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ABSTRACT ARTICLE HISTORY
Adopting the notion of a (k*, g)-quasi-coincidence of a fuzzy point Received 16 November 2019
with a fuzzy set, the idea of an (€, € v(k*, gi))-antifuzzy left (right) Revised 25 March 2020
ideal, (€, € v(k*, gk))-antifuzzy ideal and (&, € v(k*, gk))-antifuzzy Accepted 29 March 2020
(generalized) bi-ideal in ordered semigroups are proposed, that are KEYWORDS

the generalization of the idea of an antifuzzy left (right) ideal, anti- Ordered semigroup; fuzzy
fuzzy ideal and antifuzzy (generalized) bi-ideal in ordered semi- subset; (€, € V(k*,
groups and a few fascinating characterizations are obtained. In this qk))-fuzzy bi-ideal;
paper, we tend to focus to suggest a connection between standard (e, e Vv(k+, gy)-antifuzzy
generalized bi-ideals and (€, € V(k*, gy))-antifuzzy generalized bi-  bi-ideal

ideals. In addition, different classes of regular ordered semigroups

are characterized by the attributes of this new idea. Finally, the

(k*, k)-lower part of an ( €, € Vv(k*, gk))-antifuzzy generalized bi-ideal

is outlined and a few characterizations are mentioned.

1. Introduction

The major advancements in the fascinating world of fuzzy sets started with the work of
renowned scientist Zadeh [1] with new directions and ideas. In 1971, Rosenfeld’s [2] method
of fuzzification of algebraic structures represented a quantum jump in the history of fuzzy
sets and related mathematics, and most of the later contributions in this field are the val-
idations of this work. Rosenfeld introduced the concept of fuzzy groups and successfully
extended many results from groups to fuzzy groups. The idea of a quasi-coincidence of a
fuzzy point with a fuzzy set was initiated by Bhakat and Das [3,4] which played a significant
role in generating different types of fuzzy subgroups. Later, they [5, 6] reported the con-
cept of («, B)-fuzzy subgroups by using ‘belongs to’ relation ( € ) and ‘quasi-coincident’ with
relation (g) between a fuzzy point and a fuzzy set. In particular, (€, € Vvg)-fuzzy subgroup
is an important and useful generalization of the Rosenfeld’s fuzzy subgroup [2]. From the
time that fuzzy subgroups gained general acceptance over the decades, it has provided
a central trunk to the people to investigate similar type of generalizations of the existing
fuzzy subsystems of other algebraic structures. Jun et al. [7] had thrown interesting light on
the concept of a generalized fuzzy bi-ideal in ordered semigroups and characterization of
regular ordered semigroups in terms of (€, € vq)-fuzzy bi-ideals. Kehayopulu [8] character-
ized regular, left reqular and right regular ordered semigroups by means of fuzzy left, fuzzy

CONTACT Abdus Salam @ salam.abdus92@gmail.com

© 2020 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/
licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/16168658.2020.1753496&domain=pdf&date_stamp=2020-04-20
http://orcid.org/0000-0002-6251-9575
http://orcid.org/0000-0003-3305-2029
mailto:salam.abdus92@gmail.com
http://creativecommons.org/licenses/by/4.0/

2 (& ASALAMETAL

right and fuzzy bi-ideals. In another pioneered contribution, Jun [9] generalized the concept
of (e, €vq)-fuzzy subalgebra of a BCK/BCl-algebra and introduced a new concept of (€,
€ vgy)-fuzzy subalgebras followed by the basic properties of BCK-algebras. In continuation
of this idea, Shabir et al. [10] and Shabir and Mahmood [11] reported the concept of gen-
eralized forms of («, 8)-fuzzy ideals and defined (€, € Vqx)-fuzzy ideals of semigroups and
hemirings comprehensively. Recent developments in fuzzy ideals related to semigroups
and hemirings have prompted the formulation of a precise description of numerous classes
of semigroups and hemirings and their characterizations (see [11-26]). Moreover, new clas-
sifications of ordered semigroups have been investigated by introducing the concept of (€,
€ V(k*, qx))-fuzzy subsystems and (€, € Vv(k*, gx))-fuzzy quasi-ideals by Khan et al. [27] and
Mahboob et al. [28], respectively.

Biswas [29] introduced the concept of antifuzzy subgroups of groups and lower level
sets of fuzzy subsets to initiate the study of antifuzzy algebraic structures. The concept of
lower level sets of fuzzy subsets is one of the mathematical methods for studying antifuzzy
algebraic structures and some of the papers [29-32] have used the concept of lower level
sets. Modifying and applying Biswas’s idea, concepts of different types of antifuzzy alge-
braic structures had been introduced and studied extensively by many authors [33-39].
For example, Shabir and Nawas [38] in 2009 introduced the concept of an antifuzzy (gen-
eralized) bi-ideal of semigroup and characterized antifuzzy (generalized) bi-ideals by using
lower level sets. They also characterized semigroups in terms of antifuzzy (generalized) bi-
ideals. Khan and Asif [34], in continuation of the work carried out by Shabir and Nawas,
introduced antifuzzy interior ideals of a semigroup and characterized semigroups by the
properties of antifuzzy (generalized) bi-ideals and antifuzzy interior ideals. Khan et al. [36]
obtained relationship between antifuzzy (generalized) bi-ideals and antifuzzy right ideals
of semilattices of left groups. Antifuzzy (generalized) bi-ideals and antifuzzy one-sided ide-
als had been used by Khan et al. [36] to characterize semilattices of left (right) groups. In
2018, Julatha and Siripitukdet [33] characterized antifuzzy subsemigroups, antifuzzy gen-
eralized bi-ideals and antifuzzy bi-ideals of semigroups by using certain subsets of S, [0, 1]
and S x [0, 1]. Due to such possibilities of applications, semigroups and related structures
are studied via antifuzzy generalized bi-ideals and antifuzzy bi-ideals.

