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ABSTRACT
As an extension of the applications of soft sets in α-ideals of BCI-
algebras, we have defined the idea of ‘intuitionistic fuzzy soft α-
ideals’ and proved their basic properties. ‘Intuitionistic fuzzy soft
BCI-algebras’ and ‘intuitionistic fuzzy soft ideals’ havebeendescribed
with the help of concrete examples.We proved that any IFSI of a BCK-
algebra is an ‘intuitionistic fuzzy soft BCK-algebra’ (IFSBCKA). After-
wards we have proceeded towards the detail discussion of IFSα Is.
The notion of intuitionistic fuzzy soft α-ideals in BCI-algebras is pre-
sented, the corresponding properties are proved and concrete appli-
cations are given. Connections between various types of intuitionis-
tic fuzzy softα-ideals and intuitionistic fuzzy soft ideals are described.
Intuitionistic fuzzy soft α-ideals are characterised using the idea of
soft (δ, η)-level set.
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1. Introduction

In the present era, uncertainty is one of the definitive changes in science. The traditional
view is that uncertainty is objectionable in science and science should endeavour for cer-
tainty through all conceivable means. At the present it is believed that uncertainty is
vigorous for science that is not only an inevitable epidemic but also has great effective-
ness. The statistical methods particularly the probability theory was the first type of this
approach to study the physical process at themolecular level as the existing computational
approaches were not able to meet the enormous number of units involved in Newtonian
Mechanics.

During the world war II, the development of computer technology assisted quite effec-
tively in overcoming many complicated problems. But later it was realise that complexity
can be handled up to a certain limit, that is, there are complications which cannot be over-
comeby human skills or any computer technology. Then the problemwas to dealwith such
type of complications where no computational power is effective.

Zadeh in 1965 [1] put forward his idea of fuzzy set theory which is considered to be the
most suitable tool in overcoming the uncertainties. This theory is considered as a substitute
of probability theory and is widely used in solving decision making problems.
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Moreover, rough set theory and theory of interval mathematics were also introduced to
cope with uncertainties. In daily life, conventional methods are not efficacious for solving
difficult problems. Molodtsov [2] pointed out that due to insufficiency of parametrisation
tool, the theories like, the probability theory, fuzzy set theory, the theory of interval mathe-
matics are difficult to apply. He solved this problembypresenting the ideaof soft set theory.
This theory is extensively used in many different fields.

Acar et al. [3] defined soft rings and introduced their basic properties such as soft ideals,
soft homomorphisms etc. by using soft set theory. Neong [4] made an attempt to solve a
decision problem using imprecise soft sets by considering a hypothetical case study. Ç elik
and Yamak [5] elaborated various applications of fuzzy soft set theory in medical diagno-
sis using fuzzy arithmetic operations. Qin and Hong [6] discussed the algebraic structure of
soft sets and constructed the lattice structures of soft sets. They also introduced the con-
cept of soft equality and derived some related properties. Ali et al. [7] presented some new
operations like restricted intersection (union, difference), extended intersection, relative
complement and verified the De Morgan’s Laws using these newly defined operations.

Imai and Iseki [8] introduced the idea of BCK/BCI-algebras by considering the proper-
ties of set difference. Masarwah and Ahmad [9–13] discussed the properties of different
fuzzy ideals in BCK/BCI-algebras. Senapati et al. [14] applied cubic intuitionistic structures to
ideals of BCI-algebras. Senapati and Shum: [15] elaborated the properties of cubic implica-
tive ideals of BCK-algebras. In 2008, Jun [16] applied soft set theory to the theory of
BCK/BCI-algebras and presented soft BCK/BCI-algebras, soft subalgebras and deliberated
their properties. In [17] Jun et al. presented the notions of fuzzy soft BCK/BCI-algebras,
(closed) fuzzy soft ideals and fuzzy soft p-ideals and conferred apposite properties.

Atanassov [18] generalised the fuzzy sets by presenting the idea of intuitionistic fuzzy
sets. Hayat et al. [19, 20] applied Intuitionistic fuzzy soft sets to various real life decision
making problems. Abu Qamar and Hassan [21] considered an approach towards a Q-
neutrosophic soft set and its application in decision making. By considering the idea of
intuitionistic fuzzy sets by Atanassov [18] below we extend the study of applications of
soft sets in α-ideals of BCI-algebras and introduce the concept of intuitionistic fuzzy soft
α-ideals and prove their basic properties. We also describe connections between various
types of intuitionistic fuzzy soft α-ideals and intuitionistic fuzzy soft ideals. We explore use-
ful facts on various operations given in [7] and [22] on intuitionistic fuzzy soft α-ideals and
characterise intuitionistic fuzzy α-ideals by soft (δ, η)-level sets. Presented examples give
applications of our results. A basic literature relevant to the intuitionistic fuzzy soft theory
one can find in [23].

2. Preliminaries

BCK/BCI-algebras are important classes of logical algebras introduced by Imai and Iśeki [8]
and were comprehensively explored by many researchers.

An algebra (�, ∗, 0) of type (2, 0) is called a BCI-algebra if it satisfies the following
conditions:

(I). ((ı ∗ j) ∗ (ı ∗ �)) ∗ (� ∗ j) = 0
(II). (ı ∗ (ı ∗ j)) ∗ j = 0
(III). ı ∗ ı = 0
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(IV). ı ∗ j = 0 and j ∗ ı = 0 ı = j for all ı, j , � ∈ �. In a BCI-algebra�, we can define a par-
tial ordering ‘ ≤ ‘ by putting ı ≤ j if and only if ı ∗ j = 0. If a BCI-algebra � satisfies
the identity:

(V). 0 ∗ ı = 0, for all ı ∈ �, then� is called a BCK-algebra. In any BCI-algebra the following
hold:

(VI). (ı ∗ j) ∗ � = (ı ∗ �) ∗ j

(VII). ı ∗ 0 = ı
(VIII). ı ≤ j implies ı ∗ � ≤ j ∗ � and � ∗ j ≤ � ∗ ı
(IX). 0 ∗ (ı ∗ j) = (0 ∗ ı) ∗ (0 ∗ j)

(X). ı ∗ (ı ∗ (ı ∗ j)) = (ı ∗ j)

(XI). (ı ∗ �) ∗ (j ∗ �) ≤ ı ∗ j for all ı, j , � ∈ �.

An intuitionistic fuzzy set � = {(	�(ı), ξ�(ı))|ı ∈ �} in a BCI-algebra � is called an
intuitionistic fuzzy BCI-algebra [24] of � if,

(α1)	�(ı ∗ j) ≥ min{	�(ı),	�(j)} and ξ�(ı ∗ j) ≤ max{ξ�(ı), ξ�(j)}, for any
ı, j , � ∈ �.

An intuitionistic fuzzy set � = {(	�(ı), ξ�(ı))|ı ∈ �} in a BCI-algebra � is called an
intuitionistic fuzzy ideal [24] of � if,

(α2) 	�(0) ≥ 	�(ı) and ξ�(0) ≤ ξ�(ı), for any ı ∈ �.
(α3) 	�(ı) ≥ min{	�(ı ∗ j)), 	�(j)} and ξ�(ı) ≤ max{ξ�(ı ∗ j)), ξ�(j)}, for any

ı, j , � ∈ �.
An intuitionistic fuzzy set � = {(	�(ı), ξ�(ı))|ı ∈ �} in a BCI-algebra � is called an

intuitionistic fuzzy α-ideal [25] of � if,
(α4) 	�(0) ≥ 	�(ı) and ξ�(0) ≤ ξ�(ı), for any ı ∈ �.
(α5) 	�(j ∗ ı) ≥ min{	�((ı ∗ �) ∗ (0 ∗ j)), 	�(�)} and ξ�(j ∗ ı) ≤ max{ξ�((ı ∗ �) ∗

(0 ∗ j)), ξ�(�)} for any ı, j , � ∈ �.

3. Intuitionistic Fuzzy Soft set Theoretic Approach to Subalgebras and Ideals
in BCI-algebras

In this section, we present the notions of ‘intuitionistic fuzzy soft BCI-algebras’ and ‘intu-
itionistic fuzzy soft ideals’ and elaborate apposite properties. We will also establish relation
between them with the help of different examples. In the sequel, IFS (resp. IFSs), IFSS (resp.
IFSSs) will be ‘intuitionistic fuzz set’ (resp. ‘intuitionistic fuzz sets’), ‘intuitionistic fuzzy soft
set’ (resp. ‘intuitionistic fuzzy soft sets’) and � will be a BCI-algebra.

Definition 3.1: Let (�,ς ) be an IFSS over�. If for some δ ∈ ς ,�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈
�} is an ‘intuitionistic fuzzy BCI-algebra’ (or IFBCIA) of �, then (�, ς ) is referred as an ‘intu-
itionistic fuzzy soft BCI-algebra’ (or IFSBCIA) over � with respect to the parameter δ. If (�, ς )
is an IFSBCIA over � with respect to all the members of ς (i.e. for all the parameters in ς ),
then (�, ς ) is referred as an IFSBCIA over �.

We clarify the above definition by the succeeding example.

Example3.2: Let the countries; Denmark, Finland, France, Georgia andHungary constitute
a universe set �, i.e.

� = {Denmark, Finland, France, Georgia, Hungary}
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Suppose that � is an operator which acts upon the members of � accordingly as:
Denmark � ı = Denmark, for any ı ∈ �.

Finland � ı =
{
Denmark, if ı ∈ {Finland,Georgia,Hungary}
Finland, if ı ∈ {Denmark, France}

France � ı =
{
Denmark, if ı ∈ {France,Hungary}
France, if ı ∈ {Denmark, Finland,Georgia}

Georgia � ı =
{
Georgia, if ı ∈ {Denmark, Finland, France}
Denmark, if ı ∈ {Georgia,Hungary}

Hungary � ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Hungary, if ı ∈ {Denmark, Finland}
Georgia, if ı = France

France, if ı = Georgia

Denmark, if ı = Hungary

Then (�,�, Denmark) is a BCK-algebra and hence a BCI-algebra.
Let ς = {Tourist, Investor, Student} be a set of types of visas offered by the countries in�

to the under-developing countries.
Let (�, ς ) be an IFSS over �. Then �[Tourist], �[Investor] and �[Student] are IFSs
in � delineated as:

� Denmark Finland France Georgia Hungary

Tourist (0.8, 0.1) (0.8, 0.2) (0.8, 0.2) (0.7, 0.3) (0.7, 0.3)
Investor (0.9, 0.1) (0.8, 0.2) (0.4, 0.3) (0.6, 0.4) (0.4, 0.4)
Student (0.7, 0.3) (0.2, 0.4) (0.6, 0.4) (0.2, 0.5) (0.2, 0.5)

Then �[Tourist], �[Investor] and �[Student] are ‘intuitionistic fuzzy soft BCI-algebras’
(IFSBCIAs) over � based on parameters Tourist, Investor and Student respectively. Hence
(�, ς ) is an IFSBCIA over �.

Proposition 3.3: If (�, ς ) is an IFSBCIA over�, then for any parameter δ ∈ ς and ı ∈ �,

	�[δ](0) ≥ 	�[δ](ı) and ξ�[δ](0) ≤ ξ�[δ](ı).

