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We investigate Cesaro summability of the Fourier orthogonal expansion of
functions on B¢ x I™, where B? is the closed unit ball in R? and I™ is the m-fold
Cartesian product of the interval [—1, 1], in terms of orthogonal polynomials with
respect to the weight functions (1 — 2)*(1 + 2)#(1 — |z|?)*~V/2, with z € I"™ and
¢ € B%. In addition, we study a discretized Fourier orthogonal expansion on the
cylinder B? x [—1, 1], which uses a finite number of Radon projections. The
Lebesgue constant of this operator is obtained, and the proof utilizes generating

functions for associated orthogonal series.
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CHAPTER 1

INTRODUCTION

The study of Fourier orthogonal expansions of a function in terms of an
orthogonal basis is a classical topic. The most well-known example is the Fourier
series of a function on T, the unit circle in R?, which is an expansion in terms of
the orthogonal basis {€™® : n € Z}. An orthogonal polynomial sequence is a basis
of polynomials with an added structure, that polynomials of different degrees are
orthogonal with respect to an inner product. For orthogonal polynomials in one
variable, Fourier orthogonal expansions have been studied extensively; see, for
example, [15]. However, for orthogonal polynomials in several variables, there are
open questions and active research in the area of expansions and approximations,
and orthogonal polynomials in general.

It is frequently the case that Fourier orthogonal expansions will not
converge for all functions in a function space. For example, it is well known that
the Fourier series of a continuous function converges in LP(T), for 1 < p < oo, but
for p = 1 and uniform convergence, the Fourier series is not necessarily convergent.
Different summability methods must be employed in these function spaces to
achieve convergence. In general, Fourier orthogonal expansions may not converge
to the original function, and different summability techniques, such as Cesaro

means, can be used to achieve convergence. The Cesaro summability of Fourier



orthogonal expansions has been studied on B% in [17] and I™, the m-fold Cartesian
product of the interval [—1,1], in [9]. We will generalize these results and
investigate the Cesaro summability of the Fourier orthogonal expansion of a
function defined on the cylinder, B¢ x I™, where B¢ is the closed unit ball in R?,
and I™ is the m-fold cartesian product of the interval [—1, 1], in terms of the
orthogonal polynomials for the space, with respect to the weight function
TT(1 — 2)% (1 + 2)%(1 — |2|)*~12, with z € [-1,1], ay, B; > —1 for
i=1,2,...,m, and z € B* with A > —1/2.

Another interesting field in approximation theory is the study of discretized
Fourier orthogonal expansions. For example, if we consider the Fourier series of a

function on T, the Fourier coeflicients of a function f are given by the integrals

2

fn= f(t)e ™ dt,

0

for n € Z. The data from the function f is continuous data; that is, it relies on the
values of f on its entire domain. This integral may be discretized by a quadrature
rule, so that the discretized expansion only requires values of f at a finite set of
points, rather than values of f on the entire circle. This method of discretizing the
coeflicients of an expansion by means of a quadrature is called Ayperinterpolation,
and was first suggested by Sloan in [14]. For expansions of functions defined on
higher dimensional regions, another approach uses approximation by a finite
number of Radon projections, or integrals over hyperplanes intersected with the
region. The basis for this approach relies on the connection between orthogonal
polynomials and Radon projections of functions on B2, which was first studied in
[11] and [10]. This connection was generalized to B¢ in [13]. Using the original

relationship on B2, a discretized Fourier orthogonal expansion on B? involving



finite Radon projections was found in [18]. We will study the convergence of a
discretized Fourier orthogonal expansion on the space B? x [—1, 1], where the
discrete data is a finite set of Radon projections of f taken on parallel disks which
are perpendicular to the axis of the cylinder. This particular discretization has
application in the field of computerized tomography (CT), as Radon projections of
f correspond with X-ray data in CT.

The dissertation is organized as follows. In chapter 2, we will present
information on orthogonal polynomials, Fourier orthogonal expansions in terms of
orthogonal polynomials, and the Cesaro summation technique for orthogonal
expansions. In chapter 3, we will present the theorem and proof of the result on
the convergence of the Cesaro means of the Fourier orthogonal expansion on
B¢ x I™. In chapter 4, we will introduce the Radon transform, and discuss its
connection to orthogonal polynomials and Fourier orthogonal expansions. We will
then derive the discretized Fourier orthogonal expansion on B? x [—1,1], and we

will prove a result on the Lebesgue constant of this discretized expansion.



CHAPTER 11

ORTHOGONAL POLYNOMIALS AND EXPANSIONS

II.1  Definitions and General Theory

II.1.1 Definitions

We first present basic information about orthogonal polynomials. The
standard references are [5] for orthogonal polynomials in several variables, and [15]
for orthogonal polynomials in a single variable. We let x = (1, To,...,74) € RY

and @ = (@, q, ..., 0q) € N&, and definte x* = (3%, 252,...,25¢). We let
la| = a1 +ax+ -+ aq,

and say that a polynomial P is of total degree n if

n

P(x) = Z Z CaX”,

=0 |a|=n

where ¢, are real coefficients, and at least one of the coefficients ¢, with || = n is
non-zero. For this dissertation, when we say a polynomial is of degree n in d

variables, it is meant that P is a polynomial of total degree n. We define 1T to be
the space of polynomials in d variables, and I12 to be the space of polynomials in d

variables of total degree less than or equal to n.



Let (-,-) be an inner product on [1%. A polynomial P of degree n is an
orthogonal polynomial with respect to (-,-) if (P, Q) = 0 whenever (@ is a
polynomial of degree less than n. A polynomial P is orthonormal with respect to
(-,+) if P is an orthogonal polynomial, and (P, P) = 1. We let V¢ denote the space
of orthogonal polynomials in d variables of degree n.

This inner product is often given in the form

<R@=pr@mwm,

where ) is a subset of R% and p is a Borel measure on . In this case, the space of
orthogonal polynomials of degree n is denoted V,(2; 11). In the case that u is the
Lebesgue measure, we will denote the space of orthogonal polynomials by V,,(£2).
A natural question is whether a basis of orthogonal polynomials exists for a given
space () and measure u. For the situations dealt with in this dissertation, the

answer to the question is given by the theorem below; see [5, Cor 3.1.9].
Theorem I1.1. Let i be a Borel measure on §) which satisfies

1. [ (P(z))*du(z) > 0 for all P € II* with P # 0, and

2. Jo x*du(z) < oo for all o € NE.
Then there exists an basis of orthogonal polynomials for II1¢.

If the second condition is satisfied, we say that p has finite moments. If u is
a positive measure, and p has finite moments, the theorem ensures that a basis of
orthogonal polynomials exists. In the specific situations we will study, these
conditions will be satisfied. For the remainder of the chapter, we will assume we
are working with a space 2 and measure pu which satisfy the conditions of this

theorem.



In the case where d = 1, the space V! has one basis element. We may order
the orthogonal polynomials by degree to obtain an orthogonal polynomial sequence,
which is an ordered basis of orthogonal polynomials. In several dimensions,
however, the space V¢ is spanned by several polynomials. Specifically, it is

well-known that

dim V¢ = ré .= <n+s_1>.

By summing this up, we conclude that

dim11¢ = (P9
n n

There are several different bases that may be chosen for V4. We choose one basis,

PrPT, ..., Pr’:%, and define the column vector P, by

P, = . (IL1.1)

This vector notation, introduced in [7] and [8], and further investigated in [16],
allows for the generalization of several properties of orthogonal polynomials of one

variable, independently of the choice of basis for V¢, as we will see below.

11.1.2  Properties of Orthogonal Polynomials of One Variable
Assume that p is a Borel measure on 2 that satisfies the conditions of
Theorem (IL.1), and let {po, p1, ...}, where the degree of p, is n, be the orthogonal

polynomial sequence guaranteed by the theorem. The following properties hold.



Theorem 11.2. [15, Thm 3.2.1] For n > 0, there exist constants A,, B,, and C,

which satisfy the the recurrence relation

pn($) = Anmpn—1($) + Bnpn—1($) - Cnpn—2(x)7
where p_, and p_o are defined to be the zero polynomial. Furthermore, if k,

denotes the leading coefficient of p,(x), then A, and C, satisfy

kn An o knkn—2
kn—l An—l B k»,%_1 ,

We next define the reproducing kernel. We define the value h,, by

By = /Q P2 (2)duw(z). (I1.1.2)

Definition II.1. The reproducing kernel of degree n, K,(x,y) of the orthogonal
polynomial sequence pg, p1, P2, - - - is a function defined on Q x {2, given by the

formula

Knp(z,y) = Z hie or(2)pr(y).
k=0

The reproducing kernel “reproduces” polynomials of degree less than or

equal to n; that is,

/Q Kn(z,y)P(z) du(z) = P(y),

if P € I1,,. The three-term recurrence relation allows one to write the reproducing

kernel in a compact form.



Theorem I1.3. [15, Thm. 3.2.2] For n > 0,

kn Pry1(2)pn(y) = Pu(2)Pni1(y)

Kn ) = )
(z,y) o p—
forx #y; if x =y, then
kn / /
Kol ) = 52 (s (€)pnle) = pos (2)01(@)

One of the most useful properties of orthogonal polynomials is the
quadrature rule known as Gaussian quadrature. A quadrature rule is a numerical
integration technique. For an m-point quadrature rule, a set of points,

T1,Za, ..., Tm, and a set of weights, A1, Ag, ..., A\, are fixed, and the rule is given
by
m
[ s@ duts) = 3 f(a).
j=1

In the case where the rule gives equality for a function f, we say the quadrature is
exact for f. Often, the effectiveness of a quadrature is gauged by the largest
integer n for which the quadrature is exact for all polynomials of degree less than
or equal to n. For an m-point quadrature, the largest possible value of n is 2m — 1;
an m-point quadrature is said to be a Gaussian quadrature if the quadrature is
exact for all polynomials of degree less than or equal to 2m — 1. A Gaussian
quadrature is fundamentally related to orthogonal polynomials, but before we
state this relationship, we present a theorem about the zeroes of an orthogonal

polynomial sequence.

Theorem I1.4. Let {po, p1,...} be an orthogonal polynomial sequence on ) with
respect to . The polynomial p, has n real, distinct zeroes, ,1 < Tna < ... < Tpnp.

Moreover, for any two adjacent zeroes of py, Tin and Tii1,,, there is a zero of



Pnt1y Thtlntl, With Tpp < Tip1nt1l < Thyin.

The relationship between an orthogonal polynomial sequence and a

Gaussian quadrature is given in the following theorem.

Theorem I1.5. Let pu be a weight function on 2 C R that satisfies the conditions
of Theorem (IL.1). Let Ty m,Zom,-- -, Tmm denote the zeroes of the degree m

orthogonal polynomial with respect to p on ). The quadrature rule given by

/Q f(z)du(z) ~ Z Me;m f (Tie,m) (11.1.3)

. Po(z)
Ao = /Q (& = Tiepn) Py (Thn)

du(z) (I1.1.4)

1s exact for all polynomials of degree less than or equal than 2m — 1.

The Gaussian quadrature is considered to be the best quadrature for

integration over subsets of R, because of its high level of exactness.

11.1.8 Properties of Orthogonal Polynomials of Several Variables

Assume that u is a Borel measure on  C R, with d > 2, such that the
conditions of Theorem (I1.1) are satisfied. Some of the properties of orthogonal
polynomials of one variable generalize to orthogonal polynomials of several

variables.

Theorem IL.6. [5, Thm 8.2.1] Let n > 0, and let P, denote the column vector of
orthogonal polynomials on Q with respect to p, where Q C R® with d > 2. The

polynomials satisfy the three-term recurrence relation

Ii]Pn = An,i]Pn—l—l + Bn,i]Pn + Cn,i]Pn—la 1 << da
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where P_; = 0, and Ay ; is an n X (n+ 1) matriz, By is a n X n matriz, and Cy,;

is an n X (n— 1) matriz.

Much more can be said about the matrices in the three-term recurrence
relation; see Chapter 3 in [5]. The three term relation also enables one to derive a
compact form for the reproducing kernel for orthogonal polynomials in several
variables. For an orthogonal polynomial sequence in several variables, the

reproducing kernel, K,,(z,y), with z,y € R?, is defined by

Z }P’T I}Pk )

with the matrix Hj defined by

(Hy),, = / PP(z)PM(z) du(a).

Theorem I1.7. [5, Thm 8.5.3] Let n > 0 and let P,, denote the column vector of
orthogonal polynomials as described in the previous theorem. For x,y € R?, the

reproducing kernel may be written in the form

Ko (z,9) = Api [Pryi( )] H'P, ( ) ;”f(x)H;l [An,i}Pn—H(y)]’ 1<i<d

where x = (T1,Z2,. .., Zq), ¥ = (Y1,Y2s- - - Yd)-

While the properties above generalize from the theory of orthogonal
polynomials of a single variable to orthogonal polynomials of several variables,
other properties do not generalize well. Among the properties that do not
generalize well are those concerning the zeroes of orthogonal polynomials and

Gaussian quadratures. While zeroes of polynomials of a single variable are points,
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zeroes of orthogonal polynomials of several variables may be algebraic curves, a
fact which does not lend itself to easy generalization. There is much that can be
said in this direction, but it is removed from the problems we will be investigating,

so we direct the reader to [5].

I1.2 Examples of Orthogonal Polynomials

11.2.1  Ezamples in One Variable

Jacobi Polynomials
On the interval [—1, 1], the Jacobi polynomials are given by the formula

Peo) = - e+t OO (2) (- e o).

This type of formula is called a Rodriguez type formula. The Jacobi polynomials
are orthogonal with respect to the weight function w(®# (z) = ¢, 3(1 — z)*(1 + z)”#
on [—1,1], with o, 8 > —1, and

_ I'(a+ 6 +2)
‘P = T(a+ )0 (0 + 1)2a+F+

where I'(z) is the the gamma function, defined on (0, co) by

I‘(:E):/ - let dt.
0

The value h,, defined in (11.1.2) is given by

227! INa+0+2)

hn = nratrfriTmrargrn @ U+




12

where the shifted factorial, (a),, is defined by

F(a+n)'

(@) = — @ (11.2.5)

We will be working with the orthonormal Jacobi polynomials, which will be

denoted by
Pe (@) = b 2P o).

Gegenbauer Polynomials
A special subcase of the Jacobi polynomials are the Gegenbauer, or

Ultraspherical, polynomials, C. These polynomials are defined by the formula

(2M\),,

07/1\(3:) = (__1)71 ()\ + l)

o) PA-V2A2 () A > —1/2.

n
The Gegenbauer polynomials are orthogonal with respect to the weight

(1 — 2)*~1/2, The value h, is given by

ho— 2P T(n+2))
T2+ T (n+ 1)

and the orthonormal Gegenbauer polynomials, CN';), are defined by
CNz) = hn Y ?C>(x). The orthonormal Gegenebauer polynomials and regular

Gegenbauer polynomials are also be related by the equation

n+ A
A

CMz) = CH1)CNz). (11.2.6)
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Another useful equation the Gegenbauer polynomials satisfy is

Z ?Cﬁ(m) = CoM(z) + Cot(z). (11.2.7)
k=0

This relationship plays a key role in deriving a compact formula for the

reproducing kernel for orthogonal polynomials on B¢.

