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DISSERTATION ABSTRACT
Demetre Kazaras
Doctor of Philosophy
Department of Mathematics
June 2017

Title: Gluing Manifolds with Boundary and Bordisms of Positive Scalar Curvature
Metrics

This thesis presents two main results on analytic and topological aspects of scalar
curvature. The first is a gluing theorem for scalar-flat manifolds with vanishing mean
curvature on the boundary. Our methods involve tools from conformal geometry and
perturbation techniques for nonlinear elliptic PDE. The second part studies bordisms
of positive scalar curvature metrics. We present a modification of the Schoen-Yau
minimal hypersurface technique to manifolds with boundary which allows us to prove
a hereditary property for bordisms of positive scalar curvature metrics. The main
technical result is a convergence theorem for stable minimal hypersurfaces with free
boundary in bordisms with long collars which may be of independent interest.

This dissertation includes unpublished co-authored material.
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CHAPTER I

INTRODUCTION

1.1. Background

Let M be a smooth compact oriented n-dimensional manifold. If its boundary
is non-empty, we will denote it by M. Let Riem(M) denote the space of smooth
Riemannian metrics on M. For a metric g € Riem(M), we will study its scalar
curvature R, : M — R and the boundary’s mean curvature H, : OM — R with
respect to the outward-pointing normal vector. In this manuscript, we will explore
issues related to the impact of the topology of M on various properties of these two
curvature functions.

For 2-dimensional manifolds, this relationship is well-studied. If (¥,g) is a
Riemannian surface, the Gauss-Bonnet theorem relates R, and H, to the Euler

characteristic x(X) of the underlying surface according to the formula

/ Rydpty + 2 / H,do, — 4x(). (1.1)
b [)))

In this equation, du, denotes the volume element associated to g and do, denotes the

induced volume element on the boundary. Let us consider some first examples.

Example 1.1.1. The torus 77 has Euler characteristic x(7?) = 0. Since T2 has no
boundary, equation implies that the average value of the scalar curvature of any
metric must be 0. We can conclude that T2 does not admit a metric of strictly positive
or strictly negative scalar curvature. Similar logic implies that the sphere S? is the

only orientable closed surface which admits a metric of positive scalar curvature.



Example 1.1.2. Consider the surface with boundary ¥ = S\ { By, By} obtained by
deleting two disjoint balls from the 2-sphere and notice that x(X) = 0. Unlike the
case of the torus, there is no obstruction to ¥ admitting a metric of positive scalar
curvature since the boundary term in may be non-zero. We can find an example
of this phenomenon by considering the restriction of the usual round metric on S2.
However, we can ask whether or not ¥ admits a positive scalar curvature metric
with minimal boundary conditions i.e. a metric which satisfies H, = 0. Clearly,
implies this is impossible. In fact, the only compact orientable surface with
non-trivial boundary which admits a positive scalar curvature metric with minimal

boundary conditions is the disk.

The interaction between metrics satisfying certain curvature conditions and the
topology of the underlying manifold is an old and well-studied field in differential
geometry. For conditions on the scalar curvature of a Riemannian manifold, there
is the classical result of Kazdan-Warner which provides some clarity. Consider the

following three classes of closed manifolds:

(A) Those which admit a metric with non-negative and non-vanishing scalar

curvature.

(B) Those which admit a metric with vanishing scalar curvature and are not in class

(A).
(C) Those which are not in classes (A) or (B).

It is worth noting that, in dimensions n > 2, the classes (A), (B), and (C) are all
non-empty. For n > 2, (A) contains S”, (B) contains the n-torus 7", and (C) contains
hyperbolic manifolds i.e. manifolds admitting metrics of constant negative sectional

curvature. The following fact, called the Trichotomy Theorem, can be thought of
2



as describing how flexible the above classes are in terms of their possible scalar

curvatures.
Theorem 1.1.1. [1l] Let M be a closed connected manifold of dimension at least 3.

1. If M isin class (A), any function can be realized as the scalar curvature of some

metric.

2. If M is in class (B), f € C®(M) is the scalar curvature of a metric if and
only if either f(x) < 0 somewhere, or f = 0. Moreover, if the scalar curvature

vanishes identically, the manifold is Ricci-flat.

3. If M is in class (C), a function is the scalar curvature of some metric if and

only if it is negative somewhere.

Example 1.1.3. Since the standard round metric on the 3-sphere lies has positive
scalar curvature, S lies in class (A). Theoremshows that S3 also admits a metric
of negative scalar curvature and a metric with identically vanishing scalar curvature.
Similar logic implies that any manifold of dimension greater than 2 admitting a metric
of positive scalar curvature also admits a metric of vanishing scalar curvature and a

metric of negative scalar curvature.

In light of the above remarks, requiring a manifold to admit a metric of positive
scalar curvature, which we will abbreviate by psc from now on, is the strongest
condition one can impose on the sign of the scalar curvature of a metric. We also see
that requiring a manifold to admit a scalar flat metric is a weaker, yet still non-trivial
condition. Finally, we see that requiring a manifold to admit a metric of negative

scalar curvature is no condition at all, at least in dimensions n > 3.



1.2. Tools for Studying Scalar Curvature Conditions

In dimensions 2 and 3, there is a complete answer to the question of which closed
manifolds admit a psc metric. In dimensions n > 4, however, it is an open problem
to find smooth-topology invariants which answer this question. There are three main

approaches which we will briefly mention.

(1) If n = 4 and M has a spin®-structure with a non-trivial Seiberg-Witten invariant,
then M cannot admit a psc metric. The Seiberg-Witten invariant is well-defined

only under certain extra assumptions on M such as by (M) > 2.

(2) If n > 5 and M is simply connected, there is a complete answer: M admits a psc

metric so long as M is not spin with non-zero A-genus [2).

(3) If, for every metric g on M, there is a 2-sided, stable-minimal hypersurface which
does not admit a psc metric, an argument due to Schoen-Yau [3] implies that M
itself cannot be psc. This is most useful if the dimension of M is less than 8 and

the integral homology group H,,_1(M;Z) is non-trivial.

Each of the above items represents a topological obstruction to a manifold admitting
a psc metric. They often overlap — for instance, both (2) and (3) can be used to show
that T has no psc metric for n < 7.

In addition to the above obstructive tools, there are two main constructive
techniques for studying scalar curvature that are relevant to us. The first comes
from conformal geometry and originates from the Yamabe problem. It states that
a manifold admits a psc metric if and only if it admits a metric whose conformal
Laplacian is positive definite. This technique is described later in Section [1.4, The
second constructive tool is a large class of results which could all be described as

gluing constructions. One of the most fundamental gluing constructions is due to

4



Gromov-Lawson [2] which we will now briefly describe. Suppose we are given two n-
dimensional manifolds My and M; each containing an embedded k-dimensional sphere
with trivial normal bundle. One can then remove neighborhoods about the sphere in
My and M, and identify the resulting boundaries to form a new manifold M. If M,
and M; both admit psc metrics one can ask whether or not M also admits such a
metric. If the embedded sphere has codimension n — k& > 3, then one can glue the
psc metrics on My and M; to produce a third one on M. We will discuss a similar

construction in Section .4l

1.3. The Structure of This Thesis

This thesis consists of two main parts — composing two separate chapters — each
presenting generalizations of techniques mentioned in Section [1.2] The remainder of
this chapter is devoted to introducing these two parts and stating the main results
contained in each. In Part One, we will present a new gluing result for scalar-flat
manifolds with minimal boundary conditions. This chapter will also serve as an
introduction to the Yamabe problem on manifolds with boundary and other boundary
value PDE we will study in the rest of this thesis. The material in Part One appears
in a preprint written by the current author. Part Two begins by establishing a
novel version of the Schoen-Yau minimal hypersurface technique (see Section
which is adapted to manifolds with boundary. We will then introduce the notion of
positive scalar curvature bordism and use our new minimal hypersurface technique
to study them. The material in Part Two appears in a preprint co-authored by
the present author and Boris Botvinnik. The Appendix contains some details on
Geometric Measure Theory and technicalities of representing hypersurfaces as graphs.

The material in the Appendix is primarily used in Part Two.



1.4. Introduction to Part I

The main result of Part One can be described as a gluing construction for the
Yamabe problem on manifolds with boundary. To present this result in context, let
us first recall some basic background for the Yamabe problem.

Given an n-dimensional manifold M equipped with a Riemannian metric g, the

conformal class of g is the set of metrics given by

lg] = {7 € Riem(M): g = f - g for some function f: M — R, }.

The function f in the above definition is called a conformal factor. Given a conformal
class of Riemannian metrics C' = [g] on a closed manifold M, the classical Yamabe
problem asks if there is a metric in C' of constant scalar curvature. Such metrics are

critical points of the Einstein-Hilbert functional restricted to the class C'

Cn |1, Rod

CoR, grr olu oty 12)
Vol,(M) ™=

where ¢, = 4(7;—:21) is a dimensional constant. Critical points of this functional are

called Yamabe metrics.

Finding critical points of is equivalent to solving a non-linear partial
differential equation (PDE) called the Yamabe equation. In dimension n = 2,
the problem of finding critical points of the total scalar curvature functional (in
this setting we remove the dimensional constant ¢, from (1.2))) is equivalent to the
Uniformization problem which has long since been solved. For n > 3, however,
finding a Yamabe metric in a general class C' on a closed manifold M was a long-

standing problem for decades, eventually solved by R. Schoen in [4] by showing that



the infimum of the functional ([1.2)) is always achieved by some metric in C. When the
solution of this problem was nearly a decade old, J. Escobar introduced and solved

generalizations of this question to compact manifolds M with non-empty boundary.

1.41. The Yamabe Problem on manifolds with boundary

The natural functional to consider in the context of a non-trivial boundary is the
total scalar curvature plus total mean curvature; see [5] for a detailed study of this
functional. In order to make this quantity scale-invariant, it must be renormalized.
In the case of the classical Yamabe problem for closed manifolds, this is accomplished
in equation by dividing the total scalar curvature by Vol, (M )%2 For manifolds
with boundary, however, one may choose to renormalize with respect to the volume
of the interior, the boundary, or some combination of the two volumes.

In [6], Escobar studies the following family of functionals
Cn Jog Bydpsg + 2cn [, Hydoy

n—2

C—R, g~ —
aVol,(M) ™= + (1 — a)Vol,(OM)n»=1

(1.3)

where a is a parameter in the interval [0, 1]. For any fixed value of a, critical points of
this functional are metrics of constant scalar curvature with constant mean curvature
on the boundary. For a = 1, critical points of are scalar-flat and for a = 0
critical points have vanishing mean curvature on the boundary. These extremal cases
are studied, respectively, in [6] and [7], 8] where critical points are found for a large
class of M and C' by showing the infemum of is achieved. Similar analysis of
for general values of a was carried out in [9]. Notice that scalar-flat metrics with
vanishing mean curvature on the boundary are critical points of this functional for

any value of a. Conformal classes which contain such metrics are called Yamabe-null.



Let us introduce the objects and notations we will require. For a smooth
Riemannian n-dimensional manifold (M, g) with boundary 0M, we will write Ric,
for its Ricci tensor and A, for the second fundamental form of the boundary with
respect to the outward unit normal vector v. The scalar curvature of (M, g) is given
by R, = tryRic, and its boundary mean curvature is H, = tr,A,. Notice that H, is
the sum of the principle curvatures at a point p € OM, as opposed to their average
(usually denoted by h,) which is used in Escobar’s original work.

As usual, the class of metrics conformal to g will be denoted by [g]. We will often
write the conformal factor in the form f = wﬁ. A standard computation shows that

the scalar curvature of g = wﬁg is given by

]%:JﬁL (1.4)

et

where L, is the conformal Laplacian defined by L, = —A +c, R,. The mean curvature

of the boundary with respect to g is given by

Hy— ¥

_ i 1.5
= (15)

where the first-order boundary operator By is given by By = 0, + 2¢,H, on OM.

In [6] Escobar studied and addressed the following question: Does a given
conformal class [g] contain a scalar-flat metric with constant boundary mean
curvature? Inspecting formulas and , this task is equivalent to solving

the following elliptic problem with non-linear boundary conditions

Agp = ey Ryt in M
(1.6)

a0 = 2cn()\@/)ﬁ — Hpp)  on OM

8



where A is a constant. If ¢ is a smooth solution to , then g = ¢ﬁ g has vanishing
scalar curvature and constant boundary mean curvature equal to A\. As mentioned
above, equation can be viewed as the Euler-Lagrange equations for the total
scalar curvature plus total mean curvature functional, renormalized with respect to
the volume of the boundary and restricted to the class [g]. In terms of the conformal

factor v, this functional takes the form

o) = [y (V]2 + CnRg¢2)26(l7,Lui)+ 2, [0y Hot0?dor,

(fouy |01 77 dor)i=t

where dp, and do, denote the Riemannian measure on M and 0M induced by g.

1.42. Connected sum constructions

Let (Mi,g1) and (Ms,g2) be two n-dimensional closed Riemannian manifolds
with constant scalar curvature. If M; and My share a common embedded k-
dimensional submanifold K with isomorphic normal bundles, one can form the
generalized connected sum along K by deleting small neighborhoods around K and

identifying the two boundaries

Mi# My = (M \ K)U (Ma\ K)/ ~ .

One can ask to what extent the metrics ¢; and g can be used to produce a third
constant scalar curvature metric on M := M;# kM, and how the signs of R, and
R, effect the sign of this new scalar curvature. Such gluing constructions have a rich
history in geometric analysis, too extensive to satisfactorily survey here.

For the new construction we will present in Part One, we will adopt a particular

scheme first introduced by Mazzieri in [10] for gluing closed manifolds with non-zero

9



constant scalar curvature. His work generalizes results of Joyce [11] on connected sums
of closed manifolds of non-zero constant scalar curvature (see also [12]). Later, in [13],
Mazzieri considers the delicate problem of gluing two closed scalar flat manifolds to
produce another scalar-flat manifold. In general, this process may be obstructed if

one of the two original manifolds is Ricci-flat. In particular, he proves the following.

Theorem 1.4.1. [13] Let M be the generalized connected sum of two closed
Riemannian scalar flat, non Ricci flat manifolds (M, g1) and (Ma,ge) along a
common isometrically embedded submanifold (K, gi) of codimensionn—k > 3. Then
there exists a number g > 0 and a family of metrics {G:}ec(0,e9) Such that g. is scalar
flat and g. — g; on compact subsets of M; \ K for i = 1,2 in the C*-topology as

e — 0.

Example 1.4.1. Let us show that it is necessary to assume both of the starting
manifolds (M, g1) and (Ms, g2) are non Ricci-flat. Consider the case where (M7, ¢1)
and (Ma, g2) are both the flat 2-dimensional torus T?. These are closed, scalar-flat
Riemannian manifolds, but their connected sum is the surface of genus 2 and has
negative Euler characteristic. Hence, by , M4 Ms cannot admit a metric with

vanishing scalar curvature. The same result also holds for higher dimensional tori.

The main result of Part One is an analog of Theorem for manifolds with
boundary. Our generalization not only allows for M; and M, to have non-trivial
boundary, but we also consider situations where K is embedded into the interiors of
these manifolds, their boundaries, and even when K itself has a non-trivial boundary.
See Figure[l.1| Each of these three settings requires geometric modifications to the
gluing argument which are quite technical. For this reason, we will first state our

analog informally and provide three separate and precise statements later.

10



FIGURE 1.1. The generalized connected sum construction for interior, boundary,
and relative embeddings.

Theorem 1.4.2. Let (M, g1) and (Ms, g2) be two compact n-dimensional manifolds
with boundary, each scalar-flat with minimal boundary conditions. Assume neither
(M, g1) nor (Ms, go) are Ricci-flat with vanishing second fundamental form of the
boundary. Let M be the generalized connected sum of My and Ms along a common
isometrically embedded submanifold (K, gx) of codimension n —k > 3. Then there
exists a number €9 > 0 and a family of metrics {ge tec(o,e0) Such that g. is scalar-flat
with minimal boundary conditions and g. — g; on compact subsets of M; \ K for

i =1,2 in the C*-topology as ¢ — 0.

1.5. Introduction to Part II

In Part Two of this manuscript, we will first present a modification of the classical
Schoen-Yau minimal hypersurface technique mentioned in Section to manifolds

with boundary. Next, we present an application of this technique to the study of

11



psc-bordisms. Before we state our new results, let us first recall the details of the

Schoen-Yau technique.

Theorem 1.5.1. [3, Proof of Theorem 1] Let (Y,g) be a compact Riemannian
manifold with Ry > 0, and dimY = n > 3. Let X C Y be a smoothly embedded
stable minimal hypersurface with trivial normal bundle. Then X admits a metric
h with R; > 0. Furthermore, the metric h can be chosen to be conformal to the

restriction g|x.

We note that Theorem [1.5.1] is proven by analyzing the conformal Laplacian of
the hypersurface X. It it crucial that X is stable minimal. For arbitrary (Y, g) it is
a non-trivial problem to find a stable minimal hypersurface. For instance, if (Y, g)
has positive Ricci curvature, then it cannot support a stable minimal hypersurfaces.
However, in low dimensions, geometric measure theory can provide a source of stable

minimal hypersurfaces.

Theorem 1.5.2. (See [14, Chapter 8|, [I5, Theorem 5.4.15]) Let (Y, g) be a compact
orientable Riemannian manifold with 3 < dimY =n < 7. Assume a € H,, 1(Y;7Z)
1s a nontrivial element. Then there exists a smoothly embedded hypersurface X C'Y

such that

(i) up to multiplicity, X represents the class

(i) X minimizes wvolume among all hypersurfaces which represent « wup to

multiplicity. In particular, the hypersurface X is stable minimal.

There are several important results based on Theorems [1.5.1] and [1.5.2] In

particular, this gives a geometric proof that the torus 7" does not admit a metric of
positive scalar curvature for n < 7; see [3]. This method was also crucial to provide

the first counterexample to the Gromov-Lawson-Rosenberg conjecture; see [16].
12



1.51. The Schoen-Yau technique for manifolds with boundary

Let (M, g) be a Riemannian manifold with non-empty boundary OM and W C M
be an embedded hypersurface. We say that a hypersurface W' is properly embedded
if, in addition, OW = OM N W. Such a hypersurface W C M is stable minimal
with free boundary if W is a local minimum of the volume functional among properly
embedded hypersurfaces, see Section We establish the following analogue of
Theorem for manifolds with boundary in Section [3.13

Theorem 1.5.3. Let (M,g) be a compact Riemannian manifold with non-empty
boundary OM, R; > 0, H; = 0, and dimM = n+1 > 3. Let W C M be an
embedded stable minimal hypersurface with free boundary and trivial normal bundle.
Then W admits a metric h with R; > 0 and H; = 0. Furthermore, the metric h

could be chosen to be conformal to the restriction g|w .

The proof of Theorem [1.5.3| is similar to the case of closed manifolds. In
particular, we have to analyze the conformal Laplacian on W with minimal boundary
conditions. 'This boundary condition works well with the free boundary stability
assumption.

For a compact oriented (n+ 1)-dimensional manifold M, we consider the relative
integral homology group H,(M,0M;Z). Let & € H,(M,0M;Z) be a non-trivial
class which we may assume to be represented by a properly embedded hypersurface
W C M. We notice that the boundary OW (which may possibly be empty) represents
the class d(a) € H,,—1(0M;Z), where 0 is the connecting homomorphism in the exact

sequence

o= Hy(OM;Z) — Ho(M;Z) — Hoy(M,0M;7) % H, (OM;Z) — -+ (1.7)

13



There is an analog of Theorem which relies on a different regularity result, see

Appendix for more details.

Theorem 1.5.4. (See [I7, Theorem 5.2]) Let (M,g) be a compact orientable
Riemannian manifold with non-empty boundary OM and 3 < dimM =n+1 < 7.
Assume & € H,(M,0M;7Z) is a nontrivial element. Then there exists a smooth

properly embedded hypersurface W C M such that

(i) up to multiplicity, W represents the class @;

(1) W minimizes volume with respect to g among all hypersurfaces which represent

a up to multiplicity. In particular, W s stable minimal with free boundary.

1.52. Positive scalar curvature bordism and minimal hypersurfaces

The main result of this paper is an application of Theorems and to

provide new obstructions for psc-metrics to be psc-bordant.

Definition 1.5.1. Let (Yp, go) and (Y1, g1) be closed oriented n-dimensional manifolds
with psc-metrics. Then (Y, go) and (Y7, g1) are psc-bordant if there is a compact

oriented (n + 1)-dimensional manifold (Z, g) such that

e the manifold Z is an oriented bordism between Yy and Y7, i.e., 0Z = Yy U —Y7;

e § is a psc-metric which restricts to g; + dt? near the boundary Y; C 97 for

i=0,1.
We write (Z,g) : (Yo, g0) ~ (Y1, 1) for a psc-bordism as above.