Motivated by the above, in Section 3 of the present paper, we introduce, as a generaliza-
tion of the notion of an antifuzzy bi-ideal defined in an ordered semigroup, the notion of an
(e, eVvi(k*, gk))-antifuzzy (generalized) bi-ideal in an ordered semigroup. Then, we obtain
different characterizations of ordered semigroups in terms of (€, € Vv(k*, gx))-antifuzzy
leftideals, (e, € V(k*, gx))-antifuzzy right ideals, (€, € V(k*, gk))-antifuzzy generalized bi-
idealsand (e, € Vv(k*, qx))-antifuzzy bi-ideals. In Section 4, we present relationship between
(e, € Vvi(k*, gx))-antifuzzy bi-ideals and similar types of fuzzy left (right) ideals, while the last
section offers concluding remarks and some ideas for future work on the topic.

2. Preliminaries

Throughout rest of the paper, S will stand for an ordered semigroup without explicit
mention.

A subset T(# 0) of S is said to be a subsemigroup of Sif forall x,y € T,xy € T. A subset
K (5 0) of Sis said to be a left (resp. right) ideal of Sif SK € K(KS € K)andforanyx e K,y € S
such thaty < x,theny € K. A non-empty subsetJ of S is said to be an ideal of S if J is both a
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left ideal and a right ideal of S. A subsemigroup B of S is said to be a bi-ideal of S if BSB C B
andforanyx € B,y € Ssuchthaty < x,theny € B. A subset Q of Sis said to be a quasi-ideal
of Sif (QSIN (SQ] € Qandforanyx € Q,y € Ssuchthaty < x,theny € Q.

An ordered semigroup S is said to be regular (resp. left regular, right regular) if for each
x € §,3y € S such that x < xyx(resp.x < yxx,x < xxy); and S is called weakly regular if for
eachx € §,3y,z € Ssuch that x < yxzx.

Any mapping : S +— [0, 1]is called a fuzzy subset of S (or fuzzy set of S). We shall denote,
in whatever follows, the fuzzy subset n of S defined by n(u) = 1 for all u € S by the symbol
Sitself.

Let n and & be two fuzzy subset of S. Then n N &, U & and n o & are defined as follows:

(N &) () = min{n(u),§W)} = nu) A &),

(U &) () = max{n(u),§W)} = nu) v &)

foreachu € Sand

v {n(W) AEW)}ifAL # 0,
(no&)(u) = { VWA
0ifA, =0

where A, = {(v,w) € S x S|u < vw} is arelationon S.

We first collect some notions which are necessary for whatever follows.

Let n be a fuzzy subset of S. Then 5 is called a fuzzy subsemigroup [8] of S if n(uv) >
min{n(u), n(v)} forall u,v € S.p is called a fuzzy left (resp. right) ideal [8] of Sif: (1) u < v =
n(u) = n(v) and (2) n(uv) > n(v)(resp.n(uv) > n(u)) forallu,v € S; and a fuzzy ideal of S if
itis both a fuzzy left and a fuzzy right ideal of S. A fuzzy subsemigroup n of Sis called a fuzzy
bi-ideal of Sif: (1) u < v = n(u) = n(v) and (2) n(uvw) > min{n(u),n(w)} forallu,v,w € S.
If we drop the condition of fuzzy subsemigroup from the definition of a fuzzy bi-ideal, then
n is called a fuzzy generalized bi-ideal of §; i.e. a fuzzy subset n of S is called a fuzzy gen-
eralized bi-ideal [8] of Sif: (1) u < v = n(u) > n(v) and (2) n(uvw) >min{n(u), n(w)} forall
uv,wes.

A fuzzy subset 5 is called an antifuzzy subsemigroup [38] of S if n(uv) <max{n(u), n(v)}
forall u,v € S. Itis called an antifuzzy left (resp. right) ideal of Sif: (1) u < v = n(u) < n(v)
and (2) n(uv) < n(v)(resp.n(uv) < n(u)) forall u,v € S. n is called an antifuzzy ideal of S if
it is both an antifuzzy left and an antifuzzy right ideal of S. Further 7 is called an antifuzzy
generalized bi-ideal [35] of Sif: (1) u < v = n(u) < n(v) and (2) n(uvw) <max{n(u), n(w)};
and an antifuzzy bi-ideal [35] of Sif: (1) u < v = n(u) < n(v), (2)n(uv) <max{n(u),n(v)}for
allu,v € S; and (3) n(uvw) <max{n(u),n(w)} forallu,v,w € S.

Leta € Sand u € (0, 1]. Then an ordered fuzzy point a, of S is defined by

u, ifx € (al,

W)= i x ¢ (al.

We shall be denoting, in whatever follows, the classes of: (€, € V(k*, gx))- antifuzzy sub-
semigroups, (€, € V(k*, gx))-antifuzzy left ideals, (€, € V(k*, gx))-antifuzzy right ideals,
(e, € Vv(k, gi))-antifuzzy ideals, (€, € V(k*, gk))-antifuzzy bi-ideals and (e, € V(k*, gk))-
antifuzzy generalized bi-ideals of S by AFSSg, AFLI, AFRI, AFl, AFBI and AFGBI respectively.
Moreover, for any fuzzy subset n of S, we shall write a, € n for a, C n in the sequel.
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Definition 2.1: [27] An ordered fuzzy point a, of S is called quasi-coincident with a fuzzy
subset n of S, written as a,qn, if

n@@ +u=>1.