Chebyshev Polynomaials

The Chebyshev polynomials of the first and second kinds are special cases
of the Gegenbauer polynomials. The Chebyshev polynomials of the first kind are
defined by

T.(xz) =cosnf , x =cosb,

and they form an orthogonal polynomial sequence with respect to the weight
function w(z) = 1(1 — 22)~'/2. The value of h, is 1 if n=0and 1/2if n > 1. We

denote by T,, the orthonormal Chebyshev polynomials of the first kind, defined by

T.(z) = ;1/2Tn(a:). The zeroes of T,,(z) are

20+ 1
2 = co8(Yn) 1= COS 5

7r> L 1=0,1,..n—1 (11.2.8)
n

and the n-point Gaussian quadrature associated with the Chebyshev polynomials

of the first kind is given by

. /_ f(@) TN ). (11.2.9)

The Chebyshev polynomials of the second kind are defined by

Un(o) = =

, T =cosf,
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and are orthogonal with respect to the weight +(1 —z2)2 on [—1,1]. The value of

h, is 1/2 for all n. The zeroes of Uy, (z) are given by

L =12 ...n, (I1.2.10)

jm
6, = cos
€08 0jn = COS

and the Gaussian quadrature associated with the Chebyshev polynomials of the

second kind is given by

%—/_1 f(@)V1 —22dz ~ %Zf (cos(0;)) - (I1.2.11)

11.2.2  Ezamples in Several Variables
Product Jacobi Polynomials
On I™, the Jacobi polynomials are given by the product of the one

dimensional Jacobi polynomials; that is,

m

ple ﬂ) H P~51a1 ﬁl

=1

where a = (a1, Q9 ..., ), B= (01,02, .., Bm), and v = (71,72, .- ., ¥m) are

multi-indices, and «;, 3; > —1 for 1 <4 < m. They are orthogonal with respect to

the weight function

m
w P (z) = Hw(ai;ﬂi)(mi)'
i=1

Recall that Péa”a) (z) is of degree n if |y| = n, where |[y| =91 + 12 + ... + Vm. The

orthonormal Jacobi polynomials are given by

m

pga,ﬂ) (z) = pr(y?i,ﬂi)(mi).

i=1
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Given this basis, we denote the column vector of an orthonormal basis of
V,(I™; w(®P)) by
P9 (a) |

PP (z)

P(z) = (I1.2.12)

| P07 (2)

Orthogonal Polynomials on B®

On B4, we denote the orthogonal polynomials with respect to the weight
wy(z) == (1 — ||z||*)*~Y/2, for > 0 and ||z| denoting the usual Euclidean norm,
by S(z), where o € Nd. There are several different bases for V,(B% w,); we give

an explicit basis below.

Theorem IL.8. [5, Prop. 2.8.2]. Let o € N with |a| = n. An orthonormal basis

of polynomials for V,(B% w,) is given by

d
~ b |+ 4=1 T
= [1— Iy |20/ 2Ch, 1 (—” ],
31:[1 ’ V1= [Ix;][2

where x; = (21,2, ..., %;), o = (o, @41, ..., Q4), and
1 d d—j+2
[hal? = ——— <M+|aj+l|+—> :
(1 + )l 31;[1 2

Another explicit basis can be given for V,(B?%). This basis is given by

Un(zcoslj, +ysinb;n), j=0,1,...,n (I1.2.13)

with 6, == ?2% These polynomials were shown to form an orthonormal basis for

V,.(B?,w1/2) in [10] and play an important role in relating the Radon transform to
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the Fourier orthogonal expansion on B2,

Given an orthonormal basis for V,(B%, wy), s (), s (v), ..., s

» Yag

(y), with

Tn

y € B4, we write

sh.(Y)

Sh(y) = 852@ (11.2.14)

n

One very useful tool when working with orthogonal polynomials on B¢ is the

product formula. For p > 0, the formula is given by

[Si(e)]" [84(6)] = ”*“*dl / o8 (o y 1= Py 1 i)

(11.2.15)

X w“_l/g(t) dt s

while if 4 = 0, we have

d

522" [S2(0)] = *__ Exal RSV RV
+ o) (xy —y/1—[efy/1 - |y;2> J (T1.2.16)

Indeed, this formula provides a compact form for the reproducing kernel of degree

n for polynomials on B¢, K*(x,y), which is a necessary tool when studying the

convergence properties of expansions in term of orthogonal polynomials. If g > 0,



17

then using (I1.2.7) with (I1.2.15), we obtain

Kilo) = S 4 54 = [ ) (o 1= ol 1= o)

k=0 -1
(I1.2.17)

dily

+ oS (a: Y+ \/1 - |a:|2\/1 - |y|2t) }wu_l/z(t) dt, (11.2.18)

and a similar formula can be obtained for the case of = 0.

Orthogonal Polynomials on B x I™

For the weight function wy,(y)w®? (z), with y € B4 z € I™, > ~1/2 and
«, § multi-indices with o, 3; > —1 for 1 <4 < m, the orthogonal polynomials are
given by the product of the orthogonal polynomials with respect to w, on B¢ and
the orthogonal polynomials on I™ with respect to w(®? . Specifically, the
polynomials

SE@P(z), 1<j<rf k+]y=n, yeBLzel™

form a basis for the space V, (B¢ x I"™;w, x w(®#)). These polynomials will be
studied in Chapter 3.

For p=~-1/2,d=2, m=1and a= = —1/2, a basis for
Va(B? x [-1,1};wz), where wz(z,y,z) = (1 — 22)~V/2 for (z,y) € B? and

z € [-1,1], is given by the polynomials

Pikn(z,y,2) = Ug(zcos O + ysinb; x) Tk (y),

k=0,1,...,n, (z,y) € B} z¢€[-1,1. (11.2.19)
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This basis will play a role in our discretized expansion in Chapter IV.

I1.3 Fourier Orthogonal Expansion and Cesaro Summability

II1.3.1  Fourier Orthogonal Ezpansion

If the conditions in theorem (II.1) are satisfied, then an orthonormal basis
of orthogonal polynomials can be obtained for the space II¢. Moreover, with the

inner product defined by

(f,q) = / f(2)g(z) du(z)

this orthogonal polynomial sequence also forms a basis for the Hilbert space

L*(Q; 1), and V,(€; ) form orthogonal subspaces of L*(£2; ).

Theorem I1.9. The function space L*(Q; ), defined as the set of functions f with

/Q (@) Pdu(z) < oo

can be decomposed as
L(p) =PVal@p), f= Zproka,
k=0

where proj,, is the projection map from L*(2; u) onto V, (9, p).

For orthogonal polynomials in one variable, proj, f may be written in the

form

projy f / (@) w(z) P (z), (I1.3.20)
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and for orthogonal polynomials of several variables,

pmuzﬁwmeﬂwmmw (I1.3.21)

The best approximation to a function f is L*(2; 1) by polynomials of degree less

than or equal to n is the Fourier partial sum, S, f, defined by
Saf = projy f.
k=1
Using the formulas for proj, in (11.3.20) and (I1.3.21),
Suf(@) = [ Kolt,2)(0)duo)
Q

11.3.2  Cesaro Summability

While S, f converges to f in L*(2;du), S,f may not necessarily converge in
other normed spaces, such as LP(Q; u) or C(Q2). For these spaces, different
summability techniques may be used. One such technique is Cesaro summability,

which we define below.

Definition I1.2. Given a sequence {a,, az, ...}, the Cesaro means of order 4, s,

are defined to be
I o S i)
n ; (—n—0)

where (—n)y is defined in (I1.2.5). We say that the sequence ¢, (or the series > c¢,)

is Cesaro summable of order ¢, or (C,§) summable, to a if

lim s = a.
n—00
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It is known that if a series a1, ag, . .. is (C, §) summable to a for some § > 0,
then the series is (C,d + h) summable to a for any A > 0 [19, Thm 1.21, Vol. 1].

For a classical application of Cesaro summation, the Fourier series of a
continuous function f may not converge to f in the function spaces L'(T) or C(T).
However, the (C, 1) means of the Fourier series will converge to f in these spaces.

For orthogonal polynomials, the Cesaro means of order ¢ take the form
Sof = Zn: T
= (=0

Recall that S, f may be written in the form of an integral of f against the
reproducing kernel Kp(z,y). We adopt similar notation for the Cesaro means of

order ¢. Define
Ki(o) = 3 2 )

k=0

for orthogonal polynomials of one variable, and

Ki(a) = 3 e o)l Hi Buly)

k=0

for orthogonal polynomials in several variables. We may then express the (C, §)

means as an integral operator,

S5 (x) = / @)K () du(y).

Frequently, Cesaro summability is first established for the function spaces
C() and L*(£), and then a special case of the Riesz-Thorin theorem [19, Thm

1.11, Vol. 2] is used to extend the result to the spaces LP(€2; ), for 1 < p < co.

Theorem I1.10. Suppose that T is a bounded linear operator on L'(Q;p) and
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C(Q)). Then T is also a bounded linear operator on the spaces LP(S; u) for

1 <p<oo.

To establish (C, §) convergence for the spaces L!(2; 1) and C(f2), the
following theorem is used. We only prove this theorem for the case when 2 is a
compact set, since we will be dealing with situations of this type. However,

generalizations to non-compact domains can be proven.

Theorem II.11. Let §) be a compact set, and let p satisfy the conditions of (II.1),
and the additional condition that u(X) > 0 for every set X C §) with positive
Lebesgue measure. The (C,8) means S°f converge to f for f € LY(Q; 1) or

[ € C(Q) if there exists a constant M so that

/Q K3 (2, )] du() < M

forally € Q2 andn > 0.

Proof. Following the proof of [4, Thm 4.2], we first prove the following claim.

Claim 1L.1. The norm of the operator S as an operator on C(§2) and L(€; u) is
given by

sup / K (2, )] duly).

zeQ JQ
Proof. Treating S as an operator on C({2), we first note that the norm of S?,

15800, satisfies

||S,‘fb||oo: sup sup
FeC(Q) z€Q
I fllo=1

< sup/ |K2 (7, )] du(y)

zeQ JQ

/K"wy y) du(y)
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by moving the absolute value inside the integral and bounding |f(x)| by || f]|cc. For

the other inequality, we note that since the function

/Q K (2, )| dp(y) (11.3.22)

is continuous in z, it achieves its maximum, N, at some point zg. Let
h(y) = sign K(z0,%), and note that h may not be continuous. Let € > 0, and

define a new function A* which is equal to h on the set
A={y e : |K’(zo,y)| > €},
is continuous on {2, and satisfies |h*(y)| < 1. It follows that

> | [ h*(y)K:i(xo,y)du(y)}

_ / (K (20, )] disly) +

/Q () = ) Ko ) duty)

> N — 2eu(Q).

Since € was arbitrary, this proves the claim for C(Q).
We now consider S¢ to be an operator on L*(2; 1). By moving the absolute

value inside of the integral and applying Fubini’s theorem, we obtain

/Q K3 (z,y)f (z)dp() | du(y)

1S3 = sup /
feLt(u) JQ
1li=1

< / K3 (2, )| dpu(y),
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where

1l = /Q /(@) |dp(z).

For the other inequality, we again let zy be the point where the function in
(I1.3.22) achieves its maximum. Let & > 0. Since K?(z,y) is uniformly continuous
on (Q, there is a number § > 0 such that |K%(zy,y) — K3(z2,y)| < € for

|z1 — 22| < 6. Hence, if f = xB,(mo) ((Bs(20)) ™!, then f has a norm of 1 in

LY (2 1), and we obtain

I8 > [ | [ i) @0uto)| auto
> [ |Kian )| auto) - eu@).
Since € was arbitrary, this proves the claim for L'(Q; ). This concludes the proof
of the claim. L

We next prove a proposition concerning the Cesaro means of polynomials.

Proposition II.1. Let P(z) be a polynomial of total degree n and § > 0. Then

S8 (P)(z) — P(z) uniformly as m — oo.
Proof. Since proj, P(z) =0 if k > n,
n —m .
an(P) = Z ﬁ proj,,(P).
k=0 k

The claim follows from the fact
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Finally, we may prove the Theorem IL.11. We let f € C(£2) and
g € L*(; ). Since polynomials are dense in the spaces C(Q) and L*(Q; i), we let
g > 0 and choose polynomials P and @ so that || f — Pl < ¢ and ||g — Q|1 < &.

We choose n large enough so that ||S2(P) — P|le < € and ||S8(Q) — Q|1 <. It

then follows that

1S2(f) = fllso < [152(F) = Sa(P)loo + 152(P) = Plioo + 1P = flloo

< Me + 2¢,

and
150(9) = QI < 153(9) = S @l + 153(@) = @Il + 11Q — gllx
< Me + 2¢,
This proves the theorem. 0]

In the next chapter, we will investigate the Cesaro means of the Fourier

orthogonal expansion on B¢ x I"™ using these techniques.
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CHAPTER 1II
CONVERGENCE OF THE CESARO MEANS ON B4 x J™

In this section we will prove the result on the convergence of the orthogonal
expansion of functions in I?(B% x I"™; u;a, 8), 1 < p < oo and C(B¢ x I™). The
proof of this theorem uses Theorem 5.3 in [17]. In addition, the following theorem

will play a key role in the proof.

Theorem II1.1. [9, Thm 1.1] Let o; > —1, f; > —1, and oy + B; > —1 for
1 <i < m. The Cesaro means S° f of the orthogonal expansion of f in the product
Jacobi polynomials on I™converge to f in LP(I™;w®P)) for 1 < p < oo and

cm), if

“ m . m+ 2
5 i3 Mi o Oa_ LML T T S
>;max{oz B}+2 —|—max{ Zmln{a B} 5 }

=1

Using the notation from chapter 1, we may write the reproducing kernel on

the cylinder as
J T
Kz, ayy) =D ) []P’gi’;f) (a;)] PO (') [SE(y)]” SEY). (I11.0.1)
For a function f € C(B® x I™), the Fourier partial sum is given by

Su(f)(z',y') = /Im o Ko(z,7',y,9) f(z,y) w*P (2)w,(y) dy dz. (I111.0.2)
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The Cesaro means of order §, or the (C,§) means, are given by

K)(z, 2,9,y Zc,jz[wﬁ‘*f)(x)]%g“f)( VST Si),  (1110.3)

=0 k=0

where cfl,j = (:i)&j)j. Note that the Cesaro means cannot be written as a simple
product of two series, one which is written in terms of z and z’/, and one which is
written in terms of y and y'. These is due to our choice of defining the degree of a
polynomial as its total degree, and does not allow the problem to be reduced to a

trivial result of separate estimates on B¢ and I™. We now state the theorem

concerning the convergence of the Cesaro means on B¢ x I™.

