (vii) then the triple
(X, M, %) is called a KM fuzzy metric space (in the sense of Kramosiland Michalek) and if we
assume the conditions (ii), (iii), (iv), (v), (vi) then the triple (X, M, x) is called a GV fuzzy metric
space (in the sense of Georgeand Veeramani).

For convenience, we denotead” = a*ax...xa,foralln e N.

n times

Definition 1.3: [9] Let (X, M, ) be a fuzzy metric space, then a sequence {x,} in X is said to
be convergent to x if

lim M(xp, x,t) =1
n— oo
forallt > 0.

Definition 1.4: [21] For each a € [0, 1], the sequence {*"a}>° , is defined by x'a = a and
x"a = (+""'a) x a. A t-norm x is said to be of H-type if the sequence of functions {x"a}>°
is equicontinuous ata = 1.

Definition 1.5: [11] Define ® = {¢ : RT — R*}, where RT =[0,00) and each ¢ € ®
satisfies the following condition:

(¢ — 1)¢ is nondecreasing;
(¢ — 2)¢ is upper semicontinuous from the right;
(@ —3) Y 2o @"(t) < coforallt > 0, where ¢" ' (t) = ¢ (¢"(t)),n € N.

Itis easy to prove that, if € ®,then ¢(t) < tforallt > 0.

Here, we remind the notion of fuzzy distance in fuzzy metric space. Let A be a nonempty
subsets of a fuzzy metric space (X, M, x). The fuzzy distance of a point x € X from a
nonempty set A for t > 0 is defined as

M(x, A, t) = supzeaM(x, a,t),
and the fuzzy distance between two nonempty sets A and B for t > 0 is defined as

M(A, B, t) = sup{M(a,b,t) :ac A b e B}.

Definition 1.6: [18] Let A and B be two nonempty subsets of a fuzzy metric space (X, M, x).
We define Ag and By as follows:

Ao ={x € A:M(x,y,t) = M(A B,t) forsomey e B,Vt > 0},
By ={y € B: M(x,y,t) = M(A,B,t) forsomex € A,Vt > 0}.

We extend the Definition 1.1 in [16] in the setting of fuzzy metric space.

Definition 1.7: Let A and B be two nonempty subsets of a fuzzy metric space (X, M, %) and
letf: A — Bandg:A — B.We say the element x € A if proximally coincident point if

M(u,f(x),t) = M(A, B, t) = M(u,g(x),t),

forsomeu € Aandforallt > 0.
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Example 1.8: Let X = R? with usual metric d((ai, a2), (b1,b2))=\/(a1 —b1)?+(as — by)?
and consider A={(0,b):0<b <1} and B={(1,b) : 0 < b < 1}. And we define fuzzy
metric on X x X x [0,00) by M(x,y,t) = (t/t + d(x,y)). So we get M(A,B,t) = (t/t + 1).
Now we define f : A — B by f(0,b) = (1,b%) and g : A — B by g(0,b) = (1,(b/2)). Then
clearly, we have

M((0,1/4),f(0,1/2),t) = M(A, B, t) = M((0,1/4),9(0,1/2), ).
So the point (0, 1/2) € A is proximally coincidentof f and g.

Definition 1.9: [18] Let A and B be two nonempty subsets of a fuzzy metric space (X, M, x)
andletf: A — Bandg : A — B.We say the element x € Ais commonbest proximity point if

M(x, f(x), t) = M(A, B, t) = M(x, g(x), t)

2. Main Results
In this section, first we define proximal CLRg property for non-self mappings which extends

the definition (CLRg property) as in [16].

Definition 2.1: Let (X, M) be a fuzzy metric space under some continuous t-norm*. Two
mappingsf, g : A — Bare said to have the proximal CLRg property if there exists a sequence
{xn} € Aand a point z € A with

M(up, fxn, t) = M(A, B, t) = M(vn, gxp, t),
M(r, fz,t) = M(A, B, t) = M(s, gz, t)
such that
up — sandv, — s,

where up, vp, 1,5 € AVt > 0.

