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1. Introduction

When we study a subject, we always encode its information and decode the received infor-
mation, this is what the classical code theory deals with, and the information which we
handle are certain. However, for uncertain information, the classical code theory has less
efficient methods. Since fuzzy mathematics has nice applications when dealing with fuzzi-
ness, we try to use the methods of fuzzy mathematics to conduct fuzzy information. The
notion of fuzzy subsets was first developed by Zadeh [1] in which imprecise knowledge
can be used to define an event. The importance of fuzzy sets comes from the fact that it
can deal with imprecise and inexact information. The concept of fuzzy modules was intro-
duced by Negoita and Ralescu [2] while the notion of fuzzy submodule was introduced by
Maschinchi and Zahedi [3]. Shum and De Gang [4] introduced the concept of fuzzy linear
code over finite fields.

If the data from the information channel is uncertain, then the ordinary method of
decoding can not deal with it. For instance, let ¢ be an information of the subject that
we study. Since the data from the information channel is uncertain, we can not make sure
wether or not the subject (to the arrival) has this information again. We only can estimate
the degree of which it possesses the information ¢ and assign a corresponding degree in
[0,1]. If for every information there is such a number corresponding to it, then we can get a
fuzzy subset A of the block code, we call it the fuzzy code.

In this paper, we mainly define the fuzzy linear code and fuzzy cyclic code over the ring
Zpk. We also use the fuzzy generalised Gray map to define Z «-fuzzy linear codes and we
study the basic properties of all these types of codes.
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2. Preliminaries

In this section, we shall formulate the preliminary definitions and results that are required
in the sequel (for references see [2,5]).

Definition 2.1: Let S be a non-empty set.
A fuzzy subset A of Sis a function of S into the closed interval [0, 1].

Definition 2.2: Let Sbe anon-empty set with an additive and multiplicative operation, and
let A and B be two fuzzy subsets of S. Then:

(AN B)(x) = min{A(x),B(x)}, forallx € S.

(AU B)(x) = max{A(x),B(x)}, forall x € S.

A = Bifand only if A(x) = B(x), forall x € S.

(A+B)(x) = max{A(y) AB(2) | x =y + zwithy,z € S}, forall x € S.
(AB)(x) = max{A(y) A B(z) | x = yzwithy,z € S}, forall x € S.

A C Bifand only if A(x) < B(x), forallx € S.

From now on (R, +, -) will denote a commutative unitary ring or simply Zpk, wherepis a
prime integerand k € N, k # 0.

Definition 2.3: A R-module M consists of an abelian group (M, @) and an operation * : R x
M — M (called scalar multiplication, usually just written by juxtaposition, i.e. as rx instead
of r x xforr € Rand x € M) such that forallr,s € R, x,y € M, we have

@ rxey) =mory,

(b) (r+s)x=rxo sx,

(@ (rs)x = r(sx),

(d) 1gpx = x where 1y is the multiplicative identity of the ring R.

From [6,7] we recall the following definition in the fuzzy linear space.

Definition 2.4: A fuzzy subset X of a R-module M is called a fuzzy submodule of M if for all
x,y € Mandr € R, we have.

(@ X(x@®y) = min{X(),X(¥)}.
(b) X(rx) > X(x).

Remark 2.5: If X is a fuzzy submodule of M, then from b) in Definition 2.4 follows (V x €
M)(X(0) = X(x)).

Definition 2.6: Let A be afuzzy subset of anonempty set M.Fort € [0, 1], thesetsA; = {x €
M:A(x) > t}andA; = {x € M : A(x) < t} are called the upper t-level cut and lower t-level cut
of A, respectively.

Proposition 2.7: Let M be a R-module. A nonempty subset N of M is a submodule of M if and
only if the characteristic function of N is a fuzzy submodule.
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Proposition 2.8: Ajsafuzzy submodule of aR-module Mifand onlyifforalla, B € R,x,y € M,
we have A(ax @ By) > min{A(x),A(y)}.

Proof: The proof is similar to the one for fields in [4], just change a field by ring. |

Definition 2.9: A fuzzy subset / of a ring R is called a fuzzy ideal of Rif for each x,y € R:

@ Ix—y) = min{l(x),I(y)}.
(b) I(x-y) = max{l(x),I(y)}.

Let G be a group and R a ring. We denote by RG the set of all formal linear combinations
oftheforma =}/ dgg (Whereag € Rand ag = 0 almost everywhere, thatis only afinite
number of coefficients are different from zero in each of these sums).

