BLOCKS IN DELIGNE’S CATEGORY Rep(S;)

by
JONATHAN COMES

A DISSERTATION

Presented to the Department of Mathematics
and the Graduate School of the University of Oregon
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

June 2010



ii
University of Oregon Graduate School
Confirmation of Approval and Acceptance of Dissertation prepared by:
Jonathan Comes
Title:
"Blocks in Deligne's Category Rep(S_t)"

This dissertation has been accepted and approved in partial fulfillment of the requirements for
the Doctor of Philosophy degree in the Department of Mathematics by:

Victor Ostrik, Chairperson, Mathematics
Daniel Dugger, Member, Mathematics
Jonathan Brundan, Member, Mathematics
Alexander Kleshchev, Member, Mathematics
Michael Kellman, Outside Member, Chemistry

and Richard Linton, Vice President for Research and Graduate Studies/Dean of the Graduate
School for the University of Oregon.

June 14, 2010

Original approval signatures are on file with the Graduate School and the University of Oregon
Libraries. '



(©2010, Jonathan Comes

iii



iv

An Abstract of the Dissertation of

Jonathan Comes for the degree of Doctor of Philosophy
in the Department of Mathematics to be taken June 2010
Title: BLOCKS IN DELIGNE’S CATEGORY Rep(S;)

Approved:

Dr. Victor Ostrik

We give an exposition of Deligne’s tensor category Rep(S;) where t is not necessarily an
integer. Thereafter, we give a complete description of the blocks in Rep(S;) for arbitrary t. Finally,

we use our result on blocks to decompose tensor products and classify tensor ideals in Rep(S;).
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CHAPTER 1

INTRODUCTION

The subject of this dissertation lies in the theory of tensor categories. Let us begin by
considering the collection of all finite dimensional complex representations of a finite (or affine
algebraic) group G. These representations along with the maps among them form the category
Rep(@G). The tensor product of representations gives the category Rep(G) extra structure, making
Rep(G) a basic example of a tensor category (see definition 1I.1.1). Many people have contributed
to the theory of tensor categories, most notably Tannaka, Krein, Grothendieck, Saavedra Rivano,
and Deligne. If we restrict ourselves to working over the complex numbers then one of the biggest
results on tensor categories is due to Deligne, and states that any tensor category satisfying certain
“mild” conditions can be realized as a category of representations of some supergroup' (see [8]).
This result is quite remarkable since tensor categories with no clear underlying group arise in many
areas of mathematics (e.g. algebraic geometry, differential Galois theory, algebraic quantum field
theory). There do, however, exist tensor categories which do not satisfy the “mild” conditions in
Deligne’s result, and therefore cannot be realized as a category of representations of a supergroup.
The purpose of this dissertation is to give a detailed description of a family of tensor categories
which cannot be realized as categories of representations of any supergroup.

In this dissertation we study the tensor categories denoted Rep(S;) indexed by ¢ which
is not necessarily a nonnegative integer (for the purposes of this introduction, assume ¢ is an
arbitrary complex number; see definition I11.2.9). Deligne introduced the category Rep(S:) in [9];
the notation was chosen because Rep(S;) “interpolates” representations of the symmetric group S;
when t is a nonnegative integer (see section IV.3). It is shown in [9] that Rep(S;) is semisimple if and
only if ¢ is not a nonnegative integer. Loosely speaking, this means that the structure of Rep(S;) is

more complicated, and thus more interesting, when ¢ is a nonnegative integer. The main result of

1A supergroup is a generalization of an affine group (see example 11.1.2.3).



this dissertation is the complete description of the category Rep(S:) in the non-semisimple cases.
More precisely, we completely describe the blocks of Rep(S:) as additive categories (see theorems
V1.0.6, VIL.1.4, and VIL.3.1).

The category Rep(S;) has been studied prior to Deligne’s work in [9] in different guises. In
the mid 1900’s, Murnaghan and Littlewood worked on the problem of decomposing tensor products
of symmetric group representations (see for example [23] and [17]). Their resulting formulae often
involved “meaningless representations” which were discarded. These formulae are actually telling
one how to decompose tensor products in Rep(S:), and the “meaningless representations” can be
explained by the precise connection between the symmetric groups and Rep(S:) (see section IV.3).
Moreover, Rep(S;) is intimately related with the partition algebras introduced by Martin in [19]
and [20] (see definition I11.2.3). The partition algebras have been studied by many people including
Doran and Wales (see [10]) as well as Halverson and Ram (see [14]).

This dissertation is organized as follows. In chapter II we recall the notions of tensor
categories and pseudo-abelian envelopes. We give all necessary definitions and a few basic results
which will be useful later in the text. In chapter III we carefully define the tensor category Rep(S;)
with emphasis on motivation. In chapter IV we classify indecomposable objects in Rep(Ss) and
prove some basic properties of Rep(S:). In chapter V we construct endomorphisms of the identity
functor on Rep(S;) which play a key role in proving our description of blocks of Rep(S:). In
chapters VI and VII we give a complete description of the blocks in Rep(S;), the main result of
this dissertation. In chapter VIII we use our results on blocks along with a classical formula due
to Littlewood to decompose tensor products in Rep(Ss). Finally, in chapter IX we classify tensor
ideals in Rep(S:).

Lastly, there are other families of tensor categories which, like Rep(S:), are generically
semisimple. There exists such families which “interpolate” complex general linear and orthogonal
groups (see for example [9, sections 9 and 10}). Also, Knop defined many more examples including
tensor categories related to finite general linear groups in [15] and [16]. Some work has been done
towards the description of blocks in these categories in the guise of studying Brauer algebras (see
for example [6], [7], [5], and [22]). However, to this point in time, Rep(S:) is the only family for
which a complete description exists in the non-semisimple cases. Hopefully, the methods used in

this text will be useful in furthering our understanding of these other families of tensor categories.



CHAPTER 1II

PRELIMINARIES

In this chapter we give a brief introduction to tensor categories, blocks of additive cat-
egories, and pseudo-abelian envelopes. We present basic definitions and results relevant to this
dissertation. For a more complete treatment of tensor categories, see [1] or [8]. For more on
pseudo-abelian envelopes, we refer the reader to [9, §1.7-8]. We close the chapter by fixing Young

diagram conventions.

I1.1 Tensor Categories

The main topic of study in this paper is the structure of certain tensor categories. In this
section we will define the term tensor category and give a few examples.

Let F be a field.
Definition I1.1.1. A tensor category is an F-linear! category 7 equipped with
e an F-linear bifunctor ® : 7 x 7T —» 7.

e (associativity) a functorial isomorphism apc : (A ® B) ® C = A® (B ® () for each
A,B,C € ob(T).

¢ (commutativity) a functorial isomorphism 45 : A® B —» B ® A for each A, B € ob(T),

which satisfies fpafap = idags.

e (unit) an object 1 € ob(7") and functorial isomorphisms Ag : 1® A == A, pa: AQ1 — A
for each A € ob(7).

1An F-linear category is a category in which all Hom’s are F-vector spaces and composition is F-bilinear.



satisfying:

¢ (triangle axiom) For any objects 4, B, the following diagram commutes.

A®1)®B 2Are A®(1® B)
pm m
A®B

¢ (pentagon axiom) For any objects A, B, C, D, the following diagram commutes.

(A® B)® (C® D)
K/Am;Z: i;Ehm\\

A®(B®(C® D)) (A®B)®(C)®
TidA®O‘BcD aABC®idDT
®((B®C)®D) A®(BeC)®D

QA,BRC,D

¢ (hexagon axiom) For any objects A, B, C, the following diagram commutes.

(A B)®
% l%dc)

A®(B®C) (BA)®C
lﬁA,B@C laBAC
(BoC)® A ®(A®C)

®(C®A)

Furthermore, a tensor category is assumed to be rigid. In other words, for any object A, there is a
dual object AY and morphisms evq : AY® A — 1, coeva : 1 — A® AY such that the compositions

ev4 ®id 4v
v €vA®idy

A ovaBida 4o AV g 4194898 4 Lng AV idav@coevs 4y QAR A AV are equal to
identity morphisms (here I am skipping the associativity and unit isomorphisms). Finally, in a

tensor category we require End(1) = F.

Example I1.1.2. The following are all examples of tensor categories. In each example the tensor

product as well as the associativity, commutativity, unit, and dual constraints are the usual ones.



(1) The category Vec of finite dimensional vector spaces over F.

(2) The category Rep(G) of finite dimensional representations of G over F, where G is an affine

algebraic group.

(3) An affine supergroup G consists of data (O(G), u,n, A, ¢, S) where O(G) = O(G)o & O(G);
is a supercommutative super Hopf algebra with multiplication i : O(G) ® O(G) — O(G),
unit 7 : F — O(G), comultiplication A : O(G) — O(G) ® O(G), counit € : O(G) — F,
and antipode S : O(G) — O(G). By a representation of a supergroup G, we mean a super

comodule of O(G). Let e : O(G) — F be any map satisfying

o the morphism mo(e®e)o A: O(G) — F (Where m : F ® F — F is multiplication) is
equal to the counit ¢.

e the automorphism (e ® ido(g) ® (€0 S5)) o (A ®idp(g)) 0 A : O(G) — O(G) is equal to
the map h — (—1)dee®p,

If V is a representation of G with comodule structure £ : V. — O(G) ® V, then e acts on
V by the composition V £, oG)eV V& P eV =V. Let Rep(G, e) denote all finite
dimensional representations of the supergroup G where e acts as the parity automorphism

v +— (—1)9°8Y_ Given any supergroup G and any such e, Rep(G,e) is a tensor category. &

Remark I1.1.3. Deligne has shown that any tensor category satisfying certain “mild” constraints
is equivalent as a tensor category to Rep(G,e) for some supergroup G (see [8]). In this paper
we will study tensor categories which are not equivalent as tensor categories to Rep(G, e) for any

supergroup G.
We close this section with definitions involving tensor categories relevant to this paper.

Definition I1.1.4. A tensor functor between tensor categories 7 and 77 is a functor G : 7 — 7’
along with an isomorphism 1 — G(1) and functorial isomorphisms G{A4) ® G(B) — G(A ® B)

which are compatible with the associativity, commutativity, and unit constraints.

Definition I1.1.5. A tensor ideal Z in a tensor category 7 is a subspace Z(X,Y) C Homs(X,Y)

for each pair of objects X,Y in 7 such that

(a) ghk € Z{X,W) for each k € Hom¢(X,Y), h € Z(Y, Z), g € Hom (Z,W).



(b) ¢®idz € I(X ® Z,Y ® Z) for every object Z and every g € T(X,Y).

A tensor ideal 7 is said to be proper if Z(X,Y) # Hom7(X,Y) for some objects X, Y. The tensor

ideal consisting of all zero morphisms is called the zero tensor ideal.

Definition I1.1.6. Given a tensor category 7 and a tensor ideal Z, the quotient category, T /T,

is defined to be the tensor category with
e objects: ob(7/Z) = ob(7).
e morphisms: Homz,7(X,Y) := Homr (X,Y)/I(X,Y).

Property (a) of a tensor ideal guarantees that composition in 7/7 is well defined, whereas

property (b) guarantees that 7 /7 is in fact a tensor category.

I1.2 Linear Algebra in Tensor Categories

In this section we will extend the definitions of some common linear algebra terms to

arbitrary tensor categories. We begin with dual maps.

Definition 1I.2.1. Given a morphism ¢ : A — B in a tensor category, define the dual map

g¥ : BY — AV to be the composition

idpv®coeva

BY 9BVEDNA BV o A AV PV EIGAY B o B g AV UBBGAY 4V,

The following familiar property of dual maps will be important for us in later chapters.

Proposition 11.2.2. (gh)¥ = hVg" for any morphisms g: A — B and h : B — A. In particular,

ife: A— A is an idempotent then so is eV.

Proof. We will use graphical calculus for morphisms in a tensor category (see [25] or [1]).

: i) &
h B

h
=B= 4 | = 4]
B B \@ 4 p
B




Next, we define the trace of an endomorphism as well as the dimension of an object.

Definition II.2.3. Given an endomorphism g : A — A in a tensor category 7, define its trace

tr(g) € End7(1) = F to be the composition
1% A AY 24U A AV 4 AV A s

Given an object 4 in 7, define its dimension dim A := tr(id,4).

Just as with dual maps, there are familiar properties of trace which will be useful later.

For a proof of the following proposition we refer the reader to [25, lemma 1.5.1].
Proposition II.2.4. (1) tr(gh) = tr(hg) for any morphisms g : A —» B and h: B — A.

(2) tr(g ® h) = tr(g)tr(h) for any endomorphisms g: A —» A and h: B — B.

I1.3 Blocks and Semisimple Categories

The main results of this dissertation concern the blocks of a specific tensor category. In
this section we define the terms “block” and “semisimple” and say a few words on their connection.

Let A denote an arbitrary F-linear category which satisfies the Krull-Schmidt property?.

Definition I1.3.1. Consider the weakest equivalence relation on the set of isomorphism classes
of indecomposable objects in .4 where two indecomposable objects are equivalent whenever there
exists a nonzero morphism between them. We call the equivalence classes in this relation blocks.
We will also use the term block to refer to a full subcategory of A which is @-generated by the
indecomposable objects in a single block. We will say a block is ¢rivial if it contains only one

indecomposable object (up to isomorphism) and its endomorphism ring is F.

Tt follows that A is equivalent to the direct sum of its blocks. Hence, to understand the
structure of A it suffices to understand the structure of all the blocks in .A. The following definition

is closely related to blocks.
Definition 11.3.2. A is called semisimple if the following two conditions are satisfied.

e The only nonzero morphisms between indecomposable objects in A are isomorphisms.

2Every object can be decomposed as a direct sum of indecomposable objects. Moreover, the isomorphism types
of the indecomposable summands are unique up to reordering.



e End4(X) is a division algebra which is finite dimensional over F for each indecomposable

object X.

If one wishes to study the structure of an F-linear category .4, it is common to ask “is A
semisimple?” If the answer is no, one may ask “by what amount does 4 fail to be semisimple?”
One way to answer this question is to describe the blocks in A. This is precisely what we aim to

do with a specific tensor category in subsequent chapters.

I1.4 Pseudo-abelian Envelopes

In this section we will define the “pseudo-abelian envelope” of an arbitrary pre-additive
category. We then prove a Krull-Schmidt-type proposition concerning indecomposable objects in
pseudo-abelian envelopes. With hopes of making the definitions a bit more comprehensible, there
will be the running example.

For this section assume A is a pre-additive category (i.e. a category such that all Hom’s

are abelian groups and composition is bilinear).

Example I1.4.1. Given a ring R, the category with one object whose endomorphism ring is R is

a pre-additive category. We denote this category simply by R. &
Definition I1.4.2. The additive envelope of A is the category A< with

o objects: Finite tuples of objects in A written as A1 @ - ® Ay for Ay, ..., A € ob(A), k> 0.

We also include the empty tuple which is the zero object in .A2dd,

o morphisms: Hom 4aaa (@Ll A, @2:1 Bi) is the set of all [ x k-matrices whose (i, j)-entry
is a morphism A; — B; in A. Composition in A4 is given by matrix multiplication along

with the induced composition from .A.

Composition in 423 is clearly associative. The identity morphism in End 4ada (_@le A,-)
is the diagonal matrix diag(ida,,...,id4,).

Informally, A244 is the smallest additive category containing 4. More precisely, it is easy
to check that 4234 along with the functor A — 4244 which takes objects to 1-tuples has the
following universal property.

Universal Property of 4249, If C is an additive category and A — C is an additive functor (i.e.

a functor where the induced maps on Hom'’s are abelian group homomorphisms), then there exists



a functor 4294 — C, unique up to natural equivalence, making the following diagram commute.

Aadd

N

c

Example I1.4.3. Let A = R where R is a ring. Then A2 is isomorphic as a category to the

category of free right R-modules of finite rank. O
Next, we need the notion of a “Karoubian category.”

Definition I1.4.4. A category K is called Karoubian if for every object A and every idempotent
e € Endx(A) there is an object B and morphisms i : B — A and p: A — B such that poi=1idg

andiop=ce.
Definition I1.4.5. The Karoubian envelope of A is the category AX®" with

e objects: (A, e) for each A € ob(A) and idempotent e € End4(A4).

o morphisms: Hom y4xar ((4,€), (B, f)) := fHomy4(4, B)e. Composition in AX®" is induced

from composition in A.

Composition in AKX is clearly associative. The identity morphism in End 4x.: ((4,€)) is
the morphism e.

Just as 4799 is the smallest additive category containing A, AK?" is the smallest Karoubian
category containing A. More precisely, it is easy to check that A¥*' along with the functor
A — AK® which takes an object A to (4,id4) has the following universal property.

Universal Property of AX2*, If £ is a Karoubian category and A — K is a functor, then there

is a functor AK2" — K, unique up to natural equivalence, making the following diagram commute.

AKar

N A

K

We are now ready to define the pseudo-abelian envelope.

Definition I1.4.6. The pseudo-abelian envelope of a pre-additive category A is defined to be

APs ab . (Aadd)Kar'
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Example I1.4.7. Let A = R where R is a ring. Then AP° 2P is equivalent to the category of

finitely generated projective right F-modules. &

We close this section with a proposition concerning indecomposable objects in pseudo-

abelian envelopes.

Proposition I1.4.8. Suppose A is an F-linear category such that all Hom spaces are finite di-
mensional. An object in AP®2b is indecomposable if and only if it is isomorphic to an object of

the form (A, e) where A is an object in A and e € End4(A) is a primitive® idempotent.

Proof. Suppose (X, f) is an object in AP® 2. We will first show that (X, f) is indecomposable if
and only if f is a primitive idempotent. To do so, suppose f = fi+ f2 where f; and f; are orthogonal
idempotents. Let p; : (X, f1) ® (X, f2) — (X, f;) and i; : (X, f;) — (X, f1) @ (X, fo) for j = 1,2
be the usunal biproduct maps. Then 4y f; + iz f2 is an isomorphism from (X, f) — (X, f1) ® (X, f2)
with inverse fip; + fope. It follows that (X, f) is indecomposable if and only if f is primitive.

