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DISSERTATION ABSTRACT
Kristine Engel Pelatt
Doctor of Philosophy
Department of Mathematics
June 2012

Title: Geometry and Combinatorics Pertaining to the Homology of Spaces of Knots

We produce explicit geometric representatives of non-trivial homology classes in
Emb(S*, R?), the space of knots, when d is even. We generalize results of Cattaneo,
Cotta-Ramusino and Longoni to define cycles which live off of the vanishing line of
a homology spectral sequence due to Sinha. We use configuration space integrals to
show our classes pair non-trivially with cohomology classes due to Longoni.

We then give an alternate formula for the first differential in the homology
spectral sequence due to Sinha. This differential connects the geometry of the cycles
we define to the combinatorics of the spectral sequence. The new formula for the

differential also simplifies calculations in the spectral sequence.
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CHAPTER I

INTRODUCTION

The study of knot theory concerns the components of the space Emb(S!, S3), as
well as its zeroth cohomology — that is knot invariants. Alternatively, one studies the
closely related space K4 of smooth embeddings R < R?% which are fixed outside of
the unit interval I, for d = 3. Also of topological interest is the full homotopy type
of Emb(S',S%). The first results in this area are due to Gramain in [11], where he
studies the fundamental groups of the path components of 3. Hatcher proves in [14]
that the component of K3 containing the unknot is contractible, which is equivalent
to the Smale conjecture. Hatcher also proves in [12] that each component of K3 is a
K(m, 1), and with McCullough [13] that each path component has the homotopy type
of a finite CW-complex. We focus on the study of the topology of the embedding
spaces Emb(S?, R?) and Emb(I, 1¢) for d > 4.

In [25], Vassiliev constructs a spectral sequence for each dimension d, and asserts
that this spectral sequence converges to the homology of Emb(I,1¢) when d > 4.
Vassiliev also analyzes the combinatorics of this spectral sequence when d = 3 without
any knowledge of its convergence. This analysis initiated the study of finite type
invariants, also called Vassiliev invariants.

The study of finite type invariants was continued by Birman and Lin [3], Bar-
Natan [2], Bott and Taubes [4], and many others. Using ideas from the work of
Bott and Taubes, the group of Cattaneo, Cotta-Ramusino and Longoni [7] combine
the idea of finite type invariants with the de Rham cohomology of Emb(S*, R%). We
give a summary of these results in Section 2.2. Briefly, they produce explicit, non-

trivial, k(d —3)—dimensional cycles and cocycles in Emb(S?, R?). They define a chain
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map from a graph complex to the de Rham complex of Emb(S!, R¢), and produce
cocycles as images of graph cocycles consisting of trivalent graphs. To produce cycles,
they use families of resolutions of singular knots with £ transverse double points. To
establish non-triviality, they show the pairing between certain cycles and cocycles is
nonzero. Their techniques produce many more cocycles, whose (non)-triviality is an
open question.

In [16], Longoni defines a cocycle which is the image of a non-trivalent graph and
proposes that this cocycle is non-trivial. These results of Longoni were very influential
for our work. We extend the results of [7] and [16] by giving an example of a cycle in
H3@=D(Emb(S*, R?)), and showing that this cycle (and Longoni’s cocycle) are non-
trivial by evaluation. Furthermore, instead of focusing on the de Rham cohomology
and its formal linear dual as in [16], we treat homology from a geometric viewpoint.

Another approach to the study of the topology of spaces of knots was initiated
by Goodwillie starting with ideas from his thesis [8]. This approach, now known as
the calculus of embeddings (or the calculus of isotopy functors) was fully developed
by Weiss, Goodwillie and Klein [9, 10, 27]. We summarize their results specialized to
knots below, following Volic [26] and Sinha [23].

The space of embeddings Emb(I,1?) can be approximated by the space of
“punctured knots.” Specifically, we fix a sequence of disjoint closed subintervals

of I, namely J; = [%, =+ 13)1.].

Definition 1.1. For every subset S C n = {1,2,...,n}, let Eg = Emb(I—U;cgJ;, 14).
If S; C S, then there is an embedding Fg, — Egs,. For a fixed n, the set of
spaces {FEs : S C n,S # @} forms a cubical diagram, which we denote &,. Define

P,Emb(I,1¢) to be the homotopy limit of &,.



For every non-empty subset S C n, there is also an embedding Emb(T,1¢) —
Eg, and thus a canonical map Emb(I,1¢) — P,Emb(I,1¢). Furthermore, &, ; is
a sub-cubical diagram of &,, so a choice of inclusion gives a map P,Emb(I, %) —

P,_1Emb(I, I%).

Definition 1.2. The Taylor tower for Emb(I, 1) is

PyEmb(I,1%) + P Emb(I,1%) ¢ - -- + P, Emb(I,1%) + P,Emb(I, 1%) + - -

The Taylor tower together with the following result of Goodwillie and Klein, has

led to many results in the study of the topology of spaces of knots.

Theorem 1.1. [9] If d > 4 the canonical map Emb(I,1%) — P,Emb(L,1%) is (n —
1)(d — 3)—connected. Thus the map from Emb(I,1¢) to the homotopy inverse limit of

the Taylor tower induces isomorphisms on homotopy and homology.

In [21, 23], Sinha establishes conjectures of Bott and Goodwillie that the Taylor
tower for knot spaces has a natural cosimplicial description involving compactified
configuration spaces. As a result, he obtains spectral sequences converging to the
homology, cohomology and homotopy of Emb(I,1¢) and closely related spaces [20].
We briefly summarize these results for the homology spectral sequence below and
study the first differential of this spectral sequence further in Chapter III.

Let E; be the subspace of Emb(I,1¢) consisting of pairs of an embedding with
the endpoints and tangent vectors at the endpoints fixed on opposite faces of I and
an isotopy through immersions to the unkot. Sinha shows in [21] that this space is
homotopy equivalent to Emb(I, 1) x QImm(T, I¢).

Let Oy be the d-th Kontsevich operad defined in [21], whose entries are

compactified configuration spaces. In [17], McClure and Smith present a method

3



for associating a cosimplicial object to an operad. Let Of be the cosimplicial object

associated to the Kontsevich operad. The following is Theorem 6.9 of [21].

Theorem 1.2. The k-th stage of the Taylor tower for Ey, or P.E4, is weakly

equivalent to Tot" of a fibrant replacement of OF.

Using the homology spectral sequence for cosimplicial spaces, developed by
Bousfield in [6], Sinha [22] shows that there is a spectral sequence with E!, =
H.(O%). Furthermore, H,(O3) = Pois?™!, so the E! page of this spectral sequence
can be expressed in terms of the Poisson operad. For d > 4, this spectral sequence
converges to homology of ;. There are similar spectral sequences, also due to Sinha
[23], which converge to the homotopy and cohomology of E,;. By work of Arone,
Lambrechts, Turchin and Volic [1, 15], the rational cohomology and homotopy spectral
sequences collapse at the E? page.

By work of Turchin in [24], the E!,, term of Vassiliev’s spectral sequence

— %k %

2

agrees with the FZ, term of Sinha’s spectral sequence. These approaches allow
one to combinatorially understand the ranks of the homology groups of the closely
related space Emb(S!,RY), but do not immediately give geometric understanding or
representing cycles and cocycles in knot spaces.

The cycles defined by Cattaneo et al. in [7] live along the (—2¢, ¢(d—1))—diagonal
in the first page of the homology spectral sequence, and thus in degree ¢(d — 3). This
diagonal also serves as a vanishing line. For d odd, Sakai [18] produces a (3d —
8)—dimensional cocycle in the space of long knots coming from a non-trivalent graph
cocycle. To establish the non-triviality of this cocycle, he evaluates it on a cycle

produced using the Browder bracket coming from the action of the little two-cubes

operad on the space of framed knots.



1.1.  Main Results

We produce a non-trivial cycle which lives off of the vanishing line of the
homology spectral sequence for d even by generalizing the methods of Cattaneo,
Cotta-Ramusino and Longoni to families of resolutions of singular knots with triple
points. In particular, we first define a topological manifold Mg and an embedding of
Mjg into Emb(S?, R?), extending and correcting the results in the preprint of Longoni
[16]. Longoni also defines a cocycle which is the image of a non-trivalent graph when d
is even. We show that the pairing between Longoni’s cocycle and our cycle is nonzero,
and thus both are non-trivial.

We also give a new formula for the first differential in Sinha’s spectral sequence
in Chapter III. Our techniques were motivated by the search for geometric
representatives. Building on ideas from Chapter II, we immediately have conjectured
recipes for representatives of all cycles in Sinha’s spectral sequence. This is in contrast
to Sakai’s approach, which would require new input for any Browder-indecomposible
classes off of the (—2¢, ¢(d — 1))—diagonal. We plan to develop these conjectured

representatives in future work.



CHAPTER II

GEOMETRIC REPRESENTATIVES OF NON-TRIVIAL CYCLES

2.1.  Definition of the Cycle

The idea at the heart of our method to produce homology classes in knot spaces
goes back to Vassiliev’s seminal work [25]. In finite type knot theory, one defines the
derivative of a knot invariant by taking an immersion with transverse double-points
and evaluating the knot invariant on the resolutions of that immersion. We require a

generalization of such immersions.

Definition 2.1. An immersion v : S* < R? has a transverse intersection r-singularity
at t = (t1,t0, ..., t,) €T with 0 < t; <ty < --- <t, <1, if all of the v(¢;) coincide
and the derivatives 7/(¢;) are generic in the sense that any d or fewer of them are

linearly independent.

To connect with the language naturally produced by the embedding calculus
spectral sequence, we use bracket expressions to encode singularity data. Sinha
calculates in [23] that the subgroup of Pois?(p), the p—th entry of the Poisson operad

(see [19]), generated by expressions with ¢ brackets such that each z; appears inside

13

a bracket pair and the multiplication “-” does not appear inside a bracket pair, is

also a subgroup of E! ) in the reduced homology spectral sequence. This is the

p,q(d—1

full Eip,q( -1y 0 the spectral sequence converging to the homology of the homotopy
fiber of the inclusion map Emb(T, I¢) < Imm(I,1¢). On this subgroup, the differential

di: B 4y — B yisd' =37 ((—1)"(0")., where (6°). is defined by adding

P,4( —p—1,q(d—1 i=0

1 in front of the expression and replacing each x; by @1, (671). is defined by adding

Tpy1 to the end, and for 1 < i < p, the map (0"). is defined by replacing z; by x; - ;11
6



and z; by x4 for j > i. In [24], Tourtchine does further calculations in this spectral

sequemnce.

Ezample 2.1. The bracket expression = ) + o where 1 = [[x1, x4], x3] - [22, T5]

and By = [x1, x4] - [[22, z5], x3] is a cycle in Ei5,3(d—1)'

Definition 2.2. A pair (7, 1) of an immersion and a sequence t = 0 < t; <ty < --- <
t, < 1 respects a bracket expression 3 € Pois?(p) if v has a transverse r-singularity at

the sequence 0 < t;, < ... <t;, <1 whenever z; ,...,z; appear inside of a bracket
in (.