Leta =) cgaggand B =3, ;bggin RG. We define their sum in RG componentwise
by:a + B = }_4c6(ag + bg)g and their product by: e = 3o . dgbagh.

With the operations above, RGis a unitary ring, with 1 = deG ugg where the coefficient
corresponding to the unit element of the group is equal to 1 and ug = 0 for every other
elementg € G.

We can also define a product of elements in RG by elements A € R as A(deG agg) =

deGO‘ag)g‘

Definition 2.10: The set RG with the operations defined above is called the group ring of G
over R, if R is commutative, then RG is called the group algebra of G over R.

Definition 2.11: Let A be a fuzzy subset of the group ring (RG) which is the group algebra

of (x) over the ring Zpk, note that x is an invertible element of Zpk. If forall o, B € RG,

(@ A(a.f) = max{A(a),A(B)};
(b) Ala — B) = min{A(a),A(B)},

then A is call a fuzzy ideal of RG.

Proposition 2.12: A s a fuzzy ideal of RG if and only if for all t € [0, 1], if A; # @, then A is an
ideal of RG.

Proof: The proof follows from the transfer principle in [8]. ]

Definition 2.13: Let n be an integer. A linear code of length n over Zpk is a submodule of
z",.
p

In contrast to vector spaces, modules do not admit a basis in general. However modules
possess a generating family and therefore a generating matrix, but the decomposition of
the elements with respect to this family is not necessarily unique.

Definition 2.14: A generating matrix of some linear code over Lk is @ matrix in M(Zpk),
where the lines are the minimal generating family of code.
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Definition 2.15: Let Cox and C;k be two linear codes over Lk with generating matrices G
and G’ respectively. The codes Cpr and C”)k are equivalent if there exists a permutation matrix
P, such that G’ = GP (the product of the two matrices G and P).

Definition 2.16: Let Cpk be alinear code of length n over Zpk, the dual of the code Cpk which
we denote by C;( is the submodule of ng defined by: C;_ = {alforall b € C, (a,b) =0},
where (, ) is the inner product.

Remark 2.17: C;( is also a linear code over Zpk.

Definition 2.18: A linear code C« of length n over Z is cyclic if it is invariant by the shift
map s, define by s((ag, ..., an—1)) = (an—1,d0,...,an—2). i.e.if (ag,...,dn—1) € Cpk, then
s((ag,...,an_1)) € Cpk.

3. Fuzzy Linear Code Over Z«

Inthis section are defined and studied fuzzy linear linear code over the Galois ring Z . There
are also characterised by using the transfer principle [8].

Definition 3.1: Let M = ng be a Zx-module. A fuzzy submodule A of M is called a fuzzy
linear code of length n over Z .

Example 3.2: Let Z4 be aring, then Z4 is a Z4-module.

LetA : Zs — [0, 1] be the map such that A(0) = A(1) = A(2) = A(3) =t (t € [0, 1]), then
Ais afuzzy subset of Za. Itis obvious that A is a fuzzy Z4-module. Therefore A is a fuzzy linear
code over Zj.

Proposition 3.3: Let A be a fuzzy subset of Z",.
p

A is a fuzzy linear code of length n over Zpk ifand only if forany t € [0, 1], if A¢ # 0, then A;
is alinear code of length n over Z.

Proof: Use the transfer principle in [8]. [ |

Corollary 3.4: Let C be a subset of Z;k.
Cis alinear code of length n over Lk ifand only ifthe characteristic function xc of Cis a fuzzy
linear code over Z.

Proposition 3.5: Let A be a fuzzy subset of sz.
A'is a fuzzy linear code of length n over Z if and only if the characteristic function of any
upper t-level cut A; # @ fort € [0, 11is a fuzzy linear code of length n over L.

Proof: Uses Proposition 3.3 and Corollary 3.4. |
Remark 3.6: We remark the following:

(i) Inthe Example 3.2, A; = Z4 (forall t € [0, 1]) which is a linear code over Zg4.
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(i) If M is a module over the ring Zpk and A a fuzzy linear code A on M such that V x € M,
A(x) = t (where t € [0, 1]), then A is called the trivial fuzzy linear code over L.

Example 3.7: Consider a fuzzy subset A of Z4 as follows:

1 ifx=0;

1
A:Z4—[0,1], x> 11

— ifx=2;

3

1

- ifx=3.