Now suppose (X, f) is an indecomposable object in AP® 2P and write
dx=f+fi+-+fr

where f, fi,...,f- are mutually orthogonal primitive idempotents. If X = @I, A; and
ida; = €1+ + €, is an orthogonal decomposition of id 4; into primitive idempotents for each

1, then

idX: Z Z ei‘j

1<i<m 1<5<ry
is another orthogonal decomposition of idx into primitive idempotents. Thus, by the Krull-Schmidt
theorem (see for example [2]), f is conjugate to e;; for some 7,5. If we let u € End 4aca(X) be
such that f = ue; ju™', then fue;; : (4, €;;) — (X, f) is an isomorphism with inverse e; ju™!f.

O

Remark I1.4.9. Suppose A is an F-linear category with all Hom spaces are finite dimensional.

add

Then using proposition I1.4.8 one can show the categories (A*dd)Ker gnd (AX2r)add gre equivalent.

This is not true for arbitrary 4. For example, consider the category R = Z/6Z (see example

3An idempotent e € A is primitive if there do not exist nonzero idempotents e1,ez € A with e = e1 + ez and
erez = 0.
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11.4.3). Since R¥2r = R, (RK®#)»dd ig the category of free R-modules of finite rank. On the other
hand, (R&dd)Kar ig the category of finitely generated projective R-modules. But Z/2% is a finitely

generated projective R-module which is not free.

II.5 Pseudo-abelian Envelopes of Tensor Categories

In this section we will show how to extend the structure of a tensor category to its pseudo-
abelian envelope. We will do so by showing that the additive and Karoubian envelopes of a tensor
category both inherit the structure of a tensor category.

Let T be a tensor category (see definition I1.1.1). First, we give 729 the structure of a

tensor category.
Definition IL5.1. (the tensor structure for 72dd)

e objects: Define the tensor product of two objects in 7244 by requiring that ® distributes

over @ and using the tensor product of objects in 7.

o morphisms: The tensor product of two morphisms in 729 is induced from the tensor product

of morphisms in 7 along with the usual matrix tensor product.
o associativity: ag, 4,@, B;.@, Cx 8 the diagonal matrix whose diagonal entries are a4, 8;,0, -
e commutativity: ﬂﬁai Ai@; B is the diagonal matrix whose diagonal entries are §4, B,

o unit: The unit object in 7249 is the 1-tuple 1. )\@Mi (resp. P, 4,) is the diagonal matrix

whose diagonal entries are A4, (resp. pa,).

o duals: Set (D, 4:)" =@, AY. evg, A; (Tesp. coevgy, a,) is the matrix whose 4Y ® A; — 1

(resp. 1 — A; ® AY) entries are eva, (resp. coeva,) and all other entries are zero.
The following proposition is easy to check.
Proposition IL.5.2. With the constraints listed above, 723 is a tensor category.
Next we define a tensor structure on 7 Xar,
Definition IL.5.3. (the tensor structure for 7Xar)

e objects: (A4,e)® (B, f):=(A® B,e® f).
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o morphisms: The tensor product of two morphisms in 752" is defined to be the tensor product

of the morphisms viewed as morphisms in 7.
o associativity: a(a,e),(B,f),(C.q) = (€® (f ® 9))aapc((e® f) ® g).
o commutativity: fiae) (a5 = (f ®e)Bap(e ® [).
o unit: The unit object in 75 is (1,id1). Set Aa,e) := eAa(id1 ®e) and p(4 ) = epa(e®idy).

e duals: Set (A4,e)V = (AY,eY) (see definition I1.2.1). Set eviae) = eva(e¥ ® e) and

coev = (e®eY)coevy.
(Ase)

Proposition II.5.4. With the constraints listed above, T¥?" ig a tensor category.

Proof. The only axioms of a tensor category which are not obviously satisfied are the rigidity
axioms. To show (id(4,e) ® ev(a ) )(coeva,e) @ id(a.e)) = id(a,e) in T¥ar we need to show that
(e ® (evale¥ ®e)))(((e ® €¥)coeva) ® €) = e in T. We will do this using graphical calculus for

morphisms in a 7. All the arrows in the following diagrams are labelled A.

The proof that (ev(A,e) ® id(A)e)v)(id(A’e)v ® COe’U(A,e)) = id(a,e)v is similar. O

I11.6 Notation and Conventions for Young Diagrams

Throughout this dissertation, Young diagrams will be used to index indecomposable ob-
jects in various categories. In this section we will fix our notation and drawing conventions for

Young diagrams.

Definition II.6.1. A Young diagram A = (A1, Aq,...) is an infinite sequence of nonnegative
integers with A; > A;41 for all 4, such that all but finitely many of the A; are zero. Also, the size

of A is set to be |A| := Y oy As.
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We will identify a Young diagram with an array of boxes as follows: Label the rows of
the array 1,2,3,... in increasing order from top to bottom. Place A; boxes in the ith row so that
the number of boxes in each column decreases from left to right (gravity goes up and to the left).

With this identification, |A| denotes the number of boxes.

Example I1.6.2. The Young diagram A = (4,4,3,3,1,0,...) has |A| = 15 and is pictured below.

|
]

Figure 1: A Young Diagram &)

Occasionally it will be useful to give a Young diagram by its multiplicities. We will write

(e, i3, ... 1) to denote the Young diagram with m; rows of length [; for each i =1,...,7.
Example II.6.3. (42,3%,1) denotes the Young diagram in example 11.6.2. <&
Next, we define a total order on the set of all Young diagrams.

Definition I1.6.4. Given Young diagrams A = (A1, Ag,...) and X = (A}, A, ...) write A < X if

|Al < [Xorif [X| = |\'| and there exists i such that A; < A} and A\; = A} for all j <.
Finally, let us fix the following notation concerning Young diagrams:
o Let U denote the set of all Young diagrams and set ¥q:={\ € ¥ | [A\| = d}.
o Let @ denote the “empty” Young diagram (0,...).

» Given a Young diagram ), let Ly denote the simple S|y-module corresponding to A (see e.g.

(12, 4.2)).

o Given a Young diagram A = (A1,A2,...) and an element ¢ € F (where F is a field of
characteristic zero), set

)\(t) = (t - ()\l,)\l,)\g,. . )
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CHAPTER III

THE TENSOR CATEGORY REP(Sy; F)

In this chapter we carefully define Deligne’s category Rep(S;:; F'). Our construction of
Deligne’s category will be motivated by the connection between symmetric groups and partition

algebras introduced by Martin in [19] and [20]. We begin with an exposition of this connection.

ITI.1 Motivation: Representations of Sy and Partition Diagrams

Let d be a nonnegative integer, and let F' be a field of characteristic zero. Let us consider
the tensor category Rep(Sq; F) of finite dimensional representations over F' of the symmetric group
S4. Note that we take Sy to be the trivial group whose one element is the identity permutation of
the empty set. Let V; denote the natural d-dimensional representation of Sy with basis {vy,...,v4},
so that Sy acts by permuting the basis elements (V5 is taken to be 0). Setting V2° = F for all

d > 0, we have the following well known result:

Proposition ITI.1.1. Any irreducible representation of Sq is a direct summand of V2" for some
nonnegative integer n.
Proof. If d = 0 the statement is certainly true. Assume now that d > 0. Let x denote the

character of V4. Consider the virtual character

pi= [ (x - x(o))

cESy
o#1

Since Vj is a faithful representation, ¥(c) # 0 if and only if ¢ = 1. Hence dlY is a nonzero
integer multiple of the character of the regular representation of Sy, which contains all irreducible
representations. As 1) is an integer linear combination of characters of the form x™ (n € Zx), the

result follows. O
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Remark II1.1.2. The proof of proposition II1.1.1 works for any faithful representation of any

finite group G.

As a consequence of proposition II1.1.1, one way to understand Rep(Sy; F) is to study
objects of the form Vd®" and morphisms between those objects. We will now use set partitions to
construct some such morphisms. Our notation will be similar to that of [14].

By a partition 7 of a finite set S we mean a collection 7y, ..., m, of disjoint, nonempty
subsets of § with § = U1 ;. The sets m; will be called parts of . Given a partition n of
{1,...,n,1",...,m'}, a partition diagram of 7 is a graph with vertices labelled {1,...,n,1’,...,m'}

whose connected components partition the vertices into the parts of m. We will always draw

partition diagrams using the following convention:

e Vertices 1,...,n (resp. 1’,...,m’) are aligned horizontally and increasing

from left to right with ¢ directly above ¢'.

e Edges lie entirely below the vertices labelled 1,...,n and above the vertices

labelled 1/,...,m .

We will identify a partition with its partition diagram and write 7 for both the partition and the

partition diagram.

Example II1.1.3. Figure 1 shows a partition diagram for the partition {{1,3,2’,3'},{2,4}, {1'}}.

Figure 1: A Partition Diagram

Notice that a partition diagram representing this partition is not unique, but its connected com-

ponents are. &

To each partition of {1,...,n,1’,...,m'} we will associate a linear map V2" — vam.

Before doing so, we introduce some notation.

o Let P, denote the set of all partitions of {1,...,n,1',...,m'}, let P, ¢ denote the set of

all partitions of {1,...,n}, let Py m denote the set of all partitions of {1’,...,m'}, and, by



16

convention, let P := {&} where @ denotes the empty partition diagram. Finally, let FP,, ,

denote the F-vector space with basis P, .

For nonnegative integers n and d, let [n, d] denote the set of all functions from {j |1 < j < n}
to {j | 1 £j < d}. In particular, [0,d] = {@} for all d, and [n,0] = & for all n # 0. Given

i€ [n,d and j€ {j|1<j<n}, write i; for the image of j under 3.

For i € [n,d] and i’ € [m, d], the (3,')-coloring of a partition 7 € Pn,m is obtained by coloring
the vertices of 7 labelled j (resp. j') by the integer 4; (resp. ;). Saying an (4,1")-coloring
of 7 is good means vertices are colored the same whenever they are in the same connected
component of 7. Saying an (3,4’)-coloring of 7 is perfect means vertices are colored the same

if and only if they are in the same connected component of 7.

Forn#0and i€ nd},setv; =0, @ - Qu;, € V2™, Set vy =1 € V2° where & is the

unique element of [0, d].

We are now ready to associate partitions in P, ,, with linear maps V2" — V2™,

Definition III.1.4. For n,m,d € Zso, define the F-linear map f : FP, ,, — Homg, (VE", VE™)

by setting

f@w) = Y. f@hvy (@€ FPum, i€ [n,d)

’I:’E[m,d]

where

; 1, if the (4,4')-coloring of 7 is good,
f(mt = (m € Pum)
0, otherwise.

)

Indeed, f(x) commutes with the action of §; which merely permutes the colors.

Example III.1.5. (1) f: FPoo — Endg,(F) sends the unique element of Py o to the identity

map on F.

(2) Assume d > 0 and let

1 20 8 4 5 6 7
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Then f(m) : V#% — V27 is given by

E Vg @ V5 ® Vi, ®vj ® vig @ Vig & Uy, if 41 = 42 and ¢4 = i3,
flm)(wg) = { 1<kisa

0, otherwise.
for ¢ € [6,d].
(3) Assume d > 0 and let
Py SareN
[ ]

2 3 4 ¥
Then f(m) : F — V2° is given by
f(m)(1) = Z v; QUi Qv Q Uk vy,

1<i,5,k<d

&

Next we wish to show that f is surjective. A proof of this fact when n = m can be found in
[14, theorem 3.6]. Their proof extends to the case n # m without difficulty. For completeness we

will give a modified version of their proof. Before doing so, we must introduce a bit more notation.

e Let < be the partial order on P, ., defined by 7 < p whenever the partition g is courser
than the partition 7 (i.e. r and s are in the same part of g whenever they are in the same

part of 7 for each pair r,s € {1,...,n,1',...,m'}).

o Define the basis {z, | 7 € Py,m} of FP, , inductively by setting

Ty =T — Z$“' (111.1)

ngm
Example I11.1.6. (1) z, = m when 7 is any partition consisting of one part.

(2) Let # € P43 be the partition with the partition diagram given in example IT11.1.3. Then

Ty =T — Q1 — po — p3 + 244 where

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
q
p = po = w p3 =><j/ pa = /
[ ] L
1/ 2/ 3/ 1/ 2/ 3/ 1/ 2/ 3/ 1/ 2/ 3/ 0
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We are now ready to prove the following;:

Theorem II1.1.7. For integers n,m,d > 0, the map f : FP,,, — Homsd(Vf",Vd@’”) (see

definition I11.1.4) has the following properties:
(1) f is surjective.
(2) ker(f) = Spanp{x, | m has more than d parts}.

In particular, f is an isomorphism of F-vector spaces whenever d > n + m.

Proof. (compare with [14, proof of theorem 3.6(a)]) If d = 0 then the theorem is certainly true.

Now assume d > 0. For g € Homg, (V™, V.2™) write

gl = > ghoy (i€ [nd)

1 €fm,d|

Since g commutes with the action of S4, the matrix entries g::., are constant on the Sg-orbits of
the matrix coordinates {(z, il)}ie[n,d],ile[m,d]' Each Sg-orbit of {(z, il)}ie[n,d],ile[m,d] corresponds
to a partition m € P, as follows: (4,%') is in the orbit corresponding to 7 if and only if the
(3,4')-coloring of 7 is perfect. A straightforward induction argument shows

1, if the (4,4')-coloring of  is perfect,

flan)t = (i€ nd,icmd)  (IIL2)

0, otherwise.
Thus g is a F-linear combination of the f(z,)’s. This proves part (1).
To prove part (2) notice that for m € P, n,, there exists ¢ € [n,d] and i’ € [m,d] such that
the (2, #')-coloring of 7 is perfect if and only if 7 has at most d parts. Hence, by (IT1.2), f(z,) is
the zero map if and only if 7 has more than d parts. Part (2) now follows since {z | ®# € Py m}

is a basis for F'P,, p,. 0

We conclude our investigation of morphisms of the form f(m) : V™ — V®™ by studying

the composition of such morphisms. First we require the following:

Definition III.1.8. Given partition diagrams = € P, ,, and p € P, ;, construct a new diagram
g7 by identifying the vertices 1’,...,m’ of 7 with the vertices 1,...,m of u and renaming them

17,...,m"” as illustrated in figure 2.
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1 n
* -~ —--- e 1 n

™= AN & - - --- «
@ — — ~ = — - I” ™ N "
[ ] 11 \m
11 M AAy UKT = g-------»
- —— = - I /",’

— | -

/‘l‘_l /’ ‘,__.,/
o> — o 1 !
1 4

Figure 2: Composition of Partition Diagrams

Now let £(p, ) denote the number of connected components of p x 7 whose vertices are
not among 1,...,n,1’,..., 1. Finally, let u- 7 € P, be the partition obtained by restricting p*m
to {1,...,n,1’,...,I'} (i.e. 7 and s are in the same part of p - 7 if and only if r and s are in the

same part of pux 7).
We are now ready to state

Proposition II1.1.9. f(u)f(n) = d®®™ f(u-7) for any 7 € Pum, p € Py
Before we give a proof of proposition II1.1.9 let us consider an example.

Example III.1.10. In this example we will verify proposition I11.1.9 when

1 2 3 4 1 2 3 4 5 6 7
L ] L ]
* o
1/ 2/ 3/ 4/ 5/ 6[ 7/ 1/ 2/ 3/ 4/ 5/

Thus £(p,7) = 2 and

1/ 2/ 3/ 4/ 5/

Therefore we have d“™ f(p - 7) (vi, ® viy @ iy @ viy) = d284, 1,0, ® Vi, @ Vs, @ v;, @V, Where & ;

is the Kronecker delta function.
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On the other hand,

Fw)f(m)(v;) = f(p) (&m Y0 @i, @V ® vx @ U @ iy ®vi2)

1<4,k,i<d

=045 2o f(w) (v; @i, @V @Up B @ Vi, @ Vi)
1<7,k,1<d

= iy i Z 5j,k Viy, @ Uiy @ V3, Q vy, R Uy
1<5,k,1<d

= 0iy,ig Yo Vi, @i, @i, @i, By,
1<5,1<d

= d%68;, 45 Viy @ iy @ Uy, @ Uy @ V.

for any 4 € [4,d], as desired. <&
Now to show proposition 1I1.1.9 holds in general.

Proof of proposition II1.1.9. Suppose m € P, ,, and p € P, for some integers n,m,! > 0. By

definition T11.1.4 the matrix coordinates of f(u)f(n) : V2™ — V2! are given by

G =3 Fwh fk. (I1L3)

1" g[m,d)

Hence (f(p)f(w))i-, is the number of 3" € [m, d] such that the (¢,4i")-coloring of 7 and the (i",4)-
coloring of u are simultaneously good. These are exactly the 4" € [m,d] such that coloring the

7,17 respectively, gives a good coloring of px m. Any

vertices 7, 5', 7" of p*m with integers 1;,%
good coloring of p* 7 gives rise to a good coloring of p - m. Clearly any good coloring of p - 7
arrises in this way. Moreover, two good colorings of u* 7 give the same good coloring of u - 7 if
and only if the two colorings of p x 7 differ only at connected components whose vertices are not
among 1,...,m,1’,...,I'. Since there are d choices of color for each component, we see the number
of " € [m,d] such that the (4,4")-coloring of = and the (2",4')-coloring of u are simultaneously

good is d?+™) f (4 - w)g,. The result follows. O

Remark II1.1.11. From proposition III.1.9 the structure constants of the composition f(u)f(m)
are polynomial in the integer d. We will exploit this fact in section II1.2 when we define the
category Rep(St; F') which “interpolates” the category Rep(St; F') for nonnegative integer ¢, but is

defined for arbitrary ¢ € F.
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IT1.2 Definition of Rep(S:; F')

In this section we define Deligne’s tensor category Rep(S;; F') for arbitrary t € F following
[9, §8] (so our definition is different from the one given in [9, §2]). To construct Rep{(S:; F) we will
first use partitions to construct the smaller category Repo(S:; F). We then obtain Rep(Sy; F') from
Repy(Sy; F) using pseudo-abelian envelopes.