For any k* € (0, 1], ay is called (k*, g)-quasi-coincident with a fuzzy subset 5 of S, denoted
by au(k*, q)n, if

n(a) +u > k*.

Let 0 < k < k* < 1.For any ordered fuzzy point x,, we say that

(M xuqrn ifnx) +u+k>1;

(2) xu € vgxn if Xy € norxuqyn;

() xu(k*, g)m if n(x) +u +k > k*;

(4) xy € V(K*, qi)n if xy € norxy(k*, qx)n; and

(5) xyan if xyan does not hold for @ € {qx, € Vg, (k*, qk), € V(k*,qk)}.

Khan et al. [27] extended and discussed the generalized form (see Definitions 2.2, 2.4,
2.6, 2.8 to follow) of the notions of (€, € vgy)-fuzzy subsemigroups, (€, € Vvgx)-fuzzy
(left, right) ideals, (e, € vqy)-fuzzy bi-ideals, (€, € vgy)-fuzzy generalized bi-ideals of
an ordered semigroup. Motivated by these notions, we have introduced the notions of
(€, € vgg)-antifuzzy subsemigroups, (€, € Vvg)-antifuzzy (left, right) ideals, (€, € vgy)-
antifuzzy bi-ideals and (€, € vg)-antifuzzy generalized bi-ideals in an ordered semigroup
(see Definitions 2.3, 2.5, 2.7 and 2.9 below).

Definition 2.2: [12] A fuzzy subset n of Sis called an (€, € Vvgy)-fuzzy subsemigroup of S
if x, € nandy, € nimply (xXy)minfuv} € Vgkn forallu,v € (0,1]and x,y € S.

Definition 2.3: A fuzzy subset n of Sis called an (€, € Vvgg)-antifuzzy subsemigroup of S
if (xy)y € nimplyx, € vggnandy, € vggnforallu € (0,11and x,y € S.

Definition 2.4: [12] A fuzzy subset n of S is called an (€, € Vvgqg)-fuzzy left (resp. right)
ideal of Sif: (1) x < y,y, € n = xy € vgxn and (2) x € S,y € n imply (xy)y € Vggn (resp.
(yX)y € vVggn) forallu € (0,1]and x,y € S.

A fuzzy subset n of Sis called an (€, € Vvq)-fuzzy ideal if it is both an (€, € vgy)-fuzzy
left ideal and an (€, € Vvqy)-fuzzy right ideal of S.

Definition 2.5: A fuzzy subset n of Sis called an (€, € vqy)-antifuzzy left (resp. right) ideal
of Sif: (M x<y,xy, € n=y, € vgknand 2) x €S, (xy)y € nimply y, € vqxn (resp.y €
S, (xy)y € nimplyx € vgyn) forallu € (0,11and x,y € S.

A fuzzy subset n of Sis called an (€, € Vvgy)-antifuzzy ideal if it is both an (€, € Vvgy)-
antifuzzy left ideal and an (€, € Vvgy)-antifuzzy right ideal of S.

Definition 2.6: [10] A fuzzy subset n of S is called an (€, € vqy)-fuzzy bi-ideal of S
if: (X <y,yu € n= Xu € Vaqin, 2xu € 0, yy € niMply (XY)minguy) € Vakn; and (3) Xy € n,
zy € nimply (Xy2)min{uvy € Vqkn forallu,v € (0,11and x,y,z € S.

Definition 2.7: A fuzzy subset n of Sis called an (€, € vgy)-antifuzzy bi-ideal of S if
Mx <y,xy €n= Yu € Van,
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(2) (xy)u € n imply xy € Vagn or y, € Vqin; and (3) (xyz)y € nimply x, € vggn orz, €
vqgn, forallu € (0,11and x,y,z € S.

It is easy to see that each (€, € Vvqy)-antifuzzy bi-ideal of Sis an (€, € Vvgy)-antifuzzy
subsemigroup of S. If we take k = 0 in Definition 2.7, then we have the concept of (€, €
vq)-antifuzzy bi-ideals of S given in [37]. So the concept of an (€, € Vvgy)-antifuzzy bi-ideal
is a generalization of (€, € vg)-antifuzzy bi-ideal in S.

Definition 2.8: [10] A fuzzy subset n of Sis called an (€, € Vvqgy)-fuzzy generalized bi-ideal
of Sif:(1)x < y,yu € n = Xy € Vgxn and (2) xy € n,zy € nimply (Xy2)minfuy} € Vqgn for all
u,ve (0 1]andx,y,zeS.

Definition 2.9: A fuzzy subset n of Sis called an (€, € vgy)-antifuzzy generalized bi-ideal
of Sif: (Nx <y,xy € n = yy € Vqxn and (2) (xyz), € n imply x, € Vggn or z, € Vqggn, for
allu e (0,11and x,y,z € S.

In the next three results, Khan et al. [27] investigated the properties of (€, € V(k*, gk))-
fuzzy left (resp. right) ideal and (€, € V(k*, gk))-fuzzy generalized bi-ideal of an ordered
semigroup using the definition of (k*, g)-quasi-coincident.

Theorem 2.10: [27] A fuzzy subset n of Sisan (€, € V(k+, q))-fuzzy left ideal of S < (1)x <
y = n(x) > min {n(y), k*z—_k] and (2)n(xy) > min {n(y), #} forallx,y € S.

Theorem 2.11: [27]1Afuzzy subsetnofSisan (e, € v(k, qi))-fuzzy rightideal of S < (1)x <
y = n(x) > min {n(y), kz;k] and (2)n(xy) zmin{n(x), k*T*k}fora//x,y €s.

