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DISSERTATION ABSTRACT
Adam Layne
Doctor of Philosophy
Department of Mathematics
June 2018

Title: Stability Within 72-Symmetric Expanding Spacetimes

We prove a nonpolarized analogue of the asymptotic characterization of 72-
symmetric Einstein flow solutions completed recently by LeFloch and Smulevici. We
impose a far weaker condition, but obtain identical rates of decay for the normalized
energy and associated quantities. We describe numerical simulations which indicate that
there is a locally attractive set for T?-symmetric solutions not subject to this weakened
condition. This local attractor is distinct from the local attractor in our main theorem,
thereby indicating that the polarized asymptotics are unstable.

This dissertation includes unpublished coauthored material.
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CHAPTER I

INTRODUCTION

This dissertation is concerned with the stability properties of a special class of
expanding vacuum spacetimes. There exist broad conjectures about the expanding
direction behavior of such spacetimes (see Section 1.2), but currently little is known
about some of the most elementary examples. In the special case that the spacetime
has spatial topology T, admits two spacelike Killing vector fields, and satisfies a
further technical condition (that the spacetime is polarised, cf. Section 1.1) results
of [LS16] show that there is a local attractor of the Einstein Flow in the expanding
direction. It is natural to ask whether the condition that the spacetime be polarised
is necessary. Do spacetimes on T2 with two spacelike Killing vector fields necessarily
become approximately polarised? Do they then flow to the polarised attractor?

We partially resolve these questions by analytic and numerical means. Our main
theorem states that solutions which are not polarised will have the expanding direction
asymptotics of polarised solutions if they satisfy a certain weaker condition: that one
of the two conserved quantities of the flow vanishes. See Section 1.1 for the precise
statement of this condition; we will call such solutions By or B = 0 solutions. The
conserved quantity B vanishes for all polarised solutions, but setting B = 0 defines a
much larger set. In particular, the set of B = 0 solutions is of codimension one in the
space of all solutions in these coordinates while polarised solutions occupy a set of infinite
codimension.

Our main theorem states that the condition B = 0 suffices to ensure that a solution
has polarised asymptotics. Solutions with B = 0 flow toward polarised solutions, and
thus flow toward the polarised attractor. In the latter portion of the paper, we present
numerical evidence that the condition B = 0 is necessary for the solution to have

polarised asymptotics and flow toward the polarised attractor. There appears to be an
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attractor for solutions satisfying B # 0, which shares some formal properties with the
B = 0 attractor. However, such solutions flow away from the B = 0 set, and so the
B = 0 asymptotics appear to be unstable within the set of vacuum spacetimes with
spatial topology 72 and two spacelike Killing vector fields.

Previous to this work, numerical simulations conducted by Berger [Berl5a, Berl5b]
indicated that all solutions, without regard to the polarisation condition, flowed toward
the polarised attractor. This work relied on a technique for solving the constraints
which was not general. Our contribution to that numerical work has been to solve the
constraints in a random way. This was necessary to demonstrate that earlier simulations
had implicitly satisfied B = 0, and to discover that solutions which did not satisfy this
condition have distinct behavior.

Our stability proof follows the technique of [LS16]. There are, however,
considerable new difficulties introduced by assuming the much weaker condition that
B = 0. We overcome these issues by using a new foliation to make use of a correction to
the energy that differs from those previously considered. All chapters of this dissertation

are joint work with Jim Isenberg and Beverly K Berger.

1.1. The Spacetimes under Consideration, and Their Asymptotics

The class of solutions under consideration here are the T2-symmetric spacetimes,
which have spatial topology 72 and two spacelike Killing vector fields. It was shown in
[BCIM97] that these conditions suffice to determine a unique, global, areal foliation of the

spacetime; all such Einstein Flows have a metric of the form
g =V <—d7’2 +eX00a0%) + ¢V [du + Qdy + (G + QH)AO) + ™+ [dy + Hao)’

where 0, and 0, are the Killing vector fields. The area of the {0, 0,} orbit is e?™, so the

singularity occurs as 7 — —oo and the spacetime expands as 7 — oo. Relative to the



coordinates t, P, a, A used in [Rinl5], our quantities are given by

V=P +logt

1

pi=—gloga

T:=logt

~ 1 3

l:=P4+-X—=logt.
+2 2og

See the Appendix for a complete concordance of notations between the cited papers and
this dissertation.

There are two quantities associated to the Killing vector fields which, as a
consequence of the equations, are constant: K, and K, [Ger7l, Ger72]. Any constant
nondegenerate linear transformation of 9, and 9, yields an isometry of the spacetime,
and without loss of generality we may perform such a transformation to arrange for one
of K; or K, to vanish identically. We denote the nonvanishing constant simply by K.

Then in these coordinates the vacuum Einstein Field Equations reduce to
lp =VaVr + eV "7Q0Q;
and

Vir — 2T Vyg = — p, Vi — 2T P pg Vg + €2V (QE - 62“”’)@3) (1.1)
Qrr — 62(T_p)Q90 =—prQr — 62(7_p)P0Q0 -2 <QT‘/T - 62(T_p)Q9‘/9> +2Q- (1.2)

2 V2 A 2 (04 0]

1 ~
Pr :§K26l. (1.3)

It is of interest to note that equation (1.3) actually appears as a consequence of the

constraint equations. We, however, take it to be the evolution equation for the quantity



p. The remaining variables G and H satisfy evolution equations which may be integrated
after (V, Q,lA, p) are determined.

The condition ¢ = 0 is often imposed when studying these solutions in the
collapsing direction. Such solutions are called polarised. A simple class of solutions are
those which are spatially homogeneous (I, V, @ are independent of §) and satisfy p = 0.
Such solutions are called Kasner and form an important class of anisotropic examples.

Let us note that, in our coordinates, polarised Kasner solutions take the form

~ 1
V=ar+b I==d*r+c

2
for some constants a,b,c¢ € R. Solutions which satisfy only the condition K = 0 (in
this case one can perform a change of coordinates to ensure that p = 0) are called

Gowdy. These, too, have been studied extensively in the direction of the singularity. In
the expanding direction, the dynamics of Gowdy solutions are known [Rin17] and appear
to be very different than those of non-Gowdy solutions. Non-Gowdy solutions such that
lA, V, @ are independent of 6 are called pseudo-homogeneous or PH [Rinl5]. The future

asymptotics of polarised PH solutions are known to be of the form

~ 1
|V — (aT +b)] — 0, ‘l—(2a27+c> —0, aec(-2,2).

That is, PH solutions have asymptotics of the same form as a Kasner solution, but the
value of V; at 7 = oo is not entirely free. The major accomplishment of [Rin15] is to show
that a solution is PH if and only if fsl eP df is bounded.