Theorem II1.2. Let f be a continuous function on B% x I™, and let > 0 and
>—1,8;> -1 and a; + B; > —1 for 1 < i <m. Then (C,d) means of the
orthogonal expansion of f in terms of orthogonal polynomials SO f converge to f if

d+m—1

0> Zmax{ai,ﬁi}‘FM‘F 5
=1

“ 1
+max{0,— E min{a;, G;} — p — H—Tg+—}
=1

Proof. The theorem will follow from the fact that the (C,§) means of the kernel

are bounded; that is,

for some constant M which is independent of n, 2, and 3. Throughout the proof,
and the rest of the dissertation, ¢ will refer to a constant that may change values

from line to line.
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We first show that it is enough to consider z’ =€ :=(1,1,...,1).

Lemma II1.1. In order to prove the convergence of (C,d) means of the orthogonal

expansion, it suffices to prove

/ / ‘Ki(:z:,e,y,y’ﬂwﬂ(y) dyw'®P) (z)dz < M (IT1.0.4)
m Jpd

for M independent of n and v/.

Proof. The proof of the lemma follows from results in [6]. We state these results

below.
Theorem IIL.3. Let a, B> —1 and o > (. An integral representation of the form

1
PER@PEO ) = [ P WPED (@) KO (o,y,2) wl® () de

-1

satisfying
1
/ | K@) (z,y, 2)| w®P(2)dz < M

exists for —1 < z,y < 1.

This result is for single variable Jacobi polynomials, but easily extends to

the product Jacobi polynomials as

PA) (z) PP (y) = / B () PP (2K )z, y, 2)w'™P) (2)dz,
m

where z,y € I™, and

m

K (z,y, 2) = [ [ K (@i, s, 2),

i=1
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and KA (., . .) satisfles
[ KO,y 2wt )z <,
m

where M is a constant given by the product of the constants in the single variable

theorem. By this result,

Ai::/ / ‘Kﬁ(z,z',y,y')‘wu(x)dyw(a’ﬂ)(z)dz
Im JBd

St

x w,(y)dy w®P (z)dz

S

K (z, 2, 2)| w®? (2)dzw, (y)dy w'*? (z) dz.

S, S [Pl @) B @) st siw)

k=0

S, ST [FeRe)] Pl St siw)

k=0

Applying Fubini’s theorem gives

s,
Bd Jm

></ K (z,2, 2)] w'*? (z)dew > (2) dzw,(y) dy
m

n ki T
S S [Ple)] P ) Stwl i)
3=0 k=0
<o [ [ IR wtiy 2
™ JB

which proves the lemma. J

Our next lemma reduces the integral over B% to an integral over [—1, 1] of a
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Gegenbauer polynomial. We define

aﬁ) / ’Ka 1 2,9,y ’wu
and
5 s ket s (@8)(,7]" mles)
FL0) =Y > — 2 G0 [P )] P (e)
§=0 o Mt

Lemma II1.2. For p > 0,
Y 2\ 452 +u
e e [ [F] (1) T (@.05)
-1

Proof. We first consider p > 0 and consider the case of p = 0 later. Let 2’ = e and

substitute (I1.2.15) into (II1.0.4) to obtain

GOP(y') = /Bd /_11 F, ((@M/) +1-lyPy1- Iy’|2t> (1-#)*" dt'wu(y)dy-

(IT11.0.6)
Applying the change of variable y = rn, where n € $41, 0 < r < 1, gives

1
Gy / L E (e (1—t2)‘“dt{
sd-1{J -1

(1— 7"2)“_1/2 dw(n) dr,

where dw is the surface measure on S% 1. Now let A be the rotation matrix such

that A(y') = (0,0,...,0,|v/|), and apply the change of basis 7 ~— ATn to obtain

1
G / S (e L VT @ dt}
ga-1 [J -1

x (1- 7"2)“_1/2 dw(y') dr
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where n = (n1,...,74). If we let ng = s, then n = (/1 — s2v, s) for some v € S¢ 2,

and changing variables gives

1 1
GO () = was / r-1 /
0 —1

x (1 —r2)=12(1 - 32)%“3' dsdr

1
/ F? (rs lv'| +4/1 = [y*V1 — rzt) (1- t2)“_1 dt‘
-1

(111.0.7)

where wq_s is the surface area of S%~2. Let s +— p/r so ds = dp/r and move the

absolute value inside the inner integral to obtain

rrie] L

— P22 (2 p2) T dp dr.

dt

& (ol +1— WPVI=72t) (1= )

Switching the order of integration of » and p and applying the change of variable

qg— V1 —r% dg=+1—r2dt gives

1 1 Vi—r2 5 5 -1
Gi*A(y') < wd_z/ / / F} (p ']+ /11—y Q> ‘ (1—r*=¢*)"" dg
1yl J—viz

x r(r? — pQ)d_Eg dr dp.

Switching the order of integration of ¢ and r gives

1- Ip
G () < s / / F? (p|y'|+\/1—|y'|2q)(
vV 1-[p?

1-¢ _1 d—3
X / (1=r*—)" " r(r* —p*)"7 drdgdp.
Ip|

Applying the change of variable 72 = u (1 — ¢* — p?) + p? shows the inner integral
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d—3
s 2(1— ¢ —p»)*" 2 B(u, %), were B(z,y) is the beta function, defined by

1
B(x,y)=/ (1 -t dt, z,y > 0. (T11.0.8)
0

Hence, we have the inequality

o Wd— 2B ,d— Vil
gﬁ ,ﬁ)(y/) < 2 / /
-1J—4/1-Ipf?

F, (p '] +4/1 - Iy’l2q)‘

X (1 — ¢t - pQ)%ﬂ dg dp.

Next, we apply the change of variable ¢ = 4/1 — p?s to obtain

1 1
GO ) < ¢ / / FS (p WY AN _p25>
~1J-1

x (1-p%) R (1-5%) T s dp.

(111.0.10)

(I11.0.9)

(I11.0.11)

Changing variables once again, we let uw = p|y/| + /1 — |¢/|*+/1 — p2s to obtain

)T

1 plyl+m\/——p2 ey = p? 2 uDv
GO) < e / / O A A L =
=WV (A=) Q=) (1 —u?)] >

X (1 —p2) G (1 — u2) s du dp.

Now we employ the function D, (u,v,p) introduced in [17], which is defined
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(1—0v*—p? —u?+ 2upy) 2
[(1=2?) (1 —w?) (1 -p?)]*

for 1 —v? — p* — u? + 2upv > 0 and 0 otherwise. It is readily verified that

Dy (v, p,u) =

1
/ Dy (w,v,p) (1~ p%)" dp = 22 B(A +1/2, A+ 1/2),
-1

where B(z,vy) is the beta function. Hence, substituting Dy into the integral and

switching the order of integration, we have

1 1 d—2 d—2
a, 5 5 hp ot
G0 (W) SC/_I [ <“>\/_1D%2-+p(ly’l,u7p> (1=p") = ™ dp (1 -?) 7 du
- St
= c/ |Fr(u)] (1—=2?) 2 " du (I11.0.12)
-1
This proves the lemma for g > 0.

Turning our attention now to the case when p = 0, we substitute (11.2.16)

into the left side of (II1.0.4) and ignore the integral over I™ as before to obtain

SOy = /leJf ((y,y’> /1= lyPy/1- Iy’|2>
B

LR (<y,y'>¢ L= Py = 1P ) footwds

We perform the same change of variables from the case when g > 0 to obtain the

equivalent of (II1.0.7),

1 1
) e [ [ T
0 —1
d—

3
+ F¢ (rs|y’| — /1= |y|2V1— r2) [(1—r*)72(1 - %2 dsdr.
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Now we substitute p = v/1 —r? and let v = /1 — |¢/|? to obtain

1,1
g(()a,ﬁ)(y/)zwd_2/ / ‘Fg <\/1_p2\ﬁ—1123—f—p’u>
—1Jo
+F? <\/1—p2\/1—1128—pv> 1-p’ )dT(l‘S ) 5 dpds

_2/_11/1 \/l—pQ\/l—UQS—va)‘

< (1= p2) T (1 = 2)T dpds. (TT1.0.13)

The right side of (II1.0.13) is the right side of (II1.0.9), with v in place of |¢/|.

Following the same steps of the proof for p > 0, we obtain the equivalent of

(111.0.12),

which proves the case for y = 0.

To finish the proof, we substitute (II1.0.5) into (IT11.0.4) to obtain

/ /Bd ’Ki(x,e,y,y’)l (1= [y*)""? dy dp' (z)
<c/ / Sd, ikt el I

dl
§=0 o Pt T3

x [P )] PP (o)

(1—u? T gy (@) (x)dx.
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After substituting in the identity (I1.2.6), we arrive at the following inequality.

//’Kg(””e’y’y'ﬂwu(y)dyw(a’ﬂ)(m)
m JBd

<[ [ Z Z & w el )

T 4=2
< [P0 @) PP (0] (1 - u) T qun@(e) da.

Jj= Jj—k

Since the Gegenbauer polynomials are a subset of the Jacobi Polynomials, this
expression is equivalent to proving the Cesaro summability of the product Jacobi
polynomials on ™!, with respect to the weight dp(®# (z)(1 — a:fnﬂ)%“‘ du,

where z = (zy, Z, ..., Zy,). The theorem then follows from Theorem III.1. O
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CHAPTER IV
RADON PROJECTIONS AND DISCRETIZED EXPANSIONS

In this chapter, we will introduce the Radon transform and give an overview
of its role in the Fourier orthogonal expansion of a function on B2?. We will derive
a discretized Fourier orthogonal expansion for functions on the domain B? x [—1,1]
in terms of Radon projections of f, which are taken on parallel disks that are
perpendicular to the axis of the cylinder B? x [—1, 1]. Finally, we will show that
the Lebesgue constant of the discretized Fourier expansion is = m(log(m + 1))?

where the notation a = b means there are positive constants, ¢; and ¢y, such that

cra < b < cqa.

IV.1 Radon Projections

The Radon transform, named after the mathematician Johann Radon,
maps an integrable function on R? to the set of integrals of f over all hyperplanes
in R?. The integrals of f are called the Radon projections of f. More specifically,
for f defined on R?, we define the Radon projection of f, R¢(f;t), with £ € §4°1,

the unit sphere in R%, and t € R, to be

/ f(z)dz.
(z,8)=t
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Radon’s famous result is the following theorem.

Theorem IV.1. Suppose f is a continuous function on R? satisfying the following

properties.

1. The integral

/ |f(z, )| dz dy
v VS

18 convergent.

2. If we define

_ 1 27

flz,y;r) = o ), flz +rcosg,y + rsin ) do.

for a point (z,y) € R? and r > 0, then for any choice of point (z,y) and r,

lim fp(r) =0.

r—00

Then f can be competely reconstructed from its Radon projections.

Radon gave an explicit inversion formula for the function. This result can
be extended to R¢ for d > 2; see chapter 2 in [12].

In practice, one often wants to approximate a function f by a finite number
of Radon projections. For example, in the two-dimensional setting, Radon
projections are closely related to the medical field of computerized tomography. In
computerized tomography (CT), the central problem is the reconstruction of
images from a finite set of X-ray data. The relative loss of intensity of an X-ray
passing through a body is directly related to the line integral of a function f(z),

the X-ray attenuation coefficient at a point z in the body. Hence, the problem is
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reconstructing f from a finite number of Radon projections. Since f can be
completely reconstructed from a complete set of its line integrals for suitably nice
functions, we expect that we should be able to approximate a suitably nice
function f well using a finite number of Radon projections. In order to do this, we
will focus on a relationship between Radon projections and orthogonal
polynomials, which was first investigated for functions defined on the domain B?

in [11] and [10].
Theorem IV.2. [11, Thm. 1] If P € V,,(B?), then

V=12

Ro(P;t) =2

Up, (£)P(cos 8,sin 8),

where Up,(t) is the Chebyshev polynomial of the second kind of degree m.

This relationship has been integral in obtaining further results involving
Radon projectiions. In [3], this relationship was used to find a polynomial on B?
that interpolates the Radon projections of a function taken on sets of parallel lines
in directions given by equidistant angles along the unit circle, while in [2], the
polynomial interpolating Radon projections on parallel lines in arbitrary directions
is considered. We will focus on the result in [18], in which an explicit
reconstruction algorithm for a function on B? was given in terms of finite Radon
projections. This result relies on the relationship (IV.2) and the Fourier
orthogonal expansion of a function on B2 in terms of the orthogonal polynomials
given in (11.2.13). We will first introduce some notation, and then give the
relationship between Radon projections and the Fourier orthogonal expansion.

Let f be an integrable function defined on R?. We define L(6,t), for

6 € [0,2n] and t € R, to be the line {(scosf +tsinf, ssinf — tcosh) : s € R}.



38

Then Ry4(f;t) can be written in the form

Ro(f;t) = /L(M) f(z,y) dzdy.

By restricting the domain of f to B2, we only need to consider line segments in B2
in the definition of Ry(f;t). For this reason, we define 1(6;¢) to be the intersection

of L(f;t) and B?; that is,
I(6;t) = {(scos@ + tsinf,ssinf — tcosf) : |s| < V1—1t2},

and so Ry(f;t) can be re-written with the integral taken over I(6;¢) instead of
L(;1),
Ro(f;t) = / f(z,y) dzdy.
1(6:¢)
Recall the orthogonal polynomials in (I1.2.13) form an orthonormal basis
for Vi, (B?). The Fourier coeflicients of the Fourier orthogonal expansion of f in

terms of this basis of orthogonal polynomials may be written in terms of the

Radon projections of f.

Theorem IV.3. [18, Prop. 3.1] Let m > 0 and f € L?*(B?). For 0 < k < 2m and

0<j<k,

[z, y)Uk(0;k; 2, y) drdy

B2
1 2m 1 1
= - : t 0., —
om+ 1 ZW / R (£51), Urlt) dt Ui(cos(@yx — 6u))
where ¢, = 7222

As a result of this relationship, the orthogonal projection of a function f in
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L%*(B?) onto V4(B?) can be written in terms of the Radon projections of f.

