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This dissertation examines the existence of the self-intersection local time for a
superprocess over a stochastic flow in dimensions d < 3, which through constructive
methods, gives a Tanaka like representation. The superprocess over a stochastic flow
is a superprocess with dependent spatial motion, and thus Dynkin’s proof of existence,
which requires multiplicity of the log-Laplace functional, no longer applies. Skoulakis
and Adler’s method of calculating moments is extended to higher moments, from which

existence follows.
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CHAPTER I

INTRODUCTION

Superprocesses, originally studied by Watanabe [29] and Dawson [6],[7] were first
shown by Dynkin [9] to have a self-intersection local time (SILT). In particular, Dynkin
was able to show existence of the self-intersection local time for super Brownian motion
in R¢, d < 7, provided the SILT is defined over a region that is bounded away from the
diagonal. When the region contains any part of the diagonal, through renormalization,
the SILT for super Brownian motion has been shown (2] to exist in d < 3, and further
renormalization processes have been found to establish existence in higher dimensions by
Rosen [22] and Adler & Lewin [1]. In regards to non-Gaussian superprocesses, the SILT
has been shown to exist for certain a—stable processes by Adler & Lewin [1], and more
recently, encompassing more « values, by Mytnik & Villa [20]. Of important note, as
the L?—limit of an appropriate approximating process, Adler & Lewin have shown the
existence of a class of renormalized SILTs (indexed on A > 0) for the super Brownian
motion in dimensions d = 4 and 5 and for the super a-stable processes for d € [2a,3a). As
one removes Dynkin’s restriction of bounding away from the diagonal, a singularity arises
from “local double points” (that is ps x p¢ where t = s) of the process (cf. [2]). The true
self-intersection local time should not be concerned with such local double points, and
thus a heuristic approach to renormalization is naturally observed in the construction. It
should be noted that though this is the method used in [1] and [2], & quite different method
for renormalization was developed in [22]. Both methods are legitimate renormalizations,

and lead to existence in equivalent dimensions, but for this dissertation, due to the natural



occurrence of the term involving local double points, the initial of the two methods will
be employed. Moreover, the real beauty of this constructive proof of existence, as seen in
[1] & [2], is the aforementioned approximating process is “Tanaka-like” in form. Thus the
limit gives a (quite simple) “Tanaka-like” representation for the renormalized SILT.

A major drawback in each of the previous superdiffusions is the requirement of
independent spatial motion. Existence as a weak limit of a branching particle system, and
uniqueness as the solution to a martingale problem, of the superprocess with dependent
spatial motion (SDSM), as a measure-valued Markov process with state space M (R),was
shown by Wang [28]. It was later shown by Dawson, Li, & Wang [5] to exist uniquely
as a process in M(R), and then extended by Ren, Song, & Wang [21] to M(R?). G.
Skoulakis & R.J. Adler [26] suggested a different model incorporating dependent spatial
motion by replacing the space-time white noise of Wang's SDSM with a Brownian flow of
homeomorphisms from R? to R¢, which was referred to as a Superprocess over a Stochastic
Flow (SSF).

As of yet, very little work has been done with regard to the self-intersection local
time for superprocesses with dependent spatial motion. Of important note is the work
of He [14], in which the existence of the SILT for a superprocess with dependent spatial
motion, similar to the model of Wang but discontinuous, is shown to exist in one dimen-
sion as a probabilistic limit. Though this was known to be true, since the local time of
the superprocess with dependent spatial motion was known to exist in one dimension (cf.
[5]), He was able to give a similar “Tanaka-like” representation for the SILT. This disser-
tation will investigate the existence and further properties of a generalized SILT for the
d-dimensional SSF, where the generalization refers to the shift of the support of the Dirac
measure away from the origin, to a point v € R%. Note that if X; is a Markov process,
then Y; £ X; + u is a second, dependent Markov Process. The generalized SILT at « can
be realized as the intersection local time of the Markov processes X; and Y;.

This body of this work is constructed as follows. Beginning with needed back-

ground and definitions, we conclude the first chapter with a vital SPDE describing the



superprocess over a stochastic flow as a solution to a particular martingale problem. As in
‘the majority of proofs of existence of SILT for superprocesses, higher moment calculations
are needed. This is accomplished through the calculation of certain moment formulas
for the branching particle system, then limiting to the moments of the superprocess. A
similar method was first employed by Skoulakis & Adler [26] for the first and second
moments. Though their method worked well for smaller moments, the number of cases
to consider for any higher moments of the branching process are too many to make this
practical. To get around this difficulty, the moment formulas for the branching process
are found at one fixed point in time (for example, with the third moment, instead of cal-
culating B {7 (p1)uf} (o)}’ (99)], we would find E [ (1) (92)u"” (#3)]), thus
greatly reducing the number of cases to consider. By taking limits, the resulting formulae
are then used to find the corresponding formulae for the superprocess. Finally, the Markov

property is used to extend to moments on varying time parameters. For any ¢ € C(R?),

[t [[as 5.

these moment formulae bound the above by C'||¢]|;:, with the constant C' depending only

taking the L?(P) norm of

upon T.

Chapter three begins with defining the SILT, which leads to the desire for under-
standing the expression <G;\ " uspt>, where G2™ is a cR (R?) sequence (in €), converging
in L' to the Green’s function. Since the SPDE of [26] is of the form (¢, 1), this is em-
ployed, along with Itd’s Lemma, to construct an Itd formula for (@, pspe). This, along

with the I! bound for the L2 norm

/OTdt/Otds <G;\’“,psut>

shows L? convergence to the desired “Tanaka-like” formula.



I.1 The Branching Particle System And The Superprocess

The SSF is constructed as the weak limit of an R? branching particle system. Much
of the work that will follow involves using properties of the branching particle system, and
thus we will briefly review this construction, This section follows very closely to the work
of Skoulakis & Adler [26], and the reader is referenced to this work for further questions.
We will let R? = RYU {A} denote the one-point (Alexandroff) compactification of R,
where A denotes the “cemetery”. We extend measurable functions ¢ € B(R?) to B(R9)
by setting ¢(A) = 0.

Let N ={1,2,...} and set

I£{a=(a,ai,...,an): N >0,a0 € N,o; € {0,1},1 <i < N},

and for any @ = (ap,...an) € I, let [a| = N, and a —i = (ag, ..., ¢jq|—;). In addition, we
will write a ~,, ¢ exactly when t € [l%l, %ﬂ) Let M(n) be the number of particles alive
at time zero, where the spatial position of each particle is written as (27,23, ...,a;’](/j(n)),

and define the initial (atomic) measure by

- M(n)
/LLOn é Z 61':7-.
i=1

For each n € N, {B%™ : a9 < M(n),|a| = 0} is defined to be a family of inde-
pendent R? Brownian motions, stopped at time t = n™!, with B¥? = zq,. A recursive
definition then gives a tree: for each k € N, let {B*"™ : ag < M(n),|a| = k} be a collec-
tion of R? valued Brownian motions, stopped at time ¢t = (|a| + 1)n~1, and conditionally

independent given the o-field generated by {B*™ : ag < M(n), || < k} and for which
BX™ = BETh™, t <lofn?

In regards to branching, for n € Nlet {N®" : ag < M(n)} be a family of iid copies




of N,, where N, is an N—valued random variable such that
l, k

P(N, = k) = { f
5 k

Note that it is implicit in the above that the branching is assumed to be binary,
and that for each n € N,

EN, =1,
EN2 — (EN,)? =1,

and

ENZ =271 geN.

Moreover, it is assumed that the families {B*™ : ag < M(n)} and {N*" : ap < M(n)}
are independent.

The final component is that of the stochastic flow. Let b : R* — R? and ¢ : R* —
M(d,m), where M(d,m) is the space of d x m matrices, m € N, satisfying the following:

(i) the global Lipschitz condition
|b(z) = b(y)| + |e(z) — c(y)] < Clz —yl,

for any z,y € RY;

(ii) the linear growth condition,
|6(z)| + le(z)] < C(1 +|=]),

for any z € R%:
(iii) for all ¢ = 1,2,...,d, = 1,2,...,m b; and ¢;; are bounded with bounded and

continuous first and second partial derivatives.




Assume that t = F7,(z) is the solution of the stochastic differential equation
dY; = c(Yi)dW, Y, =z

for all t > s and © € R?, where W™ is a R™—valued Brownian motion, independent of
the families { B*"} and {N®"}. This defines a unique Brownian flow of homeomorphisms
from R¢ — R¢ [26].

Set an, = n~ ! and k, = kn~!. Then the tree of Brownian motions over the flow is
given by the family of processes Y®", defined by: Let & ~,, k,, for some k& € N. Over the
time interval [0, ky, 4+ an], Y*™ is defined to be the solution of the d-dimensional stochastic

differential equation:

Y, = b(Y,)dB™ + c(Y,)dW,

Yo =2y,

ogp*

Note that existence and strong uniqueness of the aforementioned solution is en-
sured due to the assumed conditions on b and ¢. Now set ¥, = Y,f:ian for t > ky + an

and note that due to construction,

an __ yoa-1ln
Yo =,

for 0<t<k, kN,

We now define the stopping times 7*™ as follows: for each a € I, let

0, if [67))] > Kn,
TN = min{%}l‘ :0< i <|a|,Nohm = 0}, if this set is not @ and ap < M(n),
1—t|13‘-l, otherwise

The stopped tree of processes, with branching, is the family of processes X™



defined by

a,m o,n
e _ Yo, t<ren,
: =

A; t> 7",
The measure-valued process for the finite system of particles is

#H#{a ~pt: XanEU}
n

('n)(U)

for U € B(R?), where for a topological space E, B(E) denotes the o—field of Borel
measurable sets in F.

We define the corresponding filtration 77 by
Fp & o(BO™, N*™: |a| <k)\[o(WP s <t)\/o(B&™ : s <t,|a| = k),

for t € [kn, kn +an), k =0,1,....
Let C*(E) be the space of continuous functions on E having continuous partial

derivatives up to order k, and for ¢ € C*(R?) let

%
1112 #(2) = <8$i18$i2"'6$ik) )

For ¢ € C?(R9) define the second-order operators L and A by

l\DIb—‘

d
(Lo)(z Z (z,2)0? o () (I.1)

and

d

(Ap)(2,y) = ) 0z, )Dip(2)0(y),

ij=1



where
aij(x,y) = ds;bs(2)b;(y) + o45(z,y)
and

Uzg r y 2 czé C]g

r,y € RY i,5=1,..,d,

Furthermore, for each n € N, ¢ € C?(R"*4) define the second-order operator L™

by
(L*¢)(x Z Z ()8p,04;$(2), (.2)
p,q 14,5=1
where
af;.l(m) = Opqijbi(zp)bj(zq) + 0ij(Tp) Tq),
) i=7
T = (1, Tn), Tp € RY, p=1,..,n, and §; = . For any operator A on
0, i#7J

a Banach space B, such that A¢ = limg ot~ {Ti¢ — ¢} for some semigroup Ty, we will
denote by D(A) C B the domain of A. That is

DA)={¢peB :'k;%t‘l{ﬂqﬁ — ¢} exists},

where the limit is in the strong sense.



Definition 1.1.1. The operator

-4 d
A= Z ;0% + Zﬁi@' (1.3)
=1

1,7=1

s said to be uniformly elliptic if for each N > 1, there exists ny > 0 such that

d N N d
Z Z ffaij(:vp)xq)f;‘z > UNZZ&:))

4,j=1p,g=1 p=11=1

fO'I" (1”1131,1132, TN € R? and (fj:[lv f%a i) fé)®(€12;€%; 153)® ’ ®(€{V,€é\” ey fé\/) € RAXN,
Assumption 1. For the remainder of this paper, the assumption will be made that L is

uniformly elliptic.

Definition 1.1.2. For z € R? and ¢ € D C D(A), we say that a Ré—valued process

X = {X;:t > 0} solves the (A, D, z) martingale problem if Xog =z and

¢
H(X1) — $(a) — /O (AB)(X.)ds, >0,

is a martingale for each ¢ € D. When D = D(A), we say that X solves the (A,z)—
martingale problem.
For each k € N and metric space F, we will denote by C¥(E) the subspace of

functions in C*(E) which vanish at infinity.

Lemma 1.1.3. If L™ is defined as 1.2, then L™ is the generator of the diffusion which
describes the joint motion of n particles in the aforementioned branching particle system.

Proof: Forp =1,2,..,n let Y2 = (Y, ..., Y/?), where

dYP* = by(YD)dBP + 3 " ca(YP)AWE,  i=1,2,..,d,
k=1



10
IfY; = (Y3,..,Y) and ¢ € CZ(R™), then Itd’s Lemma implies

n

o(Y:) — ¢(Yo) = ZZ/ B p(Y:)dYPH 4 = Z Z/aplaqqu )ad(YPH, YTy

p=11i=1 p,g=14,j=1
d

d
2/ By e (Ya)bi(YP)d B +ZZZ/ By H(Y)ean (Y7 )AWE

p=11i=1 k=1

n

d

3 / OO, $(Ya)8pg0i3bi (Y )by (V)
=14,5=1

1 n d
+35 >

p,g=14,5=1

> / Opiay DYy e (YE)e3u (Y2 ds
k=1

Since Op, ¢, b;, and ¢, are bounded for i =1,...,d, k=1,..,m,and p=1,...,n, it
follows that [ 8, ¢(Ys)bi(YE)dBY" and [ 8y, (Ys)cin(YP)dWE are martingales, and so

B4(Y) ~ 9(Ys) — 3B 3 3 / Y.) 85,00, $(Y, )ds

pg=14,5=1
Therefore,
. Eop(Y;
i 210 —900)_ 1 3~ S i / P (Y, )00, (Ys)ds
,q*lz,] 1
=5 Z Z 7(Y0) By, 0, $(Y0)
p,g=114,5=1
= (L"¢)(Yo).

O

Lemma 1.1.4. For each n € N, there exists a transition function qf* for the Markov

process Y; = (Y}, ..., Y{®). Furthermore, {QT : ¢ > 0}, defined by

ol /sb 1)a (2, 9)
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is a strongly continuous contraction semigroup on Co(R?).

Proof: Since it is assumed that Assumption 1 holds for L, it follows that for each n € N,

L™ Assumption 1 also holds. Theorem 5.11 in [8] then completes the proof. O

Lemma 1.1.5. With ¢ and QF, defined as above, the following are satisfied:

S

10.

11.

For any t > 0, z,y € R™, ¢*(z,y) >0

On the set {t > 0,z,y € R™}, qP(z,y) is jointly continuous in t,z,y; q¢(-,y) €
C(R™); and duqp (x,y) = L"q} (x,y).

For any ¢ € Cp(R™), z € R™,

lim | dyqp(z,v)p(y) = ¢(z) (1.4)

t—0 Jgd

For any § > 0, ¢(z,y) is bounded in the domain t + |z —y| > 6.
gt (z,y) < Cpji(z,y).

161,47 (, )| < Ct7YV2%p0(z,y), i =1,...,d.

|01,01,47(z,y)| < Ct=1pi(z,y), i,5 =1,2,...,d.

|0eq7 (2, y)| < Ct™'pli(z, y).

a;'(z,y) = C1py(@,y) — Cat’pryi(@,y)

(t,y) = qF(z,y) satisfies

n d
ag" = Y > i0i(at(y)d")- (L5)

pg=14,j=1

If ¢ € CZ(R™) N LY(R™), then

lim 8,Q7 $(z) = didh(w)
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and

lim 0,3, Q79(x) = 8,0, 4(z),
i,7=1,..,nd.

Where 1, t1,t9,v and C,Cy,Cy are positive constants and pf(x,y) is the joint transition
density of n independent d-dimensional Brownian motions.
Proof: This follows immediately from Assumption 1 upon L™ (see the appendix (p.228)
of [8], or alternatively [12]). O
For any topological space E, let Mp(F) denote the space of finite Borel measures
on E, Cg[0,00) the space of continuous paths in F, and for any ¢ € N, CL(E) the
subspace of C*(E) for which the elements have compact support. Endow Mp(FE) with the
topology of weak convergence, that is, u{® € Mp(E) converges to u € Mr(E) provided
limp o0 (¢, p(“)> = (¢, p) for any ¢ € Cy(FE), and let = denote weak convergence. In
addition, for any u € Mr(E) and £ € N, denote by uf the product measure pu x X+ x p €
Mp(R%9). Under these assumptions, and Assumption 1 upon I, we arrive at the following

theorem.

Theorem 1.1.6. Let u(® be defined as above with uén) = o, then p™ =, where
JIRS CMF(Rd)[O, o0) is the unique solution of the following martingale problem:

For all ¢ € C%((Rd),

Zu($) = ( je) — (b, o) — /0 ds (Lb, ) (L6)

is a continuous square integrable {FL'}-martingale such that Zo(¢p) = 0 and has quadratic

variation process

(Z (), =/Ods ((#%, ps) + (A, 12)) . (L.7)

Proof: See Theorem 2.2.1 in [26]. O
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Assumption 2. For the remainder of this work, it will be assumed that pg € Mp(R%)

has compact support and satisfies

po(dz) < m(z)dz,

for some bounded m € L'(R%).
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CHAPTER 1I
MOMENT FORMULAS

II.1  Preliminary Results

As in most existence proofs for self-intersection local time of a superprocess, higher
moments of the superprocess are required (cf. [1], [9]). Through finding the first and
second moments of the branching process, and passing to the limit as n — oo, Skoulakis
& Adler [26] found the first and second moments for the SSF. A variation of this method
will now be employed to find higher moments of the SSF.

We denote by C*°(FE) the space of infinitely differentiable functions on E and by
C%(E), the subspace of C*®(FE) of which the elements have compact support.

By a test function, we are referring to any ¢ € C(R%). We denote by D’ (R%)
the space of distributions on C®(R?). Suppose u,v € Li (R?), the space of locally

L'—integrable functions on R%, and a = (aq,ay,...aq) is a multiindex of order |a|. We

say that v is the af?—weak partial derivative of u, written
D% = v,

provided

[ w0 )@ = (-1 [ o@)ota)da

for all test functions ¢. Note that a differentiable function will have a weak derivative

that agrees with the functions derivative, and thus we will at times use a slight abuse in
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notation and write the weak derivative as
D = 071057 - -~8§d.

We denote by Sy the Schwartz space of rapidly decreasing functions on R¢, That
is,

Sq = {qs e C®(RY) : sup sup (1 + |z|)Y |[(Dad)(2)] < 00, N=0,1,2, } .
|| <N zeRd

The sequence ¢,, converges to ¢ in Sy if

lim sup sup(l+ |:1312)N |D¥pr(z) — D*¢(z)| =0,

"o <N zeRd

for any N € N (cf. [32}).
If i : C32(R9) — S, is the identity mapping, if L is a continuous linear functional
on Sy, and if

ur, = Lot

then the continuity of ¢ (Theorem 7.10 of [25]) shows that uy € D'(R%). Again from
[25], L + wuy, describes a vector space isomorphism between the dual space S/, of Sy
and a subspace of D'(R%). Distributions that arise as such are called tempered, and are
precisely those v € D'(R%) that extend continously to an element in Sy ([25]). Thus, if ur,
is identified with L, the space of tempered distributions is precisely 5.