Sometimes we consider bordisms (Z, g) : (Yo, go) ~> (Y1, g1) as above where the metrics
do not necessarily have positive scalar curvature. However, we always assume that

the metric g restricts to a product metric near the boundary.
14



Now we would like to enrich the psc-bordism relation with an extra structure,
namely with a choice of homology classes o; € H,_1(Y;;Z), i = 0,1. Recall the
following elementary observation. Let o € H,,_1(Y;Z), where Y is an oriented closed
n-dimensional manifold. Then the cohomology class Da € H'(Y;Z) Poincare-dual
to o can be represented by a smooth map v : Y — BZ = S!. Furthermore, we can
assume that a given point sy € S! is a regular value for v. It is easy to see that the
inverse image X, := v !(sg) C Y is an embedded hypersurface which represents the
homology class a.

If M is an oriented (n + 1)-dimensional manifold with a map 7 : M — S', let

v : OM — S be the restriction y|gy,. There is a simple relation between the classes

¥l € HY(M;Z) and [y] € H (OM;Z):

Lemma 1.5.5. Let @ € H,(M,0M;Z) and o € H,,_1(OM;Z) be Poincare dual to

the classes [y] € H'(M;Z) and [y] € H(OM;Z). Then d(a) = «, where

0:H,(M,0M;Z) — H,_1(0M;Z)

is the connecting homomorphism. In particular, if W = 5 Y(so) C M is a smooth
properly embedded hypersurface representing &, then the boundary OW represents the

class o.

Definition 1.5.2. Let (Yp,g90) and (Y31,91) be closed oriented n-dimensional
Riemannian manifolds with given maps 7o : Yo — S!' and v, : Y, — St We
say that the triples (Y, go,7) and (Y1, ¢1,71) are bordant if there exists a bordism

(Z,9) : (Yo,90) ~ (Y1,91) and a map 7 : Z — S* such that |y, = v; for i = 0, 1.

15



If the metrics go, g1 and g are psc-metrics, we say that the triples (Yp, go,70) and

(Y1, g1,7) are psc-bordant. In both cases we use the notation

(Z7g7/7) : (%7907/70) ~M (}/17.917'71)

for such a bordism.

Theorem 1.5.6. Let (Y, go) and (Y1, g1) be closed oriented connected n-dimensional
manifolds with psc-metrics, 3 < n < 7, and maps vy : Yo — S and v : Y7 — St.
Assume that (Yo, g0,7) and (Y1, 91,71) are psc-bordant.

Then there exists a psc-bordism (Z,g,%) : (Yo, 9o, Y0) ~> (Y1, ¢1,71) and a properly

embedded hypersurface W C Z such that

(i) the hypersurface W represents the class a € H,(Z,0Z;7) Poincare-dual to
M € H'(Z; Z);

(ii) the hypersurface X; := OW NY; C Y; represents the class o; € H, 1(Y;;Z)

Poincare-dual to |y;] € HY(Y;;Z), i =0,1;

(iii) there exists a metric h on W such that Ry > 0 and H = 0 along OW, and
Ry, > 0, where h; = h|x,, in particular, (W,h) : (Xo,ho) ~ (X1,h1) is a

psc-bordism;
(iv) the metric h on W could be chosen to be conformal to the restriction g|w .

Remark 1.5.1. The psc-bordism (Z,g,7) and hypersurface W may be chosen
so that OW is arbitrarily C*-close to a desired homologically volume minimizing

representative of oy — «y for any k£ and ¢ =0, 1.

Recall a few definitions. We say that a conformal class C' of metrics is positive if it

contains a metric with positive scalar curvature. It is equivalent to the condition that
16



the Yamabe constant Y (X;C) > 0. Now let W be a bordism with OW = X, U X,
and Cy, C be positive conformal classes on X, X; respectively. Then we say that the
conformal manifolds (X, Cp) and (X, C}) are positively conformally cobordant if the
relative Yamabe invariant Y (W, X, U X;; Co U C}) > 0, see Section for details. In

these terms, the remark following Theorem [L.5.6| can be used to show the following:

Corollary 1.5.1. Let (Y5, go,v) and (Y7, 1,7 ) be as in Theorem [1.5.6, Assume
X; C Y, are volume minimizing hypersurfaces representing homology classes Poincare-
dual to [y;] € H'(X;;Z), i = 0,1. Then the conformal manifolds (X, [go]x,]) and

(X1, [g1]x,]) are positively conformally cobordant.

The first step in the proof of Theorem [1.5.6| is to apply Theorem to a,
obtaining a minimal representative . The main difficulty is that W is, in general,
not a minimal representative of da and so we may not apply Theorem[1.5.1]to conclude
that OW even admits a psc-metric. However, in Section[3.2]we prove the Main Lemma,
which states that OW becomes closer to minimizing da as longer collars are attached

to the psc-bordism Z. This is the key step which allows us to produce the bordism
in Theorem [L.5.6]

17



CHAPTER II

PART I: GLUING SCALAR-FLAT MANIFOLDS WITH BOUNDARY

In this chapter, we will more explicitly state and prove Theorem Let us
describe the main result, first in the case where gluing occurs along a submanifold
embedded away from the boundary which we call an interior embedding. Let (M, g1)
and (Ms, g2) be n-dimensional compact manifolds which are scalar-flat and have
vanishing boundary mean curvatures. Moreover, suppose that each is equipped
with an isometric embedding of a closed k-dimensional manifold (K, grx), denoted
by v, : K — M, (+ = 1,2). Assuming that the isometry ¢ o ¢;' extends to
an isomorphism of the normal bundles of K, we may form M := M # M, the
generalized connected sum along K by removing small tubular neighborhoods and
using the bundle isomorphism to identify annular regions (see Figure .

In Section we begin the construction by producing and studying a 1-
parameter family of metrics ¢g. on M transitioning between ¢g; and ¢, on a
neighborhood of the surgery site. The metrics g. can be thought of as attaching
My and M, by a thin, short K-shaped tube which becomes thinner as € decreases.
This family serves as a starting point for an iterative construction which produces
a family of metrics conformal to g., each scalar flat and of constant boundary mean

curvature. More formally, we prove the following.

Theorem 2.0.7. Let (M, 1), (Ms, go) be compact n-dimensional manifolds with

non-empty boundaries. Assume that

R, =0, H, =0, R, =0, Hy, =0, and Voly, (0M;) = Voly, (0M,).
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Given isometric embeddings 11 : K — ]\041, g K — ]\042 of a closed k-dimensional
manifold (K, gr) of codimension m := n — k > 3 with isomorphic normal bundles,
there exists a family of scalar-flat metrics {Gc}ec(0,e0) (for some e > 0) on M =
My# My with constant boundary mean curvature |H; | = O(e™2). Moreover, for
each €, g. is conformal to g, away from a fized tubular neighborhood of 1.(K) in M,

and §. — g, on compact sets of M, \ 1.(K) in the C* topology as € — 0 for x = 1,2.

The above codimension restriction allows spheres in fibers of the normal bundles
to carry curvature, which will be required in our construction. If neither of the original
manifolds (M7, g1), (Ma, g2) are Ricci-flat with vanishing second fundamental form of
the boundary, more can be accomplished — we may alter this construction in an e-
small non-conformal manner, so that the resulting metrics have vanishing boundary

mean curvature.

Theorem 2.0.8. Assume, in addition to the conditions in Theorem that both
manifolds (M, g1) and (M, g2) are not Ricci-flat with vanishing second fundamental
form of their boundaries. Then there exists a second family of scalar-flat metrics
{9c}ec(0,00) On M = My# My with vanishing boundary mean curvature. Moreover,

Ge — g« on compact sets of M, \ 1.(K) in the C* topology as € — 0 for x = 1,2.

As mentioned earlier, we additionally consider gluing along boundaries i.e. when
the embedding of K has a non-trivial intersection with OM; and dMs. Carrying out
the construction in this case requires substantial changes and new estimates. It is
convenient to break into two further cases: that in which K is closed and embedded
into the boundaries OM, and that in which K itself has a boundary 0K with K
and K embedded into M* and 0M,, respectively. We will refer to the former as a

boundary embedding and the latter as a relative embedding.
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For boundary embeddings, we naturally require that the isometry 500, extends
to an isomorphism of the boundary normal bundles N (..(K)) C TOM,. Under this
assumption, there is well-defined boundary connected sum along K, still denoted by

M = M4k Ms.

Theorem 2.0.9. Let (M, g1), (Ma, g2) be as in Theorem [2.0.7 and suppose (K, gr)
1s a closed manifold with isometric embeddings v, : K — OMy, 1o : K — OMsy with
m=n—k > 3. Assume that 1y OLII extends to an isomorphism of the normal bundles
N(1.(K)) C TOM,. Then there exists a family of scalar-flat metrics {ge}ee(o,e0) With
constant boundary mean curvature Hz = O(e™~2). Moreover, the metrics §. are
conformal to g. away from a fized tubular neighborhood of t.(K) in M, and converge
to the original metrics on compact sets of M, \ t.(K) in the C* topology as € — 0 for

* =1, 2.

Y

Theorem 2.0.10. Assume, in addition to the conditions in Theorem[2.0.9, that both
manifolds (M, g1) and (M, g2) are not Ricci-flat with vanishing second fundamental
form of their boundaries. Then there exists a second family of scalar-flat metrics
{9}ec0,e0) On M = Mi# My with vanishing boundary mean curvature. Moreover,

Ge — g« on compact sets of M, \ 1.(K) in the C* topology as e — 0 for x = 1,2.

The construction for a relative embedding, however, is a bit more delicate and

we require additional assumptions on the embeddings ¢..

Definition 2.0.3. We say that the isometric embeddings ¢, : K — M,, x = 1,2, are

surgery-ready if
(i) v, is a proper embedding, i.e., 1,(K) C M, and t,(0K) C OM,;

(ii) the mean curvature Hy,, vanishes;
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(iii) there is a neighborhood, V' C K, of K such that the embedding ¢.(K') agrees

with the g,-exponential map on ¢, (0K) (see Figure [2.4.);

(iv) the map t90:; " extends to an isomorphism of the normal bundles AV (K), N (K)
which restricts to an isomorphism of the boundary normal bundles N;(9K),

Ny (D).

Assuming the embeddings ¢, : K — M, are surgery-ready, there is a well-defined
generalized connected sum M = M;#xM, along K, see Section for details.

Precisely, we have the following pair of theorems.

Theorem 2.0.11. Let (My, 1), (Ma,g2) be as in Theorem [2.0.7 and (K, gk) be a
compact manifold with boundary. Assume v1 : K — My, 1o : K — My are surgery
ready isometric embeddings as above with m =n — k > 3. Then there exists a family
of scalar-flat metrics {ge}eco,e0) 0N M = Mi# My with constant boundary mean
curvature Hz, = O(e™™%). Moreover, the metrics g. are conformal to g. away from
a fized tubular neighborhood of 1.(K) in M, and converge to the original metrics on

compact sets of M, \ t.(K) in the C* topology as e — 0 for x = 1,2.

Theorem 2.0.12. Assume, in addition to the conditions in Theorem[2.0.11], that both
manifolds (M, g1) and (M, g2) are not Ricci-flat with vanishing second fundamental
form of their boundaries. Then there exists a second family of scalar-flat metrics
{Gc}ecoe0) 0N M = Mi# i My with vanishing boundary mean curvature. Moreover,

Ge — g« on compact sets of M, \ 1.(K) in the C* topology as € — 0 for x = 1,2.

2.1. Construction of g. and Main Technical Results

In this section, we construct the generalized connected sum M = M;# M, and

define a family of metrics {95}56(0,%) on M. At this point, it is convenient to consider
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the cases of interior, boundary, and relative embeddings separately. The next step is
to give pointwise and integral estimates for the scalar and boundary mean curvatures
of the new metrics {g:}.(, 1). Finally, we study the family of operators A, , giving
a local a priori estimate for solutions of the A, -Poisson equation.

In Section [2.11], we describe the process for interior embeddings, revisiting the
construction in [I0]. In this case, the g.-exponential map identifies, for some small

r > 0, the distance neighborhood
VI i={y e M,: dist,, (y, t.(K)) <71}

with the portion of the normal bundle {w € N,(K): ||w

g. < 1} On V], these
Fermi coordinates yield good asymptotic expressions for the metric tensor g,. These
local expressions are then used to transition from ¢g; to g on annular regions about
11(K) and 15(K), in turn yielding a globally-defined metric ¢g. on the sum, M, for
each € € (0, 3).

In the case of boundary and relative embeddings, however, there are two sorts
of geodesics which must be used to visit all of the neighborhood V] from ¢.(K) —
those of g, and those of g.|gns,. This complicates matters and we must provide new
geometric constructions and estimates for a Poisson problem with mixed Dirichlet-

Neuman boundary conditions. This analysis for boundary and relative embeddings

is carried out in sections and [2.13] respectively.

2.11. Interior embeddings

Throughout this section we will only consider the case of interior embeddings;

when K is closed and embedded entirely within the interior M,. By uniformly
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rescaling the metrics g; and go, we may assume that

exp? : {w € N,(K): ||w

g <1} — M,

is a diffeomorphism onto its image. For a fixed ¢ € (0, %), we will give a local

description of a gluing metric ¢g. on the disjoint union

(ae\ v ) U (3 \ 157

This description will, in fact, immediately yield a globally defined metric g. on the
above disjoint union. We will then construct the connected sum M;#x M5 in such a
way so that the metric ¢g. descends to it.

Let U C K be a trivializing neighborhood for the normal bundles N;(K) and

No(K) with local coordinates z = (2%,...,2%). Denote the open unit m-ball by
D" ={x=(z"...,2™) € R™: |z| < 1}.

The map

F,:UxD™— M, F.(zz):= expf:(z)(x)

gives Fermi coordinates (z, ) on a neighborhood of ¢,(U) in M, for x = 1,2. Abusing
notations, we write (z,x) for the coordinates on both M;, M, and suppress the use of
the bundle isomorphism in identifying the trivializations over U. These coordinates

give the following local expression for the metric g,

ge = gi(;‘)dzidzj + gl(;) dztdx® + gsgdxo‘dxﬁ
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with the well-known expansions
9 (z,2) = gl (2) + O(lz]), g (z,2) = O(lz]),  g$3(2,2) = bap + O(2]).

Setting x = ee~'0 on M, and x = ce'f on M,, we introduce modified polar coordinates
(2,t,0) on a neighborhood about ¢,(U) in M, for x = 1,2 where § = (0*,..., 0™ !)
are spherical coordinates for the unit sphere S™! and ¢ € (loge, —loge). Notice
that ¢ ranges between the values log e and —log ¢ as |z| ranges between 2 and 1. We

L ,@ .

define two functions us ', us" : (loge, —loge) — R by

uM(t) =72 e and  uP(t): "t

Using the coordinates (z,t,6), the local expression for g, can be reorganized in the

form
4

g. = gQdzd + (u§*>> 2 (gt(t*)dt? + () apraon + gg)dtdm)
+9¢(: Vdzidt + gx)dz"déw.

The asymptotics now take the form

9 (2,1.0) = gi(2) + O(|2]), g (2,1,0) = ¢ (0) + O(zl), g (2,t,8) = 1+ O(|z?)

93 (2,1,0) = O(|z]), 9 (2,1,0) = O(jz]?), 93 (2,1,0) = O(|z])

where gﬁ) denotes a component of the standard round metric on the unit sphere S™*
in the spherical coordinates (6%, ..., 6™"1).

We are now ready to perform the interpolation between g; and g,. Fix a cut-off
smooth function ¢ : (loge, —loge) — [0,1] which is non-increasing and takes the

value 1 on (loge, —1] and 0 on [1, —loge). Similarly, let n : (loge, —loge) — [0,1] be
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a non-increasing, smooth function which takes the value 1 on (loge, —loge — 1] and

the value 0 on (—loge — 3, —loge).

log e 1 1 —loge

FIGURE 2.1. The cut-off functions ¢ and n
Define a function u. : (loge, —loge) — R by

u.(t) = n(t)ul” + n(—t)u?.

Finally, for each € € (0, %), define a metric g. by

_4
P

9:(2,0.0) = (9" + (1= g )=+ ((ggld + (1 - gl )a?
H(Eg) + (1= ©)g)deraor + (¢gi)) + (1 = €)gfy)drar )

+H(Egl + (1= g )dzidt + (£g5) + (1 — )giy) )dzidb .

This defines a metric g. on the tubular annuli
VI\VE = {y € M,|e? < dist,(y, 1, (K)) < 1}

for x = 1,2. We set g. = g. on M, \V_*1 This gives well-defined metric g. on the
disjoint union (M; \ V) U (M, \ VE°).

Now we are ready to describe the generalized connected sum M = M;# x M,. See
Figure for a picture in the boundary embedding case. Let ® : N7(K) — No(K)

be the isomorphism of the normal bundles given in the hypothesis of Theorem [2.0.7]
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For each ¢ € (0, %), consider the auxiliary fiber-wise mapping ¥, given by

Ve - (M(K) \ {0}) U (No(K) \{0}) = (M (K) \ {0}) L (NV2(K) \ {0})

O(z,—t,0) if (z,t,0) € N1(K)
U, (z,t,0) =

Oz, —t,0) if (2,t,0) € No(K).

Notice that, in the Fermi coordinates (z,x), this mapping can be expressed as

U (z,2) = O.(z, %x) We define
M. o= (M \VE) U LA\ VE)) [~

where we introduce the equivalence relation ~. on the disjoint union
(v V) u (g

as follows: If y € V! \W, then y ~. (Fyo ¥, 0 F; 1) (y).

Observing that g¢. is invariant under W., the metric descends to M.. We will
continue to denote this metric by g.. Since its diffeomorphism type does not depend
on ¢, we will drop the subscript when referring to the generalized connected sum
and simply write M = M,. This finishes the definition of the family of Riemannian
manifolds (M, g.). The coordinates (z,t,0) which were originally used on M; will
continue to be used as coordinates on M. We will require a piece of notation for

certain subsets of the gluing region in M: For each ¢ > 0 and a,b > 0, we denote by

T%(a,b) = {(2,t,0) € M: loge +a <t < —loge — b}.
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Before we approach the problem of producing a solution to the system (1.6 on
(M, g), we will require two geometrical properties of the family {gg}ee(oé). In the

present case of interior embeddings, these properties are identical to those found in

[10]. Propositions [2.1.1] and [2.1.2] summarize the results of |10, Section 4].

Proposition 2.1.1. (cf. [I0, Proposition 2]) There is a constant C > 0 such that
|R,.| < Ce™'cosh' ™ (¢)

on T¢(0,0) and

[ Raldus. = 0",
M
Moreover, the constant C' depends only on (K, gk ), (M, g1), and (Ms, gs).

The other feature of g. we will need is an e-uniform a priori estimate for solutions
of the A, -Poisson equation on the neck. Indeed, the family of operators {Ay, }-c(0.)
is not uniformly elliptic and the estimate is tailor made for the family of metrics g..

To state it, we will fix a family of weighting functions . : M — R satisfying

ecosh(t) on T%(1,1)
¢5 =
1 on M\ T%(0,0)

and varying smoothly between the values on 7¢(0,0)\7%(1,1) C M (see Figure[2.2.)).

For a given parameter v € (0, m — 2) consider the following weighted Banach spaces

COM) = {v & C°(M): |vllegr) = sup 2] < oo},
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Note that, for fixed €, ~, the two norms || - ||C$( a) and sup,, |- | are equivalent, though

the equivalence is not uniform in e.

Proposition 2.1.2. (cf. [I0, Proposition 4]) Given v € (0, m—2), there are constants
a1, a9 > 0 and C > 0 satisfying the following statement for all e € (0, e~ ™ax{ev02}y,

If v, f € COT*(an, a)) satisfy Ag.v = f, then

vSC%_”( sup [P ]+ sup |¢§v|>
Te

(011,042) 3T5(a1,a2)

pointwise on T¢(aq, ) and

|[0]leo(re(ar,a0)) < C <||f||c3+2(Ts(a1,a2)) + ||U||c2(aTe(a1,a2))> :

Moreover, the constants oq,as, and C depend only on v, (K, gk), (M, g1), and

(M2,92)-

1
Ve
€
loge —loge

FIGURE 2.2. The weighting function .

2.12. Boundary embeddings

In this section, we consider the setting of Theorems [2.0.9] and [2.0.10] — when

1«(K) lies entirely within M,. As in Section [2.11], we begin by defining the family of

metrics {98}56(07%)' After uniformly rescaling the metrics g; and g2, we may assume
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that both

explor L € N2(K): ||w

5. <1} — OM,

exp? {w € N(OM.): ||w

g <1} = M,

are diffeomorphisms onto their images for x = 1, 2.
Let U C K be a trivializing neighborhood for the bundles N?(K) and N2 (K)

with local coordinates z = (2!,...,2*). The map
F .U x D" ' — 0M,, Fl(z2):= expf:(‘iff* («)

gives Fermi coordinates (z,z’) for the boundary OM,. We denote the upper unit

m-ball by
DT ={(z/,2™) € D™ ' x R: |(2/,2™)| < 1 and 2™ > 0}.

We identify the last component of D7 with the inward normal AV (0M,). Now the
map

F* : U X DT — M*’ F(Z, Z‘/’xm) = eXp%(z7$/)<xm)

gives coordinates (z,z’,2™) on a neighborhood of ¢,(U) in M, for * = 1,2. We will
write x = (2, 2™) and |z| := \/|2/|> 4+ |z™|?. In the coordinates (z, x), the metric can
be written as

ge = gl(;‘)dzidzj + g,(;y)dzkdx7 + gggdxo‘dacﬂ
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with the following well-known expansions

92, 2) = gE(2) + O(lz]), g1 (z.2) = O(|zl), 9592, 2) = bap + O(|z]).