For example, the knots K; and K5 in Figure 2.1 respect 8, and (35, respectively.
A knot can respect a bracket expression but have higher singularities; for example

K also respects [zq, x3] - [72, 4]

Definition 2.3. We will denote the subspace of all pairs (v,f) € Imm(S* R?) x
I*" respecting a bracket expression by Immsg(S!,RY), with the convention
Immy (ST, RY) = Imm(S',R?). The subspace of Immsg(S',RY) consisting of

immersions which do not have higher singularities will be denoted by Imm_z(S*, R?).

K, K,
Figure 2.1. The singular knots K; and K.

In the spectral sequence, bracket expressions of the form Hl;zl[xim,xjm] are

E'-cycles. Submanifolds representing these cycles are well known and described in

7



Section 2 of [7]. Informally, we start with a singular knot K C R? with k& double
points which respects anzl[a:im, z;,.], and resolve each double point by moving one
strand passing through the double point off of the other. For each vector in S92
we have a possible direction in which to move the strand, and therefore a possible
way to resolve the double point. The subset of Emb(S?, R?) consisting of all such
resolutions of K is a submanifold parameterized by [], S**, and its fundamental
class corresponds to the cycle H]:rmzl[xim7 x;,.] of the spectral sequence.

For higher singularities, we start with ideas of Longoni [16] and produce
resolutions of transverse intersection singularities by moving one strand at a time
off the intersection point. Assume the rank of the singularity r is less than d, so
the (tangent vectors of the) strands in question span a proper subspace. There are
two cases - resolving a double point and resolving a higher singularity. If r > 3,
we are moving a strand off the intersection point. The complementary subspace to
the (tangent vector of the) strand has a unit sphere S92 which parametrizes the
directions to move one strand off the intersection point. If r = 2, we consider a
unit sphere S92 in the complimentary subspace which parametrizes the directions to
move one strand off another.

Resolutions of triple point singularities (and higher singularities) can produce
further singularities (see Figure 2.4). By restricting away from neighborhoods of
those “additional singularity” resolutions, we produce submanifolds with boundary
which we show can be pieced together to build representatives of E'-cycles in the

spectral sequence. We formalize as follows.

Definition 2.4. If 3 is a bracket expression, let 6(2) denote the bracket expression
obtained from [ by removing x; and the minimal set of other symbols as required to
have a bracket expression, and replacing xy by z,_; for all k > 4.

8



Remark 2.1. This will be called the restriction (and relabeling) of the bracket
expression in Chapter III.

For example, with 8y = [[21, 24, %3] - [£2, 5], we have 8y (4) = [y, 3] |22, 24]. For
each strand through a transverse intersection r-singularity, we can define a resolution
map which moves that strand off of the singularity. To accommodate the two cases,

we let
d—2 ifr>2
d(r) = :
d—3 itr=2
By the rank of x; in a bracket expression 3, we will mean the number of variables

in 8 (counting z;) which appear inside of common brackets with z;. In f;, x3 has

rank three and z5 has rank two.

Definition 2.5. If § is a bracket expression in which z; has rank r (with r» > 0)

define the resolution map

pi - Imms5(S", RY) x SU) % T x T — Immg 45 (S", RY)

_ v(t)%—a-vexp(%) ifte(t;—eti+e)
pil Fv,a,e)(t) = e
v(t) otherwise
We call the triple (v,a,¢) € S x I x I the resolution data. We often fix a and
¢ so that the resolutions do not have unexpected singularities and by abuse denote
the restriction by p; as well. The resolution map produces immersions in which the

strand (between times t; — ¢ and t; 4 €) is moved in the direction of v, as shown in

Figure 2.2.



Figure 2.2. The resolution of a double point.

Definition 2.6. Let S = {x;,,24,,...,z; } be an ordered subset of the variables in

B. Define pg g to be the composite

pi0(pi,_, Xid)o- - -o(ps, xid) : Tmmz(S", RY)x [ T (9% x I x T) — Immzg(S", RY).
Let z;, be x;  after the relabeling needed to define ({1’ . ,Em_l), and let r,, is the

rank of Z; in b’(i}, . ,%m,l).

The set S encodes which strands get moved in the resolution defined by pg s.

We now specialize. Let 51 = [[x1, 4], 3] - [T2, 25, B2 = [x1, 24] - [[22, T5], 23] and
choose the ordered subset of variables for each to be S = {x3,x4,25}. We choose
embeddings K; and K, of S in R?® — R? as shown in Figure 2.1, as well as a
sequence 0 < t; < to < --- < t5 < 1 so that (K71,t) respects 51 and (K>,t) respects
Bo.

We restrict the directions in which the singularities are resolved to ensure
we produce not just immersions but embeddings. We assume that in the disk of
radius 1/10 centered at each singularity, both K; and K, consist of linear segments
intersecting transversely, as shown in Figure 2.3. Fix ¢ > 0 so that the intervals

[t; — e, t; + €], i = 1,2,...,5, are disjoint and K;([t; — &,t; + €]) is contained in

10



By (Ki(s;)) for i = 1,2,...,5. These intervals are the strands we will move to

resolve the singularities.

By (K, (t )NK, By 1 (K (t2)NK

Figure 2.3. Bflo(Kl(tl» N Kl and B%O (K1<t2)) N Kl.

Let wy,...,ws be the unit tangent vectors to each line segment at the singular
points of K;. Fix § > 0 so that {v € S¥2 : || v —w; |[|< §} and {v € §42 : |
v —wy ||< 6} are disjoint. As mentioned above, we avoid moving the third strand off
of the triple point in these directions to prevent the introduction of a double point.

We produce a manifold Mg as the image of a topological manifold Mz embedded
in Emb(S*,R?) by resolving singular knots with triple and double points. The
manifold My decomposes as the union U?:1 M,;, where each M, is the image in
Emb(S!, R?) of a resolution map defined below. The domains of the resolution maps
for the main pieces, M; and M, are denoted M; and M, and are homeomorphic to
(Sd’Q \ U4B(5) x 5973 x §4-3 The domains of resolution maps defining the remaining
four families are denoted M; x I, where M, is homeomorphic to S92 x §9=3 x §4-3

for i = 3,4,5,6.

11



Definition 2.7. For any triple (e3,¢4,e5) with each ¢; < € for € as above, define

5
M (e3,€4,€5) C Immsg, (S*,RY) x H(Sd(’”k’) x I x T)

k=3

as = a5 = and vs3 is such

as the subspace of all Ky x [[(v;, a,€;), where ag = %, %,
that the distances between v3 and the vectors +w; and +w, are all greater than or

equal to 8. There are no restrictions on vy, v5 € S%3.

We will suppress the dependence of M; on the values of €3,¢4,5 < € as well as

0 except when needed.
Lemma 2.1. The restriction of ps, s to My maps to Emb(S', R?) C Imms,4(S?, RY).

Choose the immersion K, as shown in Figure 2.1, and assume that the constants
0 > 0 and € > 0 chosen above satisfy similar conditions for Kj, to define My
analogously. The restriction of pg, s maps My to Emb(S', R?) C Imms4(S?, RY).
We denote the families of embeddings pg, s(M;1) and pg, s(Mz) by My and M,
respectively, and connect the boundary components of M; to those of My to build
a family without boundary.

Each boundary component can also be described as the family of knots obtained
by resolving a singular knot with three double points. In fact, resolving the triple
point in K; by moving the strand K ([t3 — e3,t3 + €3]) in the direction of +w; or
4w, yields an immersion with three double points. The four boundary components

of M are families of resolutions of these four “newly singular” knots.

12



Definition 2.8. Let K3, K4, K5 and Kg be the singular knots, each with three double

points, defined below and shown in Figure 2.4.

= ps (K1, wa, 55, €3)
= ps (K1, —w, 75, €3)
= ps (K, wi, 55, €3)

(

= P3 K17 w17107 3)

Figure 2.4. Singular knots K3, K4, K5, and K.

We resolve these knots, restricting the directions so the resulting embeddings are
those in the boundary components of M. Initially, we focus on K3. The double
points corresponding to [x1,z4] and [xs, x|, labeled a and ¢, are resolved in the
same way as the double points in K;. The double point corresponding to [z3, x5],
labeled b, is resolved using only vectors in the direction v — wy for some v such that
| v —wy ||= d. This guarantees that resolving this double point in K3 yields the

| v3 — wy ||= ¢ boundary component of M;.
13



Definition 2.9. Define M3(83,84,€5) - Imm253(Sl,Rd) X Hi:3,4,6 (Sdig x I % ]1)
where (3 = [x1,24] - [x2, 6] - [v3,25] as the subset of all K3 x Hi:3,476 (ui, 16_0751')

where uy and wug are unrestricted and ug satisfies || wy + dug ||= 1.

Proposition 2.1. Let S3 = {x3,x4,26}. The restriction of pp, s, maps Mz to
Emb(S*, RY) C Immsy(SY,RY), and pg,.s,(Ms) is the | v3 — wy ||= & boundary

component of M.

Proof. The resolution pg, s,(K3) = pg, (ps (K1, ws, 15,€3)) using us as in the
definition of Ms(es,e4,65) is the same embedding as the resolution pg, (/) using

v3 = wy + dus, since

1 1 4] 1 1 1
o () oo (o) ~ oo (eoeea)-
[l

Similarly, resolving the knots K, K5, and Kg yields the boundary components of
M corresponding to || vs+wy ||= 0, || v3 —wy ||= 0, and || v3 +w; ||= J respectively.
This process can also be applied to the boundary components of M. Let K7, Ky, Ky,
and Ko be the four singular knots obtained from K, by moving K, ([t; — €3, t3 + €3])
in the direction of the tangent vectors to the other two strands intersecting at the
triple point, as shown in Figure 2.5. As with K, resolving these singular knots gives
the four boundary components of M.

Since each of the four knots K3, Ky, K5, K¢ has the same singularity data as one
of K7, Kg, Ky, K19, we have four pairs of knots which are isotopic in Imm_g, (S, R*),
and thus in Imm_g, (S*,R?) with d > 4, where (33, B4, B35, B each encodes singularity

data for a knot with exactly three double points. If d > 4, we require that the isotopy

14



=

Figure 2.5. Singular knots K7, Ky, Ko, and K.

be through knots in R* € R? (with the standard embedding). If d = 4, we restrict
the steps of the isotopy, as described below, to simplify evaluation of Longoni cocycle
on the cycle. Resolving each singular knot in these four isotopies yields four families,
denoted My, My, M5, and Mg, parametrized by S973 x S973 x 973 x 1. Specifically,
if hy : T — Imm_g,(S*,RY) is an isotopy, then these M; are be the images of the

composites

M; x T =893 x §973 x §9-3 x 1

Id x hk
§4-3 5 43 5 §4=3 5 Tmm_g (S, RY) L2585 (ST, RY)

i

For i = 3,4, 5,6, the boundary of M; is the disjoint union of a boundary component
of My and a boundary component of Ms, providing a way to glue the boundary of
M to the boundary of Ms.
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The union of these six (3d —8)-dimensional families in Emb(S*, R?) gives a single

family without boundary. Let

Mﬁ = (M1 L M2 LJ (l—lfngz X ]I)) / ~

where each boundary component of M;s, My, M5, Mg is identified with a boundary
component of M; or M, so as to be compatible with Proposition 2.1. Let Mg be
the image of the orientable topological manifold Mz under the resolution map defined

above. We can now precisely state the first version of our main result.