3

Then A is a fuzzy submodule of the Zs-module Z4, hence A is a fuzzy linear code over Zj4.

Remark 3.8: Let A be a fuzzy linear code of length n over Z . Since sz is a finite set, the
image Im(A) = {A(x) | x € ng} is finite as well. Assume that all elements in Im(A) satisfy:

ty >ty > -+ >ty (wheret; € [0, 1]) i.e.Im(A) has m elements. Since Ay, is a linear code over
Zpk, let Gy, be its generator matrix. Thus A can be determined by m matrixes G¢,, Gy,, . . ., Gy,
(see Theorem 4.7 ).

Definition 3.9: Let S be a non-empty set.
Letx; : S — [0, 1] be a fuzzy subset of S, (where x € S, t € [0, 1]) defined by:

t ifx=y
X, = , forally eS.
=10 ix £y, Y

x; is called a fuzzy singleton or fuzzy point of S.

Definition 3.10: Let A; and A, be two fuzzy linear codes over Zpk of the same length n.
The residual quotient of A1 and A, denoted by (A; : Ay) is the fuzzy subset of Lk defined
by: (A1 : A2)(r) = sup{t € [0,1]1| Ay C A} forallr Zpk.

Thatis (A1 : Ay) = {r; | rtA2 C As, 1 is fuzzy singleton onpk}.

Theorem 3.11 ([2]): Let A1 and A, be two fuzzy linear codes of length n over Z ., then the

pkl
residual quotient (A1 : Ay) of Ay and A, is a fuzzy ideal of Zpk.

Definition 3.12: Let A and B be two fuzzy submodules of a module M = sz over thering
Zpk.WesaythatAis orthogonalto BifIm(B) = {1 — c|c € Im(A)}andforallt € [0,1],B1_; =
(Aot ={y e M| (x,y) = 0, forall x € A}, where (,) is the inner product on M

Let A and B be two fuzzy submodules of a module M. We denote A orthogonal to B by
ALlB.
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Example 3.13: Consider the fuzzy submodules A and B of Z4 defined as follows:

1

- ifx=0; 3 ifx =0

2 4

1 1

— ifx=1; = ifx=T;
AiZy— 101, x> {7 and B:Zs— (0,1, x> {2

- ifx=2; - ifx=2

3 3

1 1

- ifx=3. - ifx=23.

4 2

We have:
A1 =1{0} and By =Za,
A1js =Zs4 and Bz;q = {0},
A1;3=1{0,2} and By;3={0,2}.
Therefore A L B.

Remark 3.14: Let A be a fuzzy submodule of a module M such that forall x € M, A(x) = y
(with y € [0, 1]), then it does not exist a fuzzy subset B of M such that A 1 B.

The Remark 3.14 shows that the orthogonal of some fuzzy submodule does not always
exist, so it is important to see under which conditions the orthogonal of a fuzzy submod-
ule exists. The following theorem shows the existence of the orthogonal of some fuzzy
submodule.

Theorem 3.15: Let A be a fuzzy submodule of a finite module M = sz. Then there exists a
fuzzy submodule B of M such that A L Bif and only if Im(A)| > 1 and foranyy € Im(A) there
existe € Im(A) such thatA, = (Ac)*.

Proof: Let A be a fuzzy submodule of M. Assume that |Im(A)| = m > 1 and for any y €
Im(A) there exists € € Im(A) such that A, = (A)*t.

Assume that Im(A) = {t; > t > - -+ > ty}. Define the sets M; = {x € M| A(x) = t;}, for
i=1,...,m.These sets form a partition of M.

We define a fuzzy set B as follows: B: M — [0, 1], x > 1 — tp—_jt1, if x € M.

Sincelm(A) = {t; > t; > --- > tym},wehave A, C Ay, C -+ C Ap,.Asforany y € Im(A)
there exists € € Im(A) such that A, = (Ao)*L, with the properties that we know about the
orthogonal over the finite module, we conclude that A, = (A, ;,,)". Thus Bi_¢, ., =
xXeM|[BX)>1—tp_ip1} =MiUMi_1U...UM; =A; = (Atm7f+1)L.Thus B is the fuzzy
submodule we need.

Conversely if there exists a fuzzy submodule B of M such that A L B, then by
Definition 3.12, |Im(A)| > 1.Since Vt € [0,1], B1_t = (Ap, then Yy € Im(A), there exist
€ € Im(A), such that A, = (A)T, because Im(B) = {1 — t|t € Im(A)}. [ |

The following result shows the uniqueness of the orthogonal of some fuzzy submodule.