Theorem IV.4. [18, Thm. 3.2] For m > 0 and k < 2m, the projection operator

proj,, from L*(B?) to Vi(B?%) can be written in the form

1
2m+1

2m 1
proi, £(z,y) = S 1 [ RalfOU0 &+ )00
v=0 -

As a consequence of this theorem, the Fourier partial sum of f, So,.f, can

also be written in terms of the Radon projections of f,

2m  2m 1
Sanf0) = 5oy D23 [ R (U0t (6 DUL(6uiz.0). (VL)

Recalling (IV.2), the expression

is a polynomial of degree 2m if f is a polynomial of degree 2m. Hence, by
multiplying and dividing by a factor of v/1 — 2 in (IV.1.1), and then using the
2m-point Gaussian quadrature rule given in (I1.2.11) to replace the integral with a
sum, a discretized Fourier orthogonal expansion which preserves polynomials of

degree less than or equal to 2m — 1 is obtained. This discretized expansion, Agn,

is given by
1 2m 2m 2m
AQm(f) (LL', y) = m Z Z R¢u (f) CoS 9j,2m) Z(k—i-l) Sin((k+1)9j,2m)Uk(¢u; z, y)
v=0 j=1 k=0

The upper limit of the sum in v is chosen to be 2m to eliminate redundancy in the
Radon data. With the choice of 2m, the Radon projections are taken along
parallel lines in (2m + 1) directions, given by equally spaced points on the unit

circle. If the Radon projections were taken along parallel lines in 2m directions,
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2Ty

then for v < m, and ¢, = S

T+ Qbu = Qbu—l—ma

and the identity

Rt (f5c08(Oami1—jom)) = Rg, (f;c08(0;,2m))

shows these two Radon projections are actually the same. In practical settings,
more Radon projections are desirable, so we choose to take Radon projections in
an odd number of directions.

As an operator on C'(B?), the discretized expansion has a Lebesgue
constant of mlog(m -+ 1). In the next section, we will study a version of this

algorithm adapted for the cylinder, B* x [—1, 1].

IV.2 Construction of the Discretized Partial Sum Expansion on the

Cylinder

We first introduce notation to adapt the Radon projection on B? to the
cylinder B? x [—1,1]. For an integrable function on B? x [—1,1], we will take the
regular two-dimensional Radon projection of f on disks perpendicular to the axis

of the cylinder at position z on the axis of the cylinder. Hence, we use the notation

Ro(1rn 2= [ f(on,2)dey

where (z,y) € B% and z € [—1, 1], to denote the Radon projection of a function f

at position z on the axis of the cylinder, along the line segment I(6;1t).
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With this defintion in mind, Theorem (IV.2) can be adapted to the domain

B? x [-1,1].

Lemma IV.1. If P is a polynomial of degree k on B* x [—1,1], then for
g € [0, 2n],
Ro(P(-,5);t)
Vv1—12

s a polynomial of degree k in t.

Proof. If P is a polynomial of degree k, we may write

P(z,y,2 Zczzpmxy

where py_i(z,y) is a polynomial of degree k — 4 in z and y. Following the proof of

[18, Lem. 2.2], we write

= €2 —— Pr—i(x,y) dzdy.
V1=t 2:; VI= Sy Y

Rewriting the integral and changing variables,

v, - /
—— Pe—i(z,y) dzdy
1 —12 Jresmn (@:9)

pk i(tcosf + ssinf,tsind — scosf)ds

vl—t2 VI
=/ Pr—i(tcosf + V1 —t2ssinf, tsinf — V1 — t2scos ) ds.

After expanding p_;(z,y) in the integrand, we note that each odd power of

v/1 — t? is accompanied by an odd power of s, which becomes 0 after integrating.
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Hence,
LE54)
pklxydxdy— btkl%l £2)7
for some coeflicients b;. The lemma follows. O

Recall the definition of Pjg, from (I1.2.19). We let proj, be the projection
operator from the space L*(B? x [—1,1];wz) onto Vu(B? x [~1, 1];wz), and prove

the equivalent of theorem (TV.4).

Theorem IV.5. Let m > 0 and let n < 2m. Define ¢, := 2727’1’11, and

ou(z,y) := arccos(z cos(¢,) + ysin(¢,)). The operator proj, can be written as

ds
roj, f(z,v, R Y 8); z,1y,2;8,t)dt ,
proj,, f(z,y, z Z/_I/ o (f DW(@,y,25,8) di ——

11 28+ DUV (cos(0n (@, y)) T () To4(2)

U, (2, y,2;8,1) =

Proof. Since the polynomials Pj, in (I1.2.19) form an orthonormal basis for

Vo(B? x [-1,1];wz),
n k
projn(f) r,Y,z) = Z / f z, Y,z Pj,k,n(x’yaz)wZ(xay)z)‘
=0 j=

After expanding Pjx.(z,y, 2), Theorem IV.4 gives the result. O

This relationship between the projection operator and the Radon projection
again yields a connection between the partial sum operator So,, and the Radon

projection.
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Corollary IV.6. Let m > 0. The partial sum operator So, may be written as

d
Som(F) (@1, 2 }: /1/ R (s 0,05, 25, 1) <= dh, (IV.2.)

where

D, (x,y,2;8,t) = Z\I'l,na:y,z,s,t)

n=0

To discretize this Fourier orthogonal expansion, we discretize the two
integrals by 2m-point Guassian quadratures. Using Lemma (IV.1), we divide and
multiply the integrand in (IV.2.3) by a factor of v/1 — ¢2. For the integral in ¢, we
use the quadrature formula (I1.2.11), while for the integral in s, the quadrature

formula (I1.2.9) is used. The discretized partial sum operator, Bay,, is given below.

Definition IV.1. For m > 0, (z,y) € B? and z € [—1, 1], we define

2m  2m 2m—1

Bom(f)(@,y, 2 ZZZ% () 22m; €08 (0j0m)) Tuja (@, 9, 2),  (IV.2.4)

where
Togalw,,2) = m;;;(mnsm(m%m) Ui (cos(o(z,9)))

As a result of Lemma TV.1 and the fact that 2m-point Gaussian
quadratures are exact for polynomials of degrees up to 4m — 1, we obtain the

following theorem.

Theorem IV.7. The algorithm Bs,, preserves polynomials of degree less than or
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equal to 2m — 1; that is, for (z,y) € B* and z € [-1,1],
BQm(f)(xayaZ) = f(xayVZ)

fOT' f € H2m—l~

The proof of the following theorem is contained in the next section.
Comparing this with the result in [18], we see that the extension of the algorithm

to the cylinder introduces a factor of log(m + 1).

Theorem IV.8. For m > 0, the norm of the operator By, on C(B% x [—1,1]) is
given by

1Barm oo = m (log(m + 1))°.

The proof of this theorem is not trivial. Since we have defined the degree of

a polynomial to be its total degree, the series in the definition of T}, ;,(z,y, 2),

DO (k+ 1) sin ((k+ 1)6;.2m) Uk (cos(o,(2,9))) X Tni(2)Tnk(2),

n=0 k=0

cannot be written as the product of a two series, one in terms of z and z;, and one
in terms of #; and o, (z,y). As a result, the estimate of the Lebesgue constant
cannot be trivially reduced to an estimate on B? and an estimate on [—1,1]. In
particular, for the upper bound of the estimate, a different approach from that in
[18] is used to obtain this result.

As a result of Theorems (IV.8) and (IV.7), we obtain the following corollary.

Corollary IV.9. For f € C*(B? x [-1,1]), Bom(f) converges to f in the uniform

norm.



45

Proof. 1If f € C?(B? x [—1,1]), then by Theorem 1 in [1], there exists a polynomial

P, of degree n on B? x [—1,1], and a constant C' > 0, so that

C 1
| f — Pnlloo < ﬁwm (ﬁ) ,

where

1

Wia (—)zsup swp  |D7f(x) — D(y)
n vl=2 \ z,yeB?x[-1,1]
le—y{<1/n

We let n = 2m — 1 to obtain

1Bam (f) = flloo < 1Bom(f — p2m—1)lloo + | f = Pam—1llo0
< ||f —pZm—l”OO (1 + ||82m||00)

<c  (mllog(m + 1)) +1),

(2m —1)

which converges to zero as m approaches infinity. O

Before proceeding to the proof of Theorem IV.8, we make one comment.
We believe that the Lebesgue constant of the Fourier partial sum of the orthogonal
expansion ||Sam|| is mlog(m + 1), although we have yet to prove it. If this is true,

the discretization of the expansion adds a factor of log(m + 1).

IV.3 Proof of Theorem IV.8

We first derive an expression with which we may estimate ||Bam||oo-

Proposition IV.1. The norm of Bay, as an operator on C(B? x [—1,1]) is given

by

2m 2m 2m—1

1Bamlloo = Zmaxzz Z sin 0 om [Ty 50(2,y, 2)| (IV.3.1)

v=0 j=1 (=0



46

where the mazimum is taken over all points (x,y, z) in B x [—1,1].

Proof. By definition,

R¢u(f("')zl)7cosej,2m) = / f(i',:l}, Zl) di‘d:{]

I(COS 0j.2m,¢u)

Sinej)zm
= / f(cos 8 9m cOs ¢, — 5CO8 ¢y, COS G, 9 SIN Gy, + 5COS Py, 21) ds. (IV.3.2)

—sin Gj,zm

Taking absolute value of both sides and using the triangle inequality, we

immediately have

2m 2m 2m-—1

1B2m]|co < Zmaxzz Z sin 6 om |T,,5,(2, y, 2)|

v=0 j=1 =0

On the other hand, if we define

2m 2m 2m-—1

T(z,y,z2) = 22 Z Z sin 0;.0m | Tu5(2, y, 2)],

v=0 j=1 =0

then 7 (z,y, 2) is a continuous function on B? x [—1, 1], and hence achieves its
maximum at some point (Zg, Yo, 20) on the cylinder. We would like to choose a
function f so that f(z,y, 2) = sign(T, (%o, Yo, 20)) on the set of lines
{(I(cosbjom,dv),21)}, for 1 < j<2m, 0 <wv < 2m,and 0 <[ < 2m — 1, since this
would immediately give us the result. However, such a function may not be
continuous at the points of intersection of these lines. To allow for continuity, we
instead take neighborhoods of volume ¢ around each point of intersection of the
lines, and define a function f* which is equal to sign(7},;:(Zo, Yo, 20)) on the lines
{(I(cos b;am, &v), z1) },u; €xcept on the e-neighborhoods at the points of

intersection; on the rest of the cylinder, f* is chosen so that it takes values



47

between 1 and —1 and is continuous. It then follows that

2m 2m 2m-—1

||BQm||oo Z |BZm(f*(x0ay0)z0):|| Z 222 Z Sinej,Qm |Ty,j,l(x0)y0)z0)| — Cg,

v=0 j=1 [=0

where ¢ denotes the number of points of intersection of the lines

{(I(cosb;2m, du), 1)} 0. Since € is arbitrary, this proves the proposition. O

For the remainder of the proof, the number n in (I1.2.8) and (I1.2.10) will

be fixed as 2m. For this reason, we define

Jm 20+1
9j = 9j,2m = m, M= Vi2m = Wﬂ’ 2] = Z12m = CO87y, (IV~3-3)
2
¢, = 2m7r_:f T ou(z,y) = arccos(x cos ¢, + ysin ¢, ).

The proof will be separated into two parts: a lower bound, to show
| Bam|| > cxm(log(m + 1))? for some constant ¢;; and an upper bound, to show

By < com(log(m + 1))? for some constant c;.

IV.3.1 Lower Bound

We will establish there exists a constant ¢ > 0 so that

| Bamlloo > em(log(m + 1)) for all m > 0. By (IV.3.1), it suffices to show

2m 2m 2m—

1
Z Z Z sin6; |Ty;.(z1, y1, 21)| = em(log(m + 1))?

v=0 j=1 [=0

for the point (z1,y1,21) = (Cos ﬁ, sin WFH’ 1) for some ¢ > 0. We begin by

deriving a compact formula for T,,;;(z1,y1,1). Using the Christoffel-Darboux
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formula for 'fn, letting cos~y, = z,

2m

1 1 ' .
2m + 1)3 |sino,(z,y) ;:;sm((k + D)o, (z,y)) sin((k + 1)4;)

" cos((2m — k + 1)7,) cos((2m — k)v) — cos((2m — k + 1)7;) cos((2m — k)v,)
cos(7z) — cos(y). '

|TVlj’l(‘,Ll’ y7 Z)| = (

Substituting in z = 1 and applying the identity for the difference of cosines,

1 1 1
TI/ 1 ' Y ]- = s .
[ Toga(z,, 1)) (2m + 1)3sin o, (z,y) sin 2
2m
x| Y (k+1)sin((k + 1)oy(z,)) sin((k + 1)6;) sin (2m — k + 1/2))| .
k=0

Applying the product formula for sine and the product formula for sine and cosine,

11 1 1
Ty j ; )]- =7 1 i Vs
| ;],l(m Y )' 4(2m—|—1)3 SlH%Slna‘y(may) ( v )
2m
% Z(k) + 1) [sin((k + 1)(0; — o(z,y) + ) — 27 — £)
k=0

—sin((k +1)(6; — ou(z,9) — %) + In +3)
—sin((k +1)(0; + ou(z,y) + %) — 37 — §)

+Sin((k + 1)(91 + U,,(.'E,y) - rYl) + %’Yl + g)] :

Next, apply the formula

2m

> (k+ 1) sin((k +1)0 + ¢)
- _ 1(2m+2)sin((2m + 1)0 + ¢) — (2m + 1)sin((2m + 2)0 + ¢) + sin(¢)
2 sin® (£)
_ Lsin((2m + 1)8 + ¢) — (4m + 2) cos((2m + 3/2)0 + ¢) sin(6/2) + sin(g)
2 sin? (g)
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2v—1/2
2m—+1

to (IV.3.4). Under our choice of z; and yi, coso,(z1,41) = cos T, SO

oy (z1,y1) = 2;7;1/12” if 1 <v <m. We will only be considering v within this range,
so we define o, := 2;;1/1271 Define

(=17 cos (2) + (—1)7H*1(dm + 2) sin (%52) sin (25447 £ cos (£2)
0+<125+'y) ’

FE0,¢,7) =
J,l( ,Qb ’Y) Sin2(

Taking into account
(2m + 1)(6).0m +1 00 T2 ) = ( £1 (20 = 1/2) £2 (1 + 1/2))7 £33,

where the subscripts indicate the signs of +; and +, are not related (a convention

we will adopt for the remainder of the dissertation), we are able to write

1 1
2m + 1)® 8sino, sin 2

|5, (cos g, Sin s, 1)| = ( (IV.3.5)

X ‘Ejﬁ(g‘ﬂ _o-uaf)ll) — E;l(&p Oy, FYI) - E;l(gj) — 0Oy, —’Yl) + Ej—;(gﬂ’ Oy, _FYI)| .

We will show the lower bound is attained if we restrict the summation in (IV.3.1)
to the set of indices where 7/4 < 0; <37/8, 1/4 <, < 6;, and 0 < 0, < 0; — 7,

so we only take the sums over the following range of indices:
o [3]+5<j<3[%
o B +1<IL<)j~-4
o 1 << [-L;J —1

We assume m > 24, so that these inequalities make sense. With this restriction of

summation, sin ¢; and sin 4 are bounded away from zero by a positive constant.



o0

Hence, we are left with proving the estimate

1 1

IV.3.
(2m + 1)3sino, ( 6)

X ’F-i-l(ej’ — 0Oy, IYl) - Ej,_l(ej70-l/77l) - F_(eja —0Oy, _’7l) + Fjjj-l(ej)o-lla —’71)‘

gt

> em(log(m + 1))?