As in the previous section, assume d is a nonnegative integer and that F' is a field of
characteristic zero. Let Repy(Sq; F') denote the full subcategory of Rep(Sy; F') whose objects
are of the form V®" for n > 0. Clearly the objects in Repy(Sq; F) are indexed by nonnegative
integers, and by theorem II1.1.7 the morphisms in Repy(Sq4; F') are given (albeit not uniquely) by
F-linear combinations of maps f(m) indexed by set partitions. Moreover, the structure constants of
compositions of the f(m)’s are polynomials in d (see proposition II1.1.9). Using this data, we now
define a tensor category similar to Rep,(Sq; F') replacing the integer d with an arbitrary element
of F.

Lett e F.

Definition II1.2.1. The category Repy(St; F') has

Objects: [n] for each n € Zx.

Morphisms: Hompgep,(s,;7)([n]; [m]) := F Pom.

Composition: F Py ;X FPy,, — FP, is defined to be the bilinear map satisfying pom = 4%yt

foreach m € Py, 4 € Py

To see that composition is associative, it is enough to show vo (pow) = (v o u)on for all

T E Pam, it € Py, v € Py To do so, consider the partition

1 n

R e .

\ 1

[} 1// 7T ! mll

Hl f
vrpxT = :1”’ K g

)t T

I v .

L I e é

1/ kl

Notice that v - (u-7), (v - u) - m € P, are both obtained by restricting the partition v ux 7 to
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the set {1,...,n,1’,...,k'}. Furthermore, &(us, 7) + £(v, u- ) and (v, pu) + £(v - p, 7) are both the
number of connected components of v p * T whose vertices are not among {1,...,n,1’,..., k'}.
Hence composition is associative.

One can easily check that the partition in P, whose parts are all of the form {j,j'} is

the identity morphism id, : [n] — [n].

Example IIL.2.2. The identity morphism idy : [7] — [7] is given by

1 2 3 4 5 6 7
w=[ TTT11]
17 2 3 4 5 6 7 O

Before giving Rep, (St; F) the structure of a tensor category, we pause to give the following

definition which will play an important role in later sections.

Definition III.2.3. (compare with [19], [20]) The partition algebra FP,(t) is defined to be the

endomorphism algebra Endgep, (s,;r)([n])-

Remark IT1.2.4. We identify each element of the symmetric group S, with a partition in P, , as
follows: o « {{¢,0(4)'} |1 <4 <n}. This identification extends linearly to an inclusion of algebras

FS, — FP,(t) for each £ € F (here F'S,, denotes the group algebra of S,).

Now to define tensor products. While reading the following definitions, the reader may
find it helpful to keep in mind the analogy studied in section III.1 between the objects [n] (resp.

morphisms 7) in Rep,(S:; F) and the objects V™ (resp. morphisms f(r)) in Rep(Sq; F).

Definition I11.2.5. For objects [n],[m] in Repy(S:; F') set [n] ® [m] := [n + m]. For morphisms

we let ® : FPp, my X FPrym; = FPritnymi+m, be the bilinear map such that

1 n1 np+1 ny + ng

R R R L s
e

e - . - -

1 mi (my + 1) (my + m2)

forall ™ € Py, my,y B € Prgyms.
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Example I11.2.6. Suppose

1 2 3 1 2 3 4 1 2 3
A
o >K\. . T %
[ ]
1/ 2/ 3/ 4/ 1/ 2/ 3/ 4/

Then

12 3 4 5 6 7 8 9 10

kT
TROURYV = ‘

1 2 3 4 5 6 7 8§ &

Proposition II1.2.7. The following constraints make Repy(S; F') a tensor category.
o (associativity) anm: ([n] ® [m]) ® [I] — [n] ® ([m] ® [I]) is the identity morphism id,ymi-

o (commutativity) Bnm : [n] ® [m] — [m] ® [n] is the partition in Ppym nim whose parts are

of the form {7, (m + 5)’} or {n + J,5'}. That is to say

¢ (unit) Set 1 = [0]. Both unit morphisms [0] ® [n] — [n] and [n] ® [0] — [n] are the identity

morphism id,,.

o {duals) Set [n]Y := [n] with the morphism ev, : [n]¥ ® [n] — 1 (resp. coevn : 1 — [n] @ [n]Y)
given by the partition in Pang (resp. P 2n) whose parts are of the form {j,n + j} (resp.

{7',(n+ 7)'}). That is to say




24

Proof. The triangle and pentagon axioms are easily satisfied, as all morphisms in both diagrams

are identity morphisms. Figure 3 illustrates the hexagon axiom.

Cm ln © ﬂn,m+l O Qin m,l (ldm ® ﬂn,l) © Qmn,l 0 (ﬂn,m ® ldl)

Figure 3: The Hexagon Axiom

Figure 4 shows that the choice of dual objects as well as the evaluation and coevaluation morphisms

make Repg(S:; F') into a rigid category.

R
S —

(id, ® ev,) o (coev,, ® id,) (evn ®id,) o (id,, ® coev,)

Figure 4: The Rigidity Axioms

Finally, Endgep,(s,;r)(1) = F as Py contains only the empty partition. Thus Repy(S:; F) is a

tensor category. (]

Remark II1.2.8. For d € Z>q, the connection between Rep(Sg; F') and Rep(Sg; F') can be made
more precise as follows. The functor Fy : Repg(Sq; F') — Repg(Sq; F) defined on objects by
[n] — V", and on morphisms as the F-linear map 7 — f() is a tensor functor. Fo is certainly
surjective on objects. Moreover, by theorem II1.1.7.1, Fy is surjective morphisms. However, by

theorem II1.1.7.2, 5, does not give an equivalence of categories.

Now we are ready to use pseudo-abelian envelopes studied in sections II1.4 and II.5 to

define Deligne’s category.



25
Definition I11.2.9. Rep(S;; F) := Repy(Sy; F)Ps 2b.

Remark I11.2.10. (1) Rep(S¢; F') inherits the structure of a tensor category from Repy(Si; F')
(see propositions I1.5.2, 11.5.4, and I11.2.7).

(2) Speaking informally, studying the category Repy(St; F') is a way to simultaneously study the
partition algebras FP,(t) for all n > O (see definition II1.2.3 along with example 11.4.1).
In this line of thinking, studying Rep(S;; F) is a way to simultaneously study all finitely

generated projective right 7P, (t)-modules for all n > 0 (see example VII.2).

I11.3 The Trace of an Endomorphism in Repg(S;; F)

We close this section by examining the trace of a morphism in Repy(St; F'). First, notice
that tr : Endgep,(s,;r)([2]) — F is an F-linear map. Furthermore, if 7 : [n] — [n] is a partition
diagram (not equal to idg) then, by the definition of trace (see definition I11.3), tr(m) = t¢ where

£ is the number of connected components of the leftmost diagram in figure 5. Clearly £ is also the

Figure 5: The Trace of 7 (Left) and the Trace Diagram of = (Right)

number of connected components in the trace diagram of m shown on the right in figure 5.

Example II1.3.1. (1) The only endomorphisms in Repy(So; F') with nonzero trace are nonzero

scalar multiples of idg.
(2) In Repqy(Si; F), dim([0]) = tr(ido) = 1 and dim([n]) = tr(id,) = £™ for all positive n.

(3) Consider = : [7] — [7] given by
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tr(m) = t* since there are 4 connected components in the the trace diagram of , as shown

in figure 6.

Figure 6: An Example of a Trace Diagram
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CHAPTER IV

INDECOMPOSABLE OBJECTS

This chapter is organized as follows. In section IV.1 we give a classification of indecompos-
able objects in Rep(St; F) in terms of Young diagrams. In section IV.2 we show that Rep(S:; F')
is semisimple for generic ¢t. In section IV.3 we explain the connection between Rep(Sy; F) and
Rep(S4; F) when d is a nonnegative integer. Finally, in section IV.4 we study a hook length

formula which gives the dimension of a generic indecomposable object.

IV.1 Classification of Indecomposable Objects in Rep(S;; F')

In this section we will classify indecomposable objects in Rep(Ss; F) for arbitrary ¢ € F.
It will be convenient for us to let K denote the field of fractions of F[[T — t]] where T is an
indeterminate.

We start with the following

Lemma IV.1.1. For n > 1 let e denote the following idempotent in FP,(t)

1 2 n-2 n-1 n
v 2 (n—2Y (n—1Y o

Then for each n > 1 we have the following algebra isomorphisms:
(1) eFP.(t)e @ FP,_4(t).

(2) FP.(t)/(e) = FS,.
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Proof. To prove (1) notice we can embed FP,_(t) into FP,(t) as the F-span of

{m € Py | n (resp. n') is in the same part of m as n — 1 (resp. (n —1)")}.

This span is exactly eF Py(t)e.
To prove (2) recall (Remark II1.2.4) that we can embed F'S,, into F'P,(t) by identifying
o € S, with the partition {{1,0(1)’},...,{n,o(n)'}}. Since F'S, N (e) = 0, it suffices to show a

partition m € P, » has w € (e¢) whenever m ¢ S,,. Notice for fixed 7 and k, the partition

is in (e). Indeed, m;, = ceo where ¢ € S, C P, , is the product of transpositions {j,n — 1)(k,n).
Now suppose y € Py, »,\Sr. Then either u has a part of the form {i} for some i € {1,...,n} or there
exist j,k € {1,...,n} which are in the same part of u. If the latter is true, then p = pm; g € (e).

If the former is true, then u = um; ju; ; € (e) where j # ¢ and

1 ) i n
[
R R I I I (B
1 i i n O

Remark IV.1.2. In fact the proof shows that the composition of the embedding F'S,, C FP,(t)
and the projection FP,(t) — FP,(t)/(e) 2 F'S, is the identity map.

In view of Lemma IV.1.1.2 we can consider any irreducible representation of S, as an irre-
ducible representation of F'P, (t). Now suppose X is a Young diagram. Let E be an irreducible rep-
resentation of S|y corresponding to X (see e.g. [12, 4.2]) considered as a representation of F'Py(t)
and let P(E)) be the projective cover of Ey. Then P(E)) is isomorphic to £ P}y (t)—module of
the form F'P,((t)ey where ex € FPy(t) is a primitive idempotent. The idempotent ey is not
unique but it is unique up to conjugation!; hence the object L{A) = ([|A]],exr) € Rep(S;; F) is an

indecomposable object (see proposition 11.4.8) which is well defined up to isomorphism.

IRecall that two idempotents e, e’ in a finite dimensional algebra A are conjugate if and only if the modules Ae
and Ae’ are isomorphic.
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Theorem IV.1.3. The assignment A — L(}) induces a bijection

Young diagrams of indecomposable objects in

arbitrary size Rep(S;; F) up to isomorphism

This bijection enjoys the following properties:

(1) Except for the case t = 0, \ = @, there exists an indecomposable object of the form ([n], €)

corresponding to the Young diagram A if and only if n > [}[.

(2) (Lifting Idempotents) Suppose e € F'P,(t) is a primitive idempotent such that ([n],e) & L())
in Rep(S;; F).- Then there is an idempotent ¢ € KP,(T) with ¢|r—; = ¢2. Moreover, if
€ = &1+ -+ & is an orthogonal decomposition of & into primitive idempotents, then
there is a unique i such that ([n],&;) = L()) in Rep(St; K). Finally, if ([n],e) and ([n'],€')
are isomorphic in Rep(S:; F) and e, e’ lift to €,&’ respectively, then ([n],¢) and ([n'],&') are

isomorphic in Rep(St; K)

The remainder of section IV.1 is-devoted to the proof of theorem IV.1.3. With proposition
I1.4.8 in mind, we start by classifying primitive idempotents (up to conjugation) in partition

algebras. We will use the following well known lemma (see e.g. [2]):

Lemma IV.1.4. Suppose A is a finite dimensional F-algebra and e is an idempotent in A. Let

(e) denote the two-sided ideal of A generated by e. There are bijective correspondences

primitive simple simple simple
idempotents | ;. A-modules bij. | eAe-modules A/(e)-modules
a3 i) Ll
in A up to up to up to up to
conjugation isomorphism isomorphism isomorphism

satisfying the following properties.

(1) Suppose f is a primitive idempotent in A and L is a simple A-module. f corresponds to L
in the leftmost bijection above if and only if fL # 0. Moreover, if f corresponds to L, then

the F-linear map L — L given by x — fz has trace? equal to 1.

2Evaluating T' = ¢ does not give a well-defined map K P, (T) — FPy(t). Part of the theorem is that we can find
such an € € K P,(T) so that e|r=; makes sense.
3This refers to the trace in the category Vecp, i.e. the usual trace of an F-linear map.
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(2) In the rightmost bijection above, the simple A-modules which correspond to simple A/(e)-

modules are exactly the simple A-modules for which e acts as zero.

We start with classifying the primitive idempotents of partition algebras. Part (1) of the
following theorem is originally due to Martin (See [21]). However, his proof does not extend to the

case t = 0. Our proof is similar to one found in [10].

Theorem IV.1.5. (1) When t # 0 we have the following bijection.

primitive idempotents in bij. Young diagrams A
—

FP,(t) up to conjugation with |A| < n
(2) When n > 0 we have the following bijection.

primitive idempotents in bij. Young diagrams A
—

FP,(0) up to conjugation with 0 < |A| < n

Proof. Part (1) is true when n = 0 since F'Py(t) = F. To show part (1) holds for n =1, let

1!

and let f denote the idempotent %ﬂ'. It is easy to show that 1 = f + (1 — f) is a nontrivial
decomposition of 1 into primitive idempotents in FP,(t) when t # 0. Thus part (1) holds when
n = 1. Now we proceed by induction on n. For n > 1 let ¢ € FP,(t) denote the idempotent
in lemma IV.1.1. Then by lemma IV.1.1 we have F'P,(t)/(e) = F'S,, and eF'P,(t)e & FP,_1(t).
Since the simple FS,,-modules up to isomorphism are in bijective correspondence with all Young
diagrams A with |A| = n, part (1) will follow by induction along with lemma IV.1.4.

The proof of (2) is similar, except F'P;(0) 2 F[r]/(w?) has no nontrivial idempotents. [
We are now in position to prove part (1) of theorem IV.1.3.

Proof of Theorem IV.1.3 part (1). Let us first consider the case when ¢ # 0. By proposition

11.4.8 we know every indecomposable object in Rep(S; F) is isomorphic to one of the form ([n], €)
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for some nonzero primitive idempotent e € FP,(¢). By theorem IV.1.5 it suffices to show that
for every integer n > 0 and every nonzero primitive idempotent e € FP,(t), there exists and
idempotent f € FP,;1(t) such that ([n],e) is isomorphic to ([n + 1], f). When n = 0, the only
primitive idempotent is the empty partition idy. Let x and pu’ be the only elements of Py and
P, o respectively, and let w be the idempotent in the proof of theorem IV.1.5. Then the morphism
+mpido ¢ ([0],ide) — ([1],7) is an isomorphism with inverse lidou'r. Now suppose n > 0 and

consider the partition diagrams

1 2 n—-1 n 1 2 n—-1 n n+1
IIFTN w2
1 2/ (n _ 1)/ n/ (TL + 1)/ 1/ 2/ (n _ 1)/ n

Notice that the morphism (dnedl,)dne : ([n],e) — ([n + 1], ¢nedl) is an isomorphism with inverse
edn (dnedh).

When ¢ = 0 the argument above shows for every integer n > 0 and every nonzero primitive
idempotent e € F'P,(t), there exists an idempotent f € FP,4,(t) such that ([n], e) is isomorphic
to ([n+1], f). However, there is no nonzero composition [0] — [n] — [0] in Repy(So) for any n > 0.
Thus there is no integer n > 0 and idempotent f € FP,(0) such that ([n], f) is isomorphic to the

indecomposable object ([0],idg). The case when ¢ = 0 now follows from theorem IV.1.5.2. O

To prove part (2) of theorem I1V.1.3 we will use the following well known lemma (see for

example [2, theorem 1.7.3]).

Lemma IV.1.6. Suppose A is an algebra and N C A is a nilpotent ideal. If e is an idempotent
in A/N, then there is an idempotent f in A lifting e (i.e. the quotient map A —» A/N sends
f +— €). Moreover, if e and €’ are conjugate idempotents in A/N lifting to idempotents f and f’

in A respectively, then f and f’ are conjugate.
We are now ready to prove part (2) of theorem 1V.1.3.

Proof of Theorem IV.1.3 part (2). Let e and A be as in the statement of theorem IV.1.3(2).
Set R; := F[T]/(T — t)* for each positive integer 4, and Reo := F[[T —t]]. By lemma IV.1.6 we
can lift idempotents from the partition algebra R;_1Pn(t) = R;P,(t)/(T — t)*~! to the algebra
R; P, (t) for each i > 0. Set e¢; = e and recursively pick e; € RB; B, (T') to be an idempotent which

lifts e;—1 for 4 > 1. Finally, let € € R P(T) be the unique element such that £ — e; under the
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quotient map ReoPn(T) —» R;Pn(T) for each ¢ > 0. Then ¢ is an idempotent in K P, (T) such
that |7=; = e. Suppose that € = &) + -+ + &, is an orthogonal decomposition of ¢ into primitive
idempotents. We will show by induction on n that there is a unique 7 such that the indecomposable
object ([n],e;) in Rep(Sr; K) corresponds to .

If n = |A], then by parts (2) of lemmas IV.1.4 and IV.1.1, e corresponds to the simple
FS,-module Ly labelled by the Young diagram A. Furthermore, e acts on Ly via the quotient
map FP,(t) » FS, along with the action of F'S,,. Similarly, € acts on K ®p L), the simple K.S,-
module corresponding to A, through the quotient map K P, (T) —» K S,. Since ¢ is an idempotent,
the trace of the K-linear map K ®p Ly — K®pF L) given by  — -z is a nonnegative integer. But
g|lr=: = e, and by lemma IV.1.4.1 we know the F-linear map Ly — Ly given by x — e-x has trace
equal to 1. Hence the trace of the map K ®p Ly — K ®p L) given by z +— ¢ -z must also equal 1.
By lemma IV.1.4.1, this is only possible if there exists a unique 7 with ([n], ;) corresponding to A.