Since the future behavior of Gowdy and PH solutions is understood, we will only be

concerned with non-Gowdy, non-PH solutions; that is, solutions with K # 0 and |, g1 €7 do



unbounded as 7 — oco. In this case, note that we can shift lAby a constant

l:=1+log(K?/2)

so that

and

1
b+ pr 2= V2 4 2ny2 4 2VT) (QZ + e%—ng)] (1.4)
pr =€ (1.5)
lo =VoVr + 2V 77QuQ; (1.6)

Thus the unknowns will be (V, @, [, p) and the evolution equations will be (1.1), (1.2),
(1.4) and (1.5) subject to the constraint (1.6). It is sometimes useful to write equations

(1.1) and (1.2) in the following form:

Or (e7Vy) =0y (770Vp) + 2V 7147 (Q2 = 203 (1.7)

or (2V1Q, ) =0y (772 Qo). (1.8)

As shown in [Rinl5], the system has two conserved quantities:

A= e (v = V7Q,Q) a0

B:= / P2V do.
Sl

Definition. Let By be the class of non-Gowdy (that is, K # 0), non-pseudo-homogeneous

(that is, not all of I, V,Q are 0-independent) solutions for which B = 0.
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We refer to elements of this set with the adjective By. Pseudo-homogeneous solutions
satisfying B = 0 were shown in [Rin15] to have slightly different asymptotics from general

PH solutions.

1.2. Conjectures Regarding the Limiting Behavior of Expanding Spacetimes

Given the variety of subsets of T?-symmetric spacetimes which have been
previously considered, it is natural to ask which solutions are stable under the inclusion
into a larger class. We are interested in, for example, the stability in the expanding
direction of polarized T?-symmetric spacetimes within the class of all T%-symmetric
spacetimes. Efforts to understand the stability properties of this restricted class
are concentrated on a conjecture due to Anderson, Fischer and Moncrief on the
geometrization of expanding Einstein Flows.

Before describing this conjecture, note that when the curvature is negative there
exist examples (see, eg. [AMO04]) of future stable behavior. The case considered in this
dissertation seems to be very different. The Kasner metrics on 72 are unstable within
the class of Gowdy metrics, which appear to be unstable within the class of all 7%-
symmetric metrics. Given the prevalence of instabilities, symmetric solutions may not
appear to be useful tools in the understanding of the behavior of generic solutions on
compact topologies. Let us state one generic conjecture in the case that ¥ has closed
spatial topology. The definition makes use of the notion of proper time distance between

Cauchy surfaces. See [Rinl3] for a precise definition of this concept.

Conjecture ([AndO01]). Let (M,g) be a vacuum spacetime satisfying the following

conditions:
1. (M, g) has a compact spacelike Cauchy hypersurface ¥,
2. the Yamabe invariant o(¥) <0,

3. M 1is foliated by CMC hypersurfaces exhausting the interval [Hy,0), and
6



4. (M, g) is future causally geodesically complete.

Furthermore, let the Cauchy surface of constant mean curvature T be called ¥, and let
the induced metric on X, be called g(t). Let t(X,) be the proper time distance from L. to

the fixed surface 3. Define

Then ¥ admits a decomposition ¥ = H U S, where the union is along 2-tori, such that
1. h converges on H as T — 0 to a complete hyperbolic metric of finite positive volume,
2. S is Siefert fibered and lim,_,gvol, S = 0.

See [FMO1] for a similar formulation. As a statement about geometry, the conjecture says
that the Einstein Flow, properly normalized, on CMC surfaces which are not Yamabe
positive, is geometrizing. As a statement about cosmology, note that the hyperbolic
metric which is the limit of h on H is isotropic. So the conjecture states that the
probability that a randomly chosen observer in 3 observes 3 to be locally isotropic
increases to 1 as 7 — 0.

The space of examples where this rescaling procedure has been carried out in full is
very small; our work provides an example of stable expanding behavior in the case that X

consists of a single Seifert fibered component: ¥ = T3,

1.3. An Outline of This Dissertation

The focus of the current work is to prove a result analogous to the local stability
theorem of [LS16]. In the large, the technique of proof is straightforward and replicates
the technique of that work. That is, we make an ansatz that the means of some of the
metric components and their derivatives are close to their asymptotic values, linearize the

system around these values thereby introducing error terms, and then use a bootstrap
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argument to show that these estimates are improved by the flow as long as the initial
data are close enough to their asymptotic values. As a corollary of the bootstrap, we
obtain strong enough control of the error terms to show that these are negligible as 7 —
oo, which finishes the proof.

There is considerable work in determining precisely the right quantities to linearize.
In particular, the right side of equation (1.4) is natural to use as an energy for V and Q.
We compute the derivative of this energy in Chapter II and also make some introductory
definitions. This energy, however, involves time derivatives, which is not desirable. One

thus modifies the energy by a term schematically of the form

/Slff(/slfw—f)cw

which, after differentiating, produces terms of the form appearing in the energy, but
where the time and space components have opposite sign. It is this corrected energy that
we actually use in the stability proof, and so it is necessary to bound the error terms
produced by adjusting the energy by this correction. We define the correction, compute
its derivatives, and compute bounds on the associated error terms in Chapter III. In
Chapter IV we compute the evolution of the energy with the addition of the correction,
and derive a number of bounds on error terms which will appear in the bootstrap proof,
which is contained in Chapter VI. Before proceeding with the bootstrap, however, we
determine in Chapter V which quantities we will linearize and derive a bound on the
distance from a solution to the linearized solution. In Chapter VII, we use the bootstrap
argument to derive bounds on the metric components. Chapter VIII consists of numerical
evidence that the B = 0 attractor is not an attractor for solutions with B # 0. Finally,
the Appendix includes a concordance of notations between this document and many of

the previous works concerned with 72-symmetric Einstein flows.



CHAPTER II
PRELIMINARY COMPUTATIONS
This chapter is joint work with Jim Isenberg and Beverly K Berger.
Before proceeding with the proof of the main theorem, we define the energy under

consideration and calculate its evolution. First, however, it will be useful to have a

convenient notation for the mean of a function in the 6-direction.

Definition (S'-mean). For f: S' — R, let

= [ s

Note that in [LS16], the authors choose to use the volume form e” df for their mean. Our
choice is almost identical to that used in [Rin15], but we normalize so that [¢, df = 1.
Either choice would suffice.

Define the following energy

1
J =5 [VE + 2Py 2V ) (QE + eQ(T—p)Qg)}
E ::/ e’ J df
Sl

and the Sl-volume

I :=(ef) = / e df.
Sl

Note that equation (1.4) now reads I + pr + 2 = J. We will use the terms V-energy and

Q-energy loosely to refer to V.2 + 62(7_”)1/92 and e2(V-7) (QE + eQ(T_p)Qg), respectively.