For any two functions ¢ : B1 — R, ¥ : Fs — R denote by ¢ ® ¢ the concatenation

of ¢ and 9. That is, ¢ @ ¢ : F; x E3 — R is the map defined by (z1,22) — ¢(z1)9(x2).
Lemma I1.1.1. Let ¢ € Spxq, then there exists {¢y, : n € N} such that

(i) b =37 1 Pr @D @B, for some B3, ..., ¢5 € CR(RY),

and

(it) ¢n converges to ¢ in Spxq as n — 0.
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Proof: Taylor’s Theorem implies the above holds for any ¢ € C¥(R?) (cf. [23], [24]) .
From Theorem 7.10 of [25] there exist {¢, : n € N} ¢ CZP(R*?) such that ¢, converges
to ¢ in Sy, and the result thus follows. O

Given ¢ € B(R(*19xd) ¢ € N, define the projection 7, by
(meQF ) (21, s Trte) = QF Pay,....c0) (Tl41) s Tnte),
where
Dlarynze) U1, Un) = (21, 26) @ (Y1, -, Yn))-
For any function ¢ having as its domain R™*¢, define ®;; by
(PiP) (T1y ey Tmne1) = G(Z1y oy Tiy oy Tjm1y Tiy Ty ooy Tl )

fori,5 =1,2,..m —1, i £ 7.

The next Lemma comes from Skoulakis & Adler [26].

Lemma I1.1.2. Let ¢, ¢1,¢2 € CE(R?) and t > 0, then

(i) BEu(d) = (Qsd, po)

and

(i1) Bpe, (¢1)p,(d2) = (QF (m1Quy—t, ($1 ® $2)), p43)
t1
T /0 ds (Qs®12@7_ (11 Quyts (1 ® b2), o)

with the convention that Q3¢ = ¢, n € N.
Proof: See [26], Proposition 3.2.1. O

Before our moment calculations, some needed definitions and Lemmas will be
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presented. In what follows (S, d) will refer to a metric space, in which it is assumed § is

separable.

Definition I1.1.3. The Prohorov metric p on Mp(S) is defined by

p(p, v) =inf{e > 0: p(A) < v(A®) +¢, YA€ CY,
for pu,v € Mp(S) where C denotes the family of closed subsets of S, and A* = {z € S :
infuea d(z,a) <e}.

Definition II.1.4. Given p,v € Mp(S), a marginal for p and v is a measure X on
Mp(S x S) such that for any A C S, MA x S) = p(A)w(S) and XS x A) = p(S)v(A).

The collection of marginals corresponding to p and v will be denoted by M(u,v).

Lemma 11.1.5. Let {u(n) :n € N} C Mp(S), then a necessary and sufficient condition
for ™ = € Mp(S) is limpy_oo p(u{™, 1) = 0.
Proof: See Theorem 3.1 in chapter 3 of [10].. O

Lemma I1.1.6. For any p,v € Mp(S), with M(u,v) defined as above,

o(p,v) = /\Eji\fil(f )inf{e >0: M(z,y) 1 d(z,y) > e} < e}

)

Proof: See Theorem 1.2 in chapter 3 of [10]. O

Lemma I1.1.7. For ¢ € Cy(S) define ||¢|lyp by

16l = sup oo} v sup (2=,

and for p, v € Mp(S) such that u(S) = v(S) =1, let

”,U, - V”U = sup |<¢,,U,> - <¢a V)‘ .
ll¢llor=1
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then

p(p,v)? <l ~vlly < 3p(u,v).

Proof: See Ethier & Kurtz [10], p.150.
Lemma I1.1.8. If {u(™ : n > 0} C Mp(R?) satisfies n(™ = € Mp(R?) then
¢
@W)ﬁﬁ,

for all £ € N.
Proof: Define

J4
AI:{¢:Q§¢M€21¢keCﬂRﬁUﬂLk:lﬂwﬂ%m

k=1
From Proposition 4.4 of chapter 3 in [10], for any v, (™ € Mp(R%), n = 1,2, ... such that
Tim (g,007) = (¢,v)
for all ¢ € Cg(R?), it follows that ¥™ = v. For any ¢ € N, since

w™ = p,

LMy o0 (¢, (1)) = (B, %), for any ¢ = ®j_; ¢ with ¢ € Cx(R?) or ¢ € {1},
k = 1,..,£ Thus, for any ¢ = ®j_, ¢x € M, limy oo (¢, (u™)E) = (¢, u), which

implies, by Proposition 4.6 of chapter 3 in [10], (u{™)¢ = L. d

Definition 11.1.9, The Skorohod space Dg|0,00) on (S,d) is defined by

Dgl0, 00) = {:v :[0,00) = 8 : lim z(s) = z(t), and lim z(s) £ z(s—) e:vz'sts} .

s—tt st~

That is, Dg|0, 00) is the space of all cadlagmappings from [0,00) to S.
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Note that under the assumption that S is separable, Dg[0,00) with the metric
defined by (5.2) in Chapter 3 of [10], is a separable metric space. Moreover, if (S,d) is
complete, Dgl0,00) is complete (cf. [10] Theorem 5.6, Chapter 3). The next two Lemmas

are essential in the moment proofs for the superprocess.

Lemma I1.1.10, For k£ € N, let ¢ : RE x R® = R in Cy(R?) satisfy
+

sup [[9(s, ) |lp, < 00
seRk

(n)

and let po be an a.s. finite measure having compact support with py’ = po. Then

[nt]-1 7y

nl—l—)ngo nk Z Z Z< -1 (n))e>

Te= k’!‘k 1—0 T1= =0

t Sk 52
= s [Tdsiese [Tdsi (s, ),8)
0 0 0

Proof: We have

[nt]—

ek Z Z Z< =1, (e /dsk/ dsg_1 - / ds1 <?/1(S,'),M€>

ry=k Tg-.1=0 r1=0

[nt]-1  ry [nt]-1  rg ,
ok Z Z Z <z/)(rn - > Z Z Z < ,Mo>
ry=k rx_1=0 7= re=k r1x_1=0 ri=

Pt S Z_-.-Z@( )16 /dsk/ dsp_y /d31<¢(3,-),/té>
< 1, (1§0)) = (e, ub)|

[nt]—1 ; o .
< A Bt [ [ [Conste] )

Te= ka 1_0 7‘1—

rr=k rp_1=0 r1=0 0

By assumption sup, ||%(s, )|, < oo, and thus Lemma II.1.7 implies the first of
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the above terms converges to zero. Since v is continuous and bounded, and p is finite

with compact support, it follows that the second term is also convergent towards zero. [

Lemma I1.1.11. For any ¢; € CP(RY), i =1,2,..,4, L€N, 0 < t < 0,

T}ggoE<¢1®¢2®-~®¢g, (ni’”)g> —E(h1 @b & @)

Proof: Let p(® = {ugn) 1t > 0} be a branching process as defined above, let u be a
weak limit point of x| and let {ng} be the subsequence along which 1(*) = u. From
Theorem 3.1, Chapter 3, of [10], there is a Skorohod representation for ) ke N
That is, there exist random variables X, X, k € N, defined on the same probability space,
such that X £ 11, X £ (™) k€ N, and Xy — X a.s. as k — oco.

For X € Djpreyl0,00), define PX(4;)~" to be the distribution of X(¢;) €

Dg[0, 00) then, by dominated convergence

lim sup
k=00 |4l =1

I3 I3
<¢,Hn»xk<¢i>-1> _ <w,nn»x<¢i>—l>
=1

i=1

— lim  sup ’]Ew(Xk(qbl),...,Xk(qbg))—E¢(X(¢1),...,X(qbg))

k=00 ||, =1

=0.

It then follows from Lemma I1.1.7 that
¢ ¢
H . -1 . -1 =

or equivalently,

(Xk(d)l)) )Xk(d)f)) = (X(d)l)a $X(¢l))
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in Dpe[0, 00). Therefore, from Theorem 1.1.6,

(B (B1), o 1T (h0)) = (1), e 1(0))

in Dge[0, 00). Thus, from Lemma A.3.9 [26], for i = 1,2, ..., u(¢:) is continuous. Therefore,

the open mapping theorem ([10], Corollary 1.9, Chapter 3) implies that

) (1), o S (B0)) = (e 1), - 11 (2)

in R, which further implies that

Mgnk)((bl) . Mgnk)(¢2) ..... Mgnk)(ojg) = Mt(¢1) ' /»/Jt(¢2) """ ,Ut((j)é)

in R. Note that (cf. (3.1) in [26]) for any ¢ > 0, Ex™(1) = p{(1), and thus {u{™(1) :
t > 0} is an F*—martingale. It follows from Doob’s maximal inequality ([16], Theorem

3.8) that for any 7' > 0,

E sup [u()] < (%)KE [w)".

0<t<T

Since pé") = Lo,

lim 5" (1) = po(1),

n—oo

and thus,

sup u(()")(l) < 00.

n>1

Since ugn)(l) is the total mass process of the branching particle system, and is absent

of influence by the stochastic flow, [,ug? )(1)]é is equivalent in distribution to a total mass

process with an initial M(n)* particles, which implies ]E[Mg? )(],)]g = [u[()")(l)]e. Thus,

4
supE sup [ugn)(l)] < 00, (IL.1)
n>1  0<t<T
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Theorem 25.12 of [3] implies

¢ 14
Jlim B TT ™ (1) = BT we(i),
=1 i=1
and thus,

. /. . n)
HIL%OIE\CD1Q9¢2Q9"'®@£,(#§')£>:E<¢1®¢2®"'®¢€,N5>~

I1.2  Moment Calculations For The Branching Particle System

In Skoulakis & Adler the first and second moment calculations are done via first

finding

E (¢,ui" )

and
E <¢1 ® ¢2, uﬁ?uﬁm

then passing to the limit as n — oo.
This works well when the number of cases to consider are small, but due to the
rapid growth in cases to consider as the moments increase, the following method will vary

slightly. The method first calculates
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and
E (v, (u™)*)

for ¢ € CRR3*9), ¢ € CL(R**9), t > 0, then passes to the limit before utilizing the

Markov property to find

E (1 @ dg @ B3, e, fhto Hey)

and

E (1 ® 12 @ 3 @ 14, [ty ot g oty ) »

where ¢;,%; € CE(R?Y), i =1,2,3,7 =1,2,3,4, and 0 < t; <ty < t3 < ty.

Note that

£
E(o, () =nt 3 Ee( Y YR [T laalt),  (112)

a1~nt,...,ag~nt 1=1

where 1q, »(t) is the indicator on the event that the particle o; is alive at time t. Thus,
for the third moment, if a; ~, t, 7 = 1,2, 3, and N = [tn], we will have the following cases

to consider:

(I) Each particle resides on its own tree.

Figure 1: Third Moment, Case I.

&3]

(8]

a3
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(II) Two particles reside on one tree, and the third particle on its own tree. Thus, two

particles share a common ancestor § with [8] =r, r € {0,1,...,N — 1}.

Figure 2: Third Moment, Case II.

ai

g

/\

Q3

(III) All three particles are on one tree. Thus there exists a common ancestor 8 for all
three particles, and a common ancestor £y for two of the particles such that gy is an

ancestor of B, and |B1| = 71, |B2| = 72, with r1 € {0,1,...,72 — 1},72 € {1,..., N — 1}.

Figure 3: Third Moment, Case III.

a1

65}
B

Q2
a3

The cases for the third moment are thus exhausted. For the fourth moment, we

obtain:
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(I) Each particle resides on its own tree.

Figure 4: Fourth Moment, Case 1.

a1

Q2

asg

Qg

(IT) Two particles reside on one tree, the other two reside on their own trees. Thus,
the two particles on the common tree share a common ancestor § with || = r and

re{0,1,..,N —-1}.

Figure 5: Fourth Moment, Case T1.

a1

Q2

asg

8 /
\

Q4

(III) Two particles reside on one tree, the other two on a second tree. Thus, the two
particles on one tree share a common ancestor £ with |81| = r1, the two particles on the

second tree have a common ancestor B2 with |fBs| = ro, and r1,72 € {0,1,..., N — 1}.
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Figure 6: Fourth Moment, Case I1I,
_\ ag

a3

1

Qy

(IV) Three particles reside on one tree, the fourth on its own tree. Thus, two of the
three particles share a common ancestor B with |8z| = ro, and all three share a common

ancestor f; with |81| = r1, such that 1 € {0,1,...,72 — 1} and ro € {1, ..., N — 1}.

Figure 7: Fourth Moment, Case IV.

a1

a2

B

a3

Qy

(V) All four particles reside on one tree. This gives the following two sub-cases:
(A) Two of the particles share a common ancestor 3 with |f3| = rs, the other two
share a common ancestor f2 also with |fs| = rq, all four share a common ancestor $; with

|B1]| = 71, P2 and B3 are both descendants of 81, and 1 € {0, 1, ..., (re — 1) A(r3 — 1)} and

ro,73 € {1,..., N — 1}.



Figure 8: Fourth Moment, Case V(A).

)

B2
B Qs

Bs
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(B) Two of the particles share a common ancestor f3, another particle shares a

common ancestor g with s, all four particles share a common ancestor f;, and f; is

an ancestor of o which is an ancestor of f3, with |51 = 7y, |fa2| = 7o, |Bs] = r3 and

r1 €{0,1,..,re — 1}, 0 € {1,...,73 — 1}, r3 € {2,..., N — 1}.

Figure 9: Fourth Moment, Case V(B).
aq

Bs
B2

ﬂl a2
as

Qy

We now proceed with the third moment calculations. Much of what follows will

be a consequence of the Markov property, and the reader is referred to Skoulakis & Adler

[26] for a similar calculation for the first and second moments. Note that if ¢ > 0 and

r € N, we define N € N and 7(n) € [0,r] by

N = [nt]
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and
N
r(n) = -']—’l-
Recall,
/. )y &
E(o,(uf™) =™ Y B e E [ Lea(), (L)
ay ~ntag~nt,ag~at i=1
In case (I), given a1(0), @2(0), @3(0), we have
E@(thu,n, Ytag,n, Ytas ,n) = Q?(j)(xal (0)r Tas(0)> :Uag(O))’
and

3
E] ] 1am( H Elg;n(
i=1
1\ 3N
- (a) |
Since the number of possible triples (a1, ag, a3) corresponding to the three initial ancestors

is equal to 22V, case (I) gives the contribution:

n3 Z Qt gb( Ty (0) ag(o))mas(O))
a1(0),e2(0),x3(0)=1
ai(0)7éaj (0)17'7£J

=n’ Z Qgﬁb(l‘m(o), Lan(0)s Tas(0))

o1 (0),&2 (0),&3 (0):1

3
—n7t ) >, QFb(Tay(0) ey (0) Ty (0))

4,7=1 21(0),e2(0),cx3 (0)=1
i#j a;(0)=c;(0)

-n7? Z Q?gb(‘ral(O)’maz(O),‘raa(O))
@1(0),a2(0),c3(0)=1
a1(0)=a2(0)=a3(0)
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= (Ql9, (u")*) - —1Z< §Q30, (u)?) =2 (@1,812Q00, 15"

1,5=1
#j

Note that from Lemma II.1.8, < 5 Q30, (,u(n)) > and <(I>12(I>12Q§¢,uén)> converge to finite

limits and thus

n= > Q7 (T s (0)) Tar(0) Fars (0)) = <Qt¢ (u5”)? > +o(1), (1L.4)
1 (0),22(0) 9 (0)=1
axs(0);(0), i

where for any function ¢ we write ¢ = o(1) exactly when lim, o ¥ (n) = 0.

For case (II), given «(0), 5(0), and r,

E¢(}/;a1,n) Y;ag,n, tag,n) — EE |:¢(Y;:a1,n) Y;ag,n’ }/;Qs,n)

|

3
1 o
6 ]Z r(n)’ r(n)) l:(CI)”(]S)(Y_T(n),Y r(n))]
i#]
1 3
=2 2 E(04Q0 ) (V50 Vi)
g
3
~% Z (@) 245 QF ) ) (@ a(0)1 Z5(0)):
tj=1
i£j

and

R ONONO

For any (0), 5(0),and r, there are 2.2V .2¥="=1 corresponding (a1, ara, i) which
result from binary branching over IV steps, 2 - ( ) possible arrangements for (cq, o, as),

and r € {0,1,...., N — 1}. We thus arrive at the following contribution from case (II):
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N-1 3

nY N Y Q@i (@) Ta()

r=0 i,5=1a(0),8(0)=1
& a(O)#'i(O)

3
~n Z Y D @@l (a) Zee)

r=0 i,j=1a(0),8(0)=1
oy (0),5(0)

N-1 3
—n Z Z Z ®12QZ(TL)(b'L]Q?—T(n)(b(TQ(O))

r=0 'L, 1 a(0)=1

With regards to the above two terms, Lemma I1.1.10 implies that the second term

will vanish as n — co. Therefore, case (11) gives

N-1 3
-3 Z Z Z Q'r(n)q)l]Qt—'r(n d)( a(O ’Dﬁ(o))
= 1 a(0),8(0)=1

ki o(0)#B(0)

N-1 3
=0t Y Y (@) R (ué”))2> +o(1) (IL5)

r=0 1,5=1
i

Finally for case (III), given r1, 9, and B1(0)

Ed)(yzal,n; Y;az,n, Y;aS' I: Yalyn Yazy y’ta3yn)

Elm} }:1(,,)]

3
3 a,T 1
Z |: ’Lth—T'Q(TL))(YrQ (n)’ )/;‘2(1:1)) f;.’;(n):l
]:
1£]
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ﬁ N
=5 Zl E(D12Q7, (n) —ry () Pis D - rz(n))( Yiw)
i,j
1761

2
=3 Z (er(n)q)lQQm(n)_rl(n)(I)ijQ?_m(n))(mﬁl(O))
i,7=1
1#£]

and

f;}l(n)] E { aim(t)la;n(t)

rl(n)}

L0 EE | Loy (0)Lasn(8

106—1‘.»3‘,71 (t)

N-ri1—1

T1(n)} f'ﬁ(n)}

Vo 1(;)” " Blnn()E {mn(m(n))

<

3N—7r1—2r9-3 1 To—T1
(3)" B

2
) 3N—r1—72—2

For any 71,79, and $1(0), there are 2¥—71—1.2. gN-r2a—1  gN=r2=1 gro—ri  ogri+1

rl(n):|

N N N~ —mm—

O I NON I N B O N [

corresponding (@, a9, ag) which result from binary branching over N steps and 2 - (g)
possible arrangements for (a1, a2, @3). We thus arrive at the following contribution from

case (III):

N—-1 rg

iy N Z > (Qr)®12Q0 ) vy () P43 Qi) (2 00)

ra=071=04,j=1 4(0)=1
]

N-1 79 3

=023 3 (@) ®P12@, s () P Q@) 7 ) - (116)

rg=07r1=01,5=1
1#]
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Consequently, from 11.4, 1.5, and II.6,

=2

E (¢, 1) :<Q?¢,( Ty > ! i <Q3(n)‘1’th oy (16”) >

7, =1
#3

i
=)

T

T2

N— 3

2 Z Z Z < er(n)‘I)12ng(n)_”(n)@z’ij_m(n)d’)7/l(()n)> +o(1) (IL7)
Tg: : :
oy

In regards the fourth moment, if @;(0), a2(0), @3(0), and a4(0) are given, case (I)

gives
IEQI)(Y;EO‘L”) Y;Otz,n) Y;Ots,’ﬂ’ Y;Chl,’ﬂ) = Q?qb(wal(O)) wag((}): was(O) y $a4(0)))

and

For any a;(0), ag(0), a3(0), as(0), there are 24V corresponding (a1, ag, as, ay)
which result from binary branching over NV steps. We thus arrive at the following contri-

bution from case (I):

nt Z Q?d)(xal(O), Lea (0)r Targ(0) xa4(0))
a1(0),a5(0),a3(0),c4(0)=1
i (0)#a;(0),i#]
= TL_4 Z Qt ($a1(0 Loy (0)s xa3(0)axa4(0))

a1(0),0:2(0),3(0),x4(0)=1

“n_‘l Z ((I)l]Qt )($a1(0 Ly (0) as(O))
a1(0),02(0),x3(0)=1

—n Z ((I)izjzcbililQ?¢)(ma1(0)"raz(o)) -n Z ((1)12(1)1'2]'2@1'1]'162?4’)(fcm(O))
a1(0),a2(0)=1 a(0)=1