Ifn> |\, set ¢ = ¢l,_,edn_1 Where ¢,_1,¢,,_; are as in the proof of theorem IV.1.31.
Since ([n], €) and ([n — 1], ') are isomorphic, inductively we we can find an &’ € K P,,_(T) so that
the pair e/, ¢’ satisfles part (2) of theorem IV.1.3. Set ¢ = ¢,_1€'¢.,_,.

Finally, assume ([n},e) and ([n'],e’) are isomorphic in Rep(Sy; F) and e, e lift to €,&
respectively. Without loss of generality assume n > n' and set

b= id,, ifn=n' N ’idn ifn=n
bn1n—2 P ifn>n' T PREET NI
Then e is conjugate to ¢e'¢d’ in FP,(t). Hence, by lemma IV.1.6, ¢ and ¢e’'¢’ are conjugate in

KP,(T). Thus ([n],&) and ([n'],€’) are isomorphic in Rep(St; K). O

We close this section with an observation concerning field extensions and idempotents.

The following proposition will be quite useful in subsequent sections.

Proposition IV.1.7. Suppose FF C E is a field extension and e is a primitive idempotent in

FP,(t). Then e is also a primitive idempotent in EP,(t).

Proof. The assumption implies that the object ([n],e) € Rep(S:; F) is indecomposable. Thus by
Theorem IV.1.3 it is isomorphic to the object L(X) = ([|]},ex). The representation Ey of F'Py(t)

is absolutely irreducible (since the corresponding representation of Sy is), so the idempotent e
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is primitive in EPy)(t). Hence the object ([n],e) £ ([|A]], ex) € Rep(St, £) is indecomposable and

we are done. u

Corollary IV.1.8. Every indecomposable object in Rep(S7; K) is isomorphic to one of the form
([n],€) where e =3 P, @nT With ar € F(T) for all 7 (here F(T) denotes the field of fractions
of the polynomial ring F[T]). In particular, if € corresponds to the Young diagram A, then for all

but finitely many integers d, ¢|r=q is a primitive idempotent in F'P,(d) corresponding to A.

Proof. Applying proposition IV.1.7 to the field extension F(T) ¢ K shows that every primitive

idempotent in K P,(T) is conjugate to one with coeflicients in F(T'). O

IV.2 On Rep(S;; F) for Generic ¢

In this section we will show that Rep(Sy; F') is semisimple for “generic” values of t. Deligne
showed that Rep(Sy; F) is not semisimple if and only if ¢ is a nonnegative integer (see [9]). That
result will follow from our description of the blocks in Rep(S;; F') (see corollary V1.4.5). For now

we will confine ourselves to prove the following, weaker theorem.

Theorem IV.2.1. Rep(S;; F') is semisimple for all but countably many values of t. Moreover, if

Rep(S;; F) is not semisimple, then ¢ is an algebraic integer.
We will use the following well known lemma in our proof of theorem IV.2.1.

Lemma IV.2.2. Suppose A is a finite dimensional F-algebra. For a € A, let ¢, denote the
F-linear map A — A given by z — az. Define the trace form on A by (a,b) := tr(¢a¢p). Then A

is a semisimple algebra if and only if the trace form on A is non-degenerate.

Proof. Let §:= {a € A| (a,b) =0 for allb € A}. We will show that S is equal to J(A) (the
Jacobson radical of A). Suppose a € J(A). Since J(A) is a nilpotent ideal, ab is nilpotent for every
be A. Hence (a,b) =0 for all b € A4, so J(A) < S. On the other hand, if a € S then tr(¢?) =0
for all integers > 0. This implies ¢,, and thus a, is nilpotent. Hence S is a nilpotent two sided

ideal. As J(A) is the largest nilpotent two sided ideal in A, we conclude S C J(A4). O

Before proving theorem IV.2.1 we give two examples illustrating the usefulness of lemma

IV.2.2. The reader may find these examples helpful when reading the proof of theorem IV.2.1.
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Example IV.2.3. (1) Consider the partition algebra F'P; (t). Let 7 be as in the proof of theorem
IV.1.5 and fix the ordered basis P11 = {idy,n} for FPi(t). Under this ordered basis the

matrix with entries (z,y) for z,y € P11 is

t 2

Since the determinant of the matrix above is t?, we conclude (by lemma TV .2.2) that FPy(t)

is semisimple if and only if ¢ # 0.

(2) Consider the partition algebra F'Pa(t). Using the ordered basis

Pa={l L1 LIN AL X LI T )

H )

the matrix with entries (mw, u) for m,pu € Py is

att 2t 2t3 2 263 268 2td 22 242 22 212 w2 22 22 2t
2% 52 2t2 2t 262 242 242 5t 26 26 2t 5t 5t 2t 5
23 2t Bt 22 22 22 242 5t 26 2t Bt 2t 2 Bt 5
2% 2t 262 202 268 22 242 2t 22 2t 267 22 2t 2t 2
23 2t 282 208 22 212 22 2t 26 2t 2t 2 2% 282 2t
23 22 2t 2t 22 24 52 2t 264 5t 5t 2 5t 2t 5
263 262 2t 2t % 5t2 22 2t 26 5t 26 5t 2t 5t 5
22 5t 5¢ 2t 2 2 2t 15 2t 7 5 5 5 5 5
2t 2t 2t 22 242 24 2t 2t 22 26 2 2 2 2 2

242 2t 2t 2 2t 5 5 7 2 15 5 5 5 5 5
262 2t 5t 22 2 5t 2t 5 2t 5 5 5 2t 5& 5
2% 5t 2t 2> 2t 2t 5 5 2t 5 5 5 5 2 5
22 5t 2 2t w2 B 2t 5 2t 5 2 5t 5 5 5
22 2t 5t 26 2% 2 5 5 2 5 58 2 5 5 5
2t 5 5 2t 2t 5 5 5 2t 5 5 5 5 5 5

The determinant of the matrix above is 1259712t'4(t — 1)4(t — 2)¢. Hence, by lemma TV.2.2,
FP,(t) is semisimple if and only if ¢ # 0,1, 2. ‘ &

Now to prove theorem IV.2.1.

Proof of theorem IV.2.1. Suppose Ly and Ly are indecomposable objects in Rep(Sy; F'). By
theorem IV.1.3.1 there exists n € Zgeqo and idempotents ey, e2 € FPy(t) so that Ly and Lg are

isomorphic to ([n],e1) and ([n],e2) respectively. Whence Hompep(s,;m)(L1,L2) = eaFPy(t)er.
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Thus, in order to show Hom&p(st;p)(Ll, Ls) is either zero or a finite dimensional division algebra
over F, it suffices to show F'P,(t) is a semisimple algebra. Therefore, for a fixed ¢t € F, Rep(Sy; F)
is semisimple whenever F'P,(t) are semisimple for all n > 0.

Let M,(t) denote the matrix whose rows and columns are labelled by the elements of P, »,
(in some fixed order) with the z,y-entry equal to (z,y) (the trace form on FP,(¢), see lemma
IV.2.2). Then the entries of M,(t) are in Z[t]. Hence det M,(t) € Z[t]. It follows from lemma
IV.2.2 that F'P,(¢) is semisimple if and only if det M,(¢) # 0. However, from theorem III.1.7,
we know that FP,(d) is semisimple for integers d > 2n. Hence, det M,,(¢) is a polynomial in ¢
which is not identically zero. Thus, for each n > 0 there are only finitely may values of ¢ for
which det M, (t) = 0. Therefore there are only countably many values of ¢ for which F'P,(t) is not

semisimple for all n > 0. O

Remark IV.2.4. If ¢t € F is not an algebraic integer, then by theorem IV.2.1 we know Rep(S;; F)
is semisimple. However, given an arbitrary ¢ € F'| neither theorem IV.2.1 nor its proof allow us
to determine if Rep(Sy; F') is semisimple. As mentioned at the beginning of this section, we will

eventually show that Rep(S;; F') is semisimple if and only if ¢ is not a nonnegative integer.
We close this section with one final observation.

Corollary IV.2.5. Rep(St; K) is semisimple.

Proof. This follows from theorem IV.2.1 as T is not an algebraic integer. a

IV.3 The Interpolation Functor Rep(Sy; F') — Rep(Sq; F)

Throughout this section we assume d is a nonnegative integer. In this section we will
explain how Rep(S4; F) “interpolates” the category Rep(Sq; F). More precisely, we will show
Rep(Ss; F') is equivalent to the quotient of Rep(S;; F') by the so called “negligible morphisms.” To

start, let us define the interpolation functor.

Definition IV.3.1. F : Rep(Sa; F) — Rep(Sq; F) is the functor defined on indecomposable
objects by F([n}],e) = f(e)(VS™), and on morphisms o : ([n],€) — ([n'],€') by F(a) = f(a). Here

f and Vj are as in section III.1.
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Notice that F is clearly a tensor functor. Moreover, from the discussion in section III.1

we have the following.

Proposition IV.3.2. F is surjective on objects and morphisms.

Proof. This follows from proposition 1I1.1.1 and theorem II1.1.7.1. O

However, by theorem II1.1.7.2 we know that F does not induce an equivalence of tensor
categories. To illustrate the amount by which F fails to induce an equivalence of categories we
need the following definition.

Definition IV.3.3. A morphism g: X — Y in a tensor category is called negligible if tr(gh) =0
forallh:Y — X. Set N(X,Y) :={g: X =Y | f is negligible}.
Example IV.3.4. (1) The only morphisms in Repg(So; F) which are not negligible are nonzero
scalar multiples of idg (see example I11.3.1.1).
(2) Let 7w : [1] — [1] be as in the proof of theorem IV.1.5. Then z, : [1] — [1], defined by
equation (II1.1), is given by z, = 7 — id;. Since tr(r) = ¢ = tr(id;), we have tr(z,) = 0.
Moreover, z,m = (£ — 1)7 so that tr(z,m) = t(t — 1). We conclude that z, is negligible if

and only if t =0, 1.

(3) Consider the morphism 7 € Homgey, (s,;7)([1]; [2]) given by

1

.
7r:

* o

1 2

1 1 1 1
[ ]
“121 b2 = lia=\ M—h
° *—o °
1 2 1 2 1 1 2
If we set
1 2 1 2 1 2 1 2 1 2
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then one can compute tr(z.vg) = t(t — 1)(t — 2), and tr(z,v;) = 0 for i = 1,2, 3,4. Thus z
is negligible if and only if ¢ = 0,1, 2. O

Remark IV.3.5. Each of the examples IV.3.4 follow from the following fact: In Repgy(St; )

Spang{x. | m € P, m has more than ¢ parts}, ift € Z>g
N([n],Im]) =

0, otherwise.

For t € Z this fact follows from theorem III.1.7.2, remark II1.2.8, along with the following
proposition 1V.3.6.2. For ¢ € Z>( we will eventually show that the larger category Rep(Sy; F) is
semisimple (see corollary VI.4.5). It is well known that there are no nonzero negligible morphisms

in a semisimple category.
Proposition IV.3.6. The following statements hold in any tensor category.
(1) NV is a tensor ideal.
(2) The image under a full tensor functor of a morphism g is negligible if and only if g is negligible.

Proof. Statement (1) follows from proposition 11.2.4. Statement (2) follows from the fact that a

tensor functor preserves the trace of a morphism. |

Since there are no nonzero negligible morphisms in Rep(Sy; F'), by proposition IV.3.6.2 we
conclude the functor F : Rep(Sy; F) — Rep(Sy; F') sends all negligible morphisms to zero. Thus
F induces a functor F : Rep(Sy; F)/N — Rep(Ss; F).

Theorem IV.3.7. F induces an equivalence of categories Rep(Sq; F)/N 22 Rep(Sq; F).

Proof. This follows from proposition IV.3.2 and proposition 1V.3.6.2. O

We finish this section with the following proposition concerning the functor F. For proof

of the proposition we refer the reader to [9, proposition 6.4].

Proposition IV.3.8. Suppose d is a nonnegative integer and A = (A1, A2, ...) is a Young diagram.

If d — [A| > Ay, then F(L(N) = Ly If d — |A| < A1, then F(L(\)) = 0.
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IV.4 Dimensions

In this section we study a hook length formula which gives the dimension of indecomposable

objects in Rep(Sr; K). Let us start by defining the hook length formula.

Definition IV.4.1. The hook length of a fixed box in a Young diagram X is the number of boxes
in A which are either directly below or directly to the right of the fixed box, counting the fixed box
itself once. Given a Young diagram A let Py denote the unique polynomial such that

d!
[1(hock lengths of A(d))

Py(d) =

for every integer d > 2|)|.

Example IV.4.2. Let A =M and suppose d > 10 is an integer. In figure 1 each box of A\(d) is
labeled by its hook length.

d—3|d—4|d—6|d—-8|d—9]| - 2 1

Figure 1: An Example of Hook Lengths

Thus Py(d) = = Ld(d-1)(d—2)(d—-5)(d—7). &

d!
2A(d=3)(d—4)(d—6)(d—8)!

First, we show how P, is related to the indecomposable object in Rep(St; K) correspond-

ing to A.

Proposition IV.4.3. dimpe,(s,;x) L(A) = Pr(T)

Proof. By proposition I1.4.8 there exists and idempotent € € KP,(T) with ([n], &) 22 L(\)
in the category Rep(St; K). Since dimpep(s,;x) L(A) = tr(g), it follows from corollary IV.1.8
that dimpep(sy;x) L(A) is an element of F(T). Moreover, for all but finitely many integers d,
evaluating 7" = d in dimpep(s,;x) L(A) gives dimpep(s,;m) L(A) (again by corollary IV.1.8). Since
F is a tensor functor, dimpgep(s,; 7y L(A) = dimpeps,;7) La@) whenever d is a sufficiently large

integer (see proposition IV.3.8). Furthermore, it is well know that dimgep(sy;m) Daw) = Pald) (see
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e.g. [12, 4.12]). Thus, the rational function dimge,(s,;x) L(A) agree with the polynomial Py (T')

whenever T is a sufficiently large integer. Hence they must always agree. d

Next, we wish to determine the roots of Py. The following combinatorics will be useful

towards that endeavor.

Definition 1V.4.4. Given a Young diagram A and an integer d > 2|)|, create the (A, d) grid
marking as follows: Start with a grid of (JA\|+ 1) x (d— |A|) black boxes. Place the Young diagram
A(d) (with white boxes) atop the grid so that the upper left corner of A(d) is atop the upper left
corner of the grid. Now place the numbers 0,1,...,d — 1 into the boxes of the grid using the

following rules:
e Begin by placing the number 0 in the lower left box of the grid.
e If the number 7 is in a black box, place 7 + 1 into the box directly above 3.
e If the number 7 is in a white box, place i + 1 into the box directly to the right of 4.

Label the rows of the grid 0,...,|A| (from top to bottom) and the columns of the grid 1,...d— ||

(from left to right).

Example IV.4.5. Set A =(4,3,1,1,0,...) and d = 25. Figure 2 shows the (), d) grid marking.

Figure 2: The (), d) Grid Marking O

The following proposition records the properties of the (A, d) grid marking which will be

useful for determining the roots of Py.
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Proposition IV.4.6. The (), d) grid marking has the following properties:
(1) 1f |8 appears in the ith row, then k = [A| 4 A; — i.

(2) If |k | appears in the ith column, then d — & is the hook length of the row 0, column ¢ box in

the Young diagram A(d).

Proof. (1) If appears in the ith row, then must be in column yu; + 1. Hence k is the
number of up/right moves it takes to get from the lower left corner to the upper right corner in a
(JAl —2) x (A + 1) grid. The result follows.

(2) Let ¢; denote the number of boxes in the ith column of A. Notice there are ¢; boxes
below, and d — |A| — 4 boxes to the right of the row 0, column ¢ box in A(d). Hence the hook length
of that box is d — |A| — i+ ¢; + 1. On the other hand, if appears in the ith column, then
must be in row ¢;. Hence k is the number of up/right moves it takes to get from the lower left

corner to the upper right corner in a (|A| —¢;) x4 grid. Thus k = [A| —¢; +1— 1. O

Using proposition IV.4.6, we can determine all the roots of the polynomial Py.

Proposition IV.4.7. Py is a degree |\ polynomial with |A] distinct, integer roots given by

[Al+ A —iforeachi=1,...,|AL

Proof. Suppose d is an integer with d > 2|A|. It follows from definition IV.4.1 that the roots of
P, are exactly the integers 0 < k < d such that d — k is not a hook length of a box in the top
row of A(d). By proposition IV.4.6.2, those are exactly the values of k for which appears in the

(A, d) grid marking. The result now follows from proposition IV.4.6.1. O
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CHAPTER V

ENDOMORPHISMS OF THE IDENTITY FUNCTOR

In this chapter we study endomorphisms of the identity functor on Repg(St; F') constructed
using certain central elements in group algebras of symmetric groups. These endomorphisms of the
identity functor will play a key role in describing the blocks in Rep(Ss; F'). This role is analogous

to the role the Casimir element plays in Lie theory.

V.1 Interpolating Sums of r-cycles

In this section we define morphisms in Rep,(S:; ') which “interpolate” the action of the
sum of all r-cycles on representations of symmetric groups. To begin, let » and d be positive

integers with r < d.
Definition V.1.1. Let Q, 4 € F'Sy denote the sum of all r-cycles in Sy.

Since £ q is in the center of F'Sy4, the action of Q.4 on Vd®” gives and element of
Endg, (V™) for each integer n > 0. This, along with theorem I1I.1.7, shows the following definition

is valid.

Definition V.1.2. For nonnegative integers r,n, and d with » < d and 2n < d, let CJ,(d) denote

the unique element of FP,(d) with f(C%(d)) € Endg,(V.®™) given by the action of £, 4.