Theorem 2.1. If d > 4 is even then the fundamental class of Mg is a non-trivial
homology class in Emb(S*, RY) for any choice of isotopies h; through Imm_g, (S, R?).
For d = 4 the fundamental class of Mg is a non-trivial homology class in Emb(S*, R?)

if the isotopies h; satisfy a sequence of specified steps, given in Section 2.1.1.

2.1.1.  Isotopies for the Case d = 4.

We can construct isotopies whose images are in R?® except for near crossing
changes. This forces the calculation we will do in Section 2.3 to be the same for
d = 4 as in the higher dimensional cases.

By a slide isotopy we will mean an isotopy through singular knots in which
a singular point is moved along one of the strands through the singularity while
the other strand moves along with the singular point. By a planar isotopy we will
mean an isotopy which can be represented by an isotopy of knot diagrams. Isotopies
corresponding to the Reidemeister moves in classical knot theory generalize to singular

knots in R?. In addition to the usual Reidemeister I and II moves, we use Reidemeister
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III moves to move a strand past a crossing (as in classical theory) or past a singularity,

as shown in Figure 2.6.

Figure 2.6. Reidemeister III move for singular knots.

By a “rotate the disk isotopy,” we mean an isotopy in which the disk centered
at a singularity is rotated by 180° about the axis perpendicular to a particular great
circle. Specifically, we take two distinct nested disks centered at the singular point
with radii small enough that the intersection of the knot with the disks is the two
strands intersecting at the singular point. The smaller of the two disks is rotated by
180° without changing anything inside of this disk. The strands inside of the larger
disk but outside of the smaller disk are stretched through a planar isotopy. This
isotopy is shown in Figure 2.7 from the perspective of the north pole of the larger

disk. The knot remains unchanged outside of the larger disk.

Rotate inner disk by 180°

TN

Figure 2.7. View of a rotate the disk isotopy from the north pole.
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A suitable type of isotopy from K3 to Ky is shown in Figure 2.8, and the steps

are given below. Each step occurs in R* C R* except (4), (6) and (10), in which one

strand of the knot briefly moves into R*.

10.

. Simplify the shape of the strand from b; to ¢; and perform a Reidemeister II

move on the strand from a; to b; to eliminate crossings.
Move the points ay, by and ¢; to as, by and ¢y through a planar isotopy.

Rotate the disk centered at co by 180° about the axis perpendicular to the great

circle shown.

The crossing is changed, briefly moving the strand from b, to ¢y in the direction

of the fourth standard basis vector.

Perform a sequence of Redemeister I,II and III moves on the strand from by to

Co.

The crossing is changed, briefly moving the strand from ¢ to as in the direction

of the fourth standard basis vector.

Perform a sequence of Reidemeister I, II and III moves on the strand from c,

to ao.

Rotate the disk centered at a; by 180° about the axis perpendicular to the great

circle shown.

Perform a sequence of Reidemeister I, IT and IIT moves on the strand from c,

to as and the strand from ay to bs.

The crossing is changed, briefly moving the strand from as to b, in the direction

of the fourth standard basis vector.
18



11. Perform a sequence of Reidemeister I, IT and III moves on the strand from ay

to bg.

12. Through a planar isotopy, the points as, by and ¢, are moved to the positions
of the double points of Ky, denoted a3, b3 and c¢3 and the strands are moved to

give the knot the same shape as K.

A suitable type of isotopy from Ky to Kig is shown in Figure 2.9, and the steps

are given below. Each step occurs in R? C R*.

1. Through a slide isotopy, the point b, is moved to by, and the shape of the strand

from ¢; to aq is simplified.

2. Rotate the disk centered at ay by 180° about the axis perpendicular to the great

circle shown.

3. Perform a sequence of Reidemeister I, IT and III moves on the strand from as

to by to remove crossings.

4. Rotate the disk centered at co by 180° about the axis perpendicular to the great

circle shown.

5. Perform a sequence of Reidemeister I, IT and IIT moves on the strand from c,

to the base point to eliminate crossings.

6. Through a planar isotopy, move the points as, by, and ¢y to the positions of the

double points of K7g, denoted a3, b3 and c;.

7. Perform a sequence of Reidemeister I, IT and III moves on the strand from b3

to cs.
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Figure 2.8. Isotopy from K3 to Kj.



8. Through a planar isotopy, move the strands to give the knot the same shape

and KlO'

A suitable type of isotopy from K5 to K7 is shown in Figure 2.10, and the steps

are given below. Each step occurs in R?* C R*.

1. Through a slide isotopy, move point b; to by and simplify the shape of the

strands with a planar isotopy.

2. Rotate the disk centered at by by 180° about the axis perpendicular to the great

circle shown.

3. Perform a sequence of Reidemeister I, IT and III moves on the strand from by

to as to eliminate crossings.

4. Perform a sequence of Reidemeister I, II and III moves on the strand from c,

to b2.

5. Rotate the disk centered at b, by 180° about the axis perpendicular to the great

circle shown.

6. Rotate the disk centered at ay by 180° about the axis perpendicular to the great

circle shown.

7. Perform a sequence of Reidemeister I, IT and III moves on the strand from by

to as to eliminate crossings.

8. Rotate the disk centered at ¢, by 180° about the axis perpendicular to the great

circle shown.
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(8)

Figure 2.9. Isotopy from K4 to Kig.
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10.

11.

12.

13.

14.

Perform a sequence of Reidemeister I, II and III moves on the strand from c,

to by to eliminate crossings.

Perform a sequence of Reidemeister I, II and III moves on the strand from b,

to co.

Perform a sequence of Reidemeister I, IT and III moves on the strand from a,

to co.

Through a slide isotopy, move the point by to bs.

Through a planar isotopy, move the points as, b3 and c3 to the positions of the

double points of K7, denoted a4, by and cy.

Perform a sequence of Reidemeister I, IT and III moves on the strand from by
to as. Through a planar isotopy, move the strands to give the knot the same

shape and K.

A suitable type of isotopy from K, to Ky is shown in Figure 2.11, and the steps

are given below. Each step occurs in R* C R?, except (6), in which one strand of the

knot briefly moves into R*.

. Simplify the shape of the strand from ¢; to a; and perform a sequence of

Reidemeister I, IT and IIT moves on the loop based at a; to eliminate crossings.

. Through a planar isotopy, move point a; to the point as.

Rotate the disk centered at by by 180° about the axis perpendicular to the great

circle shown.
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Figure 2.10. Isotopy from K5 to K.
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4. Rotate the disk centered at c by 180° about the axis perpendicular to the great

circle shown.

5. Perform a sequence of Reidemeister I, IT and III moves on one of the strands
from by to ¢y, and simplify the shape of the other strand from by to co. Simplify

the shape of the strand from as to bs.

6. The crossing is changed, briefly moving the strand from ¢, to as in the direction

of the fourth standard basis vector.

7. Perform a Reidemeister II move on the strand from ¢, to a;. Through a planar
isotopy, move the points as, by and ¢y to positions of the double points of Ky,

denoted as, b3 and cs.

8. Through a planar isotopy, the strands are moved to give the knot the same

shape as Kjy.

2.2. The Longoni Cocycle

In [7], Cattaneo, Cotta-Ramusino, and Longoni use configuration space integrals
to define a chain map I from a complex of decorated graphs to the de Rham complex
of Emb(S*, R%). The starting point is the evaluation map ev : C,[S'] x Emb(S*, R?) —
C,[RY), where C,[M] is the Fulton-MacPherson compactified configuration space. See
[20] for more details. For some graphs G (namely those with no internal vertices),
the image of the chain map [ is defined by pulling back a form determined by G from

C,[RY] to C,[S'] x Emb(S?,R?) and then pushing forward to Emb(S*, R?).
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(2)

(7)

Figure 2.11. Isotopy from K, to Ks.

26



To understand the general case, let ev*C, .[RY] be the total space of the pull-back

bundle shown below:

ev” Cq,r [Rd] = Cq+r [Rd]

| |

Cord[S1] x Emb(S", RY) ©— C,[RY] |

where C"*[S"] is the connected component of C¢[S'] in which the ordering on the
points in the configuration agrees with the ordering induced by the orientation of
S!. Fix an antipodally symmetric volume form on S?!, denoted . A choice of «
determines tautological (d — 1)—forms on ev*C,.[R%, defined by

0i; = ev™oy;(a)
where ¢;; : C,(R?) — S9! sends a configuration to the unit vector from the i—th

point to the j—th point in the configuration. We use integration over the fiber of the

bundle ev*C,.[RY — Emb(S*,R?), which is the composite of the projections
ev*Cyr[RY — CIS'] x Emb(S", RY) — Emb(S',R?),

to push forward products of the tautological forms to forms on Emb(S?, R?).

Which forms to push forward will be determined by graphs. Consider connected
graphs which satisfy the following conditions. A decorated graph (of even type) is a
connected graph consisting of an oriented circle, vertices on the circle (called external
vertices), vertices which are not on the circle (called internal vertices), and edges.
We require that all vertices are at least trivalent. The decoration consists of an

enumeration of the edges and an enumeration of the external vertices that is cyclic
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with respect to the orientation of the circle. We will call the portion of the oriented

circle between two external vertices an arc.

Definition 2.10. Let D, be the vector space generated by decorated graphs of even
type with the following relations. We set G = 0 if there are two edges in G with the
same endpoints, or if there is an edge in G whose endpoints are the same internal
vertex. The graphs G and G’ are equal if they are isomorphic as graphs and the

enumerations of their edges differ by an even permutation.

The vector space D, admits a bigrading as follows. Let v, and v; be the number
of external and internal vertices, respectively, and let e be the number edges. The
order of a graph is given by

ordG =¢e —v;

and the degree of a graph is defined by

deg G = 2e — 3v; — ..

Let D¥™ be the vector space of equivalence classes with order k and degree m. In
[7], Cattaneo, Cotta-Ramusino and Longoni define a map from this vector space to

the space of (m + (d — 3)k)— forms on Emb(S*, R9).
Definition 2.11. Define I(a) : DE™ — QmH@=9F (Emb(S',R?)) as follows.

1. Choose an ordering on the internal vertices.

2. Associate each edge in G joining vertex i and vertex j to the tautological form

0,;.

3. Take the product of these tautological forms with the order of multiplication

determined by the enumeration of the edges, to define a form on ev*C,.[RY.
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4. Integrate this form over the fiber to obtain a form on Emb(S*!, R?).