33

N <Q4¢’ (“((3”))4> —n <(1>¢]~Q§‘¢, (ué"))3>
=07 (B @i Q10 (177 ) =7 (12200 @105 Q1 1 )

Again, from Lemma I1.1.8 all but the first term on the right hand side will vanish

as n — 0o, and thus the above implies

n~*t Z Q?d)(mal(O)a $Q2(0),$Q3(0),$Q4(0) <Q4 (n) > + O(l)
1(0),a2(0),23(0),a4(0)=1
a;(0)#a;(0),i#]
(IL8)

For case (II), given a1(0), a2(0), 5(0) and r,

Ed)(}/;al,'n’ Y;az,n, Y;as,n’ }/;Oul,n) — EE |:¢(Y£Q1,TL) n&z,n, Y);LCIS,TL, Y;nhn)

|

4
=13 2 B0 VG YD)
4
= 12 Z(Q'r(n)@let—r(n)¢)( a1(0)1 a2(0)7$ﬂ(0))7

and if for any distinct 4,5 € {1,2,3,4} we define ¢,5' to be the exhaustive elements of

{1,2,3,4)\ {i, 7},

4
E [ tain(t) = (Blayn®) (Elay n(t)) EE {ui,n(t)laj,n(t)
i=1

— 2—N . 2—N .2, 2—(N-T—-1) . 2-—(1‘-]—1)

— 2—(4N-r—-1) i

For any a3(0), az(0), 81(0), and r, there are 24 ~"=1 corresponding (a1, ag, a3, a4)
which result from binary branching over N steps and 2 - (g) possible arrangements for

(o1, g, a3, rg). We thus arrive at the following contribution from case (II):
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4
SN 3 (@) @5 Qv () ®) (s (0) Taa(0)2 T(0))
r=0 i,_j:.l al(O),ag(O) ﬂ(O) 1
1 a1(0)7éa2(0),ae(0)75ﬂ(0)

N-1

4
=n"t. Z Z (Qf(n)cbijQ?—r(n)(b) (Zas(0)» Zas(0)> Z4(0))
r=0 1,5 76 =1 a1(0),a2(0),8(0)=1

N-1

7
4
-n Z Z Z ((I)i2j2Qf(n)q’hle?—r(n)(ﬁ)(ma(O)>mﬂ(O))

r=0 11,51=143,j2=1 «(0),5(0)=1
117#51 127672

N~

4
—n Z Z Z (®12Pinj Q) Pinj1 Qi —r () ©) (Ta(o))
=014 2:1122 1(0)=1
1 12#£jn

—_

N—

-1 24: <Qr(n z]Qt—r(n)¢’ (u(")) >

;_n

4 3
2 Z Z < 12]2Qr(n)(p1,1]1Qt T(n)¢ (/J'(n)) >

r=0 41,j1=1142,52=
19'é J1 12#12

N—-
-3

4
- > Z <(D12(D12]2Qr(n)(1)11]1Qt r(n)®> (1" )>-

r=0 i1,j1=1142,j3=1
i#jL 2#i2

Again from Lemma I1.1.10, all but the first term on the right hand side will vanish

as n — oo and thus,

-1

4
nt Z Z Z (Qf(n)@iij‘—r(n)Cf’)(xal(O)’ Tag (0)) TA(©))

r=0 4,5=1 a1(0),a2(0),8(0)=1
i a1(0)¢a2(0),ae(0)7ﬁﬂ(0)

2

Il
o

it

4
g

Cases (III) and (IV) will now be considered together. For case (III), given £;(0),
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B2(0), r1, and 7o,

E¢(Y;a1’", Y?Q.n,ytasyn, Y;am’ﬂ) = 9ER {¢(Y?l’n, Ytazln) Y;as,n7 Ytaziy’ﬂ); r1 < Ty ]:;nz(n)}
1 4
_ .4 i, it 4T £i,n
- 6 Z EE I:(q)l]Qt—Tg(n)¢)(Y;2(n) ) erzn) ,erl(n)) ]:;nl(n)}
i,7=1
i#]

4 3
I 3 4 Bi,n Bon
=3 2 2 E@apQrm®ain Qi nm® Y0 Vi)
i1,71=1 ig,j2=1
WFh  a#sn
12,5271

4 3
1 2 3
=13 Yo Y (@ ®Pin @ n) () Pisis Qb)) (25, (0) T8a(0)
ool
121]716]'1 z%z];jz
ig,7270

and,

4
E]] tain(®) = (Elaun(la; n(5) (Elagn(t)layn(t))

i=1
— 2—(21\/—7‘1—1)2——(21\/——7‘2—1)

_ g—(4N-r1-r3-2)
For case (IV), given «(0), £1(0), r1, and rq,

E¢(}/tal,n, thaz,n, }/ta\';,'ﬂ, Y;a4,n) — EE l:¢(}/ta1,n) Y—taz,n’ Y;aa,n, tha4,n)

4
— L 4 a,n yagn vPn
T 12 Z EE [(CI)UQt‘T?(n)Qb)(Ym%n)’ erzn)’ erzn)) f;nl(")]
1,7=1

i#j

4 3
1 B |
"% 2 2 B onw@unlinmd 0 Vi)
i1,51=1  ig,j2=1
O TRt
12=11 OF J2=11
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vl Z Y (@ @i @2 () () Pirin @r () D) () T2 0))-

F#jr  Fe
i2==11 Or jo =11

and,

4

3
E]]1ain(®) =27"E[] lasn(®)
i=1

i=1
_ 2-N2—-(3N—r1—7‘2—2)

— 2—(4N—7‘1—r2 ~2) )

Given two initial ancestors, there are 2V ~1772=2 possible trees, and a possible

4 . .
2 - (3) arrangements for oy, a2, as, as upon each tree (requiring ri < ry) that result in

case(I11). Furthermore, there are 24V =T1-72-2 possible trees, and a possible 2+ (2)-(3)-(%)
arrangements for oy, ag, as, a4 upon each tree that result in case(IV). It follows that the

contribution coming from the sum of case(III) and case(IV) is given by

N—-1 ro 4 3

nTEY N YT Y (@i @) ) Piait Qb () $) (Ta(0) Ta(0)

ra=071=0141,51=142,52=1 «(0),5(0)=1
h#j 27 «(0)#£6(0)

N—-1 rg 4 3
=n > > Q7 (n) P22 Qo) —r () P2 Qi ()®) (T (0) Z(0))
re=071=041,j1=1i2,72=1 a(0),5(0)=1
#n  i2#50
N—-1 rg 4 3
—_n 4 Z Z (®12Q21 (n)cbizhQig(n)—rl(n)cbiljl Q%—rz(n)(b) (ma(o))
ro=0r1=0 11,]1?1 121.72_:1 Q(O):l
LF#n  ie#i
N-1 ro 4 3 (n)
=n"" > 2 (@@ B U (1567
ro=07r1=0171,51=1142,52=1
i1#d iaFde
N-1 7 4 3 )
—n3 > D <(I)12(I)12QZ1(71)®i2J2Q§2(n)—T1(") i Qb G > '
rg=07r1=011,j1=142,jo=1
W#j i2#j2

Thus, again from Lemma II.1.10, the second term vanishes as n — oo, and we
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have the contribution

N-1 7

Tt Z Z 2. (@ ian@ - Pinn Qi (9 (Fa(0): 26(0)
r2=071=041,j1=142,j2=1 &(0),5(0)=1
1£j1 Ff2  a(0)#£B(0)

N—-1 r
—2

Z Z Z < r1(n)(1)i212Q?2(n)—r1(n)q)iljlQ?—rz(n)d)’ (Iu(()n))2> + 0(1)

r2=071=041,j1=142,j2=1
#j 2#s

(11.10)
Considering subcase(V)(A), given 1, rq, r3, and $1(0),
Ed)(y;alyn, Y;azy”, }/;aa,n’},;azt, ) EE |:¢(Ya1 n Yaz R Ya3 n Ya4 ) ry < 75 ‘/_-:;(n)}
1 4
— a1 yvag,n fan
= _6' Z ( ’L]Qt r3(n) )(Yrgén)’y;g%n)a }/;‘33(17,))
i,7=1
oy
1 4
_ yoim yoa,n Bam
= 6 Z [( z]Qt rs(n)d))( rsén)’y;szn)yyrszzn)) ./T‘:;(n)}
i,7=1
z
1 o
3 4 n ,
T 12 Z Z E((I)iZjZQm(n)—w(”)q)iljlQt~1“3(n) )(Y;zz(n)v Y:rzs(n))
i1,71=1 4g,ja=1
A 2
12, Jzyézl
2 Z Z EE {(‘I)zz]z@rs(n)—rz(n 171 Qt ra(n) )(Y;‘éz(n?;,y;ie&%) }Z(n):l

11,71=1 i2,52=1
i1#j1 W#h
zz,yz#n

1 ﬁ ‘n
T0 Z Z Eq)l?Qrz(n)——rl(n 12]2Qr3(n ~Jfrz(n)q)ll]th r3(n) )(Y;l:kn))

i1,j1=1 ig,j=1
BES YD )
121127511

l\D

1

_2 Z Z er(n)q)lerz(n rl(n)q)lzszrs(n rz(n)q)H]th ~r3(n) ¢)(xﬁ1(0))a

11,71=1 i3,j3=1
WAjL i
12,72 #11

and



38

4 4
E]]1a;n(t) =EE {H la;m(t)

i=1 i=1

vl ﬁ(n)}

~E {E {1%@)1%”@)

]::ll(n)} E l:lai’:n(t)laj/ ,n(t)

fi’i(@“

o (n)} E {E {1ai,,n(t)1aj,,n(t) F

Hﬁ(n)} }
o)}

Er;(n)]

— 9—(2N-2r3-2) 9—(2N-2r2-2) {E {1& n(rs(n))

~E {E {]E {lai,n(t)laj,n(t)

P | 1oun(rato)

— 9=(&N=2r3=2r3—4) o—(r3—71)  9—(r2—T1)g {15, n(r1(n))}

— 2~(4N—T3——T2—2T1—4) . 2—(7‘1+l)

— 9—(4N—7‘3—T2 —-T1-—3)

Then for subcase(V)(B), given r1, rg, r3, and 51(0),

]Egb(}/;al,n’ Yiaz,n’ }/;ag,n’ }/Iéa4,n) — IEE ’:qs(}/tal,n, Y;’az,n, thag,n, Y;a4,n)

FrZ(n)J

4
1 4 a1,m @, Ba,n
=13 2 E@4Q ) (Y Yt Yatny)

1,j=1
i#i
1 4
_ ey al,n az2,n B3,n
= ) EE [(%Qt—rs(n)@(yminw Y sty Yoa(m) Fr”z(n)]
iaj::l
i#]

4 3
1 a1,m M
= E Z Z E(®i2j2Qgg(n)—-rz(n)@iljlQltl—rs(n)gb)(}/;221,1)’ Yr?(n))
i1,51=1  idg,j2=1
#h | da#tde
12=11 Or jJ2=1%1

4 3
1 a1,m n
=5 >, 2, EE [(‘I’imQf’s<n)—m(n)‘Phh@f-ra(n>¢)<ymén>’er?m) / n(n)}

iLi=1  ig,j2=1
1#n 12752
19=11 Or Jo=11

4 3
1 2 3 4 B1,n
= 4_8 Z Z E((Pl?Qm(n)_rl(n)(I)iﬂz Qrg (n)—r2(n) (I)il]'l Qt—rs(n)¢) (Y;ll(n))
in,i=1  dg,jo=1
n#n | a#je
i9=11 or jo =11
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4 3
1 2
- E Z Z (er(”)(I)leTz(ﬂ)—m(n)q)i?j?Qgs(n)—m(n)@iljlQétl—rs(n)d)) ($ﬁ1(0))a
i1=1 g, ja=1
Wk i
ip=t1 or jo=i1

and

flﬁ(n)} }

f?'l(n)}

=2 {1 i) B [y O 0

flﬁ(n)“
ffmn)]}

—9=(N=-ri-Dp {lgl,n(m(n)) -E [IE {lai,n(t)laj,n(t)lai,,n(t)

_ 2—(2N—r1——rg—2)

f&n)} f&n)}

fli(m”

x E {1ﬂ1,n(7“1 (n))-E |:1ﬂ2‘n(7‘2(7’b)) ‘B {]E [lai‘n(t)lajyn(t)

= 9= (@N=r=r2=2)  9=AN-rs=1)  9=(rs—r2)g {IE [1ﬁ2 n(r2(n))

— 2——(4N—r1—2r2—r3—4) . 2—(r2—r1) , 2—(r1+1)

— 2—-(4]\’—7'1——r2—7'3—3)

Given one initial ancestor, there are 24N =T1-72-73=3 pogsible trees, and a possible

G) . (?) : (3) arrangements for ag, az, a3, a4 upon each tree (requiring r¢ < r3) that

result in case(V)(A). Furthermore, there are 24V=T1-72=73-3 pogsible trees, and a possible

(D)%) (5)-(3) arrangements for a1, ag, a3, a4 upon each tree that result in case(V)(B). It

follows that the contribution coming from the sum of subcase(V)(A) and subcase(V)(B)
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is given by

(er (n) ® 12Q32 (n)—ri(n) (biZjZ Q?a (n)—ra(n) @iljl Q?—ra (n) ¢) (xa(O) )

N—-1 r3 712

LYY Yy

r3=079=071=011,j1=1142,ja=1
“W#jL  e#ER

<Qr1(n)®12Qr2(n) —ri1(n) ’QJQQTS(n)—Tg(n)(DH]th Ts(n)QD ﬂ(")>
(IL.11)

Therefore, from 11.7, I11.8, 11.9, 11.10, and I1.11, we conclude this section with the

following Lemma.

Lemma I1.2.1. Given ¢ € C%(R3*Y) and ¢ € C%L(R**?), for alln € N, t > 0, it follows
that

N-—

() E(g, (™)) = (Qi, (u§")?) +n~? 23:< Q2 250}y (u™)?)

r=0 4,5=1
1%

,_a

N-1 ro

=2 Z Z Z < Qm(n)<I>12Q32(n)_n(n)‘I)iij_m(n)4)),/t(()n)> +o(1), (I1.12)
rz—On»«Oz,‘g# .1
1#]

and
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N—

(iz’)E(zp,(uE"))‘*):( $, (1§ + 07! i( i @y (15)?)

r=0 z,]:l
%

;-A

N-=1 7rq

-2 Z Z Z Z < r1(n)@i2j2Qg2(n)_n(n)(I)illeZ}_m(n),(/}) (‘u(()n))2>

ro=07r1=0141,51= - 1 zg,]g - 1
11751 tz#]z
N-1 73 9

S IO

r3=07r9=07r1= 011.,]1‘112',]2'1
11#j1 iatda

<Qr1(n)q’l?Qrz(n)——rl(n)@zzszrs(n) rz(n)q)nJth Ts(n)¢ M(n)>

+ o(1). (IL.13)

Thus a formula for both the third and fourth moment of the branching process has
been found. With the exception of a some small technicalities to mention, the moment
formulae for the superprocess will follow almost immediately from Lemmas I1.1.10, 11.1.11,

and 11.2.1.

I1.3 Moment Calculations For The Superprocess

Since the preliminary calculations necessary for this section have already been

worked out, we go straight to the moment formulae.

Lemma II.3.1. Given ¢y, v; € C?(Rd), k=123 7=123,4, foranyt > 0, the
following hold:
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(i) E(p1®@ ¢o @ P3, 13 )

3 t
= (R (1@ P2 ® ¢3), 13) + /0 ds (394 Qi_ (61 ® b2 ® $3), 13)

ij=1
1]
3 t 2
+ Z /Odszz/o ds1 (Qs,P12Q2, 5, P45Q7_,, (41 ® 2 @ B3), o) (IT.14)
igj=1
i

and

(it) E{(11 ® V2 ® b3 @ 1ha), iz )

4 t
= {(Qt (1 @ Yo @3 @ tha), Hg ) + Z / ds (@304;Qt_ (Y1 @12 @3 @1pa), 13)
igé:jl 0
4 3 t 89
+ Z Z /Odsil/o dsy (Q2 Dy, Q% ®ii Qfs, (V1 @ W2 @ 13 ® tha), 115

11,51 =112,j2=1
117#51  do7tde

! 3 t $3 s9
+Z Z-/d33/ dSQ/ dsy
i,j1=142,j=1"9 0 0
1751 i2# e
X <Q31CI)12Q22—81cDizszga—szq)hle?-wg (11 @ 2 @ 3 @ 1), ﬂ0>

(I1.15)

Proof: To begin, note that Lemma II.1.8 implies (/L(()"))e = p§ for any £ € N, and thus
the first term of the right-hand sides of II.12 and II.13 converge respectively to the first
term of the right-hand sides of I1.14 and II.15 as n — co. Since Q¥ is a strongly contin-

uous contraction semigroup for k € N (Lemma 1.1.4), for any ¢ € Cp(R?) which satisfies
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My, = 1,

@k <19l

<1

and

up [F9() ~ Qlow)| _ | 16(@) — 6(0)

Ay |z =] by |zl

<1

Thus, for any k € N, ||¢],;, = 1 implies ||QF¢||,, < 1. From Lemma I1.1.10, the remaining
terms on the right-hand sides of I1.12 and II.13 converge respectively to the remaining
terms of the right-hand sides of II.14 and II.15 as n — oo. It remains to show that the
left hand sides of I1.12 and I1.13 converge respectively to the left hand sides of II.14 and
I1.15, but this follows immediately from Lemma II.1.11 O

To conclude this section, the above will be used to find the needed extensions to

moment formulae.