Example 2.2: Let X = R? with usual metric d((aj, a2), (b1,b2))=\/(a1 —b1)?+(ay — by)?
and consider A ={(—2,b):0<b<1}U{(1,b):0<b<1}andB={(-1,b):0<b <1
}U{(0,b) : 0 < b < 1}. And we define fuzzy metricon X x X x [0, 00) by M(x,y, t) = (t/t +
d(x,y)).So we get M(A, B, t) = (t/(t + 1)). Now we definef : A — Bby

(-=1,1/2), b=0
1

1

(=1,6—-1/2),1/2=<b =1

1
(011)1 5<b§
andg:A — Bby
1
(0,——%) 0<b=<2/3
g9(1,b) = 2 4 » 9(=2,b)=(-1,1-b/2) 0<b<1.
©, 1), 2/3<b<1

Now we consider the sequence {x,}=1{(1,1/n)} for n>2 and z=(1,0). So we
have M((—2,1/2),fz,t) = M(A,B,t) = M((1,1/2),gz,t). Here f(1,1/n) = (0,1/n+ 1/2).
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Therefore we obtain the sequence {u,} = (1,1/n 4+ 1/2) such that M(up, fxn, t) = M(A, B, t).
Clearlyu, — (1,1/2) asn — oo.And alsog(1,1/n) = (0,1/2 — 3/4n). Therefore we obtain
the sequence {v,} = (1,1/2 —3/4n) such that M(v,, gx,, t) = M(A,B,t). Clearly v, —
(1,1/2)asn — oo.

Next, we introduce a new class of non-self mappings, called proximally weakly compat-
ible mappings in the setting of fuzzy metric space.

Definition 2.3: The mappingsf,g: A — Bare proximally weakly compatible if
M(u, fx, t) = M(A, B, t) = M(v, gx, t)

then gu = fv,forall x,u,v € A, vVt > 0.

Example2.4: LetX = {(0,1),(1,0),(—1,0), (0, —1)} with usual metricd((as, az), (b1, b2))=
\/(01 — b1)? + (a2 — by)? and weconsider A = {(—1,0), (0, 1)},B = {(0,—1),(1,0)}. And
we define fuzzy metric on X x X x [0,00) by M(x,y,t) = (t/(t + d(x,y))). So we get
M(A,B,t) = (t/(t ++/2)). Now define f:A— B by f(a,b) = (b,a) and g:A— B by
g(a, b) = (—a, —b). Now we justify proximally weakly compatible of f and g, via following-
possibilities:

t
M((=1,0),f(—=1,0),t) = /
(( ) f( ), t) .
t
M 011 ’ _110 It = ’
((0,1),9( ), 1) .
then we getg(—1,0) = (1,0) = f(0,1) and
M((01)f(01)t)—;
! U I ! _t_i_\/zl
t
M((—=1,0),g9(0,1),t) = ,
(( ),9(0,1),1) .

then we getg(0,1) = (0, —1) = f(—1,0). Then f and g are proximally weakly compatible.

Remark 2.5: In the above definition, suppose we assume A = B, then clearly one can iden-
tify that M(A, B, t) = 1. This implies that u = fx and v = gx. Then the Definition 2.3 reduces
to weakly compatible mappings in [16].

The following existence theorem of coincident point and common fixed point for
mappings using CLRg property were discussed in [16].

Lemma 2.6: [16] Let (X, M) be a fuzzy metric space under some continuous t-norm* and let
f,g : X — X be mappings having the CLRg property, that is, there is a sequence {x,} C X and
z € X such that fx, — gz and gx, — gz. Assume that there exist N € N and ¢ : (0,00) —
(0, 00) such that ¢ (t) < tforallt € (0,00) and M(fx, fy, ¢ (t)) > x"M(gx, gy, t) forall x,y € X
andallt > 0.Then fz = gz, that is, f and g have a coincidence point.