Proof: By hypothesis, �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFBCIA of� for any δ ∈ ς . Thus
for any parameter δ ∈ ς and ı ∈ �,

	�[δ](0) = 	�[δ](ı ∗ ı) ≥ min{	�[δ](ı),	�[δ](ı)} = 	�[δ](ı)

and

ξ�[δ](0) = ξ�[δ](ı ∗ ı) ≤ min{ξ�[δ](ı), ξ�[δ](ı)} = ξ�[δ](ı)

Hence proved.
The succeeding statement is evident. �
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Theorem 3.4: Let (�, ς ) be an IFSBCIA over�. If τ ⊂ ς , then (�|τ , τ) is an IFSBCIA over�.

Now, we demonstrate that there exists an IFSS (�, ς ) over � which is not an IFSBCIA over
� but there exists τ ⊂ ς such that (�|τ , τ) is an IFSBCIA over �.

Example 3.5: Let (�, �, Denmark) be the BCI-algebra established in Example 3.2 and
ς = {Tourist, Investor, Student, Worker, Athlete} be a set of characteristics of members of
�. Let (�, ς ) be an IFSS over �. Then �[Tourist], �[Investor], �[Student], �[Worker] and
�[Athlete] are IFSs in � delineated as:

� Denmark Finland France Georgia Hungary

Tourist (0.7, 0.1) (0.7, 0.2) (0.7, 0.2) (0.2, 0.3) (0.2, 0.4)
Investor (0.8, 0.2) (0.7, 0.3) (0.2, 0.3) (0.5, 0.4) (0.2, 0.5)
Student (0.6, 0.1) (0.2, 0.2) (0.4, 0.2) (0.2, 0.3) (0.2, 0.3)
Worker (0.1, 0.1) (0.2, 0.2) (0.3, 0.2) (0.5, 0.3) (0.6, 0.4)
Athlete (0.3, 0.2) (0.2, 0.3) (0.5, 0.3) (0.6, 0.4) (0.2, 0.5)

Then it can be perceived that (�, ς ) is not an IFSBCIA over �, since, �[Worker] and
�[Athlete] aren’t ‘intuitionistic fuzzy BCI-algebras’ (or IFBCIAs) in �. Whereas, if we contem-
plate τ = {Tourist, Investor, Student} ⊂ ς , then (�|τ , τ) is an IFSBCIA over �.

Definition3.6: Let (�,ς ) be an IFSSover�. If for some δ ς ,�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �}
is an ‘intuitionistic fuzzy ideal’ (or IFI) of �, then (�, ς ) is referred as an ‘intuitionistic fuzzy
soft ideal’ (or IFSI) over � with respect to the parameter δ. If (�, ς ) is an IFSI over � with
respect to all the members of ς (i.e. for all the parameters in ς ), then (�, ς ) is referred as an
IFSI over �.

We clarify the above definition by the succeeding example.

Example 3.7: Let � = {Denmark, Finland, France, Georgia, Hungary} be a universe set.
Suppose that� is an operator which acts upon the members of � accordingly as:

Denmark � ı = Denmark, for any ı ∈ �.

Finland � ı =
{
Denmark, if ı ∈ {Finland,Georgia,Hungary}
Finland, if ı ∈ {Denmark, France}

France � ı =
{
Denmark, if ı ∈ {France,Georgia}
France, if ı ∈ {Denmark, Finland,Hungary}

Georgia � ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Georgia, if ı = Denmark

Denmark, if ı = Georgia

France, if ı ∈ {Finland,Hungary}
Finland, if ı = France

Hungary � ı =

⎧⎪⎪⎨
⎪⎪⎩
Denmark, if ı = Hungary

Finland, if ı ∈ {Finland,Georgia}
Hungary, if ı ∈ {Denmark, France}
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Then (�, �, Denmark) is a BCK-algebra and hence a BCI-algebra.
Let ς = {Tourist, Investor, Student, Worker, Athlete, Artist} be a set of characteristics of

members of �.
Let (�,ς ) be an IFSSover�. Then�[Tourist],�[Investor],�[Student],�[Worker],�[Athlete]

and �[Artist] are IFSs in � delineated as:

� Denmark Finland France Georgia Hungary

Tourist (0.6, 0.1) (0.4, 0.2) (0.4, 0.2) (0.4, 0.3) (0.4, 0.4)
Investor (0.7, 0.2) (0.5, 0.3) (0.7, 0.3) (0.5, 0.4) (0.5, 0.5)
Student (0.8, 0.1) (0.8, 0.2) (0.3, 0.2) (0.3, 0.4) (0.8, 0.2)
Worker (0.5, 0.3) (0.3, 0.4) (0.4, 0.4) (0.2, 0.5) (0.2, 0.6)
Athlete (0.5, 0.1) (0.5, 0.2) (0.8, 0.2) (0.7, 0.3) (0.4, 0.5)
Artist (0.6, 0.3) (0.5, 0.4) (0.2, 0.4) (0.2, 0.5) (0.5, 0.6)

Then (�, ς ) is an IFSI over � based on the parameters Tourist, Investor, Student, Worker
and Artist. But since,

	�[Athelet](Hungary)% = 0.4

< 0.5

= min{	�[Athelet](Hungary�Georgia),	�[Athelet](Georgia)}
and

ξ�[Athelet](Hungary)% = 0.5

> 0.3

= max{ξ�[Athelet](Hungary�Georgia), ξ�[Athelet](Georgia)}
i.e. the IFS�[Athelet] = {(	�[Athelet](ı), (ξ�[Athelet](ı))|ı ∈ �} is not an IFI of�. Thus (�,ς ) isn’t
an IFSI over � based on the parameter ‘Athlete’. Hence (�, ς ) isn’t an IFSI over �.

Example 3.8: Let � = {Denmark, Finland, France, Georgia, Hungary} be a universe set.
Suppose that � is an operator which acts upon the members of � accordingly as:

Denmark � ı =

⎧⎪⎪⎨
⎪⎪⎩
Denmark, if ı ∈ {Denmark, Finland, France}
Hungary, if ı = Georgia

Georgia, if ı = Hungary

Finland � ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Denmark, if ı = Finland

Finland, if ı ∈ {Denmark, France}
Hungary, if ı = Georgia

Georgia, if ı = Hungary

France� ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Denmark, if ı = France

France, if ı ∈ {Denmark, Finland}
Hungary, if ı = Georgia

Georgia, if ı = Hungary
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Georgia � ı =

⎧⎪⎪⎨
⎪⎪⎩
Denmark, if ı = Georgia

Georgia, if ı ∈ {Denmark, Finland, France}
Hungary, if ı = Hungary

Hungary � ı =

⎧⎪⎪⎨
⎪⎪⎩
Denmark, if ı = Hungary

Hungary, if ı ∈ {Denmark, Finland, France}
Georgia, if ı = Georgia

Then (�,�, Denmark) is BCI-algebra.
Let ς = {Tourist, Investor, Student} be a set of characteristics of members of �.
Let (�, ς ) be an IFSS over �. Then �[Tourist], �[Investor] and �[Student] are IFSs
in � delineated as:

� Denmark Finland France Georgia Hungary

Tourist (0.6, 0.1) (0.4, 0.2) (0.4, 0.3) (0.4, 0.3) (0.6, 0.1)
Investor (0.3, 0.2) (0.5, 0.3) (0.3, 0.4) (0.3, 0.2) (0.5, 0.5)
Student (0.5, 0.3) (0.6, 0.3) (0.4, 0.5) (0.4, 0.4) (0.6, 0.4)

Then (�, ς ) is an IFSI over �.
Any IFSI of a BCK-algebra is an ‘intuitionistic fuzzy soft BCK-algebra’ (or IFSBCKA) but the

converse isn’t valid. To comprehend this we contemplate the succeeding example.

Example 3.9: Let the flowers, Rose, Tulip, Sunflower, Camation and Gerbera constitute a
universe set �, i.e. � = {Rose, Tulip, Sunflower, Camation, Gerbera} . Suppose that � is an
operator which acts upon the members of � accordingly as:

Rose � ı = Rose, for any ı ∈ �.

Tulip � ı =
{
Rose, if ı ∈ {Tulip,Camation,Gerbera}
Tulip, if ı ∈ {Rose, Sunflower}

Sunflower � ı =
{
Rose, if ı ∈ {Sunflower, Camation,Gerbera}
Sunflower, if ı ∈ {Rose, Tulip}

Camation � ı =
{
Rose, if ı ∈ {Camation,Gerbera}
Camation, if ı ∈ {Rose, Tulip, Sunflower}

Then (�, Ø, Rose) is a BCK-algebra.
Let ς = {white, gold, pink} be a set of different colours in which the flowers in � exist in

nature.
Let (�, ς ) be an IFSS over �. Then �[white], �[gold] and �[pink] are IFSs in � delineated

as:
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� Rose Tulip Sunflower Camation Gerbera

White (0.8, 0.1) (0.6, 0.2) (0.4, 0.2) (0.4, 0.3) (0.4, 0.4)
Gold (0.7, 0.2) (0.3, 0.3) (0.3, 0.3) (0.6, 0.2) (0.3, 0.5)
Pink (0.9, 0.1) (0.8, 0.2) (0.7, 0.2) (0.5, 0.3) (0.5, 0.4)

Then (�, ς ) is an IFSBCKA over �. But since,

	�[gold](Tulip) = 0.3 < 0.6 = min{	�[gold](Tulip�Camation),	�[gold](Camation)}
and

ξ�[gold](Tulip) = 0.3 > 0.2 = max{ξ�[gold](Tulip�Camation), ξ�[gold](Camation)}
i.e. the IFS �[gold] = {(	�[gold](ı), (ξ�[gold](ı))|ı ∈ �} is not an IFI of �. Thus (�, ς ) isn’t an
IFSI over � based on the parameter ‘gold’. Hence (�, ς ) isn’t an IFSI over �.

Theorem 3.10: Let (�, ς ) be an IFSS over�. If (�, ς ) satisfies Proposition 3.3 and the implica-
tion,

ı ∗ j ≤ � ⇒ 	�[δ](ı) ≥ min{	�[δ](j),	�[δ](�)} and ξ�[δ](ı) ≤ max{ξ�[δ](j), ξ�[δ](�)} (1)

for any δ ∈ ς and ı, j , �∈ �. Then (�, ς ) is an IFSI over�.

Proof: Since by axiom (II), ı ∗ (ı ∗ j) ≤ j , for any ı, j , � ∈ �, it follows by the given implica-
tion,

	�[δ](ı) ≥ min{	�[δ](ı ∗ j),	�[δ](j)} and ξ�[δ](ı) ≤ max{ξ�[δ](ı ∗ j), ξ�[δ](j)}
This along with Proposition 3.3 implies that (�, ς ) is an IFSI over �.

Theorem 3.11: Let (�, ς ) be an IFSI over�. If for any ı, j , �∈ �, ı ∗ j ≤ �, then,

	�[δ](ı) ≥ min{	�[δ](j),	�[δ](�)} and ξ�[δ](ı) ≤ max{ξ�[δ](j), ξ�[δ](�)}
for any parameter δ ∈ ς .