Theorem IL.3.2. Let ¢ € CP(R3*?) and o € CL(R**4) be respectfully defined by

d=0¢1 P2 ® ¢3

and

Y =11 @ Py @ Y3 @ Yy,
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for ¢;, ;€ C?(Rd), 1=1,2,3,7=1,2,34. Then for all 0 <t; <ty <tz <ty < o0,

(1) (e, e, oty fhts)

3 t
= (@} mQ},_; T1Qt—t, 0, 1) + Z /0 ds <qu)ing1—s7rlQ?2—t1Wths—t2¢aN(2)>
ij=1
i#£j
& /tl [32 2 3 2
+ Z A dszjo dsy <Qsl@12Qsz—sl‘I’i;’Qtl_sﬂthz—tﬁths—tz¢:/l0>
i,7=1
i

t2
+/ ds (QF m1Qs-t, ®12Q}, _;T1Qts—t,, 145 )
t

1

ty ty
+/ dsa | ds1 {QuP12QF s, M1 Quy—1s212Q%, 5, M1Qts— 1,0, pio) (I1.16)
ts 0

and

(?’7’) ]E <1/)) “tllu’tzl‘l’tsl‘l’M)

4 3 2 4
= <Qt17r1Qt2—t17rth3—t27rlQt4—t37/”ﬂ0>
ot 3 4 3 2 3
-+ Z ds <QS@ithl—sletz—tllets-t2Wth4_t3¢’“O>
i,j=1"0
i#£j
3

t2
+ Z/t ds <Q?17('1Q§_t1(I)ingz_sﬂlQ?S_tzﬂ'th‘;—tsq/)a/L(?;>

5,j=1v"

i
tg

+/ ds (@} mQF_y, T1Qs—t;P12Q%, _T1Qpe—t5%, 155)
¢

2

4 ‘ 3 t1 s2
-+ E E / dSz/ dsy
i1,y =1 dig,ja=1" " 0
#i a#d
2 3 4 3 2 2
x <Q81(I)i2j2Qsz—sl(biljl Qt1 —sgWthz—tlﬂ-lth—tzﬂ-thlt—tsq/)) /L0>
3 3 tg t1
+ E E / dSz/ dsy
i1,1=1 ig,ja=1" 11 0

i1#§1  ia#de

2 3 2 3 2 2
X <Qsl(I)’izszt1—-s17r1Qsz—t1(I)’i1j1 Qtz—-sszts—tszt4—t3¢7 /LO>



3 to S92
+ Z/ 0582/t1 dsy (QF mQsy—t,212Q%, _,, Pi5Q3 o, mQ7, o, M Quy—t,%, 1)

4,j=1 tr
i#j
N h 2 3 2 2 2
+ E d82/ dsy (@2, D4;Q%, s, m1QF,_1, ™1 Qus—t,P12Q7, s, M1 Qy—ts ¥, 15)
— Ji 0
i,j=1v"2
i

i3 to
+/ d32/ dsy (QF mQsi—t;P12Q% 5, M1 Qog—t, P12Q% _ s, M1 Qeg—ta ¥,y 43
to t1

4 3 t1 S3 S92
+ Y Z/Od33/0 dsz/o dsq

i1,J1=112,52=1
i#j1 et

2 3 4 3 2
X <Qs1®12Q32——31®i2j2 Qs3—32®i1j1 Qtl—s3 Wthz—tl’n-thg—tzlet4“t3¢7 ,u‘0>

3 3 to t1 S92
-+ Z Z / d83/ dSQ/ dsy
t1 Q Q

11,J17=1 43,421
i1£f  d2#de

2 3 2 3 2
X <Q81(I)12Qs2—31 (I)izsztl—-szﬂ-leg—tl (I)iljl Qt2—83 Wths——tz”rthni—tsw) :u‘0>

3 to s3 13
-+ Z / d33/ d82/ dSl
31 t1 0

3,5=1

%
2 2 3 2
X (Qs, P12Q7, _s, T1Qsy—t; P12Q%, 5, P35 Q7 _ 5, M1Qt;_i, M Qty—ts, o)

3 ta t1 52
+Z d33/0 d32/0 ds,

ij=1"12

i#]j
X {Qs, P12Q%, _,, Pijn QF o, m1Qf, 1, m1Q 55~ P12Q7, 31 Qta—ts ¥, o )
51 212W 5y ) Pingo Wty — sy T1 Wty ¢ 1l sy~ P12ty — 53 T1 Wt —t3 Yy HO

12:} to t1
+/ d83/ dSQ/ dsy
t2 t1 0

X ( Qs 12Q7, s, T1Qs2—t: P12QF, _ 53 M1 Qi3 —t P12Q7, s, M1 Qts—ts, o) (IL17)

Proof: Using the Markov property, and Lemma I1.1.2, it follows that

E (¢7 Hty Lot ity >

= E py, ((bl),“tz (¢2)]E#12 Htz—ty (¢3)
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= E pur, ($1)1, ($2 @ Qis—1,3)

= Epig, (61)Epuy 157, 4, (B2 @ Qty—t,93)

to—1t1
=B (010Q%,_;,($2 ® Qry—t,$3)) +/0 dsE pf, (¢1 ® QsP12Q%, _1, _ (2 @ Qty—t,93))

t2

= Eud (mQF,_;, mQts-1,9) +/ dsE pf (m1Qs—t, 212Q7,_ ;1 Q15 -1, 9)-
t1

From I1.14

Ep} (mQ2 _ m1Qts—t,9)

= /‘1’8 (Q?l S Q?z——tl ™ Qt:} —t2 d))

3 t
+ Z/ ds 115( Q221207 M QM Qty—1,8)
i,j=170
i#£j
8 h 52 3 2
+Z / dSZ/O dSl MD(Q81¢12Q§2.—31¢12Qt1—SleQtz—tlﬂ.ths—iQ¢)
i,j=1"0
i#j

and from Lemma II.1.2,

to
/ 45 E 12, (11 Qocts @12Q, 1 Qty—1o)

31

2]
= / ds 13(Q7 T1Qs—t; P12Q7, _ 1 Qt5—1,9)

t1

2] t1
+/ d82/ ds1 E po(Qs; @12Q7 —o, T1Qs-t:212Q%, 5, M1Qus—128),
i1 0

thus showing 11.16.
The proof of I1.17 while similar to the above, requires many more calculations. We

begin

E (’(f)l ® o ® 3 ® Yy, Ntlﬂtzﬂtsﬂm)

= E pe, (1) o (W2) 157, (03 @ Qty—t3¥a)
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= B pu, (Y1) 155, (W2 @ QF, _y, (3 ® Qy—ta%4))
tg3—1g
+ f s 1, (1) 122, (2 @ Qu12Q2, _po (15 ® Quy—ts )

(e

= B g, (Y1) 15, (m1Q% 1, ™1 Qy—ty (V2 ® b3 @ a))
t3
+/ ds I e, (Y1) iy (M1Qs—t, P12QF, 1 Qs 13 (Y2 ® Y3 @ 4))

t2

=B uf (m1Q}_, mQ% i, ™1 Qty—t5)

=+ Z/ dSIE,Utl Wle t1 'L]Qtz sﬂ-thg tzlet4 tsdj)

1,7=1
i#£]

ts
+/ ds I i (m1QF, ¢, M1 Qomt, P12Q7 1 Q14— %)

89
+ Z/ dSQ/tl ds1Epf (mQsy—t,212Q%, _, i Q3% _ o, mQF, 1, 1Qt —t5%)

1,7=1
i#j

4 / ds, / ds1 B 12, (11 Qs 21202y 1@uy—ta@12Q2 11 Qte—tat))-
t t

To make sense of the remained of the proof, each of the above five terms will now

be considered separately:

Let F1 = 7T1Q?2_t1WlQ?S_t27r1Qt4_t3’(!}, then from 1I.15

E pf, (Fy)
QLR + Z / ds 1324 QL _, )
=1
g

t1
+ Z Z / ds?/ dsl.UO(Q.ﬂ@’Lz]zng s1 i1j1Q?-—s2F1)

i1,51=112,j2=1
1179]1 z27512

Py Y / dss / dss / ds1 10(Qsy 21292, oy Pinip @2y Biry @by 1) (IL18)

11,71=112,52=1
u#jr d2£j



48

Let inj(s) = mQE_tl@ijQﬁz_st?S_tzlet4_t3¢, then from I11.14

3 t g
> [Casmud ()
igj=1vt
i#j
3 3
- Z / dS /J'O Qtng‘]( )) + Z Z / d82/ dsl /‘I’O(Q31@12]2Qt1 S1F”]1( ))
1;1 11]1 1lig,jo=1
£

11#d1 9#je

t1 59 L.
/ dso [ dsy [ dst @ 212@ i ias @ P s0)). (1119)
t 0 0

1141 lig,ja=1
u#jL daFje

Let F3(s) = 7r1Qt22_t17r1Qs_,g2@12Qt23_s7r162t4_t3¢, then from 11.14

t3
| dsEud (Ra(s)
t2
t1
:/t dS /J’O Qt1F3 Z/ dS2A dSl M%(Q§1@ijQ?1-le3(sz))
2 1 1
oy
i1 $2
S / dsy [ dsy | o o(Qu®iaQh, 50 WP (1120)
i,7=1
i#j

From Lemma I11.1.2, if

¥) 2 3 2
F(s1,82) = T1Qs; —,212Q5, s, @i Q7 — 5, T1Q%, - 1,71 Qta—ts ¥
and

F5(’31) 82) = ﬂ-lel——tl@12Q?2—31W1QS2——t2@12Qt23—327r1Qt4—t3¢7

then
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82 .
Z d82 d81 IE/,Lt1 (F4 51,82)) Z / dSQ/ dsy ,LL%(Q?lFiJ(Sl,SQ))
t t1

1,7=1 t1 7,7=1
i#j i#]

to t1
/ dSs/ 482/ dsy o(Qs, 212Q7, _, Fy (s2,53)) (IL.21)
t1 131

i,7= 1
i#]

and

t3 tg t3 to
/ dSQ/ dsq E/,L?I(Fg,(sl,sQ)) / dsg dsy p%(Q?ng,(s],sQ))
[2]

t1 t

i1
+/ d33/ d82/ ds1 po(@s, P12Q7 _,, F5(s2,53)) (11.22)
ta ¢

Combining 11.18,11.19,11.20,11.21, and 11.22, the desired formula follows. |
The following Corollary will be helpful in the construction of a needed It6 formula

(cf. chapter III). For the remainder of this paper, any arbitrary constant value, dependent

only upon 0 < T, will be denoted by C = C(T).

Corollary 11.8.3. Fori,5 = 1,2,3,4, let d)§ € CR(RY) and define ¢; € CP(R™4) b
b= ® B

Then if 0 <t <ty <tz <t4 <T < o0,

E (¢1, pt,) L C(T) ||1llo »

E (o, ity ity) < C(T) || p2ll o »

E (3, pae, ptnits) < C(T) ||¢3]] g



50

and
E (P, pty prty fitg pits) < C(T) || Pall o -

Proof: Since [dygf(r,y) = 1 for any k € N and all z € R¥*¢, and since g is a finite
O

measure having compact support, this follows immediately from the preceding lemma.

Corollary 11.3.4. The equations I1.16 and I1.17 continue to hold for ¢ € S3xq and

Y € Sixd-
Proof: From Lemma IL.1.1 there exist {¢, = S 7_, ¢ @ ¢2 ® ¢ : k € N} and {¢p, =

SE_1 v @Y @Y @y« k € N} such that ¢, 9%, € CRR?), i =1,2,3,4, 7 = 1,2,3,
kE,m € N, and limy, y00 $n = ¢, limMy 00 ¥ = %, where the convergence is uniform. For

any n,m € I, from equations I1.16 and I1.17 it follows, respectively, that

E(|¢n — ml , poty pitapits)
= <Q?1W1Q?2_t17rth3—t2 |¢n - ¢m| a/~1'8>

3 t
+ Z /) ds <Qz@¢jQ?1_S7I’1Qt22_tl"rth3—tg | — Cbm, ,/,1,8>

,J=1

i#]
h 2 2 3 2
/ ds, / ds1 (@ ®12@%, ., Q0 oM@ M1 Qey—ta | b ~ Bonl  10)
0 0

3
+
§,=1
i#g
t2
ds (QF,m1Qs—t, P12QF, ™1 Qts—ty |dn — dml, 15)

+f
t1
t2 2 2 2
+ / dsy [ dsy (Qay®12Q2 o 11 Qurty 12Q2, o1 @1ty | — Bunl 1 10)
t1 0
and

E (|n — Yl , poty poay pots it )
= (Qf Q¢ mQF M1 Qty—ty [¥n — Ul , 115)
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t
-+ Z /0 ds <Q2¢ijQ;11—37rlQ?2—t1Trlea—tQﬂ-th‘i_ta W’n - ¢m| a/‘1’8>
1,5=1
i£j
: & 3 2 2
30 [ s (QhmQE 2508, M@ mi Qs [~ Y 8)
3,7=1 !
i ]

t3
+ / ds <Q?1W1Q?2-—t17rle——t2®12Q?3—3W1Qt4-—t3 W’n - ¢m| 7/-1’8>
t

2

4 3 t1 52
+ E E / dSQ/ dsq
i1,j1=114g,j2=1"0 0

i1#£71  12#J2

2 3 4 3 2 2
X Q2 Pingy Qsy— sy Pir 1 Qi — sy M@y, M Qty 1,1 Qta—ty [Yr — Yl , 13)

3 3 to t1
-+ 2 2 /tl dSQ/O d81

i1,51=113,52=1
i1£j1  d2#]2

2 3 2 3 2 2
X <Qsl ¢i2j2 Qtl—sl’n-leg—tl ‘b’iljl th—sgﬂ-ths—tgﬂ-l Qt4—t3 |,¢)’ﬂ - w'm| 7/J’O>

3 to 52
2 2 3 2
+ 2 ds?/ dsl <Qt17r1Q31—t1(I)12Q32—31 (I)’ithg——sz’rrlQ?a—thrlQttl—ta |11[)TL - wm| >/J’0>
ij=1"0 Tk
i#£j

3 ts t1
+ Z / d82/0 dsy (Q2, 24 Q8 o mQh s, T1Qsy—t,212Q7, _,, ™1 Qtaty [¥n — ¥ml , 1)
ij=1""2
1]
ts ) 9 2 2
+/ d82/ ds1 (QF mQs1—t; P12Q5 s, T1Qt—5,P12Q2, _o, ™1 Qta—ty [tn — Yl , 13)
to t

4 3 t1 83 59
-+ / d83/ d82 / d81
2 Z 0 0 0

i1,j1=11g,52=1
u#j1  iaFje

2 3 4 3 2
X <Q31 ¢12Q52—51 ‘I)inQ Q33—-32 ‘bil]'l Qtl-—sg 1 th—tl ™ th—tg 1 Qt4—t3 lwn - wm‘ ! /J'O>

3 3 to t1 S§9
-+ 2 2[(183/0 d82/0 dS]

i1,1=143,j0=1" "1
i1#51 iaFda

2 3 2 3 2
X <Q31®12ng—sl®i2j2Qt1-—sg’/Tleg—tl‘biljlth——337r1Qt3——tg7r1Qt4—t3 |¢77« - wmi ’ /J‘O>
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3 to 53 i1
+ Z / ng/ dso dsy
131 i 0

i,7=1

i
81 t] 51 1 892 1 1 §3—8§7 ~ 17 t2 53 1 3 9 1 t4 t3 |¢n m )u‘0>

3 i3 141 S9
+ / ds / ds / ds
Z ' 3 0 2 0 1

i,7=1

i

/ 2 3 2 2
X (Qey P12Q5, — 5, Pino @ty — 0y T1 @ty —t, M1 Qi3 P12Q%, 53 M1 Qtumts [¥n — ¥l , o)

i3 tn i1
+ / d83 / d32 ds 1
t t1 0

2 2 2
X <Qsl (IDIQQtl—SIWlez—tl @12Qt2—327r1Q33—t2@12Qt3—-337r1Qt4—t3¢1 /U‘O>

Using Corollary 11.3.3, it follows that

E <‘¢n - ¢m| 1/1‘t1/1‘t2:u‘t3> < C(T) ||¢n - ¢m”oo

and

E (|0 ~ tml s poay prtg e preg) < C(T) |[thn — ¢m||oo .

Thus {(Pn, fity fhtgfits) S0 (Y, fhey fhtg fits pie, ) are Cauchy in the complete space L1(P), and

hence convergent. Uniform convergence of ¢,, and 1,, implies

1_1_)I1’l <¢nnu‘t1/u‘t2/u‘t3> - <¢>/Lt1/14tg:u‘t3>1 a.s.
n—00

and

nl_l_)ngo <¢na /u‘tuu‘tz/u‘ts:u‘t:;) = <¢,ﬂt1ﬂt2ﬂt3ﬂt4>, a.s.

Since the L! and a.s. limits must agree when they both exist,

n]il—)ngo E <¢na Hiy Htg /Lt3> = <¢a Hiq Kty /Lt3>
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and

Hm B (tn, fhe ity s fhtg) = (U, Mty foto fhtg ity -
n—ro0

Considering now the right hand sides of the above equations, by uniform convergence, and

since g is finite with compact support, the desired convergence is shown. O

Lemma I1.3.5. Let ¢ € Sy, d < 3, and define for x = (z1,x2,23) € R¥>*? ¢ =

(ylv Y2, Y3, y4) € R4Xd7
P(x) 2 ¢z — z3)p(w2 — T3),

and

©(y) = d(y1 — y3)d(y2 — va)-

Suppose that = {pt : t > 0} s a superprocess over a stochastic flow such that po €

MF(Rd) satisfies Assumption 2. Then, for any 0 <t; <ty <t3 <T < 0,
(i)
T i3 io 9
/ dt3/ dtQ/ by E (i i i) < C I
0 0 0

and
(%)
i3 to 9 9
/0 dtq ; dt1 E (p, perpeapity) < C 1|71

where C = C(T).
Proof: Throughout this proof, the norm on L7 will be denoted by |-/, Irom the moment

equation IL.16, it follows that
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E (1, ity fotg oty )

= <Q?1 e Q?g —t1 ™ Qta ——tzw’ :u‘g >

+ Z/ dS Q2 'L]Qtl sletz tllets—tzwa,U'0>

=1
i£g

t2
+/ ds <Qt21Wle—tl®12Qt22—s7r1Qt3—t21/))/1‘8>

t1

t1
+ Z/ dSQ/ dsy (Qs, ®12Q%,_, @4 Q3 _,, mQ%, _ m1Qty -1, 10)
1,7=1
i#]

to {1
+/ d82/ ds1 (Qs P12QF _ s, T1Qss—t, P12QF, o, M1 Qts—t2%, 10 -
t1 0

Thus, if we write

5
E (), py s ita) = Y Te(t1, b2, a)

as defined in equation I1.16, it suffices to show that

T ts to 9
/ dts/ dtz/ dty Ig(t1,t2,t3) < C(T) ||#|l1,
1] 0 0

for k =1,2,3,4,5.
The following arguments will rely heavily upon the Markov property, the Kol-
mogorov Chapmann equation, and Lemma [.1.5.