We again introduce modified polar coordinates (z,t,6) by setting x = ce~'0 on
M, and x = €' on M,. Here 0 = (6',...,0™ 1) are spherical coordinates on the

unit upper hemisphere
Smli={Ae s 0<h < %}

and t € (loge, —loge). Notice that the boundary ST~ can be identified with the
set {6 € S™': 9" = T}, Using the coordinates (z,t,60), the local expression for g,

can be reorganized in the form
4
g = gPdzdxd + ( (*>>"“2 (gtt dt? + ) dor + (*>dtdm>
—I—git Vdzidt + gi; dz'do

where u{" are defined as in Section . The asymptotics now take the form

95 (2,1,0) = g5 (2) + O(la]), g5, (2,1,0) = g3, (6) + O(|]), g3, (=,1,6) = 1+ O(|])

93 (2,1,0) = O(|z]), 95 (2,1,0) = O(|z)), 95 (2,1,0) = O(|z|)

where gA) denotes a component of the standard round metric on the upper unit

hemisphere ST~ in the spherical coordinates (6',...,0™1).
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Using the same cutoff functions ¢ and 1 we introduced in the case of interior

embeddings, define the function u. as in Section [2.11} For each € € (0, 1), set
2

g:(51,0) = (695 + (1= )9 )dz'd=? +uZ ™ (g’ + (1 = €)giy )
(€9 + (1 - ©)gi2)do ar + (€gl)) + (1 - €)gl3))dtds™))

(&g + (1= )gP)dzidt + (€ + (1 — €)gY))d d6>.

This defines a metric g. on the tubular annuli V! \W for x = 1,2. We set g. = g, on
M,\VZ. This gives well-defined metric g. on the disjoint union (M, \ Ve )L(M\VE).

Now we are ready to describe the generalized connected sum M = M# M.
See Figure for a visual description. Let ® : N7(K) — Ny (K) be the isomorphism

of the normal bundles given in the hypothesis of Theorem m For each ¢ € (0, 1),

2

consider mapping ¥, given by

Ve - (M(K)\ {0}) U (No(K) \{0}) = (Mi(K) \ {0}) L (NV2(K) \ {0})

O(z,—t,0) if (z,t,0) € N1(K)
U (z,t,0) =

Oz, —t,0) if (2,t,0) € No(K).

We define

M= ((MAVE) UL\ VE)) / ~.

where we introduce equivalence relation ~,. on the disjoint union
(v V) U ()
as follows: If y € V/! \F, then y ~. (Fy o WU, 0 F; H)(y).
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Observing that g. is invariant under V., the metric descends to M. This finishes

the definition of the family of Riemannian manifolds (M, g.).

T=(0,0)

FIGURE 2.3. The construction of (M, g.) and the neck region T°(a, as)

2.121. The scalar and boundary mean curvatures of g.

The next step is to produce analogs of Propositions [2.1.1] and [2.1.2] for the case

of boundary embeddings. In addition to the estimate for the scalar curvature R,_, we

will require a similar estimate for the boundary mean curvature H,_.

Proposition 2.1.3. There is a constant C' > 0, independent of €, such that
|R,.| < Ce™'cosh' ™™ (t), |H,.|< Ccosh®™(t)
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on T¢(0,0) and

[ VBalin. =06, [, i, = 0"
M oM

Proof. The estimate on R, can be obtained by an argument identical to the one
found in [I0] so we will only present the estimate on H,_.

Let us first restrict our attention to the portion of 7¢(0,0) where loge +1 <t <
—1. On this portion of the neck the cut off function £ takes take the value 1 and g,

take the form

9:(2,7) =g (z,2)d='d) + (L + ™ e )72 1) (2, 2)da” do?

+ g( (2, x)dz'da”

We will drop the upper indices and write g;; = gfjl )

, unless otherwise mentioned.
It will be useful to introduce a new formal parameter ¢ > 0 and introduce the

following two metrics on the neck 7¢(0,0)

g(z,z,0) = gg)(z,x)dzidzj +(1+ gb)m 2ga6(z x)dx®dz’ + gZ(AY (z,2)dz"dx”

9(z,0) = g (2)dz"d2? + (1 + gb)ﬁ%gdxadxﬁ

If we choose ¢ = €™ 2|z|>”™ in the formula for g(z,z,®), observe that we recover
the gluing metric g.. Furthermore, we obtain the original metric g; if we take ¢ = 0
in the formula for ¢g(z,x, ¢). Our goal is to compute the boundary mean curvatures
of the product metrics §(z,¢) and §g(z,0) then compare them to the corresponding

curvatures of g(z,x,¢) and g(z,x,0) in order to arrive at the desired estimate.
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The Taylor expansions for the metric components now take the form

gij(zax>¢) - g’b](z7¢) + O(lZED, ga,@(zama ¢) = f]ag(Z,qb) + O(|[L’D7

gia(Zv z, ¢) - O(|[L’|)
Inspired by [10], it will be convenient to adopt the following variant of big-o notation.

Definition 2.1.1. Let a € Ny and let f be a function of z, z, and ¢. We say f belongs

to the class A, if

|f(Z,ZL‘,¢)| §0|x|a and |f(Z,:L‘7¢)—f(Z,[E,O)| SC|$|G|¢|

for some constant C' > 0.

Notice that the product of an A, function with an A, function lies in the class

Aqtp. For the coefficients of the inverse of g4, we may write

97 (2 1,0) = §7(2,0) + A1, g™ (z,2,0) = 7(2,0) + AL g0(z 1, 0) = A

Continuing, for any derivative of a component of ¢(z, x, ¢), we have

Oars(2, 2, 0) = Oufrs(2, ) + Ao + [Vo| Ay

where g,5(z, z, ¢) may be any component of g(z,z, ¢) in the coordinates (z, x) and 9,
may be any derivative with respect to 2* (i =1,...,k) or z* (o = 1,...,m). Writing

I for a Christoffel symbol of g(z, x, ¢) and T for the corresponding symbol of §(z, z),
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one may use the above computation with the Kozul formula to find
I=T+A+|Vo|A,.

Now consider the product metric g(z, ¢). We have Hy. ¢y = 0 since the boundary
mean curvature of (B7(0),dq.5) vanishes. Using the formula for boundary mean

curvature under conformal change,

1 —_m_
Hg(z0) = 5(1 + ¢)m-20,¢

=72 4im (1+ ¢)%€m_2|x|_m(xm)

2¢, *m—0

=0,

where 2™ is the last coordinate of x. Next we compute Hy(. . ) in terms of Hjy(, 4)

using the above expressions for the Christoffel symbols

Hg(z,x,qﬁ) - gTS(Z’ z, ¢)Fisglm<z7 X, ¢)
= (7% (2,0) + AN (T, + Ao + [Vl A (Gim (2, 6) + A))

= Hy(z.g) + Ao + Vo[ AL

Taking ¢ = 0 in the above equation and subtracting from Hy. , ) yields

|Hy(z.0) = Hyze.0)| < [Hg(z9) — Hzz0) + Ci(16] + [ X[[V])

for some positive constant C; independent of &, coming from the definition of A and

Ai. Now setting ¢ = ™ ?|z|>~™ and recalling that Hj. 4 and Hy. o) both vanish,
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we find

‘Hgs - Hg1| < Cle(md)t

concluding our work for t € (loge + 1, —1).

Next, we move on to the portion {loge <t <loge+1}. On this part of the neck
¢ is still constant, but the normal conformal factor u. is effected by the cutoff function
1. However, since n and its derivatives are uniformly bounded, it is straightforward
to check that the estimate |H,.| < Cye(™2* holds here, where Cy is a constant
independent of epsilon.

On the portion of the neck {—1 <t < 0}, n vanishes and now the cutoff function

¢ effects all components of g.. However, we can still write

g (2, 1.0) =(g5)) + O(|z]))dz'dz? + (1 + 2|72 () + O(|r]))d® da”

+ (g1 + O(|al))dzrda.

In general, if two metrics are related by ¢ = g + O(|X]|), we have ' =I' + O(1) for
any Christoffel symbol I of ¢’ and corresponding symbol I" of g. Hence the boundary
mean curvatures satisfy |Hy — Hy| = O(1). Applying this fact to compare g. and g,
we find that the mean curvature Hy_ is uniformly bounded in e. Since ¢ is small in
absolute value on this portion of the neck, we may choose C5 > 0, independent of ¢,
so that

|Hgs - H91| < C?»e(m_z)t,

To summarize our efforts, for ¢t € (loge, 0] and taking C; = max(C4, Cy, C3), we
have

|Hy. — Hg,| < Cyel™ 2
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Repeating these computations for the portion of the neck {0 <t < —loge}, one can

show that there is a constant Cj, independent of ¢, satisfying
|Hy. — Hg,| < Csel®~mt

for such t. Recalling that H,, = 0 for x = 1, 2, these two inequalities give the pointwise
estimate claimed in Proposition where the constant is given by C' = max(Cy, C5).
We conclude the proof by using our pointwise estimate to obtain the L' estimate

on the boundary mean curvature

/ |H,_|do,. < C - cosh®> ™ (t)do,.
oM dMNT<=(0,0)

—log(e)
= C - Voly, (K)wp,_2e™™2 / e~ cosh®=™) (1) dt

log(e)

< C" Vol (K)wp_9e™?

where w,,_» denotes the volume of the unit sphere S™~2 and C’ is another positive

constant independent of ¢. O

2.122. Local Expression for A, and the Barrier Function ¢s

Before we can state our analogue of the a priori estimate Proposition for
the boundary embedding case, we will need to construct a particular barrier function.
First we define a function on the unit upper hemisphere Sfr”_l in spherical coordinates
B(0) := (L +1) — Lcos(A') where L > 0 is a constant to be determined. Notice that
[ satisfies

AgB(0) = —(m — 1)Lcos(9t) in ST!

01 B(0) = B(0) on 9S™!
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and 1 < 3() < L+11in S7~'. Now, for a fixed parameter § € (32, ™=2), we define

the function on the gluing region by

COS. s .

Sl s <o
¢5(Z, If, 9) =
—CO;j((g” B if6>0

which is a version of the barrier function used in [I0], modified for the present case
of boundary embeddings. The following lemma states the key properties of ¢s5 which

we will need for the a priori estimate.

Lemma 2.1.4. Let 6 € ( o mT—Q) There exists a choice of parameters oy, g > 1,

L >0, and a constant C > 0 so that
_—4
JAVSRGY —Cul?¢s in T (aq, az)
Dys > tul"2 g on OM NT=(ay, )

— 2

IN

is satisfied for all & € (0, e~ max(a1,02)),

Proof. Our first step is to obtain a useful local expression for the g.-Laplacian. We
will only need to consider the portion of the neck 7°(1,1) where the cut off function

7 is constant and the components of g. take the form

95 =955 +O(z]), g5 = O(|$|2)

9ir = (W) gz = ue" (14 O(|z]))

4

giy = ul 0|, G5, = uZ = (gh) + O(Ja]))

where gf\i) denotes a component of the standard round metric on the upper unit hemi-

sphere ST_l in spherical coordinates 6 = (0',...,0™1). As for the volume form, we
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have

VI = VaRau 1+ O(Ja)

where we write /gy = /det <g)\u> One can use the above expressions with Cramer’s

rule to compute the following expansions for components of the inverse matrix g_*

£=ﬁ+WM%ﬁ=(M5

g2t = O(|z*), gt = uZ (14 OJa)
ga—%QWM)ge—%”($+aM»

Recall the following general fact: for a local coordinate system y = (y',...,y")

of a Riemannian manifold (N,g), the g-Laplacian can be expressed as A, =
dya (/9 9g*0,p-). Using this, a straight-forward computation gives us the following

expression
2
A, =ul? (82 (m — 2) tanh (Tt) Oy + Ag + ud QAK—i—O(\:c]) )

where Ay is the Laplace operator of the standard round metric on S™ !, Ag is the
Laplace operator of (K, gk ), and @ is a linear second-order operator with e-uniformly

bounded coefficients. Now notice that one can conjugate A, by u. to find

Ay - =ue " De(u.) (2.1)
where D. is an operator of the form

—92\? 4
D, =0} — (mT> + Ag+ul A + O(|z])®
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In the above, ®5 is another linear second order operator with e-uniformly bounded
coefficients.

Let us first consider the case § € (2352,0). One can use the conjugation formula

to find

m+2

Ay s = ue " 2D, (cosh’ (1) 3(0))
— Wl g <52 - (m - 2) L m=DEeos0) | o) + (6 67) cosh_z(t)> |

2 p(0)

Evidently, we have § — 62 < 0. If we choose the positive constant L :=

then the inequality

(55 e (5 s

for all 8. Now, in order to deal with the above O(|x|) term in the expression for

Agsqzﬁ?, observe that we can find a4, as such that

o [m—2 > (m—1)Lcos(0")
o (M) ¢ e ogx) <

DN | —

(52 - (mT_Q)Z + (m — 1)L>

on T=(a, ap) for all e € (0, e~ ™(@122)) Now setting C' := 1 ((52 - (;2)2 + (m — 1)L>,

—4

Agg¢§ < _Cugnd ¢6

m—2

on T¢(ay, ay). As similar argument for § € (0, 5=

Ags Qbé .

) vields the desired estimate for
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Next, we consider the outward normal derivative of ¢s. Recall the following
general fact: if {J,1,...,0,n-1} span the boundary tangent space of a Riemannian
manifold (N, ¢g) and 0,» points outwards, then the outward normal unit vector to 0N

with respect to g is given by the formula 9:2%1. In our present situation, observe

that {0.1,...,0,k,0;, Op1,...,0ym—2} span the tangent space of OM NT*4(1,1) and Op
points outwards. Using this formula with the expressions for components of g-!,
observe that the outward normal derivative on M N T*(1, 1) with respect to g. can

be written as

2

&, = Uén_z (u;magl + O(|X|>q)3>

where @3 is a linear first-order differential operator on OM NT*(1, 1) with e-uniformly

bounded coefficients. Applying this to the barrier function ¢s, we have

2

Oy¢5 = dsue " (1 + O(|z])).

By choosing yet larger oy, as, we may assume that the above term satisfies 1+O(|z|) >

1
5- we may assuime

1 __2_
abeS Z éue me ¢5

on OM NT¢(ay, ) for all € € (0, e~ ™@x(@1:02)) " a5 claimed. O
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2.123. The local a priori estimate
In order to state the a priori estimate, we will decompose the boundary of the

region T° (a1, ae) into two portions 0T (av, ) = N1 (a1, ag) U 0T (g, arp) where

hT(ar,a9) = {(2,t,0) € T* (a1, 00): t =loge +ay or t = —loge — as}

0T (v, ) = {(2,1,0) € T* (o1, 2): 0" = g}

Note that O T¢ (a1, ag) C M, ,T% (v, cig) C OM, and the two meet at a corner.

Proposition 2.1.5. Given v € (0,m — 2) there are e-uniform constants oy, s > 1
and C > 0 satisfying the following statement for all e € (0, e~ maxtava2l)  [fy f €

CO(T= (v, an)) satisfy Ag.v = f, then

USC%—”( sup  [27f[+  sup  [Y2v|+  sup |¢3+15’uv|>

TE(al,ag) o1Te (al,az) 02TE (041,042)

pointwise on T¢(aq, o) and

||U||cg(Te(a1,a2)) <C <||f||c0 (T<(a1,02)) T ||U||cg(alTa(a1,a2)) + ||auvl|62+1(82T5(a1,a2))> .

v+2

Proof. Set 6 = ~v — mT_2 and let C’, a1, ap be the constants given by Lemma .
Now consider the function

U =aps —v

where the constant a > 0 is given by

_4
a = ma’X(27 Clil) < SupTE(Oq,OCQ) |u5m_2 gb(;lf' + SupalTE(al,OzQ) |¢glv|

2
+ SUDPs, 7= (a1,02) |u§”‘2¢5—1ayv|>_
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Our goal is to show that v > 0. First note that v is superharmonic — applying the

inequalities of Lemma [2.1.4], we have

4
Ay 0 < —aC'ul" s — f
=4 4 1
< —ul" P pssup [ul o5 flu— f
T

<0.

Also observe that © > 0 on 017°(«, o). So far, we have found

Ay 0 <0 inT%(0q, )

v Z 0 on 81T8(041,042).

The maximum principle for Ay tells us the minimum of ¢ occurs somewhere
on the boundary of T¢(cy, ). Suppose the minimum of ¥ occurs at a point y, €
02T¢(cv1, ). We may then apply the Hopf lemma and the estimate on 9,¢s from

Lemma 2.1.4] to obtain a contradiction

0> az/f)(yO)

—2

> aC'psus > — 9,v(yo)

> 0.
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We conclude that the minimum of & must occur on 0,7¢(ay,as). Since ¥ is non-

negative there, © > 0 on all of T°(cv, ap). In other words,

_4

v < max(2, C’fl)@s( sup  |ud" 25 fl+  sup ¢y 0]

TE(Oél,OZQ) a1’115(0411042)

2
+ sup |ud? gbé_l@l,v|> (2.2)
OoTe (al,ag)

on T¢(ay, an).
One can repeat the above argument, replacing v with a¢s + v, to arrive at a

similar lower bound on v. Together, we arrive at

4
sup 5ol < C( sup |ul oI+ sup g5l
Te(a1,a2) T (a1,a2) 01 Te(a1,a2)

2
+ s I Eeoe]),  (23)
ang(al,OtQ)

noting that the constant max(2,C’~1) is independent of ¢.
To phrase our estimate in terms of the weighted Banach spaces CS, we need to
compare the functions u. and ¢s to the weighting functions .. Recall the following

basic fact of the hyperbolic cosine function: For every A > 0, there is a positive

constant C so that
C5' cosh*(s) < cosh(\s) < C) cosh?(s)

holds for all ¢ € R. For instance, recalling that ¢. = € cosh(t) on T¢(ay, ay), there is

a constant Cs depending only on ¢ such that

m—2 m—2 _5

Cilge? P <y < Cspe?
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Recalling that v = ™2 — §, one may replace ¢§ and u. with appropriate powers of

2
1. to reorganize the estimates ([2.2)) and (2.3)) to the one claimed in Proposition
where C' = max(2, C"~1, Cj). O

2.13. The relative embedding

We will now consider the relative embedding case. Now K itself has non-empty
boundary 0K. Let U — 0K be a coordinate chart for the boundary of K with
coordinates 2’ = (2!,...,2%71) and, letting 2* € [0, 1] be the inward normal direction,

form Fermi coordinates z = (2, 2*) on a neighborhood of U in K. We will split the

chart U x [0, 3] into three parts
U :=Ux|[0,1, U':=Ux][1,2], U":=Ux[23].

On U™, we give Fermi coordinates given by

OM., TS

FIGURE 2.4. The coordinate charts F, F'X, FF and the vector fields V and —v
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F:_ Ut x D™ — M, (2737) = epr:(Z)(l’)

which we originally saw in the interior embedding case from Section As for U™,

we first have boundary Fermi coordinates (2, ) for OM, given by
F2:U x {0} x D™ = M,, (Z,2) expf:(‘i,bf* (z).

Now, similar to the boundary embedding construction from Section [2.12] we get

coordinates on M, by the mapping
F:U xD™—= M, (¢ 22— exp%a(z,w)(—zku),

where v is the outward-pointing normal vector to 0M, with respect to g,. In order

to transition between the two coordinate systems F and F.', we first define a vector

*

V(2',x) € To(y M, by solving the equation
eXPho . (2V (2, 7)) = FT (2,2, 2).

Now we fix a non-increasing cutoff function « : [0, 3] — [0, 3] which takes the value 1

on [0,1] and 0 on [2,3] and form a transitioning normal vector by
B, 25, 2) = —v(F2(, 2))a(z) + (1 - a(z)V (2, 2).
The coordinate system on U? is given by the mapping

FI.U"xB™ = M,, (")~ expﬁa(z,vw)(zkﬁ(z',zk,x)).
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Noting that F.m = FT when 2*¥ = 2, F. = F! when z* = 1, and 2z = (¢, 2¥), we
have well-defined coordinates (z,x) on a neighborhood of the boundary of ¢.(K) in
M, (see Figure 2.4]). As for an interior neighborhood of ¢, (K), we have the Fermi
coordinates from Section and refer to both coordinate systems with (z, z).

On either interior or boundary charts, we introduce the coordinates (z,t,6) by

setting z = ee~'0 on M, and x = ce' on M,. Here 6 = (0*,..