Proof: Let ı ∗ j ≤ �, for any ı, j , �∈ �. Then (ı ∗ j) ∗ � = 0. By given hypothesis, for any
δ ∈ ς and ı, j , � ∈ �,

	�[δ](ı ∗ j) ≥ min{	�[δ]((ı ∗ j) ∗ �),	�[δ](�)} = min{	�[δ](0),	�[δ](�)} = 	�[δ](�)

and

ξ�[δ](ı ∗ j) ≤ max{ξ�[δ]((ı ∗ j) ∗ �), ξ�[δ](�)} = max{ξ�[δ](0), ξ�[δ](�)} = ξ�[δ](�)

Thus for any δ ∈ ς and ı, j , � ∈ �,

	�[δ](ı) ≥ min{	�[δ](ı ∗ j),	�[δ](j)} ≥ min{	�[δ](j),	�[δ](�)}
and

ξ�[δ](ı) ≤ max{ξ�[δ](ı ∗ j), ξ�[δ](j)} ≤ max{ξ�[δ](j), ξ�[δ](�)}.
Hence proved. �
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Theorem 3.12: Let (�, ς ) be an IFSBCIA over �. Then (�, ς ) is an IFSI of � if and only if the
implication (1) is valid.

Proof: The necessity is evident by Theorem 3.11. Conversely, let the implication (1) is valid.
Since ı ∗ (ı ∗ j) ≤ j for any ı, j , �∈ �, thus by (1),

	�[δ](ı) ≥ min{	�[δ](ı ∗ j),	�[δ](j)} and ξ�[δ](ı) ≤ max{ξ�[δ](ı ∗ j), ξ�[δ](j)} for any δ ∈
ς . This along with Proposition 3.3 implies that (�, ς ) is an IFSI over �. �

Theorem 3.13: Any IFSI (�, ς ) over� satisfies,

	�[δ](0 ∗ (0 ∗ ı)) ≥ 	(ı) and ξ�[δ](0 ∗ (0 ∗ ı)) ≤ ξ(ı)

for any δ ∈ ς and ı ∈ �.

Proof: By given hypothesis, for any δ ∈ ς and ı ∈ �,

	�[δ](0 ∗ (0 ∗ ı))% ≥ min{	�[δ]((0 ∗ (0 ∗ ı)) ∗ ı),	�[δ](ı)}
= min{	�[δ]((0 ∗ ı) ∗ (0 ∗ ı)),	�[δ](ı)}
= min{	�[δ](0),	�[δ](ı)}
= 	�[δ](ı)

and

ξ�[δ](0 ∗ (0 ∗ ı))% ≥ max{ξ�[δ]((0 ∗ (0 ∗ ı)) ∗ ı), ξ�[δ](ı)}
= max{ξ�[δ]((0 ∗ ı) ∗ (0 ∗ ı)), ξ�[δ](ı)}
= max{ξ�[δ](0), ξ�[δ](ı)}
= ξ�[δ](ı)

Hence proved. �

Theorem 3.14: The AND operation of two intuitionistic fuzzy soft ideals (�, ς ) and (ϒ , τ )
over� is an IFSI over�.

Proof: The AND operation of (�, ς ) and (ϒ , τ ) denoted by, (�, ς)∧̃(ϒ , τ), is defined as,
(�, ς)∧̃(ϒ , τ) = (�, ς × τ), where

�[δ, η]% = �[δ] ∩ ϒ [η]

= {(	�[δ,η](ı), ξ�[δ,η](ı))|ı ∈ �}
= {(	�[δ]∩ϒ [η](ı), ξ�[δ]∩ϒ [η](ı))|ı ∈ �}
= {(min{	�[δ](ı),	ϒ [η](ı)}, max{ξ�[δ](ı), ξϒ [η](ı)})|ı ∈ �}

for any (δ, η) ∈ ς × τ and obviously δ ∈ ς , η ∈ τ . Thus for any ı, j ∈ � and (δ, η) ∈ ς × τ ,

	�[δ,η](ı)% = 	�[δ]∩ϒ [η](ı)

= min{	�[δ](ı),	ϒ [η](ı)}
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≥ min{min{	�[δ](ı ∗ j),	�[δ](j)}, min{	ϒ [η](ı ∗ j),	ϒ [η](j)}}
= min{min{	�[δ](ı ∗ j),	ϒ [η](ı ∗ j)}, min{	�[δ](j),	ϒ [η](j)}}
= min{	�[δ]∩ϒ [η](ı ∗ j),	�[δ]∩ϒ [η](j)}
= min{	�[δ,η](ı ∗ j),	�[δ,η](j)}

and

ξ�[δ,η](ı)% = ξ�[δ]∩ϒ [η](ı)

= max{ξ�[δ](ı), ξϒ [η](ı)}
≤ max{max{ξ�[δ](ı ∗ j), ξ�[δ](j)}, max{ξϒ [η](ı ∗ j), ξϒ [η](j)}}
= max{max{ξ�[δ](ı ∗ j), ξϒ [η](ı ∗ j)}, max{ξ�[δ](j), ξϒ [η](j)}}
= max{ξ�[δ]∩ϒ [η](ı ∗ j), ξ�[δ]∩ϒ [η](j)}
= max{ξ�[δ,η](ı ∗ j), ξ�[δ,η](j)}

Hence (�, ς)∧̃(ϒ , τ) = (�, ς × τ) is an IFSI over �.
For a BCI-algebra�, an IFSI over� isn’t necessarily an IFSBCIA as can be perceived by the

succeeding example. �

Example 3.15: Let R be the set of all non-zero rational numbers. Then it is easy to substan-
tiate that (R,÷, 1) is a BCI-algebra. Delineate an IFS�[δ] = {(α�[δ](ı), ξ�[δ](ı)) | ı ∈ �}, for any
δ ∈ ς and ı ∈ R as:

	�[δ](ı) =
{
0.9 if ı ∈ Z′

0.09 otherwise

and

ξ�[δ](ı) =
{
0.08 if ı ∈ Z′

0.8 otherwise

Here Z′ = set of all non-zero integers. Then (�, ς ) is an IFSI over R but since for any δ ∈ ς ,

	�[δ](5 ÷ 4) = 0.09 < 0.9 = min{	�[δ](5),	�[δ](4)}
and

ξ�[δ](5 ÷ 4) = 0.8 > 0.08 = min{ξ�[δ](5), ξ�[δ](4)}
i.e. �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is not an IFBCIA of R for δ ∈ ς . Thus (�, ς ) is not an

IFSBCIA over R.
An IFSI (�, ς ) over � is termed as closed if �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is a ‘closed

intuitionistic fuzzy ideal’ (or CIFI) of � for any δ ∈ ς .

Theorem 3.16: Any closed IFSI over� is an IFSBCIA over�.

Proof: By given hypothesis,�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is a CIFI of� for any δ ∈ ς , i.e.
	�[δ](0 ∗ ı) ≥ 	�[δ](ı) and ξ�[δ](0 ∗ ı) ≤ ξ�[δ](ı), for any ı ∈ � and δ ∈ ς . Thus for any ı, j ∈
� and δ ∈ ς ,

	�[δ](ı ∗ j)% ≥ min{	�[δ]((ı ∗ j) ∗ ı),	�[δ](ı)}
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= min{	�[δ]((ı ∗ ı) ∗ j),	�[δ](ı)}
= min{	�[δ](0 ∗ j),	�[δ](ı)}
≥ min{	�[δ](ı),	�[δ](j)}

and

ξ�[δ](ı ∗ j)% ≤ max{ξ�[δ]((ı ∗ j) ∗ ı), ξ�[δ](ı)}
= max{ξ�[δ]((ı ∗ ı) ∗ j), ξ�[δ](ı)}
= max{ξ�[δ](0 ∗ j), ξ�[δ](ı)}
≤ max{ξ�[δ](ı), ξ�[δ](j)}

Hence proved. �

Theorem 3.17: An IFSI (�, ς ) over� is closed⇐⇒ for any δ ∈ ς and ı, j ∈ � it placates,

	�[δ](ı ∗ j) ≥ min{	�[δ](ı),	�[δ](j)} and ξ�[δ](ı ∗ j) ≤ max{ξ�[δ](ı), ξ�[δ](j)} (2)

Proof: The necessity is evident by Theorem 3.16. Conversely, let (2) is valid. Then for any
δ ∈ ς and ℘ ∈ �,

	�[δ](0 ∗ ℘) ≥ min{	�[δ](0),	�[δ](℘)} = 	�[δ](℘)

and

ξ�[δ](0 ∗ ℘) ≤ max{ξ�[δ](0), ξ�[δ](℘)} = ξ�[δ](℘)

i.e. �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is a CIFI of � for any δ ∈ ς and ℘ ∈ �.
Hence proved. �

�

4. Intuitionistic Fuzzy Soft set Theoretic Approach to α-Ideals in
BCI-algebras

In this section, we present the notions of ‘intuitionistic fuzzy soft α-ideals’ and elaborate
apposite properties. Wewill also establish their relation with ‘intuitionistic fuzzy soft ideals’
with thehelp of different examples. The ‘AND’ operation, ‘extended intersection’, ‘restricted
intersection’ and ‘union’ of ‘intuitionistic fuzzy soft α-ideals’ will also be conferred. In the
sequel, IFSα I (resp. IFSα Is) will be ‘intuitionistic fuzzy soft α-ideal’ (resp. ‘intuitionistic fuzzy
soft α-ideals’) and � will be a BCI-algebra.

Definition 4.1: Let (�,ς ) be an IFSS over�. If for some δ ∈ ς ,�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈
�} is an ‘intuitionistic fuzzy α-ideal’ (or IFα I) of �, then (�, ς ) is referred as an ‘intuitionistic
fuzzy soft α-ideal’ (or IFSα I) over � with respect to the parameter δ. If

(�, ς ) is an IFSα I over�with respect to all themembers of ς (i.e. for all the parameters in
ς ), then (�, ς ) is referred as an IFSα I over �.

We clarify the above definition by the succeeding example.
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Example 4.2: Let the four different types of flowers; Rose, Tulip, Sunflower and Camation
compose the universe �, i.e. � ={Rose, Tulip, Sunflower, Camation } . Suppose that ♦ is an
operator which acts upon the members of � accordingly as:

Rose ♦ ı = ı, for any ı ∈ �.

Tulip ♦ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Tulip, if ı = Rose

Rose, if ı = Tulip

Camation, if ı = Sunflower

Sunflower, if ı = Camation

Sunflower ♦ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Sunflower, if ı = Rose

Camation, if ı = Tulip

Rose, if ı = Sunflower

Tulip, if ı = Camation

Camation ♦ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Camation, if ı = Rose

Sunflower, if ı = Tulip

Tulip, if ı = Sunflower

Rose, if ı = Camation

Then (�, ♦, Rose) is a BCI-algebra.
Let ς ={Lavender, Red, Orange} be a set of different colours in which the flowers in �

exist in nature.
Let (�, ς ) be an IFSS�. Then �[Lavender], �[Red] and �[Orange] are IFSs in� delineated

as:

� Rose Tulip Sunflower Camation

Lavender (0.8, 0.1) (0.8, 0.1) (0.6, 0.2) (0.6, 0.2)
Red (0.9, 0) (0.9, 0) (0.7, 0.3) (0.7, 0.3)
Orange (0.7, 0.2) (0.7, 0.2) (0.6, 0.4) (0.6, 0.4)

Then (�, ς ) is an IFSα I over � with respect to the parameters Lavender, Red and Orange
respectively. Hence (�, ς ) is an IFSα I over �.