The first goal of this section is to define elements of F P, (¢) for arbitrary ¢ € F' which agree
with CF(t) when t is a sufficiently large integer. We are able to do this because, as we will show,
Cr(d) depends polynomially on d. The fact that CZ(d) depends polynomially on d boils down to

the following combinatorial proposition.



42
Proposition V.1.3. Suppose n is a nonnegative integers and m € P, . Fix the following notation.
e Let a denote the number of parts of 7.
e Let b denote the number of parts 7 of 7 such that j, 7’ € my for some 1 < j < n.

e Let ¢ denote the number of connected components in the trace diagram of 7w (see section

111.3).

e Suppose r and d are positive integers with d > r, and 1,4’ € [n,d] are such that the (4,%’)-
coloring of 7 is perfect. Let S(m,r,d) denote the number of r-cycles, ¢ € Sy, such that

o(ij) =i forall 1 < j<n.

Fix a positive integer r. If S(m,r,d) is nonzero for some integer d > r, then S(m,7,d) is nonzero

for all d > r + b. Moreover, if S(m,r,d) is nonzero, then

r+b—a

I @-r—b+k)? (V.1)

k=1

(r—a+c—1)

S(m,r,d) = (r —a—+b)!

The proof of proposition V.1.3 is a simple counting argument which we leave to the reader.

However, a proof can be obtained by simply generalizing the following example.

Example V.1.4. Let n = 15 and

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
)

. o oD

[ ]
1 2/ 3 4 5 6 7 8 9 10 11’ 12’ 13 14’ 15

Then a =14,b=3,and ¢ =7. For d > 14, let 2,41’ € [n,d] be the functions which give the perfect
(4,4')-coloring of w shown in figure 1.

12134564ZSQSIOQIO

. o o
514 5 3 11 13 12 11 8 6 9 6 10 9 10

Figure 1: A Perfect (4,4’)-coloring of 7

r+b—a
1If r = a — b then the empty product [] (d—7 —b4k) is equal to 1, and (V.1) gives S(m,7,d) = (c—b— 1)
1

k=
Ifr <a—borr <a-—cthen S(m,r,d) is zero for all d, so (V.1) does not apply.
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For an r-cycle o € Sq to satisfy o(i;) = z; for j =1,...,n, o must fix the 3 = b numbers 3,9, 10,
and map

1—-5-13 2 — 14, 4 - 11, 7—8—6-—>12 (V.2)

Clearly, such an r-cycle exists if and only if r > 11 =a—band d > r+ 3 = r+b. In that case, the
number of such r-cycles can be counted as follows. There are (r — 8){ = (r — a4+ ¢ — 1)! ways to
arrange the 4 = ¢—b “chains” listed in (V.2) along with the r — 11 = r — a + b other entries within
the cycle. Moreover, there are d — 14 = d — a choices for the remaining r — 11 = r — a + b entries
within the r-cycle after the “chains” in (V.2) have been taken into account. Hence the number of

desired r-cycles is given by (r — 8)!(f:ﬁ) =(r—a+c— 1)!(Td_;ib) which agrees with (V.1). &

With proposition V.1.3 in mind, we are now ready for the following definition.

Definition V.1.5. For ¢t € F' and integers r > 0, and n > 0, define w%(t) € FP,(t) as follows.

Using the basis {z,} for FP,(t) defined in (III.1), set

w::.(t): Z q7r,’l‘,tx7r

TEPL

where, using the notation set up in proposition V.1.3,

0, if S(m,r,d) = 0 for all integers d > 1,
drrt = (r—atc—1)! r+b--a .
T—atht IT ¢—r—b+k), otherwise.
k=1

Although the definition of w7, () may seem a bit complicated, for the rest of this paper we

will only be concerned with the following (less complicated) properties of w?, (¢).

Proposition V.1.6. (1) Fix integers » > 0 and n > 0. Whenever d is a sufficiently large?
integer, w’ (d) = CL(d). In other words, when d is a sufficiently large integer, the map

flwi(d)) : VE™ — V2" is given by the action of Qr4 € Sy.

(2) Fix t € F and an integer » > 0. The morphisms wi,(t) : [n] — [n] for each nonnegative
integer n form an endomorphism of the identity functor on Repg(Se; F). In particular, w7 (¢)

is in the center of FP,(t) for every ¢t € F' and integer n > 0.

2The statement is certainly true for d > 2n -+ r, although this bound is not sharp.



44

Proof. For 4,i’ € [n,d], let 7(4,i') € Py, denote the unique partition which has a perfect (3,%’)-
coloring. Then the action of Q4 on V2™ maps the basis vector v; — i epmay S(r i), 7, dvy.
On the other hand, (I1.2) shows that f(wy, (%)) maps v; — Y 5 ennd) In (i 4"y a4 By proposition
V.1.3, S(n(3,%),r,d) = Tp(id'yrd for sufficiently large d. This proves part (1).

To prove part (2), choose y € Py, 1. For an integer d > 7, we know that f(u) : V2" — VE™
commutes with the action of Q, 4 € Sq. Hence, by part (1), f(wh,(d)p) = f(uwh(d)) when d is
a sufficiently large integer. Thus, by part (2) of theorem II1.1.7, wl () = pw?,(d) when d is a
sufliciently large integer. If we set Wl (H)u =3, Pam ax(t)m and pwi(t) =: 3 o Pam al(t)w for
each ¢t € F, then we have shown the polynomials a,(t) and a, (t) are equal when ¢ is a sufficiently

large integer. Hence they are always equal. ]

V.2 Frobenius’ Formula

This section will be devoted to studying how w?,(t) interacts with indecomposable objects

in Rep(Sy; F'). We start with the following proposition.

Proposition V.2.1. Fix t € F along with integers r > 0 and n > 0. If e is a primitive idempotent

in F'P,(t), then there exists £ € F and a positive integer m such that (W% () — £)™e =0.

Proof. Let F' denote the algebraic closure of F' and write w := w7 (t). Let a(x) (resp. o'(x))
denote the monic polynomial of minimal degree in Flx] (resp. F[z]) with a(w)e (resp. a’(w)e)
equal to zero.® First we will show that a(z) is a power of an irreducible polynomial in Flz]. To
do so, suppose b(z) and c(x) are relatively prime monic polynomials in Fz] with a(z) = b(z)c(z).
Then there exist polynomials g(z), h(z) € Flz] with deg g(x) < dege(x), deg h(x) < degb(x), and
g{z)b(z) + h(z)e(x) = 1. Hence g(w)b(w)e+ h{w)c(w)e = e is a decomposition of e into orthogonal
idempotents (here we are using the fact that w is in the center of F'P,(t), see proposition V.1.6.2).
Since e is primitive, this implies g(w)b(w)e = 0 or A{w)c(w)e = 0. The minimality of a(x) implies
that either g(z) = 0 or h(x) = 0, which implies ¢(z) = 1 or b(xz) = 1. Thus a(z) is a power of an
irreducible polynomial in F[z]. Since e is primitive in F'P,(t) (see proposition IV.1.7), the same line
of reasoning shows a’(x) is a power of an irreducible polynomial in Flz]. Hence a'(z) = (z — &)™

for some positive integer m and £ € F. Since a(z) is a power of an irreducible polynomial in F|x]

and (z — &)™ divides a(z) in F[z], we conclude £ € F. O
3The polynomial a(x) (resp. a’(x)) exists since F'Py(t) (resp. FPu(t)) is finite dimensional over F (resp. F).
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Next, we use a classical result of Frobenius to produce a formula for the scalar £ in
proposition V.2.2. The study of this formula will be the key to describing the blocks of Rep(S:, F')

in section VI.4. First we state Frobenius’ result on the symmetric group:

Theorem V.2.2 (Frobenius’ formula®). Fix positive integers d > r. Given a Young diagram
A= (Ao, A1,...) of size d, set p; = A; — ¢ for each i > 0. Then ;. 4, (definition V.1.1), acts on the

simple Sg-module corresponding to A by the scalar

k
£, = Z (itk—Dp+k—2) (m+k-r) J] BB (V.3)
i=0 0<;<k: Hi ™ty
S35

where k is any positive integer such that g1 = 0.

The result of theorem V.2.2 was first appeared in [11]. A modern proof of theorem V.2.2
is outlined in [12, exercise 4.17], (see also [18, example 7 in section 1.7]).

To close this section we show that £ in proposition V.2.2 is given by Frobenius’ formula.

Proposition V.2.3. Fix ¢t € F and a positive integer r. Suppose ([n],€) is an indecomposable
object in Rep(S:, F') corresponding to the Young diagram A. If k is a positive integer such that

Aky1 =0, then (Wi () — E:ﬁ:))me = 0 for some positive integer m.

Proof. By theorem IV.1.3.1 we may assume n = |A|. Let £ and m be as in proposition V.2.2,
so that (wi(t) — €)™e = 0. Applying the quotient map ¢ : FP,(t) - FS, (lemma IV.1.1.2) to
this equation yields ((wr(t)) — &)™ex = 0 in F'S,, where ey is a primitive idempotent in F'S,
corresponding to A. Since ¥(w},(¢)) is central in FS,, this implies ¥(w},(t))ex = ex. Hence, by
definition V.1.5, ¢ depends polynomially on .

Now, assume d is a positive integer such that d > A1+ |A|. By proposition IV.3.8, applying
the functor F to the equation (wy,(d) — €)™e = 0 yields (Qy g — §)™ex@) = 0. Thus, by theorem
V.22 ¢ = §T>‘, (kt) whenever ¢t = d is a sufficiently large integer. Since ¢ depends polynomially on

i & M) g a rational function in t,and € = £} A for infinitely many values of ¢, we conclude that

€= g“t) for all t € F. 0

4We take formula (V.3) to be the definition of 57’},k even if A = (Ag, A1,...) is not a Young diagram.
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CHAPTER VI
BLOCKS OF INDECOMPOSABLE OBJECTS
Consider the following equivalence class on the set of Young diagrams of arbitrary size.
Definition VI.0.4. For t € F and a Young diagram A = (A1, Ag,...), set

/L)\(t) = (t— |/\|,/\1 - 1,/\2 e 2,. . )

For Young diagrams A and X write ux(t) = (po,a,...) and pux () = (up, ph,...). We write

A4 X whenever there exists a bijection 7 : Z»¢ — Zx>o with p; = ufr(i) for all £ > 0.

Example VI.0.5. Let

r=H N = '

Then pu(7) = (3,1,0,—3,—4,—5,...) and px(7) = (-3,3,1,0,—4,—5,...). Hence A TN, &

Clearly, foreach t € F, 2 defines an equivalence relation on the set of all Young diagrams.

The main goal of chapter VI is to prove the following theorem.

Theorem VI.0.6. L(A) and L()') are in the same block of Rep(S; F') if and only if A LN

VI.1 What Does Frobenius’ Formula Tell Us About Blocks?

In this section we use Frobenius’ formula (V.3) to show rtv—equivalence classes correspond

to unions of blocks in Rep(S;; F').
Lemma VI.1.1. Suppose A and X are Young diagrams and k € Zyg with Agq1 = A, = 0.
AR _ N (@)

(1) If L(A) and L(X) are in the same block in Rep(Sy; F'), then &3 = & for every r > 0.

(2) 160 = X8 for every r > 0, then A L N
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Proof. To prove part (1), let us first fix some notation. Let n,n’ be nonnegative integers and
e € FP,(t),e € FP,(t) be idempotents with L(A) = ([n],e) and L(XN) = ([n'],¢'). Fix r and

write € 1= €0, ¢/ = €500

y w = wh(t), w = wl,(¢). Finally, let m be a positive integer with
(w—8&™e=0and ( — f’)me’ = 0 (such an m exists by proposition V.2.3). Now, suppose £ # ¢'.
Then there are polynomials p(x),q(z) € Flz] with p(z)(x — &)™ + g(z)(z — &)™ = 1. Hence, given

any morphism ¢ : ([n'],e’) — ([n),e) in Rep(S¢; F), we have
¢ =pw)(w—E"d+ qw)w - &)™ =p(w)(w — &) Med + qlw)(w — &)™ ¢e’.
By proposition V.1.6.2, the right hand side of the equation above is equal to
pW)(w —&)"ed + dg(w') (W —&)me' =

Thus, if there exists a nonzero morphism ([n'],e’) — ([n],e) in Rep(St; F), then £ = ¢'.

At

To prove part (2), notice £}’ is symmetric in po, . .., px. Thus {-")‘(t) ocicjcr (s — 15) is

an antisymmetric polynomial in po, ..., ux. However, every antisymmetric polynomial in pg, ..., px
is divisible by H0<i<].<k(,ui — p5). Thus {-':"S:) is a symmetric polynomial in ug, ..., ux. Moreover,
from equation (V.3) it is apparent that as a polynomial in ug, ..., tx,

TS:) = Z u; + (terms of total degree less than r) .

Thus, if f’\(t) §>‘ ® for every r > 0 then Zf:o ur = Zfzo(u;)T for every r > 0. This is only

possible if the list pg, ...,k is a permutation of g, ..., uj. O

VI.2 On the Equivalence Relation &

In this section we prove some elementary properties of the equivalence relation % and give
examples. We say a rf:—equivalence class is trivial if it contains only one Young diagram. Soon we
will see that the ri-equivalence classes are all trivial unless ¢ is a nonnegative integer (see corollary

VI1.2.2.1). First, we prove the following easy proposition.
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Proposition VI.2.1. Suppose ) is a Young diagram and write A,(t) = (o, p1,...). Suppose
further that 7 : Zyo — Zyo is a bijection and set u' = (ug,p},...) where ui = p,-1(;. There

exists a Young diagram A such that 4’ = p (t) if and only if p} € Z with p} > pi,, for alli > 0.

Proof. Suppose X satisfies p' = par(t). Then pf =X, —i> A, —¢—1=pi,, foralli> 0.

On the other hand, suppose u; > pj,, for all 4 > 0. Set X, = p; +¢ for all ¢ > 0
and X' = (A}, A},...). Since p; > pig1 and pi > piyy for all ¢ > 0, 7(¢) must equal ¢ for all
i > max{7(0),771(0)}. Thus X = X; for all i > max{7(0),7~1(0)}. This shows A = 0 for all but
finitely many values of i. Moreover, p; > piq1 for ¢ > 0 implies A} > X, for all ¢ > 0. Thus X
is indeed a Young diagram. Finally, choose k > max{7(0),7~%(0)} with Ay = 0. Then X = 0 as
well. Furthermore, t = Ef:o A= Ef:o i + @ = Ef:o ph+ @ = Ef:o AL, which implies

! H

Corollary VI.2.2. (1) The ~-equivalence classes are all trivial unless ¢t € Z>g.
(2) Suppose d € Z>g and A is a Young diagram. The EJ—equivalence class containing A is

nontrivial if and only if the coordinates of p(d) are pairwise distinct.

Proof. Suppose A is a Young diagram. It follows from proposition VI.2.1 that the rfx—equivalence
class containing A is nontrivial if and only if the coordinates of px(t) are all integers which are
pairwise distinet. This proves part (2). Also, this implies the L—equivalence classes are all trivial
unless ¢t € Z. Finally, if ¢ is a negative integer, then Ajy_; = 0 which implies jxj~; = po. This

proves part (1). O

Example VL.2.3. (1) Let A = (2,1,0,...). Then ux(t) = (¢ - 3,1,-1,—-3,—4,...). Thus, by
corollary VI.2.2, A is in a nontrivial L-equivalence class if and only if t € Z»p and t # 0, 2,4.
(2) If we let @ denote the Young diagram (0, ...), then pug{t) = (¢t,—1,—2,-3,...). Thus,

by corollary V1.2.2, A is in a nontrivial L-equiva.lence class if and only if t € Zxo. &
The following proposition gives a complete description of nontrivial L-equiva.lence classes.

Proposition VI.2.4. Suppose d is a nonnegative integer. Each nontrivial Ex-equiva.lence class is
infinite. Moreover, a Young diagram A is the minimal element in a nontrivial i-equivalence class if
and only if A(d) is a Young diagram of size d. In particular, the number of nontrivial r‘\ix—equivalence

classes is equal to the number of Young diagrams of size d. Finally, suppose {A(® < X1 < ...}
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is a nontrivial i—equivalence class with A (d) = (I7™,...,1"). If we set m := 22:1 m;, then

MO = (U +1)™, ..., (I + 1), 17™) for all § > m.

Proof. Suppose A is a Young diagram in a nontrivial i—equivalence class. Label the coordinates
of pr(d) by po, p1,... so that p; > pigr for all ¢ > 0 (such a labeling is possible by corollary
V1.2.2.2). For each nonnegative integer 4, set A(Y = (/\51'),/\5”, ...) where

pi—1+J i 7 <4,

A = (VL1)
pg 43 if >4

for each j > 0. Then A® is a Young diagram with pye (d) = (u((f), u(li), ...} where

pi =0,
@) _ . .
Ky = Hj—1 ifo<j<,
K if§>1.

Hence A& 2 X for all 4 > 0. Moreover, it follows from proposition VI.2.1 that A® AW X@) | g

a complete list of Young diagrams which are r'\i»—equivalent to A. Furthermore,

PRI SPIL
= Z§=1(“J'—1 + )+ s T3 (i + )
< Cimi(gm1 )+ i+ 1 sy (15 +9)
=T A§i+1) — [AGHD].

Next, given a Young diagram A = (A1, Az,...), d — |A| > Ay if and only if p; > pi4q for
all i > 0 where puy(d) = (po, p1,...), which occurs if and only if A is the minimal element of a
o d .
nontrivial ~-equivalence class.

Finally, If A®(d) = (IT, ..., 1) and i > m = }7_, m;, then by (VL.1)

d— MOl +1 ifj=1,
X =920 41 i<,

0 if§ > i.

Thus A® = ((I; + 1)™,..., (l, + 1)™,1=™) whenever i > m. a
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Example VI.2.5. (1) The only nontrivial 2-equivalence class is {2, (1), (12), (1%),...}.

(2) Below are the three nontrivial g—equivalence classes of Young diagrams.

@EI:[IIUIII T 11 11 1] 11 ...