.,0™~1) are spherical
coordinates on the unit sphere S™ 1 and t € (loge, —loge). The metric g, can be
expressed in the form

4

g. = gpazdz + (ul)77 (g at? + o)ao o + (*>dtdm>

+gz~t Vdzidt + gi)\ ) dzidg>
where u{*) is defined as in Section . The asymptotics now take the form

9 (2,1.0) = gl (2) + O(|al), g\ (2,1,0) = \)(0) + O(zl), g (2,1,0) = 1+ O(|a|)
95 (2,1.0) = O(|a)), 93 (2.1,0) = O(|a)), 95 (2,t.0) = O(|z|)

where ggi) denotes a component of the standard round metric on S™~! in the spherical
coordinates (91,..., 0™ 1).
Using the same cutoff functions ¢ and n we introduced in the case of interior

embeddings, define the function u. as in Section m For each ¢ € (0, 2) set

05 0) = (60 + (1~ gD )detdd +ul* (66t + (1~ €)gi? ydr®
H(Eg) + (1= ©)g)aeraor + (¢gi)) + (1 = €)gfy)dtar )
gy + (1= &gy )d="dt + (i) + (1 — €)gly))d='de.
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This defines a metric g. on the tubular annuli V! \W for x =1,2. We set g. = g, on
M,\ V. This gives well-defined metric g. on the disjoint union (M, \ V" )U (M, \VE").
Let ® : M7 (K) — Ny(K) be the isomorphism of the normal bundles given in the

hypothesis of Theorem [2.0.11] For each € € (0, %), consider mapping W, given by

Ve s (M(E) \ {0}) U (No(K) \{0}) = (Mi(K) \ {0}) L (NV2(K) \ {0})

O(z,—t,0) if (z,t,0) € N1(K)
U, (z,t,0) =

Oz, —t,0) if (2,t,0) € No(K).

1

For each ¢ € (0, 5), we construct the generalized connected sum

M = (VWO VE)) / ~.

where we introduce a relation ~. on the annuli (Vi \ Ve ) U (VE\VE): Ity € V! \F,
then y ~. (Fy 0 W, o F;')(y). Observing that g, is invariant under W,, the metric
descends to M. This finishes the definition of the family of Riemannian manifolds
(M, ge).

Recalling that we assume the mean curvature H,, vanishes on 0K, the proof of
the following proposition is very similar to argument in Proposition [2.1.3] and so we

omit it.

Proposition 2.1.6. There is a constant C' > 0, independent of €, such that

|R,.| < Cetcosh'™(t), |H,.|< Ccosh®™(t)
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on T¢(0,0) and

[ VBalin. =06, [, i, = 0"
M oM

As for the local a priori estimate, we will need to again decompose the boundary

of 0T¢ (a1, ag) into two pieces

T (v, 0) ={(2,t,0) € T°(ay,0): t =loge +ag or t = —loge — ay}

WTe (v, a0) ={(2,t,0) € T*(ay,2): z € OK'}.

We will use the same notation for 0;7¢(ay, an) and 9T (v, arp) as we did in the case
of boundary embeddings. There is also an analogue of the estimates in Propositions

2.1.2| and [2.1.5] for the present case of relative embeddings. Its proof is very similar

to that of Proposition [2.1.5 and we leave it to the reader.

Proposition 2.1.7. Given v € (0,m — 2) there are e-uniform constants ay,an > 1
and C > 0 satisfying the following statement for all ¢ € (0,e~™alovezt) [f 4 f €

CO(Te(ou, a0)) satisfy Agv = f, then

vSCi/J?( sup |27 f|+  sup  [YJv|+  sup |¢Z+19uv|>

Tf(al,oag) o1 T¢ (041,012) 02T¢ (Oq,OCQ)

pointwise on T¢(ay, o) and

||U||C2(T5(a1,a2)) S C <||f||CS+2(T5(a1,a2)) + ||U||C9/(81T€(a1,a2)) + ||81/U||C3+1(82T5(a1,a2))> .
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2.2. The Linear Analysis

Now that we have constructed the generalized connected sum (M, g.), we will
turn our attention to equation . At this point, there is no need to consider the
interior, boundary, and relative embedding cases independently as we did in Section
[2.1] Unless otherwise mentioned, from now on we will speak of all three cases
simultaneously.

Our first task will be to study the family of linear operators (A, ,d,) for ¢ €
(0, 3). Before we continue, now is a good time to make some informal remarks. The
first non-zero Steklov eigenvalue of (A, ,0,), which we write as A., is the smallest

number such that the following equation admits a non-constant solution f

Ay f=0  onM

8,f = \.f on OM.

In general, \. — 0 as € — 0. For this reason, there is no general result which would
provide us a useful e-uniform C°(M) estimate for our linear problem.

This in mind, we take two measures to combat this degeneracy. In addition
to working in the weighted Banach spaces CS(M ) we introduced in Section , we
will initially solve (with estimates) a modification of the linear problem. Speaking
informally, this auxiliary problem is formulated by projecting the linear problem along
a hand-made model for the first non-constant eigenfunction. This model is a function
denoted by f. which takes the values 1 on M; \ V¥, —1 on M \ Vi, and interpolates

between them on the neck so that [, S.dp, = 0 (see Section [2.21)).
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Given v € (0,m — 2) and suitable functions f € C) (M), £ € CI(OM), we will

produce a function u € CJ(M) satisfying

Aju=f on M
(2.4)

du="0—\3. ondM

where A is a real number depending on f and /. Notice that the functions f, ¢ must

satisfy

/fduggz/ ldoy,, (2.5)
M oM

which is simply Green’s formula applied to uw. We will refer to (2.5) as the
orthogonality condition of equation (2.4)). As we produce this solution, we also obtain

an e-uniform Cg—norm a priori estimate for u using standard elliptic estimates on

(M., g.) with the local a priori estimate of Propositions [2.1.2} [2.1.5 and [2.1.7]

2.21. The linear problem 1

For each ay,ay > 1, let us fix p; and py, two smooth functions on M; U M,

satisfying
(
1 on M\ T%(a,0)
P1 =
0 on My\T%(0,—2loge —ay — 1)
\
(
1 on My\ 790, az)
P2 =
0 on M \T(—2loge —ay —1,0)

\

and 0,p1 =0, and 0,p2 = 0 on OM; LI OM,. Understanding that p; and ps descend

to the connected sum M, we then define 5. : M — R by S, := p1 — po.
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In the case of interior embeddings, where we have not altered the original metrics

on the boundary, it is immediate that

Bedog, =0

oM

since we assume Voly, (0M;) = Volg, (0M;). To arrange for f. to have vanishing
average value on the boundary in the case of boundary and relative embeddings
(where do,._ is affected by the gluing), we may have to choose oy and «y differently.
However, notice that this can always be achieved by only increasing either oy or ap.

Since the estimates of Propositions [2.1.2] and also hold for these larger

parameters, from now on we will assume that oa; and a; have been chosen

so that Propositions [2.1.2} [2.1.5 and [2.1.7| apply and [, f(.do, = 0.

In this section we build an approximate solution to ([2.4) which is straight-forward
to estimate, but accumulates many error terms in a gluing process. This construction
is summarized in the following lemma which will subsequently be applied iteratively

to establish a genuine solution to the linear problem (2.4)), with estimates.

Lemma 2.2.1. Let v € (0,m — 2) and B € (0,1). There is an €9 > 0 such that
the following statement is satisfied for all ¢ € (0,g9): Suppose f € C2+2(M) and

(e CY, (OM) satisfy

/ fdpg, = ldo..
M

oM
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Then there is X\ € R, a function u € CI(M), and an error term E € C), (M)
satisfying

Agu=f+E inM

du=L0—\3. ondM

\fMUd'uga =0

Moreover, u, A\, and E satisfy the following estimates

lullegany < CUIflleo, ,an + [1elles,, 0ar))

v+1

Al < CUlfMeo, ,an) + Helleo, o))

v+1

Ellco,,om < CePV ([ flleo, o + 11leo, , onry)

v+1

where the constant C' > 0 is independent of € and B.

Proof. First we let pr := 1 — p; — py so that {p1, pr, po} forms a partition of unity on

M. We decompose f and ¢ with respect to this partition, writing

fi=T[fp, Jr=fpr, [fa= [fp2,

by =1Lpy, Ly =Lpp, Lly=1Lps.

Next, we produce an approximate solution on the neck 7¢(ay, as).

Claim 2.2.2. For the parameters v, B and functions f,{ in Lemma there is a

unique function iy € CI(T*(an, az)) satisfying

(

Agtr = fr inT (o, as)

up =0 on 01T¢(av, ag) (2.6)

8,,1~LT = gT on 62T€(0z1, O./Q).

23
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Moreover, there is a constant Cp > 0, independent of €, such that

|z legre(ar.a) < Cr <|\fTHcg+2(Ts(a1,a2)) + ||€T||cg+l(aQTs<a1,az))> :

Proof. Notice that T¢(ay, ) is a compact manifold with corners. This allows us to

apply the regularity theory in [I8] — by [I8, Theorem 1], there is a unique function

fLT € CQ (Ts(al, 042) U 82T€<C¥1, 062)) N CO(TE(OQ, 042))

solving equation (2.6). We may then apply Proposition [2.1.2} [2.1.5, and [2.1.7] with
the parameter v from the hypothesis of Lemma and the function @y to arrive

at the estimates in the claim. ]

We extend the domain of uy to all of M, which we will continue to call ur,
by declaring 4y = 0 on M \ T¢(ay, ). While 4y may not be differentiable on
01T¢ (a1, ae), the function up := prur is differentiable since the support of pr is

contained in 7%(a; + 1, a2 + 1). One can compute

Agur = fr—q1 — @
Oyur = by — qla - q?
where ¢, := A,_(p.ur) and ¢¢ := 9, (p.tr). The quantities ¢. and ¢¢ will be accounted
for in the next step.
We now turn to the pieces of M which come from the original manifolds M,. We

define \ according to the formula

= L o _ 0 _ B
A= Tt ooy, </8M(£65+q1 g3 )dog, /M(f65+q1 q2)dugs>, (2.7)
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which can be interpreted as the projection of f and ¢ along (.. Observe that, for

x = 1,2, this choice of A implies

e addin = [t a2+ (17 Ap.)do, =0 28)

oM

which we will use later.
Using standard elliptic techniques [19][20], we may consider a distributional

solution w, to the following system

;

Agity = fo + . + b,0,, in M,

Oy, = Ly, +¢2 + (—1)*\p, on OM,

\\/‘M ﬁ'*d/“l’g* = O

where 0,, denotes the Dirac distribution supported on the submanifold ¢, (K).

Applying Green’s theorem to ., the constant b, is forced to be

1 *
b, = Vol, (K) </6M*(£* +¢7 + (=1)"Ap.)doy, —/ (fe + q*)dﬁbg*> :

*

Claim 2.2.3. There is a constant C' > 0 independent of € such that

.| < C'(I| flleocary + 11elleoonr))

on M, \ V%,

@] < C'leP (1 flleo,an + 11€lles, om0

on V1, and
A< O len,on + €l ).
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Proof. To estimate ., it will be useful to consider the decomposition @, = u, + .

where
(

Ay Ty = fu + g + Vol (K)b,  in M,
O, = L, +q° + (—=1)*Ap, on OM,

ka* ﬂ*d:ug* = 0

(

Ay, = —Vol,, (K)b. + b,0,, in M,

§ 0,1, =0 on OM,

ka* Udpig, =0
One can think of w, and w, as the finite and Green’s function parts of u,, respectively.

Near the submanifold ¢, (K), one can use the Green’s function construction presented

in [19] to see that ., takes the form

~ b* -m -m
iy = ————— ([2[*7" + O(|l=["™™))

(m — 2)wp_1

where w,, 1 is the volume of unit sphere S™! and the term O(]z|>~™) depends only
on the geometry of (M,, g.). It follows that there is a constant Cj, independent of €,
such that

| < Coby |z[™2 (2.9)

on V1.
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Next, we consider w,. By taking p = n and k£ = 0 in the L? estimate (A.1]) from

Theorem in the Appendix applied to ., there is a constant C; > 0 so that

Vol,, (K)

bs
Vol,, (M,)

w2 a0 <O (
L™(My,g+)

+ 10+ % + (—1)*Ap*HW5m(M*,g*>>

for *+ = 1,2 where C} depends only on n and the geometry of (M, g1), (Ma, gs).
Now we may use the Sobolev Embedding Theorem [19, Theorem 2.30] and the Trace

Theorem [20, Theorem B.10] to obtain the following C" estimate

Vol,, (K)
Il <Co( 1+ - o=l
(M) Vol,, (M.,) oM.
116+ 62+ (=1)*Dpulleoon, ) (2.10)

where C5 is a constant depending only on n and the geometry of (M, g1), (Ma, g2).
To finish the proof of the claim, it suffices to estimate b,, g,, and ¢°. It will be

convenient to consider the cases x = 1,2 separately — in what follows, the statements

will be made for * = 1, though analogous arguments hold for % = 2 and this is left to

the reader. Subtracting (2.8)) from b; shows

1 i),
Ogy

b=—</ (i +af = o) | ="
" Vol (K) 82T (0,0)\32T* (a1,0) L ' g9

. VI
/Ta(o,o)\Ts(OmO)(f1 +a) ( N Ngl) (2.11)

where /¢y and +/¢g? denote the Riemannian measures of gi|ans, and gc|as,,

respectively. Notice that we only integrate over 7%(0,0) \ 7°(«v,0) since it contains
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the supports spt(p1) N spt(y/g1 — \/9:). We will inspect each term in the expression
@11).

On 7¢(0,0) \ T%(c +1,0), notice that /g1 —/g- = O(¢™?) and on this portion
of the boundary of M we have /g7 — V92 = O(e™2). Using this, we can find a
constant C'3 which depends on v and a;, though not on e, such that the following

inequalities hold

dog, < C5e™ 2WHCO (OM)

()
("

/82T5 (0,0)\82'.—[15 (a1 ,0)
/ i
T¢(0,0)\T¢(1,0)

Next we require pointwise bounds on ¢; and ¢¢ in order to estimate (2.10). By

)‘dugl < C5e™ 2| flleo,(an)-

definition of ¢; and ¢?, we have the expressions
@1 = (Agp1)ir +29-(Vp1, Vir) + pi(Ag.ar)  and ¢ = p10,0r

where we have used the fact that d,p; =0 on M. It is worthwhile to note that the

support of Vp; satisfies
spt(Vp1) C{y € My: e~ < dist,, (y, 1 (K)) < 1},

which we emphasize does not depend on €. With this and the pointwise estimates of
g- in mind, notice that, for any a; and s, we may assume that p; has been chosen
so that both |Ag pi| and [Vp; |2 are uniformly bounded in . Using this observation

and the estimates of Propositions [2.1.2], 2.1.5] and [2.1.7, one can show

1(Ag.pr)trllegary < Calllfleo, o

y2(M

w + Il onn)
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for some Cy independent of €. Inspecting (2.6)), we can find a constant C5, depending

on v and «; but not ¢, so that

[p1Ag. tr|coary < C5Hf‘|cg+2(M)

pr0vllcoanry < Csllelleo, , onr)-

The final term we need to estimate is g.(Vp1, V@,). Let us define
D, :=T%(,0) \ T%(ey + 1,0).

Since 4, is a solution to a Poisson equation on the region D,,, we may apply the
classical gradient estimate [19], along with the pointwise estimates of g. above, to
find an e-uniform constant Cg satisfying

Cs

Var|? (y) < i

for all y € D,,. Using this estimate with the Cauchy-Schwarz inequality, we can

estimate the final term in the expression for ¢;

19:(V o1, Vur)[(y) < Cr(|lirleg(pay) + [ frlleo, ,(Day))

for another e-uniform constant C'.
Summarizing our work so far, we have found a constant Cjy, independent of ¢,

such that

@1 (y) < Cs(l[flleo, yan) + N1Eleo, , oar)) (2.12)

2) < Cullfllco, o + llco, ons)
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for all y € D,,. Notice that Cs depends only on the geometry of (M, g1), (K, gk),
v, and a;. Integrating yields the desired estimate of A from the statement of
the lemma. In turn, this estimate on A, , and the expression gives an
estimate of the form

[b1] < €™ 2 Co (| flles ,,ay + les o0

V1

Finally, recalling ([2.9)) and (2.10)), we have arrived at the desired estimate of |t;]|. [

Now we chose cut-off functions which will be used to glue together the functions
U1, ur, and g from the above claims. For the parameter B € (0,1) from the

hypothesis of Lemma [2.2.1] let ¢q, ¢ : M — [0, 1] be smooth functions satisfying

1 on M;\T¢(—Bloge,0)
¢1 =
0 on My\T%(0,—(2— B)loge — 1)
1 on M;\7T¢(0,—Bloge)
P2 =
0 on My\T(—(2— B)loge —1,0)

\

which are monotone in ¢ and have vanishing normal derivatives d,¢, = 0. ¢; and
¢9 are not to be confused with the barrier functions ¢s used in Section [2.12] Since
e € (0, e~ max(e1,02)) " we may have spt(Ve.) C T%(ay, az). Next, we will define the
approximate solution

u = Qﬁﬂ]l + ur + (ﬁgﬂg.

Observe that the above claims, along with the choice of ¢,, imply the estimate on

||ullco(rry in Lemma Our final task will be to inspect the error term.
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Since the cut-off functions have vanishing normal derivative, we have
Oyu:fl +€T+€2 =/

and so we have accumulated no error term on the boundary. Moving on the the
laplacian of w, it is straight-forward to compute (keeping the support of V¢, in

mind)

Agu =0 (¢r1in) + Ag.up + Ay, (P22)
=0y (1)t + g-(Vor, Viiy) + @1 fp1 + d1q1 + 1010, (xv)
+ Ay (2)tz + ge(Vd2, Vi) + ¢ fpa + d2g2 + ¢2b26,,(x)
+for—a— @

=f+ FE + E,

where E, = (A, ¢.)t + 9:(Vo., Vi,). And so the error in the statement of Lemma
is given by F := E;| + Es.
By symmetry, it suffices to estimate the term E;. Observe that E; is supported

in the annular region
{(2,t,0) € T°(0,0) : t € [(1 — B)loge, (1 — B)loge + 1]}.

By a careful choice of ¢; and applying the same gradient estimate used above (see

[19] and [18]), one can find a constant Cyy, independent of ¢, such that

|’E1Hcg+2(M) < ClogBV(HchgH(M) + [1€]]co

7+1(aM))-
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This finishes the proof of Lemma [2.2.1 ]

2.22. The linear problem II

Lemma can be refined by solving ([2.4) without accumulating the error term
E.

Lemma 2.2.4. Let v € (0,m — 2). There exists a choice of parameters ay,an > 1,
gg > 0, and a constant C' > 0 such that the following statement is satisfied for all
e € (0,e0). Given f € C) y(M) and £ € C),,(OM) satisfying [, fdug. = [4,,¢dog.,

there is a constant A = A(f,{) € R and a function u € Cg(M) satisfying

(

Agu=f in M

ou=~0—\3. ondM

\L/‘Mu d:uga = 0

with the estimates

lulleaary < O flles

v+2

Al < C(Hf”c3+2(M) +[1€]lco. )

Y1

an e, )

v+

Moreover, the constant C' > 0 depends only on (M, ¢1), (Ma, g2), (K, gk ),7-

Proof. We will iteratively construct sequences
fOecd (M), (9ecd (oM), uY ey,

A eR, EY el (M)
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and show they converge in appropriate senses. Setting f(¥ := f and ¢ := ¢, Lemma

supplies a triple u(”, A(©) and E© solving

Agsu(o) — f(o) + E(O) on M

Ou® =@ —\Og  on oM

with estimates. Observe the assumption on f, ¢ implies that | I E(O)dugE = 0.

Next set f(1) := —E© ¢ .= ( and again apply Lemma [2.2.1]to obtain u™®, \(}),
and E() satisfying the appropriate equations and estimates. In general, for j > 1,
apply Lemma with f0) = —EG=1D () =0, and B € (0,1) (to be chosen later)
to obtain functions ), A¥), and E¥ upon noting that [,, EY"Ydu, = 0. In other

words, for each 7 > 1, we have

Ay u?) = O 4 EO in M

ge

o,ul) = —\U) 3, on OM

along with a constant C' > 0, independent of ¢ and 7, such that

IN

C||f(j)||cg+2(M) C(CgBV)j_l(Hchgw(M) + [1£leo,,)
A < C||f(j)||c3+2(M) C(CEB’Y)jil(HfHC&LQ(M)+||£||C3+1)

o S (0537)j<\’f“cg+2(1\4)+WHC?IH)

1D leoary <
<

1ED o

v+2

o S CeB| fO||co

v+2

Now consider the partial sums
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and observe that only one error term remains when computing AQSU(N )
AyoW™M = f+EM  in M
O, o) = ¢ — M3 on OM.