Proposition 4.3: For any IFSα I (�, ς ) over�, the succeeding inequalities hold:

	�[δ](j ∗ ı) ≥ 	�[δ](ı ∗ (0 ∗ j)) and ξ�[δ](j ∗ ı) ≤ ξ�[δ](ı ∗ (0 ∗ j))

for any δ ∈ ς and ı, j ∈ �.

Proof: Let (�,ς ) be an IFSα I over�. Then�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFα I of� for
any δ ∈ ς . Thus for any δ ∈ ς and ı, j , � ∈ �,

	�[δ](j ∗ ı) ≥ min{	�[δ]((ı ∗ �) ∗ (0 ∗ j)),	�[δ](�)}
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and

ξ�[δ](j ∗ ı) ≤ max{ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)), ξ�[δ](�)}
By substituting � = 0 we get,

	�[δ](j ∗ ı) ≥ min{	�[δ]((ı ∗ 0) ∗ (0 ∗ j)),	�[δ](0)} = 	�[δ](ı ∗ (0 ∗ j))

and

ξ�[δ](j ∗ ı) ≤ max{ξ�[δ]((ı ∗ 0) ∗ (0 ∗ j)), ξ�[δ](0)} = ξ�[δ](ı ∗ (0 ∗ j))

Hence proved. �

Theorem 4.4: Any IFSα I over� is an IFSI over�.

Proof: Let (�,ς ) be an IFSα I over�. Then�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFα I of� for
any δ ∈ ς . Thus for any δ ∈ ς and ı, j , �∈ �,

	�[δ](j ∗ ı) ≥ min{	�[δ]((ı ∗ �) ∗ (0 ∗ j)),	�[δ](�)}

and

ξ�[δ](j ∗ ı) ≤ max{ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)), ξ�[δ](�)}
By substituting ı = 0 we get,

	�[δ](j ∗ 0) ≥ min{	�[δ]((0 ∗ �) ∗ (0 ∗ j)),	�[δ](�)}

and

ξ�[δ](j ∗ 0) ≤ max{ξ�[δ]((0 ∗ �) ∗ (0 ∗ j)), ξ�[δ](�)}
Since we know that (0 ∗ �) ∗ (0 ∗ j) ≤ j ∗ �, therefore,

	�[δ]((0 ∗ �) ∗ (0 ∗ j)) ≥ 	�[δ](j ∗ �) and ξ�[δ]((0 ∗ �) ∗ (0 ∗ j)) ≤ ξ�[δ](j ∗ �)

Thus we acquire,

	�[δ](j) ≥ min{	�[δ]((0 ∗ �) ∗ (0 ∗ j)),	�[δ](�)} ≥ min{	�[δ](j ∗ �),	�[δ](�)}

and

ξ�[δ](j) ≤ max{ξ�[δ]((0 ∗ �) ∗ (0 ∗ j)), ξ�[δ](�)} ≤ max{ξ�[δ](j ∗ �), ξ�[δ](�)}

i.e. �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFI of � for any δ ∈ς . Hence (�, ς ) is an IFSI
over �.

The succeeding example proves that an IFSImay not be an IFSα I. �

Example 4.5: Let the five different kinds of flowers; Rose, Tulip, Sunflower, Camation and
Lily compose the universe �, i.e. � = {Rose, Tulip, Sunflower, Camation, Lily}. Suppose that
⊕ is an operator which acts upon the members of � accordingly as:
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ı⊕ Rose = ı, for any ı ∈ �.

ı ⊕ Tulip =
{
Rose, if ı ∈ {Rose, Tulip}
ı, if ı ∈ {Sunflower, Camation, Lily}

ı ⊕ Sunflower =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Lily, if ı ∈ {Rose, Tulip}
Rose, if ı = Sunflower

Sunflower, if ı = Camation

Camation, if ı = Lily

ı ⊕ Camation =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Camation if ı ∈ {Rose, Tulip}
Lily, if ı = Sunflower

Rose, if ı = Camation

Sunflower, if ı = Lily

ı ⊕ Lily =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Sunflower, if ı ∈ {Rose, Tulip}
Camation, if ı = Sunflower

Lily, if ı = Camation

Rose, if ı = Lily

Then (�, ⊕, Rose) is a BCI-algebra.
Let ς = {Lavender, Red, Green} be a set of characteristics of the flowers given in �.
Let (�, ς ) be an IFSS over �. Then �[Lavender], �[Red] and �[Green] are IFSs in �

delineated as:

� Rose Tulip Sunflower Camation Lily

Lavender (0.9, 0.1) (0.4, 0.4) (0.6, 0.3) (0.8, 0.2) (0.1, 0.5)
Red (0.9, 0) (0.7, 1) (0.4, 0.4) (0.5, 0.3) (0.6, 0.2)
Green (1, 0) (0.6, 0.2) (0.5, 0.3) (0.3, 0.4) (0.7, 0.1)

Then (�, ς ) is an IFSI over � but since

	�[Red](Tulip ⊕ Lily) = 	�[Red](Sunflower)

= 0.4

< 0.6

= min{	�[Red]((Lily ⊕ Rose) ⊕ (Rose ⊕ Tulip)),	�[Red](Rose)}
and

ξ�[Red](Tulip ⊕ Lily) = ξ�[Red](Sunflower)

= 0.4

> 0.2

= max{ξ�[Red]((Lily ⊕ Rose) ⊕ (Rose ⊕ Tulip)), ξ�[Red](Rose)}



FUZZY INFORMATION AND ENGINEERING 15

i.e. �[Red] = {(	�[Red](ı), ξ�[Red](ı))|ı ∈ �} isn’t an IFα I of �. Therefore (�, ς ) is not an
IFSα I over � with respect to the parameter ‘Red’. Hence (�, ς ) is not an IFSα I over �.

Proposition 4.6: Let (�, ς ) be an IFSα I over�. Then for any parameter δ ∈ ς and ı, j , � ∈ �,
	�[δ]((ı ∗ �) ∗ (0 ∗ j)) ≥ 	�[δ](ı ∗ (� ∗ j)) and ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)) ≤ ξ�[δ](ı ∗ (� ∗ j)).

Proof: Let (�, ς ) be an IFSα I over �. Since (ı ∗ �) ∗ (0 ∗ j) = (ı ∗ �) ∗ ((� ∗ j) ∗ �) ≤ ı ∗ (� ∗
j). Therefore, (ı ∗ �) ∗ (0 ∗ j) ∗ (ı ∗ (� ∗ j)) = 0. By Theorem 4.4, (�, ς ) is an IFSI over �.
Thus,

�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFI of � for any δ ∈ �.
Thus for any δ ∈ ς and ı, j , � ∈ �,

	�[δ]((ı ∗ �) ∗ (0 ∗ j)) ≥ min{	�[δ](((ı ∗ �) ∗ (0 ∗ j)) ∗ (ı ∗ (� ∗ j))),	�[δ]((ı ∗ (� ∗ j)))}
= min{	�[δ](0),	�[δ]((ı ∗ (� ∗ j)))}
= 	�[δ]((ı ∗ (� ∗ j)))

and

ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)) ≤ max{ξ�[δ](((ı ∗ �) ∗ (0 ∗ j)) ∗ (ı ∗ (� ∗ j))), ξ�[δ]((ı ∗ (� ∗ j)))}
= max{ξ�[δ](0), ξ�[δ]((ı ∗ (� ∗ j)))}
= ξ�[δ]((ı ∗ (� ∗ j)))

Hence proved. �

Theorem 4.7: Let (�, ς ) be an IFSI over�. If for any parameter δ ∈ ς and ı, j ∈ �,
	�[δ](j ∗ ı) ≥ 	�[δ](ı ∗ (0 ∗ j)) and ξ�[δ](j ∗ ı) ≤ ξ�[δ](ı ∗ (0 ∗ j)). Then (�, ς ) is an IFSα I
over�.

Proof: Since (�,ς ) is an IFSI over�, therefore�[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFI of�
for any δ ∈ �. Thus for any parameter δ ∈ ς and ı, j , � ∈ �,

	�[δ](j ∗ ı) ≥ 	�[δ](ı ∗ (0 ∗ j))

≥ min{	�[δ]((ı ∗ (0 ∗ j)) ∗ �),	�[δ]�)}
= min{	�[δ]((ı ∗ �) ∗ (0 ∗ j)),�[δ](�)}

and

ξ�[δ](j ∗ ı) ≥ ξ�[δ](ı ∗ (0 ∗ j))

≥ min{ξ�[δ]((ı ∗ (0 ∗ j)) ∗ �), ξ�[δ]�)}
= min{ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)),�[δ](�)}

i.e. �[δ] = {(	�[δ](ı), ξ�[δ](ı))|ı ∈ �} is an IFα I of � for any δ ∈ �. Hence (�, ς ) is an
IFSα I over �. �

Theorem 4.8: If (�, ς ) and (ϒ , τ ) are IFSα Is over �, then the ‘extended intersection’ of (�, ς )
and (ϒ , τ ) is an IFSα I over�.
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Proof: We know that the ‘extended intersection’ of (�, ς ) and (ϒ , τ ), denoted by
(�, ς)�E(ϒ , τ), can be defined as, (�, ς)�E(ϒ , τ)= (�, �), where q = ς ∪ τ and for any
℘ ∈ q,

�[℘] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �} if ℘ ∈ ς − τ

ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �} if ℘ ∈ τ − ς

�[℘] ∩ ϒ [℘] = {(min{	�[℘](ı),	ϒ [℘](ı)},
max{ξ�[℘](ı), ξϒ [℘](ı)})|ı ∈ �} if ℘ ∈ ς ∩ τ

For any ℘ ∈ q if ℘ ∈ ς − τ , then �[℘] = �[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �}, which is an
IFα I of�. Similarly, if℘ ∈ τ − ς , then�[℘] = ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �}, which is
an IFα I of �. Moreover if ℘ ∈ q such that ℘ ∈ ς ∩ τ , then
�[℘] = �[℘] ∩ ϒ [℘] = {(min{	�[℘](ı),	ϒ [℘](ı)}, max{ξ�[℘](ı), ξϒ [℘](ı)})|ı ∈ �}
which is also an IFα I of � since, the intersection of two IFα I is an IFα I. Hence �[℘] is an
IFα I of � for any ℘ ∈ q. Hence (�, q) = (�, ς ) HE (ϒ , τ ) is an IFSα I over �.
The corollaries stated below can be deduced from the above theorem. �

Corollary 4.9: If (�, ς ) and (ϒ , ς ) are IFSα Is over �, then the ‘extended intersection’ of (�, ς )
and (ϒ , ς ) is an IFSα I over�.

Corollary 4.10: The ‘restricted intersection’ of two IFSα Is is an IFSα I.

Theorem 4.11: Let (�, ς ) and (ϒ , τ ) be two IFSα Is over�. If ς ∩ τ = ϕ then the ‘union’, (�, ς )
∪̃(ϒ , τ ) is an IFSα I over�.