Theorem 2.12: [27] A fuzzy subset n of Sis an (€, € V(k*, qy))-fuzzy generalized bi-ideal
of S& ()x <y = n(x) > min [n(y), k*z—_k and (2) n(xyz) zmin[n(x),n(z), k*z—_k} for all
X,y,Z€S.

In[27], Khan et al. also investigated properties of (k*, k)-lower parts of (€, € Vv (k*, qi))-fuzzy
generalized bi-ideals of ordered semigroups (see, Lemmas 2.13 and 2.14).

Lemma 2.13: [27] Let L (#£2) be a subset of S. Then the (k*, k)-lower part (n’lj*)L of the charac-

teristic function n. of Lis an (e, € Vv(k+, qi))-fuzzy left (resp. right) ideal of S < L is a left (resp.
right) ideal of S.

Lemma 2.14: [27] Let B(#2) be a subset of S. Then the (k*, k)-lower part (nf)g of the charac-

teristic functionng of Bisan (€, € Vv (k*, qx))-fuzzy generalized bi-ideal of S < Bis a generalized
bi-ideal of S.

We have studied the above results in Sections 3 and 4 in terms of antifuzzy (generalized)
bi-ideals.

3. (€, € v(k*, gk))-antifuzzy Ideals in Ordered Semigroups

In this section, after introducing the notion of an (€, € V(k*, gi))-antifuzzy (generalized)
bi-ideal in an ordered semigroup, we have obtained different characterization of ordered
semigroups intermsof (€, € V(k*, gx))-antifuzzy leftideals, (€, € Vv(k*, gx))-antifuzzy right
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ideals, (€, € V(k*, gx))-antifuzzy generalized bi-ideals and (e, € Vv(k*, gk))-antifuzzy bi-
ideals.

Definition 3.1: A fuzzy subset n of S is called an AFSSg if Vu € (0,11and x,y € S, (xy)y €7
imply x, € V(k*, qx)nand y, € vV(k*, qi)n.

Definition 3.2: A fuzzy subset n of Sis called an AFL(R)/ if
Mx =y, xy€n=yu € V(K*, q)n, and
() x € S, (xy)y €nimply y, € V(k*,qi)n (resp.y € S, (xy)y € nimply x, € V(k*, qx)n)
forallu e (0,11and x,y € S.
A fuzzy subset n of S is called an AFI if it is both an AFLI and an AFRI.
If we take k* = 1 and k = 0 in Definition 3.2, then we get the idea of (€, € Vvg)-antifuzzy
left (right) ideal. So the idea of AFlis a generalization of (€, € Vvg)-antifuzzy ideals in S.

Definition 3.3: A fuzzy subset n of Sis called an AFBI if
Mx <y, xuen=yu € VK", q)n,
(2) (xy)u € nimply xy € V(K*, qi)n or yu € V(K*,qx)n; and
(3) (xyz)y € nimply x, € Vv (k*, qx)n or zy € V(k*, qi)n,
forallu e (0,11and x,y,z € S.

Next we illustrate an AFBI in the following example:

Example 3.4: Let S = {m,n, x,y,z}. Define a binary operation " and an order ‘<’ on S as
follows:

N < X 3 3
333 3|3
< << 5%|5
X 3 X 3 3|x
< K K X X<
N < NX <IN

m

== {l,(m,x),(m,y),(m,2),(n,y), (n,2),y,2)}.

Then (S, -, <) is an ordered semigroup. Define a fuzzy subset 1 on S as follows:

0.7ifa=m,
05ifa=\1y, z},
n@) = .
04ifa=x,
0.3ifa=n.

Take k* = 0.7 and k= 0.1. Clearly n is an AFBI.

Definition 3.5: A fuzzy subset n of Sis called an AFGBI if
Mx =<y xuen=yy € v(k* qi)n, and
(2) (xyz)y € nimply xy € V(k*, gi)n or zy € V(K*, qi)n
forallu e (0,1]andx,y,z € S.
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Theorem 3.6: A fuzzy subset n of Sis an AFSSg if and only if

*

n(xy) A <nXx)Vvny)

forallx,y € S.

Proof: LetnbeanAFSSgandx,y € S.On contrary suppose that (xy) A H > n(x) vV ny).
Choose u € (0, 1) such that (xy) A = k k> n(x) Vv ny).So (xy)y €n, butxuen and y,€n.
K —k

Now n(x) <uandu < 5= k. so n(x) +tu< 5+ kz—k.ThIS implies that n(x) + u + k <

k*; that is x,€ \/(k*,qk)n. Similarly y, € Vv (k*, qx)n. Thus we get a contradiction. Hence
n(xy) A 5K <maxin(0, n()}.

Conversely assume that n(xy) A @ <nx) Vv ny) forall x,y € S. Let (xy), € n for all
u € (0,1.Thenn(xy) > u.Sou A @ < nXx) Vv ny).

Case 1. If u> K=K, then 2K < u <o) v i(y). So n(x) +u > KK + K=k This
implies that either n(x) +u+ k> k*orn(y) +u+ k > k*. Therefore, either x, € nory, e
n. Hence, eitherxu IS \/(k* qi)n oryy € V(k*, qi)n.

Case2.Ifu < k thenu < n(x) v n(y). So, either x, € n or y, € n. Hence, either x, €
v(k*,qx)nory, € \/(k* gi)n. Thus n is an AFSSg. |

Theorem 3.7: Afuzzy subset n of Sis an AFL(R)! if and only if
(x<y= min{n(x), %} < n(y), and

@ min{n0), £} < n(y) (resp. min{no), £ < neo)
forallx,y € S.

Proof: (=) Let n be an AFLI. Then, for all x,y € S such that x <y and u € (0, 1), we have
Xy € 1 = Yy € V(k*,qi)n. On the contrary suppose that there exist x,y € Swith x <y such
that min{n(x), %} > n(y).If we chooseu € (0, 1) such that min{n(x), "*T_k} > u > n(y).