Now choose B € (0,1) so that CeP7 for all € € (0,59). One can inspect the above
estimates from Lemma and conclude that the partial sums v™), u™) form

Cauchy sequences in their respective Banach spaces. In fact, the error term vanishes

as we take 7 — oo

IE™leo,yan < (CePY (I llea,yan + et ,) = 0.

v+l
This gives us a real number A and a function u € Cg such that

EM =0, o™ sy o

the convergence being in the appropriate space. As for the estimates of u and A,

observe that

N
1 leo ,an < D 11uPlleo, )

C
T cens Uflles oan + 11€les, ),

¢

which gives the estimate in Lemma [2.2.4. The desired bound on A follows from a

similar computation. O
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2.3. Returning to the Fixed Point Problem

The aim of the next two sections is to finish the proofs of Theorems 2.0.9,
and by producing a function ¢ € C°°(M) which solves the equation (1.6) on
(M, ge) for each € € (0,e0). Since we are seeking a small conformal change to g., we

will write the conformal factor as ¢y = 1 4+ u. In terms of u, equation ((1.6)) becomes

Aju=F,(u) in M
(2.13)

Ou=Fou) ondM

)

where we have introduced the sort-hand notation

F.(u) == cy Ry (1 + u)

F2(u) := 2¢,(Q(1 + u)"=2 — Hy, (1 +u))

for some constant ). The convergence statements in Theorems|2.0.7],[2.0.9, and [2.0.11]

will follow as consequences of our construction of u. Upon producing a solution u to
, observe that (1 +u)$ g- will be scalar-flat and have constant boundary mean
curvature Q).

In what follows, for a given v € (0,m — 2), we will restrict our attention to
u € C)(M) which lie in the ball of radius r. := €*' about 0 € C)(M). We will
denote this ball by B] . Let us suppose for a moment that we have in hand a solution
u € B to . Integrating by parts will tell us the mean curvature of the resulting

conformal metric

% fM Rgs(l + “)dﬂga + faM Hga(l + U)dgga

Q = n_
Jous (1 +u)n-2doy,
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Using the L' estimates on R, and H, from Propositions[2.1.1]}[2.1.3} and [2.1.6] one

finds |Q| = O(e™2).
Before we solve (12.13)), we will first use our linear analysis to establish a solution

to the following projected version of the problem

Ay u = F.(u) in M
(2.14)

8,,u = Fa(u) — )\Fg(u)ﬁs on OM.

£

Later, we will arrange for the vanishing of term A, (), giving a genuine solution to
@-13).

To phrase (2.14) as a fixed point problem, we introduce the following maps

Fe: COM) = Cy(M) x €Oy (OM), 0> (Fufo), F2(v)

G.:C° (M) x C2+1(8M) — Cg(M), (v,w) = G.(v,w)

Y+2

where G, (v, w) is the solution to the boundary problem

Ay Ge(v,w) =0 in M

0,G-(v,w) = w — Ag.(vw)f=  on OM,

whose existence is given by Lemma [2.2.4] Evidently, solving (2.14)) is equivalent to

finding a fixed point of the composition

P.: CO(M) = CO(M), v Go(F.(v), F2(v))

for some 7.
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Proposition 2.3.1. Let v € (0,1). There is an g9 > 0 such that P.(B}.) C B} for

all € € (0,¢ep).

Proof. As usual, Cy for £ = 1,2,3... will denote positive constants independent of
e. For v € B}, we may apply Lemma with the functions F.(v), F2(v)) to get a

solution, P.(v), of the linear problem along with the estimate

1P.)llescan < Cx (IE)leg, 0 + IF2@)les. onn))

It is suffices to dominate ||F5(v)||cg+2(M) and ||F£(U)||CQH(8M) by the product of r.

and some positive power of ¢.

We begin with the first summand. Applying Propositions [2.1.1] [2.1.3] and [2.1.6|

and the definition of ).,

|Fo ()2 2] < Co(| Ry, [2 72 + |Ry.| - 0|12 )
< Oy(e™ 2 g™ )

< Cyre™ 2,
For the second summand in the estimate, we have

|F2(0) |2 < G2 QL+ v)a2 — 2T H, (14 0))

< Cyge™ ...
Together, we have shown
”Ps“cg(M) < C7r5€m7272’ya
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as claimed. n

It is a good time to observe a fact we will use later — the proofs in this section

hold if |Q| was only O(£™77), so long as we restrict ourselves to vy € (0, 1). Now we
are ready to solve ([2.14)).

1

Proposition 2.3.2. Let v € (0,5). There exists an €9 > 0 so that, for each ¢ €

(0,e0), has a smooth solution u € By .

Proof. We will proceed by showing that the mapping P. is contractive on the ball

B . In other words, we will show that there is a £9 > 0 so that
|[Pe(u) = Pe(v)|lcory < Kl[u—vl[eoar)

for all € € (0,20) and u,v € B).. We begin by applying Lemma [2.2.4

1P.w) = P(o)llesqany < € (IF-w) = Few)lles, o + IF2) = F2 @)l les, omn)

where C' > 0 is independent of e. By Proposition [2.3.1} all involved terms lie in B}
for small ¢.

For the first summand, keeping in mind the pointwise estimate on |R, | from

Propositions [2.1.1], and [2.1.6], and the restriction on m, we find

¢g+2|F€(“) — F.(v)] < 08¢g+2|Rgs(U — )|
< Coe cosh® " (t)||u — vlleo(ar)

S Cg&“HU — UHCQ(M)
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We can perform a similar estimate for the boundary term

YITF2 (w) — F2(v)] = Choe cosh(£)¥2|Q((1 4+ u)»2 — (1 +v)a2) — Hy (u — v)]
< Onl@Ql - [[u = vlleo(anr) + Crze cosh(t)|Hy. | - |Ju — v||coan)

S ||U — U||Cg<cl3€m_2 —+ 0148).

Since all the constants C; are independent of €, we can find an 5 > 0 which makes
P, a contractive mapping on B]_ for € < &.

The Banach fixed point theorem applied to . on B] gives a fixed point of F.,
which we call u.. Evidently, u. is a solution to equation , concluding the proof

of Proposition [2.3.2] O

2.4. Vanishing of Ap_(,)

In the last section we found, for all sufficiently small ¢, a solution u. € Cg(M ) to

Ay ue = Fo(ue) in M

a,ug = Fa(ug) — )\Fg(us)ﬂg on OM.

€

The corresponding conformal metric (1 + ug)ﬁ g- will be scalar flat, but will have

boundary mean curvature equal to

1 —n
Q — E(l + u)n-2 AR, (ue) Be

which is non-constant. Next, we will show that e-small conformal changes can be made

to the original metrics ¢g; and gy before applying the gluing procedure such that, after
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applying the above construction and fixed point argument, the new projection term
Af. (u) Will vanish.

Fix w; and ws, two non-zero smooth functions supported on the interiors of
My \ VE and M, \ Vi, respectively. For real parameters a, (* = 1,2) which will be

chosen later, we consider the functions

3
b

y
S
*

Wy 1= Q4E
and use them to deform the original metrics

N 4

s = (L +w.)"2g,.

Replacing g; and go with g; and g, in the geometric gluing construction presented in
Section [2.1) we produce a new family of metrics g. on the generalized connected sum
M. Of course, g. only differs from g. on the supports of w; and w,. Keeping in mind
that sup,, |w,| = O("7"), all of the analysis we have done on the family of linear
operators (Ay_,d,) also holds for the new family (Aj;_,d,). Namely, the proof of the
a priori estimate in Lemma also works for the metrics g.. As usual, we will
assume that o and s have be chosen so that f oM Bedog, = 0.

Next, we need to gather information about the new scalar curvature and
boundary mean curvature. Notice that the support of Rz has three disjoint

components — 7(0, 0) and the supports of w,. Since R;_ agrees with R, on 7°(0,0),

we still have the estimate of Propositions|2.1.1} [2.1.3] and [2.1.6/there. On the support

of w,, the formula for scalar curvature under conformal change reads

1 n
Rge = Rg* = ——(1 +w*)_£Ag*w*

n
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and we conclude that R5. = O(e 3t ) on the supports of w,. Hence, there is a constant
C > 0 such that

|Rs.| < C™5 g1 (1).

As for the mean curvature of the boundary, Hj does not differ from H,_ since w, is
supported away from the boundary.
Now, upon restricting our choice of v to the interval (0, 1), we may apply the

fixed point argument from Section to produce a solution 4. € B C Cg(M ) to

Ag i = F. (i) in M

P on M

where FL(u) := ¢, Ry, (1 +u) and F2(u) := 2¢,(Q(1 4+ u)72 — Hy_ (1 +u)). Once this
is achieved, the conformal metric (1 + ﬂg)ﬁ g- will be scalar flat and have boundary

mean curvature equal to

_ 1 .
Q — E(l +tg) -2 )‘Fs(ag)ﬁa

where the constant @ can be computed by integrating by parts

2 fM g. (1 + @e)dpg. + faM (1 +“€)d09

@:
faM (1+ Us)" 2dggs

As before, the projection term Az (5.) may be non-zero, though it now (continuously)
depends on the parameters a,. We will exploit this to establish the following

proposition, concluding the proof of Theorems [2.0.7] and [2.0.11] The following
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properties of the metrics g, will be useful in our computations later this section

1 n+2 —
g = =5 (LHw) F3g, (Ve V) + (L w)m 24,

dpig. = (1+w,) "2 dp,,.

Proposition 2.4.1. For small ¢, there is a choice of the real parameters a; and as

such that the resulting rough projection )\ﬁa(ﬁa) vanishes.

Proof. Tt suffices to show that the sign of Az (@) can be changed by manipulating a;

and as. From the proof of Lemma [2.2.4, we may regard A, ) as the following sum

N 0)
)\Fs(us) - Z )\F‘g(ug)
j=0
where each term has estimate
AL | < CCEPTY (I Fe(e)llegn + 12 (@)oo, onn):

where ¢’ > 0 is uniform in €. From this expression we see that the sign of Az (, ), for
small € and an appropriate choice of B, is determined by the first term in the sum.

We will need to recall the formula for A(® from the proof of Lemma

1 r- ~
A(O) = / F&- ﬂe’;‘ 6d ~ _/ Fa 'ZLE 6d0'~ +
Jorr (o1 + p2)dog, ( o (e) Bedlpig. o (1) Bedog,

+ /M(Ags (prur) — Ag. (p2tir))dpg. —/(9 (O (prtir) — 5D(P2aT))d0§e>

M
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where @ is the solution to

(

Nty = F.(i)pr  on T%(ay, ap)

Nar =0 on O T¢(ay, az)

anLT = Fg(aa)pT on aQTE(O./l, Ozg)
\

which originally appeared in the first step in the proof of Lemma [2.2.4. Next, we will
inspect each of the terms in this expression for A(?).

Unpacking the notations in the first term, we have

/ ICALY T / (Roy + Ry, + Ryy)(1+ ) (91 — po)dpg..
M M

Recalling that . lies in B C Cg (M) and applying the pointwise estimate of R,_, it

is straightforward to show
/ R, (1 + @) padpz, = —4mVol(K w1 + O™ ?)
M

and
1

/ Rg. psdpg. = — / V. [3, dpg,
M n J M,

where w,,, 1 denotes the volume of the unit (m — 1)-sphere.
After integrating by parts, the remaining piece of the first term can be written

as

/ Rg*agd,ugg = / w*Ag*@sdﬂg* +/ w*auaedag* + O(gm_2+7).
M . oM,
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Now we Taylor expand and rearrange the above expression for Aj; and J;

4
Ag*ﬁ,a = (1 + mw* + O(€m_2)) Ag*ﬁ,a — 29*(Vw*, VﬂEH—
+ 2w, g, (Vw,, Vi) + O(e™27)

2
0, = (1 +o—swet O(em_2)> Oyl
and multiply by w, to find

/ R, tedpg. = / w. (i) dp, +/ w.(F2 (@) — A () Pe)dog, + O™ 217)
M M., oM

m—2 m—
:/Mva*@*dug*—xﬁg(ﬂg)@(a ) 4 O(em 2

where we have used the formula for R, in the expression for F(@.) and integrated

by parts. To summarize our efforts so far, we have found

[ Fepdis = e ) ( [ v, - [ |Vw2|32dugz)—Ape@>0<s 24
M My Mo

+ O (e~ maxlanaz)gm=2) (2.15)
Moving along to the next term in the expression for A®), we have

/ (i) fudoz, = 2, / (O +3.)75 — Hy, (1 + @) (1 — pa)do..
oM oM

Now since Hy. = H,_, we have

Hgs(l + ag)p*dggs — O(e_ﬂt*gm—Q)
oM
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which can be seen by computing H,_ on this portion of the neck, noting that the cut
off functions ¢ and 7 both take the value of 1 on the support of p;.

Now is a good time to comment on the convergence statements in the main
theorems. As we have mentioned already, we may apply the pointwise estimate of

Rj. and the CJ-norm of . to find that Q satisfies the estimate

~ m=2
QI =0(e ).
Evidently, F.(@.) = O(¢™2") on the support of w, and A (o) = O(e™™2/2). Using

the computations made in this section, one can inspect the formula for @ and improve

our estimate to |Q| = O(¢™2), as claimed in Theorems [2.0.7] 2.0.9] and[2.0.11] This

can be used to estimate the remaining term in the expression for [, F.(i.)B.dog,

and conclude

/ FO(5.)Bodo, = Ofe~max{araz) m=2), (2.16)
oM

The final two integrals in the expression for A(®) will be treated together.

Integrating by parts, we have

/ Ay (pstir)dpg, — Oy (pstir)dog, = / (0 Dg.tr + 2(9-(V s, Vur) + Ny, ps)—
M M

oM

aTAng*)dugE - / p*a’/aTdO-gE
oM
= / p*pTﬁg(ﬂg) — UrQg, pidpg. —
M

/ P*PTﬁf(aa)dUgs
oM

5



where we have used the fact that d,p, = 0. In order to proceed, we will need the

pointwise estimate of Propositions [2.1.2] [2.1.5] and [2.1.7;

ur < ng (HFE(ﬂ’E)HCD (T (a1,02)) + HFEB(QE)‘|Cg+1(82T5(a1,042)))

v+2

/ —2
< O™ Y]

for C,C" > 0 independent of €. Keeping in mind that p,pr and Aj_(p.) vanish outside
of T%(av, —2loge —a; — 1) if x =1 and T°(—2loge — as — 1, an) if * = 2, one can

use the pointwise estimate on uy to find

| Aoy~ [ 0puirda = O,
M oM

Combining the above estimates, we have

)\(0) :(Cn — 1) (/ |V’LU1|§1d:ug1 _/ |vw2|£222d'u’92> -
My M

ANOO(T7) + Oe (o) gm=2),

m=2) we can choose ay,ay so that the term ||Vwy||pe —

Since ||Vw,||r2 = a.O(e
||Vaws||r2 dominates the rest of the expression for A(?). Evidently, one can vary the
parameters a; and ay so that the sign of A(©) — and hence the sign of A F.(s.) — changes.

As we previously noted, Az, (52) depends continuously on a; and as, so we conclude that

there are suitable values of a; and as for which the projection term A 7(5) vanishes.

This finishes the proof of Theorems and [2.0.11] ]

76



2.5. The Non-critical Case

So far, we have produced a family of metrics (1 + ﬁg)ﬁ g. on M, each scalar-flat
and having constant boundary mean curvature of size O(¢™2). In this section we will
prove Theorems [2.0.8] and [2.0.12] where we arrange for this mean curvature
to vanish entirely. To achieve this, we will need yet another alteration to the above
construction. From now on, we assume that neither of the original manifolds are

Ricci-flat with totally geodesic boundary , i.e. we assume that

max(sup |ricg, |, sup |A,.|) > 0

* *

for both * = 1 and 2.

Let S, be a positive-definite symmetric 2-tensor with
spt(Ss) C ((M* \ 1) N (spt(Ric,, ) U Spt(Ag*))) )
For a real parameter 7, set r, := 7.£™ 2 and consider the following variation of ¢.
Ge = ge + 1151 + 1252, Gy = gu + 155

We apply the constructions of the previous two section to g. in order to produce
a family of solutions, v = v.(r1,72) € B} to

Agv=F.(v,r1,79) in M

o, = Ff(v, T1,T2) — )\FE(U77'177'2)B€ on OM

7



where

F.(v,11,72) == cyRg. (1 + )

is defined as usual, but
E9(v,71,79) i= —2¢, Hy (1 4 v)

has been altered so that, supposing we can arrange for A i y =0, the boundary

0,71,
mean curvature of (1 + v)ﬁ g- is exactly 0. As before, we will assume that
/. onr Bedog. = 0, which can be achieved for any r; and r, by an appropriate choice of
oy and .

Notice that our choice of r, ensures Rj satisfies the same pointwise bounds as

in the previous sections. This will allow us to apply the results of Section [2.3] with

trivial modifications once we verify

/Fs(v,rl,rg)dugez/ ﬁ?(’U,Tl,TQ)dO'gE. (2.17)
M oM

The second and final step is to arrange for the vanishing of Ag (.. .,)-

Let us take a moment to explain why simultaneous vanishing of the Ricci tensor
and second fundamental form can potentially be an obstruction to achieving the
conclusions of Theorems [2.0.8} 2.0.10, and Briefly, (M, g.) may be in the
same conformal class as an Einstein metric with Neumann boundary conditions in

the sense of [21] and the total scalar curvature plus mean curvature functional Q(g.)

may stable under even non-conformal perturbations. For the metric g., we can follow
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the calculations of [5] to compute

2

Q(ga) = Q(ga) + 2anr* (/M g*(S*vRng*)d:ug* - /8M g*(S*,Ag*)d(Tg*) +

*=1

O(rf) + O(r3)

2
Z@@HJ%X%(/kw%f/°K%%)+mﬂm%
x=1 M oM

where we have introduced the notation K, := ¢.(S., Ric,,) and K? := g.(S,, Ay).
From this formula, we can see that if both Ric,, and Ay, vanish identically for
* = 1 and 2, the first variation of )(g.) vanishes for all choices of S, and we will
be unable to correct the term F(g.) with a small (relative to €) perturbation of g.
away from the gluing locus to achieve the desired vanishing mean curvature. This
reasoning heuristically explains why our construction may fail to produce scalar-flat
metrics with vanishing boundary mean curvature on M without assumptions on the

Ricei tensor and second fundamental form.

2.51. Achieving the orthogonality condition

In this subsection, we will give a description of the values r; and 7y for which

(2.17) is satisfied.

Proposition 6. For small € and v € B}, there is a smooth function f, defined on a

5m—2

neighborhood U of such that

/mmmmwfjﬁwmmmms
M oM
for all m € U.
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Proof. For any v € B C CP/(M ), we introduce the function

1 5 N
GU,E(rlvr2) :_</ FE(U,HJ’Q)dﬂgs - / Ff(?),?”l,’l“g)dags>
M oM

n

:/ R.‘]ed”gs + 2/ ngdo-gs + Z T ( K*d:ug* -
M oM My

*=1,2

K? dag*)
oM.,

+ L,(r1,7r2) + Qu(r1,72)

where we have introduced the notation

L,(r1,72) ::/ VRy dpg. + Z T4 (/ vK.dpg, — / vadag*) — 2/ vH, do,
M M. OM..

*=1,2

o(r1,7m9) == Z/ 5. (1 +v)dup,, — / (1+v)
OM.

*=1,2

T K (1+v)dpg, + 1. K2(1+ v)dog, + o2,
M OM

L, and @, can be interpreted as the linear and quadratic parts, respectively, of G, ..

We also introduce the function H.(r1,72) 1= Gy c(r1,72) — Ly(11,72) — Qu(ra, 72).
For simplicity, we will pick S, to satisfying the following conditions. We assume

that S, has been chosen so that [, K.du, — [,,, K2do, = 1 and we will only

consider the case when

/ Ry dpg. + 2/ Hy do, <0,
M oM

though the argument is very similar if this quantity is positive. Since this term is
O(e™~?), we will scale the metric g. so that it is equal to —e™ 2. Now H, takes the
form

HE<T1,T2) = —€m_2 + 1 + T9
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and the vanishing locus of H_(ry,79) is given by {(ry,73) : r1 + 79 = ™2}, We will
see that the zero set of G, c(r1,r2) is uniformly close to this set.
It is straight forward to check that there is a constant C' > 0, independent of

and v € B}, such that
Ly(r1,72), Qu(ry,m2) < Cre™ 17,
So, for any n > 0, there is sufficiently small € so that
o1, 7)1 Qulre, )| < 372

It follows that

{Goe(r1,m2) =0} ={(r1,m2) i1 +re = €™ — Ly(ry,m9) — Qu(r1,72)}

CA{(ry,m2): (1 — n)sm_2 <r+re < (14 n)sm_Q} =: Z..

From these remarks, we can find many zeroes of G, .. For instance, setting r} :=
e™=2/2, for any v € B, there is a number 74 = rj(v) with (r{,r4(v)) € Z. and
Gy e(r,mh(v)) = 0. However, we will still need a degree of freedom to arrange for
Az, = 0 in the next subsection. Fortunately, for each v € B! we will find a 1-
parameter family of solutions near (7, 7%5) by applying the implicit function theorem

to G-
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Computing the derivatives of G, ,,

-| [ o, - [ K200,
M., OM.,

> ‘ K.dp,. — K2do,,
M. OM.,

el ([ 1l + [ 112, )
M OM

0
26,00

vV
N | =

for x = 1,2 and all v € B]_. From this we can find a radius R > 0, uniform in ¢ and

v € B, so that that ’%Gv,g

> 1 on Bg(0) C R%

T2

R

{H(r1,m9) =

o

(&1
] gm= R

FIGURE 2.5. The region Z. and the function f, in the r;ry-plane.