Proof: We know that the ‘union’ of (�, ς ) and (ϒ , τ ), denoted by
(�, ς ) ∪̃(ϒ , τ ), can be defined as, (�, ς ) ∪̃ (ϒ , τ ) = (�, �), where � = ς ∪ τ and for any℘

∈ �,

�[℘] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �} if ℘ ∈ ς − τ

ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �} if ℘ ∈ τ − ς

�[℘] ∪ ϒ [℘] = {(max{	�[℘](ı),	ϒ [℘](ı)},
min{ξ�[℘](ı), ξϒ [℘](ı)})|ı ∈ �} if ℘ ∈ ς ∩ τ

Since ς ∩ τ = ϕ, either ℘ ∈ ς − τ or ℘ ∈ τ − ς for all ℘ ∈ �.
If℘ ∈ ς − τ then�[℘] = �[℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �}, which is an IFα I of� as (�,

ς ) is an IFSα I over �.
If ℘ ∈ τ − ς then �[℘] = ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �}, which is an IFα I of � as
(ϒ , τ ) is an IFSα I over �.
Hence (�, q) = (�, ς ) ∪̃ (ϒ , τ ) is an IFSα I over �.
Below, we consider an example in which we have a non-empty intersection of the sets

of parameters (i.e. ς ∩ τ f= ϕ). �

Example 4.12: Let � = {Rose, Tulip, Sunflower, Camation, Lily} be a universe set. Suppose
that ⊗ is an operator which acts upon the members of � accordingly as:

Rose ⊗ ı =
{
Rose, if ı ∈ {Rose, Tulip}
ı, if ı ∈ {Sunflower, Camation, Lily}
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Tulip ⊗ ı =

⎧⎪⎪⎨
⎪⎪⎩
Rose, if ı = Tulip

Tulip, if ı = Rose

ı, if ı ∈ {Sunflower, Camation, Lily}

Sunflower ⊗ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Sunflower, if ı ∈ {Rose, Tulip}
Camation, if ı = Lily

Rose, if ı = Sunflower

Lily, if ı = Camation

Camation ⊗ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Camation, if ı ∈ {Rose, Tulip}
Sunflower, if ı = Lily

Lily, if ı = Sunflower

Rose, if ı = Camation

Camation ⊗ ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Camation, if ı ∈ {Rose, Tulip}
Sunflower, if ı = Lily

Lily, if ı = Sunflower

Rose, if ı = Camation

Then (�, ⊗, Rose) is a BCI-algebra.
Let ς = {Lavender, Red, Green, Purple} and τ = {Green, Purple, Blue} be two sets of

characteristics of the flowers given in �.
Let (�, ς ) be an IFSS over�. Then �[Lavender], �[Red], �[Green] and �[Purple] are IFSs in

� delineated as:

� Rose Tulip Sunflower Camation Lily

Lavender (0.9, 0) (0.9, 0) (0.4, 0.3) (0.4, 0.1) (0.4, 0.3)
Red (0.6, 0.2) (0.6, 0.2) (0.3, 0.4) (0.3, 0.4) (0.5, 0.3)
Green (0.8, 0.1) (0.8, 0.1) (0.2, 0.5) (0.5, 0.3) (0.2, 0.5)
Purple (0.7, 0.2) (0.7, 0.2) (0.5, 0.3) (0.3, 0.5) (0.3, 0.5)

Then (�, ς ) is an IFSα I over � with respect to the parameters Lavender, Red, Green and
Purple respectively. Hence (�, ς ) is an IFSα I over �.

Let (ϒ , τ ) be an IFSS over�. Thenϒ [Green],ϒ [Purple] andϒ [Blue] are IFSs in� defined
as follows:

ϒ Rose Tulip Sunflower Camation Lily

Green (0.7, 0) (0.7, 0) (0.5, 0.3) (0.2, 0.5) (0.2, 0.5)
Purple (0.6, 0.2) (0.6, 0.2) (0.2, 0.5) (0.2, 0.5) (0.4, 0.3)
Blue (0.9, 0) (0.9, 0) (0.4, 0.3) (0.6, 0.1) (0.4, 0.3)

Then (ϒ , τ ) is an IFSα I over � with respect to the parameters creative, comprehensive
and perceived respectively. Then (ϒ , τ ) is an IFSα I over �.
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Now, we cogitate the union of (�, ς ) and (ϒ , τ ), i.e.
(�, ς ) ∪̃ (ϒ , τ ) = (�, q)
where � = ς ∪ τ . Note that for any parameter δ ∈ ς ∩ τ ,

�[δ] = �[δ] ∪ ϒ [δ]

= {(	�[δ]∪ϒ [δ], ξ�[δ]∪ϒ [δ])|ı ∈ �}
= {(max{	�[δ](ı),	ϒ [δ](ı)}, min{ξ�[δ](ı), ξϒ [δ](ı)})|ı ∈ �}

Then

	�[Green](Camation ⊗ Sunflower)

= 	�[Green](Lily)

= 	(�[Green]∪ϒ [Green])(Lily)

= max{	�[Green](Lily),	ϒ [Green](Lily)}
= max{0.2, 0.2}
= 0.2

< 0.5

= min{	�[Green]((Sunflower ⊗ Sunflower) ⊗ (Rose ⊗ Camation)),

	�[Green](Sunflower)}
= min{	�[Green](Camation),	�[Green](Sunflower)}
= min{	�[Green](Camation),	�[Green](Sunflower)}
= min{	(�[Green]∪ϒ [Green])(Camation),	(�[Green]∪ϒ [Green])(Sunflower)}
= min{max{	�[Green](Camation),	ϒ(Camation)},

max{	�[Green](Sunflower),	ϒ [Green](Sunflower)}}
= min{max{	�[Green](Camation),	ϒ [Green](Camation)},

max{	�[Green](Sunflower),	ϒ [Green](Sunflower)}}
= min{max{0.5, 0.2}, max{0.2, 0.5}}
= min{0.5, 0.5}

and

ξ�[Green](Camation ⊗ Sunflower)

= ξ�[Green](Lily)

= ξ(�[Green]∪ϒ [Green])(Lily)

= min{ξ�[Green](Lily), ξϒ [Green](Lily)}
= min{0.5, 0.5}
= 0.5

> 0.3
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= max{ξ�[Green]((Sunflower ⊗ Sunflower) ⊗ (Rose ⊗ Camation)),

ξ�[Green](Sunflower)}
= max{ξ�[Green](Camation), ξ�[Green](Sunflower)}
= max{ξ(�[Green]∪ϒ [Green])(Camation), ξ(�[Green]∪ϒ [Green])(Sunflower)}
= max{min{ξ�[Green](Camation), ξϒ [Green](Camation)},

min{ξ�[Green](Sunflower), ξϒ [Green](Sunflower)}}
= max{min{0.3, 0.5}, min{0.5, 0.3}}
= max{0.3, 0.3}

Therefore �[Green] = �[Green] ∪ ϒ [Green] = {(	�[Green]∪ϒ [Green], ξ�[Green]∪ϒ [Green])|ı ∈ �}
is not an IFα I of�. Thus (�, �) = (�,ς )∪̃(ϒ , τ ) is not an IFSα I over� based on the parameter
‘Green’. Hence (�, �) = (�, ς )∪̃(ϒ , τ ) is not an IFSα I over �.

Theorem 4.13: If (�, ς ) and (ϒ , τ ) are two IFSα Is over �, then the ‘AND’ operation,
(�, ς)∧̃(ϒ , τ) is also an IFSα Is over�.

Proof: By definition, (�, ς)∧̃(ϒ , τ)= (�, ς × τ ), where

�[δ, η]% = �[δ] ∩ ϒ [η]

= {(	�[δ] ∩ ϒ [η](ı), ξ�[δ] ∩ϒ [η](ı))|ı ∈ �}
= {(min{	�[δ](ı),	ϒ [η](ı)}, max{ξ�[δ](ı), ξϒ [η](ı)})|ı ∈ �}

for all (δ, η) ∈ ς × τ . For any (δ, η) ∈ ς × τ (i.e. δ ∈ ς and η ∈ τ ) and ı ∈ �,

	�[δ,η](0) = 	(�[δ]∩ϒ [η])(0)

= min{	�[δ](0),	ϒ [η](0)}
≥ min{	�[δ](ı),	ϒ [η](ı)}
= 	(�[δ]∩ϒ [η])(ı)

= 	�[δ,η](ı)

and

ξ�[δ,η](0) = ξ(�[δ]∩ϒ [η])(0)

= max{ξ�[δ](0), ξϒ [η](0)}
≤ max{ξ�[δ](ı), ξϒ [η](ı)}
= ξ(�[δ]∩ϒ [η])(ı)

= ξ�[δ,η](ı)

For any (δ, η) ∈ ς × τ (i.e. δ ∈ ς and η ∈ τ ) and I,j , �∈ �,

	�[δ,η](j ∗ ı) = 	(�[δ]∩ϒ [η])(j ∗ ı)

= min{	�[δ](j ∗ ı),	ϒ [η](j ∗ ı)}
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≥ min{min{	�[δ]((ı ∗ �) ∗ (0 ∗ j)),	�[δ](�)}},
min{	ϒ [η]((ı ∗ �) ∗ (0 ∗ j)),	ϒ [η](�)}}

= min{min{	�[δ]((ı ∗ �) ∗ (0 ∗ j)),	ϒ [η]((ı ∗ �) ∗ (0 ∗ j))}},
min{	�[δ](�),	ϒ [η](�)}}

= min{	(�[δ]∩ϒ [η])((ı ∗ �) ∗ (0 ∗ j)),	(�[δ]∩ϒ [η])(�)}
= min{	�[δ,η]((ı ∗ �) ∗ (0 ∗ j)),	�[δ,η](�)}

and

ξ�[δ,η](j ∗ ı) = ξ(�[δ]∩ϒ [η])(j ∗ ı)

= max{ξ�[δ](j ∗ ı), ξϒ [η](j ∗ ı)}
≤ max{max{ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)), ξ�[δ](�)}},

max{ξϒ [η]((ı ∗ �) ∗ (0 ∗ j)), ξϒ [η](�)}}
= max{max{ξ�[δ]((ı ∗ �) ∗ (0 ∗ j)), ξϒ [η]((ı ∗ �) ∗ (0 ∗ j))}},

max{ξ�[δ](�), ξϒ [η](�)}}
= max{ξ(�[δ]∩ϒ [η])((ı ∗ �) ∗ (0 ∗ j)), ξ(�[δ]∩ϒ [η])(�)}
= max{ξ�[δ,η]((ı ∗ �) ∗ (0 ∗ j)), ξ�[δ,η](�)}

Thus�[δ,η] = �[δ]∩ ϒ [η] = {(	�[δ]∩ϒ [η](ı), ξ�[δ]∩ϒ [η](ı))|ı ∈ �} is an IFα I of� for any (δ,η)
∈ ς × τ . Hence (�, ς )∧̃(ϒ , τ ) = (�, ς × τ ) is an IFSα I over�with respect to the parameter
(δ, η). Since (δ, η) is an arbitrary parameter, therefore (�, ς )∧̃(ϒ , τ ) = (�, ς × τ ) is an IFSα I
over �.