One may compute using the evolution equations for V and @ that
Oy (ePJ) =2ePJ — prePJ — ePV72 — eQV*pQZ + O (62T7p‘/9V7- + e2V*pQ9QT)
so the energy E evolves by
B = /S1 prel 2] — 2Ty _ 2V-T)0(32 g,

The terms —e” 27V 2 — eQ(V*T)*pQg appearing here are undesirable for proving energy
inequalities. This necessitates the modification of E by a term which trades V2 for V2.

This is the main topic of Chapter III.

10



CHAPTER III

CORRECTIONS AND THEIR BOUNDS

This chapter is joint work with Jim Isenberg and Beverly K Berger.

Define the correction
1
A ;:26—%/ Vo (V = (V) — 1) e db. (3.1)
Sl

Corrections to the energy of essentially this form were used previously in the Gowdy
case [Rin04] and in the existing results on T2-symmetric spacetimes [Rin15, LS16]. Our
definition differs only slightly from those previously used. Differentiating (3.1) and using
integration by parts yields the two components of the V-energy, but with opposite sign.
This allows us to replace time derivatives by space derivatives, which may be bounded.
At the same time, the correction has better decay properties than the energy, and so we
are able to draw conclusions about the energy in the expanding direction.

To trade V.2 for V(f and Q? for Qg, it would be more natural to consider the

corrections

%e—% /S Vo (V= (V))erdf, and %e—% /S 1 V0, (Q — (Q)) e df

separately as other authors have done. Then, by differentiating the Q)-correction one
would hope to obtain terms of the form Q? — 62(T*p)Q§, perhaps with a leading factor.
Our definition exploits the fact that (1.7) contains exactly the expression that we would

like to obtain from the @Q-correction.
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Lemma 1. Consider a non-Gowdy T?-symmetric Einstein flow. The correction defined

n (3.1) evolves by

1 1
0N =—2A + 627'/ _62T€*P‘/’€2 do + e27'/ VTer do
2 S1 2 Sl

oo / AV (Q2 = ATTOQR) (V — (V) — 1) b — (V) <1ep27VT> .
2° o 2

Proof. We compute straightforwardly using equations (1.7), (1.8) and integration by

parts. From the definition of A we have

DA = 9A ¢ 1627/ (PVo)e (V — (V) — 1) df + ;e%/ Voo, (V — (V) —1)e? df
S1 St

2
— _2A
1
- / eQT (e7#Vy), + XV -)He (QT eQ(T_p)Qzﬂ (V= (V) —1) ¥
2 St
1
1 / V.8, (V — (V) — 1) e’ do
2 St

1
:—2A+ e T/ —e? epV2d9+§e [ V2er db
S1

L\')M—t

/ PV (@2 = 2TIQR) (V— (V) ~ 1) df
S1

<V><; - 2TVT>

which completes the proof. O

We will modify the energy E by A to obtain only spatial terms. It will then be

desirable to know that A has better decay than F. To that end, note that
1/2
V- Wleos [ lao< ([ vera) w2
St St

As is standard (cf. [RS14]), we use the notation f < h to mean that there is a constant

C > 0 which is independent of the solution under consideration, such that f < Ch. If

12



a constant depends on the solution or the time at which we specify initial data, we will
explicitly insert it.

One finds the following bound using Holder’s Inequality.
Lemma 2 ([Rin15], Lemma 72). Consider a non-Gowdy T?-symmetric Einstein flow.

Then

1 1
’A + <ep2TVT>‘ = 'e2T Ve (V= (V) ePdf| < e TIIE
2 2 St

For the following bound on the @ correction, cf. [Rinl5], Lemma 73 where the
author assumes a uniform bound on IT which we don’t assume here. The proof is

essentially the same.

Lemma 3. For any a non-Gowdy T?-symmetric Einstein flow,

1/2

IIE

6—27/ eQ(V—T)QT (Q o <Q>) e db S 6—7'62(HE)
g1

Proof. Note that we have already bounded ||V — (V)||¢, in equation (3.2), and so we may

commute out factors of ¢¥ to obtain

le¥ (@ = @l o ==+ (@ - (@)
=V =Wleo eV 1@ - (@) o
1/2
<eV=0)lco ( / erze—pde> e
< :

<2IV=Wllco o7 1/2711/2

CO

13



via Holder’s inequality. So we may compute, using the bound on ||V — (V)||¢,, Holder’s

inequality, and the definition of F

/S AV Q (Q = (Q)) e” b Se™ ' [[e¥ (@ — ()] o

/ eV Q el dH‘
Sl

/ eV Q el d@‘
Sl

<2V =(V)llo =3 p1/2771/2

<2lV=Wllco =7 B11

<e T2ME) R, 0

We only need the @ correction for the following identity, which follows directly from

the definitions of the conserved quantities A, B:

(v = (44 BQ)+ [ V0@ @)

For By solutions, however, we use the bound on the @) correction to obtain the following

bound
(P 27V,)| — e 2| A| S e 7 2B P11 E (3.3)

which yields the desired estimate on the correction.

Proposition 1. Fow any a non-Gowdy, By T?-symmetric Einstein flow,
A| — e 2T|A| < e T (1 + 62@”3)”2) IE. (3.4)

We write these last two inequalities in this way merely to show that the bound occurs
with no arbitrary constant in front of e 27| A.
The correction A introduces significant new error terms after differentiation.

However, these terms have good bounds, and the modified energy E + A has significantly

14



better properties upon comparison to E alone. The evolution of this modified energy is

the focus of the next chapter.
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CHAPTER IV

EVOLUTION OF THE CORRECTED ENERGY

This chapter is joint work with Jim Isenberg and Beverly K Berger.

One would like to show that, up to error terms, Il and F satisfy an ODE. While
this is true asymptotically, it is more useful to compute with an energy which has been
modified by the correction.

One computes that

(E+A), = /sl —eP 2 J —eP V2 — 2V Q2 g — 2A

1
+ _QT/ —e*Te PV O + e | Vel dd
st 2 St

1
—€

2

1
—e

2

_27—/ 62(V—T)+p <Q72— _ e2(T—p)Q§) (V _ <V> _ 1) do
g1

) <;ep—2TVT>

IT IT IT
1+ =) (E+A —E - P, —(1-=
+ )( + )+<H ¢ dee) (1 H)A

|
=

1

+ e / V=)t (Q?—e%””@%) (V= (V) d9—<v7><2e”7v7>.
Sl

I
|
[\')‘,_\/—\

The leading term on the right leads us to the ansatz that II (E 4+ A) (and so IIE) should
decay like e~ 7. Accordingly, define the corrected, normalized energy H :=II(E 4+ A). One

computes that

Or(e€"H)=e"H+ €Il (E+A)+eII(E+A),
11,
=e"ll <(E +A) <1 + H) +(E+ A)T>
II II
T T p—2T1 _ _ T
e'1l [( 0 E . e pTJd9> <1 I ) A (4.1)

1 1
sge [ A (Q2 - e nQg) (v - v)) do - ) (52 )

16



The ansatz in the local stability proof will be that e™ H is of constant order. The
proof is via a bootstrap argument, where we will want to bound all of the terms of
0-(e"H) in terms of I, £, H and 7. The following Proposition deals with each of these

error terms.