After perhaps restricting to smaller e, the set Z. N {ry, 7y > 0} is contained in
Br(0). We may now apply the implicit function theorem on G, . about the points
(r1,75(v)) to obtain, for every v € B}, open neighborhoods U(v) and V (v) containing
ri and r4(v), respectively, and a function f, : U(v) — V(v) so that G, (71, f,(r1)) =0
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for all r € U(v) (see Figure [2.5)). In fact, we know apriori that f, can be extended
to the interval (0, (1 — n)e™~2), and so we may choose open sets U and V which are
independent of v € B . Since the graph of each f, lies in Z. they may be extended
to f,: U = V. O

Before we continue, we will need one more property of the family {f,},epy - By

construction, we have

ﬁm):A/%W%+QAMH¢G+Wm@—erhﬁhﬁm»+QdﬁJﬂ

From this one can see, for small € and any r,7] € U, that

|fv(r1) - fv(rllﬂ < 4|T1 - T/1|

Now Ascoli-Arzela tells us that {f,},epy is precompact in the C°(U) norm. This

function f will have the same Lipschitz norm bound.

2.52. Vanishing of the rough projection

Paralleling Section we introduce the map P. : CY(M) — CI(M) sending a

function v to the solution of

A P.(v) = F.(v,7}, f.(r})) in M

0'/155(1}) - Fea(va rlla fv(ri)) - )\Fs(v,rll,fv(r’l))ﬁf on 8]\/[

The arguments of that section can be repeated to show P. is also a contraction
mapping on B} for small € and v € (0,1). This shows that {(P.)(0) 32, converges

to a fixed point v, € B) with respect to the Cg—norm. From the previous section,
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after passing to a subsequence, the functions f( £.)7(0) also converge to a continuous
function f : U — V which verifies the orthogonality condition for 7.. We conclude

that, for any r, € U, we have

Agsi}f = Fe(ﬁa,ﬁ?f(ﬁ)) in M
(2.18)

a,/fia — Fg(ijg’ Tl, f(/rl)) - )\Fa(ﬁs,rl,f(rl))ﬁa on 8M

The following proposition will complete the proof of Theorems [2.0.8 [2.0.10] and
2.0.12

Proposition 7. There exists an €y > 0 so that for all € € (0,&) there is a choice of

r1 € U for which X (3., 7)) venishes where 0. is given by 1)

Proof. Since Aj . 11 ¢y 1S continuous in rq, it suffices to show that its sign can be
controlled by r; € U. Following Section , for small ¢, the sign of /\Fe(ﬁs,m, (1)) 18

controlled by the sign of

0) — 1 N ~
= Jons(p1 + p2)dog, (/M Fo (e, 1, [(r1))Bedpg.

- [ BGr fr)idos + [ (85.(prir)
oM M

— A (piir))ds, — | Oulpriir) = By(palr)doy, ).
oM

As before, we have

/ Ag. (putiy,)dpg, + O, (ptir)do;. = O(e™ ™ ?)
M oM
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for + = 1,2. For the first term appearing in the above expression for A(?), we have

1 .
= [ Rt =1 [ Kaduy 1) [ Kadp,
n J M

M1 M2

i / Ry Bedvoly, + O(™~*7)
M

= [ Kdpgy — f(r) [ Kadptgy + O(e™™me1022m2)
M1 M2

The boundary term has a similar estimate

1 ~ o
— Ff(vg,rl,f(rl))ﬂadage = — 7"1/ K{?dag1 + f(rl)/ Kgdag2
M, P

Cn JoMm Mo

T Qe M) m2y,
Summing these three expressions together gives us the expression we are looking for
AO) =y — f(ry) + Qe marenzn2)

Hence, we can choose large a; and as so that the sign of A P, f(r)) 18 controlled
by r1 — f(r1). Evidently, the graph of f must intersect the line {r; = ro} in Z. (see
Figure [2.5.)) and we conclude that the sign of 7, — f(r1) changes as r; varies over U,

finishing the proof of Proposition [2.52] O]
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CHAPTER III

PART II: MINIMAL HYPERSURFACES WITH FREE BOUNDARY AND
PSC-BORDISM

This chapter contains material which appears in a preprint written by the
present author and Boris Botvinnik. The present author and Boris Botvinnik worked

collaboratively on the content and exposition of all sections in this chapter.

3.1. Preliminaries and Theorem

In this section, we will prove Theorem [1.5.3] Before we begin, let us prepare by
recalling the notion of stable minimality and the impact of the non-trivial boundary

of M.

3.11. Stable minimal hypersurfaces with free boundary

Let (M, g) be a compact oriented (n+ 1)-dimensional Riemannian manifold with
nonempty boundary OM. Assume W C M is a properly embedded hypersurface.

Let h denote the restriction metric h = gly and fix a unit normal vector field
vW on W which is compatible with the orientation. This determines the second
fundamental form A" on W given by the formula AgV(X Y) = g(VxY, W) for vector
fields X and Y tangential to W. The trace of Agv with respect to the metric h gives

the mean curvature H}" = try A, We will often omit the sub- and super-scripts,

writing v, A, and H if there is no risk of ambiguity.

Definition 3.1.1. Let W C M be a properly embedded hypersurface. A variation
of the hypersurface W C M is a smooth one-parameter family {F}},c(_c.) of proper

embeddings F; : W — M, t € (—e¢,¢) such that Fy coincides with the inclusion
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W C M. A variation {F}}c(—c) is said to be normal if the curve ¢ — F,(x) meets

W orthogonally for each x € W.

The vector field X = %Ft‘t:[] is called the variational vector field associated to
{E}te(_ava). For normal variations, the associated variational vector field takes the
form ¢ - v for some function ¢ € C°(W). Clearly, a variation {F}}e(—c.) gives a

smooth function ¢ — Vol(F(W)).

Definition 3.1.2. A properly embedded hypersurface W C (M, g) is minimal with

free boundary if

d%VOI(Ft(W)){t:O =0
for all variations {F}}ie(—c q)-

More notation: we denote by do and du the volume forms of (W, h) and (OW, h),

where h = h|ay is the induced metric. We denote the outward-pointing unit length

normal to OM by . Below, Lemmas [3.1.1] and [3.1.2] contain well-known formulas,

see [22].

Lemma 3.1.1. Let (M, g) be an oriented Riemannian manifold and let W C M be
a properly embedded hypersurface. If {F}ic(—c) is a variation of W with variational

vector field X, then

d
ZVOl(F (1)

:—/ HWg(X,yW)du—i—/ g(X,v""Ydo, (3.1)
t=0 w ow

In particular, a hypersurface W is minimal with free boundary if and only if H gW =0

and W meets the boundary OM orthogonally.
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Definition 3.1.3. A properly embedded minimal hypersurface with free boundary
W is stable if

LNOl(F(W))| >0

t=0

for all variations {F}}ie(—c ).

If a hypersurface W is minimal with free boundary, then any variational vector
field must be parallel to v on OW since the variation must go through proper
embeddings. Hence, it is enough to consider only normal variations to analyze the

second variation of the volume functional.

Lemma 3.1.2. Let (M, g) be an oriented Riemannian manifold and let W C M be
a properly embedded minimal hypersurface with free boundary. Let {Fi}ic—ce) be a

normal variation with variational vector field ¢ - v"V'. Then

2

d
i VOl(E (W)l o = / (Vo] — ¢*Ricy (", ") + |[AY?)) dp
w

- o> APM (LY VWV do, (3.2)

where Ricy denotes the Ricci tensor of (M, g).

It will be useful to rewrite equation (3.2]). The Gauss-Codazzi equations for a

minimal hypersurface W C M imply
RY = R} + 2Ric; (v, ") + |AV]?

on W. Here R) and R}" are the scalar curvatures of (M, g) and (W, ), respectively.

> 0 is equivalent to
t=0

It follows that the inequality C;lt—zz\/ol(Ft(I/V))

1 ,
[ IVoPdnz [ S0t (RY < RY + 1AV du— [ oA™Y Mo (33)
w w ow
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3.12. Conformal Laplacian with minimal boundary conditions

The proof of Theorem [1.5.3] will rely on some basic facts about the conformal
Laplacian on manifolds with boundary. Let (W,h) be an n-dimensional manifold
with non-empty boundary (W, h) where h = h|sy. We consider the following pair

of operators acting on C*°(W):

LB = —A;L—I—CnRgV n W

By, = 0,4 2¢,H" on oW,

where v is the outward pointing normal vector to OW and ¢, =

4(n—1)"

Recall that if ¢ € C°°(W) is a positive function, then the scalar and boundary

mean curvatures of the conformal metric h = ¢ﬁﬁ are given by

n+2
R, = c¢'¢ n2-Lpp W

(3.4)
H;, = 3ic,'¢" 72 By on OW.
We consider a relevant Rayleigh quotient and take the infimum:
M= inf Jw (V81 + cuRY ¢%) dp + 2¢,, [y, HY ¢?do (35)
GROEH (W) Jw P*dp ' '

According to standard elliptic PDE theory, we obtain an elliptic boundary problem,
denoted by (Lj, Bj), and the infimum Ay = A\ (Lj, By) is the principal eigenvalue of
the minimal boundary problem (Lj,, By). The corresponding Euler-Lagrange equations

are the following:

Lo = A in W
R 10 (3.6)
Byp = 0 on OW.
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This problem was first studied by Escobar [6] in the context of the Yamabe problem
on manifolds with boundary.

Let ¢ be a solution of . It is well-known that the eigenfunction ¢ is smooth
and can be chosen to be positive. A straight-forward computation shows that the

conformal metric h = gbﬁl_z has the following scalar and mean curvatures:

_ 4
Ry = Mo, inW
0 on OW.

y,
In particular, the sign of the eigenvalue \; is a conformal invariant, see [6], Q].

3.13. Proof of Theorem [1.5.3

Let (M, g) and W C M be as in Theoremm From the assumption HoM = 0,
one can use the Gauss equations to show that A% (v, v) = —H" where H%Y is the

mean curvature of OW as a hypersurface of W. Now, using the condition Ré” > 0,

the stability inequality (3.3]) implies

1
/W (ywy? + §RhW> dp + /aw ¢*H do > 0 (3.8)

for all functions ¢ € H'(W) with strict inequality if ¢ # 0. By simple manipulation,

the inequality (3.8) may be written as

/ (IV6P + caRY) du + 2c, /
w

¢*HW do > (1 — 2¢,) / Vo |2du (3.9)
ow w

for all ¢ # 0 € H'(W). The right hand side of (3.9) is non-negative since 1 — 2¢,, =

ﬁ > (. Furthermore, the left hand side of {) coincides with the numerator of

the Rayleigh quotient in equation (3.5). We conclude that the principal eigenvalue
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A1 = Mi(Lj, By,) is positive. Let ¢ be an eigenfunction corresponding to A;. Then,
. .z 4= .
according to 1' the metric h = ¢»—2h has positive scalar curvature and zero mean

curvature on the boundary. This completes the proof of Theorem [1.5.3]

3.2. Cheeger-Gromov Convergence of Minimizing Hypersurfaces

Here we introduce the notion of smooth convergence of hypersurfaces we require
for the proof of Theorem [1.5.6] First, we consider the case when the hypersurfaces
are embedded in the same ambient (n + 1)-dimensional manifold M. Below we
use coordinate charts ®; : U; — M, where U; is an open subset of ]R’}fl =

{(x1, - Tpg1) € R a0 > 0.

FIGURE 3.1. The hypersurface graph(u)

Let P C R™! be a hyperplane equipped with a normal unit vector 7, and

U C R?"! be an open subset. Then for a function u : P NU — R, we denote by

graph(u) its graph, see Fig. 3.1}
graph(u) = {z +u(z)n |z € PNU }.

Definition 3.2.1. Let £ > 1 be an integer. Let (M, g) be an (n + 1)-dimensional
compact Riemannian manifold and let {3;}°, be a sequence of smooth, properly
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embedded hypersurfaces. Then we say that the sequence {¥;}2, converges to a

smooth embedded hypersurface Yo, C*-locally as graphs if there exist
(i) coordinate charts ®;: U; — M for j =1,...,N;
(ii) hyperplanes P; C R™™! equipped with unit normal vectors n; for j =1,..., N;
(ili) smooth functions w;;: P;NU; = Rfor j=1,....,N,i=1,2,..., and i = oo,

which satisfy the following conditions:

N
(a) U ®;(graph(u; ;) NU;) =%, for i =1,2,... and i = oc;

j=1
(b) for each j =1,..., N, u;; — us; in the C*(P; N U;) topology as i — oo.
We say the sequence {3;}°, converges to a smooth embedded hypersurface 3.

smoothly locally as graphs if it converges C*-locally as graphs for all k = 1,2, .. ..

Next, we consider a sequence {(M;, 3;, §;, Si) }52,, where (M;, g;) is a Riemannian
manifold, ¥; C M; is a properly embedded smooth hypersurface, and S; C M; a

compact subset, playing a role of a base-point or a finite collection of base points.

Definition 3.2.2. Let £ > 1 be an integer, and {(M;, %;, g:,S:)}2, be a sequence

as above, where dim M; = n + 1. We say that {(M;,%;,5;,S:)}2, C*-converges to

(Moo, Yoo, Goos Seo) if there is an exhaustion of M, by precompact open sets
S CUi CUy C-- C My, My=|JU;
i=1

and maps ¥, : U; — M, which are diffeomorphisms onto their images for each i =

1,2,..., such that

(1) dist}>(Seo, U;1(S;)) — 0 as i — oo, where dist}> is the Hausdorff distance for

subsets of the manifold M;
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(2) the sequence {¥:g;} converges to go in the C*(U;)-topology as i — oc;

(3) the sequence of hypersurfaces {\11;1(21)};21 converges C*-locally as graphs in

the manifold M., to Yoo NU; as @ — oo for each j =1,..., N.

Remark 3.2.1. We notice that the conditions (1) and (2) imply that the sequence

{(M;,5;,Si)}2, C*-converges to (Mo, Joo, Seo) in the Cheeger-Gromov topology.

We say that {(M;, >, gi,S:) 2, smoothly converges to0 (Moo, Y0y Goos Soo) if it
C*-converges for all k > 1. Then we say that {(M;, >, i,S:)}52, sub-converges to
(Moo, Yoo, Joos Seo) if it has a subsequence which converges to (My, Yoo, Joos Soo)- In

this case we write

(Mz', Ei, gi; Sl) — (Mom Eoo; gom Soo)

3.21. Main convergence result

We are ready to set the stage for the main result of this section. Let (Y, g) be
a closed, oriented n-dimensional Riemannian manifold with a homology class a €
H, 1(Y;Z). As we discussed in Section the class a gives the Poincare dual class
Da = [y] € H(Y'; Z) represented by some map v : Y — S'. Furthermore, we assume

that there is a bordism

(M,5,%) : (Y, g9,7) ~ (Y, g',7) (3.10)

for some triple (Y”, ¢’,7/). In the above, 5 : M — S* represents a class [y] € H'(M;Z)

Poincare dual to a class a € H,,(M,0M;Z).
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Recall that Y € OM and § = ¢ + dt? near Y. For a real number L > 0, we

consider the following Riemannian manifold

(MLagL) = (M UYX{—L} (Y X [_Lao])ng)a

where gy, restricts to g on M and to the product-metric g + dt? on Y x [—L,0]. We

obtain another bordism

(ML)gL/?L) : (Ya gv’y) ~ (Ylugla/y/% (311)

where [y7] is the image of [§] under the isomorphism H'(M;Z) =~ HY(M;Z). We
refer to the bordism (M, gr,7r) as the L-collaring of (M, g,7). Below we will take
L be an integer i = 1,2,..., and write a; € H,(M,0M;Z) for the class Poincare

dual to [y7].

Main Lemma. Let (M, g,7) : (Y,g,7) ~ (Y’,¢',7) be a bordism as in (3.10)) and
denote by (M;, g;,7:) the i-collaring of (M, g,7) as in (3.11)) for i = 0,1,2,.... Fix a
basepoint in each component of Y, denote their union by S, and let S; be the image

of S under the inclusion

Y 2Y x {0} CY x [~i,0] C M.

Assume W; C M; is an oriented homologically volume minimizing representative of
a; fort=0,1,2,.... If X CY is an embedded hypersurface which is the only volume

minimizing representative of o € H,,_1(Y’;Z), then there is smooth subconvergence

(M;, Wi, 35, S:) — (Y x (—00,0], X x (—00,0], g + dt?*,Ss)
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as 1 — oo where So, C Y x {0} is the inclusion of S.

Remark 3.2.2. In Main Lemma, we allow the manifold Y’ to be empty.

3.22. Proof of the Main Lemma: outline

Consider the limiting space Y X (—o0,0], with the exhaustive sequence U; =
Y x (—i—1,0] and maps ¥; : U; — M, taking U; identically onto Y x (—i—1,0] C M.
Our choice of U; and ¥, satisfy the conditions (1) and (2) from Definition for
obvious reasons.

It will be useful to equip M with a height function F': M — [—1,0] satisfying

Y = F71(0) and Y’ = F~!(—1). Extend this function to M; by

t if v = (y,t) €Y x [—1,0]
Fi(r) =
F(z)—i ifze M.
A
Y 0
—R
F;
T l-Rr-1
M; L i1

FIGURE 3.2. The hypersurface W2 < M,. In this figure, Y’ = ().
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For any positive integer i and heights 0 < R < R’ < i, we write

Wl =FY[-R,0)) and W;[-R,—R]=F, '([-R,—R)).

2 (2 (2

Let a € H,,_1(Y;Z) be the class from the statement of Main Lemma. For L > 0 let
ax [~L,0] € Hy(Y x [~L,0,Y x {—L,0}; Z)

be the product of @ and the fundamental class of ([—L,0],{—L,0}). We will break

up the proof of Main Lemma into three claims.

Claim 3.2.1. Let L > 0. The hypersurface X x [—L,0] C Y x [-L,0] is the only

homologically volume-minimizing representative of o X [—L, 0].

Claim 3.2.2. For each R > 0, Vol(W) — R-Vol(X) as i — oo.

Claim 3.2.3. For each R > 0, there is a sequence {al*}2, such that, for each j =
1,2, ..., the hypersurfaces {\Ifj*l(Wﬁ%) 2, converge smoothly locally as graphs in'Y X

(—00,0].

Now we show how Main Lemma follows from Claims [3.2.1] [3.2.2) and [3.2.3]
Indeed, by Claim for each k = 1,2, ..., there is a sequence {a¥}2, such that,
for each j = 1,2, ..., the hypersurfaces {¥; ' (W%)}22, converges smoothly locally as

graphs to some hypersurface

Woo,k CY x (—O0,0].
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We notice that the hypersurface Wy is contained in Y x [—k, 0] and represents the
class a x [—k,0]. Since the convergence is smooth, we have
Vol (U (Wi r)) = lim Vol(\Ilj*l(Wfk)) =k - Vol(X),
1—00 v
where the last equality follows from Claim [3.2.2] However, according to Claim |3.2.1],
the only volume minimizing representative of ax [—k, 0] is the hypersurface X x [—k, 0]
which has the volume & - Vol(X). Thus W must be X x [—k,0]. Evidently, the
diagonal sequence {@;%Wa%)};ﬁl has the property that, for each k > 0, ®;'(Wk)
converges smoothly locally as graphs to X x [—k,0]. This then completes the proof

of Main Lemma.

3.23. Proof of Claim [3.2.1]

Let X C Y x [—L,0] be a properly embedded hypersurface representing the class
a x [—L,0]. Consider the projection function P : ¥ — [—L,0]. The coarea formula

[23, Theorem 5.3.9] applied to P yields

/E IV P|dy = / OLHn—l(P—l(t))dt, (3.12)

where H"~! denotes the (n — 1)-dimensional Hausdorff measure associated to the

metric h + dt? on Y x [—L,0]. Notice that P is weakly contractive in the sense that

|P(x) — P(y)| < dist™(z,y)
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for all z,y € ¥. Thus we have the pointwise bound |VP| < 1. Furthermore, since

P~1(t) represents the class a € H, (Y x {t};Z) for each t € [-L,0],

H"H(P7(t) > Vol(X)

with equality if and only if P71(¢) is X. Combining this observation with (3.12)), we
conclude

Vol(X) > L - Vol(X)

with equality if and only if ¥ = X x [—L,0]. This completes the proof of Claim m

3.24. Proof of Claim [3.2.2]

Before we begin, we will construct particular (in general, non-minimizing)
properly embedded hypersurfaces N;, C My, representing oy, with which to compare
Vol(W},) against.

Let X C Y and W, C M, be as in Main Lemma. Since 0Wy NY and X
represent the same homology class, they are bordant via a smooth, properly embedded
hypersurface ¢ : U < Y x [0,1]. We identify [0,1] = [-L,—L + 1] to obtain the
embedding

tp U= Y x[0,1] =Y x [-L,—L+ 1] — M.