Definition 2.7: [16] Define @’ the family of all functions ¢ : (0, 00) — (0, 00) such that the
following properties are
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(¢'1)0 < ¢(t) forall t > 0.
(¢'3) lim ¢"(t) = Oforallt > 0.

By condition (¢’,) implies ¢ (t) < tforallt > 0.Clearly, ® C @'.
y 2

Theorem 2.8: [16] Let (X, M, %) be a fuzzy metric space such that * is continuous t-norm of
H-type and letf,g : X — X be weakly compatible mappingshaving the CLRg property. Assume
that there exist ¢ € ® and N € N such that

M(fx, fy, ¢ () > *"M(gx, gy, t)

forallx,y € Xand allt > 0.Then f and g have a unique common fixed point.
First, we prove existence of proximally coincident point for mappings using CLRg property
which improves the Lemma 2.6 and it helps to prove our main result.

Lemma 2.9: Let (X, M) be afuzzy metric space under some continuous t-norm *and letf : A —
Bandg : A — Bbe mappings having proximal CLRg property and there exists ¢ € ® satisfying

MWV, o) = MM, v, t)

provided

M(uf, f(x),t) = M(A B, t) = M(ug,g(x), b),
M f(y), ) = M(A, B,t) = M(V9,g(y), 1),

forallx,y, uf,vf,u9,v9 € AVt > 0.Then there exist z € A such that
M(u, fz,t) = M(A,B,t) = M(u,gz,t)

forsomeu € A.

Proof: Since the pair (f, g) satisfies proximal CLRg property there exist a sequence {x,} C A
and a point z € A with

M(unr anl t) = M(Al B: t) = M(Vnr anl t)l

M(r,fz,t) = M(A, B, t) = M(s,gz, t)
such that
u, — sandv, — s.
Forall n € N, we have M(up, r,.) is non-decreasing function, then

M(Unrrr t) 2 M(Um r1¢(t))

> «MM(vp, s, t).



FUZZY INFORMATION AND ENGINEERING 7

As v, — s, we have M(vp, s, t) — 1.Since % is continuous then
lim M(u_n,r,t) > lim *NM(vn,s, t)
n— o0 n—o0
- *’V[ lim M(v_n,s, t)]
n— oo
=N =1,
Therefore, we obtain u, — r. By uniqueness of limit we getr = s. Then
M(r,fz,t) = M(A, B, t) = M(r, gz, t).

Now we prove the following existence theorem on common best proximity point for
proximally weakly compatible mappings using proximal CLRg property. |

Theorem 2.10: Let (X, M) be a fuzzy metric space under some continuous t-norm * of H-type
andletf : A — Band g : A — Bbe mappings havingthe proximal CLRg property with f(Ag) C
Bo. Assume that there exist € ® and N € N satisfying

MV, b (0) = M9, VI, t)

provided
M, f(x), t) = M(A, B, t) = M9, g(x), 1),
MO f(y), t) = M(A, B, t) = M(V9,g(y), 1),

for all x,y, uf v u9,v9 € A vt > 0. Suppose the pair (f,g) is proximallyweakly compatible,
then there exists a unique z € A such that

M(z, fz,t) = M(A, B, t) = M(z,gz,t).
Proof: Since the pair (f, g) satisfies CLRg property there exist a sequence {x,} C Aand a
point z € A with

M(unr anl t) = M(Al B: t) = M(Vnr anl t)l

M(r, fz,t) = M(A, B, t) = M(s, gz, t)
such that
Up—>s and v, —>s.