Then x, € n but y,€n. Moreover, if u < k*z—*k and n(y) < u, then n(y) +u < % + k*;k.

This implies thatn(y) + u + k < k*. Hence yumn which is a contradiction to our
hypothesis. Thus x < y =>min|r;(x), %} <n().

Now assume that (xy),€n implies y, € V(k*,qx)n for all x,y €S and u e (0,1).
Then, by the way of contradiction similar to the above paragraph, we may show that
min{n(xy), k*z—_k} <n(y)forallx,y € S.

( ) Assume that (1) and (2) hold. If x <y and x,€n, then n(x) >u and if <

K-k then n(y) = nx) A —k > u /\ k —k — y. Therefore Yu €. Again, if u > = k then
K*—k

n(y) > 000 AKSE > un % = Kk, Therefore n(y) +u > KK 4 Kok Th|s implies
that n(y) + u + k > k*; thatis yu e v (k*, gi)n.
Next suppose that n(xy) A Kk < n(y) and (xy)y €n. Then n(xy) > u.lfu < k*z—_k then
n(xy) A K=k < n(y) implying that n(y) > u.Hencey, en.lfu > *—_ then nxy) A ﬂ
n(y) WhICh implies n(y) > u .Thereforen(y) + u+k < k —k Kok k= ke, Thusyu
Vv (k*,qx)n. Hence n is an AFLI
The following theorem may be proved on the lines similar to the lines of the proof of the

above theorem. [ |
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Theorem 3.8: A fuzzy subset n of Sis an AFl if and only if
(x <y :>min[n(x), k*z—_k] <n(y),and
@ min{n0), “7| < n(y) andmin{noy), £34} < neo
forallx,y € S.

Each antifuzzy ideal of S is an AFl. However the converse is not true in general, as shown
by the following example:

Example 3.9: Let S = {w, x, y, z}. Define a binary operation ‘-’ and an order ‘<’ on S in the
following way:

‘ w X Yy z
wWiw w w w
X |w w w w
y |lw w x w
Z W W X X

<= {(Wr W)r (X,X), (YIY)I (Z, Z)r (X, W)r (yr W)r (yr X)}

Then (S, -, <) is an ordered semigroup. Now define a fuzzy subset 1 on S as follows:

02ifa=y,
03ifa=x,
n@) = 04ifa=w,
07ifa=z

Take k* = 0.9 and k = 0.5. Then, by Theorem 3.8, n is an (€, € V(0.9, gos))-antifuzzy ideal
of S, but

(i) n is not an antifuzzy ideal of S as n(zy) = n(x) = 0.3%n(y) = 0.2.

(i) nisnotan (€, € vq)-antifuzzy ideal of Sas n(zy) A 0.5 = 03%n(y) = 0.2.

(iii) n is not an (€, € vqos)-antifuzzy ideal of S as n(zy) A % =0.25£n(y) =0.2.

Theorem 3.10: A fuzzy subset n of S is an AFGBI if and only if
(x<y :>minin(x), k*z—_k] <n(y),and

(2) n(xyz) A K <max{n(x), n(2)}
forallx,y,z € S.

Proof: By Theorem 3.7, it is sufficient to show that the following conditions are equiva-
lent:

(i) (xyz), €enimplyx, € vV(k*, g)norz, € vV(k* qx)nforallx,y,z € S.

(i) n(xyz) A # <max{n(x),n(z)}forallx,y,z € S.

To prove this, suppose (i) holds. If there exist x,y,z € S such that n(xyz) A # >
max{n(x),n(z)}, then we can choose u € (0, 1) such that n(xyz) A k*z—_k > u >max{n(x),

n(2)}. So (xyz), €n, but x,€n and z,€n. Therefore n(x) < u and, hence, n(x) + u+k <
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k*;k + k*—*k + k = k* implying that x,€ Vv (k*, qx)n. Similarly z,€ Vv (k*, qx)n. Thus we get
a contradlctlon to our hypothesis. Hence 11 (xyz) A % <max{n(x), ()} for all x y,z €s.

Conversely suppose that (xyz), € n for all x, y,z e S Then nxyz) > u. If > === then

elthern(x)>u/\k —k — Kk korn(z)>u/\k —k — Soelthern(x)+u+k> k4
k —k + k= k* or n(z) +u+k > u + = k k + k= k* Therefore either x,(k* qk)r; or
zu(k qi)n. Again, if u < k —k then elther n(x) >un == k —k — k =k or Nz >un u =
K > K~k Hence either x, € n or z, € n. Thus either x, € v(k*,qk)n or z, € V(k*, qi)n for all
X,y,Z € S, as required. [ |
Theorem 3.11: A fuzzy subset n of S is an AFBI if and only if

(Mx <y = min{n(), 55 < n(y),

2)n(xy) A KFE < 90 v n(y);and

(3)n0y2) A 5K < max{n(), n(2)}

forallx,y,z € S.
Proof: The proof follows from Theorems 3.6 and 3.10. ]

Each AFBI is an AFGBI. However the converse is not true in general as shown by the
following example:

Example 3.12: Let S = {x, y, z}. Define a binary operation ‘-’ and an order ‘<’ on S in the
following way:

<= {(X,X), (Yr}’)r (Z, Z), (le)l (X, Z)}

Then (§, -, <) is an ordered semigroup. Define a fuzzy subset  on S by n(x) = 0.10,n(y) =
0.45,71(z) = 0.30.Take k* = 0. 9and k =0.1.By routlne calculations, it may be easily verified
that » is an AFGBI. Since n(zz) Ak =1y A Kk — = 04403 = 5(2) vV n(2), n is not an
AFSSg.So n is not an AFBI.