Also note that, under this restriction of summation,

0; —ou,—7 < 0;+ 0 +n <
2 - 2 -

3
O< PR
87'('

SO
0, +10,+ 87
i (J 10y 27

5 ) ~0; 10, X2,

where we have used the fact

sinf ~ 6

if —157/16 < 6 < 157/16, a fact we will use repeatedly throughout the proof.

The dominating terms in the summation will be the terms

. 0;%o0,
(4m + 2) sin (—12—)

. 0;x0,—m ’
Sl—rv N
sin ( 5 )

the middle term in the numerator of Pfl(ﬁj, +0,, —v). We first prove two lemmas
to eliminate the non-dominating terms. The first lemma eliminates the first and

third terms in the numerators of Ffll (65, £20u, £37)-
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Lemma IV.2. Recalling (IV.3.3),

1

: .2 (0100 F0y
si=|Z|+1 v=1 Sino,sin (—2—

Ji(£1,£0) = < emlog(m).

(2m +1)3

LY
Il
le
+

Proof. First, considering 0; £ o, + 1, apply the inequalities

O;+o0,+v>0;+vy, and 0, —oy, +v > 0; +v —7/8,

to obtain
1 3l - L1454~
Ji(£1,+) <
(2m+1)° =[Z|+51= %J:Jr sin® (0 R "/8> 2:: sin oy,
3|1z j—a 151

< c¢mlog(m + 1).

For J(+, —), using the inequality 0; + o, — v > 0; — v,

. L) s L
Jl (+’ _) < 3
< o
(2m+1) j=1F 14 1= g 41 sin’ (J—zll> = sin(ov)
3] j—4 1 |51 )
<c
: G-I 2 wep
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For the remaining case of J(—, —), we split the sum in v,

l&F-1 15— )

: 2 f0j—op— )
=l iy sin(oy,) sin (—u)

~ 2
We are only considering values of v > 1, so we ignore any instances of v = 0, —1 in

the sums. For the first sum, 6, — o, — vy > (6; —)/2, so a bound of cm log(m + 1)

is found as in the case of J(+, —). For the second sum,

w-1/2_ (j-1-3)/2_ 1
om+1 — 2m+1 T dm+2’

so it readily follows that

31Z) 4 , B 1
Jl(—’ —) S ¢ Z Z y Z .
=zsi=iz+1 ) T -3 = (G-2v—-1-1- 4+n)2

+ emlog(m + 1)

< emlog(m + 1).

O

The next lemma eliminates the parts of I jﬂj(e, Fou,v) with 4m + 2 in the

numerator.

Lemma IV.3. Recalling (IV.3.3),

= GmTiF 2 ;

: : jitovtv
j=|Z]45i=[2|+1 v=1 SN0, S (—2;

< emlog(m +1).

Proof. Since 37/4 > 6; + 0, +y, > 0, — 0, > 7 /4, both sin (0:[2:0'1/) and
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sin (W) are bounded away from zero by a positive constant. The lemma,

then follows from

1

|| Bam oo > m ~

X (|Fj7—j—l(0-7’ Ou, _’yl) - Fj,_l(eji —0vy, _’Vl)| - |E7—5(9‘7 _0-1/771)‘ - ‘F},_l(eja UV?WZ)‘) .
The two lemmas show that

1 ' 1 ~
(2m+1)3 2 sin(o,) (175505 =0, W) + [F5(05, 00, m)])

We also have

sin (—L 'J;U") sin (—L ;‘”’)

F(9. 0, —v) — F (0, —0,, — > (dm+2 —

1 1

._|_
Sin2 ((92'—05/_’77) Sinz ((92'4'0'211_’)’1)

—C
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Lemma (IV.2) shows that

m _ izt 4
1 31 %) -2 15 1 1 1
3 E : . 0 —oy— . e,
(2m+1) e o sin(oy) | gip2 ( i w) gin? (9]+ w)

Hence, we obtain

PR S = U el G Ol 0
2mlloo Z 75 N0 -
(2m +1)2 j=l2 45 1= 2]+l vl sin(ov) |sin (0j_7l+0") sin (L_W U”)

— emlog(m + 1).

We now show the dominant part achieves the bound of em(log(m + 1))2.
Using the formula for the product of sines,

. 0;—oy : 92+ v
Sm( 5 ) B Sm( 7 ) sin(o, ) sin (%)

: Oj—vi—ov . 0;i—vit+ov : 0i—v—0ov \ 8;—yitou )’
Sin (T Sin —— Sin 2 Sin 5
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and it follows that

1 . 1 1

—¢ g 2 (9 9 )
J:ng"J"'ll:I_%J"‘l J _7l ve=1 7 _ﬁyl_o—l/ 7 _7l+UV

N 3] j—4 1 [j-;ilJ:—l 1

>c
j= 2 +1=] 241 Oi=m 5 bi—m—ov

Dividing by (2m + 1)?, we have
1 317 j—4 1 EiE! 1
(2m +1)? 0; — 0; — o — 7

32 j—4 |51

>c Z Z ]_(21+1 =)

j=| 2+l l= 2 [+

j—2v— (20 + 1)(Z)

v=1
3% j—4 Ll -1

1
Z Z ]—1—1/2 ; J—2w—1-1/2

j= LmJ+1l L5 1+1
3|z i
j—l—1/2

=l +1i=1F ]+

> cem(log(m + 1)),

which completes the proof of the lower bound.



1V.3.2  Upper Bound

As mentioned previously, the estimate of the Lebesgue constant on

B? x [-1,1] does not trivially reduce to separate estimates on B? and [—1, 1].

Moreover, a straightforward estimate of the upper bound of the Lebesgue

constant, as done in [18] for the case on B?, would be extremely difficult, if not
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impossible. We instead use a different approach, by deriving generating functions

for the series in the definition of 7}, ;,(z,y, 2), and then writing T}, ;;(z, y, 2) as the

Fourier coefficient of the product of the generating functions. The idea for this

approach comes from [9], and provides an alternative proof for the upper bound of

[18, Theorem 5.2].

Lemma IV.4. For 0 < |r| <1 andm > 0,

1 1
T, i1(z,y,2) = :

1 27 1 b .

o Jy 1— rewGl(m ,2,2)Go(re® 0;, 0,(z, y))e ™ dgr—>m
where

Gr(r, 2, 21) = ZTk(Z)Tk(zl)rk,
k=0

and

Ga(r,05,0,(z,y)) == Y _(k+ 1)sin((k + 1)(8;)) sin((k + 1)(ov (z, 1)))r*.

3
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Proof. Our first step is to derive the generating function of the function

Ry (0, 0.(z,9), 2, 21)
=Y (k4 1)sin((k + 1)8;) sin((k + 1)0u,(2, 9)) Tn (20) T (2)

n=0 k=0

i

in T, ;1(%,y, z). Since the coefficient of 7V in

Z sin((k + 1)0;) sin((k + 1)o,(z,y))r" ij(z)fj(zl)rj

is precisely Ry (0;,0.(z,y), 2, z1), and

S sin((k -+ 1)6;) sin(k + oy (z,))r*

- sin((k + 1)6;) sin((k + Doy (z,y))r"

it follows that

= 1
g Bn(;,0,(z,y)rez, z)rt = 1—_7G1 (r, z, 21)Go(r, 05, 0, (z,y)).
N=0

Since both sides of the above equation are analytic functions of 7 for |r| < 1, we

may replace r with 7¢? to obtain analytic, complex-valued functions of 7. Since

2w 0
Rom(8;,0.(%,Y), 2, 21) / ZRN 0;,00(2,Y), 2, 21)r 2m o2mid o=2mib g ~2m
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it follows that

R2m(0j7 O-V(ma y)) Z, Zl)
|

= i mGl (re®®, 2, 2)Ga(re, 0;, 0, (x, y))e~2™0d0 r—2m.

The lemma follows from the fact that

(2m + 1)3 sin O-V(:E> y)R2m(9j) O-V(:Ea y)7 Z, Zl) = Tu,j,l(mv Y, Z)

1
We next obtain compact formulas for G (re?, 2, z;) and
Go(re?,0;,0,(z,y)), and obtain estimates for these functions.
Lemma IV.5. Form >0, andr =1 — %,
To5(z,y, 2)| < . ! 1/% ! (IV.3.8)
v.il\T, Y, ~ ; - 7 ..
Y (2m + 1)3sino,(z,y) 2w J, |1 —re?|
x (| AT (z,y) — A7 (z,9)| + |43 (2,9) — A3 (2,9)|)
X (|P(re®, v, + )| + |P(re®, v, — )]) db.
where
1
Af(z,y) = : —, 1V.3.9
1(z9) 1 —2re¥ cos (0; £ o,(z,y)) + r2e®? (IV.3.9)
and
1 — r2e%9)(re® — cos (4; £ o, (x,
A (r,y) = L X (0; % 0 y)))z. (IV.3.10)

(1 —2re® cos (0 + o,(z,y)) + r2e??)
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Proof. First, it follows from Lemma (IV.4) that

1 1
(2m + 1)3sino,(z,v)

1 2m 1 0 i .
” %A |1 — 7‘ew| ~G1(7‘€ ,Z,Zl” ~G2(T6970j70—1/(:r>y))\ dor 2

Ty ja(2,y, 2)| <

We next derive estimates for |G;(re”, z, z;)| and |G2(rei0,9~,cr,,(x,y)|. The

compact formula for the generating function G,(re¥, z, z;) is well-known,

[P(re®, 72 +m) + Pre”, v, — )], (Iv.3.11)

] =

Gi(re?, 2, 2) =

where P(r, ¢) is the Poisson kernel, defined by

1—172
=1+2 <r<l1. IV.3.
P(r,¢) :== 1+ Zcoanb = I 0<r< (IV.3.12)

For Gy(re®,6;,0,(z,y)), we use the identity for the product of sines to obtain

ov)
Z cos( 0, (2, 1)) — cos((k + 1)(6; + 0., (x,v))] r¥e™®
- P

—oy(z,y)) — P(re?,0; + 0.(z,y))] .

Using the formula

; B r (r —cos¢)(1 — Tz)
ZZFP(T,@ =2 (1 —2rcosgp+12 (1 ‘2TCOS¢+T2)2) |
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we obtain

) 1
Gg(rew, Gj, O'V) = —Z

ret? [re?® — cos(8; — o,(z, y))](1 — r?e??)

1 —2rei cos(0; — oy (z,y)) + 2%~ [1 — 2rei cos(8; — o, (x,y)) + r2e20]?
re¥ [re®® — cos(0; + o, (z,y))](1 — r2e??)
1 —2re® cos(f; + 0, (x,y)) + r2e * [1— 2rei cos(6; + o, (z,y)) + r2e20)’

It follows that
|Ga(re®, 0;,0,(z,y))| < (|AT(z,y) — AT (z,9)| + |A] (z,y) — A5 (z,9)]) -

Finally, since the inequality in (IV.4) holds for all values of r» with 0 <7 < 1, we
set 7 = 1 — L. With this choice of 7, 7=>™ converges to ™ as m approaches

infinity, and so r~%™ is bounded by a constant for all m. O

Before beginning the estimate, we make several reductions in the range of

the sums and values of z, ¥, z that need to be considered.

1. First, we can reduce the interval of integration to [0, 7]. To see this, replace 6
with 2w — 6. This change of variable amounts to conjugation of the complex

number re®, and hence the norms of the expression are unchanged.

2. We may also restrict -, to the interval [0, 7/2m)]. To see this, replace vy, with
Yz + 5 in P(re®, v, + 6;) and P(re®,~, — v,). We see that, upon changing

the summation index from [ to 2m — 1 — [,

2m—1 .
Z 1— 7.26210
£~ 1 —2ret cos (1 + 5= + ) + 2
2m-1 210 1— 7.26210

am

1—r2
= . — + , —,
; 1—2re? cos (v, +m) +7%%0 1 —2re® cos (v, — 2=tyr) + r2e?
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and
2m—1 1 p2p2i0
; 1 — 2re® cos (fyz + 5 — ’n) + 12210
2m—2 . .
1 — 7.26219 1— 7.26219

- — + - —.
P 1 —=2recos (v, —v) +r2e? 1 — 2retcos (’yz + ﬁ) + r2e2if

It follows that the expression
2m—1

Z lP(rew, Yo + ) + P(re®, v, — fyl)‘
1=0

is invariant under translations of -y, by 7/2m, so we only need to consider
7. € [0, 5]

3. The sum in 7 may be reduced to 1 < 7 < m. Replacing j with 2m + 1 — j,
Sin Ogp11-; = siné;, and cos(Oamt1—; £ 0u(z,y)) = cos(0; F (w — o,(z,y))). It
follows from the definition of ¢, (z,y) that 7 — o, (z,y) = 0,(—z, —y), which

implies that sin o, (—z, —y) = sino,(z,y). Hence,

S st (A ) = A5 )] + 145 02) = 25 0

X (‘A—f(—ﬂj, _y) - Al—<_$a _y)‘ + ‘A—;(—LE, —y) - A2_(_$> _y)‘) )

which shows we only need to consider 1 < j < m.
4. We also only need to consider (x,y) in the region

T T
<n<
dm + 2

Fm={(pcosn,psinn) P
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To see this, let £ = pcosn and y = psind, so that coso,(z,y) = pcos(n — ¢,).
Note that the collection of points pcos(n — ¢,), for v =0,1,...,2m, is
unchanged by a rotation of n by ¢,. Moreover, every expression involving

o,(z,y) in the right side of (IV.3.8) can be written in terms of coso,(z,y).

Since 0 < 0,(z,y) < 7, sino,(z,y) = \/1 — cos? 0, (z,y), and the expressions
cos(f; £ o,(z,y)) can be expanded using the cosine addition identity. Hence,

every expression involving o, (z,y) in

Z SinO'l,l(.’E y) (lAT(:E:y) - Al—(z’y)| + ‘A;—(I,y) — A;(I,y)‘)

is the same at the points (pcosn, psinn) and (pcos(n + ¢,), psin(n + ¢,)).

. Finally, we may also reduce the sum in v to 0 < v < m. First note that
o8 Oomi1-v(T,y) = coso,(z,—y), and sinoom,1_,(z,y) = sino,(z, —y).