Then by Lemma 2.9, r = s. Therefore z is proximally coincident point of f and g. That
is, M(r,fz,t) = M(A, B, t) = M(r, gz, t). Since the pair (f,g) is proximally weakly compati-
ble then fr = gr. Since f(Ag) C By then there exists r’ such that M(r, fr,t) = M(A,B,t) =
M(r',gr,t). Now we prove that r' =r. For, fix ¢,t > 0 arbitrary. As x is of H-type, there
exists n € (0,1) such that if a € (1 — n, 1] then ¥™a > 1 — ¢ for all m € N. We know that
lim¢_ oo M(r,z, t) = 1, so there exists ty > 0 such that M(r,z,t_0) > 1 — 5. Therefore, we
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have that «™M(r, z, to) > 1 — € for all m € N. We note that, M(r',r, ¢ (ty)) > *"M(r, 1, to).
Similarly, we can obtain

M, r, % (to)) = «"M(r',r, ¢ (t0))
> MM 1, to).
In general, we have M(7, r, p¥(ty)) > *NkM(r/, r,to) forallk € N.

As ¢ € @/, then ¢K(ty) — 0.Also, as t > 0, there is ko € N such that ko (ty) < t.
It follows,

M, 1,0) > M(F,r, 6% (o)) = VM, 1, to) > 1 —e.

Since ¢, t > 0are arbitrary, we deduce that M(r',r,t) = 1forallt > 0.Thenr’ = r.Hence we
get M(r, fr,t) = M(A, B, t) = M(r, gr, t). In the same manner, we can prove the uniqueness of
common best proximity point.

The following example illustrates the above theorem. |

Example 2.11: Let X = R? with usual metric d((ay, a2), (b1, b)) = \/(01—b1)2 + (az—b2)2
and consider A = {(0,b) : 0 < b < co}and B = {(1,b) : 0 < b < oo}. And we define fuzzy
metric on X x X x [0,00) byM(x,y,t) = (t/t + d(x,y)). Then (X, M) is a fuzzy metric space
under x(a, b) = min{a, b}. One can identify M(A, B,t) = (t/t + 1). Now we definef : A — B
by

(1,1, 0<b<1
f(0,b)=3(1,b), 1<b<3,

(1,4 3<b
andg:A — Bby
g(0,b) =1(1,10—3b), 1<b<3.
1mn 3<b

Now we consider the sequence {x,} = {(0, (5n — 4/2n))} for n > and z = (0,5/2). So
wegetM((0,5/2),fz,t) = M(A,B,t) = M((0,5/2), gz, t).Here we have (0, ((5n — 4)/2n)) =
(1,((5n — 4)/2n)). Therefore we obtain the sequence {u,} = (0, ((5n — 4)/2n)) such that
M(up, fxn, t) = M(A, B, t). Clearly u, — (0,5/2) as n — oo. And also g(0, ((5n — 4)/2n)) =
(1,170 — ((15n — 12)/2n). Therefore we obtain the sequence {v,} = (0,10 — ((15n — 12)/
2n)) such that M(vp, gxp, t) = M(A, B, t). Clearly v, — (0,5/2) as n — oc. It shows f and g
have proximal CLRg property. By assuming ¢ (t) = (t/4) for all t> 0, one can easily ver-
ify that f and g agree the proximal contractive condition (1) for any N € N. Also we can
observe f and g are proximally weakly compatible. Then f and g have a unique common
best proximity point (0,5/2) in A.

Acknowledgments

The authors would like to thank the National Board for Higher Mathematics (NBHM), DAE, Govt. of
India for providing a financial support under the grant number 02011/22/2017/R&D 11/14080.



FUZZY INFORMATION AND ENGINEERING e 9

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

This work was supported by National Board for Higher Mathematics: [grant number 02011/22/2017/
R&D 11/14080].

Notes on contributors

V. Pragadeeswarar was born in 1986 in Tamil Nadu, India. He received Master, MPhil and PhD
degrees in Mathematics from Bharathidasan University, Trichy in 2009, 2010 and 2015, respectively.
Currently, he is an Assistant Professor (Sr. G) in the Department of Mathematics, Amrita School of
Engineering, Amrita Vishwa Vidyapeetham, Coimbatore, India. He has published 10 research papers
in international journals.

R. Gopi received Master and MPhil degrees in Mathematics from Bharathidasan University, Trichy in
2011 and 2012, respectively. Now, he is a PhD student in Department of Mathematics, Amrita Vishwa
Vidyapeetham, Coimbatore, India.