One may easily observe that each antifuzzy bi-ideal of Sis an AFB/ and each (€, € V gx)-
antifuzzy bi-ideal of S is an AFBI, but the converse is not true in general as illustrated by the
following example.

Example 3.13: Inthe Example 3.4, njis clearly an AFBI.Sincem < x = n(m)/\% =045 >
n(x) = 0.40, we have that nis notan (€, € V gy)-antifuzzy bi-ideal of S. Moreover, 7 is also
not an antifuzzy bi-ideal of S.
Next we show (see Theorems 3.14 and 3.15 below) that, in regular and weakly regular
ordered semigroups, concepts of AFGBI and AFBI coincide.

Theorem 3.14: Each AFGBI of a regular ordered semigroup S is an AFBI.
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Proof: Letnbean AFGBI.Since Sis aregular ordered semigroup, for each y € S, there exists
x € S such that y < yxy. Then xy < x(yxy). So n(xy) A % < nx(yxy)) = nx(yx)y). This
implies min[n(xy), %} < n(x(yy) A K5k < 5x) v n(y). Therefore i is an AFSSg. Hence
n is an AFBI. |

Theorem 3.15: Each AFGBI of a weakly regular ordered semigroup S is an AFBI.

Proof: As the proof is similar to that of Theorem 3.14 with a slight modification, we omit
it. [ ]

Theorem 3.16: Asubset G(£ @) of Sis a generalized bi-ideal of S if and only if the fuzzy subset
n of S defined by

%) tifx ¢G
X) =
7 rifxeG

is an AFGBI, wherer,t € [0,1](r < t) for some fixed members of [0, 1].
Proof: The proof is straightforward, so we omit it. [ |

Remark 3.17: From the above theorem, we conclude that a subset G( ) of Sis a gener-
alized bi-ideal of S if and only if the characteristic function 5 ¢, of the complement of A is
an AFGBI.

Corollary 3.1: Asubset G(£ 0) of Sis a generalized bi-ideal of S if and only if the fuzzy subset
n of S defined by

) = tifxé¢a
= r,ifxeG

is an antifuzzy generalized bi-ideal of S, wherer, t € [0, 1] such thatr < t.

Theorem 3.18: Let {gj|j € J} be a family of AFBl. Then g = _ﬁJgj is an AFBI, where
je
Cﬂ gj) () = A(gj(x)).
=) jeJ

Proof: Takeanyx,y,z € S. Since each g;(j € J) is an AFBI, we have

k* —k k* —k

=g A —— = /\Gitx) A

jel jel

= A ~(x)/\k*_k
T e 9y 2

k* —k

gxy) A
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< jgj(gj(X) v gj(y)
= L@J(gj(x))]V[jg(gj(y))]
=[(N gl VvI(Ng)yl
jel jel
=gx) Vgl
and

k* —k

k* — k k* —k
90y2) A —— = {ﬂg,-(xyz)} n == =A@y

Jjel jel

. _ k* — k
= j/E\J (gj (xyz) A 5 )
< A(gi(®) Vv gj(2))
jel
= [/\ (gj(X))]\/[ A (9j(2))]
jel jel
=[(N gH)] Vv (N g)(2)]
jel jel
=9g(Xx) Vv g(2).

Now we show thatif x < y, then g(x) A k*T*k < g(y). Since each g;(j € J) isan AFBI, we have

k* —k k* —k k* —k
900 A — =(ﬂg,) 00 A== =A@ A —

jel jel

= A '(x)/\k*_k
= o\9 2

= j/e\J(gj(Y))

=(Ng)y)
jel
=gy).

Therefore, by Theorem 3.11, g is an AFBI. |
Theorem 3.19: Let {gj|j € J} be a family of AFBI. Then g = .Ujgj is an AFBI, where
JE
Ugj| ) = v(gj(x)).
CGJ%)( ) jej(g;( )

Proof: As the proofis similar to that of Theorem 3.18 with a slight modification, we omit it.
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For any fuzzy subset 1 of an ordered semigroup Sand u € [0, 1], let

U(m;u) = {x € SIn(x) = u},L(n;u) = {x € S|n(x) < u};

Q(p;u) = {x € Sxu(k*, q)n}, Qs u) = {x € Slxu(k*, qonk;

[y = {x € S|xy € V(K*, g}, [n], = {x € Sixue VK", qn).

Then [nly = U(y;u) UQ(n; u) and [y, =L(n; u)U Q(n; u). We call [y]y an (€, € V(k*, qi))-
level bi-ideal of n and Q(n; u) a g-level bi-ideal of 7. In the following results, above defined
subsets of S have been shown to be related with different types of AFBI.

Theorem 3.20: A fuzzy subset n of Sis an AFGBI < L(n; u) is a generalized bi-ideal of S for all
ue [O, k*z—_k>

Proof: (=) Let n be an AFGBI and u € [O@) be such that L(n;u) # @. Then, by
Theorem 3.10(1), min{n(x), @} < n(y) withx < y.Ify € L(n; u), then min[n(x), @} <

n(y) < u.This implies that n(x) < u (sinceu € [0, #)) Hence x € L(n; u). Next, take any
x,y,z € S with x,z € L(n; u). Then n(x) < u and n(z) < u. Therefore, by Theorem 3.10(2),
n(xyz) A @ <max{nx),n(2)} <max{u,u} = u. So n(xyz) < u (sinceu € [O, @)) Thus
xyz € L(n; u).

Hence L(n; u) is a generalized bi-ideal of Sforallu [0, @) as required.