Proposition 2. Consider the evolution of a By T?-symmetric solution with initial data

given at time T = sg. The following estimates hold.

‘HTE — | e ¥ p.Jdf| <E / e’ prJ db (4.2)
H Sl Sl
I I 1/2
T < —27 T -7 2(IIE) /
<1 H)AN|Aye <1+H)+e (1+e )(H+HT)E(4.3)
1
‘<V7> <26p2TVT> <Chraye” (\A| + "M 2HE> E\/? (4.4)
and
e 2 / e2(V=")+p <Q§—e2(T_”)QZ> (V — (V) d@' <IIV/2E3/2, (4.5)
Sl

Proof. For (4.2), using Young’s inequality, we note that

o] <|V-Vl + €7 Qre" Q|

|02y, =012y | [V -Tel0-D)/2 (VT (-T2
S% [ep—ﬂ-vf + eT—vaQQ + eQ(V—T)ep—TQz + eQ(V—T)er—pQg

=7 . (4.6)

17



Thus we may use the Poincaré inequality to compute that

II
'TE — | e pJ d9’ =1L E — H/ P2 p g d9’
H Sl Sl

i o(6) p(6)—27 N
| [ e 500) o0 p7<e>>d¢de\

<1 / / PO ePO=2T 1) sup |pr(a) — pr(b)] dodo
st /g1 a,beS?

ZHIH/ "2 1) d0 sup [p-(a) — pr(b)]
St a,be St

<E / prllg] d6
Sl

SE/ preP~TJdb.
Sl

Inequality (4.3) follows directly from inequality (3.4). To prove (4.5), we first

commute out the V-mean.

e [[ A (@2 - Iy (v - (v)) a
Sl
<V = V)llen [ AV]Q2 - 0 o
Sl

Se—QT(HE)l/Q/

ePe?V=T) <Q2 + eQ(T_p)Qg) do
St ’

<(IIE)'/? / "2y do
Sl
:H1/2E3/2.

Lastly, for (4.4) recall that p is increasing and compute that

1/2 1/2
we(feew) ([0
St 51

1/2
T 2 _p—2T1
SCp(so)e </51 Ve d9>

<C

p(so)eTE1/2

18



and use (3.3). This completes the proof.

Now that we have an energy satisfying a good differential equation with good
bounds on the error, we must proceed to the linearization. This is the topic of the

following chapter.
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CHAPTER V
LINEARIZATION
This chapter is joint work with Jim Isenberg and Beverly K Berger.
In [LS16], the authors present an argument that certain asymptotic rates of II, E

should be preferred, based on the assumption that e™ H should be of constant order. In

this section we briefly summarize that argument as it appears in our context.
Definition. Let Y := (e/Tr727).

Note that we have defined Y so that Y; = (e!™P*27(I, + p, + 2)) = (FP+27]). We
want to form a system of ordinary differential equations from the means, however. So we

distribute the integral over the product, introducing the error term 2. One computes

I, = Y (5.1)

Y; =T EYII '+ Q (5.2)
where
Q= (7)) — By
is an error term satisfying
0] < et B <el+”_TJ> = TEY,.

Note that our quantity E contains the terms (Qy and (), and so is not identical to the

energy in [LS16]. Nonetheless, the quantities II, Y, F satisfy similar relations to the
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relations LeFloch and Smulevici’s quantities do. Normalizing, we compute that

1 jia
Or <€7TH*1/2H> :e*THfl/QHT _ efTHfl/ZH _ 5677'1;]'71/21—[F

= <€*3TH’1/2Y) + (e”H*l/?H) (-1 — 1HT>

o, <e*3TH*1/2Y> —eTH 2y, 3¢ 3T g2y %6737H71/2Y%

:e—3TH—1/2 (eQTEYH—l + Q) + <6—3TH—1/2Y> (_3 _ 1}L—>

—3ry—1/2
:(6 iQ Y) €2THE—|— <€_STH_1/2Y> <_3 o ;%’) + 6—37'H—1/QQ

2 H

STH2Y) IE 1H
6—) + (6_3TH_1/2Y) <_3 _ 7') +€_3TH_1/2Q

(
(
—3r17—1/2
:Ee B (e*i"TH*l/?Y) (—3 - ;%) +e TH2Q

+

(e 3TH1/%Y) <HE 1)
(e*TH*1/2H)2 H ’

We insert our ansétze that % — —1, e 3"H1/2Q — 0, and (% — 1) — 0, to obtain the
ODE
0: (e’TH’l/ZH) - (e’3TH’1/2Y> + (e*TH*/?H) <—1>
2

—37 —1/2Y
/ey JETHY) e (5
Or (e H Y) - (e—TH—qu)? + (e H Y) 2

which has a fixed point at

IT 2 Y 1

evVH V10, & VH V0

So we conjecture that the quantities




decay and compute the evolution of these quantities using (5.1) and (5.2). We find that

c -1/2 1 c 1
O = — 587 log (e"H)
d ~5/2 0 d d

Cc

2
1 r V10
—oOrlog(eTH) | Y T . <HE B 1> B

where f(c,d) = %c (¢ (10c — 10d + 3v/10) — 41/10d) has vanishing linear part. In the end,

the following estimate is obtained (cf. [LS16], Proposition 5.1).

Proposition 3. Consider the evolution of a By T?-symmetric solution. Provided the

corrected energy H is positive one has for s > sg

c - ¢% H (s0) 1/2 c s e H(r) 1/2
&) <elsom9)/a () o)+ [ e (ZHON o4
d () eSH(s) d (50) so esH(s) w(7)]

where
w| < ]ﬁ]

Quickly note a bound on one of the terms appearing in Q.

Lemma 4. Consider the evolution of a By T?-symmetric solution. The following

estimate holds.

6737H71/29 5672T’H|71/2EYT'
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The proof of this lemma proceeds in the same manner as the proof of inequality (4.2).
The remaining three terms in Q will be estimated directly. In the next section, we
will perform a bootstrap argument to bound these errors, provided the initial data is

sufficiently close to the asymptotic behavior.
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CHAPTER VI
THE BOOTSTRAP LEMMA

This chapter is joint work with Jim Isenberg and Beverly K Berger.