Hence, we obtain

> ——Singl(x ) (JAT (z,9) — AT (2,9)| + |45 (z,9) — A5 (2,9)])
v=m+1 v
S L (|Af (@ —9) — AT (e, —9)] + |45 (0 —p) — A5 (-],

“— sino,(z, —y)

and since I',, is symmetric with respect to y, we only need to consider

0<v<m.
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From these reductions, it follows that

2m—1

Z |P(re®, v, + ) + P(re”, v, — )|

27
| Bamloo < ¢ max /
0

(z y)ET,
+€[0, %]

’2m

2m+1

2m 2m

sin 0;
2m+ 1)? ZZ 11— re“9|31na,,(33 Y)

v=0 j=1

x (|Af(z,y) — AT (z,9)| + |AS (2, 9) — A7 (z,9)]) db.

The proof of Theorem IV.8 will follow from the following three lemmas.

The proofs are contained in the next chapter.

Lemma IV.6. For z € [0,7/2m],

om + 1 > |P(re?, . + )| + | P(re®, v, — y)| < clog(m + 1)

for some ¢ which is independent of 0, z, and m.

Lemma IV.7. For (z,y) € Ty,

2m 2m

1 81n(t9]2 B
(2m + 1)2 / 11— mw' ZZ sin(o,(z, y)) | (z,y) — A (ﬂ%y)‘ dp

< emlog(m + 1),

for some c which is independent of x,y, and m.



Lemma IV.8. For (z,y) € T\,

2m 2m

1 sin(0;,2m)
A (
(2m+1)2/ Il—rez9|zzs1n (ou(z,9)) ‘ (z,9) =

< em(log(m + 1)),

for some constant ¢ which is independent of x,y, and m.

Ay (z,y)| do

64
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CHAPTER V
PROOFS OF LEMMAS IV.6, IV.7, AND IV.8

Proof of Lemma IV.6. Fix z € [O m} We first note that we may factor
1 —2re® cos() + r%e®? = (1 — rf@*O) (1 — ret@9)), (V.0.1)
and, recalling r =1 — %, we may estimate
I1- rei0| ~ ‘Sin—g—‘ +m™L (V.0.2)
to obtain

|P(re®, v, +w)| + |P(re®?, v, — w))

<c< (Jsin (52)] + m™) (jsin (2)] + m™Y)
< |Sln ‘9+'y )‘—Fm—l) ‘sin (%)‘—Fm—l)

(Jsin (%5%)[ +m~*) (Jsin (§)] +m™") )

(Jsin (F2%=2) [ 4+ m=1) ([sin (=572) [+ m~)

= c(\Ill(H,’yz,’n) + @2(9)72771))

+

We will consider two separate cases, 0 < 8 < /2 and 7/2 < 8 < 7.

Case 1: 0 <8 < 7/2. Since sin (”T“‘Q) > \/5/2, we may ignore this factor in
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the numerator. We also have

3 T
< —+

=~ 4 4m’

2

so that sin((0 1 v, 2 %)/2) = 0 +1 v, +5 . Fixing 0, we have

1 2m—1 2m—1 9+m
V10,7, %) <
2m+1 ; 10:7%:m) < 2m+1 ; O@+v+vn+m 10—, —nl+m)
2m—1 1
< -
“2m+1 Z 6 — v, — | +m~?
<c
Z |m 0 —7,) 2l+17r‘ +1
Since

1 1
m(8 —.) - 2’+17r|+1 [+2 =20 — ;)| +1’

we let dpm 0 =2 — 2Tm(0 — 7,) and split the sum in ! in two pieces, so

2m—1
1

1
1 2 Ul <l Yo+ )0 42— 220 — )| +1

=0 lde,,z,G lgdm.,z,ﬂ

(%)

< clog(m + 1).

This type of estimate will be very common throughout the proof, and we will omit
the repetitive details.

For Uy(0,v,,v), we first consider the sum starting from [ = 1, so that
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0+~ — ., > 0, and consider the case when [ = 0 later. We obtain

1 2m—1 1 2m—1 |9‘+m~1
v 0’ F2) =
om + 1 l; 20,7 m) =577 ; 16+ — |+ m1) (0 — 7 + | + m—D)
2m—1

ST X T
T2m+1 = 0+ v, —v| + m~t

<clog(m + 1).

For the term corresponding to { = 0, either v, > n/4m or v, < w/4m; assuming,

without loss of generality, the former, it then follows that

1 6+m!
Y (e E TN (A R
< 1 1
- 2m+1|¢9—’yz+f;;'+m—1

<1

Y

which shows that

2m—1

D U0, 7:,m) < clog(m + 1)

=0

1
2m + 1

for the case when 6 € [0, 7/2].
Case 2: 7/2 < 6 < 7. For this case, sin(#/2) > +/2/2, and so this factor

may be ignored. For ¥,(6,~,,7;), note that
T 2 —0—~v,—y 3r w T 0—v.—m

—_ < < —, N L2 E)
dm — 2 — 4 4 8m 2 2
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so we may approximate the sine functions accordingly and obtain

2m—1

> 00,7, m)

=0

1
2m +1

iy lr — 0| +m™!

<o 2
TomAl = (2 -0 -y =yl +m ) (|0 — v — [ +m)

2m—1

¢ Z |m — 0] +m™?
C2m+l & (fm =0 =+l mT) (Jr = 0+, =l +mTh)

where we have substituted 2m — 1 — [ for [ in the last equality. This estimate is

very similar to the estimate of U3(6,,,;) in Case 1, and hence for 7/2 < 8 <,

2m
1
v (0 <cl 1).
2m+1§ 16,72, ) < clog(m + 1)
For W,
om0t —m Sm o T e T T
- 2 I 4dm, 2 — 2 =9 am

so we may approximate the sine functions, to obtain

2m—1

Z ‘112(07 Vs le)

=0

1
2m + 1

! |r — 0] +m™!

C
<
< o1 & (or 7 A T (07 )

2m—1

T — 6] +m™?

C
S 2m+l ; (I =0+v+ul+m ) (7 =0 -7 —nl+m™)

which is very similar to our estimate for ¥1(f,7,,v;) in Case 1, and we again get a

estimate of clog(m + 1). O

Proof of Lemma IV.7. The proof of the remaining two lemmas will proceed by
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separating the integral into three different regions, then dividing the sums in j and
v into several sections, and performing estimates on each resulting section.
Frequently, obtaining an estimate consists of bounding quotients by a constant,
and then estimating similar types of sums and integrals. For the sake of brevity,
we list these types here, and then direct the reader to the type of estimate that
arises in the each piece. The symbols ¢, ¢5 and £ refer to values that are specific
to the section under investigation. For two different expressions f; and fs, the
notation {f1, fo} indicates that either expression satisfies that type. Finally, we
note that these estimates also hold for sums whose range of indices are a subset of

those listed below.

Type 1:
1 ®2
- dé
@+ 17 J,, (6—ail, E e|}+m—1§;|e SRR
c(log(m + 1))2.

Type 2:

dg < em.

(2m+1 /¢ Z%Z: (16; +£I+m—1) =
Type 3:

1 ®2 1 m.om
(2m +1)% /¢1 ({16 — ¢l [¢2 — 0]} + m~1) ZZZ |6 +§|+m—1 d@

v=0 j=1

< cemlog(m + 1).



70

Type 4:

1 ¢z 1
(2m+1)2/¢1 {lg2— 01,10 ~ ¢1}+m*122

< emlog(m + 1).

_1)

Type 5:

1 ¢2 1 1
(2m +1)? /¢ {l¢2 = 01,10 — ¢ul} +m~ 1Z{|0,,(x s | —o,(z,y)|} +m?
= 1
= 10 +&[+m™

< c(log(m + 1))%.

Type 6:

1 ¢2 1 = 1
(2m + 1)? / Z {lovey)l, Ir = oz, y)[} +m™! Z 6+ €] +m™t

< c(log(m + 1))%

Type T:

1 ¢2 1 e
o T 12 E ag
(2m+1)2/¢ {lov(z, 9), I — oo (z, Y)I} +m~t = (16; +§|+m—1)2

1 v=0 j=1

< emlog(m + 1).

The above estimates are easily obtained with the following lemma and

propositions.
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Proposition V.1. For any real number &,

i c(2m+1)loglm+1) k=1
= (6 +¢] +m_1) c(2m + 1)2 k=2
Proof. By the definition of ¢;,
> s 1S 1
= (195 +§|+m~1)  lir+ m+ 1) +2+ 4
k m
]:1
from which the proposition easily follows. O
Lemma V.1. For (z,y) € [y,
. . <eml V.0.3
Z|0V )|+m_1_cmog(m+1) (V.0.3)
Xm: L < cmlog(m + 1). (V.0.4)
—|r —oy(z,y)| +m1

Proof. Recall that (x,y) = (rcos(¢),rsin(¢)). If we restrict v to 0 < v < m/2,
then ¢, — ¢ < 7/2, and |o,(z,y)| > |¢, — ¢|, since cos(o,(z,y)) < cos(¢, — ¢). On

the other hand, if ¢, — ¢ > 7/2, then o,(z,y) > 7/2. The first inequality follows,

since
m 15 ]
1 1 m 2
< + —=Z < emlog(m + 1).
; loy(z,y)| +m™t ~ ; gy — | +m~1 27~ B )

The proof of the second inequality is similar to the first. Recall that

T —o,(z,y) = o,(—z, —y), and write (—z, —y) = (r cos(p), r sin(¢)), where
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¢ € (T — ggs ™ + ggs)- A similar argument shows o, (-, —y) > /2 for
v <'m/2, while 0,(—z, —y) > |¢ — ¢,| for m/2 < v < m, and the remainder of the

proof is identitical to the proof of the first ineqality. O

Proposition V.2. For 0 < ¢, < ¢ <,

P2 clog(m + 1 k=1
/ 1 < g( )
o ({10 — 1l [¢2 — O]} + m™1) cm k=2
Proof. The proposition follows from a change of variables in the integral. O

We introduce new notation to simplify the proof of the remaining
estimates. The notation Z,(¢1, @#,) denotes the set of indices v such that
$ < 0,(z,y) < @2, and the symbol Z;(¢1, ¢) denotes the equivalent set of indices

such that ¢, < 6; < ¢s.
Combining Af (z,y) and A] (z,y), we obtain
|AY (z,9) — A7 (z,9)]

4re? sin 0; sin o, (z, )
(1—2rei? cos(0; + 0, (z,y)) + r2e20)(1 — 2re¥ cos(8; — 0,(z,y)) + r2e??)

Upon substituting this into (IV.3.8) and using (V.0.1) and (V.0.2), we are left with
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estimating

1 sin 6; B
(2m+1)2/0 1—rew 2 Zsmay g M@y~ ATy (V05)

y=02m

1 T m m
gcéajjﬁ/"§:§:$na+m4mne (V.0.6)
1
(foin (22222 [ 1) ([oin (g [ )

X ! d.

< Sin <9+02‘_;V(x)y)> __|_ m—l) ( Sin (9_92'+gu(myy)> + m—l)

X

In order to estimate the sine functions, the integral over [0, 7] is divided into
integrals over three subintervals: [0, ﬂ, [%, %”], and [%”, ﬂ. We will use the
notation Hi, H2, and H? to denote the left side of the inequality (V.0.5) restricted

over these respective sub-intervals.

Case 1: 0 < 0 < 7/4. With this restriction on 8, the sine functions in

(V.0.5) are estimated by

~|0+0;+ 0,(z,y)| (V.0.7)

sin (9 + Hj + O-V(x7y)

~ 10+ 6; — 0,(2,)] (V.0.9)

)

60— 0, +0u(’£,y)> ~ |08, + 0, (2, 7)| (V.0.8)
)
)

~ |0+ 6, + 0,(z, )| (V.0.10)
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to obtain

1 p R
1 2
H; < C(2m+ 172 /0 g g 0+m—103 (V.0.11)

X
(10 +0; + o, (z, )| + m=1) (16 — 0; — 0, (z,y)| + m™)
1
% (10 +6; — ou(z,y)| + m=1) (160 - 0; + o (z,y)| +m™1)

First, use the inequality

0

< 1.
0+ 0; +o,(z,y) + m™1)

If v € 7, (0,0), we use the inequality

0
ej + 0 - Gu(m>y) + m_l

<1,

and then note that if j € Z; (0, 6),

1 1
0+m=1(10 —0; — ou(z,y)| + m7)(|0 = 0; + o (z,y)| + m™)
< 1 1 1
0 + m~1 Gu(mvy) + m~! |0 - ej - O'V(iE,y)| + m~1

while if § € Z; (4, ),

1 1
O+m=1(10—0; —o,(z,y)| + m=1)(|0 — 0; + o (z,y)| + m~T)
< 1 1 1
“0+mloz,y)+m |0 —0;+0,(z,y) +m!

so by splitting the sum in j in this way, we obtain two estimates of Type 5. For
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v €7Z,(0,n), use the inequality

0
1
0+ (@ y)— O+ m T
and then note that if j € Z; (0, 0, (z,y)),
1 1
0+m=' (|60 +6; — ou(z,y)| +m~) (|0 = 0; + o (2,9)| + m™1)

1 1
<
T (0+m )20+ 0; — oy (z,y)| +m7Y

while lfj € Ij (O-l/(xiy)7 %)7

1 1
0+m=1(10 +0; — ou(z,y)| + m=1)(|0 — 6; + o, (z,y)| +m~1)
< 1 1
O+ m)210 -6 +o,(z,y) + mY

so splitting the sum in j in this way yields two estimates of Type 3.

Case 2: 7/4 < 6§ < 3n/4. In this case, the factor of sin(f) + m™! in the
denominator of (V.0.5) is greater than v/2/2 and may be ignored. The sine
functions in (V.0.5) are approximated by (V.0.7), (V.0.9), (V.0.8), and

sin <9 05 +2"”<$’ y)> ’ ~ |21 — 0 — 8; — 0, (2, )] (V.0.12)
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to obtain

H? < (2m+ /_TZZ (V.0.13)

1
“r—0-0,— @) +m D) (0 =0, - o(@9)] +m )

1
X de.
(10 +0; — ou(z,y)| + m™1) (16 = 0; + ou(z,y)| + m™1)

First consider v € Z, (0,6). Under this restriction,

2n — 0 —0; —o,(z,y) > 2 (%—0)
and
b, <1

0, +60—o,(z,y) +m*

If j € Z;(0,6), then

1 93
T 0+ m (00 — oo,y +m D) (18— 6+ o,(&,y)| = m 1)
1 1 1

Sr—0+m-to,(z,y) +m 10 —0; — o, (z,y)| +mT

<

while if 5 € Z; (6, T),

1 0;
Sr—04+m=1 (|0 —6; — ou(x,y)| +m=1) (|0 — 0; + oz, y)| = m™)
1 1 1
am —0+m~toy(z,y) + m7 0 - 0; + ou(x,y)| +mY

<3
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so we obtain two estimates of Type 5. If v € 7, (8, 7), we use the inequalities

0;
<1
0, +o,(z,y) —0+m=t —

bl

and

0 —6; +o,(z,y) > 200 —7/4).
Substituting 2m + 1 — j for j, note that if j € Z; (%, 9),

1 7T—9j
0—F+m = (r—0+0;—o(z,y)|+m™) (|7 + 0 = 0; — 0, (z,y)| = m™)
< 1 1 1
-4+ mlr—o,(z,y)+mr —040; —o0,(z,y)| +mV

and if j € Z; (0, m),

1 7T—9j
6—Z+m(ln=0+0;—o,(z,y)|+m)(Jn+0—0; —0,(z,y)| =m™1)
< 1 1 1
0 % +m_17r—gl,(x,y)+m—1 'ﬂ-+9_9] _O-V(‘Tay)‘ +m_l,

so we obtain two estimates of Type 5.