This integration over the fiber defines the pushforward and in this case is often
called a configuration space integral. There is a coboundary map on D, which makes

I(a) a cochain map.

Definition 2.12. Define a coboundary operator on D, by taking G to be the signed
sum of the decorated graphs obtained from G by contracting, one at a time, the arcs
of G and the edges of G which have at least one endpoint at an external vertex.
After contracting, the edges and vertices are relabeled in the obvious way - if the
edge (respectively vertex) labeled i is removed, we replace the label j by 7 — 1 for
all 7 > ¢. When contracting an arc joining vertex ¢ to ¢ + 1, the sign is given by
o(i,i+ 1) = (—1)""! and when contracting the arc joining vertex j to vertex 1, the
sign is given by o(j,1) = (—1)7T!. When contracting the edge I, the sign is given by

o(l) =1+ 1+ v, where v, is the number of external vertices.

Theorem 2.2. [7] The map I(«) determines a cochain map and therefore induces a

map on cohomology, which we denote I(a) : H*™(D,) — H™+(@=3*(Emb(S* RY)).

At the level of forms, I(«) depends on the choice of antipodally symmetric volume

form a. On cohomology, when d > 4 this is independent of «.

Ezample 2.2. From [7], we have the graph cocycle shown in Figure 2.12; originally
investigated by Bott and Taubes [4] for d = 3.

This induces the cocycle

1 1
Z_l/ 013024 — —/ 014924934 - H2d_6 (Emb(Sl,Rd)) .
61)*04,0[Rd] 61)*03’1[Rd]
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1/4 -1/3

Figure 2.12. Graph cocycle given by Cattaneo et al. in [7].

In [7], Cattaneo et al. show that this cocycle evaluates non-trivially on
Plrs)-fwzsea] (K X S8 x S%73) where K is a singular knot with two double points
respecting [z1, x3] - [x2, z4] (in this case, the cycle does not depend on the ordered

subset S C {x1, x2, 73, 4}).

Ezample 2.3. In [16], Longoni gives the example shown in Figure 2.13 of a graph
cocycle G in H*'(D.) which uses nontrivalent graphs. There I(a)(GL) €

H3@=3)+(Emb(S?, RY)) is the form

W= / 015045035025 + 2/ 013014025.
ev*C4,1[Rd] 60*0570[Rd]

We pair this cocycle with the cycle [Mp] defined in Section 2.1 to see that both are

non-trivial.

Figure 2.13. Graph cocycle given by Longoni in [16].
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2.3.  Non-triviality

Theorem 2.3. Assume d > 4 is even. Let [Mg] € Hsq_3)+1(Emb(S*, R?)) be the
cycle defined in Section 2.1, and let w € H3@=H+1(Emb(S',R?)) be the Longoni
cocycle defined in the last section. Then w([Mg]) = £2. In particular, w([Mpg]) is

nonzero, and therefore both w and [Mg] are non-trivial.

In [24], Turchin calculates that E3573( 4—1y in the spectral sequence for Emb(T, 1)

has rank one, so [Myg] is a generator of this vector space.

Proof. Write w = w; + 2wy where w; = fev*C41[Rd] 0,501505500; and wy —
fev*c’5’0[Rd] 913914925
First we show that wy([My]) = £1. Let g : ev*Cso[RY — S9-1 x §4-1 x §d-1

be the map shown in the diagram below, where ©) = ¢13 X d14 X ¢o5. Then wy is the

pushforward along 7 : ev*C50[R? — Emb(S, R?) of ¢*(a ® a ® «).

/\

ev*Cs o[RY] O [RY) £ §0-1 % §i-1 x Gi-1

| -

(e[S x Emb(S!, RY) —= C5[RY]

|

Mg Emb(S', R%)

By naturality of pushforwards, ws([Mpg]) = g*(a ® a ® a)([7*(Mp)]). The

bundle 7 : ev*Cso[R?Y — Emb(S?, R?) is trivial, so

§(a®a®a)(r (My)) = / fa®a®a).

Cgrd[S ) x M
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To calculate fcsrd[ (a®a®a), we first partition C¢4[SY]. Fori=1,...,5

sixmy 9
let N; = (t; — e, t; + €), where the t; are the times of singularity in K; and K, and ¢

is as in Section 2.1. Define
C’E(f): {EECgrd:sj €Niforj:1,...,5and§¢0ém) form<i},

and C¢ = Cgr4[S1]\ (U?:lCéi)), so C¢ is the set of all 5 € C"[S!] such that t; — e <

s;<t;+efori=1,...,5 Then C2"¥[S] decomposes as
oot =ceucu-- ue,

and we obtain a corresponding decomposition of [ oSt x M g (a®a®a). We will
show that foé’”)x/\/tﬁ gla®a®a) =0 for m = 1,...,5, so calculating wy([Mjg])
reduces to evaluating the integrals fch M, JF(a®a®a).

For m = 3,4, 5, we show fcg"”xMﬁ g (a®@a®a) = 0 by showing fcémei g (a®
a®a)=0fori=1,...,6. Recall that manifolds have only trivial forms in degrees
above their dimension, so a form pulled back through a smaller dimensional manifold
is always zero. To prove that the integrals fCémei g (@ ® a® a) are zero, we show
that the map ¢ factors through spaces of smaller dimension when restricted to each
of the subspaces C{™ x M,.

First, consider the case fcég)le g (@ ® a ® a). Recall that M; is
pa.s (K1 x Hizg(vk,ak,e)). If t ¢ N3 and v € M;, the point v(¢) does not depend

on the value of vs in the preimage of . This gives us the following factorization of
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O5 x M, - SI1 x 41 % g1

\ /

O5Y x 543 % §a-3

Since dim(C{? x §93 x §9-3) = 2d — 1 is less than dim (S9! x §41 x §4-1) =
3d — 3, we have fcég)le gFla®a®a)=0.

Similarly, for m = 4 or m = 5, the restriction g| o factors through
5

m>><./\/l1

C™ x {vs € 872 || vy £ wy ||> 6 and || vs £ wy ||> 6} x S92,

so the corresponding integrals are zero. This argument also shows that
fCé’")ng Jla®a®a) =0 form = 3,4,5. Fori = 3,4,5,6 and m = 3,4,5, the

Pt d—3 d—3 *
restriction g‘ O™ M factors through S92 x S%% x I and therefore |[ ot a9 (a®
a ® «) is zero.

We show [, ) (¢ ® a ® @) = 0 by replacing Mg with the family of
5

amy I
embeddings obtained by moving the first strand (instead of the fourth) off of the
double point K;(t;) = K;(t4), over which g¢g* factors through a space of lower
dimension. We replace Mg in two steps - first with the family of embeddings in
which both strands are moved off the double point, and then by the family in which
only the first strand is moved.

Let M be the piecewise smooth subspace of Emb(S!, RY) defined similarly
to Mg, but by choosing the ordered subset of variables in $; and 2 to be S =

{1, 23,24, 25}, and fixing a; = a4 and v; = —vy. In other words, s is obtained
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from Kj,..., K by moving both strands off the double point K;(t;) = K;(t4) in
antipodal directions.

We define a cobordism W; between Mg and M}; as the subspace of Emb(S", R?)
parametrized by (L; M;) x I, with the embedding corresponding to the parameter u € I
determined by a; = uay (so the I parametrizes how far the strand with K;(t1) is moved
off the double point).

By Stokes’ theorem,

/ dg*(a@a@a):/ JFla®a®a).
i xwy o xwy)

Since dg*(a @ a ® @) = g*d(a ® a ® o) = 0, we have

oz/ g*(a®a®a)+/ g*(a@a@a)—/ Jla®a®a). (2.1)
ac{ xwy i x Mg CiV x M

The restriction g*‘BmeWl factors through 8C’él) x (L;M;). If s € 80551) then the
parameter, u € I determining how far the first strand is moved does not affect g(s, )

for v € Wy. Thus, [, .0, 9" (@®@a®a)=0and
5 1

/ g*(a@a@a):/ Jla®a®a).
i x Mg C5Y My

Let M be the piecewise smooth subspace of Emb(S 1 R%) obtained by choosing

the ordered subset of variables in #; and (35 to be S = {z1,x3,25}. In other words,
% is obtained from K, ..., K¢ by moving only the first strand off the double point
Ki(t) = K;(t4). Let Wy C Emb(S',RY) be parametrized by (L;M;) x I, with the
embedding corresponding to the parameter u € I given by choosing aj = uay (so the

interval parametrizes how far the strand with K;(t4) is moved off the double point).
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Then W, gives a cobordism between My and M, as OWy = Mg U (= Mj). Using

Stokes’ Theorem and naturality again, we have

0:/ g*(a@a@a)—i—/ g*(a@a@a)—/ Jla®a®a). (2.2)
aCt) x W c§ ey, of sy

The restriction g*!acél)xwz does not factor through 805(,1) x (W; M;). To show the
first integral in (2.2) is zero, we consider Ws as a subspace of Immc(z, 4] 4.4, (S, R?),
the subset of Imm(S!, RY) consisting of all immersions « with at most one singularity
— a double point y(t;) = 7(t4). Since a configuration in 805(,1) does not contain
the point ¢;, the map ¢ is well-defined on dCL" x Imm<(y, zo).0.0 (ST R?). Letting
the dependance on the lengths of the strands be apparent, we now work with
Wy = Wh(es, eq,64) as a subspace of Immg[m,m],tm(Sl,Rd). In this larger space,
Ws(es,eq,65) is cobordant to Wh(e3,0,e5). The cobordism is given by W3 C
Immy, )40, (S', R?) parametrized by (U;M;) x I x I where the second unit interval
parametrizes the length of the strand centered at t; moved by the resolution map.

By Stokes’ Theorem and naturality,

O:/ dg*(a@a@a):/ Ja®a® a),
60;1) x W3 8(8C§1> X Wj)

and thus,

0= / g*(a®a®a)+/ g*(a@a@a)—/ g (a®a®aq)
8(805(,1)) xW3 acél) xWa(e3,€4,€5) BCél) xWa(e3,0,e5)

JFla®a®a). (2.3)

/60551) xWao (53754 ,85)
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The second equality holds because 8(86’5(1)) = & and the dimension of Ws(e3,0,¢5)
is 2d — 3.
By the same argument, fcs(»5>XMﬁ g (a0 ® a® «a) =0. Calculating fC5XMB g (a®

o ® a) thus reduces to calculating [, (a®@a®a)fori=1,...,6.
5

*
XM g

We chose the antipodally symmetric volume form, «, to be concentrated near the
points z; = (0,...,0,1) € St and z, = (0,...,0,—1) € St Let 7z, and 7z, be
the Thom classes of these points, as defined in Section 6 of [5], so a = 3 (73, + 7z,).

Let y be the arc in S9! connecting (0,...,0,1) and (0,...,0,—1), defined as
y = {(0,...,0,\/1—32,s> esl . _1<s< 1}.

The Thom class 7, of y can be chosen so that dr, = 73, — 7z, = 2(7z, — @).