Any IFSα I over a BCK-algebra � is an ‘intuitionistic fuzzy soft BCK-algebra’ (or IFSBCKA).
We perceive by the succeeding example that the converse isn’t valid. �

Example 4.14: Let � = {Rose, Tulip, Sunflower, Camation, Lily} be a universe set. Suppose
that ⊗ is an operator which acts upon the members of � accordingly as:

Rose � ı = Rose, for all ı ∈ �.

Tulip � ı =
{
Rose, if ı ∈ {Tulip,Camation, Lily}
Tulip, if ı ∈ {Rose, Sunflower}

Sunflower � ı =
{
Sunflower, if ı ∈ {Rose, Tulip}
Rose, if ı ∈ {Sunflower, Camation, Lily}

Camation � ı =
{
Camation, if ı ∈ {Rose, Tulip, Sunflower}
Rose, if ı ∈ {Camation, Lily}

Lily, � ı =
{
Lily, if ı ∈ {Rose, Tulip, Sunflower, Camation}
Rose, if ı = Lily

Then (�, �, Rose) is a BCK-algebra.
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� Rose Tulip Sunflower Camation Lily

Lavender (0.7, 0.1) (0.5, 0.2) (0.3, 0.4) (0.3, 0.4) (0.3, 0.4)
Red (0.8, 0.2) (0.4, 0.5) (0.4, 0.5) (0.7, 0.3) (0.4, 0.5)
Green (0.8, 0) (0.7, 0.1) (0.6, 0.3) (0.4, 0.4) (0.4, 0.4)

Let ς = {Lavender, Red, Green} be a set of parameters of �. Let (�, ς ) be an IFSS over �.
Then �[Lavender], �[Red] and �[Green] are IFSs in � delineated as:

Then (�, ς ) is an IFSBCKA over � but since,

	�[Red](Lily � Tulip)

= 	�[Red](Lily)

= 0.4

< 0.7

= min{	�[Red]((Tulip � Camation) � (Rose � Lily)),	�[Red](Camation)}

and

ξ�[Red](Lily � Tulip)

= ξ�[Red](Lily)

= 0.5

> 0.3

= max{ξ�[Red]((Tulip � Camation) � (Rose � Lily)), ξ�[Red](Camation)}

i.e. �[Red] = {(	�[Red](ı), ξ�[Red](ı))|ı ∈ �} is not an IFα I of �. Therefore (�, ς ) isn’t an IFSα I
over � based on the parameter ‘Red’. Hence (�, ς ) isn’t an IFSα I over �.

5. Intuitionistic Fuzzy Soft set Theoretic Approach to α-Ideals Based on Soft
set Theoretic Approach to BCI-Algebras

Now, we will confer ‘intuitionistic fuzzy soft α-ideal’ of a ‘soft BCI-algebra’ and discuss its
properties. We will elaborate the ‘AND’ operation, ‘extended intersection’, ‘restricted inter-
section’ and ‘union’ of ‘intuitionistic fuzzy soft α-ideals’ of a ‘soft BCI-algebra’. Here first
we familiarise with IFI and IFα I related to a subalgebra. In the sequel, �, as usual will be
a BCI-algebra.

Definition 5.1: Let � be a subalgebra of �. An IFS � ={(	�(ı), ξ�(ı))|ı ∈ �} in � is an IFI
of � related to � (or briefly, �-IFI of �), symbolised as �	� if,

(i) 	�(0) ≥ 	�(ı) and ξ�(0) ≤ ξ�(ı), for any ı ∈ �

(ii) 	�(ı) ≥ min{	�(ı ∗ j),	�(j)} and ξ�(ı) ≤ max{ξ�(ı ∗ j), ξ�(j)}, for any ı, j ∈ �

Definition 5.2: Let� be a subalgebra of�. An IFS� = {(	�(ı), ξ�(ı))|ı ∈ �} in� is an IFα I
of � related to � (or briefly, �-IFα I of �), symbolised as �	α�, if,
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(i) 	�(0) ≥ 	�(ı) and ξ�(0) ≤ ξ�(ı), for any ı ∈ �.
(ii) 	�(j ∗ ı) ≥ min{	�((ı ∗ �) ∗ (0 ∗ j)),	�(�)} and ξ�(j ∗ ı) ≤ max{ξ�((ı ∗ �) ∗

(0 ∗ j)), ξ�(�)}, for any ı, j , � ∈ �

Example 5.3: Cogitate the BCI-algebra (�, ⊗, Rose) defined in Example 4.12.
Let � = {Rose, Sunflower, Camation, Lily} be a subset of �. Then (�, ⊗, Rose) is also a

BCI-algebra, i.e. � is a subalgebra of �. Delineate an IFS � ={(	�(ı), ξ�(ı))|ı ∈ �}
in � as:

	�(Rose) = 	�(Tulip) = 	�(Sunflower) = 0.8,

	�(Camation) = 	�(Lily) = 0.2.

ξ�(Rose) = ξ�(Tulip) = ξ�(Sunflower) = 0.1,

ξ�(Camation) = ξ�(Lily) = 0.6

Then it can be observed that,

(i) 	�(0) ≥ 	�(ı) and ξ�(0) ≤ ξ�(ı), for any ı ∈ � .
(ii) 	�(j ∗ ı) ≥ min{	�((ı ∗ �) ∗ (0 ∗ j)),	�(�)} and ξ�(j ∗ ı) ≤ max{ξ�((ı ∗ �) ∗

(0 ∗ j)), ξ�(�)}, for any ı, j , � ∈ �.

Hence � = � = {(	�(ı), ξ�(ı))|ı ∈ �} is an �-IFα I of �.
It is eminent that any �-IFα I of � is an �-IFI of �.

Definition 5.4: Let (�, ς ) be a SBCIA over �. An IFSS (ϒ , τ ) over � is an IFSI of (�, ς ),
symbolised as (ϒ , τ )	̃α(�, ς ), if τ ⊂ ς and for any δ ∈ τ ,

ϒ [δ] = {(	ϒ [δ](ı), ξϒ [δ](ı))|ı ∈ �}	�[δ]

Definition 5.5: Let (�, ς ) be a SBCIA over �. An IFSS (ϒ , τ ) over � is an IFSα I of (�, ς ),
symbolised as (ϒ , τ ) 	̃α(�, ς ), if τ ⊂ ς and for any δ ∈ τ ,

ϒ [δ] = {(	ϒ [δ](ı), ξϒ [δ](ı))|ı ∈ �}	α�[δ]
Below, we discuss an example to explore the above definition.

Example 5.6: Cogitate the BCI-algebra (�, ⊗, Rose) defined in Example 4.12, where
� = {Rose, Tulip, Sunflower, Camation, Lily}. Let ς = {Lavender, Pink, Golden, Purple} be a
set of characteristics of members of �. Let (�, ς ) be a soft set over �. Then

�[Lavender] = �[Pink] = {Rose, Sunflower, Camation, Lily}
�[Golden] = {Rose, Sunflower}
�[Purple] = {Rose, Lily}
that are all subalgebras of �. Hence (�, ς ) is a ‘soft BCI-algebra’ over �. Let (ϒ , τ ) be an

IFSS over�, where τ = {Lavender, Pink} ⊂ ς . Thenϒ [Lavender] andϒ [inflential] are IFSs in
� delineated as:

ϒ Rose Tulip Sunflower Camation Lily

Lavender (0.8, 0.1) (0.8, 0.1) (0.8, 0.1) (0.2, 0.3) (0.2, 0.3)
Pink (0.6, 0.2) (0.6, 0.2) (0.6, 0.2) (0.3, 0.4) (0.3, 0.4)
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Then

ϒ [Lavender] = {(	ϒ [Lavender](ı), ξϒ [Lavender](ı))|ı ∈ �}
and

ϒ [Pink] = {(	ϒ [Pink](ı), ξϒ [Pink](ı))|ı ∈ �}
are IFSα Is of � related to �[Lavender] and �[Pink] respectively. Hence (ϒ , τ ) 	̃α(�, ς ).

Any IFSα I (ϒ , τ ) of a SBCIA (�, ς ) is an IFSI of (�, ς ) but the converse isn’t true, as can be
perceived by the succeeding example.

Example 5.7: Assume � = {Rose, Tulip, Sunflower, Camation, Lily} is a universe set. Let ‘÷×’
be an operator which operates on the elements of � accordingly as;

Rose ÷× ı = Rose, for all ı ∈ �.

Tulip ÷× ı =
{
Tulip, if ı = Rose

Rose, if ı ∈ {Tulip, Sunflower, Camation, Lily}

Sunflower ÷× ı =
{
Sunflower, if ı ∈ {Rose, Tulip,Camation}
Rose, if ı ∈ {Sunflower, Lily}

Camation ÷× ı =
{
Camation, if ı ∈ {Rose, Tulip, Sunflower}
Rose, if ı ∈ {Camation, Lily}

Lily ÷× ı =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Lily, if ı ∈ {Rose, Tulip}
Rose, if ı = Lily

Camation, if ı = Sunflower

Sunflower, if ı = Camation

Then (�, ÷×, Rose) is a ‘BCK-algebra’ and thus a ‘BCI-algebra’.
Let ς = {Lavender, Pink, Gold, Purple, Yellow} be a set of different types of colours in

which the flowers in � exist in nature.
Let (�, ς ) be a soft set over �. Then �[Lavender] = �,
�[Pink]=�[Gold]={Rose, Sunflower, Camation, Lily} and
�[Purple] = �[Yellow] = {Rose, Sunflower}
that are all subalgebras of �. Hence (�, ς ) is a SBCIA over �.
Suppose that (ϒ , τ ), where τ = {Gold, Purple, Yellow} ⊂ ς is an IFSS over �. Then ϒ

[Gold], �[Purple] and ϒ [Yellow] are IFSs in � delineated as:

ϒ Rose Tulip Sunflower Camation Lily

Gold (0.8, 0.1) (0.7, 0.2) (0.6, 0.3) (0.4, 0.4) (0.4, 0.4)
Purple (0.7, 0) (0.6, 0.1) (0.5, 0.2) (0.3, 0.3) (0.3, 0.3)
Yellow (0.6, 0.2) (0.5, 0.3) (0.4, 0.4) (0.2, 0.5) (0.2, 0.5)

Then (ϒ , τ ) is an IFSI of (�, ς ) but since

	ϒ [Gold](Camation ÷× Sunflower)

= 	ϒ [Gold](Camation)
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= 0.4

< 0.6

= min{	ϒ [Gold]((Sunflower÷×Rose)÷×(Rose÷×Camation)),	ϒ [Gold](Rose)}
= ξϒ [Gold](Camation÷×Sunflower)

= ξϒ [Gold](Camation)

= 0.4

> 0.3

= max{ξϒ [Gold]((Sunflower÷×Rose)÷×(Rose÷×Camation)), ξϒ [Gold](Rose)}

i.e. ϒ [Gold] = {(	ϒ [Gold](ı), ξϒ [Gold](ı))|ı ∈ �} is not an IFα I of � related to �[Gold]. There-
fore (ϒ , τ ) is not an IFSα I of SBCIA (�, ς ).

Theorem 5.8: Let (�, ς ) be a SBCIA over �. If (ϒ , τ ) and (�, q) are IFSα Is of (�, ς ), then, the
‘extended intersection’ of (ϒ , τ ) and (�, �) is an IFSα I of (�, ς ).