Theorem 3.16: Let A, B and C be three fuzzy submodules of a module M, such that A L Band
A1l CthenB=C
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Proof: AssumethatA 1L BandB L C.Lett €[0,1],andy € B1_;.Then (x,y) = O, forall x €
At.Thusy € Ci_tand Bi_t C Cy_;. Therefore C; C B;.Inthe same way, we show that B; C C;.
Therefore B = C. |

Corollary 3.17: Let A be a fuzzy submodule of a finite module M such that there exists a fuzzy
set Bon M orthogonal to A, then B is a fuzzy submodule of M.

Corollary 3.18: Let A be a fuzzy submodule of M. If A exists, then (A1) = A.

Definition 3.19: LetAand B be two fuzzy linear codes over Z«. Aand B are equivalent fuzzy
linear codes over Zpk if for all t € [0, 1], the linear codes A; and B; are equivalent.

Example 3.20: (1) All fuzzy linear code are equivalent to itself.
(2) Let Cg, and Cg, be two equivalent linear codes of length n over Zpk. We define two
equivalent fuzzy linear codes as follows:

ifx € Cg,;
A:Z" — 10,1, xm— G
P 0 otherwise.

and

1 ifxeCgy;
B:Z0, —[0,1], x> G2

0 otherwise.

Thus A} = Cg, and By = Cg,, Ag = sz and By = ng.

Remark 3.21: Let A and B be two equivalent fuzzy linear codes over Z
Im(B).

ki then Im(A) =

Let’s draw the communication channel as follows:

}41}; Encoding F Channel R™ Decoding _Fk

Assume that FK = 72 and F" = 73, that means that k = 2and n = 3. Let C C F° be a
linear code over F, in the classical case, when we send a codeword ¢ = (101) € C through a
communication channel, the signal receive can be read as ¢/ = (0.98,0.03, 0.49) and mod-
ulate to ¢/7 = (100). Thus to know if ¢/ belong to the code C, we use syndrome calculation
[9]. Since the modulation have gave a wrong word, we can consider that ¢ have more infor-
mation than ¢”, in the sense that we can estimate a level to which a word 0 is modulate to
1, and a word 1 is modulate to 0. Therefore it is possible to use the idea of fuzzy logic to
recover the transmit codeword.

Let alinear code C C Zg. Toeachc € C,wefindt € [0, 1] such that t estimate the degree
of which the element of R3, obtain from ¢ through the transmission channel belong to the
code C.Thusin Zg the information that we handle are certain, whereas in R3 there are uncer-
tain. When we associate to all elements of Zg the degree of which its correspond element
obtain through the transmission channel belong to Z3, then we obtain a fuzzy code. If the
fuzzy code are fuzzy linear code, then we can recover the code C just by using the upper
t-level cut. Thus we deal directly with the uncertain information to obtain the code C.
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The following example illustrate this reconstruction of the code by using uncertain
information in the case of fuzzy linear code.

Example 3.22: LetZ% = {000, 001,010,100,110,101,011,111}and C = {000,001,110,111}
be a linear code over Z,.

Assume that after the transmission we obtain respectively {000;0.01,01;1.01, 10; 1.001,
1,0.999}. Let

{1} ifx = 000;
{0.99} ifx = 001;
{09} ifx = 010;
0.9} ifx = 100;
{0.99} ifx = 110;
(0.9} ifx=101;
[0.9) ifx=011;
{0.99} ifx = 111.

A:73 - [0,1] suchthatx >

Then by finding a t € [0, 1] such that A; = {x € Zg |A(x) > t} = C, we obtain t > 0.9. Thus,
for t = 0.99, we are sure that the receive codeword is in C.

4. Fuzzy Cyclic Codes Over Z

In this section, we will study the case where the integers n and p are coprime.

Definition 4.1: A fuzzy submodule A of the module ng is called a fuzzy cyclic code
of length n over Lk if for all (ag,as,...,an_1) € sz, we have A((ap—1,do,...,an_2)) >
A((ao, a1, . ..,an-1)).

Proposition 4.2: Let A be a fuzzy submodule A of the module ng. A is a fuzzy cyclic code on
Z" ifand only ifforall t € [0, 1], ifA; # @, then A¢ is a cyclic code on Z",.
p p

Proof: The proof uses the transfer principle from [8]. ]

As well as the Proposition 3.5 in the linear case, we have the following result in the cyclic
case.