LITI
LITid

(O [T H:f" _Jw

L]
]
L
I

[TL]
OTT
[TTTT]

5P B B @

&

Next we show how the polynomials Py defined in section IV.4 can be used to determine

. - g d .
when a Young diagram is in a trivial ~-equivalence class.

Proposition VI.2.6. Suppose A is a Young diagram and d is a nonnegative integer. A is in a

trivial f(\iz-equiva,lence class if and only if Py (d) = 0.

Proof. By corollary VI.2.2, A is in a trivial i—equivalence class if and only if the coordinates
of px(d) are not distinct, which occurs if and only if d — |A\| = X; — ¢ for some ¢ > 0. However,
d—|A\ > X —1 when ¢ > |A|, so A s in a trivial fi-equiva,lence class if and only if d = |A| + X; — 1

for some 0 < ¢ < |A|. The result now follows from proposition IV.4.7. O

We conclude this section by defining a total order on the nontrivial g—equivalence classes.

This ordering will be useful in section VI.4.

Definition VI.2.7. If B and B’ are nontrivial g—equivalence classes with minimal diagrams A

and N respectively, we write B < B’ if A(d) < N (d) (see definition I1.6.4).

Example VI.2.8. (1) The nontrivial 3—equiva,lence classes in example VI.2.5.2 are listed in

decreasing order.
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(2) Below are the seven nontrivial i—equivalence classes with Bg < -+ < Bs.

IFFBEERE ) ~UT TEEE

mm@aﬁjﬁg..}
Bl:ﬁﬁm@jﬁﬁjﬁﬂgm B5={DMEBE$E?E}

FroBpp)  a-fom e

By

By =

By

V1.3 The Functor — ® L(0O)

In this section we explain how to decompose the tensor product L(A) ® L(0) where A is an
arbitrary Young diagram. The following lemma will be our main tool in our study of decomposing

tensor products.

Lemma VL3.1. Fix Young diagrams A, u. If L(A) @ L{p) = @, L(»)®® in the category
Rep(Sr, K), then Ly ® Lyay = @, L?&“) in the category Rep(Sys; F) whenever d is a suffi-

ciently large integer®.

Proof. Suppose € and ¢’ are primitive idempotents in K P,(T) corresponding to A and p re-
spectively. Then a, is the number of primitive idempotents corresponding to v in an orthogonal
decomposition of € @ &’ into primitive idempotents. By corollary IV.1.8, for all but finitely many
integers d, evaluating T = d in a decomposition of e ® ¢’ gives a decomposition of e® €' € F Py, (d)
where e and e’ are primitive idempotents in FP,(d) corresponding to A and u respectively. Hence,
L)@ L(n) = @, co L(¥)®» in the category Rep(Sa, F') whenever d is a sufficiently large integer.
As long as d is chosen large enough so that A(d), u(d), as well as all v(d) (when a, # 0) are Young

diagrams, applying the tensor functor F gives the desired result (see proposition IV.3.8). O

IIn [17], Littlewood showed for sufficiently large d, the decomposition of Lx(@) ® Lyay in Rep(Sg; F) depends
only on A and g, not on d. Hence, even though v(d) is only a Young diagram when d > v1+|v|, we can choose d large
enough so that a, = 0 whenever d < vy + |¢|. Thus, if we set L?&) = 0, the formula Lygy ® L) = B ce L?&'ﬁ
makes sense when d is sufficiently large.
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From lemma V1.3.1, along with the well known algorithm for decomposing Lx®L4—1,1,0,...)
in Rep(Sy; K) (see e.g. [17]), we have the following algorithm for decomposing L(A) ® L(D) in the

category Rep(St; K).

Proposition VI.3.2. L(\) ® L({0) = @, L(v)®* where a, is the number of times the Young
diagram v is obtained from step 2 in the following algorithm.
Step 1: Delete zero or one box from A wherever doing so results in a Young diagram.

Step 2: Add one box to A wherever doing so results in a Young diagram. To every Young
diagram not equal to A obtained from step 1, add zero or one box wherever doing so

results in a Young diagram.

Example VI.3.3. In this example we will apply proposition VI.3.2 to L(A)® L(O) in Rep(St; K)
where A = (2,1,0,...). Figure 1 illustrates the algorithm in proposition VI1.3.2 as follows: At the
top of the figure is A; the middle level lists all Young diagrams obtained in step 1 of the algorithm;
the bottom level lists all Young diagrams obtained from step 2; the arrows indicate adding or

deleting zero or one box as prescribed by the algorithm.

-
H/Hlj\m
N/ & AN
G EPF

Figure 1: Decomposing L(2,1,0,...) ® L{).
Hence, the multiplicity of L(v) in the decomposition of L(A) ® L() is the number of paths from
the top A to v (in the bottom level) in figure 1. O

We conclude this section with a technical lemma concerning tensoring with L([0) which

we will need in section VI.4.

Lemma VI.3.4. Fix a nonnegative integer d and suppose B = {\® < A1) < ...} is a nontrivial

d .
~-equivalence class.
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(1) If B is minimal with respect to <, then for each integer ¢ > 0 there exists a Young diagram

g, in a trivial ﬂz-equivalence class, with L(p) ® L(O) = P, L(»)®* in Rep(St; K) where

1 ifje{ii—1},
0 ifj¢{ii—1}.

ArG) =

(2) If B is not minimal with respect to <, then there exists a nontrivial ri—equivalence class
B = {p@ < p() < ...} such that for each integer i > 0, L(p?) ® L(J) = D, L(v)®* and
LO®) e L) = @, L(¥)®* in Rep(Sr; K) where

1 ifj=4,
0 if j#i.

ayo = by =

Moreover, B’ can be chosen with B’ < B.
Proof. (1) Assume B is the minimal i—equivalence class. Then

. (28,1971 ifo<i<d,
A = ' (V1.2)
(24,179 ifi>d.

Now fix 7 > 0 and set

(1) ifi=1,
. (3,272,149 if1<i<d,
o (2471, 1) if i = d,
(3,241 18791 if 5> 4.

If we set p,(d) = (o, p1,. . .), then it is easy to check that

pi if1<i<d,
Mo =
pit1 ifi>d.

Hence p is in a trivial ri—equivalence class (see corollary VI.2.2). Finally, comparing p to the Young

diagrams in (VI1.2) and using proposition VI1.3.2.2, it is easy to check that p satisfies part (1).
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(2) Suppose B is not minimal so that A(9(d) is a Young diagram of size d distinct from
(1%). Let p@ be the Young diagram with p(9(d) obtained from A(®)(d) by adding one box to the
first row with zero boxes and removing a box from the last row containing more than one box

(such a row exists since A(9(d) # (1%)); see figure 2.

N (d) = o 00 =

X X

Figure 2: Constructing p(® From A(©

Since p(®(d) is a Young diagram of size d with p(@(d) < A(D(d), p@ is the minimal element in
a nontrivial f‘i—equivalence class B = {p(@ < p() < ...} which satisfies B’ < B (see proposition
V1.2.4). Moreover, given an integer i > 0, it follows from the construction of p(®) that the coordi-
nates of A()(d) — p) (d) are all zero except for one 1 and one —1. Thus, by proposition VI1.3.2, B/

satisfies part (2). o

VI.4 Lift of Idempotents

In this section we examine the idempotents in K P, (T) lifted from FP,(t) (see theorem
IV.1.3.2). Then, our results on lifted idempotents along with lemma VI.1.1 will be used to prove

theorem VI1.0.6. We begin with the following proposition.

Proposition VI.4.1. Suppose e is a primitive idempotent in F Py, (t) corresponding to the Young
diagram A. Suppose further that e lifts to an idempotent ¢ € KP,(T) ande =e1+ - + &y, Is an
orthogonal decomposition of ¢ into primitive idempotents with &; corresponding to Young diagram

2D for eachi=1,...,m. Then A® & Xand ND| < |\ foralli=1,...,m.

Proof. By part theorem IV.1.3 we can assume n = ||, so that |A®| < || for all i = 1,...,m. To
show A& & A for all 4 = 1,...,m it suffices to show «';“;,\‘(,:)(t) = f;\’(,:) forallr >0andi=1,...,m
where k is an integer such that )\5:) = Ap = 0 for all £ (see lemma VI.1.1.2). Fix positive integers
r and k with )\S) = A = 0 for all 7 and let A(z) € K[z] be the minimal monic polynomial with

A(wh(T))e = 0. Then A(z) is the product of linear terms of the form z — «S;\’ (ki)(T) (see proposition
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V.2.3). Let B(z),C(z) € KJz] be the unique monic polynomials with A = BC such that B(z)
(resp. C(x)) is the product of linear terms of the form x — {T}‘,:) ) with 52:) ® equal to (resp. not
equal to) 52 ® Suppose for a contradiction that C(x) # 1. Since B(z) and C(z) are relatively
prime polynomials of positive degree, there exist nonzero polynomials G(z), H(z) € Klz] with

deg G(z) < deg C(x), deg H(z) < deg B(x) and
G(z)B(z) + H(x)C(z) = 1. (VL3)

Let N be the minimal nonnegative integer such that all coefficients of both G/(z) := (T — t)V G(x)
and H'(z) = (T — )V H(z) lie in F[[T — t]]. Then from equation (VI.3) we have

G'(z)B(z) + H'(z)C(z) = (T — t)V. (VL4)

Let b(z),c(z), g(x), h{z) € Flz] be the polynomials obtained by evaluating T’ = t in the polynomials
B(z),C(z),G'(x), H'(x) respectively. If N > 0, then equation (VI.4) implies b(z) (resp. c(x))
divides h(z) (resp. g(z)). On the other hand, degb(r) = deg B(z) > deg H(z) > degh(x).
Similarly degc(z) > degg(z). Thus h(z) = g(x) = 0 which contradicts the minimality of N.
Hence N = 0 which implies the coefficients of H(z) = H'(xz) and G(z) = G'(z) are in F[[T — .

Thus evaluating 7' = ¢, z = wi,(¢) in equation (VI1.3) and multiplying by e gives
g(wr, (0)b(wr(t))e + hwy, (B))e(wr(t))e = e. (VL5)

Since w?, (t) is in the center of F P, (¢) (proposition V.1.6.2) and b(w?, (t))c(wh (¢))e = 0, the two sum-
mands on the left side of equation (V1.5) are idempotents. As e is assumed to be primitive, either
g(wr (ENb(wh(t))e = 0 or h(wr (t))c(w? (t))e = 0. This implies that either G(w! (T))B(w:(T))e =0

or H(wh(T))C(wh(T))e = 0 (see theorem IV.1.3.2) which contradicts the minimality of A(z). This

n

completes the proof. 0

Among other things, proposition VI.4.1 implies that the lifting a primitive idempotent
in FP,(t) corresponding to Young diagram in a trivial A -equivalence class yields a primitive
idempotent in K P,,(T). The following lemma describes the result of lifting a primitive idempotent

in FP,(t) which corresponds to Young diagram in a nontrivial rfa—equivalence class.
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Lemma VI.4.2. Fix a nonnegative integer d. Suppose B = {A\® < A1) < ...} is a nontrivial
i—equivalence class, and e € FP,(d) is a primitive idempotent corresponding to X3, Suppose

further that e lifts to an idempotent € € K P,(T).
(1) If 4 = 0, then ¢ is a primitive idempotent in K P, (T') corresponding to A(9),

(2) If i > 0, then there is an orthogonal decomposition of € given by € = ¢; + ;-1 where ¢; (resp.

€;_1) is a primitive idempotent in K P,(T") corresponding to A®) (resp. A1),

Proof. Part (1) follows from theorem 1V.1.3.2 and proposition V1.4.1. To prove part (2) we will
first show that € = ¢; + de;~1 where € {0,1}. To do so, it suffices to find a positive integer m and
an idempotent in &€ € FP,,(t) which lifts to an idempotent in € € K P,,(T') such that the number
of primitive idempotents corresponding to A in any orthogonal decomposition of € into primitive
idempotents is one if A = A®; at most one if A = A¢~1; and zero if A € B\ {A®), A1}, Indeed,
if such an € exists, then by proposition VI.4.1, an orthogonal decomposition of € must contain an
idempotent corresponding to A(¥) whose lift in K P,,(T) (and hence € (see theorem 1V.1.3.2)) is the
orthogonal sum of one idempotent corresponding to A() and at most one idempotent corresponding
to A1), We now proceed by induction on <.

For our base case, assume that B is the minimal i—equivalence class. Let p be as in lemma
VI.3.4.1, m = |p|+ 1, and € := ¢’ ® id; € FPy,(t) where &’ € F'P,(t) is a primitive idempotent
corresponding to p. Since p is in a trivial i—equivalence class, by proposition V1.4.1 along with
theorem IV.1.3.2, ¢’ lifts to a primitive idempotent ¢’ € K Py, (T) corresponding to p. Hence
€:=¢ ®id; € KPy(T) is a lift of the idempotent €. By theorem IV.1.5.1, id; € K P (T) is the
sum of a primitive idempotent corresponding to [ and a primitive idempotent corresponding to &.
Thus, by lemma VI1.3.4.1, an orthogonal decomposition of £ into primitive idempotents will contain
exactly one idempotent corresponding to each A® and A~1 and no idempotents corresponding
to AUY) when j 4,5 — 1.

Now assume B is not minimal and let B’ = {p(® < p) < ...} be as in lemma VI.3.4.2.
Set m = [p))| + 1 and é := &' ® id1 € FPn,(t) where ¢’ € FP,@(t) is a primitive idempotent
corresponding to p{). Since B’ < B, by induction ¢ lifts to an idempotent &} + d¢j_, € K P,,(T)
where €/, ¢/_, are mutually orthogonal primitive idempotents corresponding to p9, pi=1) respec-
tively, and § € {0,1}. Hence, € lifts to the idempotent € := (¢} + d¢i_;) ® idy € KP,,(T). By

lemma VI.3.4.2, an orthogonal decomposition of & into primitive idempotents will contain exactly
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one idempotent corresponding to A, § idempotents corresponding to A¢~1) and zero idempotents
corresponding to AY) when j # 4,7 — 1.

It remains to show § = 1. First, since F (see definition IV.3.1) is a tensor functor,
dimpep(sy;my([n], €) = dimpep(s,;m) F([n],e) which, by proposition IV.3.8, is equal to 0. On the
other hand, dimpgp(s,;r)([n], €) = (diMpep(sr;x)([7]; €))lT=a Which, by proposition IV 4.3, is equal

to Py (d) + 8Pyu-1 (d). By corollary VI.2.6 we know Py (d) # 0, hence § = 1. O

Before proving our description of blocks in Rep(Si, F'), we need one more proposition

concerning idempotent lifting.

Proposition VI.4.3. If e, e’ € FP,(t) are idempotents which lift to &,&’ € K P,(T') respectively,
then dimp (e’ F P, (t)e) = dimg ('K P (T)e).

Proof. Set R = FP,(t) and § = KP,(T). Also, let fi, f2, fs, f4,71,72,73, 72 denote the
idempotents e,1 — e,e/,1 — ¢',e,1 — g,¢',1 — €' respectively. Since n;|lr=; = f; for 1 < i < 4,

dimp f;Rf; < dimg 1;57; for each 1 <4,j < 4. Hence

dimp R = dimp € fiRf; < dimgx € n:Sn; = dimk S.

i=1,2 i=1,2
i=3,4 i=3,4

However, dimp R = |P, | = dimg §. Thus dimp f; Rf; = dimg ;57; for each 1 < 4,5 < 4. d
We are now ready to prove the main result section VI, which we restate now.
Theorem VI.0.6. L()\) and L()) are in the same block of Rep(Ss; F) if and only if A & X,

Proof. If L(A) and L()') are in the same block of Rep(St; F), then lemma VI.1.1 implies A A N, To
prove the converse, by corollary VI.2.2.1, we may assume t = d € Zxo. Suppose {A\® <A <...}
is a nontrivial <-equivalence class. It suffices to show Hompp(s,,my (L(A®), LAGHD)) #£ 0 for all

i > 0. Since Hompep(s,,r)(L(@), L(O)) = F P, we may assume we are not in the case where

t =0 and \Y) = @. Now, fix i > 0 and set n = max{|]A®|,|]A¢+?|}. By theorem TV.1.3.1 we
can find primitive idempotents e,e’ € FP,(t) with ([n],e) (resp. ([n],€’)) isomorphic to L(A(®)
(resp. L(AG+9)). Hence, it suffices to show e’ FP,(t)e is nonzero. Suppose ¢,¢’ are idempotents
in K P,(T) lifting e, ¢’ respectively. By proposition VI1.4.3, dimp (e’ F P, (t)e) = dimg (e' K Po(T)e).
Moreover, it follows from lemma VI.4.2 that dim k(' K P, (T)e) # 0. |
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We close this section by examining the dimensions of the Hom spaces between indecom-

posable objects in Rep(St; F').

Proposition VI1.4.4. (1) dimp Endgeps,;r)(L())) = 1 whenever A is in a trivial A-equivalence

class. In particular, the block corresponding to a trivial L—equivalence class is trivial.

(2) Given a nontrivial block {A\(®) < X < ...} in Rep(S; F),

2 ifi=j>0,
dimp Hompep(s,;p) (LOAD), LAY =< 0 if i — j| > 2,

1 otherwise.

Proof. By lemma VI.4.2 and propositions VI.4.1 and VI.4.3, it suffices to prove

1 A=,

dimpg Hom&p(sT;K)(L()\%L(X)) =
0 fA£ N,

By proposition IV.1.7 it suffices to consider the case when K is algebraically closed. As Rep(Sr; K)

is semisimple (corollary IV.2.5), the result follows from Schur’s lemma. O
Corollary VI.4.5. Rep(Sy; F') is semisimple if and only if ¢ is not a nonnegative integer.

Proof. This follows from proposition VI1.4.4.1 along with corollary VI.2.2.1 and proposition VI.2.4.
O
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CHAPTER VII
QUIVER DESCRIPTION OF A NON-SEMISIMPLE BLOCK

In this chapter we give a complete description of nontrivial blocks in Rep(Sy; F)) for all
d € Z>¢. In particular, we prove that all nontrivial blocks are equivalent as additive categories. We
begin by describing the nontrivial block in Rep(So; F'). Next, we show that for fixed d € Zxg, the
nontrivial blocks in Rep(Sy; F') are all equivalent. We then state a conjecture which would allow us
to compare blocks in Rep(Sy; F) with those in Rep(Sy—1; F') using a “restriction” functor. Finally,

we use Martin’s results on the partition algebras to give a complete description of nontrivial blocks.