ORCID
V. Pragadeeswarar © http://orcid.org/0000-0002-4500-7375

References

[1] SessaS.On aweak commutativity condition in fixed point considerations. Publ Inst Math (Belgr).
1982;34(46):149-153.
[2] Jungck G. Compatible mappings and common fixed points. Int J Math Math Sci. 1986;9(4):
771-779.
[3] Jungck G, Rhoades BE. Fixed points for set valued functions without continuity. Indian J Pure
Appl Math. 1998;29(3):227-238.
[4] Abkar A, Gabeleh M. Best proximity points for cyclic mappings in ordered metric spaces. J Optim
Theory Appl. 2011;150(1):188-193.
[5] Abkar A, Gabeleh M. Generalized cyclic contractions in partially ordered metric spaces. Optim
Lett. 2011;6:1819-1830.
[6] Al-Thagafi MA, Shahzad N. Convergence and existence results for best proximity points. Nonlin-
ear Anal. 2009;70:3665-3671.
[7] Eldred A A, Veeramani P. Existence and convergence of best proximity points. J Math Anal Appl.
2006;323:1001-1006.
[8] Zadeh LA. Fuzzy sets. Inform and Comput. 1965;8:338-353.
[9] George A, Veeramani P. On some results in fuzzy metric spaces. Fuzzy Sets Syst. 1994;64(3):
395-399.
[10] FangJX.Common fixed point theorems of compatible and weakly compatible maps in Menger
spaces. Nonlinear Anal. 2009;71:1833-1843.
[11] Hu XQ. Common coupled fixed point theorems for contractive mappings in fuzzy metric spaces.
Fixed Point Theory Appl. 2011;2011(1):363-716.
[12] Sedghi S, Altun |, Shobe N, et al. Coupled fixed point theorems for contractions in fuzzy metric
spaces. Nonlinear Anal. 2010;72:1298-1304.
[13] Aamri M, EI Moutawakil D. Some new common fixed point theorems under strict contractive
conditions. J Math Anal Appl. 2002;270(1):181-188.
[14] Sintunavarat W, Kumam P. Common fixed point theorems for a pair of weakly compatible
mappings in fuzzy metric spaces. J Appl Math. 2011;2011(14). Article ID 637958.


http://orcid.org/0000-0002-4500-7375

10 V. PRAGADEESWARAR AND R. GOPI

[15] Jain M, Tas K, Kumar S, et al. Coupled fixed point theorems for a pair of weakly compatible maps
along with CLRg property in fuzzy metric spaces. J Appl Math. 2012;2012(13). Article ID 961210.

[16] Roldan-Lépez-de-Hierro AF, Sintunavarat W. Common fixed point theorems in fuzzy metric
spaces using the CLRg property. Fuzzy Sets Syst. 2016;282:131-142.

[17] Saha P, Guria S, Choudhury BS, et al. Determining fuzzy distance through non-self fuzzy contrac-
tions. Yugosl J Oper Res. 2019. https://doi.org/10.2298/YJOR180515002S.

[18] Shayanpour H, Nematizadeh A. Some results on common best proximity point in fuzzy metric
spaces. Bol Soc Parana Mat. 2017;35:177-194.

[19] Vetro C, Salimi P. Best proximity point results in non-Archimedean fuzzy metric spaces. Fuzzy Inf
Eng. 2013;5(4):417-429.

[20] Abbas M, Saleem N, De la Sen M, et al. Optimal coincidence point results in partially ordered
non-Archimedean fuzzy metric spaces. Fixed Point Theory Appl. 2016;2016(1):44.

[21] Zhu X-H, Xiao J-Z. Note on “coupled fixed point theorems for contractions in fuzzy metric spaces”.
Nonlinear Anal. 2011;74:5475-5479.


https://doi.org/10.2298/YJOR180515002S

	1. Introduction and Preliminaries
	2. Main Results
	Acknowledgments
	Disclosure statement
	Funding
	ORCID
	References