We have

/ g*(a@a@a—Tm@a@a):/ g*(—%d@@@z@@z)
CEXM; CEXM;

/ dg*(1y ® a ® )
CgXMl

/ g (y®a®a).
D(CEx M;)

If (v1,v9,v3) € g(I(CE x M,;)) at least one of the first two coordinates of vy is

N =

N =

non-zero, but every ¥ € y C S has xy, 7, = 0. Thus, the sets y and g (O(C¢ x M,))
are disjoint and ngxMi 9" (1, ® a ® @) = 0, which means fchMi Fla®a®a) =

fccxM_ " (T, ® @ ® ). By a similar argument,
5 i

/ g*(a®a®a):/ 9" (T, @ Tz, @ Tz, )-
CgXMl CgX./\/lZ
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This integral can be calculated by counting the transverse intersections of g(C§g x M;)
and (fl,fl,ij) in S41 x §4-1 x §d-1,

Recall that

v [ ss) = (1) v(sa) —y(s1)  y(ss) —v(s2)
9(8,7) = (Hv(s?,) 60T Thse) =G0l Trss) = v(s»n) '

Thus, we are counting the number of pairs (5,7) € C¢ x M, for which

Yss) = v(s1) _ y(sa) —(s1) _ v(s5) —(s2)
[7(ss) =v(s)ll lv(sa) = (s)ll - llv(ss) = (s2)]]

= (0,...,0,1). (2.4)

If v € M; the image of v is in R?* C R? except for along the intervals which are

moved to resolve the singularities (and at the crossing changes in the isotopies for

d = 4). Thus, the equality in Equation 2.4 is only possible if s; = ¢; fori =1,...,5.
It v € My, then

Yts) = () A(ta) =) (ts) —y(ta)
[v(ts) = @) NIv(E) =@ lv(Es) — (&)

= (0,...,0,1)

exactly when vz = vy = vs = (0,...,0,1) and so [, \, g*(a®a®a) = £1. If
5

ve M, fori=2,...,6, then

v(t3) — y(t1)
[v(ts) — ()]

£(0,...,0,1),

and ngxMi g (a®a®a)=0. Thus, wy([Mg]) = £1.

Next, we show that w;([Mp]) = 0. Let
fev Cup(RY) — ST x §971 5 gi=t x got
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be the map shown in the diagram below, where p = ¢15 X @45 X P35 X ¢o5. Then wy

is the pushforward of f*(a ® a ® a ® «) along p : ev*Cy1(RY) — Emb(S!, R?).

f

/\

ev*Cy1(RY) C5[RY) —Z> §d=1 x §a-1 x gd=1  ga-1

| l

p( C9r[S'] x Emb(S!, RY) ——= C4[RY]

|

My~ Emb(S', RY)

Since p~1(Mp) = p; ' (CU[SY] x M), we have
Wl([Mﬁ])Z/ ffla®a®a®a).

py H(C9AS X Mpg)

Following the calculation of wy([Mj]), define
C'f) = {56 Cyi1SY i sj ¢ Niforj=1,...,4and 5 ¢ C’im) form < z}

Each configuration in C¢"¥[S'] has four points, so C§™4[S1] = Cf) - C’f)).
The arguments used to prove that fC(meB g (a® a® a) = 0 also show
5

fpfl(q&meﬁ) fflava®a®a)=0form=1,...,5.
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CHAPTER III

FIRST DIFFERENTIAL IN SINHA’S SPECTRAL SEQUENCE

3.1.  Graphs and Trees

In [22], Sinha gives a characterization of the Poisson operad Pois? and its dual
co-operad Siop? in terms of trees and graphs and gives a perfect pairing between the
two. We summarize these results below, introducing the language of graphs and trees

which will be used throughout the rest of this chapter.

Definition 3.1. A tree is an isotopy class of a planar graph consisting of only trivalent
and univalent vertices, with a distinguished univalent vertex called the root. The
remaining univalent vertices are called leaves and are labeled by elements of L(T") C
n = {1,2,...,n}. A forest is an ordered collection of trees embedded in the upper
half plane with their roots on the z-axis. If the forest has n leaves, the leaves are

labeled by the set n. We call the trivalent vertices internal vertices.

The root path of an interior vertex or a leaf is the path in the tree from the
vertex to the root. The height of an interior vertex or a leaf is the number of edges
in the root path of the vertex. If v is an interior vertex, then another vertex u (either

interior or a leaf) is above v if the root path of u passes through the vertex v.

Definition 3.2. A right (respectively, left) tall tree is a tree for which the left
(respectively, right) branch of every internal vertex is a leaf, and the leaf with the

maximal height has the minimal label.
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Ezxample 3.1. The tree shown below is a tall tree

o

3.1.1.  Sinha’s Spectral Sequence

Recall that the group Eip’ g(d—1) 0 the reduced homology spectral sequence
for Emb(I,1¢) has a subgroup isomorphic to the subgroup of Pois?(p) generated
by expressions with ¢ brackets such that each x; appears inside a bracket and the
multiplication “” does not appear inside of a bracket. This subgroup can also be
described as the vector space generated by forests with ¢ internal vertices and leaves
labeled by the set p, modulo the antisymmetry, commutativity and Jacobi identities.
The anti-symmetry and Jacobi Identities are shown below, where |T;| is the number
of internal vertices in the tree T;:

T T, T, Tl

EPRRULTLYCEY

Anti — symmetry : ,

Jacobi :

For commutativity, if two forests F; and F, contain the same trees, then F} = 0% ! F,
where o is the sign of the permutation taking the ordered set of the internal vertices

of F to the ordered set of the internal vertices of Fj.
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Ezample 3.2. The following forest represents the element [[zy,x3],24] - [22,x5] of

Ei5,3(d—1):

Definition 3.3. We will call trees with leaves labeled by ordered subsets of p (instead

of just elements of p) multi-labeled trees.

[Tk

Using multi-labeled trees, we can encode the multiplication inside of the tree
and represent the standard spanning set for Pois? using multi-labeled trees. For
example, the element [z; - 2o, 73] € Pois?(3) is represented by the following multi-

labeled tree:
1,2 3

Y

Multi-labeled trees can be written as sums of trees through the Leibniz identity, just
as bracket expressions with “” inside of a bracket pair can be rewritten using the
Leibniz rule so the multiplication only appears outside of all brackets. Recall that for

bracket expressions, the Leibniz rules states
XY, Z) = X[V, 2]+ [X.2] Y.

where X, Y, and Z are sub-expressions. For multi-labeled trees in which the leaves
labeled by sets have height greater than two, the intermediate steps cannot be written
using multi-labeled trees. Bracket expressions are much better suited to calculation

with the Leibniz rule.
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For any two leaves = and y in a (multi-labeled) tree T', there is a unique embedded
path in 7' from x to y, which we will denote pr(x,y). Similarly, for any two internal
vertices v and w in 7', there is a unique embedded path in T from v to w, which we

will denote pr(v, w).

Definition 3.4. We define the differential d; using multi-labeled trees instead of
brackets:

p
AT =Fy+ Y (—1)"T, + (=1 Fpp,

a=1
where F{ (respectively, Fj.1) is the forest obtained by adding the tree with exactly
one leaf, labeled 1 (respectively, p) before (respectively, after) the tree T, and in Fj
the label on leaf i is replaced by ¢ 4+ 1 for each leaf in T. The tree T, is the multi-
labeled tree obtained from T by replacing the label on leaf a by {a,a + 1} and the

label on leaf ¢ by ¢ 4+ 1 for all ¢ > a.

3.1.2.  The Perfect Pairing Between Graphs and Trees.

In [22], Sinha shows that the following defines a perfect pairing between Pois?(p)
and Siop?(p).

Following Sinha in [19], let I'(p) be the free module generated by graphs whose
vertices are labeled by p and whose edges are oriented and ordered. If two graphs, G
and @', differ by the orientations on k edges and a reordering of the edges given by

a permutation o, then the arrow reversing identity is given by

G — (=1)"4V(sign ¢)?G" = 0.
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The Arnold identity for three graphs which differ only in the edges between the three

vertices ¢, j and k, is shown below:

N/

— >k | ————

J

I'/j\k ) i

Definition 3.5. A long graph is graph for which each component is a linear graph
such that one endpoint vertex has the minimal label. Also, the edges are ordered

consecutively and oriented away from the vertex with the minimal label.

The following is an example of a long graph:
1—-3—4 2 —5.
Sinha shows in Lemma 4.4 of [19] that Pois?(p) is spanned by forests with leaf set p

whose trees are all tall, and Siop?(p) is spanned by long graphs with p vertices.

Definition 3.6. For any graph G' € Siop?(p) and tree T' € Pois?(p), define a function
B(G,T) : {edges of G} — {internal vertices of T'}
which takes the edge ¢+ — 7 in G to the nadir of the path in T" from the leaf labeled @

to the leaf labeled j.

A graph G € Siop?(p) defines a partition of p through its components, and a
forest F' € Pois?(p) defines a partition of p through the labels of its trees. If these

partitions are the same, then the map defined above can be extended to a map

B(G, F) : {edges of G} — {internal vertices of F'}.
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Definition 3.7. If d is even, let 7¢(G, F) = (—=1)", where N is the number of paths
in I’ corresponding to edges ¢ — j in G which travel from left to right. If d is odd,
let 7¢(G, F) be the sign of the permutation taking the ordered set of the edges of
G to the internal vertices of F' given by the map S(G, F'). The internal vertices of
F' are ordered left to right according to the planar embedding of F. For any graph
G € Siop®(p) and forest F € Pois?(p), define the pairing (G, F) as

TG, F) if B(G, F) exists and is a bijection
G ) TG G |

0 otherwise

We extend linearly as is standard, and the remarkable fact is that this well-defined —

that is the pairing vanishes on the Jacobi, Arnold, and anti-symmetry identities.

This definition of the pairing can be extended to forests made up of multi-labeled
trees, by extending the definition of 5(G,T'). If T is a multi-labeled tree and for every
edge 7+ — 7 in the graph G, the labels 7 and j appear on different leaves of T', then

the map [ defined in Definition 3.6 can be extended to a map
B(G,T) : {edges of G} — {internal vertices of T'}.

The following is essentially Proposition 2.6 in [22].

Proposition 3.1. If F' is a forest made up of multi-labled trees with leaf set L(F') = p
and G € Siop*(p), the extended pairing (G, F) is equal to the pairing (G, X F,), where
SF; is the sum of the forests obtained by expanding the multi-labeled trees in F using

the Leibniz rule.

We have already seen trees and bracket expressions as closely related

combinatorial objects. We now introduce a third formulation.
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Definition 3.8. An ezclusion relation R on a set S is a subset of S*3 such that all

coordinates are distinct and

1. If ((z,y),2) € R then ((y,x),2) € R and ((z,2),y) ¢ R.

2. If ((z,y),2) € R and ((w,z),y) € R then ((w,x),2) € R.

If ((z,v),2) € R we say that  and y exclude z. An exclusion relation is called full
if for any three elements z,y,z € S one of ((x,y),2),((z,2),y) or ((y,2),z) is an

element of R.