The technique of proof follows [LS16]. The idea is to impose some smallness
assumptions on the means of the energy, the S! volume, and their derivatives. We will
then use a bootstrap argument to show that these assumptions are improved. The reason
for obtaining the estimates of Lemma 2 is to bound the evolution of the corrected energy

H. Let us discuss how that proof will go. We have computed 0, (¢”H) in equation (4.1).

Note that we may bound the right side of that equation by an expression of the form
r r ~ __IIFE ~
|0- (e"H)| Se'TIEF + F =e H?F-f—F
where, using the results of Lemma 2 we can write

Fi=e [E/ P TpeJdO + e (1 + 62<HE)”2) (L +II,) B + ITY/2E3/2 4 2UE) P11 p3/2
Sl

- / P Tp 4 e (1 + e2<HE>”2) (IT+ I1,) + (IIE)Y/2 4 2B Ppl/2 (6.1)
Sl
and

- HT — — H’T‘
F:=e"I (]A\e_QT <1 + H) +e T|A]E1/2> = |A|IT <e T <1 + H) + E1/2> . (6.2)

Note that F and F are nonnegative. We will then be concerned with the quantities

/Oo F(r)dr, and /Oo F(r)dr

S0 S0

which will bound the evolution of ¢” H in the bootstrap proof.
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Lemma 5. There exist M, sg, e > 0, functions Ue, Le and an open set of By Finstein

Flows satisfying |A| < 1,

lc| <e
4] <e
I1FE
— -1 <1
P
and
M < L.<e*H(sp) < U <e (6.3)

at time T = so such that, for all T € [sg,00), the following weaker estimates hold:

lc| <e'/4 (6.4)
|d’ §61/4
IE
'H — 1‘ <3 (6.5)
%Le < e"H (1) <2U, (6.6)

The rest of this chapter consists of a proof of this lemma. The technique of proof

will be a straightforward “open closed” argument:
1. Suppose estimates (6.4) to (6.6) are satisfied for 7 € [so, ).

2. We will improve each of the five estimates (6.4) to (6.6) at 7 = s by choosing €

small enough and sy, M large enough.

25



3. In the course of these estimates, we will define the functions

Ue =€ H(sp) + Cel2e T

L. =e*"H(sp) — Cel2e= T

which involve € and sg. We will then need to verify for this U, L. that it is in fact
possible to pick a nonempty open set of initial data satisfying (6.3) by choosing sg

large depending on e.

6.1. Auxiliary Bootstrap Estimates

From the bootstrap assumptions, we have that

1 1
iMe_T < iLﬁe_T <H<2Uce ™ <2e 7,
and
——| =l <€’ ———=|=|d| <e
e"™vVH 10 & e3™VH /10 4
SO

2 2
m<(—— +61/4> T HY2 < < +€1/4> 1/2,7/2 < 61/267/2’
<\/ﬁ —\V10

1 1

27 1/4\ 37 r71/2 1/4\ 1/2 57/2 < _1/2 57/2

eI, =Y < +e )eH S( +e >6 e Selce’E
<\/10 V10

Note that (6.5) implies that IIE < 4H on this interval, which implies that

INE See”” <e and 1+ Q2B < 1y oe/?

~

<3
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for sufficiently small e. The bound on II and the fact that II,Y > 0 together imply that,

for a < —1/2,

/ eI, dr = lim (e®II(s)) — e*°T(sg) — a/ e Ildr < e(‘”%)soelﬂ,
50

5—00 S0

and

/ @AY _dr = lim (e(“72)SY(5)> —ela™2%0y (50) — (a — 2)/ @Ay dr
50

S5—00 S0

<platg)so 1/2

6.2. Bound on A

To improve inequality (6.5), first Note also that % - 1| = %|A| Then we may use

(3.4) to obtain, for some constant C' independent of the solution,

m I
FIAl <5 (714l + e (1 + eQ(HE)”Q) HE]
12E

II 1/2
27 T 2(IIE
<1 " )
e \A|H + Ce +e I

For the latter term, note that

°F IT B

e e < el2emT/2,
~ tMe=T ™

while for the first summand we estimate in a similar manner

1/2,7/2

6—2T’A’E < 6—2767 < 61/2€_T/2.
H ~ %MG_T ~
Thus in total we obtain
1IFE 11
‘H — ].‘ = E’A’ S, 61/2677-/2 (67)
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which is less than 3 for small € and large so.

6.3. An Upper and Lower Bound on H

For the energy H we have the following estimate:

II II
- TH)| =11 JE_ p—QTT o 1_77' A
|0- (e"H)| =e ‘(H Sle de9> < H)

+le2r / e2V=T)+e (Qi—e%—p)Qg) (V= (V) do — (V) <1ep—2fv7>‘
2 g1 2

<¢'IEF + F
IE . ~
—e"H—F +F

e I7 +

<eTH(1+Ce?)F+ F.

The quantities F and F are the nonnegative quantities defined in equations (6.1) and

(6.2). We then integrate to obtain the following lower bound

e**H (sg) — / Fdr —(1+ 061/2)/ e"H(r)Fdr Se®H(s)

S0 S0

and upper bound

e*H(s) <e®*H(sp) —I—/ Fdr+(1+ 061/2)/ e"H(T)Fdr

S0 S0

and use the integral version of Gronwall’s inequality (note that the quantity e H(sg) +

f:;) Fdris nondecreasing in $) to obtain

<e80H(so)—/:ﬁdT> exp [—(1—1—(5’61/2)/:]7(17'} < eH(s),

0 0
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and

e*H(s) < (eSOH(So) + /O ﬁm) exp [(1 + Ce/?) /0 Fdr] : (6.9)

What we want, then, is for f:o F dr to be bounded in terms of so and ¢, and for

f:o Fdr — 0 as € — 0. Recall that we have assumed |A| < 1 and note that

F =|4] (677 (IT+11,) + HEl/Z)
< (e—r (61/2€T/2 i 61/287/2) 1 63/46—7/4)

561/26_7—/4.

SO

<e2e 1 (6.10)

/ Fdr
80

So let Ue := €*H(sp) + Cell2e= 7 (C is the constant associated to the < in inequality

(6.10), and does not depend on the solution) and take sy > 4log (4—\2) and |H(sg)| <

Se~%0. Similarly, let L. := e® H(so) — Cél/2e=F. Then it is obvious that
e H(sg) — Cetl2e T < e**H (sp) < e® H(sg) + Cel2e 7
and by the choice of sg, we have

0 <e®H(sg) — i < e* H(sg) — Ce/2e= 7

e** H (sg) + Cet2e T < g + i <e.

It is clear that there is an open set of data satisfying these inequalities.
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Inequalities (6.8) and (6.9) become

L.exp [—(1 + Cel/Z)/ FdT] Se*H(s) S Ueexp [(1 + 061/2)/ FdT:| .
S0 S0
Now we turn to the bound on F'.

F= / " prJdf +e T (1 + 2 ) (I +I0,) + (ILE) Y2 2B P p1/2
Sl
<e 37 / P20 + e (I + 11,) + (ILE)Y? + IEY/?
Sl
<e 3Ty, + /2e=T/2 4 1/2-T/2 4 (1/2-7/2 4 3/4,-T/4

Se_gTYT + 61/26_7—/4.