To begin, note that for any s € [0,%1], z € R3*¢
Q?l—s”rngz—tlllrthg—tzw
< C’/dypf(tl_s)(:c,y)/dzpf(tz_tl)((yg,y;;),z)/dw Du(ts—ta) (22, W) (1, 21, w)

3
< C/daldaf?daﬂ Hpb(tq—s)(mma’q)w(a’h a27a3))

g=1



55

and for any sy, 89 with 0 < s1 < tq, t; < 89 < tg, and z € R?*¢,

QF s, T1Qty—5,212Q%, _, M1 Qey—t,®
<C [y b 1,980 o0 (02 90) [ de i (02,2)

% 4B 0110 (2110) [ 0B, 0V 01,0)
< C/dbpb(tﬁtl_sg_sl)(xg,b) /daldagdag pb(tl_sl)(ml,al)

X pL(S2—-t1)(b7 a?)pb(tg —t2+52—t1)(b1 CL3)¢(CL1, ag, CL3)~

It thus follows that,

(QF m1Qp 1, ™1 Qes -, 183)

< C/uo(dws)/dys Puts (23, Y3) /dyqu(yz - ys)/dyl (y1 — ya)
x [ raldoa) o2, va) [ moldon) s (o, )

< Clml 1012 [ ho(ds) [ dypas (e,

< Cllmlig 1117 wo(1)

< C iy,
which implies that

T i3 to
/ dts / dts / dt1 Iy (b, b2, t3) < C(T) |12 (IL.23)
0 0 0

Next,

3 gy

> [ ds (@040 mQhmi Qo i)
,j=1

i#i
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<C Zaj/otlds /uo(dml)uo(dmz)/dypm(:vl,y) /dzleZdzaths_i_j(in,ZG—i—j)
=1
1<j
X Dyt;—s) (Y 2)Put;— ) (Y5 25) (21, 22, 23)
<cy / "as [tz [dyptar,o) [ deapiem 0 20) [ dapinvr 206 - 2)
=1
X /dZS—i H(z3~i ~ ZS)/NO(d:UQ)pbtg_i(:UszS—'i)
e /0 " ds / o(d2) / dordzadzs puy (w2, 28)0(21 — 28)B(22 — 23)
X / dY Pyt —s)(Y» 21)Puta—s) (¥, 22) / po(dz1) pus(z1,Y)
< Climlolieh, | s [tz [dypaon) [ s, 2) [ deipe-o (o 200~ 2)
+Clml, [ "ds [ntde) [ desdzaden pas (@, 29000, o1, 2)1 = 22)02 — )

t
<C ||¢||f/0 ds [(ts 11 —285) " 4 (b 4ty — 23)—d/2}

<C]|¢]]2/tlds(t -t — 28)"%/2
= 1 0 2 1 S) y

and since d < 3,

T t3 to
/ dtg/ dtg dt1 Iy (tl, ta, t3)
0 0 0

T i3 (2 t1 42
SCW“%/O dta/o dtZ/O dtq /0 ds (tg + t, — 2s)~%

<C(m) a7 (I1.24)

And,

3 i1 82
c / ds?/ ds <Q31¢12Q§2—31<DijQ?1—szﬂ'lQ?g—tlﬂ'ths—tzl/)v/1/0>
0 0
i£]

4,j=1
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t1
<CZ/ d82/ dsy /uo(d:v /dypbsl(:v y)/dzpb(sz —s1) (¥, 2)

1,j=1
l<_7

X /dwldedw3 pt(ti—S’z) (21 wi)pb(t]‘—s‘z)(z? wj)pu(ts_i_j—sl) (y) wG—i-j)’(/}(wl, wo, wS)

59
<oy / sy [ doalto-iy =51 [ o) [dypn(@,9) [deior-an )

3,7=1
'L<]

X /dwidwj Puti—s2) (% Wi) Pt 5) (2, W5) /dw6—i—j¢(w1 — w3)p(wz — ws3)

<C Z/tldSQ/ dsy(te—ij — 81)"Y2(t; — )‘d/z/uo(d:v)/dymsl(:v,y)

7,7=1
z<]

X /dzpl.(sz—sl (yaz) /dwipb(ti-—sz (z>wi) /dwjde—i—j¢(wl - ’U)3)¢(’U)2 —wS)

131
<Cl4ll3 Zf d32/ dsy (t—img — 1) 742 (t; — 59)™/?

2,7=1
z<]

< Ol [ dsa [ o [(a =1 200 = (1 = o) 1 = 50)

Since d < 3, it follows that

T ts to
/dtg/ dtg/ dtlfg(tl,tz,tg)
0 0 0
T ts to t1
gon(pn?/ dtg/ dtg/ dt1/ dss
0 1] 0 0

82
. / dsy [(ts — 51)72(tg — 59) "2 4 (t1 — 51) "V (ks - 32)_‘1/2}
0

< C(T) ¢l (11.25)

Now,

t
ds <Q?1 T1Qs—t, (ﬁl?Q%g —sT1Qs—1,%, ,u'%>

t1

to
<0 ["ds [oldor)uo(des) [dyps(orv) [depiatan,2)
t

X /dwldw2 Pu(to—s) (2, wl)pb(tg—s)(z7 ’UJQ)’!/)(y, wi, w2)
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<C ttgd.s‘/po(d:vg)/dzpbs(mg, Z)/dwldep:,(tz—s)(z’wl)
X Dyts—s)(2, w2)P(w1 — we) /d'y $(y — wa) /#O(dml)pm (z1,9)
< Climl ol [ d [0t [zt 2
x / 1 dws B, 1 o (2 101)Py(es—s) (20 12) B0 — w3)
< Olmll 6l s ts =) [ po(dz) [ deputo, 2
1
X /duu pL(t2_s)(Z,'lUl)/dw2 P(w1 — we)

[ 2)
<Clol} | ds(ts —s)?

t1

And since d < 3, it follows that

T i3 12}
/ dt3/ dtg/ dtq I4(t1,t2, t3)
0 0 0

2 [* ° K " /2
<Ol [ [ an [Can [“ases -9
0 0 0 t1

<c(m) el (11.26)
Finally,

to 131
c [ s, / 851 (Qor@12@2 o, 1@y ta 12Q%, s, 11t —1ath, i)
t 0
' 2 11
<C dSQ/ dsl/po(dm) /dypbsl(:v,y) /dzdwd'uldvg Putr—s1) (Y5 2)
11 0

X pL(sg—sl)(y> w)pl.(tg —s2) (w, V1 )pL(ts ~382) (’U), U?)'(r/)(zy V1, 'UQ)

to 141
<C [ dsof| dsi(ts— 32)_d/2/#0(d$)/dy}7w1($,'y)
t1 0
X /dzdvl Du(tr—s1) (Y 2)Puta—s1) (%) Ul)/dw ¢z — v2)p(v1 — vo)
2 11
< [ dsy [ dsy(ts — s2)=H2(ts — s)~42 / 1o(da)
11 0

x / &y Des (2,) / 42 Duty o), 2) / duy §(z — v2) / doy B(vy — o)
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2 t2 tl
<C ||¢||1/t dSQ/O dsy (ts — 32)“d/2(t2 _ Sl)—d/Z'
1

Since d < 3, it follows that

T i3 12
/ dta/ dt2/ dty Is(ty, ta, t3)
0 0 0

9 T t3 to to rt1 4/2 d
< C,J¢JJ1/ dt3/ dtg/ dtl/ dSQ/ dsy (t3 — 82)_ / (tQ — Sl)_ /2
0 0 0 ty 0

<o) el (11.27)

Therefore, by 11.23,11.24, 11.25, 11.26, and 11.27, it follows that

T t3 to 9
/0 dtS/O dt2/0 dty E (9, prey pay pres) < C(T) (|87 5

and (i) is thus shown.
The proof of (ii) is very similar to that of (i), but clearly involves more calculations.

From the moment equation I1.17 and the preceding corollary, it follows that
i3 to 14

/ dt?/ dt1E<301 /J‘tltu‘tz:u‘?g> < Czjk(tl,tQ,tS),

0 0

k=1

where the definition of each Jj is implicit in equation 11.17.

To begin, note that

4 3 2
Qtl —sT1 th-—tl Wths —ia SO(.T)

<C /dy Dt —s) (mla yl)pb(tl-——s) (372, y?)pb(tl—s) ($3, yS)pL(tl—S) (334, y4)
X /dZ p:,(tz—t1)(y27 zl)pb(tz—tl)(y& ZQ)pL(tz—tl)(y‘h 23)
X /dw pb(ts—tz)(z21 w1 )pb(ta—tz)(z31 w:z)SO(yl, 21, W1, w?)

<C /dapb(tl—s) (:1717 al)pb(tz—s) (:D?’ a?)pb(ts —s) (.’E3, a3)pb(t3-—s) (334) a4)30(a17 az,as, a4)7

(11.28)
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for all z € R**%, s € [0,14].

Using the inequality 11.28, it follows that

4 3 2 4
<Qt1—s7T1Qt2 —tlﬂ'l Qts——tz 2 lu’0>
3

= C/#é(dm)/daws (x4, a4) [ | puti (i, i) (a1, az, as, as)

< C/MO(dﬂ?:a)#o(dm)/da:adawws(ﬂ?:a,a3)pn3($4,a4)/da1 $(a1 — ag)
x [ danstos o) [uolis)pu(@r,an) [roldon) pes(o,aa)

< Clmll po(D? (1911}

112
=C o[,
and thus, since d < 3,

ta to :
]0 dt, /0 dty (@t _m1QS, 1@y i) < C(T) 162

Let {#,7'} = {1,2,3,4} \ {¢,7}, i’ < j', then again from I1.28,

4 t

Z/ ds (Q304 Q% —s™1QF -, M1 Qi e, 150)
i,j=179

i#j

4 t1
<C Z/ ds /ug(dx)/dypw(xl,y)/daldagdaadmpL(ti_s)(y,ai)
0

ig=1
1<J

X pL(tj/\g—s) (ya a; )thi’ (.’132, a; )thleg (.’133, aj’)¢(a1 - a3)¢(a2 - a4)

4 t '
<o > [Tas fuatden) [ypaany) [dosdas o a)ppamo )

i,j=1
1<g,|i—351#2

X / daydaj d(ar — as)d(az — as) / po(dz2) Py, (T2, air) / 10(dz3) Put ) (%3 57)
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2 4
+ CZ/O dS/uo(dﬂJ])uo(dﬂJz) /dypw(wl,y)/daidaim Dut;—s) (¥ i) Du(ta—s) (Y, Qi)
=1

x ¢(a; — azy9) /dai’ Duty (@2, ai’)/dai’+2 Play — ait2) /HO(dﬂJB)ths(mB; airy2)
< C(T) ImlI2, mo(1) 9113
+ Cllmll o p0(1) [|8]4 JCldS/ uo(dml)/dypw(mhy)

X /daidaiwpbai—s)(y, ai)Pu(ts—s) (U, Git2) P(ai — ait2)

t1
<O 9|2 +C / ds (t3 — 5)~4/2,
0

and since d < 3, it follows that

t3 to t1
Z/ dt?/ dt]/ ds Q3 an szQtz tlﬂtha—tzv" HO)

1,7=1
i#]

/t3dt2/t2dt1/tlds [ Yol +C ds( )—d/g}

C(T) lIgl7 -

This next case becomes quite a bit more complicated, so we explain with more

detail. Consider

31
Z Z / dsg / ds1 (QF, Prm@3,_ s, ®ii Rt s, M1Q%, e, M1QF 1,0, 143 »

1,7=1n,m=1

1£] n;ém

wherein the presence of both-CDnm and ®;; greatly increase the number of cases. In

bounding, we again may assume, with the addition of a multiplicative constant to the
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bound, that ¢ < j. Note first that when m +n # 6 — ¢ it will follow that either

2 3 4 3 2
s1 (I)ansz—s1 (I)ithl—szletz—tl Wths _tz(,D(.Tl, ‘T?)

< C/dy pbsl(rl,y)/dzmsz_sl)(y,Z)

X /dwldw?dedw4 pL(ti—sz) (Za wi)pL(tj/\g—sz) (Z’ Wj )pL(ti/—sl)(ya wi’)pbtj/,\g(m% wj/)go(w),

or

2 3 4 3 2
sch)TLszz —s1 (I)ithl—sgletg —tlﬂ'thg —~t2(10(‘r17 :E?)

<c / dy pus, (21,) / 02 Pugeyon) (¥, 7)

X /dwld'dedewﬁl pL(ti—sz) (Zy w’i)pL(tjAg—sz) (Z> Wy )pl,(tjl/\s —31)(y) w41 )pl,ti/ (332; U)z/)(,D(’UJ),

where again {7/,7'} = {1,2,3,4} \ {5, 5}, with ¢/ < 7.

In the case that m +n = 6 — 4, we have the bound

2 3 4 3 2 )
s1 (bansz—m (bi]'Qtl——sgﬂ'thg—tl 7T1Qt3_t2(,0(371) ‘TQ)

< C/dypl,sl(ml;y)/dzpbsg(-r%Z)

X /dwldededw4 Du(t;—s9) (Za wi)pL(tj/\s—sg) (Za wj )pL(ti/—sl) (y’ wi’)pL(tj/AS—sl) (y, wj')(tp(w) :

It thus follows that

4 3 t 59
Z Z / dSQ/ dSl <Q§1 @angg—sl (bijQzll—sz Trlez—hﬂ-thQa—tz(lD’ :u’g>
1 0 0

1,j=1nm=

i#] n#m

4 3 t1 52
<C Y > / dS?/ dsl/ﬂo(dﬂfl)/io(dm)/dypm (z1,9) /dzpb(srsl)(y,Z)
0 0

i,j’il'jlzl n,m=1
4,5 #J .
icjir<g Bnmm#

X /dwl dwadwzdwy Dutjrng (.132, wyr )pb(til —s1) (yv wi')pL(ti—sz) (Z’ wi)

X Dy(t;n5—s2) (% Wi (W1, wa, w3, wa)
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4 3 t1 59
+C Z Z A ds?/{; dsl/ﬂO(dml)ﬂO(de)/dyple(:Elvy) /dsz(sz—sl)(y)z)

igi j'=1 nm=1

-/ Yl . n<m
#1547 -
i<jit<j O

X /dwldedw3dw4 Duty (.’132, wi’)pb(tj/,\3—sl) (y’ wjl)pb(ti‘-S'z) (Z, wi)

X pL(tj/\s—Sz) (Z, wj)gO(wl, w2, w3, w4)

4 3 tl 82
+C Y Z /0d32/0 dSl/ﬂo(dm)#o(dm)/dypwl(x1,y)/deLSZ(a:rz,z)

4,743/ =1 n,fgzl
i i i £s m<m
i'#1,5'#] S
i<g i<y 6—n—m=1t

X /dwldedw3dw4 Dty —s1) (y‘ /w'i’)pa,(tj/,\g—sl)(yv Wy )pb(ti—sg)(z= ’(L’i)

4 3 t o
<C Z Z /0 ds2/0 d81/po(dm1)/dprsl(a:1,y) /dzpb(sz_sl)(y, 2)

1,4 j'=1 mnm=l

PRI n<m
3 7&74.7 :76.7 .
i<jileg Bmnmm#i

X /dwidwjdwi’ pL(ti/——Sl) (y) wi’)pL(ti—sz)(za wi)pb(tj,\g——sz)(za w])

X /dw]-/ d(wq —w35¢(w2 — wy) /ﬂo(dﬂh)]%tj/,\s(m?,wj’)

4 3 1 s2
+C Z Z /0 ds?/o dsl/ﬂo(d.’lfl)/d'prSI ("Elay) /dzpb(sz—sl)(yaz)

B4 j'=1 nm=1

0 n<m
i #4,5'#] )
icjil < B—n—m#

X /dwi dwjdwj’ pb(tj/,\g—sl)(y7 wj’)pl,(ti—sz)(z) wi)pl,(tj/\s——sz)(z’ wj)

x f dw B — wa)d(ws — wa) / o(d2) pus, (22, we)

4 3 t1 82
+C Z Zl /O d52/0 dsl/ﬂo(dml)ﬂO(de)/dprsl(331,y)/dszsz(mQ,Z)

i:jvi, 1.7,,:1 n!TZ’:
CHEI AT i
1<gyi' <’

X /dwldedw3dw4 pl,(ti/ —s1) (y1 w’i’)pL(tj/,\s—sl) (ya Wyr )pL(ti—sz) (Z, wi)

X Du(tins—s2) (Z: wj )(p(wh W2, Wg, w4)'

For the first of the above three terms, the process is as follows. Bound pp(dzs)
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by [[m/||,, dze, integrate Pitjsng (z2,w}) with respect to dz, then ¢ with respect to dwy.
In doing so, we may then integrate out one of the remianing w;,w;, or w;.. In what
remains, if (i,7) # (1,2) there will be the term p,(¢,_s,)(z,w.), or if (i,7) = (1,2), the
term p,(s;—s;)(y,ws). In either case, bound the respective term by C(ts — 5)~%2. This
allows for the integration of the second ¢.

For the second of the two above terms, Bound uo(dzg) by |jm||., dze, integrate
Duty (T2, w)) with respect to dzg, then ¢ with respect to dwy. In doing so, we may
then integrate out one of the remianing w;, w;, or wg. In what remains, if (¢,7) €
{(1,2),(1,4),(2,3)} there will be the term p,,_s,)(y, wj), otherwise there will exist the
term p,g,_s,)(2,w.). In either case, bound the respective term by C(t3 —s)~%/2. This
allows for the integration of the second ¢.

For the third and final term, if (¢,7) ¢ {(1,2),(3,4)}, there will exist the terms
Pu(ts—s3) (2, w;5) and py, sy, which are bounded respectively by C(t3 — 89)~%2 and C(t3 —
51)"%2. When (¢,7) = (1,2) we bound p,(,—s,) (¥, ws) and p,,—s,) (2, w2) respectively
by C(ts — s1)~%? and C(ty — $9)~%2. Finally, when (4,5) = (3,4), bound the terms
Du(ts—s3) (2, w3) and (g, —s) (y, wa) Tespectively by C(ts —s2)~%2 and C(t2 — 51)~%/2. This
allows for the desired integration of ¢(w; — w3)P(wa — wy). ‘

Combining the above, and since d < 3, we arrive at the bound

ts3 2 t1
Z Z/d@/ dt1/ dsl/ dsy

t,j=1nm=1

i#£] n;ém
< ansz —81 ‘L]Qtl szTrthz—tllet;; thrthzl tss :u0>

ta ’ ! -d/2 4 d/2
<clolf | / i [y [t = 9 4 (550

+ (ts — 59)"H2(tg — 51)"Y? + (ta — 51) "V (tg — 83) Y2 + (t3 — 82) "V (ty — 51)"2

< O(T) 18112

Considering the next case, note first the similarities in the respective corresponding
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particle pictures of this and the previous case. This case can be seen as a modification
of the previous case in which the two original paricles were both born from a common

ancestor. Thus, arguing as before, we arrive at the bound

£ 5 [ i

z] 1n,m=1
i#j nFm

2 3 4 3 2
X <Q31¢12Q32_31®an33_32q)ithl_337r1Qt2_t1771Qt3_.t2(10 /L0>

t1
<C Z Z / dss/ dSQ/ dslfﬂo (dz) /a’yple T y)/alz;m@2 s (¥, 2)

i,j'=1 mm= 1
1761] 3 6ot
'L<]1<]

X /dYU Di(s3—s2) (Z! U}) /d’Uld’Ugd‘UgdU4 pb(tj/,\s—sl)(yz vy )pb(til —s9) (Za 'Ui’)

X Dyt _33)(10 Uz)pL(tJAs sq) (W, ;) (V1 — v3)P(vg — v4)

t1
+C Z Z / d33/ d32/ dsl/#o de' /dpr31 z,y /dzpb(sz ~51) y) )

”]721,]1761 n<m
4] 7
it gl 6—n—m7#1i

X /d’LU Di(ss—s2) (Z, ’LU) /d’Uld’Ugd’Ugd’U4 Pu(ty—s1) (ya U'i')pb(tj//\3—sg) (Z, Uj’)

X pL(ti—S3)(w Ui)pb(tj/\3—33) (’LU Uj)d)(vl - /U3)¢(/U2 - /U4)

ty
+C Z Z / d33/ dSQ/ dSl/#O(dx /dprsl(x y

4,1, J =1 n,m=1

<m
I#45F ] g e
i< < 6—n—m=1

X /dzleQ pL(sz—sl)(y)Zl)pb(ss—.ﬂ)(y)Z2)/dvldlu2dlu3d'u4pL(ti—-s3)(22’U'i)

X pb(tj/\:-} 33)(22, Uy pb(t g — 32)(Z1’U'L )pb(t IAS—SQ)(ZI’/U] )d)(vl - /U3)¢(/U2 - U4)
<C ”d)”l/ ng/ ng/ dsy {(tg - 32) d/2(t2 )_d/2 + (t3 — 32)_d/2(t3 — 33)—d/2

+ (tg — 52) 72 (t5 — 33)_d/2 + (ts — 52) "4 (ty — 53)72|,

where the above bounds are obtained similar to the previous case.
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And so, since d < 3,

4 3 ts to iy 53 52
Z Z / dtg/ dtl/ d33/ dSQ/ dsy
0 0 0 0 0

,7=1n,m=1

i£j nFEm
2 3 3 2
X <Q33®12ng—33®ansl-—sg QijQzll—s‘ng th—-tlﬂ-l th—tg 12 [L0>

< C(T) o3 .