Proof:We know that the ‘extended intersection’ of (ϒ , τ ) and (�, q), denoted by
(ϒ , τ ) �E (�, �), can be defined as, (ϒ , τ ) �E (�, �) = (�, ζ ), where ζ = τ ∪ � ⊂ ς and

for any ℘ ∈ ζ ,

�[℘] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �} if ℘ ∈ τ − �

�[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �} if ℘ ∈ � − τ

ϒ [℘] ∩ �[℘] = {(min{	ϒ [℘](ı),	�[℘](ı)},
max{ξϒ [℘](ı), ξ�[℘](ı)})|ı ∈ �} if ℘ ∈ τ ∩ �

For any ℘ ∈ζ if ℘ ∈ τ − �, then �[℘] = ϒ [℘] ={(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �}	α�[℘], since
(ϒ , τ ) 	̃α(�, ς ).

Similarly, if ℘ ∈ � − τ , then �[℘] = �[℘] ={(	�[℘](ı), ξ�[℘](ı))|ı ∈ �}	α�[℘], since
(�, �) 	̃α(�, ς ).

Moreover if ℘ ∈ ζ such that ℘ ∈ τ ∩�, then, �[℘] = ϒ [℘]∩�[℘] = {(min{	ϒ [℘](ı),
	�[℘](ı)},

max{ξϒ [℘](ı), ξ�[℘](ı)})|ı ∈ �}	α�[℘], since the intersection of two IFα Is is an IFα I.

Hence �[℘]	α�[℘] for any ℘ ∈ ζ . Hence (�, ζ ) = (ϒ , τ ) �E (�, �) 	̃α(�, ς ).
It is easy to extract the following corollaries from the above result.

Corollary 5.9: If (ϒ , τ ) and (�, τ ) are IFSα Is of a SBCIA (�, ς ), then the ‘extended intersection’
of (ϒ , τ ) and (�, τ ) is an IFSα I of (�, ς ).

Corollary 5.10: The ‘restricted intersection’ of two IFSα Is (ϒ , τ ) and (�, q) of a SBCIA (�, ς ) is
an IFSα I of (�, ς ).

Theorem5.11: Let (ϒ ,τ ) and (�, q) be two IFSα Is ofaSBCIA (�,ς ). Ifτ ∩q = ϕ then the ‘union’,
(ϒ , τ ) ∪̃ (�, q) is an IFSα I of (�, ς ).
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Proof: We know that the ‘union’ of (ϒ , τ ) and (�, q), denoted by (ϒ , τ ) ∪̃ (�, q), can be
defined as, (ϒ , τ ) ∪̃ (�, q) = (�, ζ ), where ζ = τ ∪ ρ ⊂ ς and for any ℘ ∈ ζ ,

�[℘] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ϒ [℘] = {(	ϒ [℘](ı), ξϒ [℘](ı))|ı ∈ �} if ℘ ∈ τ − �

�[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �} if ℘ ∈ � − τ

ϒ [℘] ∪ �[℘] = {(max{	ϒ [℘](ı),	�[℘](ı)},
min{ξϒ [℘](ı), ξ�[℘](ı)})|ı ∈ �} if ℘ ∈ τ ∩ �

Since τ ∪ ρ = ϕ, either ℘ ∈ τ − � or ℘ ∈ � − τ for all ℘ ∈ ζ . If ℘ ∈ τ − � then
�[℘] = ϒ [℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �}	�[℘]
since (ϒ , τ ) 	̃α(�, ς ). If ℘ ∈ � − τ then
�[℘] = �[℘] = {(	�[℘](ı), ξ�[℘](ı))|ı ∈ �}	�[℘]
since (�, �) 	̃α(�, ς ). Hence (�, ζ ) = ((ϒ , τ)∪̃(�, �))	̃α(�, ς).
Below, we discuss the case when we have a non-empty intersection of the sets of

parameters (i.e. τ ∩ � �= ϕ). �

Example 5.12: Cogitate the BCI-algebra (�, Rose) defined in Example 4.12. Suppose that
ς = {Lavender, Pink, Purple, Yellow} is a set of parameters relevant to the universe set�. Let
(�, ς ) be a soft set over �. Then

�[Lavender] = �

�[Pink] = �[Purple] = {Rose, Sunflower, Camation, Lily}
�[Y ellow] = {Rose, Sunflower}
that are all subalgebras of �. Hence (�, ς ) is a ‘soft BCI-algebra’ over �.
Let τ ={Lavender, Pink, Purple}⊂ ς and � ={Purple, Yellow}⊂ ς be two sets of charac-

teristics of the flowers given in �. Let (ϒ , τ ) be an IFSS over �. Then ϒ [Lavender], ϒ [Pink]
and ϒ [Purple] are IFSs in � delineated as:

ϒ Rose Tulip Sunflower Camation Lily

Lavender (0.7, 0.1) (0.7, 0.1) (0.4, 0.2) (0.2, 0.4) (0.2, 0.4)
Pink (0.8, 0) (0.8, 0) (0.2, 0.5) (0.3, 0.2) (0.2, 0.5)
Purple (0.5, 0.1) (0.5, 0.1) (0.2, 0.3) (0.2, 0.3) (0.4, 0.2)

Then

ϒ [Lavender] = {(	ϒ [Lavender](ı), ξϒ [Lavender](ı))|ı ∈ �}	α�[Lavender],

ϒ [Pink] = {(	ϒ [Pink](ı), ξϒ [Pink](ı))|ı ∈ �}	α�[Pink],

ϒ [Purple] = {(	ϒ [Purple](ı), ξϒ [Purple](ı))|ı ∈ �}	α�[Purple]

Hence (ϒ , τ ) 	̃α(�, ς ).
Let (�, �) be an IFSS over �. Then �[Purple] and �[ ellow] are IFSs in � delineated
as:

� Rose Tulip Sunflower Camation Lily

Purple (0.8, 0.1) (0.8, 0.1) (0.5, 0.2) (0.3, 0.4) (0.3, 0.4)
Yellow (0.7, 0.2) (0.7, 0.2) (0.4, 0.5) (0.4, 0.5) (0.6, 0.3)
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Then

�[Purple] = {(	�[Purple](ı), ξ�[Purple](ı))|ı ∈ �}	α�[Purple]

�[Yellow] = {(	�[Yellow](ı), ξ�[Yellow](ı))|ı ∈ �}	α�[Yellow]

Thus (�, τ ) 	̃α(�, ς ).
Nowwe consider the union of (ϒ , τ ) and (�, q), i.e. (ϒ , τ ) ∪̃ (�, q) = (�, ζ ), where ζ = τ

∪ q.
Note that for any parameter like, Purple ∈ τ ∩ q,

�[Purple] = ϒ [Purple] ∪ �[Purple]

= {(	ϒ [Purple]∪�[Purple](ı), ξϒ [Purple]∪�[Purple](ı))|ı ∈ �}
= {(max{	ϒ [Purple](ı),	�[Purple](ı)}, min{ξϒ [Purple](ı), ξ�[Purple](ı)})|ı ∈ �}

Since

	�[Purple](Lily ⊗ Sunflower)

= 	�[Purple](Camation)

= 	(ϒ [Purple]∪�[Purple])(Camation)

= max{	ϒ [Purple](Camation),	�[Purple](Camation)}
= max{0.2, 0.3}
= 0.3

< 0.4

= min{	�[Purple]((Sunflower ⊗ Sunflower) ⊗ (Rose ⊗ Lily)),

	�[Purple](Sunflower)}
= min{	�[Purple](Lily),	�[Purple](Sunflower)}
= min{	(ϒ [Purple]∪�[Purple])(Lily),	(ϒ [Purple]∪�[Purple])(Sunflower)}
= min{max{	ϒ [Purple](Lily),	�[Purple](Lily)},

max{	ϒ [Purple](Sunflower),	�[Purple](Sunflower)}}
= min{max{0.4, 0.3}, max{0.2, 0.5}}
= min{0.4, 0.5}

and

ξ�[Purple](Lily ⊗ Sunflower)

= ξ�[Purple](Camation)

= ξ(ϒ [Purple]∪�[Purple])(Camation)

= min{ξϒ [Purple](Camation), ξ�[Purple](Camation)}
= min{0.3, 0.4}
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= 0.3

> 0.2

= max{ξ�[Purple]((Sunflower ⊗ Sunflower) ⊗ (Rose ⊗ Lily)),

ξ�[Purple](Sunflower)}
= max{ξ�[Purple](Lily), ξ�[Purple](Sunflower)}
= max{ξ(ϒ [Purple]∪�[Purple])(Lily), ξ(ϒ [Purple]∪�[Purple])(Sunflower)}
= max{min{ξϒ [Purple](Lily), ξ�[Purple](Lily)},

min{ξϒ [Purple](Sunflower), ξ�[Purple](Sunflower)}}
= max{min{0.2, 0.4}
= min{0.3, 0.2}}
= max{0.2, 0.2}

i.e.�[Purple] = ϒ [Purple] ∪�[Purple] is not an IFα I of� related to �[Purple]. Therefore, (�,
ζ ) = (ϒ , τ ) ∪̃ (�, �) is not an IFSα I of SBCIA (�, ς ).

Now, we confer the characterisation of an IFSα I (�, ς ) over � using the idea of a soft (δ,
η)-level set, L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘ ](ı) ≤ η}, for any ℘ ∈ ς and δ, η ∈
[0, 1].

Theorem 5.13: An IFSS (�, ς ) over � is an IFSα I over � if and only if soft (δ, η)-level set,
L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅ is an α-ideal of �, for any ℘ ∈ ς

and δ, η ∈ [0, 1].

Proof: Let (�, ς ) be an IFSα I over�. Then �[℘] = {(	�[℘](�), ξ�[℘](�))|� ∈ �} is an IFα I of
�, for any parameter ℘ ∈ ς .

Let L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅, for any ℘ ∈ ς and δ, η ∈
[0, 1]. Then for any ı ∈ L(�[℘]; δ; η), 	�[℘](0) ≥ 	�[℘](ı) ≥ δ and ξ�[℘](0) ≤ ξ�[℘](ı) ≤ η,
i.e. 0 ∈ L(�[℘]; δ; η).

Let (ı ∗ �) ∗ (0 ∗ j) ∈ L(�[℘]; δ; η) and A ∈ L(�[℘]; δ; η), for any ı, j , � ∈ �. Then,

	�[℘]((ı ∗ �) ∗ (0 ∗ j)) ≥ δ,	�[℘](�) ≥ δ,

and

ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)) ≤ η, ξ�[℘](�) ≤ η

Thus for any ı, j , � ∈ �,

	�[℘](j ∗ ı) ≥ min{	�[℘]((ı ∗ �) ∗ (0 ∗ j)),	�[℘](�)} ≥ δ,

and

ξ�[℘](j ∗ ı) ≤ max{ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)), ξ�[℘](�)} ≤ η

i.e. j ∗ ı ∈ L(�[℘]; δ; η). Hence L(�[℘]; δ; η) �= ∅ is an ‘α-ideal’ of� for any ℘ ∈ ς and δ, η ∈
[0, 1].
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Conversely assume that L(�[℘]; δ; η) is an ‘α-ideal’ of �, for any ℘ ∈ ς and δ, η ∈ [0,
1]. If for some ı° ∈ � and ℘° ∈ ς , α�[℘ °](0) < α�[℘ °](ı°) and α�[℘ °](0) > α�[℘ °](ı°), then
�[℘°](0) < δ° ≤ �[℘°](ı°) and�[℘°](0) > η° ≥ �[℘°](ı°), for some δ°, η° ∈ [0, 1]. This implies
that ı° ∈ L(�[℘°]; δ°; η°) but 0/∈L(�[℘°]; δ°; η°), a contradiction. Thus	�[℘](0) ≥ 	�[℘](ı) and
ξ�[℘ ](0) ≤ ξ�[℘ ](ı), for any ℘ ∈ ς and ı ∈ �.