Clearly the embedding ¢ : U < Y x [0, 1] may be chosen so that

Np =Wy Usnw, U, U (X x [—L +1,0]),

where Uy, = 11, (U), is a smooth properly embedded hypersurface of M.
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Evidently, Vol(Ny) = Vol(Wy) + Vol(Ur) + (L — 1)Vol(X) and Ny, represents
the same homology class as Wy. Since W, is homologically area-minimizing, we have

Vol(W;) < Vol(Ny). In other words, we obtain the inequality

Y T —— N T _ro
L —— L i —R
N N N
o o ] —L+1
N N | N
] | L .y
| N~ [
/\>/\ ]
|- A
M, Y x (—o0,0]
FIGURE 3.3. The hypersurface N, — M.
Vol(WH) 4 Vol(Wy \ W) < Vol(Wy) + Vol(UL) + (L — 1)Vol(X) (3.13)

forany 0 < R< L — 1.
Now we are ready to prove Claim|[3.2.2] Assume it fails. Then there exist ¢, Ry >

0 and an increasing sequence of whole numbers {a;}$°, such that the inequality

Vol(W)®) > Ry - Vol(X) + & (3.14)

holds for all i. Combining the inequality (3.13)) with the assumption (3.14)), we have

Vol(Wy) + Vol(U,,) + (a; — 1)Vol(X) > Vol(Wy, \ Wﬁ“) + &0+ RoVol(X). (3.15)
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Now we will inspect the first term in the right hand side of (3.15)):

Vol(W,, \ W) = Vol(Wy, [ai—y — ai, —Rg]) + Vol(Wy,[—a; — 1,a;-1 — a;])

Z (ai — Q;—1 — R())VOI(X) + VOl(Wai_J

> (a; — a;_1)Vol(X) + g9 + Vol(W,,_, \ W[ ). (3.16)

Here we use Claim in the first inequality and the assumption (3.14) in the

second.

Combining (3.15)) with (3.16)), we obtain

Vol(Wo)+Vol(Us, )+ (a;—1)Vol(X) > (a;—a;—1+ Ro) Vol(X)+2eq+ Vol (W,,_ \W,® ).

We iterate the argument to find

Vol(Wy) + Vol(Uy,) + (a1 — Ry — 1)Vol(X) > i - g9 + Vol(W,,) (3.17)

for every i = 1,2,.... Since the left hand side of (3.17)) is independent of i, we arrive

at a contradiction by taking i to be sufficiently large.

3.25. Proof of Claim [3.2.3

While the proof of Claim [3.2.3]is rather technical, it is essentially a consequence
of standard tools used in the study of stable minimal hypersurfaces. For instance, see
[24] for a similar result in a 3-dimensional context. We divide the proof into three
steps, referring to Appendix A when necessary.

To begin, we require the following straight-forward volume bound.
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Step 1. For each R > 0, there is a constant Vg > 0 such that

Vol(Wi[—A — R, —\]) < Vi

holds for all i and all A € [0,i — R]. In particular, Vol(W; N By (z)) < Vg for all i

and ¢ € M;.

The next key ingredient is the following uniform bound on the second

fundamental form AL,

Step 2. There is a constant C; > 0, depending only on the geometry of (M, g), such
that

sup |[AVE(2)]> < C, for L > 0.
zeWp,

Step 2 is a consequence of [25, Corollary 1.1]. See Appendix, Section for

more details.

Step 3. For each R > 0 and j = 1,2,..., the sequence of hypersurfaces ‘Ifj’l(WiR)

sub-converges smoothly locally as graphs as i — oo.

Proof of Step[J. We restrict our attention to the tail of the sequence {W/}°,, where
i > R+ 1. This allows us to consider each W/ and W/*! as hypersurfaces of

Y x (=00, 0] which is where we will show the convergence. By rescaling the original

metric g, we will assume that inj, > 1 and the bounds

SUDye g, (y) 197 (T) — 03] < o, SUDLep, ()

0Gi;
2 (@) < o

hold for 1 < 4,5,k < n + 1 in geodesic normal coordinates centered about any y €

Y x (—o00,0] where pg is the constant from Lemma [A.2.1} Let r = min(5;, 5 21000)

%

where Cj is the constant from Step
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We cover Y x [—R, 0] by a finite collection of open balls i = {B,(y;)},. Notice
that each B,(y;) CCY x [-R —1,0]. Consider a ball B,(y;) in Y with the property
that

Wz‘R+1 N Br’(yl) # 0

for infinitely many ¢. Unless explicitly stated, we will continue to denote all
subsequences by W/, Our next goal is to show that the sequence of hypersurfaces
{W N B.(y)}2, sub-converges smoothly locally as graphs.

We choose a subsequence of I/Vf%Jr1 and points x; € VVZR+1 N B, (y;) which converge

to some point zo, € B,.(y;). Now it will be convenient to work in the tangent space

to the point z.. We use the short-hand notation ¢ = exp?_ and let

B =¢"YBi(2s)) C Tp. (Y x [-L — 1,0]).

Consider the properly embedded hypersurfaces ¥; C B with base points p; € 3,
given by

N = ¢ (Bi(2oe) "W, pi =07 ().

We also write Z = ¢~ !(y;) Since W/? C M; are minimal, 3; are minimal hypersurfaces
in B with respect to the metric gg = (¢~1)*(9).

Notice that the choice of r allows us to apply Corollary to each ¥; C B at
p; with s = 3r. For each ¢ = 1,2, ..., we obtain an open subset U; C 7}, >; N B, a unit
normal vector n; L T, %;, and a function u, : U; — R satisfying the bounds and
such that graph(u;) = Be (p;). Moreover, the connected component of BI? (p;) N %
containing x¢ lies in B/ (p;).

We use compactness of S™ and pass to a subsequence so that the vectors n;

converge to some vector 7., € S™. Let Py, C T, (Y x [-L —1,0]) be the hyperplane
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perpendicular to 7. For large enough i, we may translate and rotate the sets U; to

obtain open subsets U/ C P,, and functions w : U] — R such that
L. graph(u)) = By (p:);
2. the ball B3> (0) C U;

3. for each k > 1 and a € (0,1) there is a constant C’ > 0, depending only on n,

k, a,, and the geometry of g, such that

R

see Fig. [3.4.| In particular, writing u, = w}| B> (0); the sequence {u!}; is uniformly
bounded in C*®(B3>(0)). Moreover, the connected component of Ba.(p;) N %;
containing p; is contained in graph(u/). It follows that ¥, the connected component

of B,(Z)N %, containing p;, lies in graph(u!).

FIGURE 3.4. The functions u; and hypersurfaces >J;

By Arzela-Ascoli, one can find a subsequence of u/ converging in C*(B4>(0))

to a function us : Bi>(0) — R. In particular, us is a strong solution to the
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minimal graph equation on B4 (0) with respect to gp and ¥ converge as graphs to
graph(us). To summarize our current progress, the components of WAt N B,.(y;)
containing z; sub-converge smoothly to ¢(graph(us)). This finishes our work with
the hypersurfaces 3.

Now suppose that there is a second sequence of connected components within
W™ M B.(y). We can repeat the above process to obtain a second limiting
hypersurface. Observe that the number of components of W' N B,.(;) uniformly
bounded in 4. Indeed, using the notation above, for any component ¥; C VV,L»RJrl N

B,(y;), we have

VOIS?B (Z;) > VOlQB (Bfoo (0))7

which is uniformly bounded below in terms of r» and the geometry of g. However,
Step 1] implies that Vol(W2 N B,(y;)) is bounded above uniformly in i so the number
of connected components W N B,(y;) is uniformly bounded in i. Hence the above
process terminates after finitely many iterations. We conclude that the sequence
{WENB,.(y)}32, sub-converges smoothly locally as graphs to a minimal hypersurface
Yool

Now, restricting to this subsequence, we turn our attention to another ball B, (y;)
in the cover . We repeat the above argument to obtain a further subsequence
and limiting minimal hypersurface X, . Repeating this process for each element
of U produces a subsequence converging to a minimal hypersurface W% = Uz]\io Yool
smoothly locally as graphs. This completes the proof of Claim 3.2.3] and consequently,

the proof of Main Lemma. O
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3.3. Proof of Theorem [1.5.6

In order to prove Theorem [1.5.6, we have to use fundamental facts relating
conformal geometry and psc-bordism. We briefly recall necessary results, following
the conventions in [26]. Let Y be a compact closed manifold with dimY = n given

together with a conformal class C' of Riemannian metrics. Then the Yamabe constant

of (Y, C) is defined as

R,d
Y(V;C) = inf fS/—g;,igz.
9€C Vol (Y) =~

We say that a conformal class C' is positive if Y (Y;C) > 0. It is well-known that C'
is positive if and only if there exists a psc-metric g € C.

Now let Z : Yy ~~ Y] be a bordism between closed manifolds Y, and Y;. Suppose
we are given conformal classes Cy and C; on Y and Y;, respectively. Let C be a
conformal class on Z, such that Cly, = Cy and Cly, = C}, i.e. 0C = Cy U Cy.
Denote by C° = {g € C: H; = 0} the subclass of those metrics with vanishing
mean curvature of the boundary. Then the relative Yamabe constant of ((Z,C), (Yo U

Y1, Co U CY)) is defined as

Rydy;
Ya(Z, Yo UY;GoUC) = inf fz—gffg

9eC® Voly(Z2)"+

This gives the relative Yamabe invariant

Y(Z,YouYy;CoUCh) = sup  Yo(Z,YoUYy;CoU Ch).
é, 0C=ColUCy

Now we assume that the conformal classes Cy and C are positive. Then we say that
positive conformal manifolds (Yy, Cy) and (Y3, Cy) are positive-conformally bordant if

there exists a conformal manifold (Z,C) and a bordism Z : Y ~» Y] between Yj and
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Y] such that C = Cy U C} and Y& (Z,Y, UY1;Cy LU Cy) > 0. In this case, we write
(Zv 6) : (}/OJCO) e (}/1701)

We need the following result which relates the above notions to psc-bordisms.

Theorem 3.3.1. [26, Corollary B] Let Yy and Yy be closed manifolds of dimension
n >3, 7:Yy~ Y] be a bordism between Yy and Yy, and gy and g, be psc-metrics on
Yy and Yy, respectively. Then Y (Z, Yo U Y1; [go] U [g1]) > 0 if and only if the boundary
metric goLlgr on YoUY: may be extended to a psc-metric g on Z such that g = g;+dt*

near Y; for j =0, 1.

3.31. Long collars

We are ready to prove Theorem for n < 6. The adjustments required to
adapt the following proof to the case n = 7 are provided in Appendix [A.33]

Let (Yo, 90,7%) and (Y7,¢1,71) be the manifolds from Theorem and let
ag € H, 1(Yy;Z) and oy € H,,_1(Y1;Z) be the classes Poincare dual to vy and 7,

respectively. It is convenient to use the notation H Y =Yy -Y; and

o= (Lo)*Oéo — (L1)*041 S Hn—l(Y§ Z)>

where ¢; : Y; < Y is the inclusion map for j = 0,1. Then we consider hypersurfaces
Xo C Yy and X; C Yy which are homologically volume minimizing representatives
of the classes ay and —ay. The existence of such smooth X, and X; is guaranteed
in this range of dimensions, see [3]. Notice that, by a small conformal change which

does not effect the assumptions on (Y}, g;,7;), we may assume that X; is the only

I Here we emphasize a proper orientation on Y and Y;
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representative of o; with minimal volume for j = 0, 1, see [27, Lemma 1.3]. We write
(X, hx) for the Riemannian manifold (Xo U X1, go|x, L g1]x,)-

Now we choose a psc-bordism (Z,g,7%) : (Yo, 90,%) ~ (Y1,91,71). We will use
(Z,g,7) to construct a psc-bordism which satisfies the conclusion of Theorem .
We denote by & € H,(Z;Z) the homology class Poincare dual to 4. Then da = «,
see Lemma [L.5.5

Now for each i = 1,2,..., we consider the i-collaring of the bordism (Z,g,7),
denoted by (Z;, s, %), as in Section [3.21] By Theorem [1.5.4] there exists properly
embedded hypersurfaces W; C Z; which are homologically volume minimizing and
represents @;. The restrictions of g; to W; and OW; are denoted by h; and h;,
respectively.

In preparation to apply Main Lemma, we fix basepoints x; € X for each j =0, 1
and set S = {zg,z1} C X. Naturally, the set S is identified with the subsets S; in
(X x{0}) € 0Z; for i = 1,2,... and with S, in the boundary of the cylinder
(X x{0}) C (Y x (—00,0]). According to Main Lemma we may find a subsequence

{a;}22, such that
(Zam Waw gam Sai) — (Y X (—OO, 0]7 X x (—OO, 0]7 g + dtQ: Soo)
smoothly as i — oo and the Riemannian manifolds (0W,,, h,,) converge to (X, hx)

in the smooth Cheeger-Gromov topology as i — co.

Remark 3.3.1. We note that the manifolds (OW,,, h,,), (X, hx) are compact and so

there is no need to specify base points for this convergence.

The following is a special case of a much more general fact on the behavior of

elliptic eigenvalue problems under smooth Cheeger-Gromov convergence (see [2§]).
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Lemma 3.3.2. Let {(M;,g.)}2, be a sequence of compact Riemannian manifolds
smoothly converging to a compact Riemannian manifold (M, g.,) in the Cheeger-

Gromov sense. If Y (My;|[g]) > 0, then, upon passing to a subsequence,

Y (M;; [gi]) > 0 for all sufficiently large 1.

Proof. For each i = 1,2,..., we denote by A1; = A\i(Ly) the principal eigenvalue of

the conformal Laplacian on (M;, g.). Let ¢; € C°°(M;) be the eigenfunction satisfying

Ly i = A, sup ¢; = 1. (3.18)
M;

Since {(M;,g:)}2, is converging in the Cheeger-Gromov topology to a compact
manifold, the coefficients of the operator L, are bounded in the C'-norm uniformly
in 4. In particular, there is a constant C'; > 0, independent of ¢, such that |Rg;| <y
on M;. An obvious estimate on the Rayleigh quotient shows that the sequence
{A1:}2, is uniformly bounded above and below.

This allows us to apply the Schauder estimate Theorem to ¢; uniformly
in 7. Using Arzela-Ascoli, we can find a subsequence, still denoted by {(M;, gi)}52,,

{pi}32,, and {\1;}32,, a function ¢, € C*(My), and a number A o, such that

Oi = Poo A = Ao

where the former convergence is in the C?“-topology. This allows us to take the limit

of equation (3.18)) as i — co. Namely, ¢, is a non-zero solution of the equation

Lgoo gboo - )‘17oo¢oo
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and 80 Ao > Ai(Lg.). On the other hand, we have assumed that A\;(L,_) > 0.

Hence A;; > 0 for all sufficiently large <. m

Now we return to the proof of Theorem [1.5.6 Since X is a stable
minimal hypersurface of Y with trivial normal bundle, Theorem implies that
Y(X,[gx]) > 0. Now we may apply Lemma to find Y(OW,,, [ha,]) > 0 for
sufficiently large 7. Fix such an i and let A € [h,,] be a psc metric on OW,,. Since
each W,, is a stable minimal hypersurface with free boundary and trivial normal
bundle, Theorem m states that Y/(W,,, OW,,; [h,]) > 0 for all i € N. Finally, we
use Theorem to find a psc-metric h,, on W, which restricts to h,, + dt* near

OW,,. This completes the proof of Theorem for n <6.
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APPENDIX

GEOMETRIC ANALYSIS BACKGROUND

Let us first describe the structure of this Appendix. In Section [A.1] we state
the basic regularity facts for solutions of elliptic equations both with and without
boundary conditions. These facts are used in both Part One and Part Two. In
Section [A.2] we recall relevant facts on the minimal graph equation and provide the
Schauder estimates we use in the proof of Main Lemma from Part Two. Section
is dedicated to Theorem [1.5.4] Here we recall necessary results on currents and state
well-known facts on their compactness and regularity, adapted to our setting. Section
describes a simple doubling method which is a convenient technical tool in the
remaining sections. In Section [A.32] we justify Step 2 from the proof of Claim [3.2.3]
In Section [A.33] we discuss regularity issues in dimension 8 and prove Theorem [1.5.6

forn="1.

A.1. Elliptic Estimates

In Part One, we use a regularity result for solutions of linear elliptic problems
which is suited for the linear analysis in Section [2.21] The following theorem is a

version of elliptic L” estimate, tailored to the Neumann problem.

Theorem A.1.1. cf. [20, Theorem 3.2] Let (N,gn) be a compact Riemannian
manifold with boundary ON. Assume that v € WKT2P(N gy) for some k,p € Ny

satisfies vadugN = 0. Then there is a constant C' depending only on the geometry

of (N,gn), k, and p such that

olhwesnrorgn < C (18gyollwnrign + 100lhysiirp g ) - (A1)
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where the norm || - ||W§,p(NgN) is defined by
1l ytr gy = EIGlwrnvgy) 1 G € WH(N, gn), Gloy = F}.

In Part Two, we will need the following standard Schauder estimate for solutions

of linear elliptic propblems.

Theorem A.1.2. [29, Corollary 6.3] Let Q C R™ be an open set and let a € (0,1).

Suppose u € C**(Q2) satisfies a uniformly elliptic equation
Lu = a"(z)u;; + b'(x)u; + c(x)u =0

with a” b, c € C*(Q) and ellipticity constant X > 0. If Q' CC Q with dist* (Y, 9Q) =
d, then there is a constant C' > 0, depending on d, A, ||a"||ce(qy, [|'||ca@), |cl|ca@), 7,
and o, such that

||U||C2,Q(Q/) S C||UHCO(Q) (AZ)

A.2. The Minimal Graph Equation

This section is concerned with local properties of hypersurfaces in Riemannian
manifolds. Throughout this section we will consider the unit ball in Euclidian space
B = B;(0) C R""! equipped with a Riemannian metric g and a hypersurface X" C B.
The balls of radius s > 0 centered at z € ¥ induced by g and g|s, are denoted by
BY(z) C B and BZ(z) C X, respectively. Assume there is a point zy € £ N By4(0).

The following straight-forward Riemannian version of [30, Lemma 2.4] allows us

to consider X locally as a graph over T, 3.
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Lemma A.2.1. There is a constant o > 0 so that if g satisfies

22 (@) < o (A3)

oxk

sup |gi;(x) — 045 < pro, sup
xeB reB

for 1 <1i,5,k <n+1 in standard Fuclidian coordinates, then the following holds: If
s > 0 satisfies

dist™ (o, 0X) > 3s, supy |4y]* < 52,
then there is an open subset U C T,,3 C R™™! a unit vector n normal to T,,%, and
a function u : U — R such that

1. graph(u) = B3.(x0);

2. |Vu| <1 and |[VVu| < ﬁ hold pointwise.

Moreover, the connected component of BI(xo) N Y containing xq lies in B3, (xg).

Now we will give a useful expression for the mean curvature of a graph. Let

U C R" be an open set with standard coordinates / = (z',...,2") and let g be a

Riemannian metric on U x R C R**!. For a function v : U — R, consider its graph
graph(u) = {(z/,u(z’)) e R""': 2’ € U}.

For ¢« = 1,...,n, we have the tangential vector fields F; =

2] ou _ 0
5z7 T 5z gt and the

upward-pointing unit vector field v normal to graph(u). Writing h;; = g(E;, E;) for
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the restriction metric, the mean curvature of graph(u) can be written

Hg = hijg(ya VELEJ)

_ ij _ ViuViu &*u n+1 Ou 7+l Ou 7n+1 Ou du pn+l
- (g 1+‘V’u|2 amiaxj + F'L] + ox; Fn"!‘l J + 333]' Fn+1i + ox; 8:)3]' Fn+1 n+1

ou T ou Tr ou 7 ou Ou 17
— e <Fij T e Uni1 T 50 Uit T 5 60, Lot n+1> ]7
(A.4)

see [30, Section 7.1] for a detailed exposition in the 3-dimensional case.

Next, we will apply the Schauder estimates to the geometric setting in Section

Corollary A.2.1. Suppose the unit ball B = B;(0) € R""! is equipped with a
Riemannian metric g satisfying
agij

sup |gii(x) — 05| < po,  su T
xeglgg() il < o Sup ook (&)

< o

in Euclidian coordinates for all 1 < 4,5,k < n + 1 where pg is the constant from
Lemma|A.2.1} Let C' > 0 be given and set r = min(s, \/ﬁ*c)' Assume that X C B is a
properly embedded minimal hypersurface with respect to g such that supg |A49)? < C
and there is a point zy € B,.(0) N X. Then there is a smooth function v : U — R on

U C T,,X and a unit normal vector to 7,3 such that
1. graph(u) = B3 (%);

2. |Vu| <1 and |[VVu| < ﬁi hold pointwise;
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3. for each £k > 1 and a € (0, 1) there is a constant C’" > 0, depending only on

n, k,a, and ||g||cr.a(p), such that

ul|cro@y < C. (A.5)

Moreover, the connected component of B,(x¢) N ¥ containing z, is contained in

Proof. The choice of radius r allows us to apply Lemma to obtain an open
subset U C T,,X C R"™ a unit vector n normal to T,,%, and a smooth function
u: U — R such that graph(u) = B3, (%), |[Vu| < 1, and |[VVu| < ﬁi on U. Since X
is minimal, v solves equation H = 0. Now since ||u||c1.«(y) is bounded for any fixed
a € (0,1), one can inspect the expression to see that u solves a linear elliptic
equation with coefficients bounded in C'* in terms of py and r. This allows us to
apply Theoremto obtain the estimate ||u||c2.a@r)y < Cl|ul|cowy for some C' >0
depending only on py and r. Standard elliptic estimates [29, Section 6] give a similar

estimate in the C**norm for any k. O]

A.3. Details on Theorem [1.5.4]

Let us recall some basic notions from theory of integer multiplicity currents. The
main reference for this material is [15, Chapter 4].