We have previously bounded the integral of the latter term in time by Ce'/ 267%], so it

remains to compute

oo s0
/ e Y dr < ez el

S0

So

oo s0
/ Fdr <e'l?e 7.

S0

Thus, in total for H, we have

| W

L€§ < Lcexp [—(1 + C61/2)/ Fdr] < e’H(s) S Ucexp [(1 + 061/2)/ FdT:| < U.
50

S0

for sufficiently small e.
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6.4. Bounds on II,Y

At this stage, we must improve the bounds on ¢ and d. Let us determine what
the smallness assumptions of Lemma 5 imply for the error term of the ODE system of

Chapter V. Recall the conclusion of Proposition 3: if H > 0, then

C S0 1/2 C S T 1/2
(5) Selsoms)/4 <e H(SO)> (so)+/ elr=s)/4 <e H(T)) lw(7)|dr,

d eSH(s) d s esH(s)
(6.11)
where
N ) 2
lw| < ‘Q‘ = —§8Tlog (e"H) 110
V10
0
+ flde) (HE B 1) dt+ = . 9)
<c+%) H <c+ 2 ) 63TH1/2
and

‘6—37H—1/29‘ <e ¥ |H|V2EY,.

To begin with, note that e” H(7) has both upper and lower bounds, and so both

e"H(T) 1/2 .
erms o € I0rm 5 can be bounded above In terms O e al €
terms of the form (7 ) be bounded above in terms of L. and U

(s0) + / e w(7)| dr (6.12)
d d $0

Se—i—/ T/ (1) dr.

S0
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The contribution to the right side of (6.11) from the error term e =37 H~1/2Q is

/ e(T*S)/A“e’?’TH*l/QQ‘ dr §65/4/ 6777/4‘H*1/2H*1‘HEYT dr

S0 S0

S
_65/4/ e 117/4 % ! 5| Yrdr
50 ¢+ 75
S
§68/4/ 67117/4 EYT dr
50 H
S
56_8/4/ 6—37/4—27YT dr
S0
56—3/261/2
where we have used the fact that ezHlﬂ =II"! and the bootstrap assumptions.
V1o
d+——
The contribution from (H—If — ) (\2@)2 is
ct+—7—
10

s d+ L s
/ S(T=3)/4 <HE _ 1) TV | gy e / o/ <HE _ 1)' i
. H (c+ 2 . H
V10

<es/h /5 /A /2072 g

0

561/2673/4 /S 677'/4 dr

S0

561/26_8/2

where we have used inequality (6.7).

f(d,c)
2

Turning to >, we recall that f has vanishing linear part, so
(c—i—\/T—O)

2

/ o(T—9)/4 f(d,c) S| dr <2 <4_4€%) < (1/2gms/4
S0 (C"‘ \/ﬁ
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To bound 9; log (¢” H), note that e” H is uniformly bounded away from 0, and use

the estimates on F and F obtained above to compute

- log (¢ H)| =—— |8, (e"H

0, Yog (¢ H)| == |0-(c" H)

1 e . -

< (eHZ2F+F

NerH <e T >
I1E 1 -

— R F
H +eTH

<F+F

561/26_7—/4 + 6_3TY7-.
So the contribution to (6.11) is

/5 o(7=5)/4 ‘Cso <€1/26—T/4 i 6—3TYT)) dr < 1/20=5/2.

0

Combining these estimates, we have from inequality (6.12) that

C C s
(s) Seloo=s)/ (s0) + / T ()| dr
d d 50

<Csoeefs/4 + €' /2ems/4
<1/2,-5/4

561/4.

(6.13)

Thus we have improved all of the bootstrap inequalities, and the proof is complete.
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CHAPTER VII

ASYMPTOTIC BEHAVIOR

This chapter is joint work with Jim Isenberg and Beverly K Berger.

We are now in a position to present the By version of the main result of [LS16].
The primary difference is that the fine grained asymptotics of V' and its mean are lost.
Forthcoming work will describe the behavior of V' and @), and the dependence of that
behavior on the conserved quantity B. Given our estimates above, the proof of the

theorem is nearly identical to the polarized case.

Theorem 1. Let C1 > 0 and Ty > 0 be fixed. There exists an ey such that if 0 < e < ¢q
and So > Tmin, for any Bg initial data set satisfying the smallness conditions of Lemma 5,

the associated solution satisfies for T € [sg, 00)

‘eTH - Cgo‘ <e T/ (7.1)

‘H - \/%cmeT/Q <e™/4 (7.2)
‘Y - \/1170000657—/2 <7/ (7.3)
E - \/Qrocooe?"/? Le /4 (7.4)
(1) — 1] Se 7/ (7.5)

)el - 1‘ <e /4 (7.6)

’H_lep - ep‘x" <e /2 (7.7)

4
’H Oy e 2eP

7 <e™/4 (7.8)

for some Cso > 0 and pss: ST — R.

Proof. The proof proceeds as in [LS16]. We may, for example, notice that (6.13) implies

that |c|, |d| < e~7/%. Similarly, we may apply the bounds we have found on F, F to (6.8)
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and (6.9) to find that
le"H — Cgo‘ e T/

for some Co, > 0, giving (7.1). Combining this with the bound on ¢, d and rearranging
yields (7.2) and (7.3).

Recall that H = II(E + A) and
A Se Al +e7 (1 + 62(HE)1/2) IE Se ™.

Then combine (7.1) and (7.2) to obtain (7.4). The estimate (7.5) follows from (4.6) and
(7.4).
Once we know that [ converges pointwise to a constant, to estimate e! let us note

that

e 2Ty = () + </S1 ePTdo — H(el>> .

We may then estimate the error term as usual, and combine the estimates on Y, II to
arrive at (7.6).

For (7.7), we begin by noting that inequality (4.6) implies that

€p+l+2TJ _ 6_3TY7-

lpro| = ‘elle‘ <e T

which is integrable over S! x [7in, 00). Thus p converges to some function po, as 7 — oo,
and we may apply the Poincaré inequality to obtain (7.7).

Finally, (7.8) follows directly from the definition of ¢ and bounds (7.2) and (7.7).
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CHAPTER VIII

NUMERICAL EVIDENCE AND CONJECTURES

This chapter is joint work with Jim Isenberg and Beverly K Berger.

The full Einstein flow is a large, quasilinear system of partial differential equations
about which it is difficult even to make conjectures. This remains true even in the
simplified T2-symmetric case considered in this work. It has been crucial to this work
to base our conjectures on evidence garnered from numerical simulations of 7?-symmetric
Finstein flows.

Our code is a reimplementation of code previously developed by Berger to simulate
T?-symmetric spacetimes in the contracting direction, and then later in the expanding
direction. We reimplemented this code in OCaml, and made a number of modifications
to improve the accuracy and speed. Most importantly, we developed code to produce
solutions of the T2-symmetric constraint equation via a random process, which allowed us

to probe the behavior of generic T2?-symmetric Einstein flows.