In [20], Sinha defines a bijective correspondence between exclusion relations and
possibly non-binary trees. The exclusion relation corresponding to a tree T is the
subset Ry C L(T)*? defined by ((z,y), 2) € Ry if there is an internal vertex v in T
such that the root paths of the leaves x and y pass through v but the root path of
z does not. Under this correspondence, full exclusion relations correspond to binary
trees.

An internal vertex v of a tree T' corresponds to a subset U, of the leaf L(T") set
that is closed under the exclusion relation Rz in the sense that if z,y € U, then x
and y exclude z for every z ¢ U,. In particular, U, is the set of all leaves which are
above v. Furthermore, if a vertex v is the nadir of the path pr(z,y), then U, is the

smallest subset containing x and y that is closed under exclusion.

Definition 3.9. Let T" be a tree with leaf set L(T"), and let Ry be the corresponding

exclusion relation.

1. A restriction S of T is defined by restricting the exclusion relation Ry to a

subset L(S)** C L(T)*3.

2. A branch S of T is a restriction where L(S) is defined as the set of all I € L(T')

above a chosen internal vertex of 7.
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3. A tall branch S of T is a branch which is a tall tree (except the leaf with the
maximal height is not required to have the minimal label) and is maximal in

the sense that if any leaves are added to S, then S is no longer tall.

A multi-labeled tree T' corresponds to an exclusion relation Ry on a set L(T') C

P(n) where P(n) is the power set of n, such that if X, Y € L(T) then X NY = &.

Definition 3.10. By a restriction S of a multi-labeled tree T, we will mean an
exclusion relation on a subset L(S) C P(n) such that for each X € L(S), there is a
set X € L(T) with X C X, and each set in L(T) has at most one subset appearing
in L(S). The exclusion relation on L(S) is defined as follows. If X, Y, Z € L(S) are

subsets of X, Y, Z € L(T), respectively and ((X,Y), Z) € Ry, then ((X,Y), Z) € Rg.

Example 3.3. The tree, T', shown in Figure 3.1 has tall branches S7, S, and S3, shown

in Figure 3.2.

Figure 3.1. The tree T'.

307
9 4 8
2 s
81= . So= Y So K/G

Figure 3.2. The tall branches of T'.
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The restriction
6
S = \ﬂ/

is not a tall branch of T" (even though it is a tall tree) because it is not a branch of 7.

Definition 3.11. An almost tall branch of a tree T is a restriction S of a tall branch

S of T such that S does not contain either of the two leaves of S with maximal height.

Definition 3.12. Let T be a tree and let S be a restriction of 7. We say S is

admissible if the leaf set L(S) can be written as

where at most one of the S; is an almost tall branch, and the rest are tall branches.

If S is an admissible restriction of T" with all of the S; tall, we say that S is
purely admissible. Otherwise, we say that S is impurely admissible. We will call the

sets S; the components of S.

Example 3.4. The almost tall branches of the tree T" from Figure 3.1 are shown below,

where the first three are restrictions of S; and the last is a restriction of Ss:
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The restrictions of T shown below are admissible, as the leaf set of each is the

union of the leaf sets of tall branches of T

The examples below of admissible restrictions have leaf sets that are the union

of the leaf sets of one almost tall branch and those of some tall branches:

4 8 37
6 9
1 5 15 9 271 5
2

The restriction

is not admissible because its leaf set is the union of the leaf sets of two almost tall

branches.

We will make frequent us of the reindexing function,

. i ifi<i+9
(1) =
1+1 ifi>14+9
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where § = 0 or 6 = 1. Recall that 7} is the multi-labeled tree obtained from T by

replacing the label on leaf [ by {l,] + 1} and the label on leaf i by r; (7).

Definition 3.13. Let S be an admissible restriction of 7', and let [ € L(T') \ L(5).
The compliment of S with respect to [ is the restriction S with leaf set L(S%!) =
L(T)\ (L(S) U {l}). We say the leaf | distinguishes S from S if for any two leaves
Iy € L(S%') and Iy € L(S), either ((1,711(11)),r11(l2)) € Ry, or ((I,r11(l2)),m1(lh)) €
Ry,

l

Equivalently, | distinguishes S from S if for any such pair of leaves ; and [y,
the path pr,(I,7.1(l1)) has a different nadir than the path pg(l,71(l2)). By abuse,

we simply say that [ distinguishes S.

Example 3.5. Let T be the tree shown in Figure 3.3.

Figure 3.3. The tree T'.

For the admissible restriction S with L(S) = {1,2,6,7,8}, the leaves labeled by
3 and 4 distinguish S while the leaves labeled 5,9, 10 and 11 do not distinguish S.
For the admissible restriction S with L(S) = {3,4,9,10, 11}, the leaves labeled

by 1 and 2 distinguish S while the leaves labeled 5,6,7 and 8 do not.
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Ezxample 3.6. Let T be the tree shown in Figure 3.3. If S is the admissible restriction

then only the leaf labeled by 5 distinguishes S. In this case, the compliment of S

with respect to 5 is

o

10

which is itself admissible. The leaves 1,2,...,8 all distinguish S¢°. In particular, the
leaf labeled 5 distinguishes S from S%° and distinguishes S° from S. This symmetry

can only occur if the leaf is itself a tall branch of the original tree T'.

Remark 3.1. Suppose S is an impurely admissible restriction of T" with almost tall
component S;, which is a restriction of the tall branch S; of T. Tf I € L(T) \ L(S)
distinguishes S, then [ € gj and the height of [ is greater than the height of every

leaf in S;.

20



Ezxample 3.7. If T is the tree shown in Figure 3.3, and S is the admissible restriction

then only the leaves 6 and 7 distinguish S. However, if S is the admissible restriction

then none of the leaves in L(T) \ L(S) distinguish S. For example, if [ = 7 then the

nadir of pz.(7,4) will be the same vertex as the nadir of pr, (7,1).

3.2. A New Formula for the First Differential

To define a new formula for the differential, we will use admissible restrictions

to define new forests.
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Definition 3.14. Let T be a tree with leaves labeled by p, let S be a restriction of
T and let [ € L(T) \ L(S). Define Fig;4) (here 0 is either 0 or 1) to be a forest with
leaves labeled by p + 1 and two trees, Ty and 17, g, which are restrictions of 7;. The

leaf sets of Ts and 17, are defined below.

1. L(TS) = 7’“5(5) U {l + 5}

2. L(Tp\s) = ris(L(T) \ L(S)).
Remark 3.2. 1f 6 = 0, the leaf [ is in T and if 6 = 1 the leaf [ is in T7\g.

Ezample 3.8. Let T be the tree given in Figure 3.1. In Figures 3.4 and 3.5, we have

examples of F{gs) for different admissible restrictions, leaves, and values of 4.

4 8

6 8
S = ) Fsan~™

Figure 3.5. An example of F(g;s with [ =7 and § = 1.

Remark 3.3. For the tree T" and admissible restriction S in Example 3.6, the forests
Flss0) and Figes 51y are equal up to a sign, as shown in Figure 3.6. Similarly, the

forests Fs5,1) and Figes 50y are equal up to a sign.
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Figure 3.6. The forests Figss0) and Fges 5 1).

Definition 3.15. Let

Br = {(S,5%,1); S or S is an admissible restriction of 7', and [ distinguishes S or S%'}.

Define a map Jl : E_p7q(d_1) — E_(p+1)7q(d_1) by

AT = Z (=)', (Fisuo + Fisiy) »
(S,5e11) By

where S is admissible. If d is even, agvl = 1 and if d is odd, agJ is the sign of the

permutation defined by fs; from Definition 3.16.

If S and S are both admissible, then the term ag{,l (F(s,l,o) + F(SM)) appears
in the sum only once, and the term does not depend on which choice of S or S¢! is

made for the admissible restriction.

Remark 3.4. If the tree T is tall with leaf set L(T) = {l1,ls,...,l,}, where [; and [,

have the greatest height, then this formula reduces to

d, T = Z ( Z (—1)’031 (F(s,z,O) + F(s,z,m)) )

SCL(T)\{l1,l2} \!l distinguishes S

In this case, [ distinguishes S exactly when [ € L(T) \ L(S) such that the height of

is greater than the height of every leaf in L(S).
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Ezample 3.9. To calculate d;([[[x1, z3], 23], x4]) using the definition of d; from the
spectral sequence, we have 24 terms after expanding using Leibniz’ Rule, many of
which cancel. Using the definition of d, above, we immediately have the mod 2

equality

1 3

2 4 1 4 1 4 1 3
~ 2 1 3 5 2 3 5 3 2 5 4 2 5
0| Y Y Y Y
2 4 1 4 1 4
1 5 3 2 5 3 3 5 2
VYT
1 3 1 4 1 4
4 5 2 2 5 3 3 5 2
VY Y
1 3 2 3 3 2 4 2
52 4 51 4 51 4 51 3
N Y Y XY

Theorem 3.1. The maps di and d, are equal. In other words, diT = diT for any
T e R

p7q(d71) ’
We immediately have the following, which is not obvious from the definition of

dy.

Corollary 3.2. For a forest, F', the differential diF is equal to a linear combination

of forests with coefficients +1.

We spend the rest of this section proving Theorem 3.1. Recall from Definition
3.4 that T; is the multi-labeled tree obtained from 7" by replacing the label on leaf [

by {l,l + 1}, and replacing i # [ by 71 (2).
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Definition 3.16. If S is an admissible restriction of T" and [ distinguishes S, we will

define a map

fsu : {internal vertices of F(g;4)} — {internal vertices of T;}

as follows. For an internal vertex v in Fgs), choose leaves x and y in Fig;s) such

that v is the nadir of the path pr, ; (,y). Define fs;(v) to be the nadir of the path

pr (T, ).

Lemma 3.1. Let T be a (multi-labeled) tree with x,y,r,s € L(T). The paths pr(z,y)
and pr(r, s) have the same nadir if and only if none of ((z,y),7), ((x,y),s), ((r,s), x)

and ((r,s),y) are in Ry.

Proof. 1f the paths pr(z,y) and pr(r,s) have the same nadir, then clearly none of
((z,y),7), ((x,y),s), ((r,s),x) or ((r,s),y) are in Ry. For example, if ((z,y),r) € Rr
then the root path of r does not pass through the nadir of pr(z,y), and so the nadir
of pr(x,y) cannot be equal to the nadir of pr(r, s).