For an open subset U C R"** let 2"(U) denote the space of all n-forms on R"*
with compact support in U. An n-current on U is a continuous linear functional

T :Q"(U) — R and collection of such T for a vector space D,,(U). The boundary of
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an n-current 7" is the (n — 1)-current 97" defined by
(0T)(w) = T'(dw), w e QHU).

The mass of T' € D,(U) is given by M(T) = sup{T'(w) : w € Q"(U), |w| < 1}. For
example, if T" is given by integration along a smooth oriented submanifold M, then
M(T) = Vol(M).

Let H" denote the n-dimensional Hausdorff measure on R*™*. A current T €
D, (U) is called integer multiplicity rectifiable (or simply rectifiable) if it takes the

form

T(w) :/ w(&(z))(z)dH" (x), we Q"(U), where (A.6)
M
1. M C U is ‘H™-measurable and countably n-rectifiable, see [I5, Section 3.2.14];
2. 0: M — Z is locally H"-integrable;

3. for H"-almost every x € M, £ : M — A"TR"™* takes the form £(x) = e1A. . . Ae,
where {e;}?_, form an orthonormal basis for the approximate tangent space

T, M, see [15], Section 3.2.16].

Remark A.3.1. The above definition of integer multiplicity rectifiable currents can
also be extended to Riemannian manifolds (M, g) — one defines the mass of a current

using the Hausdorff measure given by the metric g.

The regular set reg(T") of a rectifiable n-current T is given by the set of points = €
spt(T') for which there exists an oriented n-dimensional oriented C!-submanifold M C

U, r >0, and m € Z satisfying

Tl () = m / W, Ve VD).

MNB(z)
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The singular set sing(T') is given by spt(T') \ reg(7T). The abelian group of n-

dimensional integral flat chains on U is given by

Fo,(U)={R+9S: Re D,(U) and S € D,,,1(U) are rectifiable}.

Now we consider subsets B C A C U. We have the group of integral flat cycles

Co(A,B) ={T € F,(U): spt(T) C A,spt(0T) C B, or n =0}

and the subgroup of integral flat boundaries

B.(A,B)={T+35:T € F,(U),spt(T) C B,S € F,11(U),spt(S) C A}.

The quotient groups H,, (A, B) = C.(A, B)/B,(A, B) are the n-dimensional integral
current homology groups.

There is a natural transformation between the integral singular homology
functor and the integral current homology functor which induces an isomorphism
H,(A,B;Z) = H,(A, B) in the category of local Lipschitz neighborhood retracts,
see [1B, Section 4.4.1]. This isomorphism can be combined with a basic compactness
result for rectifiable currents to find volume minimizing representatives of homology

classes.

Lemma A.3.1. Let (M, g) be a compact (n + 1)-dimensional Riemannian manifold
with boundary and consider an integral homology class o € H,,(M,0M;Z). Let & €
H,,(M,0M) be the image of o under the isomorphism H,(M,0M;Z) — H, (M,0M).
Then there exists a homologically volume minimizing integer multiplicity rectifiable
current T' € a.
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Proof. By the Nash embedding theorem there is an isometric embedding ¢ : M —
R™* for some sufficiently large k. Let M be the image of this embedding and set
Q= 1,0 € Hn(M,aM) Applying the compactness result in [I5], Section 5.1.6], we
obtain a homologically volume minimizing current 7' € Cn(M LOM ) representing &.

Since ¢ is an isometry, (:71),7T is the desired current. O

Since Lemma guarantees the existence of homologically volume minimizing
representative for the homology class « from the hypothesis of Theorem [I.5.4] the
final ingredient is regularity theory for volume minimizing rectifiable currents with
free boundary. The following is a regularity theorem due to M. Griinter [17, Theorem
4.7] adapted to the context of an ambient Riemannian metric. See [18, 22] 3] for

Riemannian adaptations of similar results.

Theorem A.3.2. Let S C R" be an n-dimensional smooth submanifold, U C
R an open set with 9SNU = 0, and g a Riemannian metric on U with bounded
injectivity radius and sectional curvature. Suppose T € F,(U) with spt(0T) C S
satisfies My(T) < My(T'+R) for all open W CC U and all R € F,,(U) with spt(R) C
W and spt(OR) C S. Then we have

— sing(T) =0 if n <6
— sing(T) is discrete forn =17
— dimy/(sing(7)) <n—T7ifn>7
where dimy (A) denotes the Hausdorff dimension of a subset A C U.

We will briefly explain how Theorem follows from Theorem Let

T be the volume minimizing representative of & from Theorem [1.5.4L For a point

117



x € spt(T), set ¢ = exp? and consider

U=¢ YB%(x)) C T,M, S=¢ '(OMn BI(x)),

T =(¢")T eD(U), g=(¢"").7,

where 0 < 7" < r <inj(g). By Theorem the singular set of 7" is empty and so
there is a neighborhood V' of 0 € U such that T”|y is given by an integer multiple of
integration along a C'-submanifold M C V. Locally, M can be written as the graph
of a C'-function which weakly solves the minimal surface equation. Standard elliptic
PDE methods imply that M is smooth, see, for instance the proof of Lemma

below.

A.31. Doubling minimal hypersurfaces with free boundary

In this section we consider the reflection of a free boundary stable minimal
hypersurface over its boundary. To fix the setting, let (M, g) be an (n+1)-dimensional
compact oriented Riemannian manifold with boundary OM and restriction metric
g = glom- Assume that there is a neighborhood of the boundary on which
G = goum + dt*. The double of (M,g) is the smooth closed manifold Mp given by
Mp = M Ugpr (—M). Notice that the double Mp comes equipped with an involution
L : Mp — Mp which interchanges the two copies of M and fixes the doubling locus
OM C Mp. Since g splits as a product near the boundary, one can also form the

smooth doubling of g, denoted by gp, by setting gp = g on M and gp = t,g on —M.

Lemma A.3.3. Let (M,g) be a compact oriented Riemannian manifold with

boundary with g = g + dt?> near OM. If X C M be a properly embedded minimal
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hypersurface with free boundary, then double of ¥, given by ¥p = X Ups t(X) is a

smooth minimal hypersurface of (Mp, gp). Moreover, if ¥ is stable, then so is Yp.

Proof. First, we will show that ¥p is a smooth hypersurface. Clearly, ¥p is smooth
away from the doubling locus 9% C Mp. Let xq € 9% and let » > 0 be less than the

injectivity radius of gp. Set ¢ = expJ? and consider

Y =¢ " SNBi(20)), Sp=0¢ (EpNBi(x0), §=0¢"3p

and v, the unit normal vector field to 3 with respect to g. Evidently, 3 is a minimal
hypersurface in 7, , Mp with free boundary contained in 7;,,0M C T,,Mp with respect
to g. We choose an orthonormal basis for T,,Mp so that, writing x € T, M as

(x',...,2"!) in this basis,

1. T,,0% = {(z*,...,2",0,0)};

3. TpoOM = {(z*, ..., 2" 1,0, 2" )}

This can be accomplished since ¥ meets OM orthogonally. In these coordinates, the
involution ¢ now takes the form (x!,... 2" x"") — (2!,... —2™ 2"™). Notice that,
because the second fundamental form of M vanishes, ¢~ (M N B, (xy)) is contained
in the hyperplane {(z!,...,2"1): 2" = 0}.

For a radius ' < r, we consider the n-dimensional ball

BY(0) = {zx € T,,M: 2" = 0,]|z|| < '},
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the n-dimensional half-ball By, , (0) = {z € B’(0): 2" > 0}, and the cylinder

Cr(0) ={z € T,,M: (z*,... 2",0) € B%(0)}.

For small enough r/, we may write > N C,(0) as the graph of a function

~

w: B, (0) =R, graph(u) =%nNCy(0)

where graph(u) = {(2', ..., 2", u(z", ..., 2")): (z*,...,2",0) € B%(0)}. Now we may

form the doubling of u to a function up : B} (0) — R, setting

u(zt, ... x") if 2" >0

w(xl, .. 2" =) if 2™ < 0.

To show Yp is smooth at zg, it suffices to show that up is smooth along {z €

Br(0): 2™ = 0}.

8u_

5 =0 on {2" = 0} and so up has a

From the free boundary condition, we have
continuous derivative on all of B (0). Since S is smooth and minimal, up is smooth
and solves the minimal graph equation with respect to the metric gp in the
strong sense on {z € B%(0): 2" # 0}. Moreover, it follows from 2% = 0 on {z" = 0}
and the (-invariance of gp that up solves the minimal graph equation weakly on the
entire ball B (0).

From this point, the smoothness of up is a standard application of tools from

nonlinear elliptic PDE theory, so we will be brief (see [30, Lemma 7.2]). Standard

estimates for minimizers implies up € H?(B"(0)) (see [32, Section 8.3.1]). Writing
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the equation (|A.4)) in divergence form, we have

0 ~~8’U,D ;
Or (CL EI% +b UD> 0 (A?)

where the coefficients a¥ and b* depend on up and are only differentiable. Since up

weakly solves equation ({A.7)),

/ (aij auD. + biuD) %dm =0,
B:,(O) al‘ﬂ afﬂz

for any test function ¢ € C§°(B%(0)) Taking 1 to be of the form —2% for some

Oxk
function w and integrating by parts, one finds ‘3"77,3 is a weak solution of a uniformly
elliptic linear equation with L coefficients for each k =1, ... n.

Now we may apply the DeGiorgi-Nash theorem (see [29, Theorem 8.24]) to
conclude that, for each r” < 7’ there is an « € (0,1) such that %“Tf e C% (B (0))
for each k = 1,...,n. Now uP € C%*(B%(0)) and the functions 22 solve a

oxk

uniformly elliptic linear equation with Holder coefficients. The Schauder estimates
from Theorem allow us to conclude that % € C**(B,(0)). This argument
may be iterated, see [29, Section 8], to conclude up € C**(B",(0)) for any k. This
finishes the proof that up is a smooth solution to the mean curvature equation across
the doubling locus {z™ = 0} and hence ¥p is a smooth minimal hypersurface.

The last step is to show that Yp is stable. Let ¢ € C°(Xp) define a normal
variation and write ¢ = ¢g + ¢ where ¢ is invariant under the involution and ¢, is

anti-invariant under the involution. Now we will consider the second variation of the
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volume of ¥p with respect to ¢.

52(Sp) = / Vo — @ Ric(v.v) + |AP)dy
- / IV60[2 + 29(Veo, Vén) + [Vorl? — (62 + 2601 + 62)(Ric(v, v) + | A]2)d

= 04,(Zp) + 05, (¥p) + / 29(Vo, V) — 2¢0¢1 (Ric(v, v) + |A]*)dp

Yp

=265 .(3) + 203, (%) > 0

where the last equality follows from the fact that g(V¢o, Vo) and ¢p¢; are anti-

invariant under the involution. This completes the proof of Lemma [A.3.3] O

A.32. Second fundamental form bounds

In this section, we will prove Step 2 in Section [3.25] Let (M;,g;) and W; be
as in Main Lemma. The uniform second fundamental form bounds for the stable
minimal hypersurfaces W; C M, can be reduced to a classical estimate due to
Schoen-Simon [25] for stable minimal hypersurfaces in Riemannian manifolds. In the
following, (M, g) is a complete (n + 1)-dimensional Riemannian manifold, xy € M,

po € (0,inj;(z0)), and g is a constant satisfying

8"2-- 82_1"
SUPB,(0) aié < ft1, SUPp, (o) Wga;z < i, (A.8)
on the metric ball B, (x¢) in geodesic normal coordinates (z',...,2""!) centered at

Zg.

Theorem A.3.4 (Corollary 1 [25]). Suppose ¥ is an oriented embedded C?-
hypersurface in an (n + 1)-dimensional Riemannian manifold (M, g) with xo € 3,

w satisfies (A.8), and p satisfies the bound py"H™(X N B,y (x0)) < p. Assume that
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H"(E N By (xo)) < 00 and H"2(sing(X) N B,y (x0)) = 0. If n < 6 and X is stable in
B, (xo), then

C
sup |AE| < —,
Bpg (w0) Po

where C' depends only on n, u, and pypo.

Proof of Step 2. By Lemma [A.3.3] the doubling (W;)p is a smooth stable minimal
hypersurface of (M;)p. In particular, the singular set of (W;)p is empty. Moreover,
the manifolds (M;)p have uniformly bounded geometry so that the injectivity radius
is uniformly bounded from below by some py, > 0, and there is a constant p; so that
the bounds hold in normal coordinates about any = € (M;)p, any p € (0, po),

and all ¢ = 1,2..... According to Step [I] there is a constant u such that
o "Vol(W; N B,(a)) < p

for all ¢ = 1,2,.... Hence, we may uniformly apply Theorem on any ball

B, (x0) C (M;)p intersecting W; to obtain the bound in Step 2. O

A.33. Generic regularity in dimension 8

It is well known that codimension one volume minimizing currents, in general,
have singularities if the ambient space is of dimension 8 or larger. However, in
[27] N. Smale developed a method for removing these singularities in 8-dimensional
Riemannian manifolds by making arbitrarily small conformal changes. In this section,
we will describe the modifications necessary to adapt his method to the case of
Theorem [L.5.6] with n = 7.

First, we will describe the perturbation result we will use. Let M be a compact

(n+ 1)-dimensional manifold. For k = 3,4, ..., let ME denote the class of C* metrics
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on M which split isometrically as a product on some neighborhood of M. Fix a

relative homology class o € H,,(M,0M;Z). We will show the following,.

Theorem A.3.5. Let go € ME andn =7. Fore > 0, there exists a metric g € M}
and a go-volume minimizing current T representing o such that ||g — go||cr < € and

spt(T’) is smooth.

The proof of Theorem follows by showing the constructions in [27] can
be performed on the doubled manifold Mp (see Appendix |[A.31)) in an involution-
invariant manner. We proceed in two lemmas. The first lemma holds in any

dimension.

Lemma A.3.6. Let gy € M§ and suppose T is a homologicly go-volume minimizing
current representing o.. For e > 0, there is a metric g € M such that ||g — go||cx < €

and T is the only g-volume minimizing current representative of «.

Proof. Let A, du = 0dH"™, and £ be the underlying rectifiable set, measure, and
choice of orientation for the approximate tangent space of A associated to the current
T (see Section . We may write A = UévzlAj where each A; are connected. Choose

p; € reg(A4;) \ OM and p > 0 so that

(Bo(ps) N A;) C (reg(A)\OM), j=1,....N.
Perhaps restricting to smaller p, let z = (2',...,2") be geodesic normal coordinates
for B,(p;) N A; and let ¢ be the signed distance on B,(p;) from A; determined by &.
This gives Fermi coordinates (¢, z) on B,(p;). Now fix a bump function n : A — [0, 1]
satisfying

1 forx € B,s(p;) NA;
n(z) =
0 for x € B,(p;) \ Bspa(pj)
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foreach j = 1,... N. Also fix a smooth function ¢ : R — R with spt(¢) C [—3/4, 3/4],
¢(t) > 0on [—1,1],0(0) =1, and ¢(r) < 1 if r # 0.
Consider the function ¢z : M — R given by

1 —&"o(t/e)n(x) if y = (x,t) € B,(p,) for some j

1 otherwise

for & > 0 satisfying spt(¢z) C UN.,Bs,/a(p;). We have the perturbed metrics gz =
(bg% go € ME. Tt is straight-forward to show that there exists e; € (0,¢) such that,
for any € € (0,&4], T is the only gs-volume minimizing representative of o (see [27]).
Perhaps restricting to smaller values of &, we may also arrange for ||g — gz||cx < e.

This completes the proof of Lemma O

Lemma A.3.7. Letn = 7, k > 3, go € M*, and ¢ > 0. Suppose T is the
only go-volume minimizing representative of «, then there exists g € M¥* such that
llg — gollcx < € and o may be represented (up to multiplicity) by a smooth g-volume

minimizing hypersurface.

Proof. Following [27], we construct a conformal factor which will slide the minimizing
current off itself in one direction and appeal to a perturbation result for isolated
singularities which allows us to conclude that this new current has no singularity.
Write (Mp, gop) for the doubling of (M, go) (see Section with involution ¢ :
Mp — Mp. The current T may also be doubled to obtain an involution-invariant
current Tp on Mp. Similarly to Section , Tp is locally go p-volume minimizing.
Let A = Uj-V:lAj, dp = 0dHT, and & be the underlying set, measure, and orientation

associated to T, as in the proof of Lemma [A.3.6]
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Let po > 0 and fix a smooth function ¢ : R — R satisfying
L ¢(=t) = —¢(),
2. ¢(t) >0 for t >0,
3. ¢(t) =t fort € [0, 2],

4. ¢(t) = £ for t € [, %&],

5. ¢(t) =0 for t > po.

Let {B,(p;)}}_, be a collection of disjoint metric balls in M centered at regular
points p; € A;. Choose py > 0 small enough to ensure that, in Fermi coordinates
(t,z) for A; with £ pointing into the side corresponding to ¢ > 0, the function (¢, x) —
¢(t)n(x) is supported in UY., B,(p;). For a fixed s € (0,1) and a parameter £ € (0,1),

consider the functions us : ¥ — R given by

1—&¢(t)n(z) ify=(t,z) € UL B,(p;)
Ué(?/) =
1 otherwise.

The conformal metrics g = ug% go will be used to find the desired smooth
representative.  Since g¢- splits as a product near OM, we may consider the
corresponding ¢-invariant metric gz p on Mp.

For sake of contradiction, suppose that there is a sequence & — 0 and
homologically g¢z,-volume minimizing currents T; representing o with sing(7;) # ()
for all i = 1,2,.... Since M(T;) is uniformly bounded in i, T; weakly converges to
some homologically go-volume minimizing current 7., which also represents . Since

T is assumed to be the unique such current, we must have T, = T'. Write P;, du;,
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and &; for the set, measure, and orientation corresponding to 7T; for « = 1,2,.... Let
Q; be a connected component of P; with sing(Q;) # 0 for each i = 1,2,.... Now
@; converges in the Hausdorff sense to some sheet ) of T'. By the Allard regularity
theorem [33], this convergence is smooth away from sing(()). Hence, after passing to
a subsequence, y; converges to some y € sing(Q).

In terms of the doubled manifold, the ¢-invariant currents 7; p are homologically
gz, p-volume minimizing, T; p weakly converge to 1y p, and the doubled sets Q;p
converge to Qp smoothly away from sing(Qp). Now let N' C Mp be a small distance
neighborhood of @Qp so that A"\ Qp consists of two disjoint, open sets N and N, on
which the signed distance to Q)p is negative and positive, respectively. In the doubled

manifold, we may directly apply the following results from [27].

Lemma A.3.8. [27, Proposition 1.6] For large i, we have
1. Qi,’D N N, - @
2. Qi,D N N+ \ Spt(@ﬂ?)@ 7é @

In light of Lemma the Simon maximum principle [34] shows

(Qi,p \ spt(¢in)p) C (N \ spt(¢in)p)

foreachi =1,2,.... Recalling that @); p converges to p in the Hausdorft distance, we
may apply the perturbation result [35, Theorem 5.6 to conclude that @Q); p is smooth

for sufficiently large i. This contradiction finishes the proof of Lemma [A.3.7] O

Theorem follows by first applying Lemma to approximate gy with

a metric g; supporting a unique minimizing representative of « then applying
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Lemmal[A.3.7 to approximate ¢g; with a metric g, and obtain a gs-volume minimizing

representative of a.

Proof of Theorem forn ="7. We will closely follow the argument presented in
Section 3.3} Let (Z,3,9) : (Yo,90,7%) ~ (Y1,91,7) be a psc-bordism and let
(Z;, Gi,7:) be the corresponding i-collaring for ¢ = 1,2,.... As usual, we denote
by a; € H7(Z;,0Z;;Z) the Poincaré dual to 7;.

For each i =1,2,..., we apply Theorem to obtain a metric g; on Z; so that
1

1

119 — il ci S

and &; can be represented by a smooth g;-volume minimizing hypersurface W;. It

follows from the proofs of Lemmas [A.3.6] and [A.3.7 that ¢; can and will be chosen

so that {g; # g;} € My C M; for i = 1,2,.... Indeed, the perturbations required
to form g; are supported on balls centered about chosen regular points of g;-volume
minimizing currents and one can always find regular points of minimizers of @; in
M, C M;. Evidently, g; has positive scalar curvature for all sufficiently large i. Since
Ggi = gionY x [—i,0] C Z;, the proof of the Main Lemma shows that there is a

subconvergence

(ZuVVzugzaSz) — (Y X (_0070]7X X (_0070]79 + dt2’S>

where Y, X, g,S;, and S, are defined as in Section [3.3] One can now directly apply

the argument from to finish the proof of Theorem forn="1. O
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