VII.1 The Nontrivial Block in Rep(So; F)

In this section we give a complete description of the one nontrivial block in Rep(Sp; F'). In
this particular case the constructions of all idempotents are easy enough that we are able to fully
describe the block by brute force computations. We expect this method is too computationally
complicated in other cases. Throughout this section we consider the group algebra of fhe symmetric
group F'S,, as a subalgebra of the partition algebra F'P,,(0) (see remark 111.2.4). With this in mind,

we have the following idempotents:
1
Sn 1= — Z sgn(o)o € FP,(0) (n>0).
w ocESy

Proposition VII.1.1. In Rep(So; F), ([n], sn) = L((1™)) for alln > 0.

Proof. The proposition is certainly true when n = 0, so we assume n > 0. Since the projection
FP,(0) - FSy, maps s, — s, and in F'S,, the idempotent s,, is primitive corresponding to (17),
we know any orthogonal decomposition of s, into primitive idempotents in F P, (0) must contain
a summand corresponding to L{((1™)) in Rep(So; F). Thus, by example VI.2.5.1 and proposition
V1.4.4 it suffices to show dimp $,F P, (0)s, = 2.
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Suppose p € P, has the property that 7 = m for some transposition 7 € Sy, C Py 5.
Then s,us, = $,TuSy = —8uTSp, which implies s,us, = 0. Similarly, if ur = p for some
transposition 7, then s,us, = 0. The only elements of u € P, ,, such that 74 # p and pr # u for
all transpositions T € Sy, are either elements of S,, or of the form ozo’ for some ¢,¢’ € S, with
x = idp—1 ® T where m € Py 1 is as in the proof of theorem IV.1.5. If u € S, then s,us, = Lsn.
If 4 = oxo’ for some 0,0’ € Sy, then s,usn = ts,xs,. Hence, s, and spxs, span s, FP,(0)s,.

O

As a consequence of example VI.2.5.1 and proposition VII.1.1, describing the nontrivial
block in Rep(Sg; F) amounts to describing morphisms among the objects ([n], s,,) for n > 0. To
describe such morphisms, let z§ denote the unique element of Py o and let 27+! = id,, ® z} for all

n > 0. Finally, let 27, = (z7*1)Y for all n > 0 as pictured below.

1 2 n n+1l 1 2 n
[ ]
m#l:I II %1:1 I I
[ ]
1/ 2/ n/ 1/ 2/ nl (n+ )/

The following lemma records a couple properties useful in forthcoming calculations.
Lemma VIIL.1.2. The following identities hold in Rep(So; F'):

(1) spz?tlsnyy = xt s,y foralln > 0.

(2) —nspzlla?_isp = (n+ Daltspaz?,; for alln > 0.

(3) 2% _y27 s, =0 for alln > 0.
Proof. To prove part (1), let s}, = sp, ® id; € FP,44(0) for all n > 0. It is easy to see

Snz2+15n+1 = mz+15/n5n+l = mz+15n+l-

To prove part (2), notice that for o € S, y1 there are exactly (n — 1)! pairs (11, 72) with

n—1,n n+1

71,72 € Sy such that mz? 'zl _ 70 = 2l ox” ;. Moreover, for such a pair sgn(r172) = —sgn(o).
3 n n—1 n n41 )

Conversely, given any 71,72 € Sy, either Tz ~1z7 ;75 = 0 or there exists a unique o € Sy41 with

nat el m = 2t loal ;. Therefore, —(nls,)zn 1z} _; (nlsy) = (n — )zfH i (n + 1)lspaa]

which is equivalent to the identity in part (2).

To prove part (3), let 7 € Sy,4.1 denote the transposition n «+ n+1. Then it is apparent that

n n+1 — (T n+1
2@ ey = (27,21

- Tsnp1 = T0_ 2™ Y 18041) = —2*_,27115,41. The result follows. O
n-1 + n—-1%n + n—1%n +



Next, define the following morphisms:

ap = (=1)"(n+ lspi120,15n0,

Yo = (—1)"nspxy

n—1,n
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1
Bn = ﬁsnﬁzﬂsnﬂ (n>0),

Zp_18n (n>0).

The next lemma contains all calculations needed to describe the nontrivial block in Rep(So; F).

Lemma VII.1.3. The following equations hold in Rep(So; F):

(1) an # 0 for n > 0.
(2) Bn # 0 for n > 0.
(3) Y # 0 for n > 0.
(4) Boog = 0.

(5) Brom
(6) an—18n—1 =y for n > 0.

¥n for n > 0.

(7) anan_1=0frn>0.

(8) Bn-1Bn=0for n > 0.

Proof. Up to a nonzero scalar multiple, o, and 8 are equal. Hence, parts (1) and (7) will follow

from parts (2) and (8) respectively.

(2) Write 8, = Z"TGPn+1,n bym. Then b n+1 =
(3) Write v, = ZWGP"H," ¢ym. Then Copign =
(4) Boaw = —zpz? = 0 in Rep(So; ).

1 _
nln+1)"

(-1

n!

(5) Bnan = (=)™ n + 1)snzt snt127, 150 = Yn, (lemma VII.1.2.2).

(6) an—18n~1 = (=1)™n8, 2" Ls,_127_; $n = Yn, (lemma VIL1.2.1).

n

(8) Br_1Pn = msn_lx::_lsnxf{“snﬂ, which (by lemma VII.1.2.1) is equal to the expression

Zn—_llmsn_lxg_lxzﬂsnﬂ, which (by lemma VII.1.2.3) is equal to zero.

O

The following theorem describes the nontrivial block in Rep(Sy; F').
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Theorem VIL1.4. Let L, := L((1")) for all n > 0. The nontrivial block in Rep(So; F') has the

following associated quiver

et Y2
(8 74) Q (03] Q (6]

Ly=Li =L, —---

0 B B2
with relations: Boag = 0, nen—1 =0, On—18, =0, and Bpan = @pn_10n—1 = v, for alln > 0.

Proof. The objects in the block follow from example VI.2.5.1. The fact that the arrows (along
with the identity maps) form bases of the appropriate Hom spaces follows from lemma V1.4.4 and

lemma VII.1.3.1-3. The relations follow from lemma VII.1.3.4-8. . O

Remark VII.1.5. The block described in theorem VII.1.4 is equivalent to the nontrivial blocks

in the category of tilting modules of U, (sly) (when ¢ is a root of unity).

VIL.2 Comparison of Non-semisimple Blocks in Rep(Sy; F)

In this section we show that for fixed d € Z>g, the non-semisimple blocks in Rep(Sy; F) are
all equivalent as additive categories. Thereafter we conjecture that a restriction functor induces an
equivalence of categories between certain non-semisimple blocks in Rep(Sy; F') and Rep(Sq_1; F).
First, let us fix some notation. Given a block B in Rep(Sy; F), let Incg : B — Rep(Sy; F)) and

Projg : Rep(Sy; F) — B denote the inclusion and projection functors respectively.
B

Proposition VII.2.1. Suppose B is a nontrivial block in Rep(Sg; ). There exists a block B’ in
Rep(Sy; F) with B’ < B such that Projg o(— ® L(0))oIncp : B’ — B is an equivalence of additive

categories. Hence, all nontrivial blocks in Rep(Sy; F') are all equivalent as additive categories.

Proof. Let B denote the set of Young diagrams corresponding to indecomposable objects in B.
Let B’ be the set of Young diagrams given by lemma VI1.3.4.2, and B’ the corresponding block. Tt
follows from lemma V1.3.4.2 that Projg o(—®L(0))oIncs and Projg o(—®L(J))cIncs are inverse
to one another on objects. Moreover, since (— @ L([J))) is self adjoint and Projg is both right and
left adjoint to Incp, it follows that Projg o(— ® L(0))oIncs is adjoint to Projg o(—® L(0))oIncs.
The result follows. t
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Next, we use the universal property of Rep(S:; F') (see section 8.3 in [9]) to define a

restriction functor.

Definition VIL2.2. Let Resg'  : Rep(Si; F) — Rep(Si-1; F) denote the functor given by the
universal property of Rep(S:; F') which sends ([1},id1) — (1], id;) @ ({0], ido).

Conjecture VIL.2.3. For d € Z>q, let By denote the nontrivial block in Rep(Sq; F') containing
the object L(@). Then the functor Projg, omgi“ oIncg,,, induces an equivalence of additive

o~

categories Byy1 & By.

Remark VII.2.4. It is not hard to show that Projg, omﬁj“ oIncg,,, is bijective on objects.

d+1

7' olncp,,, is either full or

Hence, to prove conjecture VII.2.3 it suffices to show Projg, oR_es_';

faithful.

VII.3 Description of Blocks Via Martin

In this section we give a general description of the nontrivial blocks based on the results
of Martin. We start by reviewing the main result in [21].

Assume d # 0 and let A(® < A1) < ... denote the Young diagrams associated to a fixed
nontrivial block in Rep(Sq; F)). For each m > |)\(")|, let E,(,? ) denote the simple F P, (d)-module
associated to A™ (see theorem IV.1.5.1), and let P,Sl") denote its projective cover. According to

[21, proposition 9], these modules have Loewy structure

(0)

E
P =T m= ),
EY
EY
P = gD EGHY (> 0,m > [AD),
ED

In other words, for m > 0, P,(,g ) has a maximal simple submodule By = E,(,P with P,(,g ) /By & E,(,g).



64

Moreover, for each m > |A(™+1)| there exists a chain of submodules
n
P
U
A

3

with PSPV /A, = B, A,/ BE = ECFY B/c, = ES*Y and ¢, = B for n > 0. Using the

notation above, define the following maps!:

09 = 00,m PT(,?) —» PT(,?)/BO =20 — PT(,LI)

Bo = Bom : P - PO /B = p»

Otn = Oipm + P — PYY /B B — POHY (n > ) (VIL1)
Br = Brm : PP POV /B > B — P (n>0)

Yo = Yot P P A, =~ ¢, — P (n > 0)

We are now ready to give a general description of the nontrivial blocks in Rep(Sa; F).

Theorem VII.3.1. Suppose d is a nonnegative integer and B is a nontrivial block in Rep(Sg; F').

Then B is equivalent as an additive category to the nontrivial block described in theorem VIL.1.4.

Proof. We may assume d # 0. Notice
Hompep(s,; 7y (L(A™), LA™Yy = Hompp,, (4y(PSY, P

whenever m > |)\(")\, I/\(”’)\. Hence, by proposition VI.4.4.2, it suffices to prove the maps defined
by (VIL.1) satisfy equations (1)-(7) in lemma VIL.1.3. Equations (1)-(5) are clearly satisfied. The
fact that equations (6) and (7) are satisfied follows from the observation that the compositions

BF,, — P o, prEY BE | = B factor through BT, - B¥,,/Cri1 & Cp — BE. O

Remark VIIL.3.2. Our proof of Theorem VIIL.3.1 is a bit unsatisfactory since it is based on

rather deep results from [21]. On the other hand Theorem VII.3.1 follows from theorem VII.1.4,

1The equations in (VIL.1) are only defined when m is sufficiently large.
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proposition VIL.2.1, along with conjecture VII.2.3. Hence a proof of conjecture VIL.2.3 would

complete a proof of theorem VIL.3.1 which is independent from [21].
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CHAPTER VIII

DECOMPOSING TENSOR PRODUCTS

In this chapter we first show how a classical result of Littlewood can be used to decompose
tensor products in Rep(St; K). We then give an example illustrating how lemma V1.4.2 along with
knowledge of tensor decomposition in Rep(St; K) can be used to decompose tensor products in

Rep(St; F). First, we introduce some notation which will simplify decomposition formulas.

Definition VIIL.0.3. Set Y := @,y ZA. We now define multiple ring structures on Y.

o For A, € Uyset Axp =3 g, af,v where a}, are the nonnegative integers defined by

Ly® Ly = @, cq, Lo in Rep(Sq; F). If A, u € © have |A| # |u], set Ax = 0.

eFor,pecVandte F,set A\@Qp =3, cq b§,,v where b5, are the nonnegative integers
defined by L(\) ® L{1) = @, cq L)% in Rep(Ss; F).

o For \,u € ¥, set A-p = )] g,V where c§,, are the Littlewood-Richardson coefficients

defined by Tnd3 ' +al (L) ® L)) = @,eq Lo .

Example VIIL.0O.4. (1) Given Young diagrams A and u, fA@ p = 3_,cq b5, then, by lemma
V1.3.1, Md) * u(d) = 3, cq b% ,v(d) whenever d is a sufficiently large integer.

(2) From example V1.3.3 we have

B]@D = H+§+B]+EE+2B]+_ +[CL1J+ [T o
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VIII.1 The Generic Case

The following theorem gives a method for decomposing tensor products in Rep(Sr; K).
The result is a direct consequence of lemma V1.3.1 and a classical formula due to Littlewood (see

theorem IX in [17]). For a more modern proof of Littlewood’s formula, see theorem 1.1 in [24].

Theorem VIIL.1.1. For Young diagrams «,,n, and A, let Fgﬂn be the nonnegative integer

defined by
a-f-n= ngﬁnA'
AET
Then for Young diagrams A and g,
A@p= Y, Taglhppn- - (B8 (VIIL1)

3,8 nn €Y

Example VIIL.1.2. The Littlewood-Richardson rule can be used to compute the numbers Fgﬁn
(see [18, §L.9] or [12, A.1]). Table 1 lists nonzeroI') 5, when X = (1,1,0,...),(2,1,0,...),(2,2,0,...)

respectively.

{a,ﬁﬂ?} |Fgﬂn {04,,3,77} I‘Ejﬂn {04,,3,77} F?ﬁn
{B,2,9} 1 {H o e} 1 {H,2,2} 1
{o,0,0}] 1 {B,o,2}| 1 {Po,e) 1
{mo, 2} 1 {B,B,9} 1

{o,0,0} 2 {8,0,0} 1

{m,m,z}| 1

{m,o,o0} 1

Table 1: Nonzero Fi‘vﬁn for Various A e

Example VIIL.1.3. In the following examples we use theorem VIII.1.1 to compute A (D p for
various Young diagrams A and p. In each example, we use example VIIL.1.2 along with the

Littlewood-Richardson rule to compute all nonzero terms of the right hand side of equation (VIII.1).
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(1) In this example we will compute H @ HP. Table 2 gives all nonzero terms of the right hand
side of equation (VIIL1).

lalglnl g [ o [ nn-(8+8) Fu: Py
z|e|B| @ | EEP+QI'+@+E] L
ojo| o | o | oo+ @R +H+ [ 1
olo|l o | H EFD+EE]+2EJ+E !
Hle| m| o B:'+H 1
Hle|l B|o| oo+ 1
ole|o| e | H EF'+§ 1
glo| o |m| oo+ 1
ole| o| o| @m+H 2
Hle|le|l @ | o|o 1

Table 2: Calculations for Computing (12) @ (2, 1)

Hence

Bof =mEP+{+H +Ej+|:1:m+3\333+2EE+3Q3+B+2|:1:3+4E}3+2§+2:D+2 B+a

(2) In this example we will compute § @ H. Table 3 gives all nonzero terms of the right hand

side of equation (VIIL.1).

lelglnl g | o | on (828) [ 185, |
o|e|HB| e | H EEE|+HEF'+E3 1
ojlo|o| P BIU+2EEP+2§E\+E:] 1
Ble|B|B|F°+F !
Hleg|m| m E:|:|+Hj 1
o|e Pl lE+B+H 1
H|e H|H 1

Table 3: Calculations for Computing (12) @ (22)

Hence J @9 =HH+ T+ EH+E}E+2EEJ+2B3+EJ+3EFD+EE+3QU+B.
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(3) In this example we will compute J? @ FP. Table 4 gives all nonzero terms of the right hand

side of equation (VIIL.1).

lalglnlp]

g | 0o (Bxp)

| nginrg%’ﬂ’ f

&

&

=

&

FFO+ iR+ BEF'+BI'+§ +?