(<) Let L(n; u) be a generalized bi-ideal of S for all u € [O, @) On contrary assume
that there exist x,y € S with x <y and such that min{n(x), #} > n(y). Choose u €
[0, k*T_k> such that min{n(x), k*T_k} > u > n(y).Soy € L(n;u) butx ¢ L(n; u), a contradic-
tion as x < y.Hence min{n(x), "*T_k} <n(y)forx <y.

Again, forany x,y,z € S, we have to show that min{n(xyz), "*T’k} < n) Vv n().0ncon-
trary assume that there exist x, y, z € S such that min[n(xyz), %} > n(x) Vv n(z). Choose

ue (O, #) such thatmin{n(xyz), @} > u>nXx) Vv n.Thennx) <uandn(z) < u.
This implies x,z € L(n; u). But n(xyz) > u implies that xyz ¢ L(n; u), a contradiction. This
completes the proof. |

Lemma 3.21: Let n be an AFGBI. Then n
of S.

Kk = {x € Slnx) < #} is a generalized bi-ideal
2

Proof: Letx,y € Ssuchthatx <yandy € n—_.Then n(y) < % Since n is an AFGBI, by
2

Theorem 3.10(1), we have min{n(x), k*z—_k} <ny) < k*z—_k.This implies n(x) < @ (since
K*—k
2

#£K=K). Therefore x € ne—.
2
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Next, let x,y,z € S such that x,z € nk*,k. Then n(x) < H and n(z2) < W;k. So, by

Theorem 3.10(2),min{n(xyz), %} <000V 1(2) < K5 Thisimplies n(xyz) < ¥5%; that

is xyz € ne—. Hence n=_ is a generalized bi-ideal of S. |
2 2

Theorem 3.22: A fuzzy subset ) of S is an AFGBI < Q(n; u) is a generalized bi-ideal of S for all
€ [O, "2—‘")

Proof: Let n be an AFGBl and u € (0 ) be such that Q(n;u) # @. Then, by Theorem
3.10(1), we have minin(x), T_} <ny)withx <y.lfy Q(n; u), then min{n(x), T_} <

n(y) < k* —u—k < (k* — k) — K = KK This implies that n(x) < K% = n(x) +u +
k < == k| K-k k =k | k= k*. Hencexe Q(n,u)

Next, let x,y,z € Ssuch that x,z € Q(n, u).Thennx)+u+k <k*andn) +u+k<
k*. Therefore, by Theorem 3.10(2), n(xyz) A == k —k < max{n(x),n(2)} <max{k* — k — u, k*
—k —u} =k* —k —u. So n(xyz) < k* —k—u (since k* —k—u > k*z—*k) and, so, xyz €
Q(n; u). Hence Q(n; u) is generalized bi-ideal of S.

The following result easily follows from Theorems 3.20 and 3.22. |

Theorem 3.23: A fuzzy subset n of S is an AFGBI < [fn\]/u is a generalized bi-ideal of S for all
K*—k
ue [O, 5 )
Theorem 3.24: [ 1, isasubsemigroup of S < n(xy) Ak - < n) vy forallx,y € Sand
e [o u)
I 2 .
Proof: (=) Suppose to the contrary that there exist x,y € S such that n(xy) A @ >

max{n(x), n(y)}. Chooseu € (0 - )such that n(xy) A === k k- u> max{n(x), n(y)}. Then

X,y € L(n;u) < [n]u, but xye[n]u, a contradiction. Thus n(xy) A # < max{n(x),n(y)}, as

required.

(«<) Take any x,y € [3], and u € (O, @) Then xy€ Vv(k*,qo)n and y, € vV(k*, qi)n
which implies that either n(x) < uor n(x) + u+ k < k*; and either n(y) <uorn(y) +u+
k < k*.Thus, we have n(xy) A 5= k —k < max{n(x),ny)}.

Case 1. Let TI(X) <uand n(y) < u.Then n(xy) A ﬂ <max{u,u} =u < W;k So

nxy) < 5 k. Therefore n(xy) + u < u + k; |mp|y|ng n(xy) + u+ k < k*. Hence
y)ue V(k*,qk)n- .

Case 2. Let n(x) <uandn(y) + u+ k < k*.Then n(xy) A kz—_k < max{u, k* —u—k} =
k* —u—k (since k*—u—k> k*z—_k). Therefore n(xy) +u+ k < k*. Hence (xy),
€ V(k*, qi)n.

Case 3.Letn(x) + u+ k < k™ and n(y) < u.Then, as in Case 2, we may show that

xy)u€ V(K*,qi)n.
Cased.letn(x) + u+k < k*andn(y) + u+ k < k*.Thenn(xy) A *—_ < max{k* —u —k,
k*—u—k} =k*—u—k. So n(xy) < k* —u—k (since k* —u—k >kT) Therefore
n(xy) + u+ k < k*.Hence (xy), € Vv (k*, gi)n.
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Thus, in each case, we have (xy), € V(k*,qx)n and soxy € [77\]/u. Hence [77\]/u is a subsemi-
group of S. |

Example 3.25: Let (S, -, <) be the ordered semigroup of Example 3.4. Define a fuzzy subset
& on S as follows:

f@) {0.5 if a € {m)

O0ifae{nxy,z}.

Then
Bif0<u<0.5
(], = 1 (m}if 0.5 < u < 09
{m,n,x,y,z}if0.9 <u < 1.0.
Now it is routine to verify that [?]:, is a subsemigroup of S. |

4. (k*, k)-lower Part of (¢, € v (k*, q;))-antifuzzy Ideals in Ordered
Semigroups

In this section, we have investigated properties of (k*, k)-lower parts of (€, € Vv (k*, qx))-
antifuzzy generalized bi-ideals of ordered semigroups and presented relationship between
(€, € v(k*, gx))-antifuzzy bi-ideals and (g, € Vv (k*, gx))-fuzzy left (right) ideals. We have also
shown that if 5 is an AFGBI, then r;’,;* is an antifuzzy generalized bi-ideal of S.