Moreover if there are elements ı◦, j◦, �◦ ∈ � and ℘° ∈ ς such that,

	�[℘◦](j◦ ∗ ı◦) < min{	�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)),	�[℘◦](�◦)},

and

ξ�[℘◦](j◦ ∗ ı◦) > max{ξ�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)), ξ�[℘◦](�◦)}
Then for some δ°, η° ∈ [0, 1],

	�[℘◦](j◦ ∗ ı◦) < δ◦ ≤ min{	�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)),	�[℘◦](�◦)},

and

ξ�[℘◦](j◦ ∗ ı◦) > η◦ ≥ max{ξ�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)), ξ�[℘◦](�◦)}
i.e. (ı◦ ∗ �◦) ∗ (0 ∗ j◦) ∈ L(�[℘◦]; δ◦, η◦)and �◦ ∈ L(�[℘◦]; δ◦, η◦)but j◦ ∗ ı◦ /∈ L(�[℘◦]; δ◦, η◦),
again contradicts the hypothesis that L(�[℘°]; δ°, η°) �=∅ is an ‘α-ideal’ of �. Thus for any
ı, j , � ∈ � and any ℘ ∈ ς ,

	�[℘](j ∗ ı) ≥ min{	�[℘]((ı ∗ �) ∗ (0 ∗ j)),	�[℘](�)},

and

ξ�[℘](j ∗ ı) ≤ max{ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)), ξ�[℘](�)}
i.e. �[℘] = {(	�[℘](�), ξ�[℘](�))|� ∈ �} is an IFα I of � for any ℘ ∈ ς . Hence (�, ς ) is an

IFSα I over �.
From the above statement the following corollary is evident. �

Corollary 5.14: An IFSS (�, ς ) over � is an IFSα I over � if and only if the soft (δ,η)-level set
et L(�[℘]; δ; η)={ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅ is anα − ideal of �,for any ℘ ∈
ςand δ, η ∈ (0.5, 1].

Theorem 5.15: A soft (δ, η)-level set

L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅

is an α-ideal of �, for any ℘ ∈ ς and δ, η ∈ (0.5, 1] if and only if the following conditions are
valid: for any℘ ∈ ς and ı, j , � ∈ �,

(i)max{	�[℘](0), 0.5} ≥ 	�[℘](ı) and max{ξ�[℘](0), 0.5} ≤ ξ�[℘](ı)

(ii)
max{	�[℘](j ∗ ı), 0.5} ≥ min{	�[℘]((ı ∗ �) ∗ (0 ∗ j)),	�[℘](�)} and
max{ξ�[℘](j ∗ ı), 0.5} ≤ max{ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)), ξ�[℘](�)}
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Proof: Let the soft (δ, η)-level set L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅,
is an ‘α-ideal’ of �, for any ℘ ∈ ς and δ, η ∈ (0.5, 1]. If for some ı° ∈ � and ℘° ∈ ς .

max{	�[℘◦](0), 0.5} < 	�[℘◦](ı◦) and max{ξ�[℘◦](0), 0.5} > ξ�[℘◦](ı◦)

Then there are δ°, η° ∈ (0.5, 1] such that,

max{	�[℘◦](0), 0.5} < δ◦ ≤ 	�[℘◦](ı◦) and max{ξ�[℘◦](0), 0.5} > η◦ ≥ ξ�[℘◦](ı◦)

This implies

	�[℘◦](0) < δ◦ ≤ 	�[℘◦](ı◦) and ξ�[℘◦](0) > η◦ ≥ ξ�[℘◦](ı◦)

i.e. ı° ∈ L(�[℘°]; δ°; η°) but 0 ∈ / L(�[℘°]; δ°; η°), a contradiction. Thus (i) is valid.
Moreover if for some ı◦, j◦, �◦ ∈ � and ℘° ∈ ς ,

max{	�[℘◦](j◦ ∗ ı◦), 0.5} < min{	�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)),	�[℘◦](�◦)}
and

max{ξ�[℘◦](j◦ ∗ ı◦), 0.5} > max{ξ�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)), ξ�[℘◦](�◦)}
Then for some δ°, η° ∈ (0.5, 1],

max{	�[℘◦](j◦ ∗ ı◦), 0.5} < δ◦ ≤ min{	�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)),	�[℘◦](�◦)},
and

max{ξ�[℘◦](j◦ ∗ ı◦), 0.5} > η◦ ≥ max{ξ�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)), ξ�[℘◦](�◦)}
i.e. 	�[℘◦](j◦ ∗ ı◦) < δ◦ ≤ min{	�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)),	�[℘◦](�◦)},

and

ξ�[℘◦](j◦ ∗ ı◦) > η◦ ≥ max{ξ�[℘◦]((ı◦ ∗ �◦) ∗ (0 ∗ j◦)), ξ�[℘◦](�◦)}
i.e. (ı◦ ∗ �◦) ∗ (0 ∗ j◦) ∈ L(�[℘◦]; δ◦; η◦) and �◦ ∈ L(�[℘◦]; δ◦; η◦) but j◦ ∗ ı◦ /∈ L(�[℘◦];
δ◦; η◦), which contradicts the hypothesis that L(�[℘◦]; δ◦; η◦) �= ∅ is an α-ideal of�, for any
℘° ∈ ς and

δ◦, η◦ ∈ (0.5, 1]. Hence (ii) is valid.
Conversely, suppose that (i) and (ii) are valid. Let L(�[℘]; δ; η) �= ∅, for any ℘ ∈ ς and δ,

η ∈ (0.5, 1]. Then for any ı ∈ L(�[℘]; δ; η),

max{	�[℘](0), 0.5} ≥ 	�[℘](ı) ≥ δ > 0.5 and max{ξ�[℘](0), 0.5} ≤ ξ�[℘](ı) ≤ η

which implies 	�[℘](0) ≥ δ and ξ�[℘ ](0) ≤ η and thus 0 ∈ L(�[℘]; δ; η).
Let (ı ∗ �) ∗ (0 ∗ j) ∈ L(�[℘]; δ; η)) and � ∈ L(�[℘]; δ; η), for any ı, j , � ∈ �. Then

	�[℘]((ı ∗ �) ∗ (0 ∗ j)) ≥ δ,	�[℘](�) ≥ δ and ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)) ≤ η, ξ�[℘](�) ≤ η

Thus from (ii) we get,

max{	�[℘](j ∗ ı), 0.5} ≥ min{	�[℘]((ı ∗ �) ∗ (0 ∗ j)),	�[℘](�)} ≥ δ > 0.5

and

max{ξ�[℘](j ∗ ı), 0.5} ≤ max{ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)), ξ�[℘](�)} ≤ η
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This implies, 	�[℘](j ∗ ı) ≥ δ and ξ�[℘](j ∗ ı) ≤ η. Thus j ∗ ı ∈ L(�[℘]; δ; η). Therefore
L(�[℘]; δ; η) �= ∅ is an ‘α-ideal’ of �, for any ℘ ∈ ς and δ, η ∈ (0.5, 1]. �

6. Conclusion

By extending the study of applications of soft sets in α-ideals of BCI-algebras, we have
defined the idea of ‘intuitionistic fuzzy soft α-ideals’ (IFSα Is) and proved their basic prop-
erties. In chapter 5, initially the properties of ‘intuitionistic fuzzy soft BCI-algebras’ (IFSBCIAs)
and ‘intuitionistic fuzzy soft ideals’ (IFSIs) have been described with the help of concrete
examples. We proved that any IFSI of a BCK-algebra is an ‘intuitionistic fuzzy soft BCK-
algebra’ (IFSBCKA). Afterwards we have proceeded towards the detail discussion of IFSα Is.
IFSα Is are related with IFSIs and various characterisations are discussed. Useful facts have
been explored on various operations on intuitionistic fuzzy soft α-ideals. For instance, it has
been proved that the ‘AND’ operation, extended intersection and restricted intersection of
two IFSα Is is an IFSα I.

The union of two IFSα Is is an IFSα I if the intersection of the sets of parameters is empty.
IFSα I of a ‘soft BCI-algebra’ (SBCIA has been defined and apposite properties have been

explored. We have proved that any IFSα I (ϒ , τ ) of a SBCIA (�, ς ) is an IFSI of (�, ς ). If (�, ς ) is a
SBCIA over� and (ϒ , τ ) and (�, �) are IFSα Is of (�, ς ), then, the extended intersection of (ϒ ,
τ ) and (�, �) is an IFSα I of (�, ς ). Also, if (ϒ , τ ) and (�, �) be two IFSα Is of a SBCIA (�, ς ) and τ

∩� = ϕ, then the union, (ϒ , τ )∪̃(�,�) is an IFSα I of (�,ς ). Lastlywehave characterised IFSα Is
by a soft (δ, η)-level set. It has been proved that an intuitionistic fuzzy soft set (�, ς ) over a
BCI-algebra � is an IFSα I over � if and only if the soft (δ, η)-level set, L(�[℘]; δ; η) = {ı ∈
�|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅, is an α-ideal of �, for any ℘ ∈ ς and δ, η ∈ [0, 1].
Moreover, a soft (δ,η)-level set L(�[℘]; δ; η) = {ı ∈ �|	�[℘](ı) ≥ δ and ξ�[℘](ı) ≤ η} �= ∅, is
an α-ideal of �, for any ℘ ∈ ς and δ, η ∈ (0.5, 1] if and only if the following conditions are
valid:

(i) max{	�[℘](0), 0.5} ≥ 	�[℘](ı) and max{ξ�[℘](0), 0.5} ≤ ξ�[℘](ı)$.
(ii) max{	�[℘](j ∗ ı), 0.5} ≥ min{	�[℘]((ı ∗ �) ∗ (0 ∗ j)),	�[℘](�)}
and max{ξ�[℘](j ∗ ı), 0.5} ≤ max{ξ�[℘]((ı ∗ �) ∗ (0 ∗ j)), ξ�[℘](�)}
for any ℘ ∈ ς and ı, j , � ∈ �.

7. Recommendations for Further Study

This study may further pave the way for applying fuzzy sets and intuitionistic fuzzy sets
to soft hyper BCK-ideals, soft hyper p-ideals, soft hyper h-ideals etc. Also some types of
intuitionistic fuzzy α-ideals may also be characterised by ∈ -soft sets. Moreover, fuzzy sets
and intuitionistic fuzzy sets may be applied to other soft ideals. After this application, the
connections between different fuzzy soft ideals and intuitionistic fuzzy soft ideals may be
considered.
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