Proposition 4.3: Let A be a fuzzy module A on the module sz.
Ais a fuzzy cyclic code on ng if and only if the characteristic of any upper t-level cut A; # ¢
fort € [0, 11is a fuzzy cyclic code on sz.

Proposition 4.4: A is a fuzzy cyclic code on sz ifand only if for all (ag, a1, ...,an-1) € sz,
then A((do, a1, ...,an-1)) = A((dp—1,00, . ..,An-2)) = - -- = A((@1,02, . .., dn—1,00)).



FUZZY INFORMATION AND ENGINEERING e 9

Proof: Assume that A is a fuzzy cyclic code on sz. Then

A((ao, a1, ...,an-1)) < A((@p-1,00,...,an-2)) < --+ < A((a1,0z,...,dn-1,0d0))
<A((ao, a1, ...,an-1)).
Therefore
A((ag,a1,...,an-1)) = A((dp-1,00,...,an-2)) = --- = A((a1, a2, . ..,dn-1,00)).
The converse is straightforward by Definition 4.1. |

Proposition 4.5: A is a fuzzy cyclic code of length n over Zy if and only if for all t € [0, 1], if
At # (), then A is an ideal of the factor ring Z,[X]1/(X" — 1).

Proof: Let ¢ be a mapping defined in [5] as follows, ¢ : sz — Zpk[X]/(X” — 1), such that
n—
=

c=1(Co,...,Ch=1) > ¢(c) = 01 ciX'. ¢ is an isomorphism onpk-moduIe, which sends a
cyclic code over Zx onto the ideals of the factor ring Z X1/ (X" —1).

Let A be a fuzzy subset of Z",. Assume that A is a fuzzy cyclic code over Lipk.

Let t € [0, 1] such that A; # @, then A; is a cyclic code over Zpk. Therefore, Vt € [0, 1], A¢
is an ideal Oprk[X]/(Xn - 1.

Conversely, assume that for all t € [0, 1] such that A; £ @, A; is an ideal of factor ring
Zpk[X]/(X” — 1). Since A; is an ideal of factor ring Zpk [X1/(X™ — 1), then A; is a submodule
of Zpk-module Z",.Hence A; # @, is a linear code over Zpk, then A is a fuzzy linear code.

Such as ¢ is define, A; is a cyclic code over Zpk, for all t € [0, 1]. Hence A is a fuzzy cyclic
code over Zpk. [ |

Proposition 4.6: Ais a cyclic fuzzy code of length n if and only if A is a fuzzy ideal of the group
algebra RG, which is the group algebra of (x) over the finite ring Z.

Proof: Let Abeafuzzy cycliccode.Foranya, 8 € RG, we have A(e — B8) > min{A(x),A(B)}
since A is a fuzzy Zpk-module on ng.

If « € RG, then A(xa) > A(w), A(X%a) > A(a), -+, A" &) > A(a). So for B € RG,
with g = 27;01 lixi, (i e Zx) we conclude A(a.f) = Aloa + hxa +-- - + Iix" o) >
min{A(l), ..., A(lh—1x""Ta)} > A(a). Similarly we can also show that A(a.f) > A(B).
Hence A(a.8) > max{A(x),A(B)}.

Conversely, assume that A is a fuzzy ideal of the group algebra RG. (Note that RG is a
module that has G = (x) as base).

Since A is a fuzzy ideal of RG, also A is a fuzzy submodule of RG.

For any (ag,...,an—1) € ng we associate o = (dg + a1X + - - + dp—1x"""). Then
A(an_1 + doX + - + an_2x""1) = Alx(do + a1x + - - + ap_1x"" ")) = max{A(x), A(ao +
ax+ -+ an_1x"" 1} > A(ao + ar1x + - - - + an—1x" ). Therefore A((an—1, do, - - ., Gn—2))
> A((ao, . ..,dn—1)). Hence A is a fuzzy cyclic code. |

Since Zpk is a finite ring, also Im(A) = {A(x) € [0, 1]|x € sz} is finite. Let Im(A) = {t; >
ty>--->tm},thenAy, CA, C---C Ay, CA,, = sz. Let gfk)(X) € Zk[X] be the gen-

erator polynomial of A;,. Note that gfk) (X) is the Hensel lift of order k of some polynomial
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gi(X) € Zp[X] which divides X" — 1. The cyclic code (gfk)(X)) - Zpk[X]/(X” — 1) is called
the lift code of the cyclic code (g;(X)) C Zp[X]1/(X" — 1).For more information about Hensel
lifting see [5].