Definition 4.1: [27] The (k*, k)-lower part n,’j* of n is defined as follows:

o _ k* — k
e (%) = min 3 n(x), —

forallx € Sand 0 < k < k* < 1. Clearly n’,ﬁ* is a fuzzy subset of S. For a subset A(£ 0) of S,

the (k*, k)-lower part (nA)’,f of the characteristic function 74, will be denoted by (nf*)A in
the sequel.

We now show that if n is an AFL(R)/, then the (k*, k)-lower part nf* of nis an antifuzzy left
(right) ideal of S.

Proposition 4.2: Ifnisan AFL(R)I, then the (k*, k)-lower part n’,z* of nis an antifuzzy left (right)
ideal of .
Proof: LetnbeanAFRIandx,y € S.Thenn(xy) A "*T*k < n(x).So Uﬁ* xy) A "*T*k =nxy) A
% <nKx) A k*T’k = n’,:* (x).Moreover, if x < y,then we show that n,f* x) A % < n,f* ).
Soassumethatx <y. SFce nisan AFl, we have n(x) A % <n(y) aTd, SO, n,’j* x)= %() A
% <ny) A "*T*k = r]’;* (y). Therefore n,’j* is an antifuzzy right ideal of S. Si_milary we may
show that n’f is also an;tifuzzy left ideal of .

In Example 3.9, we have illustrated that an AFl need not necessarily be an antifuzzy ideal
of S. In the following result, we show that if 5 is an AFI, then the (k*, k)-lower part n’f of nis

an antifuzzy ideal of S. ]
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Proposition 4.3: Ifn is an AFl, then the (k*, k)-lower part n’f of n is an antifuzzy ideal of S.

Proof: The proof follows from Proposition 4.2.
Let A(# 0) be a subset of S. Then the (k*, k)-lower part (n’,j*)Ac of the characteristic
function n,cof the complement of A is defined as the mapping of S into [0, 1] as follows:

KoK ifx ¢ A

k*
X) =
(_77/( Jac ) 0,ifxeA

Theorem 4.4: Let B(~ () be a subset of S. Then the (k*, k)-lower part (nﬁ*)Bc of the char-

acteristic function ngc of the complement of B is an AFGBl < B is a generalized bi-ideal
of S.

Proof: (=) Suppose that (n’;*)Bc isan AFGBI. Let x,y < Ssuch thatx < y withy € B. Then
(n,f*)Bc(y) = 0.Since (n’;*)Bc isan AFGBland x < y, we have (U’;ﬁ*)BC(X) A % < (n',ﬁ*)gc(y).
Therefore (n’,;*)Bc(x) = 0. So x € B. Next, take any x,z € Band y € S. Then (n,’f*)Bc(x) =
0 and (n’,:*)Bc(z) = 0. Therefore, by definition of AFGBI, we have (n’,j*)Bc(xyz) A "*2—_" <
(n,’j*)Bc x) Vv (n,’j*)Bc (z) = 0.Hence (n,’j*)Bc (xyz) = 0and so xyz € B.Thus B is a generalized
bi-ideal of S. o

(<) Let Bbe a generalized bi-ideal of S. Then, by Theorem 3.16 and Corollary 3.17, (n’,:*)Bc
isan AFGBI. T n

Similarly we may prove the following:

Theorem 4.5: Let L(# ¥) be asubset of S. Then the (k*, k)-lower part (n’,ﬁ* ),c of the character-
istic function n,c is an AFL(R)! < Lis a left (resp. right) ideal of S. T

In the last theorem, we show that if n is an AFGBI, then r;’,;* is an antifuzzy generalized bi-ideal
of S. T

Theorem 4.6: If nis an AFGBI, then n’;* is an antifuzzy generalized bi-ideal of S.

Proof: Letx,y € Swith x <y. Since n is an AFGBI, we have n(x) A @ < n(y), and so ﬁ

)= nkx) A @ = (n(x) A #) A @ <ny) A # = n’,j* (y).Forx,y,z € S, we have

1002) A 55 < o) v n@ andsonf” ty2) = niyz) A 5K = (n0yz) A KK ) A KK <

)V @) A Kk = (n(x) A %) v (n(z) A %) =1 (0 vl (). Consequently
n’,j* is an antifuzzy generalized bi-ideal of S. |

5. Conclusion and Ideas for Future Work

The aim of the present paper is to enhance the understanding of ordered semigroups
and regular ordered semigroups by considering the structural influence of AFBI. In this
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aspect, we have obtained several characterization of ordered semigroups in terms of
AFLI, AFRI, AFBI and AFGBI. In addition, we have also characterized (k*, k)-lower part n§ of
1 in terms of AFLI and AFRI. Finally, we have established relationship between AFGBI and
(k*, k)-lower part nf of n. Following are particular cases of the present paper:

(1) If we put k* = 1, then most of the results of this paper reduce in the setting of (€, €
Vvqy)-antifuzzy bi-ideals and (€, € Vvgy)-antifuzzy generalized bi-ideals.

(2) If we put k* = 1and k = 0, then most of the results of this paper reduce in the setting
of (€, € vgqy)-antifuzzy bi-ideals and (€, € Vvgy)-antifuzzy generalized bi-ideals.

It is hoped that the properties of AFLI, AFRI, AFBI and AFGBI obtained in this paper may
prove to be highly instrumental for characterizing different classes of ordered semigroups
such as regular ordered semigroups, intra-regular ordered semigroups and semisimple
ordered semigroups.
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