Case 3: 37/4 < 0 < w. We may again ignore the factor of sin(f) +m™! in the
denominator of (V.0.5). The sine functions are approximated by (V.0.12), (V.0.7),
(V.0.9) and

— 0,
sin (9 2 +2al,(a:,y)) ~2m—0+0; —o,(z,y) (V.0.14)
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to obtain
1 T m m
3
4 v=0 j=1
y 1
(12r =0 = 0; —ou(z,y)| + m™) (10 = 0; — 0u(z,y)| + m™")
1

dg.

X
16+ 0, — o, )l + m) (27 — 6+ 0 — 0, (5, 9)] + )
First observe that 6 + o,(z,y) < 27, so that

0;

< L.
21 —0+4+0; —o,(z,y) + m~*

For v € 7, (0,8), we use the inequality

0;
0+6; —o,(z,y) +m!

<1,

and substitute 2m + 1 — j for j. For j into Z; (g,ay(m,y)),

1
(7040 o) - m )66 ol )
1 1
Tr—0+m7l r—0+6; —o(x,y)| +m
while if j € Z; (ou(z,y), 7),
1
(Im=0+6; —ou(z,y)| + m=1)(Im — 0 = 0; + o[ + m~1)

1 1
<
“ar—0+mlir—0—-0;+0,(x,y)+mV
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so two estimates of Type 1 are obtained. For v € Z,, (0, 7), use the inequality

0
0; +o,(z,y) —0+m1

<1,

substitute 2m 4 1 — j for 7, and note that if j € Z; (%, 9),

1

(Im=0+0; —ou(m,y)| +m ) (|7 + 0 - 0; — 0| + m™1)
< 1 1
“r—o,(z,y)+tm |t —-0+0; —o,(z,y)| + m’

while if j € Z; (6, 7),

1
(lm =040, —ou(z,y)| + m~1)(jJr +0 — 0; — 5, + m™1)
1 1

<
“r—o,(z,y)+m | +0-0; —o,(z,y)| +mV’

so we obtain two estimates of Type 6. This concludes the proof of Lemma

Iv.7. O

Proof of Lemma IV.8. First, we let ( = re?. As in the proof of Lemma IV.7, we

combine terms to obtain

|43 (,y) — A7 (z,7)]

= 2sin0;sino,(z,y) [1 - 7‘262i9|

|P(<a va Uu(xv y))'
(1 —refcos(d; + o,(x,y)) + (rei")Q)2 (1 —re? cos(0; — o,(z,y)) + (Tew)Z)Z’

X
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where

P(C)eﬁav(m’y)) (V.0.16)
=1-3¢*— 2¢*(3 — 2sin*(0;) — 2sin’*(0,(z, 7))

+8¢% (1 — 2sin®(0,(z,v)/2) — 2sin*(0;/2) + 4sin’*(0,(z,y)/2) sin®(0;/2)) .

Substituting this into (IV.3.8) and using (V.0.1) and (V.0.2), it remains to estimate

(2m+1 /WZZ sin(m — 6) +m™") sin*(6) (V.0.17)

v=0 j=1
x | (C’eﬁav(%y”
(‘Sm (Lg(_y))‘ + m_l)Q (Jsin (ﬂ—Q_«v)) ‘ n m_1)2
1

2 2
(‘sin (M) ‘ + m—1> (‘sin (W) } n m_1>

We will again split this integral into three sub-integrals over [O, %], [%, 3’%],
and [%“, ﬂ, and denote the part of (V.0.17) associated with these subintervals by
H2, H2, and H3, respectively. The crucial part of the estimate is suitably
approximating |P((, 6;, 0,(x,y))|. Several different approximations will be used.
These approximations are given in the following lemma, and are referenced as

needed.

Lemma V.2. The function P(¢,0;,0.(x,y)) satisfies the following inequalities.
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(E1) For0<0<7/2,

|P(¢, 05, 0u(, )| (V.0.18)
<c ((9 +6;, + m‘1)2 (16 = 6;] + m™)

+o,(z,y)2 (0 + (0,(z,y))* + 9]2 + m_l)) )

(E2) For 0 <6< /2,

|P(¢, 05, 00(x,y)] (V.0.19)
<c ((0+m™) 4 (05 + 0u(,9))*(18; — 0wz, y)])?

+ (0 +m ) (0] + (0u(z,9))))-

(E83) For m/4 <0 < 3m/4,

|P(C, 05, 00(z,y))| < c ((10+6;]+m™") (10 —6;] + m™) + (0u(z,9))?) .
(V.0.20)

(E4) For /4 <0 <,

|P(¢,6;,00(z,9))| (V.0.21)

<c ((|7r — 0+ 0+ m_1)2 (jm=0—=0;/+m™) + (x — al,(a:,y))2> .

Proof. We first prove the estimate (V.0.18). We define

Pi(¢,0;0m) =1 —2¢*(3 — 2sin?8;) + 8¢* cos §; — 3¢, (V.0.22)

Pgi(g', 0,00(z,y)) = 4¢%sin? 0, (z,y) £ 16¢3 sin? % cos b,
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so we may write P((,0;,0,(z,v)) = Pi((,0;) + Py (¢, 8;,0.(z,y)). It is possible to
factor P(¢,0;) as

P1(¢,8;) = (1 +2¢cos8; — 3¢*)(1 — 2¢ cos §; + C?). (V.0.23)

The second factor of (V.0.23) is approximated by (V.0.1) and (V.0.2) as before,

and the first factor may be further factored as

(14 2¢ cosf; — 3¢%) = -3 (C + % (\/4 —sin?6; — cosHj)) (V.0.24)
X ((— % (\/4—sin20j+cos0j>) :

The first factor of (V.0.24) will not be used. Using the double angle identity for

cosine, the second factor of (V.0.24) is approximated by

1/ ) .
[(— 3 ( 4—sm2(9j+c080j)
3cosf — cosf; — y/4 —sin?6;
< c(@—#@?—f— ‘2~ \/4—sin20j —f—m_l) )

Since 2 — 1/4 — sin®§; < sinf;, we obtain

Ao <e( (258 4m) (1555

2
Now considering P; (¢, 6;), the double angle indentities for sine and cosine are

<ec (381n9+

+ m_l)

+ m_l) (0+0; + m_1)> . (V.0.25)
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used to obtain

|P5(¢,05,00(z,y))| (V.0.26)

2 ou(,y)
2

< c(o,(z,9))” ‘cos — zcosb;

< ¢(0,(z,9)20 + (0, (z,y))* + 9? +m™).

Adding the estimates (V.0.25) and (V.0.26) , we arrive at the estimate (V.0.18).
The proof of the estimate (V.0.20) follows from replacing 6 with a constant
in (V.0.18).

We next prove the estimate (V.0.19). We first re-write P((,6;,0.(z,y)) as

P(C) 9]; Uu(xay)) =1- 3C4 - 64-2 + 84-3

+ 4¢? [sin2 0; + sin 0, (z, )

. g .
+4 (2 sin 2] sin? U”(z v) — sin? ——2] — sin? ——U"(;’y))
. a.; .
( —L sin? U”(; Y) _ sin? —12 — gin? &) (;3 4) ) ] .

It is easily checked that 1 — 3¢* — 6¢% +8¢3 = —(¢ — 1)3(3¢ + 1), and applying the

double angle identity for sines,

‘2 2 0285 2 0u(zy) 0285 -2 ou(z,y)
sin”0; + sin® 0, (z,y) + 4 (2 sin® & sin® =% — sin” 3} — sin® =%

_ 26 200y’
= —4 [ sin 5 — Sin® == | .

Finally, we may approximate the sine functions to obtain (V.0.19).

Finally, we prove the estimate (V.0.21). First, replace sin® o, (z,y) with
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sin* (7 — 0, (z,y)) and sin® 5—”%”—?’—) with 1 — sin? E@ in (V.0.16) to obtain

|P(C, 05, 00(z,9))] (V.0.27)
< |1—3¢% - 40%(3 - 25in20;) + 8C*(25in” § — 1)

+cJP;_(C,9j,7T_UU($)y))‘ ’

The inequality | Py (¢, 0;, 7 — 0,(z,9))| < c(n — o, (x,y))? follows easily from the
definition of P;. The first term in (V.0.27) becomes | Pi(¢, 7 — 6;)|, after replacing
3~ 2sin 6; with 3 — 2sin’(r — 6;) and 2sin® § — 1 with 1 - 2sin® (*32).

Py(¢,m — 6;) factors as in (V.0.23). The factor of 1+ 2cos(6;)¢ — 3¢? can be

factored further, as

1 4 2¢ cos(m — 6;) — 3¢?

=1—2(cosf; — 3¢?
= -3 (C-f— % (cosej — \/4—sin29j)) (C-f—% (cosej-f— 1/4—sin29j>> .

The first factor will not be used, but the absolute value of the second factor may

be approximated by

‘C-%— % (cosej + \/4—sin29j)‘

1
§c<|sin9|+ cos@+§ (cosej-f— 4—sin29j>‘+m_1>
gc(w—e-f— 6sin2’r7_9—28in2%1+\/4—sin29j—2‘-f—m‘l)

<c(m—0+6;+m™),

and we are able to obtain the estimate (V.0.21). O
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Case 1: 0 < 6 < w/4. Approximating the sine functions in (V.0.17) with (V.0.10),
(V.0.7), (V.0.8), and (V.0.9), we obtain

»>-I=l

UO]l

|P(C HJ’UV(x )|
(|9+9 +oy(z,y)| + m 1) (10 = 6; — ou(z,y)| + m™1)°
1

X
(18 +6; — ou(z,y)| +m=1)* (18 ~ 6; + 0y (, y)| + m~1)*

de.

We first consider v € Z,, (0,6) and let Hi(o,(z,y) < ) denote H; with this
restriction on v, a notation we will adopt for the rest of this proof. Note that
03/(0 + 6; — o,(z,y) + m™")? < 1, and approximate |P((,0;, 0, (x,y)| using
(V.0.18), to obtain

R 1
Hy(ou(z,y) <0) < (2m+1 /0 ZZ (10 = 6; + o, (z,y)| + m™1)°

y O+0;, +m™1)*(|0 — 0;] + m™) + (U,,(x,y)) 0+ (ou(z,9))* + 67 +m™")

.
(16 +6; + oz, 9)| +m=1)* (1 — §; — 0 (2, y)| +m~1)"

For the first term in the sum in (V.0.18), first use the inequality

0 +6; +m)2/(0+6; +0,(z,y) +m ) < 1.

and then note that for j in Z; (0, 6),

|(9 — 93| + m*l
(10— 0; — oz, v)| + m=)* (10 — 0; + 0, (z, )| + m~1)°
1 1

< ;
= lou(@,y)l +mt 0 = 6 — ou(z,y)| +mt
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while, if j € Z; (6, %),

19 — 93| -+ m~!
(16 = 8; — ou(@,v)| + m™1)? (10 — 0; + oo (z,y)| + m™1)
< 1 1
" ow(z,y)| + m 0 = 0; 4+ 0u(z,y)| +m

2

so by splitting the sum in j in this way, two estimates of Type 7 are obtained. For

the second term in (V.0.18), first use the inequality

0+ (ou(z,9))* + 65 +m™! o L
(0 +6; +ou(z,y) + m1)? brm

Note that if j € Z; (0,0), then

(0,(z,4))°
10— 0, + 0@ 9) + m )20 — ; — 0o (a, g)] - m )2
1
S0, -yt m )

while if j € Z; (6, %),

(0,(z,9))?
(10 = 8; + ou(z,y)| + m~)%(|0 — 0; — ou(z,y)| + m™1)?
< 1 ,
0= 0; +ou(z,y)| +m)?

so by splitting the sum in j as above, we obtain two estimates of Type 4.

For v € Z, (0, ), first use the inequality

2
b <1
(0; 4+ oy(z,y) — 0+ m~1)2 ’




87
and then approximate |P((,6;, 0, (z,y))| using (V.0.19) to obtain

6 <o)< et [TS !

Hy(0 < W(z,9)) < 2[) ;Fl (|0+0j—0,,(x,y)|+m_1)2

O+ (0 + 0u(2,9)*(16; —ou(@,y))? + O+ m (0] + (0u(z,9))%)
(16 +6; + oo (z,y)| + m=1)* (10 = 6; + 0, (z,y)| + m~1)? '

For the first term of the sum in (V.0.19), use the inequality

0+ m™1)?
(0 + 0] + O-I/(x7y) + m_1)2

<1

and then note that if j € Z; (0, 0, (z,v)),

0+mt
(10 —0; + ou(z, )| +m=1)2(10 + b; — 0o (z,y)| + m~1)?
1 1

<
T 0+m (|04 6; — ou(z,y)| +mT)?’

while if 5 € Z; (0,(2,9), %),

0 +m1
(10 = 0; + ou(z, )| + m™1)2(10 + 0; — oo (z,y)| + m~1)?
1 1

S0t (10— 6+ 0@, g) +mR

so we obtain two estimates of type 4. For the second term of the sum in (V.0.19),

first use the inequality

(0; + 0.(z,9))?
0+ 6; +0,(x,y)+m1)?

< 1,

and then split the sum in j into Z; (0, 0,(z,y)) and Z; (0,(z,y),%). For the first
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sum, use the inequality

|0j _O-V(xvy)|2
(10 = 6 + 0o (z, 9)| + m=1) (10 + 0; — 0, (2, y)| + m~1)?
1 1

<
TO0+mT (1040, - o (z,y)| + mH

and for the second sum, use

0; — 0(,y)[’
(16 = 0 + vz, v)| +m=1)* (10 +6; = 0 (z,9)| + m™")
1 1
S 29
0+m= (10 = 6;+ 0, (w,y)| + m™)

2

and we obtain two estimates of Type 2. Finally, for the third term in (V.0.19), use

the inequality
(0u(2,))* + 6
0+06;+o,(z,y) +m1)?

<1,
and then use the fact that if j € Z; (0, 0,(z,v)),

0+m1
(10 — 6; + o (z,y)| + M1 (|0 + 0; — 0, (z, y)| + m™1)
< 1
~ O+ mt

2

(16 +6; — ou(z,y)| + m_1)2,

while if j € Z; (0, (z,9), T),

6+ m1
(16 — 0; + ou(z, y)| + m™)2 (10 + 6; — 0, (z,y)| + m™L)

2

N2
Sm(|9—9j+ay(x,y)l+m 1) ,

so we obtain two estimates of Type 4.