This takes care of four of the fourteen Ji, we consider now the next three integrals

which are dependent upon the expression

Q?l——sl’/rleg—tl@ingg—sglegs—tQW(m)
< C/dypl,(tl—sl)(mhyl)pb(tl—sl)('r?)y?)pl,(tl—sl)(m3ay3)
X /dzpb(srtl)(y% 21)Pu(sy—t1) (Y3, 22)
% [ 40D gy 8 00 5 0Pty (2 00)
X /dv Pults—tz) (W2, V1)D,(t5—t) (W3, V2) (Y1, W1, V1, V2)
< C/dbpb(”_ﬂ)(mg, b)/daldagda3da4 pb(tl_sl)(ml,al)pb(mﬁi_sl)(mg,a7_i_j)
X Pultp1—s2) (B Qi 1)Pu(ts - o) (b, a541)P(a1 — az)dlaz — a4), (I1.29)
for all z € R3%4, 0 < s7 <11, t1 < s9 < tg, and i,7 =1,2,3, 1 # 7. In the above 29 refers

to the particular arrangement of 2y, 29 given the pair (1, 7).

Applying I1.29 now gives,

3 to

3 2 3 2 3
Z/ dS <Qt17r1QS—t1(Dithz—-—s7rth3—tz(p)Iu’0>
i,j=1"0

i#]
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<y / Cds [ o) [dypates,y)

ij=1"t
1<g

X /dz Put (%1, 20)Puty (B2, 27im§ )P (b1 —5) (Ys Zit 1)

X Pyts—s) Uy 2i+1)P(21 — 23) (22 — 24)

3 ta

—~ Y ] ] . . .
<C Z de uo(dmz)ﬂo(dmg)/dypw(mg,y) /dz7—i-—jdzi+1 Dty \ T2, Z7—5—5)
t1

ig=1
i<g
X Pultiyr—s) (Y5 Zit1) /de+1 Pu(ts—s) (Y Zj+1)

% /d21 d(21 — z3)P(29 — 24) /ﬂo(dml)pbtl(mli 21)

3 to .
<Clml el 3 / ds / o) uo(des) / dy pes (23, )

Z:]::l 1

<4

X /dZZdZ?:dZ‘L pbt4_i(x2a Z7—i—j)pb(ti+1—s) (y, Zi+1)pb(t3—8) (y) Zj+1)¢(22 - 24)
) 2 t2
< Cl4ll, Z/ dS/uo(dma)/dprs(ms,y) /dzi+1dzi+2pL(ti+1—s)(y7Zi+1)
=17t
X Py(ty—s) (Y Zit2) /dZG—Qi P22 — 24) /uo(dm)pm_i(m, 26-2i)
t2
#Cloly [ dstta =) [ un(dea)pa(dea) [dypste,y)
t1
X /d22 Pu(ts—s) (¥ 22) /dza Duty (22, 23) /d24 P(z2 — 24)

to
<ol [ ds 1+ (15— 5)7].
1

And so, since d < 3,

3 i3 1) tg
3 / dts /0 dty / 05 (@2 M@ Q0 M@ e i) < O(T) 612,
ij=170 t

]



Again from I1.29,

to i1
Z Z / dSQ/ d31 <Q§1éangl—slﬂ-leg—tléijQ?Q—sgﬂ-thzg—tg(p):u‘g>

i,j=1n,m=1

i#£7 n;ﬁm

to i1
< C / dSZ/ dsl/,UO dxl ,UO(d-TZ)/dprm Z1,Y /dzpb(sg ~51) y: )

i,7=1
i<J

x /dwldw?dw3dw4 pb(tl—sl)(ya w1 )pb(tH_l——sg) (Za wi-l—l)pb(tg—sg) (Zv wj-l—l)

t
+C Z/ dSQ/ dsl/uo(d:vl)uo(do:z)/dypm(1‘1,y) /dZPL(SZ_sl)(y,Z)
0

1,7=1
i<j

X /d'w1dw2d'w3d'w4 Pultir i jyna—s1) s WTmimi)Pu(ts 1 —55) (2, Wi 1)

X pb(ta—sQ)(Z Wj+1)Puty (T2, w1)P(w1 — w3)P(weg — wy)

t1
/ dsa [ dss [ so(das)o(don) [ dy pay(@1,0) [ d prso2,2)
t 0

i,j=1
i<j

X / dwidwadwsdwa Pty —s) (Y W1Pu(tir_ijyns—s1) Ys WTmimj Pu(tsys —s) (%) Wit1)

X pL(ts—Sz)(Z wj-}-l)d)(wl - w3)¢(w2 - ’lU4)

t
S / ds?/ dsl/,UO d.’221 /dypm (xl)y) /deL(SQ 31)(9) )
t1

i,5=1
1<j

X /dwldwi+ldwj+l Pu(tr—s1) (Y W1)Pu(tir1—s2) (2 Wit 1)Pu(tg—s5) (2, Wit1)

X /d'lU?—i—j P(wr — w3)p(wg — wy) /Mo(d932)Pb(tu_i_j)As)(w?,w7—i—j)

tg t1
/ ds?/ dsl/,UO d(l?l /dprsl xlay /dzpb(sg s1) ya )
t1

X /dw?dw3dw4 pb(t(7_i_~j),\3—sl)(y7w7—i—j)pb(ti+1—sg) (Z)w'i‘f'l)

3,7=1
1<j

X Puty—s9) (2, Wit1)P(wa — wy) /dwl P(wy — ws) /uo(dw2)m1 (z2,w1)

68
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3 t2 i1
+C Z / d82/ dsl/ﬂo(dl‘l)uo(dm)/dy Pusy (T1,9) /deL32 (z2,2)
t 0

i,j=1
i<j
X /dwldw2dW3dw4 Puts —s1) (U WP u(tir_i_jyna—s1) (Ur WT—imj )Pufti 1 —50) (25 Wiy 1)
X pL(tg-—s'z)(z7 wj-H)d)(wl - w3)¢(w2 - w4)
to i1
<Clply | dso [ do (s — s2)
jtl |/0
e b d/2
Ol [ dsa [ sy [(ta = s0) 2 4t - 50) ]
t 0
1t2 h d/2
# Ol [ dsa [ dss [t = s0)7ta = 52y 2+ (ta = 52) ]
t1 0

tg t1
<C ||¢||§/ ds?/ dsy {(fs = s1)7Y2 4 (t3 — 51) T2 (ts — 59) "% + (15 — 82)_(1/2}
i1 0
Thus, since d < 3,

3 3 t3 to ta 31
§ E 2 3 2 2
/ dt?/ dtl/ ds?/ dS] <Q§1 @angl—Slﬂ-lez—tléithz—SfZWthg—tg(lD! I‘L0>
P2 0 0 t 0
i,j=1nm=1 1

< C(T) 1413 -
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After one final application of 11.29,

2 2
Z Z / /dsz d51{ Qs 212Q%, _ o PrmQF _ sy Q% _1 25Q%, 1R —1, %1 H0)
1,j=1n,m=1

i£j n#m

to i1
< C / d33/ ds?/ dSl/#o d.’B /dpr51 z,y /dZPL(SQ 51) y, )
t1

i, *1
i#j
X /dwpb(sg—sg)(sz) /d'UldUQd'USd/Uélpb(tl—sz)(27Ul)pb(t(7_i_j),\3——sl)(y7U?—i—j)

X Dyltys1—s3) (W, Vit 1)Dy(t3— s3) (W, Vj4+1)P(v1 — v3)P(v2 — v4)

3 to t1 52
+ C Z d33 d82 dsl P’O(dm) dpr51 (.’L‘, y) dz pL(SQ—Sl)(y1 Z)
Pt 0 0

i#]
X /dwpb(sg-sg)(z)w) /dUld'UQdU3dU4pb(tw_i_j)/\a_”)(z,’U7__1‘_j)pb(t1__31)(y,’Ul)

X pb(t1+1 53) (W, Vi 1)Dy(t5—s3) (W, V5 11)B(01 — v3)P(v2 — v4)
1,J= 1

to t1
/ d33/ d32/ dsl/ﬂo d-'E /dypl.sl T,y /dsz(SQ —s1) y; )
51
1]

X /dwpb(sg—sl)(y7w) /dwldw2dw3dw4pL(t1—sz)(z;Ul)pb(tg,i_j),\g—sz)(z’U7—i—j)

X Dytipr—s3) (W, Vit 1)Py(t5—s3) (W, Vit 1)P(v1 — v3)p(v2 — v4)

to £
<c|;¢||1/ d33/ dSQ/ dsy |( { tg — 1) "2 (t3 — 53)" % + (13 _31)*d/2(t3—33)*d/2]
to t1
+C ||¢||%/ d83/ d82/ dsy I:(tg — 82)_ /2(t3 — 83)—d/2 + (tQ — 82)_d/2(t3 — 83)—d/2:l
t1 0 0

to ty 89
-+ C H¢||§/ d83/ d82/ dSl {(tg - 82)—d/2(t3 — S;J,)_d/2 + (t2 — 82)—d/2(t3 — 83)_d/2]
i1 g 0

2 to t1 82
< c||¢||§z/t d33/0 dSQ/O dsy [(tg — 55)7%? ((t3 — k) (b - sk)—dﬂ)].
k=1v"
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Therefore, since d < 3,

3 3 t3 to 1) t1 89
Z Z / dtg/ dtl/ d83/ dSQ/ dsq
0 0 ty 0 0

3,j=1n,m=1

1#j n#FEm
X <QS]_®12ng-81®TLngl—SQWIQES—tléijQ?Q—ssﬂ-nga—t2(107 M0>

<o) el

Thus seven of the fourteen Ji are now shown to have the desired bound, we continue

with three more of the J.

3 2 2
Rty —s1 MRty —t, T1Qs5—1,P12Q%, 5, ()

< C/db:m(srsl)(ivs,b)/daldazdasda4 Doty —s1) (15, @1)Du(ty —s1) (T2, 32)
X Pu(tz—s2) (b, a3)pb(t3—sz)(b, CL4)(,0(CL1, 2,23, CL4), (1130)

for all z € R3*¢, 0 < s1 < t1,tg < 59 < 3.

Now, from the inequality 11.30

t3
/t ds <Q?17T1Qt22_t17T1Qs_t2@12Q?3_3(,0,N8>
2
t3
<C ["ds [uo(donpn(dea)uo(dne) [dypatan,y)
iy
X / dz1dzodz3dzs Puty (%1, 21)Puty (T21 22)Pu(ts—s) (U 23)Du(ty—s) (U5 24)P(21 — 23) (22 — 24)

t3
<C [ ds / po(dzs) / dyp.s(7s,y) / dz3d2g Py(ty—s) (Y 23)Du(t5—s) (Y5 24)
[}

X /dzl (21 — 23) /dz2 (2o — 24) //Jo(divl)pnl (@1, 21) /Mo(dm);ﬂnz (w2, 22)

<O |lgll? -
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It thus follows that

i3 to i3
/ dts / dt, / ds (@4 Q% m1Quety®12Q% 0, 1) < O(T) 812
0 0 to

Again from I1.30, we have that

3 t3 t1
2 3 2 2 2
Z/ dSQ/ dSl <Qsl@ithl-—slﬂ-thQ—tlﬂ-lQSQ—tQ@12Qt3—sg(p7:u‘0>
i,j=1" 2 0
L

2 ts3 i1
< CZ/ ds?/ dsl/ﬂO(dxl)ﬂO(de) /dy Dusy (xlay) /dzpl,(sg—sl)(y,z)
h=1"12 0
X /dw1dw2dw3dw4 Doty (T2, We)Pu(ty—s1) (s W3k )Pu(ts—s0) (25 W3)
X pb(ts—sg)(za w4)¢(w1 - w3)¢(w2 - ’lU4)
t3 t1
+0 [Cdsa [dor [odei)no(dn) [dypn(ony) [depaslan2)
to 0
X /dwldededw4pL(tl—sl)(yywl)pL(tg——sl)(y)w?)pb(tg—sg)(z’w3)
X Dy(ts—sq) (2 wa)P(w1 — w3)P(we — wa)
2 t3 t1 ’
< CZ/ ds?/ d81/,u0(d331) /dprsl(xlay) /deL(SQ—Sl)(yiz)
k=112 0
X /de——kde—-ka(tgk—sl)(yaw3—k)pL(t3—sg)(Z)w5—k)
X / AWk+2Py (b5~ 5) (25 Wh+2) / dwg p(wy — w3)p(we — ws) / po(dz2)puty (T2, W)
t3 iy
+C dSz/ dsy (t3 — 82)_d/2 /uo(dml)uo(d:vg) /dwldw3 ¢(w1 — ’lU3)
ty 0
X /dprs1(5v17y)pL(tl—sl)(val) /dzpbsg(x%z)pL(t3—sz)(Zaw3)

x / s Putyop) (23 04) / dwg d(wg — wa)



2 ts t
<Clolh / dss / dsy /Mo(dﬂ?) / dy Puoy (2,9)
k=1"v%2

X /dws—kd’w5—k it _y—s1) (Ys W3- k) Pu(ts—s1) (¥s Ws—k)P(wa—k — Ws—k)

2} ty
+Cll4ll, / dsy | dsy (12 = 50)™ / o(day) / dwi puy (1, w1) / duws §(uw, — ws)

to

X /,uo(dﬂ?a)?ats (T2, wa)

ta t1 t3 ty
gc*||¢||§/ dsy | dsi (i3 —sl)‘d/2+0n¢||§ft dSQ/O dsy (t3 — s9)~%/?
2

to 0
ta ty

< CHd)H?/ dsy dsy {(t3 - Sl)—d/2 +(ts — 32)—‘1/2} ‘
ty 0

Since d < 3, it follows that

3 ts to i3 t1

2
Z/D dt2/0 dtl/ d82/0 ds1 (@3, Psj Q%) s, M1QFy -1, ™1 Qsp -ty P12Q0 0, 15)
ij=1 t2

i#£]
< C(T) 1813

With one final application of 11.30, we have

3 i3 t 52
Z / dSS-/O dSZ./D dsy <Q81(bl?ng—slq)'ijQi?l—szﬂ-ngz——tlﬂ-lea—hqbl?Q?a—Ss(P"uo>
§,j=1"12

i)

2 i3 i1 $2
<0y [Vds [ dso [ Vs foldn) [dypn@n) [dzpinman®:)
i—1 to 0 0
X /dwpb(sa-sg)(z,w) /dvldv2dvsdv4Pb(ti_@)(z, Vi)Pu(ts_i—s1) (Yy V3—i)
X Pu(ty—s3) (W) V3)Pu(ts—s5) (W, Va)B(v1 — v3)P(v2 — v4)
t3 tl 82
+ C/ dSS/ d32/0 dsl/,uﬂ(dm)/dypwl (377 yydzldz2pL(sz—sl)(y1 Zl)pb(s3-31)(y1 Z2)
to 0
X / dv1dvadvzdva Py, —s5) (215 V1) Pty —s0) (225 V2)Pi(t5—s5) (23, V3)

X Dty —s3)(Z4) Va)P(v1 — v3)P(ve — v4)

73
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i3 i1 S92

<C d33/ dSQ/ dsy(ty — 31)_d/2/u0(dm)/dzpm(a:,z) /dpr(SS_sz)(z,w)

to 0 0
X /dvldvs Pu(t1—s2) (23 V1) Py (ty—s) (W, v3) B(v1 — v3) /deb(ts_sa)(w&;) /dvz P(vg — v4)

t3 i1 59 4/2
+C dSBA ds?/o dSl(tQ - 32)_ / /NO(dm)/dpr.n(may) /dw pb(sg-sl)(yaw)

to
X /dvldv3pL(t1—sl)(y)Ul)pL(tg—sg)(w>U3)¢(Ul _/03) /dvllpb(ts—-ss)(w)v‘l) /dv? ¢(U2 —U4)

t3 i1 59 4/2 ’ i
+C d53/0 dSQ/ ds(ty — s2) ™ /uo(dw)/dypbsl(m,y) /dw Pu(sy—s1) (¥ W)

to 0
X /dvldvs Pu(tr—s1) (¥ V1)Pu(ts—s3) (W, U3)p(v1 — v3) /dv4 Pi(ts—s3) (W, V4) /dw P(v2 — va)

ts t1 Dy
<C |d)||1/t d33/0 d32/0 dsi(to — 31)'d/2 /uo(dm)/dsz32(m,z)
) .

X /d’l}]d’l)g Pty —s2) (Za Ul)pb(t;;—sz) (Zz U3)¢(/U1 - 103)

t3 t1 DY
+C el / dss /0 dsy / dsy(ts — s9)~ 7 /uowx) / 4y posa (2, 9)
to 0

X / dv1dva (e, —s0) (Y V1) Pu(ts—s) (Y v3) B(v1 — v3)

i3 t1 S9
<C ||¢||§/t dSs/O dSz/O dsy [(tQ —51) Y2ty — 59) "2 4 (g — s2) 2 (ts ~ Sl)_dﬂ] .
2

Therefore, since d < 3,

3 t3 tn s t1 52
Z / dtg/ dt1/ d33/ ng/ dsl
0 0 to 0 0 :

1,5=1

i#]
X <Qs1q)12Q§2—slq)ijQ?l—sgﬂ-lQ?«Z—tlﬂ-leg—tz(I)IQthg——sg(p?AU’O>

< C(T) ||0]1%.

As a total count of the original fourteen Ji, the desired bound has now been shown

for ten. We continue now with
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2 2 3 2
Qt1—317r1 QS2—t1cI)12ng-—sg éi].th—ssﬂ-l th _t2<p(:13)

SC[db1dbop.(sy—s,) (2, b1)Pu(sy—sq) (b1, bz)/dcu dagdazdag p,(¢, —s,)(T1,01)

X Pultir—i—pyna—s2) (01 O7—im ) Putsy 1 -53) (b2 @it 1)Pu(ts—s3) (b2, @5+1) (a1, a2, a3, as),

(11.31)

for any z € R?*4, 0< 51 <t <s9g<s3<tg,andi,j=1,2,3,1<7.