Since Ay, € Aq, © -+ € Ay, y S Ay, = Z0, it follows that g 001g 00, i=1,...,
m—1.

We can define the polynomial hfk)(X) = X" — 1)/gfk)(X) which is called the check
polynomial of the cyclic code A, = (gfk) X)), i=1,...,m.

Theorem 4.7: let G = {gﬁk)(X),ggk)(X),...,gﬁ,’?(X)} be a set of polynomials in Zpk[X],

such that g;(X) divide X" —1, i =1,...,m. If g% (X) | g X) for i=1,2,...,m -1 and

(g,(,lﬁ) X)) = ng, then the set G determines a fuzzy cyclic code A and {(g,.(k) XN li=1,...,m}is

the family of upper level cut cyclic subcodes of A.

Proof: Since g\, (X) | g (X), we have (g ) < (g, X)) fori = 1,2,...,m — 1.Choose

ti € [0, 1] suchthatt; > t; > --- > tp.
Let A, = (gfk)(X)) fori=1,2,...,m— 1. We define A as follows.

t, ifce (g x)
Al© = ; (k) (k) P
ti, ifce(g )\ (g, (X)), i=2....m.
where ¢ : Z;k — Zpk[X]/(X” —1), c=(co...,Ch=1) > P(C) = ,f:(; ¢X' is an isomor-

phism of Z,x-module.
Since forall tj € [0, 1], Ay, = (gfk) (X)) is a cyclic code as it is an ideal of the principal ring

ZplX1/(X" = 1),i=1,...,m,also Ais a fuzzy cyclic code and {(gfk)(X)) |[i=1,...,m}isthe
family of upper level cut cyclic subcodes of A. |

Corollary 4.8: With the same notations and hypothesis as in Theorem 4.7, if (g,(TI,() X)) # sz,

then the set G determines a fuzzy cyclic code Aand {(g,.(k) XN li=1,....muy Zpk X1/ (X" —1)
is the family of upper level cut cyclic subcodes of A.

Proof: Take
t, ifce (gl o)
Ao = {tn e @@, i=2...m

Z. kX1
. p (k)
0, ifce X1 \ {gm” (X)).

Proposition 4.9: Let A be the fuzzy cyclic code of length n over Z that can be determined by
the set of polynomial G = {gfk) X)|i=1,...,m}asinTheorem 4.7. If for all gfk) (X) € G there
exists g}k) (X) € G such that gfk) X ).g;k) (X) = X" — 1, then the set of polynomials {hfk) X) =
X" — 1)/gfk) (X)|i=1,...,m}determines the orthogonal of A.
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Proof: Under the conditions of Theorem 4.7 we define AL as follows.

b = |1t ifee thn0o);
= 1—t, ifce (h”000\ (h"x), i=2,...,m.

Since the upper level set (A1), is a linear code, A+ is the orthogonal of A. [ |

Theorem 4.10: Let A1 and A; be two fuzzy cyclic codes on Z;k, then:

(i) A1 N Ayisafuzzy cyclic code,
(i) A1+ Azis afuzzy cyclic code,
(iii) AqAz is a fuzzy cyclic code.

Proof: Let A; and A, be two fuzzy cyclic codes of the Z _«-module Z", .
4 pk
(i) Let(ag,a1,...,an_1) € sz.

A1 NAx((an-1, 0o, - - .,dn-2))
= min{A1((an-1,do, . . ., dn-2),A2((An-1,do, . . ., dn-2))}
> min{Aq(ao, a1, ..., an-1),A2((do, a1, . .., an-1))}
= A1((ao, a1, ..., an-1)) NA2((do, a1, - .., an-1)).
Since the intersection of two fuzzy modules is a fuzzy module, we obtain that A1 N A3
is a fuzzy cyclic code over Z .
(i) Forall (ag,...,an_1) € sz, we have:
(A1 + A2)((@n-1, 00, - - ., An-2))
= max{A1((bp-1,bo, . ..,bn-2)) AA2((Cn-1,Co, - .., Cn—2)) | bj
+¢=a,i=0,...,n—1}
> max{A1((bg, b1,...,bh_1)) AA2((co,C1,...,Cha))|bi+ci=a;, i=0,...,n—1}
= (A1 +Ax)((ao,av, ..., dn-1)).