8.1. Numerical Methodology

The code consists of two parts which work only for non-Gowdy 72-symmetric
solutions in the coordinates used here. However, the codes work equally well in in the
polarized, By, and B # 0 cases. With some trivial modifications, the code can be made to
evolve Gowdy solutions, although we do not present any such simulations here. The two

basically independent parts of the code are
1. code to randomly generate initial data which solves the constraint equations and

2. code to evolve an initial data set according to equations (1.1), (1.2), (1.4), and

(1.5).
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We note, however, that it is preferable to formulate both the constraints and the

evolution equations in the form used in [BIWO01].

Solving the Constraints Numerically

This code more or less accomplishes a division, but via a spectral decomposition
of the functions. The key is to note that the constraint equation in the coordinates of

[BIWO1] is

mpPy + moQy + mAAg = 0. (8.1)

This can be thought of as a linear equation if one chooses the free data correctly. We
make the ansatz the functions which constitute initial data, P,7p, Q,7g, A and 7y,

are approximated by Fourier series of some finite order k. In this case, the constraint
(8.1) becomes a system of quadratic algebraic equations in the Fourier coefficients. One
then chooses some coefficients to be free data, which we choose according to a uniform
distribution on the box [-C,C]|™. One could in principle use another distribution; in
our tests, the exponential terms in the evolution equations lead to numerical overflow for
initial data which are too large. Thus, we experimentally determined a value of C' which
generates data that is numerically stable on the timescales we can simulate.

If we choose the coefficients correctly, after they are determined what was an
underdetermined quadratic system of equations becomes a linear system with precisely
one solution. We then call BLAS/LAPACK to solve the system, and recover the Fourier
coefficients.

This method of solving the constraints introduces two limitations to our
simulations. First, the probability distribution we use to generate the free data could
be chosen differently. We have already mentioned that this limitation is essentially

a matter of numerical stability. Second, our solutions have finite Fourier order. For
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linear equations, this is a strong restriction; for a recent illustration of the limitation,
see [Rinl17] where the behavior of solutions with finite order Fourier expansions differs
qualitatively from generic solutions. Since the flow is quasilinear in the case under
consideration and we solve the system by finite differences, the solution has infinite
support in Fourier space for all times after the initial time. Thus we do not think this

is a strong restriction in our case.

Evolving the Solution

Given a solution P,mp,Q, g, A, ) satisfying (8.1), we implement a finite difference
scheme to evolve the solution forward in time. We represent S' by a finite number of
points {6;}" ;. In practice, we have most often chosen n € {2829 ... 212} All of the
plots in Figures 1 through 3 were generated with n = 2!°. Our numerical scheme is
a reimplementation of a code in FORTRAN written by Berger. This code uses finite
differences which are centered in space and 4th order accurate. In time, the integrator
uses the Iterated Crank Nicolson scheme with exactly 3 iterations [Teu00]. We observe
that the scheme has good convergence properties; as n increases, the errors decrease at
exactly the expected rate.

To obtain confidence that our simulations depict behavior which is generic for
the class under consideration, we simulated on the order of 20 randomly chosen initial
constraints solutions in each of the following classes: polarized, By, and generic T2-
symmetric. The qualitative behavior depicted in Figures 1 through 3 is observed to be
the same for all simulations in that class. That is, for example, all By solutions have

energies Ky and Eg which converge to constants.

8.2. Prototypical Simulations

For a choice of initial data and spatial resolution, the code produces a set of points

{(0;,7)} and the functions V, V., Q, Q-,l, p at each of these points. From these functions
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of two variables, one can generate various scalar functions of time which reveal qualities

of interest of the flow. Below, we will be interested in the following four quantities:

L= | 1er a0, @ := | per~T/2d,
St S1
Ey :—/ [Vf —1—62(77”)%2} eP~TI240, Eq :—/ e2(V=7) <Qz —i—eZ(T*p)QZ) eP 7240,
St S1
V= | Vel 7240
S’l

First, note that the volume form e?~7/2d# is used to smooth out the graphs (the integrals
will generally oscillate without this normalization).
In Figures 1 through 3, we plot three numerical simulations; one each of polarised,

By, and fully generic (subject to the restrictions inherent in our numerical method).

o |

T

FIGURE 1 A typical polarised solution.

FIGURE 2 A typical By solution.
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/Q

FIGURE 3 A typical generic solution.

On the left is a plot of % on the horizontal axis and £, on the vertical axis. One
can see the rotational sink which is the basis for the local stability proof. It turns out
that II and Y satisfy better algebraic identities, and these are the quantities used in the
proof. Note that, once the asymptotic regime is reached, all three types of non-Gowdy
solutions demonstrate similar behavior.

In the center plot, we have graphed Ey, Eg and Ey + Eg against 7 on the
horizontal axis. In the polarized case, Eg = 0. Note in the polarized and By cases, all
three quantities achieve a limit as 7 — co. In the generic case, however, the total energy
converges (to the same constant that it converges to in the other two cases) but Ey and
Eg do not. These quantities “slosh” energy as 7 — oo, and the amplitude of the sloshing
does not decay. The period of the sloshing is exactly the period of the rotational sink
depicted in the left plot.

This sloshing turns out to lead to an instability in the asymptotics of V. In the plot

on the right is the expression

log || = log

/ V. el 7/ 2d9’
Sl

plotted against 7 on the horizontal axis. While #* — 0 exponentially for By solutions
(and so for polarised solutions as well), ¥ converges to a nonzero constant generically.
This feature has not been observed by other authors, and formed the largest impediment

to our proof of an analogue of Theorem 1 in the generic T?-symmetric case.
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8.3. A Conjecture Based on the Simulations

In [LS16], the authors are able to determine the first order behavior of the energy
and II, but also the first order behavior of V' and the rate of its decay to the mean value.
We have so far been unable to derive estimates for V' and @) in the By case. From the

numerics, however, it is clear that there is are constants a, Cy such that

Vw—wﬂzowfﬂy IV — Cyr —a| = O(e™™/?)
Sl

and that

iftB=0

)

Cy = :
if B+£0

N[ =

Other conjectures will be the subject of forthcoming work.
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APPENDIX

CONCORDANCE OF NOTATIONS BETWEEN [BCIM97], [BIWO01], [RIN15],

AND [LS16]

This chapter is joint work with Jim Isenberg and Beverly K Berger.

The Einstein flows under consideration in the this work have been studied
extensively, including many important special subsets of solutions. Unfortunately, authors
have used many different coordinates for exactly the same set of spacetimes, and this
document adds yet another set of coordinates. As an aid to the reader who wishes to read
the cited works together, we provide in this appendix a concordance of notations used in
the most frequently cited of these works.