1

EEP+EI'+2@+2E:+E

(m]

(m]

BE+E§P+2E:E'+@3+EJ

(m]

(m]

EFI'+EEP+2E:':'+ﬁfha:I

corrm -+ 20+ o P+ T+ [

oA B |am| a

o|(|H|lm|B | @ | H

o+ 2 R+ +

(m]

(m]

B:D+EE+2B:'+E

(m]

(m]

B:D+H§|+2HJ+E

oo+ 2 R+ + [

oo+ +f

s |H|B| B |m|m|o

8 [H|H|m@m| B |m| o

Hﬂ+ﬁ3+ﬁ

P

o

o+ 1+

—

co+2P+f

m

H

H

m

m +

(m]

o +f

[m]

s|lo|x|o|s|||om| o|s| s

s|n|O0|z|o|e|z|a|a|o0 | B|H|m m|s| o

0|0/ s|Hm|m|o|s| 8| &

sijn|o|sjo|e|e|e|(s|(o|Hm||m|e|o

&

ol el el i B e e i R S

Hence

Table 4: Calculations for Computing (2,1) @ (2,1)

P @ =+ +HH+2 ﬁ33+53+@+53+m+35333+5533+6ﬁ1’+5ﬁ3
+4E:]+E+3DID+QB:D+6EH+9§:]+3E+5[ID+9EP+5B+4[IH-4E +20+ 2,
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(4) In this example we will compute P @ H. Table 5 gives all nonzero terms of the right hand

side of equation (VIIL.1).

la[Blnlgln]nyg (8+8) [T, T |
e |o || 2|H EEEP+BE|I'+B§E+@:'+EJ+$ 1
o|f|o|BR EBI'+E:':‘:'+EEE]+3@:’HE:D+@+2?+Ej 1
o|lm|o|P EF'E+2EE:U+2EE+EEB+3§33+EE+@;5 1
Blo|B|B E}ID+EEP+2§33+EEHE:I 1
Hlo|m|m [E}ID+EEF'+2E33+BEHEj 1
mw|o|f|8 E}ID+EEP+B:D+2QH+2ED+E 1
m| o |m | m oo+ 2O+ 2P+ 1
Fle|F|lo DID+2BI'+EE+2QJ+E 1
ol e|f|e|FP EEP+E33+E3+§: 1
o |m| o |P|FO+EP+F+H 1
o(c|{o|f BI'+EB+2E‘]+5 2
0|0 |0 |m|cmo+2fO+E+H 2
Ble|H|o|oo+H 1
Ble |m| o|P+f 1
m|e |[B|o|P+f{ 1
m|e |m| o oo+ 1
Hile|lo|2|H EP+E 1
0|2 |o0|0|m+H 1
m|e|0| 2 |moo+ 1
O|e|0|O0|@m+( 1
BPle|s|2|0|O 1

Hence

FF @ B =P+ -+ BH+HP+ ?+$+BEJ+BEBE+3§E:‘+2EE +6[H

Table 5: Calculations for Computing (2,1) @ (22)

+3E:D+2@+3E+Ej+mm+6gﬂﬂ+7533+sﬁ]3+7ﬁﬂ+5aj+a+3l:cm

+SBI]+5EE|+8B:]+BE+3IIEI+653+3B+2ED+2E]+D'

&
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VIII.2 The Non-semisimple Case

In this section we Illustrate how to use lemma VI.4.2 along with theorem VIII.1.1 to de-
compose tensor products in Rep(S;; F) in non-semisimple cases. First, we introduce some notation.
Notation. Fix ¢t € F and suppose A is a Young diagram and e € F'P,(t) is a primitive idempotent
corresponding to A. Suppose further that e lifts to the idempotent ¢ € KP,(T") and e = 3 1% &;
is an orthogonal decomposition of € into primitive idempotents. Finally, suppose A® is the Young
diagram corresponding to g; for 1 = 1,...,m. Let Lift; : ¥ — Y denote the Z-linear map which
sends A — Y. A®),

By proposition VI.4.1 and lemma VI.4.2, Lift; is a bijection for all ¢ € F. Moreover, it is

easy to see

We are now ready to give an example illustrating how to decompose tensor products in Rep(S;; F)

in non-semisimple cases.

Example VIIL.2.1. In this example we will compute @ H§. By lemma V1.4.2 and éxample
VI1.2.5.2, Lifts(H?) =B+ and Liftz((H) = BP+E. Hence, by (VIII.2) and example VIIL.1.3,

Lifts(B @ BP) = AP+ T+ FE -+ ™+ FJFEJFEPIDMEEP]MHIDHB}B +ofF
+4EI’+3@+5? +Ej+2D]jIJ+IOBE+ISBEF‘+15§I]+15§3+HEJ+2E

+ 7o+ 23 414 +23 H:’Jr 7E+10D::+19E}3+10B+8m+95 +40+ 2,

Thus, by lemma V1.4.2 and example VI.2.5.2,

B® P = EP+ -+ FH+E+ EEP+$+BE3+4EEFD+4HID+4H£ +8
+4EI’+2@+5? +aj+2 corro+ 6 0 +7 P +1s [ +15 +11E3+2a

+om+23HH+12HH+23 Q:’+7E+ 3om+ 7EP+10B+8:D+2B+D_
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CHAPTER IX

TENSOR IDEALS

In this chapter we use our results on blocks along with an argument of Deligne’s to classify

tensor ideals in Rep(Sy; F'). More precisely, we will prove the following theorem.

Theorem IX.0.2. If ¢ ¢ Z>o, then Rep(S;; F') has no nonzero proper tensor ideals. If ¢ € Zxg,
then the only nonzero proper tensor ideal in Rep(S;; F) is the ideal of negligible morphisms.
IX.1 Deligne’s Lemma

Suppose n is a nonnegative integer and consider xiq, € FP,(t) (see (IIL1)). g4, is an

idempotent. Indeed, if ¢ € Z>o then by (II1.2) f(ziq,) : V" — V2" maps

Yy ifij;ﬁik fOI‘j#k,

0  otherwise.

vg

Thus f(xiq,) is an idempotent whenever ¢ € Z»o. Hence, by theorem II1.1.7.2 and the fact that
f: FP,(t) — Endg, (V,®") is an algebra homomorphism, ziq, € FPy(t) is an idempotent whenever
t € Z»y. Since the condition x;"dn = xiq,, in FP,(t) is polynomial in ¢, it follows that xig, € FP,(t)
is an idempotent for all ¢ € F.

Now suppose d is a nonnegative integer and let A denote the object ([d + 1],2iq,,,) in
Rep(Sy; F). The content of the following lemma concerning A is contained in a hand written letter

from P. Deligne. A proof of lemma IX.1.1 will appear in [3].

Lemma IX.1.1. The endofunctor —®A on Rep(Sy; F') factors through the category Rep(S—1; F).
In other words, there exist functors Rep(Sq; F) — Rep(S—1; F) and Rep(S_1; F) — Rep(Sa; F)
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making the following diagram commute.

_@A

Rep(Sa; F) Rep(S4; F')
Rep(S-1; F)

Corollary IX.1.2. Every nonzero tensor ideal in Rep(Sq; F') contains a nonzero identity endo-

morphism.

Proof. Suppose Z is a nonzero tensor ideal in Res(Sy; F'). Since tensor ideals are closed under
composition, it suffices to show that Z contains a morphism which has a nonzero isomorphism as a
direct summand. Let f be a nonzero morphism in Z. Then f ® ida is also a nonzero morphism in
Z. By lemma IX.1.1 there exists a functor G : Rep(S_1; F) — Rep(Sy; F') such that f@ida = G(¢)
for some nonzero morphism ¢ in Rep(S-1; F). By corollary V1.4.5, Rep(S5-1; F) is semisimple.

Hence ¢ (and therefore G(¢)) is the direct sum of isomorphisms and zero morphisms. O

IX.2 Proof of Theorem IX.0.2

The following proposition, which holds in any tensor category, will be useful in the proof

theorem I1X.0.2.

Proposition IX.2,1. All morphisms in a proper tensor ideal are negligible.

Proof. (compare with [13, proposition 3.1]) Suppose Z is a tensor ideal in a tensor category
7. Suppose further that there exist objects X,Y in 7 and a morphism f € Z(X,Y) which is not
negligible. Then tr(fg) # 0 for some g: ¥ — X. Thus tr(fg) = evy o(idy ® fg)ocoevy is a nonzero
morphism in Z(1,1). Since all nonzero elements of End7(1) = F are invertible, id; € Z(1,1).
Finally, any morphism h : A — B in 7 is equal to the composition A = A®1 hold g ®1=B.

Hence Z must contain all morphisms in 7. O
Next, we introduce an equivalence relation on Young diagrams.

Definition IX.2.2. Consider the weakest equivalence relation on the set of all Young diagrams
such that A and p are equivalent whenever L(A) is a direct summand of L{p) @ ({1],id1) in

d
Rep(Sq; F'). When A and p are in the same equivalence class we write A = p.
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The following proposition consists of all remaining information used in our upcoming proof

of theorem IX.0.2.
Proposition IX.2.3. Assume d is a nonnegative integer and A, u are Young diagrams.

(1) idp(y) is a negligible morphism in Rep(Sq; F) if and only if A is not the minimal Young

. . .. d .
diagram in a nontrivial ~-equivalence class.
d e d .
(2) A= u whenever A and u are in trivial ~-equivalence classes.

d . .. o d . s
(3) A= u whenever X is a non-minimal element of a nontrivial ~-equivalence class and  is in a

..y d .
trivial ~-equivalence class.

d . . - . . . d .
(4) A =~ p whenever neither A nor p is a minimal Young diagram in a nontrivial ~-equivalence

class.

(5) If 7 is a tensor ideal in Rep(Sq; F') containing idy(y) and A & w, then idy,(,, is also in 7.

Proof. Part (1) follows from propositions IV.3.8 and V1.2.4. Part (2) follows from propositions
V1.3.2 and VI.4.1 along with equation VIII.2. Part (4) follows from parts (2) and (3). Part
(5) is easy to check. Hence, it suffices to prove part (3). To do so, let B denote the nontrivial
5-equivalence class containing A. We will proceed by induction on B with respect to <.

If B is the minimal with respect to <, then we are done by lemma VI.3.4.1 along with
lemma VI.4.2.2 and equation VIIL.2. Now suppose B is not minimal with respect to <. Then, by
lemma VI.3.4.2 along with lemma VI1.4.2.2 and equation VIII.2, A £ X where X is a non-minimal

d
Young diagram in a nontrivial i—equivalence class B’ such that B’ < B. By induction N = u for

. . .. d .
some Young diagram g in a trivial ~-equivalence class. 0
‘We are now ready to prove our classification of tensor ideals.

Proof of theorem IX.0.2. If ¢ & Z>¢ then by corollary V1.4.5, Rep(S;; F') is semisimple. Hence
Rep(Sy; F') contains no nonzero negligible morphisms and we are done by proposition 1X.2.1.
Now assume d is a nonnegative integer and 7 is a nonzero proper tensor ideal of Rep(Sq; F').
Suppose A is a Young diagram which is not the minimal Young diagram in a nontrivial 4.
equivalence class. By propositions IX.2.1 and 1X.2.3.1 it suffices to show that idz () is contained

in Z. By corollary IX.1.2, there exists a nonzero identity morphism in Z. It follows that 7 contains
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idp,) for some Young diagram p. By proposition 1X.2.1, idz,y is negligible. Hence, by proposi-
tion IX.2.3.1, u is not the minimal Young diagram in a nontrivial i—equivalence class. Thus by

proposition 1X.2.3.4, A é . Finally, by proposition IX.2.3.5, idy) is contained in Z. g



Aad d
AKar
Aps ab

Cr(d)

coev 4

ev4

FP, .
FP, ()
FS,

A
r afn

APPENDIX

LIST OF SYMBOLS

additive envelope of the category A ... ... ... o i i

Karoubian envelope of the category A ........... i

pseudo-abelian envelope of the category A ......... ... .. ..ol

element of FP,(d) related to Qg o voovviiiii i

coevaluation morphism 1 — A Q@AY ... '

nonnegative integer ... ... ..o

the object ([d+ 1], @ia,,,) I Rep(Sas F) —ovvviii i

evaluation morphism AV @ A — 1 ...

linear map F Py, m — Homsd(Vf", Vd®m) ...............................

field (assumed to be of characteristic zero after chapter IT) .............

interpolation functor Rep(Sy; ) — Rep(Sa; F) oo iiiiiiiiiini,

F-vector space with basis P oocvvvviiiii i

partition algebra End&po (S+;F) ([TL]) ....................................

group algebra of the symmetric group ..........o. i

coefficients in Littlewood’s formula ...........coo i i i

element of [n,d] .. .. oo e

tensor ideal

76

62

41

14
72

16

35

16

22

22

67

16



%

Incg

PI‘OjB

Ty

Rep(84; F)

B ) e 16
inclusion functor B — Rep(Sai F) «ovvirniiiiiiii i 62
field of fractions of F[[T — #]] «..ovviiiriii i, 27
number of “middle components” in p* T ... 19
simple Sy-representation corresponding to A ...... ... ...l 13
indecomposable object in Rep(S;; F') corresponding to A ............... 28
Young diagram given by multiplicities ...............coiiii il 13
Young diagram .. ..ouun et e 12
size of A (number of boxes) .............. o 12
(t—|/\|,/\1,/\2,...) ..................................................... 13
(= AL AL — L A2 = 2, ) 46
tensor ideal of negligible morphisms .............. o, 36
object in Repg (St F) oot 21
set of functions {j | 1 <j<n} - {j|1<i<d} ..ol 16
element of F'P,(t) which interpolates action of Q,: whent € Z>g ...... 43
sum of all r-cycles in Sq ... 41
set of partitions of {1,...,n,1',...,m/} ... 15
polynomial defined with hook lengths of A(d) ..................cooiil. 38
projection functor Rep(Syg; F) — B o oviree i 62
set of all Young diagrams .........ccviiiiiiiiiiiii e 13
{AE T A =d} i 13
category of finite dimensional representations of Sq over F' ............. 14



Rep(Sy; F)
Repg(Sq; F)
Repg (St F)

St
MSPI

Sa

Sn

tr
(%

Va

7
Tn41

A
Er,k

Deligne’s category which interpolates Rep(S¢; F) whent € Zxg .........
full subcategory of Rep(Sy; F) with objects VE™ ................ ...
category which interpolates Repy(Sy; F) whent € Zsg .....oooooieii..
restriction functor Rep(Si; F) — Rep(Si—1; F) v,
symmetric group on {1,...,d} .. i
idempotent in FP,(0) ..ottt e
element Of B oo oo
indeterminate ...
TeNSOT CALEGOTY .o i e
15
element of fixed basisof Vy ...
Vig @ m @ Uy veei i i e e
natural d dimensional representation of Sg ......... ...
alternative basis element in F P, ,, corresponding tom € Py .........
unique element of Pig ....oooviiiii
Idn @ Zh o
($n+1)v

g
scalar given by Forbenius’ formula ............. .. oL
Dacw ZA o
unit object .. ...
empty Young diagram (0,...) ..ot
empty partition diagramin Pog .......coovviiiiii
total order on Young diagrams ...t

t .
total order on ~-equivalence classes ........... . i



Reae T

Qe

<

Brace fOrIn L o e
equivalence of Young diagrams related to tensor products ..............
equivalence of Young diagrams related to px(t) .......c.cooiiii i
“stack” partition diagrams ...
concatenation of partition diagrams ........ ...
multiplication on Y related to Littlewood-Richardson coefficients .......
multiplication on Y related to tensor products in Rep(Sg; F) ...........
multiplication on Y related to tensor products in Rep(Se; F) ...........
dual object ..o e

dual map



80

REFERENCES

[1] B. Bakalov, A. Kirillov, Jr., Lectures on tensor categories and modular functors, vol. 21 of

University Lecture Series, American Mathematical Society, Providence, RI, 2001.

[2] D. J. Benson, Representations and cohomology. I, vol. 30 of Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge, 1991, basic representation theory of

finite groups and associative algebras.
[3] J. Comes, V. Ostrik, On Deligne’s category Rep®(S;) (in preparation).
[4] J. Comes, V. Ostrik, On blocks in Deligne’s category Rep(S:) (submitted).

[5] A. Cox, M. De Visscher, S. Doty, P. Martin, On the blocks of the walled brauer algebra,
arXiv:0709.0851.

[6] A. Cox, M. De Visscher, P. Martin, The blocks of the Brauer algebra in characteristic zero,
Represent. Theory 13 (2009) 272-308.

[7] A. Cox, M. De Visscher, P. Martin, A geometric characterisation of the blocks of the Brauer
algebra, J. Lond. Math. Soc. (2) 80 (2) (2009) 471-494.

[8] P. Deligne, Catégories tensorielles, Mosc. Math. J. 2 (2} (2002) 227-248, dedicated to Yuri I.

Manin on the occasion of his 65th birthday.

[9] P. Deligne, La catégorie des représentations du groupe symétrique St, lorsque ¢ n’est pas un
entier naturel, in: Algebraic groups and homogeneous spaces, Tata Inst. Fund. Res. Stud.

Math., Tata Inst. Fund. Res., Mumbai, 2007, pp. 209-273.

[10] W. F. Doran, IV, D. B. Wales, The partition algebra revisited, J. Algebra 231 (1) (2000)
265-330.

[11] F. G. Frobenius, Uber die charaktere der symmetrischen gruppe, s'ber akad. wiss. berlin.
(1900}, 303-315; gesammelte Abhandlungen. Bénde III, Springer-Verlag (1968) 148-166.



81

[12] W. Fulton, J. Harris, Representation theory, vol. 129 of Graduate Texts in Mathematics,

Springer-Verlag, New York, 1991, a first course, Readings in Mathematics.
[13] F. M. Goodman, H. Wenzl, Ideals in the temperley lieb category, arXiv:math/0206301.
[14] T. Halverson, A. Ram, Partition algebras, European J. Combin. 26 (6) (2005) 869-921.

[15] F. Knop, A construction of semisimple tensor categories, C. R. Math. Acad. Sci. Paris 343 (1)
(2006) 15-18.

[16] F. Knop, Tensor envelopes of regular categories, Adv. Math. 214 (2) (2007) 571-617.

[17] D. E. Littlewood, Products and plethysms of characters with orthogonal, symplectic and
symmetric groups, Canad. J. Math. 10 (1958) 17-32.

[18] 1. G. Macdonald, Symmetric functions and Hall polynomials, Oxford Mathematical Mono-
graphs, 2nd ed., The Clarendon Press Oxford University Press, New York, 1995, with contri-

butiens by A. Zelevinsky, Oxford Science Publications.

[19] P. Martin, Potts models and related problems in statistical mechanics, vol. 5 of Series on

Advances in Statistical Mechanics, World Scientific Publishing Co. Inc., Teaneck, NJ, 1991.

[20] P. Martin, Temperley-Lieb algebras for nonplanar statistical mechanics—the partition algebra

construction, J. Knot Theory Ramifications 3 (1) (1994) 51-82.
[21] P. Martin, The structure of the partition algebras, J. Algebra 183 (2) (1996) 319-358.

[22] P. Martin, The decomposition matrices of the Brauer algebra over the complex field,

arXiv:0908.1500.

[23] F. D. Murnaghan, The Analysis of the Kronecker Product of Irreducible Representations of
the Symmetric Group, Amer. J. Math. 60 (3) (1938) 761-784.

[24] J.-Y. Thibon, Hopf algebras of symmetric functions and tensor products of symmetric group

representations, Internat. J. Algebra Comput. 1 (2} (1991) 207-221.

[25] V. G. Turaev, Quantum invariants of knots and 3-manifolds, vol. 18 of de Gruyter Studies in

Mathematics, Walter de Gruyter & Co., Berlin, 1994.