Since Ay + A is a fuzzy module, we conclude as above that A; + A; is a fuzzy cyclic
code.

(iii) Itissimilarto A7 + As. [ |

5. Fuzzy Z,«-linear Codes

After having studied the notion of fuzzy linear code over the ring Zpkin the previous section,
we are now going to construct fuzzy Zpk-linear codes explicitly.

5.1. Fuzzy Gray Map

Initially, the code of Gray is an order on the binary sequences of a fixed length n, permitting
to enumerate all these sequences while modifying only one bit in order to pass from one
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sequence to the next one. The case that is going to interest us directly is the one of the
sequence of length two, for which one has the following Gray code:

0+ 00
1+ 01
211
3~ 10.

Lety : Zyp2 — Z% the Gray map. We are going to define the fuzzy Gray map between two
fuzzy spaces by the extension principle [10].

Definition 5.1: Let ¥ : Z,» — Z3 be the Gray map, and let F(Zy), F(Z3) be the set of
all fuzzy subsets of Z,2 and Z% respectively. The fuzzy Gray map is the map e F(Zy) —
f(Z%), such that forany A € F(Zy2), ¥ (A)(y) = sup{A(X) |y = ¥ (x)}.

Example 5.2: Let

1 ifx=0;

1

3 ifx=1;
A:Z4—[0,1], x> 11

— ifx=2;

3

1

- ifx=3.

3

with the Gray map (0) = 00, ¥ (1) = 01, ¥ (2) = 11,¢¥(3) = 10.
By the fuzzy Gray map we have ¥ (4)(00) = 1,7 (A)(01) = 1, (A (11) = 1, ¥ (A)(10) =
%, hence @(A) is a fuzzy linear code.

Theorem 5.3: The fuzzy Gray map {5 is a bijection.
Proof: This follows from the fact that v is a one to one function. |
As in crisp case, we have the following proposition.

Proposition 5.4: If A is a fuzzy linear code over Z,: and  the Gray map, then 1?/\ (A) is not
always a fuzzy linear code over the field Z,

The Gray map allows to construct nonlinear codes as binary images of the linear codes,
that is the case of Kerdock, Preparata, and Goethals codes. For a good understanding, we
suggest the reader to examine [11,12]. In fact if C is a linear code of length n over Z4, then
C = ¥ (C) is a nonlinear code of length 2n over Z; in general [11]. In that way we construct
a fuzzy Kerdock code in the following example.
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Example 5.5: Let C be a linear code of length 8 over Z4 with the generator matrix

0 0 0 2

o O o -
—_ W N =
W N = —
N — W -

1 0 0 1
01 01
0 0 11
then its image under the Gray map v gives a Kerdock code C (see construction in [9]).
Let
1, ifxecC;
A:78 - 0,11, x>
0, otherwise.

Then A'is a fuzzy linear code over Zs.
Since v is a bijection, we construct

1, yeE

UA) 70 510,11, yr
v 2 Y 0, otherwise,

where E = {y € Z}® |y = ¥/ (x) and x € C}
Since E is not a linear code over Z,, we conclude that fp\(A) is a fuzzy Z;-linear code but
not a fuzzy linear code Z,. Consequently, 1 (A) is a fuzzy Kerdock code of length 16.

Remark 5.6: A fuzzy Z4-linear code is not in general a fuzzy linear code over Z,

If we define the fuzzy binary relation Ry, on Z,2 x Z% by

1, ify=vyX);
0, otherwise.

R‘//(le) = {

Itis easy to see [13] that @(A)(y) = sup{A(x) |y = ¥ (x)} can be represented by @(A)(y) =
sup{min{A(x), Ry (x,y)} | x € Z3}.

f—
Asin[5], let W : Zpk — Z,F,’ 1 be the generalised Gray map.

o~ k—
Definition 5.7: We call the map ¥ :]—"(Zpk) — f(Zg 1), such that forany A € ]:(Zpk),

(A (y) = {(S)up{A(X) ly =¥ ()}, ifasuchxexists;

X otherwise.

The fuzzy generalised gray map.

k—1
Since W : Zy — Zﬁ cannot give more than one image for one element, then
Definition 5.7 can be simply write

Ax), ify=Ww(x);
0, otherwise.