To the best of our knowledge, all of the works in the table rely on the foliation
and equations derived in [BCIM97]. This dissertation, [BCIM97], [BIWO01] and [Rin15]
use coordinates for T2-symmetric Einstein flows which are completely general. The
analysis in [LS16] only applies to polarized T?-symmetric Einstein flows, and so relies
on the assumption that some metric components vanish identically. In [Rin04], future
asymptotics of Gowdy solutions are derived. The notation used there is exactly the
notation of [Rinl5] if one imposes the conditions @« = 1, K = 0 so we omit it from the
table.

In the table below, each column uses the notation internal to the document named
in the first row. All of the expressions in a given row are equal. For example, the function
called P in [Rin15] has the expression 2U — log R in [LS16]. Since [LS16] only deals
with polarized flows, the expressions in this column will only be equal to those in other

documents if the polarization condition is imposed.

42



““““““““““““ hm“é& )
A NHe¢ T+d? m‘klﬁ 111G
2 2, gL t, 9,0 1% ¢, 2% o0, 1%
1 ug%z—d 57 X$+d7e/e—1 00 o/Le XS +d7 A Y,
2 1-P z/1-"° Yug ¢/1-"
A Jore 1801+ 4 L—d Jore
S P ySop g% — 1501

TUOTMOOP ST) 9157 [cTury] [TomiId] [L6IN1Dd]

43



REFERENCES CITED

[AMO4] Lars Andersson and Vincent Moncrief. Future complete vacuum spacetimes. In
The Einstein equations and the large scale behavior of gravitational fields, pages
299-330. Birkhauser, Basel, 2004.

[And01] Michael T. Anderson. On long-time evolution in general relativity and
geometrization of 3-manifolds. Comm. Math. Phys., 222(3):533-567, 2001.
doi:10.1007/s002200100527.

[BCIM97] Beverly K. Berger, Piotr T. Chrusciel, James Isenberg, and Vincent Moncrief.
Global foliations of vacuum spacetimes with 72 isometry. Ann. Physics,
260(1):117-148, 1997. doi:10.1006/aphy.1997.5707.

[Ber15a] Beverly K. Berger. Comments on expanding 7 symmetric cosmological
spacetimes. 31st Pacific Coast Gravity Meeting, 2015.

[Ber15b] Beverly K. Berger. Transitions in expanding cosmological spacetimes. APS April
Meeting 2015, 2015. URL:
http://meetings.aps.org/link/BAPS.2015.APR.D1.53.

[BIWO01] Beverly K. Berger, James Isenberg, and Marsha Weaver. Oscillatory approach to
the singularity in vacuum spacetimes with T2 isometry. Phys. Rev. D (3),
64(8):084006, 20, 2001. doi:10.1103/PhysRevD.64.084006.

[FMO1] Arthur E. Fischer and Vincent Moncrief. The reduced Einstein equations and the
conformal volume collapse of 3-manifolds. Classical Quantum Gravity,
18(21):4493-4515, 2001. doi:10.1088/0264-9381/18/21/308.

[Ger71] Robert Geroch. A method for generating solutions of Einstein’s equations. J.
Mathematical Phys., 12:918-924, 1971. doi:10.1063/1.1665681.

[Ger72] Robert Geroch. A method for generating new solutions of Einstein’s equation. II.
J. Mathematical Phys., 13:394-404, 1972. doi:10.1063/1.1665990.

[LS16] Philippe LeFloch and Jacques Smulevici. Future asymptotics and geodesic
completeness of polarized T2-symmetric spacetimes. Anal. PDE, 9(2):363-395,
2016. doi:10.2140/apde.2016.9.363.

[Rin04] Hans Ringstrém. On a wave map equation arising in general relativity. Comm.
Pure Appl. Math., 57(5):657-703, 2004. doi:10.1002/cpa.20015.

[Rin13] Hans Ringstrom. On the topology and future stability of the universe. Oxford
Mathematical Monographs. Oxford University Press, Oxford, 2013.
doi:10.1093/acprof:0s0/9780199680290.001.0001.

[Rin15] Hans Ringstréom. Instability of Spatially Homogeneous Solutions in the Class of
T2-Symmetric Solutions to Einstein’s Vacuum Equations. Comm. Math. Phys.,
334(3):1299-1375, 2015. doi:10.1007/s00220-014-2258-8.

44


http://dx.doi.org/10.1007/s002200100527
http://dx.doi.org/10.1006/aphy.1997.5707
http://meetings.aps.org/link/BAPS.2015.APR.D1.53
http://dx.doi.org/10.1103/PhysRevD.64.084006
http://dx.doi.org/10.1088/0264-9381/18/21/308
http://dx.doi.org/10.1063/1.1665681
http://dx.doi.org/10.1063/1.1665990
http://dx.doi.org/10.2140/apde.2016.9.363
http://dx.doi.org/10.1002/cpa.20015
http://dx.doi.org/10.1093/acprof:oso/9780199680290.001.0001
http://dx.doi.org/10.1007/s00220-014-2258-8

[Rin17] Hans Ringstrém. Linear systems of wave equations on cosmological backgrounds
with convergent asymptotics. ArXiv e-prints, July 2017. arXiv:1707.02803.

[RS14] I. Rodnianski and J. Speck. Stable Big Bang Formation in Near-FLRW Solutions
to the Einstein-Scalar Field and Einstein-Stiff Fluid Systems. ArXiv e-prints, July
2014. URL: http://arxiv.org/abs/1407.6298, arXiv:1407.6298.

[Teu00] S. A. Teukolsky. Stability of the iterated Crank-Nicholson method in numerical
relativity. Physical Review D, 61(8):087501, April 2000.
doi:10.1103/PhysRevD.61.087501.

45


http://arxiv.org/abs/1707.02803
http://arxiv.org/abs/1407.6298
http://arxiv.org/abs/1407.6298
http://dx.doi.org/10.1103/PhysRevD.61.087501

	INTRODUCTION 
	  The Spacetimes under Consideration, and Their Asymptotics
	  Conjectures Regarding the Limiting Behavior of Expanding Spacetimes
	  An Outline of This Dissertation

	PRELIMINARY COMPUTATIONS 
	CORRECTIONS AND THEIR BOUNDS 
	EVOLUTION OF THE CORRECTED ENERGY 
	LINEARIZATION 
	THE BOOTSTRAP LEMMA 
	  Auxiliary Bootstrap Estimates
	  Bound on 
	  An Upper and Lower Bound on H
	  Bounds on , Y

	ASYMPTOTIC BEHAVIOR 
	NUMERICAL EVIDENCE AND CONJECTURES 
	  Numerical Methodology
	  Prototypical Simulations
	  A Conjecture Based on the Simulations

	APPENDIX: CONCORDANCE OF NOTATIONS BETWEEN MR1474313, MR1858721, MR3312437, AND MR3513138
	REFERENCES CITED