We now apply the inequality 11.31 to show

3 to 59
‘ : 2
Z/ dSQ/ ds1 (QF M Qsy—t:212Q%, 5, 24;Q8, o, M Q7 1,0, 15)
t1 £

i,7=1

i
3 to s9

<cy / ds / dsy / o(dz2) / 4y Py (22,7) / 02 Puisyon) (¥, 7)
ij=17% g

1<J
X /dwzdw P(we — wy) /dw3 Dultip1-82) (%> Wik 1)Pu(ty —s5) (2, Wi 1)

X Pult(r—i_jyns—s1) (Ys W—izj) /dwl d(wr — ws) /#o(d$1)th1 (z1,w1)

3 to 52
< Climll il 3 [ “dsa [ [o(dsa) [dypin(aa,u) Jdzp0-n:2)
1

1,j=1""1
1<

X / dwadwy d(wz — wy) / dWa Pyt 1 —s9) (2 Wik 1)Pu(ts —sg) (2, Wi1)

X Pult(7—i—jya3—s1) (y, wr—i—;)

2 to s9
<CloES /t ds /t d [ (o) [ dypia,(o2,)
k=1 1 1

X /dedw4 Di(tg—sy) (y) w2 )pb(ta—Sk) (y7 ’LU4)¢(’U)2 - w4)

t2 82
<C ”(p”?/t dsZZ ds1 [(t3 - 31)_d/2 + (t3 — 32)—d/2 )
1 1



Therefore, since d < 3, we have

3 i3 2] to 8§92
Z/O dt2/ dtl/ d82/ dsy <Q?17F1Qsl—t1@12Q§2-sl@ijQ?Z—sﬂth?a_tg%#g>
0 i1 t1

i,5=1

]

< C(T) 18112

With a second, and final application of I11.31, it follows that

i,j=1"14
i#j
3 to 53 t1 d
<CYy. / dszs/ d82/ d81/uo(dfv) /dypbsl(fv,y)/dzz),,(”_sl)(y,Z)
i,5=1 15 7] 0
1<g

X /dwpb(sg—-sz)(zaw) /d’l)ld’l)gd’l)gd’l)zgpb(tl_ﬂ)(y,’Ul)p,,(tw_i_j)/\s_”)(z,’U7_i_j)
X Ditip—s3) (W) Vit 1)Pu(ts—s3) (W, Vj+1)P(v1 — v3)B(v2 — vg)
[2) s3 t1
<C d33/ dSQ/ dsy (t3 — 32)_d/2 /,uo(d:v) /dypl,sl (z,y)
t1 t1 0
X /dv3/dzpb(32—s1)(y7z) /dwpb(ss—sz)(zvw)pb(ts—sg)(w>v3)
X /dvl pb(tl—sl)(yav1)¢(v1 _7)3) /dv?pb(ss—tl)(w)UQ) /dv‘l ¢)(’l)2 ——’04)
t2 53 t1
+C d83/ d82/ dsy (t3 — s3) ™% /#o(d$) /dypbsl(fﬂ,y)
{1 t1 0
X /dvl pb(tl——sl)(y)vl) /d'UB ¢(v1 _'UB) /dzpb(sg-—sl)(y)Z)pb(ts—sg)(z7v3)
X /dwpb(ss—sz)(z)w) /d’l}g pb(tz—ss)(waUQ) /d’l)4 d)(’l)g ——’04)
ty 33 11 42
+C d83/ d82/ dsy (ts — s3)™% /#0(d$) /dpr51($7y)
t1 t1 0
X /dUB/dzpb(sz—sl)(yaz) /dwpb(sg—sg)(zww)pb(ts—ss)(w,v3)
X /d’vl Du(tr—s1) (Y v1)P(v1 — v3) /dv2 Duts—s2) (% V2) /dv4 ¢(v2 — v4)

76

3 to s3 t1
S [ s [ Vdsa [ st Q@R mQut 812Q2, 50, M@, o)
t1 0
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to t1
< CquHl/ d53/ dSQ/ dsy (tz — s9) d/2 /ﬂo(dx /dypbsl(m Y)

X /dvl pb(tl—sl)(y’vl) /d’Ug pl,(tg-—sl)(y7 U3)¢(U1 "‘US)
tz 83 tl d 2
ol [ dsa [ s sy (ta = s0)2 [ ol [dvpnton
t1 t1 0

X J/dvl pL(tJ —sl)(y) Ul) J/dUS pL(t3—31)(y, U3)¢(U1 - UB)

t2 83 tl
< ”qb”f/t ng[ dso ; dsy (t3 — 81)_d/2 <(t3 — 82)_d/2 -+ (t3 — 83)_d/2) .
1 1

And so, since d < 3,

t3 to tg
Z/ dtg/ dt1/ dsB/ dSQ/ dss

7,7=1
i#£]

2 2 3 2
X ( Qs P12Q7, _5, T1Qsy—t; P12Q%, _ 5, Pi; Qi o, T1Q%,_1, ) 10)

< (1) l¢ll}.

It thus remains to show the desired bound on two of the fourteen original Jg. As

in the previous steps, the bounds will result from the following simpler bound.

2 2 2
Qtl _81W1Q32_t1 @]QQtZ_SZWIQsa ~t @12Qt3-—33 (p(fl?)

< C [dbr b (22,0) [ dba b (1,12) [ dandazdogdas

X pb(tl-s1)(mla al)pL(tz—sz)(bl ) a2)pl,(t3-—33)(b27 a3)pL(t3——sg)(b2a (14)@(0,1, a2, as, a4)7 (1132)

for any z € R®*4, 0 <51 <t <59 <ty <53 <ts.

Using the inequality I1.32, it follows that

/ d52/ ds1 (QFm1Qs,—6,P12Q7, _, T1Qsy—1,212Q5 _ 5,0, 13)
¢ ¢
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t3 to
<C d82/ dslfuo(dml)uo(dmz)/dypm(mg,y)
: to t1
X /dz pL(Sz——sl)(y)z)/dwldedU)Bdw‘l pbtl(mliwl)pb(tg—-.ﬁl)(y’wQ)

X pL(tg—-sg) Z, W3 pb(ts sz)(z w4)¢( —w 'w2 - w4)

3
to
S C dSQ/ dSl/NO deQ /dypb.n :DQ) /d’LUQ pL(t2 31) yile)
t1
X /dw4 ¢(’LU2 - w4) /dz pL(S2—31)(y) Z)pb(ts-—sg)(z)/wél)
X /dws Pu(ty—sy) (2, W3) /dwl ¢(w; — ws) /Mo(dml)PLtl(ml,wl)

ts to
<Clél / ds; / ds, /uo(m) / 4y P (2, 1) /dwgpb(tg_m(y,wg)

x/mmmeﬁxuwQng—w@

to

t3
<Cllg|? / dsg [ dsy (ts — s1)~Y2.
to

t1

And so, since d < 3,

ts to
/ dt2/ dtl/ d81 d82 (@7 m1Quy—1,212Q7,— 5, T1Qsr—1,P12Q0 5,0, 145
ty
T) |l¢l}.

Finally, once again by 11.32,

{3 t2 2}
/ d33/ dSQ/ ds1 (Qs;P12Q7 5, M Qsy—t:P12Q%, _ o, M1 Ryt 212Q7, _ 5505 1)
to t1 0

ta to t
<C d83/ dSz/ dsl//j’O(dm)/dprsl(m) y) /dzpb(sg—sl)(yaz)
to t1 o)

X /dwpb(83—32)(z7w) /d’Uld’U3 pL(tl—Sl) (yaUl)pb(ts—ss)(w’v3)¢(vl - U3)

y / adva Pugty— o) (2, 02)Pu(ty o) (03 1) (02 — V)
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[2) tq (5%
<C d83/ dSQ/ dsy (s3 — s9) 742 /#O(dJJ)/dyPle(w,y)
13 t1 0 .
X /dvl Pu(tr—s1) (¥ V1) /dv3 B(v1 — v3) /dv4/dpr(t3—53)(w7U3)pL(t3—83)(w)U4)
x| dun 9(ua —v0) [ Busrma) 00 2Dputamen 21 0)

9 ts to t1
< C]l¢ll1 / dss / dSQ/; dsi (tg — 81)_d/2(83 — 82)_d/2.

It thus follows,

t3 to t3 to by
/ dito / dt1/ dsg / dsg / dsq
0 0 ) ty1 0

2 2 2
S <Q51@12Qt1——317‘—1Q82-—t1®12Q1‘;2—327‘—1ng—tg(p12Qt3——33¢? /J'O>

<) |lol3.

Therefore, from the bounds established above for each Ji, & =1, ..., 14, it follows

that
i3 to 9 9
/O dts / ity B (i, juy pieppil ) < O(T) 6]

a
Using the above moment formulas, and knowledge of the transition function gf,

existence of GSILT can now be shown in a constructive manner.
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CHAPTER III
EXISTENCE OF GENERALIZED SELF-INTERSECTION LOCAL TIME

The proof of existence is now completed as follows:

II1.1 Preliminary Results

Generalized self-intersection local time (GSILT) at u € R%, over B C B(R?), is

defined formally as

L(u; B) 2 / dtds (6, piofsc)
B

where

00, T=u
bu(z) &
0, z#u

is the Dirac point-mass measure at u.

Note that in the above, and throughout the remainder of this paper, if ¢ : R = R,

the convention

(@, pspe) = / ps(dz) pe(dy)p(z — y)

is made.

Since psfie = pipts, it makes sense to restrict GSILT either above or below the

diagonal, and so we set

L(u,T) = L{u;{(s,8) : 0< s <t < T},
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for fixed T € |0, 00).
The above definition is clearly formal, and thus to make sense of this a limiting

process will be constructed. For fixed A > 0, define

GAru(m) = \/0 dt e‘Atqt(u)m)’

then in the sense of distributions,

LG (z) -/ dt e Lai(u, z)
0

= / dt e M0qi(u, x)
0

o0

At

t
=e Mg (u,x) +)\/dte_’\tqt(u,a:)
0

t=0

= —bu(z) + NG,
Or equivalently, in the sense of distributions,
(A= L)GM = §,.
The above implies that GM* is the resolvent to L at ), and thus

<\

G/\,u
L

Since GM* € L1, for any ¢ € CP(R?)

<¢,G’\’“> = /dm G M (z)d(x) < o0,

which implies GM* can be regarded as the element of S, which sends ¢ € Sy to (¢, GM*).
Thus, Theorem 7.10 of {18] implies the existence of a family {G;\’“ te >0} C CF such

that G;\’u S GMase =0, in S
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From [13], L is a continuous operator on S}, and it is concluded that
. )\1 _
il_I)I(l)()\ — L)G2* = by,
where convergence is in the sense of distributions, and so a limiting process is defined by

T ¢
~2 (u, T) é/ dt/ ds <()\ - L)Gg\’“,,us,ut>,
0 0

A>0,e>0,0<T < o0.

The goal now is to make sense of the operator L appearing in the integrand.

I11.2  An Itd0 Formula

As in the independent case, the derivation of the evolution equation is accomplished
through the construction, and careful application, of an appropriate Itd formula. This
construction will mimic that of Adler & Lewin (1991), which begins with application of

Itd’s Lemma to the non-anticipative functional f, given by

f@@:wﬁdwmw,

where 9 € C?{(]Rd), and z is & R—valued random variable. Note that from the SPDE 1.6,

if p € C2(RY), 1u(¢) is a continuous semi-martingale with decomposition

(@) = po(#) + Zi(¢) + Vi(9),

where

wwéﬁm%wm

Theorem I11.2.1. If ¢ € Sy then p(@) is an a.s. continuous semimartingale.
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Proof: From Doob’s maximal inequality for martingales and Theorem 1.1.6 we have that

for ¢ € CR(RY), 0 < T < o0,

2

2 2 T
E < sup ut(¢)> < 2uo(¢)® + 2E ( sup Zt(cb)) + 2 (/0 ds us(L¢))

0<t<T 0<t<T

T 2
< 2u0($)? + 8EZp(¢)? + 2 ( Jé ds us(Lqﬁ))

For the second term, from equation I1.1.2

EZp(¢)2 =E (Z(d))p
T T
~ [ dsButot) + | dsBud(ag)
0 0
T T T 51
— | dsuo(@uit) + | dsu@ae)+ [ an / 45 10(Qay 212Q%, _, AP)
0 0 0 ]
T T
< |lml., /0 ds [ Qud?|| s + [ ml, /0 ds | Q2Ad|
T S1
+ Hm||oo/O dSl/O dsa || ®12Q7, s, Ad|| 1

d
< C(T) 9112 + C(T) 1Al +CT) 3 [1(Suts1-s)DiB) (i1 i) 11

i,=1

where in the above {S; : t > 0} is the Brownian transition semigroup. Thus, from Hélders

inequality

d d
EZr(¢)* < C(T) |97z + C(T) Y 110l 11 11856l 10 -+ C(T) Y N0isll 2 19501 12 -

1,5=1 =1



84

With regards to the third term above,

B( [ s #S(L¢)>2 -/ s, / ' 2 Byt (L) (L)

T T
< /0 d81/0 d82 (E#s1 (L¢)2E:u'82 (L¢)2) 2

<T? sup Eu,(Lg)?

0<s<T
<T? sup (MS(QE(M@M)H/ dTuo(qu)lef_r(ch@LaS)))
0<s<T 0
<72 (C L6 @ Lol + sup [ ar / dy(sb(s_r)Lasxy)?)
0<s<T JO

< (M) |IL|7: + C(T) | Lg|)7-

d
<CT) Y (10:0500 2 185008 11 + 180561 12 180 2) -

3,7,pq=1

Therefore,

2 d
E ( sup m(aﬁ)) <C@ b3+ D (10l 185812 + 10:ll 2 18561 2)
0<t<T i1

d
+ Z (“6i6j¢“[,1 “apaq¢“L1 + Haiajﬁb“m ||6p5q¢‘|L2)'

4,J,pg=1

(I11.1)

If ¢ € Sg, from Theorem 7.10 of [25], there exists a Cauchy sequence {¢,} C
C$(R?) converging to ¢ in Sy. Thus, from IIL.1, Chebychev’s inequality, and a sub-
sequence argument from the Borel-Cantelli Lemma (cf. Theorem 4.2.3 of [4]), there is
a subsequence {¢n,} such that p;(¢n,,) converges uniformly in ¢t € [0,7] to u(¢) with

probability one. Therefore, ui(¢) is an a.s. continuous semimartingale for Sy. a



Fix T > 0, and set ¢ € CP(R?), then from Itd’s Lemma (cf. [15]),

T T
(T, (@) = 10, (@) + /0 48,1 (1, ue(9)) + / AVi($) 02 (1, i ($)

T

T
+ [ @) 0ttt 1 5 [ 412D, st (o))

Equivalently,

T T T t
/ dt (Y ® ¢, ppir) :/ dt (1 ® ¢, pepse) +/ dt/ ds (1) ® Lo, phspis)
0 0] 0 0

+ [ ao) [[ds o).

Lemma II1.2.2. For any ¢, ¢ € CZ(RY),

T ¢ T ¢
/ 47:(9) / dsyas () — / / Z(dt, dz) / ds () s (1),
0 0 0 JRd 0
Proof: Let 0 <t <T. It follows from 1.6 and Corollary 11.3.3 that

(/dZ ¢)/dwv )
_E/Od(Z((/))) (/ dwv(zﬁ))?

:]E/tds (16(6?) + s (AG)? )(/ dvﬂv(¢)>2

85

/ ds / dvy / dvg Bpts(97) oy () oy (9 / ds / dvy / dvg Epts (AB)? tho, (%) 0y (1)

() (1911% 1112 + IABIZ, Ine12,)

By assumption on A and since ¢, ¢ € C¥(RY),

[A¢lleo <00, (APl < o0,
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which, since |[9]|, ||#ll,, < oo, implies by the definition of the stochastic integral (cf.

t 3
u/dzx¢y/cw#xw>eL%P»
0 0

In addition, it is clear from Lemma I1.3.3 that

[16], chapter 3) that

meMeﬁmx

and thus, again from the definition of the stochastic integral, / dv p, (1)) can be approx-
0

imated in L?(P) by simple functions of the form

YD eal (W)l (@ 1 (8);
T A; ‘ +1]

where |; A% =, A 0 A% = @it i £, U™, 18] = [0,00), and (£M,£7] 0

(£, ¢

W =@ ifi#k

t s
It follows that an L? approximation to / dZs(9) / dv p, (1)) is given by
0 0

dZ( n n
/ ZCAI A @)1 ) (5)

—ZZ%uwlewwm—%wy

Clearly f(s,¢(z)) = ¢(z) / dv p1,(v) is also in L?(P), and thus we have the simple
0

functions of the form

Z Z cal 4m (w)l(tgn) e ](3)¢(93);
i A i i i+1

converging to f(s,¢(z)) in L*(P).

From Walsh’s construction of the stochastic integral with respect to a martingale



87

measure ([27]), an L? approximation to

/ t [ 2tds,ax)oo) [ avm ()

is then given by

Z > [ ey @)1 @) Zusy — 7))

- Z Z a1 o0 (@)1 (t) (Ztiy, () — Zs,(9)) -
P4 ’

Since any two L? limits of a sequence must agree, it follows that

/OTdZt(¢) /Otds#s(w) = /OT /RdZ(dt, dz) /Otds B(2) s ().

O
Immediately, we arrive at the Corollary:
Corollary 111.2.3.
T t T T
/ dt / ds s () pe( L) = / dt pe() (@) - / dt 1o () 1e(8)
Q 0 0 Q
T t
_ / / 2(dt, dz) / ds §(2)pa(th), (I11.2)
0 R 0

for any ¥, ¢ € C’j’("(Rd).

This will now lead to the following Lemma.

Lemma 111.2.4, Given ¥ € Syq,

/ont/OtdS (LW, pspe) = /OTdt (W, piepur) —/OTdt (T, poepse)
- /OT /Rdz(dt’dy) /0 ds (W), ) (I1L.3)
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where

d

Z aij(y) O, 0o, U (z,y).

Proof: Assume that ¥ € Sy, then from Lemma II.1.1 we can choose {¥,,;n € N} such

that

n

Un(z,y) = Y (¥ @ dn)(2,),

k=1
for some {t : k € N}, {¢y, : k € N} C CP(R?), and ¥,, converges to ¥ in Spy as n — 00,

It is clear from III1.2 that

T t T T
/ dt/ ds (LoWUn, (o) =/ dt (Wy, pepir) —/ dt (Wn, i)
0 0 0
/ / Z(dt, dy) /ds n(50), ths) - (I11.4)
Rd

From Corollary 11.3.3,

T 2 T T
IE{ | a <\1fn—\1fm,mw>} = [t [ s (W — ) © (¥ — ) tizisn
0 0 0

C(T) [¥n = Y2,

{/ dt (U, — Upn, fhtfor) } :/ / dsE (U — Up) @ (U, — Upy), fhtfiefhsths)

C(T) [¥n = VI3,

Since ¥, converges in Sy to ¥,

lim ([¥r, — ¥,
n—oo
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and both of the above two terms are L? convergent. It remains to show that the conver-
gence it to the desired limit.

For any ¢,s > 0, since p. € Cpy,(ray[0, 00), and ¥, — ¥ uniformly,

(Un, pspie) = (U, pspie) a8,

Since the L? limit must agree with the a.s. limit,

L?~ lim (W, popse) = (U, pspir) -

Thus,
) T T
LP—lim [ dt (Vn, pepr) 2/ at (W, pepr)
and
T T
LQ— lim dt (\Ifn,utut) :/ dt (\If,,ut,ut) .

Consider next the stochastic integral term and term involving the generator L.