Case 2: 7/4 <0 <3m/4: If 6,(z,y) < 7/2, the sine functions in (V.0.17)
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may be approximated as in Case 1, while if o,(x,y) > /2, the sine functions may

be approximated by (V.0.12), (V.0.7), (V.0.8), and (V.0.9). Hence, we obtain

3n

M S 1y /T

1
m +
3 |P(¢, 85, 00(2,)
; 2ty w0 — )] +

1
" (16 +6; — a,,(g; )| +m 1)’ (18 6 + 0z, y)] + m‘l)z}

[P(¢,03,0,(x,)
2 Z T(2r =00, —o(ag)[ +m 7 (16— 6; — oufa,y) +m )

uGIu(2 71')
y 1
(16 +0; — o, (z,y)| + m=1)* (10 — 8; + 0, (z,y)| + m~L)

2] do.

We consider first v € Z, (O min (2 , 0)) With this restriction on v, we may
use the inequality 6 + 0; + o,(z,y) > 7/4, so this factor may be ignored. We may
also use the inequality

07
(0+6; —ou(z,y) +m~1)?

<1,
and approximate P((,0;,0,(z,y)) by (V.0.20) to obtain

Hj (0,(z,y) < min (% 0))

on m 1
2m—|—1 / ; (10 — 6; + o, (z,v)| + m~1)?

uEI,, Omm ))
o (040 +m (0 - 9;“ + m_l) + [ou(z, y))?

do.
(10 = 6; — 0u(,y)| +m~1)?
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If j €Z;(0,0), then

0+6; +m™1)(|0 — 0;] + m™1)
(16 = 6; + ou(z,v)| + m~1)* (16 — 6; — 0, (z,y)| + m~1)*
< 1 1
~ou(@y) +mT (10— 6; — ou(z,y)| +mTH

which yields an estimate of Type 7, and

o, (z,y)]?
(16 — 6; + ou(z,9)| + m=1)* (|0 — 6; — o, (z, )| + m™1)
1
0 = 0; — o, (z,y)| + m™)*’

2

=1

which yields an estimate of Type 2.
Next, we consider v € Z,, (9, —g—) We again have
0+ 6; + o,(z,y) + m™! > /4, so this factor may be ignored, and the inequality
92

J <1
(07 + ou(z,y) — 0 +m~1)?

is used. We only need to approximate P((,;,0,(z,y)) by a constant, and we

obtain

H; (9 <o,(z,y) < %)
37
1 /T s 1
< c———

m+ 17 /g 2(3 D R

1
X 2
(16 +0; — oz, y)| +m™1)

o1
S’

dao.
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It j € Z; (0,0, (x,3)), then

1

(16— 65+ 0u(z,9)| +mY)” (|6 +6; — 0 (2, y)| + m™)
4 1

S - PR
™ (10 +0; — o(z,y)[ +m~)

2

while if 7 € Z; (Uu(x;y)a %)7

1
(16 = 65 + ooz, y)| +mY)* (|6 +6; — 0y (2, y)| + m~)
4 1
S - 92
T (10 = 0; + ou(z,y)| + m™)

2

so in both cases, estimates of Type 2 are obtained.
Now we consider v € 7, (%, 9). For this range of v, we may use the

inequalities 6 — 0; + 0, (x,y) > 7/4 and
07/ (0 +6; — ou(z,y) + m_1)2 < 1.

We again approximate |P((,0;,0,(z,y)| by a constant, and then substitute

2m + 1 — 7 for j to obtain

1 4 1
< gyl 2D (1w = 0= 8; + 0,y +m=)

de.

X 2
(Im =0+ 0; — o, (z, y)[ + m™)
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Ifj € IJ (%JO-V('T’y)))

1
(Im— 6 — 6; + ou(z,y)| + M=) (I — 0 + 6; — 0, (z,y)| + m~)?
é 1
T(lr ~0+6; —ou(z,y)| + m_1)2’

while lf_] € Ij (Ou(may)’ﬂ-)a

1

(Im =6~ 6; + ou(z,y)| + m™)* (|7 — 0+ 6; = 0y ()| +m™)*
4 1

T(|r — 0= 6; + ou(z,y)| + m™)

2

both of which produce estimates of Type 2.
To complete this case, we consider v € 7, (max (9, 125) ,7r). Under these
restrictions, § — §; + o0,,(z,y) + m~' > § + m™* and hence may be ignored, and
92

j
1.
(0; + ou(z,y) — 0 +m™1)? <

Use the estimate for |P((, 6, 0u(z,y)| in (V.0.21), and substitute 2m + 1 — j for j,

to obtain

H3 (max (9 7)< 0,,(:5 y) <)

1
2m—i—1 / Z Z (jm+ 6 — 0, — o, (z,y)| + m~1)*

VEI J m—H

om0+ m -0 +m_1)(|9— 0, +m™) + |7 — 0, (z,y)|”

, - de.
(jJm =0+ 6; — o,(z,y)| + m~1)
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If j €I (g,@), then

(=87 6] +m) (v =00, +m™)
(|Im =0 +6;, — o (z,y)| +m=)*(|n + 0 — 6, — 0, (z,y)| + m~1)?
1 1
m—0y(2,y) (|7 = 0+ 0; — 0 (z, )| + m~1)?’

<c

so we obtain an estimate of Type 4, while

7 = ou(z,9)
(T =046, —o,(z,9)| +m ) (|7 + 0 — 0, — 0,(z,9)| + m1)
1
R R e Rk

2

=1

which yields an estimate of Type 2. If j € 7, (6, 7), then

(r =647 — 6+ m~) (=6 = 6, +m™)
(7= 0+ 6~ 0y )| + m 1 (1 + 0~ 05— oy a3 + )
1
7 —o,(z,y) (|7 + 60 —0; —o,(z,y)| + m~1)?’

2

<c

which gives an estimate of Type 4, and the inequality

|7T—-O-V($7y)'2
(|7 =046, —a,(z,y)| +m ) (I + 0 — 8, — 0, (z,y)| + m™1)
< 1 A bl
T (lm+60—-6;—o,(x,y)|+m1)?

2

yields an estimate of Type 2.

Case 3: 3n/4 < 6 < 7. Recall from (IV.3.10) that a factor of 7 — 0 + m™ is

present in the numerator. After approximating the sine functions in (V.0.17) by



(V.0.12), (V.0.7), (V.0.14) and (V.0.9), we obtain

1

e SRR W

v=0 j=1
|P(¢, 95, 00(2, y)]|
“l2r =0 =6 — o, (| +mY (18— 65— 0, (a,9)| + )’
1
(10 +6; — au(@, )| +m=1)* (127 — 0+ 6; — 0, (2, y)| + m?)

H <

We first consider v € Z, (0, %). Note that |2 — 0 — 0,,(z,y) + 0;] > 7/2, and
0 — o,(z,y) + 0;| > 7/2, so we may ignore those factors. Also, note that

|20 — 0 — 0; — 0,(z,y)| > |7 — 0]. We approximate |P(¢,0;,0,(x,y))| by a

constant to obtain

1 T 1
3 <o)L
Hg(ou(xvy) = 2) — c(2m+ 1)2 /.‘%/r T — 9+m—1
m 1
v 92 do,
YAT 2

which immediately gives an esimate of type 4.

We next consider v € 7, (%, 9). First use the inequality

G
(6 +6; —ov(z,y) +m™)

;<1

~do.

94



and approximate |P(¢, 6,6, 0,(z,y))| with (V.0.21) to obtain

H5(5 < ou(z,y) < 6)

1 " & 1
T — 04+ m! )
(2m+ 1)2 / (m ZZ (|12r — 0+ 6; — o.(z, )| +m—1)2

v=0 j=1
y (m—=04+0; +m™) (|n =0 —6;] + m™) + |7 — o, (z, )]
(12 — 6 — 0; — o, (z,y)| + m ) (10 — 0; — 0, (z, )| + m 1)

For the first term in the sum in the numerator, we use the inequality

(r—0+6; +m™1)?

<1
2r —0+0; — o, (z,y) + m!

If.] € Ij (Oaﬂ- - Ou(z)y))y

(m—0+m Y (|Jr—0—06;| + m™1)
(127 — 0 — 6; — o, (z,y)| + m~V)* (|0 — 6; — 0, (z,y)| + m~1)*
< 1 ,
~ (005 —ou(z,y)|[+ m7)?

so we obtain an estimate of type 2. If j € Z; (7r —o,(z,y), %),

(m—0+m Y (|Jr—0—0;| +m™1)
(127 — 6 — 0, — a,(z,y)| + m~)2 (|0 — 0, — 0, (z, )| + m~1)?

1 1
<
ey pp— (2r — 0 — 6; — o, (z,y)| + m~ 1)’

so we obtain an estimate of type 4. For the second term of the sum in the

numerator, use the inequality

(m — ov(z,y))?
2m—0+6; —o,(z,y) +m1)?

< 1.



Ifje€Z(0,m — o,(z,9)),

T—0+m!
(127 — 0= 0, — o, g) + M2 (0 — 0 — ou(z5)] + )
< 1 1
Y (e e e

2

while if j € Z; (7 — a,(z,9), T),

m—0+m!
(12r = 0 — 6; — o, (z,y)| + M) (|0 — 8; — 0 (z, y)| + m™1)?
1 1

<
= g m (12 — 6 — 8; — oy (z, y)| + m~1)%’

so two estimates of type 4 are obtained.
Finally, we consider v € Z,, (A, 7). Use the inequality
9?2

J <1
b + ou(z,y) — 0 +m~1)2

and approximate |P(¢,0;, 0,(z,y))| using (V.0.21) to obtain

Hg(e < O'V(xay) < 7T)

1 SR 1
(2m+1) / (m=0+m™ Z Z (|27 = 6 + 8, — 0, (z,y)| + m=1)*

L (0,m) j=1
o (m—0+06; + m™)? (|]m — 6 — 9j| +m Y + |7 — o, (z, )|
(|27T —0 - 9] - O'l,(.fl?,y” + m*1)2 (|9 + 9] - O-V(xay)| + mWI)Q

For the first term in the sum in (V.0.21), use the inequality

(m+6; —0+m1)?

<1,
2r — 0 —o,(z,y) +0; + m~1)?

96
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and then note that if j € Z; (0,7 — 0),

(r =0+ m (| — 6 — 6] + mY)

(2w — 0 — 0 — 0@, )|+ m 2 (10 + 6; — oy (z,y)| +m)
1

040, —0,(@, ) + m D)2

2

=1

s

so we obtain an estimate of type 2. If j € Z; (7r -0, 5),

(m=0+m)(|r—0—0;] +m™)
(12— 0= 0; — o, (z,y)| + m 1)’ (|0 + 6; — 0, (z,y)| + m™1)
< 1 1
T r—o,(z,y) +m7t(12n — 0 —0; — o,(z,y)| + m1)Y

2

so we obtain an estimate of type 7. For the second term in the sum in (V.0.21),

use the inequality
(r —oy(z,y))(m =+ m™") °

2r -6 —o,(z,y)+6; +m™1)

and then note that if j € Z; (0,7 — 6),

™ — Uu(xa y) + m_l
(I2r = 0 — 6; — o (2, 9)| + M) (10 + 0; — 0, (z, y)| + m~1)?
< 1 1
— m—o,(z,y) +m7 (|0 +0; —o,(z,y)| + m1)¥’

while if j € Z; (1 — 0, %),

™= O',/(CL', y) + m_l
(121 = 6 = 6; — 0 (2, )| + m=1)* (10 + 65 — o, (2, 9)| + M)
< 1 1
~r—oz,y)+mt(|2r —0—6; — o, (z,y)| + m~1)?’

2

so two estimates of type 7 are obtained. This completes the proof of Lemma (IV.8)

and Theorem (IV.8). O



98

REFERENCES

[1] T. Bagby, L. Bos, and N. Levenberg, Multivariate simultaneous
approzimation, Constr. Approx. 18 (2002), 569-577.

[2] B. Bojanov and 1.K. Georgieva, Interpolation by bivariate polynomials based
on Radon projections, Studia Math. 162 (2004), 141-160.

[3] B. Bojanov and Y. Xu, Reconstruction of a polynomsial from its Radon
projections, STAM J. Math. Anal. 37 (2005), 238-250.

[4] R.A. DeVore and G.G. Lorentz, Constructive approzimation, Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences|, vol. 303, Springer-Verlag, Berlin, 1993.

[6] C.F. Dunkl and Y. Xu, Orthogonal polynomials of several variables,
Encyclopedia of Mathematics and its Applications, vol. 81, Cambridge
University Press, Cambridge, 2001.

[6] G. Gasper, Banach algebras for Jacobi series and positivity of a kernel, Ann.
of Math. (2) 95 (1972), 261-280.

[7] M.A. Kowalski, Orthogonality and recursion formulas for polynomials in n
variables, STAM J. Math. Anal. 13 (1982), 316-323.

, The recursion formulas for orthogonal polynomials in n variables,
SIAM J. Math. Anal. 13 (1982), 309-315.

[9] Z. Li and Y. Xu, Summability of product Jacobi expansions, J. Approx.
Theory 104 (2000), 287-301.

[10] B.F. Logan and L.A. Shepp, Optimal reconstruction of a function from its
projections, Duke Math. J. 42 (1975), 645-659.

[11] R.B. Marr, On the reconstruction of a function on a circular domain from a
sampling of its line integrals, J. Math. Anal. Appl. 45 (1974), 357-374.

[12] F. Natterer, The mathematics of computerized tomography, Classics in
Applied Mathematics, vol. 32, Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 2001.



99

[13] P.P. Petrushev, Approzimation by ridge functions and neural networks, SIAM
J. Math. Anal. 30 (1999), 155-189.

[14] L.H. Sloan, Polynomial interpolation and hyperinterpolation over general
regions, J. Approx. Theory 83 (1995), 238-254.

[15] G. Szegd, Orthogonal polynomials, fourth ed., American Mathematical
Society, Providence, R.I., 1975, American Mathematical Society, Colloquium
Publications, Vol. XXIII.

[16] Y. Xu, On multivariate orthogonal polynomials, STAM J. Math. Anal. 24
(1993), 783-794.

, Summability of Fourier orthogonal series for Jacobi weight on a ball
in RY, Trans. Amer. Math. Soc. 351 (1999), 2439-2458.

[17]

[18] , A new approach to the reconstruction of images from Radon

projections, Adv. in Appl. Math. 36 (2006), 388-420.

[19] A. Zygmund, Trigonometric series. Vol. I, II, third ed., Cambridge
Mathematical Library, Cambridge University Press, Cambridge, 2002.