Suppose the paths pr(x,y) and pr(r,s) have different nadirs. If the nadir
of pr(x,y) is above the nadir of pr(r,s), then either ((x,y),r) or ((z,y),s) is in
Ry. Similarly, if the nadir of pr(r,s) is above the nadir of pr(z,y), then either
((r,s),z) or ((r,s),y) is in Ryp. If neither nadir is above the other, then all four of
((x,y),7),((x,y),s),((r,s),x) and ((r,s),y) are in Rr. Thus, if the paths pr(z,y)
and pp(r, s) have different nadirs, then at least one of ((z,y),r), ((z,v),s), ((r,s), z)
and ((r,s),y) is in Ry. Equivalently, if none of ((z,v),7), ((z,v),s), ((r,s),z) and

((r,s),y) are in Ry, then the paths pr(z,y) and pr(r, s) have the same nadir. O

Lemma 3.2. If S is an admissible restriction of T and the leaf | distinguishes S,

then for 6 =0 or d =1 the map fs,; is well-defined.
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Proof. Suppose the vertex v in Fg,5) is the nadir of both the path pr,, (z,y) and the
path prg, 5 (r,5). Then the leaves x,y,r, s are all in the same tree in F(g; 5) — call this
tree T,,. By Lemma 3.1, none of ((z,y),7), ((x,y), s), ((r,s),z) or ((r,s),y) are in Ry, .
Since T, is a restriction of 7}, this implies that none of ((z,y),7), ((z,v),s), ((r,s),x)
or ((r,s),y) are in Ry;. By Lemma 3.1, the paths pp(x,y) and pr(r,s) have the

same nadir. Thus, fg; is well-defined. O

Definition 3.17. Let T be a tree and S a restriction of 7. A set A C L(T') of leaves

is not separated by S if either A C L(S) or A C L(Tp\s).
To construct an inverse to fg;, we will need the following.

Lemma 3.3. Let S be an admissible restriction of T and assume the leaf [
distinguishes S. Let the leaves x,y,r,s € L(1}) be such that the leaf sets {x,y}
and {r,s} are not separated by S. If the paths pr,(z,y) and pr,(r,s) have the same

nadir, then {x,y,r, s} is not separated by S.

Proof. Since the exclusion relation is full, one of ((r,s),1),((r,1),s) or ((s,1),r) is in
Ry,.

If ((r,s),l) € Ry, then the root path of I does not pass through the nadir of
pr;(r, s). This implies that « and y also exclude [. Suppose, by way of a contradiction,
that x,y € L(Ts) and r,s € L(Tp\g). Since [ distinguishes S, either ((r,1),z) € Ry,
or ((z,l),r) € Ry,. If ((r,1),x) € Ry, then ((r,s),l) € Ry, implies that ((r,s),x) €
Ry,

l

By Lemma 3.1 this contradicts that the paths pg(z,y) and pr(r,s) have
the same nadir. If ((z,1),r) € Ry, then ((x,y),l) € Ry, implies that ((z,y),r) €
Ry, contradicting that the paths pg(z,y) and pr,(r, s) have the same nadir. Thus,
{z,y,r, s} is not separated by S.

Suppose ((r,1),s) € Ry,. Since the paths pr,(z,y) and pr,(r, s) have the same

nadir (call the nadir v), we may assume that ((s,z),r) € Ry. This means that the
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root paths of s and x pass through the vertex v from one side, while the root paths

of r,y and [ pass through v from the other side, as shown in Figure 3.7.

- R

’ ~ 7 .

i N \
s /

IR Y | A |
\ ’

~ s

Figure 3.7. The arrangement of the leaves with respect to the vertex v.

From Figure 3.7, we see that ((s,z),l) € Ry. Thus, ((I,z),s) ¢ Ry and
((1,s),z) ¢ Ryy. Since [ distinguishes S, the set {s,z} is not separated by S. Thus,
{z,y,r, s} is also not separated by S.

Similarly, if ((s,1),r) € Ry, then {z,y,r, s} is not separated by S.

[

Proposition 3.2. If S is an admissible restriction of T' and the leaf | distinguishes

S, then for 6 =0 or 6 =1 the map fs; is a bijection.

Proof. Let wy and wy be two vertices in F(g;4) such that fs;(wi) = fs;(w2) = v.
Choose leaves x and y in F(g;s so that w; is the nadir of the path pF(Sylyé)(a:,y).
Similarly, choose leaves r and s in F{g;s so that wy is the nadir of the path
PFs.5 (7 8). Then the vertex v is the nadir of both the path pr, (x,y) and the path
pr,(r,s). By Lemma 3.3, the leaves x,y,7, s are all in the same tree in F(g;4). Call
this tree T,,.

By Lemma 3.1 none of ((z,y),7),((z,v),s),((r,s),z) or ((r,s),y) are in Ry,.

Since T, is a restriction of 7}, this means none of ((x,y),r), ((x,y),s), ((r,s),x) or
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((r,s),y) are in Ry,. By Lemma 3.1, the paths pr, (x,y) and pr, (7, s) have the same
nadir. The vertices w; and wy in Fg; s must then be the same, and fg; is injective.

Since both F{g;s) and T; have p — 1 vertices, f is a bijection. O

Let T be any tree in E! ) and let G € Siop(p + 1). Recall from the

definition of d; that the pairing (G, d;T) is given by
p
<G7 le) = <G7 F0> + Z(G’ (_1)aTa> + <G7 (_1)p+1Fp+1>‘
a=1
Recall as well that the pairing (G, d,T) is given by

(S,chl,l)EBT

We will show d,T = d,T by showing that (G,d,T) = (G, d,T) for every long

graph in Siop?(p + 1). The following is immediate.

Lemma 3.4. Let G € Siop?(p+1) be a long graph and F € Pois?(p+1). The pairing
(G, F) is non-zero if and only if the partition of p + 1 defined by the components of
G is equal to the partition defined by the trees in F' and (G',T) # 0 for each pair of

a component G' of G and a tree T of F' such that
{vertices of G'} = {leaves of T'}.

Fix a long graph G € Siop®(p + 1). Both T, and Fig, 5 have p — 1 vertices, so
we may assume that G has p — 1 edges and therefore is a long graph with exactly two

components.
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Lemma 3.5. If one of the components of G has one vertex and no edges, then

(G, d,T) =0 and (G,d,T) = 0.

Proof. Suppose one of the two components of G has zero edges and one vertex. If
(G, Fy) # 0 then the vertex in the component of G with one vertex is 1, and (G, 77) =
(G, Fp). Similarly, if (G, F,+1) # 0 then the vertex in the component of G with one
vertex is p+1 and (G, T,) = (G, F,). If (G,T,) # 0 then the vertex of the component
of G with one vertex is either a or a + 1. If this vertex is a, then (G, T,-1) = (G, T,),
otherwise (G, T,+1) = (G,T,). Thus, in the sum (G, d,T) any non-zero terms occur
in pairs with opposite signs, so (G,d,T) = 0. Furthermore, (G, J1T> = 0 because

every forest in d,T consists of two trees, each with two or more leaves. O

Thus, we may assume G is a long graph with two components and each

component has at least one edge. In particular, (G, Fy) = 0 and (G, F,41) = 0.

Lemma 3.6. Let G be a long graph with two components. If (G,T,) # 0, then each

component of G contains one, but not both, of the vertices with labels a and a + 1.

Proof. 1f either component of G contains both the vertex labeled a and the vertex
labeled a + 1, then this component defines a path on 7T, starting and ending at the
leaf labeled {a,a+ 1}. Every internal vertex in this path appears at least twice. The
vertex with minimal height must then be the nadir of the paths determined by two
edges in this component of G. If (G, T,) # 0 this is impossible, so each component

of G has a vertex labeled by one of a or a + 1, but not both. O]

Definition 3.18. Assume (G, 7T,) # 0, and let G’ be the component of G which does
not have the edge corresponding to the vertex in 7T, directly below {a,a + 1}. If G’
has a vertex labeled by a, let §, = 0; otherwise, let 6, = 1. Let S, be the restriction

of T" whose leaf set is T;§a ({vertices in G’} \ {a,a + 1}).
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Definition 3.19. The root vertex of a restriction S of T' is the second highest vertex

of T through which all the root paths of [ € L(S) pass.

Lemma 3.7. If (G,T,) # 0, then at least one of S, or S&* is admissible and a

distinguishes that set. In other words, (S,, S$* a) € Br.

Proof. First we show that S, is admissible. The leaf set L(S,) can be written as
L(S,) = U, L(S;), where each S; is either a tall branch or an almost tall branch. We
can choose this union to be maximal in the sense that no two almost tall branches in
the union are restrictions of the same tall branch. For each S;, let S’i be the restriction
of T, with leaf set r,1(L(S;)).

Recall that S, is defined as the restriction of T whose leaf set is
ros, ({vertices in G'} \ {a,a + 1}). Thus, G’ contains the vertices with labels
corresponding to the leaves in L(S;) for each i. For each pair of indices i # j,
the path on T, determined by this component passes through the nadir of the path
pr, (toot of S, root of S;).

If both S; and S; are almost tall branches of 7", then 5’1 and S*j are restriction
of tall branches, S’Z’ and S”;, of T,. The second component of G contains vertices
with the same labels as the leaves in L(S!) \ L(S;) and L(S;) \ (S;). Thus,
B(G,T,) will map one of the edges from the second component of G to the nadir
of the path pr,(root of S;, oot of gj), which is equal to the nadir of the path
pr, (root of S/, root of g;) Since (G, T,) # 0, this is impossible. Thus, at most one of
the S; can be an almost tall branch of T', and S, is admissible.

Now we show that a distinguishes S,. Let [; € L(S%!) and I, € L(S,). Suppose,
by way of a contradiction, that ((r,1(l1),741(l2)),a) € Ry,. This implies that the
paths pr, (r41(l1),{a,a + 1}) and pr, (r41(l2), {a,a + 1}) have the same nadir — call

this vertex v. Since r,1(l2) is the label of a vertex in G’, this component determines
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a path on T, between the vertex v and the leaf {a,a + 1}. However, r,1(l1) is
the label of a vertex in the other component of G, so this component determines
another path on 7T, between v and {a,a + 1}. Since (G,T,) # 0, the vertex in
each of these paths with minimal height must be v, so v the image under (G, T,)
of one edge from each component of G. This is impossible, because 3(G,T,) is a
bijection, and so ((r41(l1),741(l2)),a) ¢ Ry,. The equivalence relation is full, so either
((a,741(lh)),ma1(l2)) € R, or ((a,741(l2)),701(l1)) € Ry,. Thus, a distinguishes S,.

O

In Example 3.11, the leaf set of S7 is the union of the leaf sets of one almost
tall branch of T" and one tall branch of T'. In Example 3.12, the leaf set of S, is the
union the the leaf sets of two tall branches of 7.

Define sets A and Agp to keep track of which terms in (G, d,T) or (G, d,T)

are nonzero. In other words,
Agr={acp : (G, T,) = +1},
and
AG,T = {(S,l,5) . (S, Sc’l,l) c BT7 and <G, F(,5’71,5)> = :]:1}

We will show A¢gr and AG,T are isomorphic as sets, and thus (G, d,T) = (G, d,T)
mod 2.

Provisionally, we define a map ¢ : Agp — Agr by ¢(S,1,6) = 1.

Lemma 3.8. The map ¢ : Agp — Agrp is well-defined.
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Proof. Assume that (S,1,6) € Agr, so (G, Fisi5) # 0. We have the following

sequence of bijections:

Fisi.6)

B(G
{Edges of G} P Feun), {Vertices of F(g6)} st {Vertices of T;} .