From Lemma 11.3.3 it follows that

T ¢ 2
E {/ dt/ ds (LV,, — Lgﬁ/m,uspt)}
0 0

< O(T) | L2(¥rn — U II2,
d
SCT) D [102:02,(Tn — Un)|| o (10202, (¥ = U)o

inlplq:]‘

and

E{/{)T/RdZ(dt, dy)/otds (Tnly) — \Pm(-,y),us)}z
= fOTth <{/Otds (Tnl ) = Um(, --),us('))}z,ut(-~)>

+/0Tth<A/tds (T, ) “I’m(""),ﬂs(')),#t#t>

0



90

T t t
= [ [ast [ asn (0~ 0@ =) (On = )y = 2D, (e ()

+Z/dt/d32/dsl

1,7=1
X E(0:(Vr — U )(@1,41) - 05(Vn — Ui ) (@2, Y2), s, (dz1) s, (dv2) pre(dyn) pe(dy2))
T t S9
< C/ dt/ d'SQ ds; E (¥, — ‘I/”TL)(T —2)- (¥, — \Dm)(y - Z); ts; (dz) sy (dy) e (dz))

+02/dt/d32/ dsy

1,7=1

X E(0;(Vr — W) (21,91) - 05(Wn — U ) (22, o), frsy (diz1) frsy (do) pre (dyn ) e (dy2))

d
S CT) 1V = V3, +C(T) > 102,(Tr = U)o |
ij=1

<3 (\Dn - \Dm)Hoo N
Lemma I[.1.1 implies ¥,, converges in the Schwartz space Sgx4, and thus
{02, ¥, : n € N}

and

{00,000y, : n € N},

for all 4,7 = 1,2,...,d, are uniformly Cauchy sequences. For any ¢,s > 0, since p. €

CrMp@e)[0, 00), and D*¥¥,, — D*¥ uniformly for any multiindex a,
(DU, pspes) = (D*V, pgpg)  a.s.
Since the L? limit must agree with the a.s. limit,
L*~ lim (D¥Wy, propse) = (D*V, pispie)

and so

— lim dt/ ds (LoW, psiie) / dt/ ds (LW, pspet) -

n—od
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Finally,

{/OT/Z(dt, dy)/otds (U, — \Pm)(;p7y)7#s(dm)>}

is a Cauchy sequence in L?. Now, for each y € R%, and ¢ € [0,T], (¥ (-, y), i) is Cauchy
in L?, and so there exists an a.s convergent subsequence (¥, (-, 4), p¢) . Since j is almost

surely finite and ¥,, — ¥ uniformly,

(Ure(9)y ) = (U (), pe) a8, ask — oo

Furthermore, both (¥, (-, ), #¢) and {(U(-,y), s) are uniformly continuous in y €

R? and ¢t € [0, T, and so,

lim/ / Z(dt,dy) /ds( e 2 YY)y s ) / / Z(dt,dy) /ds (-, v), ts) a.s.
k—o0 Rd RrRd

Since the L? limit must agree with the a.s. limit,

T t
—hm/ / Z(dt, dy) /ds (Pn( ,us>=/ / Z(dt,dy)/ds (W( ), Hs) -
n—00 R¢ 0o JR4 0

a
Our much needed Ité formula has thus been developed, and existence of GSILT
will follow shortly.

I11.3 Existence

Using lemma I11.3 with G2** in place of ¥, we now have

7w, T) = /\/OTdt/OSdS <G?’”, usut> - /OTdt <G?’“,ﬂtﬂ:r>
T ra T t A
s [ (o2 )+ [ ] 2ty [[as (624w,
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As in Rosen [22] and Adler & Lewin [1] & [2] the issue of “local double points”
must be addressed, that is, the set of poinfs lying on the diagonal in R?, which will be
(falsely) counted as points of self-intersection when v = 0, and will lead to singularities
in dimensions greater than one. Due to this we follow the idea first proposed by Adler
& Lewin, and renormalize our GSILT via subtraction of the term involving “local double

points”. [t is easy enough to see that the term involving the “local double points” is given

by
T
/0 dt <G’?’“,utut> :

and thus we define our renormalized limiting process to generalized self-intersection local

time at u € R?, over the set {(s,t): 0<s <t <T} by

L), T)

\ T
=7(w, T) —/ dt (G2, o)
0

= )\/OTdt /Otds.<Gg"u,uSut> - /OTdt <GE\’U,NWT>
T t
[ atanay [Cas (@2 -,
0 JRe 0

Using Lemma I1.3.5 existence follows almost immediately.

Theorem 111.8.1. Suppose that p = {p : t > 0} is a d—dimensional superprocess over
a stochastic flow such that pg € Mp(R?), d < 3, satisfies Assumption 2. Fiz T € [0, 00)

and define L2 (u,T) as above, then for0 <s <t < T,

L2 —lim L) (u, T) = L (u,T),
e—0
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uniformly in v € RY, where LMNu,T) is defined by

LM, T) = A /0 a /0 "ds (G, pope) ~ /0 "t (G, pupr)
T t
[ 2edy [as (6P ).
0 Rd 0

Proof: Let {G.} C C®°(R?) be any sequence such that G, and 8;Ge converge respectively

in L1 to GM* and 8;GM, and for £1,e92 > 0, z € R?, define
¢€1,€2($) = Ge, (.7;) - G€2 (.7;)

Then for the two non-stochastic integral terms, it is clear that

T ¢ 2
d 1,621 Hs
IEUO t/od8(¢, uutﬁ
T s 2
< /0 dﬂE[ /0 ds <¢61,52,usut>}

T t t
< / dt/ dsl/ ds? E <¢61,62 ® ¢sl,52,/131/1tﬂsl/lt>
0 0 0

T ts to
= C/ dt3/ diz AU E ey 03, Bty Hta bits s ) (111.5)
0 0 0
and
T 2
E ';/0 dt <¢61,621 /ut/uT>:|
T T
= [t [ daBbus sy ir)
0 0
T to
<C [ dte [ B peyep iz (111.6)
0 0
where

9061,82(x1) x2)x37x4) £ 4)81,82 ($1 - $3)¢€1,82 ($2 - $4).
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For the stochastic integral term, we have

e[/ [ s [ds et - y),/m} 2
/MW@ (sl = D] >

T |' 14

+ /O dt \A U ds (feyea( = ), ps(: ))J ,#t#t/

t3 to d
<C/ dts/ dtz/ dts |:E<9061€2a,us1,uszlut + > (PP, iy fitg st ) |, (TILT)

.._l

p,g=1

where

@”f ($17$2,$3>$4) = Op®er 3 (T1 — ©3)FqPe 60 (T2 — Ta),

for each p,q = 1,2,...,d, and (21, 9, T3, 74) € R**%,

Thus, from IIL.5, I11.6, II1.7, and lemma I1.3.5, it follows that

T t 2
IE{ /0 gt / ds <¢51,52,ﬂsm>] < CT) 6er mall?,

2

e[/ s eromtiain)| <O Bl

and
l:/ / Z(dt dy /ds ¢51€2( )uus)}
< C(T) [l¢ey el + C(T) Z |0pBey el 10g@er sl -
Pg=1
Since G¢ and 0;G. converge respectively to GM* and §;GM* in LY, i =1,...,d, we
have that

lim {|¢e el = 0

e1,69—0
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and
106, =0
Since the choice of the {G.} is arbitrary, it may be assumed that G. = G2™ for
each € > 0, and the result follows. O

Existence of GSILT for the SSF is thus shown to exist, in a Tanaka-like form, for

dimensions d < 3. A desired, yet still open result is to show that the mapping

(u, T) = LMw,T)

is continuous for each fixed A > 0. The progress made so far follows in some Lemmas and

Theorems with extend Kolmogorov’s continuity criterion (cf. [16]).
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CHAPTER 1V

CONTINUITY LEMMA

IV.1 Stochastic Fields and Continuity

In order to show joint continuity of the map (u,t) — L*(u,t), we will now prove
an extension of Kolmogorov’s continuity criterion from a stochastic process to a stochastic

field. We begin with some definitions.

Definition IV.1.1. A stochastic field is a collection of random variables {X,;a € A},

where A is a partially ordered set.
Definition 1V.1.2. Given two stochastic fields X = {Xq;a € A} and Y = {Y,;a € A}
defined on the same probability space. If for each a € A,

P(X, =Y, =1,

then Y 1is called a modification of X.

Definition IV.1.8. A stochastic field X = {Xq,;a € A} is said to be locally Hélder

continuous on B C A with ezponent § if

P w; sup |Xa1(w) —Xag(w)l

]
0<|ay—ag|<2~NW) lay — ag
a1,a2€A

el =1,

where N is an a.s. positive random variable and € > 0 is an appropriate constant.

The following lemma extends Kolmogorov's continuity criterion to a stochastic
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field indexed on R? x [0,00) x (0,00). A similar result was shown first by Meyer [19],

which this extends through an independent proof.

Lemma IV.1.4. Fiz T € (0,00) and set Ur = [-T,T| x [0, T] x (0,T). Let X = {Xy;u €
Ur} be a stochastic field defined on the probability space (2, F,P), such that

]E,qu - uz,ax < O’ul -u2ld+ﬂ+1; U, Ug € Ur

for some positive constants v, 3, and C. Then, their ezists a continuous modification

X = {)?u,u € UT} of X, which is locally Holder continuous with exponent § for every
6 €(0,8/7).

Proof: For simplicity, assume T = 1, and write U £ U;. For any n € N, by Cebycev's

inequality,
P(| Xy — Xug| > 27°") < 2°E | Xuy — Xup|”
< 02707 |uy — ug|?HEHF av.1)
Thus,
P— lim X, = X4, Yuy,us € U. (IV.2)
up—ug
Define

Dy 2 {u= (!, u) | = k27 |k | < 27,6 =1,...,d,0 < k¥ < 27,0 < k42 < 27}

for each n € N,
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. n
and write uj ~ug exactly when uy,u; € Dy, and |2y — zg| = 277,

If ug ~ug, then (IV.1) implies

P(| Xy, — Xoy| > 27%7) < 27 @H2H5-79)

Since

|Da| = (27 + 142" + 1) (2" - 2)

_ (o on(d+2)

and each u € D,, has at most 2(d + 2) neighbors,

P (mT?fXIXul - ug| 2 2—(5”) =P U U lXul - Xuzl 2 2—-6n

U u1€Dp ug€Dy
n
UrML]

< Y P(1Xu — Xl 22700 )

U1 eDn U2€Dn
ugan

< C9-n(B=9),

Since 8 — «é > 0, the Borel-Cantelli Lemma implies the existence of Qg € F such

that P(Q\ Q) = 1 and for any w ¢ Qq, u; ~ug,

(X, = Xup| (W) <27%7, ¥V >ngw), (IV.3)

where ng is a positive, integer-valued random variable.

Consider the claim.

Claim IV.1.5. Fiz w ¢ Qo and n > no(w). For any m > n, and any ui,us € Dy, with
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Uy — UQ‘ < 2‘”,

| Xy (W) = Koy (w)| € 2(d +2) i 2799, (IV.4)
j=n+1

Proof of Claim IV.1.5: The proof will follow from an induction on m > n. If it is first
assumed that m = n + 1, then u1,us € Dyy1 and |ug — ug| < 27™ imply ulnrtlug, and so

by (IV.3),

| X () = Xy (w)] < 272041

< 2(d +2)278 D),

Assume now that for some m > n,

m~—1

iXul(w) - Xuz(w)| < 2(d + 2) Z Q—er (IVS)
j=n+1

for any uy,ug € Doy with |ug —ug| < 277 For p = 1,2, define v, = (v;,...,vg”) as
follows. Given each pair (ut,u$), i = 1,2,...,d + 2, if u; > uf], set
v = max {k?“(m‘l); k2~ (m=1) < u;} ,

p

and
’U; = min {k2_(m“l); k2~ (m=1) > uf]} .
For each i =1,2,...,d + 2, define

u(i) = (v, 01) @ (ui™, oy uft?)



and

. ) ) g0
v(i) = (u%, e US) @ ('U%+1, ...,'02+ ),

v(0) = v2,
and note that

u(i) ~u(i — 1)

v(i) Cv(i - 1).
It follows from (IV.3) that
| Xy (w) = Xy (w)] <2707,
and
| Xy (W) = Xy—ny(w)| < 270m,

Since |v1 — ve| < 277, (IV.5) implies

m—1

| Xy (W) = Xop(w)| < 2(d+2) Z 279

j=n+1

100
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Finally,

| Xy (W) = Xy (W)

d+2 d+2

<Y Xy (W) = Xugimny(w)] + > Xy (W) = Xy-1y (W) | + [ Xy (W) — Xo, ()]
=1 i=1
m—1
<2Ad+2)27 +2(d+2) > 27
7=n-+1

m
=2(d+2) » 27%,

7=n-+1

thus proving the claim. O
(Continuation of proof of lemma.) Now, if ui,ug € D with 0 < |u; — ug| < 2 molw)
there exists a unique n > ng(w) such that 2701 < |u; —wy| < 27", If n > 0 is defined

2(d + 2
by n & 1(_ 2_5),

it follows from the claim that

| Xy () = X (W) < 2(d +2) Y 27%
J=n+1

-8 ()

<nlur — g’ (1V.6)

Thus, u+ Xy (w) is uniformly continuous for any w ¢ €.
Define X as follows. For w € Qo,u € U, set Xy(w) = 0. If w ¢ o, u € D, set
Xou(w) = Xu(w), and for w ¢ Qg, u € U N D°, choose a sequence {un;n € N} C D such

that lim,—y00 un, = u. For m,n large enough,
| Xt (@) = Ko (@) < 17|t = upn®,

which implies lim,_,00 Xu, (w) exists, and is dependent only upon u (independent of the
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choice of sequence). Thus set
Xo(w) = lim X, (w).
Up —3U

By construction it thus follows that Xu=Xuas foralueD. IfueUnN De,
and {u,} C D with u, — u, it has been shown that

lim X, =X, a.s.

Up—rU

From (IV.2)

P— lim X, = Xu,

Un—3U

—_—

and since the a.s. and probabilistic limits must agree, X, = X, a.s..
Thus, it is shown that )?; = X, a.s. for all v € U, and so, X is the desired
modification of X,

Finally, by (IV.6),

ol o Pul) =X

5
0< |y —ug| <27 "0() |ug — ug|
wy,ug €U

showing the desired Holder continuity.
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CHAPTER V
FINAL REMARKS

V.1 Open Questions

We conclude this work with some open questions.
Assume for fixed A > 0 that £*(2,T) is jointly continuous in (z,T), and write

ar(dz) = L*(z,T) dz. Then, for any bounded Borel measurable ¢,

|, art@e) = | a0 new
Rd R4

_ /R e / “ / "ds (50, pagie) 4(2)

Addz/ont/ ds/ s (dz) pe(dy) 8:(x — y)d(2)

T gt
dt/ ds/ ws(dz) pe(dy) / dz6,(z — y)d(z)
R24d d
T ot
dt/ ds/ pis(dz) e (dy) ¢z — y)
R2d

o

NNN

T ot
dt/ ds (¢a /leu‘t
0
Thus,
£z T) = 22
T dz

gives the local time for vs; = pr — ps over {(s,t) : 0 < s <t < T} (cf. [22]). The first
question follows naturally.
Question 1: For fixed A > 0, is the process L*(u, T jointly continuous in (u,T)?

It is likely that some difficulties will arise when attempting to use Lemma IV.1.4
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to prove continuity. Namely, it is clear that moments at least as great as the sixth must
be calculated, which will be at the very least quite tedious. From the work on the third

and fourth moments, it is conjectured that a general moment formula could be employed

E { / s /0 s <¢,usut>}n ,

n

E {/OTdt (¢, Mt#T)} :
E{/{)T[@dz(dt,dy)/otds<¢(._y)7#8>}n,

in a manner that allows Lemma IV.1.4 to show the desired continuity. Thus, a new

to bound

and

method for calculating moments is desired. It was conjectured in [1], and shown in [30]
and [31] that a conditional log-Laplace functional can be defined for the superprocess over

a stochastic flow. Let & be the diffusion process described by
dé; = b(&)d By + (&) dW

for independent Brownian motions B* and W, let EY denote the conditional expectation
given the Brownian motion W and let ff = g(€s : § < t), then we have the following

lemma.

Lemma V.1.1. £ = {& : t > 0} satisfies:

EV (¢(&)|FE) =EV (¢(&)l&),  as.,

for all s < t, ¢ € Cp(R?). That is, £ is a conditional Markov process given W.
Proof: See Lemma 1 of Xiong [31]. O

Given W, denote the conditional transition function by

qv(z,) 2PV (& € -|¢, = z),
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and the associated transition semigroup by

QW p(z) = / o (x, dy)b(y).
]Rd

Let dW, represent the the backward It6 integral:

/ dW P(r) = hm Zw(n (W, |

where A = {rg,71,...,7} is a partition of [s,t] and |A| is the maximum length of its
subintervals. Furthermore, for ¢ € C?% (Rd) let ys+ be defined as the solution to the

following SPDE:

youl(2) = $(a) / dr (Lyos (&) — yral2)’) /Vyrt(l" (2)dW,. (V1)

It was shown in [30] and [31] that the SPDE V.1 has a unique L2(R¢)*-valued solution

in the following sense: for any ¢ € C$(R?), for any s < ¢,

t ¢ A
o) = (6,9) + / dr (yrs *9 = yru) + / (yray V7 (c)) AW,

S

where for any space of real valued functions A, AT C A is the subset of positive valued

functions and L* is the dual operator to L given by

L*¢ = Z a1]¢

4,j=1

Furthermore, it was shown that

]EOS<up ||aa:yrt“L2(]Rd <OO)
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where 0y, is the derivative in the weak sense, and that

0 < yre(z) < [[4llo -

The following log-Laplace functional was conjectured first in [26], then shown to

hold (under certain nice conditions) by Xiong in [30] and [31].

Theorem V.1.2. For any ¢ € CL(RY)*,

EEge—(qi,ut) — o= (vo,0m0)

If y; is defined by
‘ 2 g
(@) =G0 + [ ds(Tue) = o))+ [ VIuu(a)e(a)d,
Xiong [31] has shown that
E%e—(@ut) 4 e—(yt,uo)7
and that
w t
Yt = Qo — /0 ds Q% (ys)*.
Therefore, by taking expectations, it follows that
]Euoe—(¢,ut) — e~ (Y60}

If y& is defined by

ve (z) =a¢($)+/0ds (Ly?(m)—yﬁ‘(w)gH/o VEyS (@) c(z)dWs,
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it thus follows that

]EﬂfO e_a((bvy’t) — ]Ee—(y?’y’()),

or equivalently, we have the log-Laplace transform given by
Lo(pe) = Ee— (¥ H0)

And so it is now theoretically possible to use this method to calculate any higher moments
of the superprocess. This leads to the next question.
Question 2. Using the above log-Laplace transform, for any even m and some v > 0,

can the following bounds be established?

() E[C2(u,T) - Li(w, T)]™ < C|T =T,

(i) E[C2(u,T) - LY (w, 7)™ < Cle — €™

where the constant C' depends only upon m.

Under the assumption that the above can be shown, Lemma TV.1.4 would further
imply the property of Hélder continuity, with Holder exponent § for every § € (0, — %)
Since the assumption of Question 2 holding implies the bounds hold for every even m, the
Holder continuity follows for any exponent § € (0,7).

Question 3. Given the above, can a maximal v be found. Failing this, is it
possible to find 0 < a < b < 0o such that v € (a, b).

Xiong examined the long-term behavior for superprocesses over a stochastic flow

in [31], and produced the following two theorems.
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Theorem V.1.3. Suppose that d < 2,
d
/Mo(dm) qoe(®, ) = po(-), po <<, and 0<er < Zi% < <0
for constants c1, co. For any bounded Borel set B C R%, we have

]P)—tl_l)né.lo ,U/t(B) =0.

Theorem V.1.4. Suppose that d > 3,

/uo(dx) (2, = pol),

and that po has a density that is bounded by c1e®l where ¢ and ¢y are constants. Then
Ut = loo fOT SOMeE oo ast — 00. Furthermore, Euso = po.

Since “local double points” are excluded from the SILTSSF, it thus seems reason-
able that when d < 2,

P—lim L*(u,t) = 0.
t—o00

This gives the next question.

Question 4. Using the above Theorem, does it follow that for d < 2,
P—lim L*(u,t) = 07
t—00

Will this also hold if the limit is taken in L2?
The more interesting case occurs when d = 3, and leads to the final question.
Question 5. Since when d = 3 the SSF converges in distribution to a random

measure, having expectation pg, what is the behavior of L*(u,t) as t — 00?
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