VAy) = {

Remark 5.8: Let B ]—'(Zﬁkq) such that Bly) =t #0foranyy € ngq. There does not
exist a fuzzy subset A € ]—"(Zpk) such that @(A) = B.Thus W isnota bijection map.
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5.2. Fuzzy Z-linear Codes

o~ k—
In the following, we will denote by W the map from ]-"(ng) onto }"(Zg"’ 1) which spreads
the fuzzy generalised Gray map.

Definition 5.9: A fuzzy code A over Z,, is a fuzzy Z x-linear code if it is an image under the
fuzzy generalised Gray map of a fuzzy linear code over the ring Z .

Definition 5.10: A fuzzy code Ais a fuzzy Z -cyclic code if it is a fuzzy Z-linear code and
if it is the image under the generalised Gray map of a cyclic code over the ring Z.

Remark 5.11: Afuzzy Z -linear code is a fuzzy code over the field Zp.
Example 5.12: (1) Let

1, ife=f=0;

B:7§ —[0,1], w=(a,b,cdef)
0, otherwise.

Bis a fuzzy linear code of length 6 over Z,.Let

1, ifz=0;

A:Z3—>[O,1], v=(XY2)
4 (.y.2) 0, otherwise.

A'is a fuzzy linear code of length 3 over Za.
Moreover, if B = 1/ (A), then Bis a fuzzy Z4-linear code.
(2) LetB:Z35 — [0,1],

é, ifd=e=f=g=h=i=0andabc e
{000,012,021,111,120,102,222,201,210};
v=(ab,cdefghi {3 ifg=h=1i=0,abc € {000,012,021,111,
120,102,222,201,210} and def € {012,021,
111,120,102,222,201,210};
0, otherwise.

Bis a fuzzy linear code over Zs and B is a fuzzy Zs2-linear code.
It is easy to show the next proposition, whose Example 5.5 is a perfect illustration of it.

Proposition 5.13: Let B be a fuzzy Zx-linear code, then B is not always a fuzzy linear code
over the field Zp.

Since the fuzzy generalised Gray map image of fuzzy linear code is a fuzzy codes over
the field Z,, we can also construct fuzzy Zpk—linear codes using the following diagram:
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Fuzzy linear code of Transfer

Linear code of length
length n over Zf,' Principle -

n.p*=1 over Ly

A

Fuzzy g<‘1F¢~1‘+lix<w[ Gray map Craly map

\’I\} Y
i l v
Obtain fuzzy linear Image by the generalized

A

code over Z, Gray map of the linear
code

Example 5.14: (1) Let A: ng — [0, 1] be a linear code such that A has three upper t-

level cuts Ar; C Ar, C Ar. Let Al = W(Ap,), A, = W(Ar) ar1<\:l Al = W(Ay), we have Ay =
W (Ar;) C AL, = W(A,) C A, = W(Ar). We construct A” = W(A) as follow.

/.
t3’

t;3, ifyeA

Kk ty, ify cA;
AP S0y &

t, ifyeA;

0, otherwise.

(2) Let
1 ifx=0;
A:Z4— [0,1], x> i ifx =2;
z ifx=1,3,

be a fuzzy linear code over Z4. Then Ay = {0}, A3 = {0,2} and Ay /4 = Za.

We construct A} , = {00}, A} 3 = {00,11} and A} , = 72, the Gray map image of Ay,
A3 and Aq 4 respectively, we define
ifx € A2,y = v (x);

A/:Z%—> [0,1], yr— ifx € A1z \ A2,y = v (%);

ifx e A1/4 \A1/3,y = I//(X)

A=Wl =N =

Remark 5.15: A’ and fﬁ\(A) are the same codes.

Proposition 5.16: I/fforallt € [0,1],A; = W(A;) (when A; # 0) is a linear code over Z, then
these two constructions of fuzzy Z,-linear codes above give the equivalent fuzzy codes.

Proof: This follows directly from the definition of the fuzzy generalised Gray map and the

fact that the image under the generalised Gray map of a linear code is not a linear code in
general. |
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6. Conclusion

In this paper where we study fuzzy coding, we define fuzzy linear codes over the finite ring
Lk, fuzzy generalised Gray map and fuzzy Zp-linear codes. We also investigate some of
their properties and remark that many of them are similar to the classical form. The codes
of Kerdock are permit us to show that fuzzy Zpk—linear codes is not a fuzzy linear code.

This work allows us to reinforce the hypothesis of Von Kaenel [14], that the theory of
fuzzy sets is a natural setting for this study.
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