Recall from Definition 3.6 that if 3(G, Fs,s)) is defined, then it sends the edge i — j
in G to the nadir of the path PFs..5) (7,7). The map fg, then sends this internal vertex
to the nadir of the path pr, (7, 7). Thus, the composition of these bijections is 5(G, T;),
the set map used in the pairing (G,T;). The map (G, T;) is therefore a bijection,
and (G, T;) # 0, as needed for ¢ to be well-defined. O

We work out an example of the composition fg;03(G, Fg,,s)) in Example 3.10.
Provisionally, we define another map 1 : Agr — Agr by ¥(a) = (S, a,d,). The

image 1(a) is calculated in Examples 3.10, 3.11 and 3.12 for various situations.
Lemma 3.9. The map ¢ : Agr — flG’T is well-defined.

Proof. Fix a € Agp. By Lemma 3.7, (S,, 5%, d,) € Br. Since (G, T,) # 0, we have

the following sequence of bijections:

G,T,

u ISua
{Edges of G} - G {Vertices of T, } 2“*> {Vertices of Fisuasa)} -

The map 5(G,T,) sends the edge i — j to the nadir of the path pr, (7, 7). If the edge
i — j is in the component G’ of G, then the leaves i and j in F(g, qs,) appear on
the tree Ts,. Otherwise, the leaves ¢ and j appear on the tree T7\g,. Thus, the map
fs_al,a maps the nadir of the path pr, (i, j) to the nadir of the path prg, ;. (4,7). An

example calculation of this composition is done in Example 3.10. The composition
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of these bijections is B(G, Fis,.as,)), the set map used in the pairing (G, Fs, a..))-

Thus, this map is a bijection and (G, F{s, 4,6.)) 7 0. O
Lemma 3.10. The maps b and ¢ are inverse set isomorphisms.

Proof. Clearly, po1 is the identity, so it remains to show that the composition oy :
Agr — Agrp is the identity. An explicit calculation of these as inverse isomorphisms
is shown in Example 3.10. If (G, F(g;4)) 7# 0 then ¢ o ¢(S,1,0) = (1) = (51,1, 6).
Since (G, F(s,5)) # 0 and (G, F(g,1.5,)) # 0, the partition of p + 1 defined by the trees
in F(g;4) is equal to the partition defined by the trees in F(g,;s,. Since the same leaf,
[, is used in the definition of both forests, the admissible sets S and S; must be the
same and 6 = 9.

]

Proof of Theorem 3.1. We have now shown that (G,d,T) = (G,d,T) mod 2 for
every tree T € Pois?(p) and every long graph G € Siop?(p + 1) by showing that the
sets Agr and flG,T are isomorphic. To show that d;T = cle, we will show that the
isomorphisms ¢ and 1 also preserve the signs.

That is, we will show that for any long graph G € Siop®(p + 1) and tree T €

Pois?(p), we have

(G, (=1)"To) = (G, (=1)*050.aF(s0.0.00))- (3.1)

This pairing is calculated in Examples 3.12 and 3.11. Recall that if d is even
Ung =1 and if d is odd ag,l is the sign of the permutation defined by the map fg;
from Lemma 3.2.

When d is even, the equality in Equation 3.1 reduces to (G, T5,) = (G, F(s,.a,5.))-

Since the trees in Fig, q,) are restrictions of T;, the paths used to define the maps

63



B(G,T,) and 3(G, Fg,as,)) have the same number of paths traveling from left to
right, and (G, T,) = (G, F(s,,a0,))- Thus, (G,T,) = (G, F(s,.a,6.))-
When d is odd, (G, (-1)T,) = (—=1)%%(G,T,), where 0%(G, T,) is the sign of

the permutation given by (G, T,). Also

(G, (=1)08,.0F(80,.060)) = (—1)*080.0 - 0UG, F(s,.080))s

where o, o - 0%(G, F{s,,a,,)) 1s the sign of the permutation given by the composition

B(G\Fsy 050
{edges of G} (Ol tsuaw)

{internal vertices of F(Sa,aﬁa)}f&“—’k {vertices of T,} .

Since f Oﬁ(G7 F(Sa,a,éa)) = B(G, Ta)7 we have 0Sa,a" Ud(Ga F(Sa,a,éa)) = U(Ga Ta)' Thus,
<G7 (_1)0‘Ta> = <G7 <_]‘)ao—sa7aF(Saya,6a)>'
We now have that (G,d,T) = (G,d,T) for every tree T € Pois*(p) and every

long graph G € Siop®(p), so the maps d; and d; are equal. ]

Example 3.10. Let T be the tree shown in Figure 3.1, and let S be the admissible
subset of T shown in Figure 3.4. The multi-labeled tree T} and the forest Fig ) are
shown in Figure 3.8, with their internal vertices ordered from left to right according
to the planar embedding. We will check that ¢(S,1,0) and (1) are well-defined,

that ¥ o ¢(5,1,0) = (5,1,0) and that p o(1) = 1.
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Figure 3.8. The tree T; and the forest F{g ) with internal vertices labeled.

The map fg; : {internal vertices of F{g10)} — {internal vertices of 7'} is given
by the permutation (5678). Let G be the graph shown below, with edges labeled from

left to right:

Then (G, Fis;1,0) = £1 and (G, T1) = %1, with the bijections given by 5(G, Fis.1,0)) =
(14)(23) and B(G, T)) = (14)(23)(5678).

First we will check that ¢(S5,1,0) = 1 is an element of Agy. We find that
the permutation defined by (G, T1) is (14)(23)(5678), which is clearly a bijection.

Alternatively, the composition below

B(GvF(S,l,O))

{Edges of G} {Vertices of F(g10)} for {Vertices of T}

is given by (14)(23)(5678). This illustrates that fo (G, Fis1,0) = B(G,T1), as in the
proof of Lemma 3.8.
Next we will calculate (1) = (S, 1,6;) and see that it is an element of Ag .

The map B(G,T) sends edge 8 to vertex 5, the vertex directly below {1,2} in 77.
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The component of G which does not contain edge 8 is

G=1-1-3-2.10-2-8-2.4- 5.5 6.9 "7,

From here, we can see that the leaf set of Sy is L(S1) = {2,9,7,3,4,8,6}. Since their
leaf sets are the same, S; and S are the same restriction of 7". Since G’ contains the
vertex 1, we have §; = 0. This gives us that (1) = (5, 1,0), which we have already

checked is an element of AQT. We can also check explicitly that the composition

1

=
B(G,Ty) {VertiCeS of Tl} o {Vertices of F(sl,l,al)}

{Edges of G}

is B(G, Fis, 1.60)):
foi 0 B(G,Ty) = (5876)(14)(23)(5678) = (14)(23) = B(G, Fis,1.5,))-
We now have that
$op(S,1,0) = (1) = (5,1,0),

and

potp(1) = p(S8,1,0) = 1.

Example 3.11. If T is the tree in Figure 3.1, then 7% is the multi-labled tree shown

in Figure 3.9. We will check that ¢ (7) is well defined and that 1 respects the signs.
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Figure 3.9. The mulit-labeled tree 7% with internal vertices labeled.

The graph G, shown below, pairs non-trivially with 77 since 5(G, T7) = (1524)

is a bijection.

The map (G, T7) sends edge 4 of G to vertex 1, and the component of G which

does not contain edge 4 is

G =1-—t-5-2.8 3.9,

This gives us that the leaf set of S; is L(S7) = {1,5,2}. Thus, S; is the restriction

shown in Figure 3.10.

Figure 3.10. The restriction S; of T

The restriction S7 is admissible because the leaf set L(S7) = {2} U {1,5} is the
union of the leaf sets of one tall branch and one almost tall branch of T". The leaf 7

distinguishes the restriction S7, as the nadir of the path pr. (7,7) is not equal to the
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nadir of the path pr.(7,7) for i = 3,8,10,4,9,6 and j = 2,1,5. We have that §; = 1

because G’ contains the vertex 8. The forest 1)(7) = F{g, 7,1y is shown in Figure 3.11.

Figure 3.11. The forest F{g,71) with internal vertices labeled.

The pairing (G, F(s, 71)) = £1 as B(G, F(s,7,1)) = (13) is a bijection.

To check that 1 respects the signs, we need to check that (G,(—1)"Ty) =
(G, (=1)'08, 7 Fis;m)-

If d is even, we can see that the paths determined by G on T7 travel in the same
direction as the paths determined by G on F(g, 71y, and each has seven traveling from

left to right, so

(G, (=1)T7) = (=1)"(=1)" = (G, (1) Fs;1))-

If d is odd, we find that fsr; = (13524) has sign 1, so 0¢_; = 1. Furthermore,
B(G,Tr) = (1524) and B(G, Fs,7,1)) = (13) both have sign —1. Then (G, (—1)"Ty) =
(=1)7(=1) = L and (G, (=1)70§, ;Fis,.7n)) = (-=1)"(1)(-1) = L.

Example 3.12. If T is the tree in Figure 3.1, then T} is the multi-labled tree shown

in Figure 3.12. We will check that v)(4) is well defined and that v respects the signs.
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Figure 3.12. The mulit-labeled tree T with internal vertices labeled.

The graph G, shown below, pairs non-trivially with T} since 5(G,Ty) = (153)(24)

is a bijection.

The map B(G,Ty) sends edge 7 of G to vertex 7 of Ty, and the component of G

which does not contain edge 7 is

G=1-t-6-2-3-3.8 % 10-2-92 5.5,

This gives us that the leaf set of Sy is L(S4) = {1,5,3,7,9,2}, and S is the restriction

shown in Figure 3.13

Figure 3.13. The restriction Sy of T with internal vertices labeled.

The restriction Sy is admissible because the leaf set L(S4) = {3,7,9,2} U {1,5}

is the union of the leaf sets of two tall branches of T'. The leaf 4 distinguishes the
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restriction S;. We have that 64 = 1 because G’ contains the vertex 5. The forest

Y(4) = Fig, 4,) is shown in Figure 3.14.

Fsan™

Figure 3.14. The forest F{g, 4,1) with internal vertices labeled.

The pairing (G, F(s,.41)) = 1 as B(G, Fis,41)) = (153)(24). In this example,
fs.4 is the identity, so agma =1 for all d. To check that ¢ preserves the signs, we need
to check that (G, (—1)*T,) = (G, (—1)"F(s,a.6.))-

If d is even, we can see in Figures 3.12 and 3.14 that the paths used to determine
the sign of (G, Fg,,4,1)) travel in the same direction as the paths used to determine
the sign of (G, Ty), and (G, Fig,41)) = —1 = (G, Ty).

If d is odd, then (G, Fig,4,1)) = —1, the sign of the permutation (153)(24). But

this permutation is the same as the permutation

f5'4,4 o /B(Ga F(S4,4,1)) = (153)<24) = B(Gv T4)

Thus, (G, (—1)*Ty) = (G, (—1)*F (s, 4,6,)) for all d.
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