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DISSERTATION ABSTRACT

Jeffrey Musyt

Doctor of Philosophy

Department of Mathematics

June 2019

Title: Equivariant Khovanov Homotopy Type and Periodic Links

In this dissertation, we give two equivalent definitions for a group G acting
on a strictly-unitary-lax-2-functor D : 2" — 2 from the cube category to the
Burnside category. We then show that the natural Z/pZ action on a p-periodic
link L induces such an action on Lipshitz and Sarkar’s Khovanov functor Fgp (L) :
2" — % which makes the Khovanov homotopy type X (L) into an equivariant knot
invariant. That is, if a link L’ is equivariantly isotopic to L, then X'(L’) is Borel

homotopy equivalent to X'(L).

v



CURRICULUM VITAE

NAME OF AUTHOR: Jeffrey Musyt

GRADUATE AND UNDERGRADUATE SCHOOLS ATTENDED:

University of Oregon, Eugene, OR, USA
University of Scranton, Scranton, PA, USA

DEGREES AWARDED:

Doctor of Philosophy, Mathematics, 2019, University of Oregon
Master of Science, Mathematics, 2017, University of Oregon
Bachelor of Science, Neuroscience, 2009, University of Scranton

AREAS OF SPECIAL INTEREST:

Low Dimensional Topology
Knot Theory
Khovanov Homology

PROFESSIONAL EXPERIENCE:

Graduate Teaching Fellow, University of Oregon, Fall 2013 - Spring 2019

GRANTS, AWARDS AND HONORS:

Frank W. Anderson Graduate Teaching Award, University of Oregon, 2018



ACKNOWLEDGEMENTS

Thanks to Robert for being an excellent advisor, for his help and
encouragement, for his guidance and humor, and for generally being for it.

Thanks to my family for all the love they have shown me during the past
six years. To my Mom and Dad for all the supportive phone calls, to Jon and Jenn
for their continued support and encouragement, to Jordan and Peter for always
brightening my day, and to Grandma Chickie for all her thoughts and prayers.

Thanks to the following long list of friends all of whom share a large part
in my success: My classmates - Keegan, Ryan, Ben, Janelle, Clair, Paul, and
Christophe; My fellow departmental friends - Katie, Helen, Sarah, Andrew, Rob,
3T, Bradley, Mike, Christy, Joe, Maya, Fill, Martin, Nate, Kelly, Ross, Dana,
Nathan, Jake, Eli, and Marissa; My non-departmental friends - Corin, Alicia,
Ashley, and Wendell; My fellow cyclist - Matt; My math circle crew - Maria,
Natalie, Sean, and Thomas; My fellow Tracktown Swing members - Nick, Nika,
Marissa, Sophie, Rachel, Curtis, Dodi, Shane, Shanoah, Bjorn, Matthew, Barb,
Cameron, and Min Yi; and My editor - Gerard.

Thanks to the whole University of Oregon Math Department: Mike for
his advice about teaching; Jessica, Mary, Sherilyn, and Elise, for their help in the

office; and all the professors who helped me become a better mathematician.

vi



To my famaly.

vii



TABLE OF CONTENTS

Chapter Page

[2.1 The Cube Category| . . . . . . . . . . . . . . . . . . . .. 7
[2.2 The Thickened Cube Categoryl . . . . . . . . . . . . . . .. 8
[2.3 The Burnside Categoryl . . . . . . . . . . . . . . . . . . .. 9
[2.4 Functors from the Cube to the Burnside Category] . . . . . . . . 10
[2.6 Homotopy Colimits| . . . . . . . . . . . . . . . . . . ... 17
[2.7 The Khovanov Homotopy T'ype . . . . . . . . . . . . . . . . 18

L GROUP ACTIONS ON CATEGORIES AND FUNCTORST . . . . . . 21

V. A Z/pZ-ACTION ON THE KHOVANOV HOMOTOPY TYPE| . . . . 27

V., PROOEF OF INVARIANCE] . . . . . . . . . . . ... 39

viil



LIST OF FIGURES

Figure Page
(1.  Examples of Knot Diagrams| . 4
[2.  Examples of Periodic Knot Diagrams| . . 6
[3.  Examples of Equivariant Reidemeister Moves| 7
4. The Ladybug Configuration| . 15
[>.  Resolutions of Crossings| . . 41
[6.  Subcomplexes and Quotient Complexes for the Proot of |
| Invariance under the Equivariant Reidemeister 11 Move] 47
[7. Additional Subcomplexes and Quotient Complexes for the Proot |
| of Invariance under the Equivariant Reidemeister II Move| . . 48
[8. A Subcomplex of (' from the Proof of Invariance under the |
| Equivariant Reidemeister [1I Move| 52
9. A Subcomplex of C'5 from the Prootf of Invariance under the |
| Equivariant Reidemeister 111 Move] . . 53

X



CHAPTER I
INTRODUCTION

In 1985, Jones described a new polynomial knot invariant satisfying a
skein relation [Jon85]. Two years later, Kauffman gave a state model definition
for the Jones polynomial by defining what is now called the Kauffman Bracket
[Kau87]. The Jones Polynomial is celebrated not only because it is relatively
good at distinguishing knots, but also because it was used by Kauffman [Kau87],
Murasugi [Mur87], Thistlethwaite [Thi87| [Thi88|, and Menasco and Thistlethwaite
[IMT93] to prove the Tait Conjectures from 1898 [Taid8]. In 2000, based on an
idea of Crane and Frenkle [CF94], Khovanov categorified the Jones polynomial by
assigning a bigraded abelian group to an oriented link [Kho00]. This is a refinement
of the work of Jones in the sense that the graded Euler characteristic of Khovanov
Homology is the unnormalized Jones polynomial. As a further refinement of the
Jones polynomial and Khovanov homology, Lipshitz and Sarkar [LS14] constructed
the Khovanov stable homotopy type X, (L) by using the notion of flow categories
described by Cohen, Jones, and Segal in [CJS95]. More precisely, for each oriented
link diagram L, Lipshitz and Sarkar constructed a family of suspension spectra

X(L)=V,; X7}, (L) such that

(1) The reduced cohomology of X7, (L) is the same as the Khovanov homology
Kh*i(L) :
' (X4,(L) = KW9(L)
(2) The homotopy type of X Ij(h(L) is determined by the isotopy class of the link
L.



Shortly afterwards, a similar spectrum invariant was described by Hu, Kriz, and
Kriz utilizing different techniques [HKK12]. In [LLS15a], Lawson, Lipshitz, and
Sarkar gave an equivalent construction of the Lipshitz-Sarkar Khovanov homotopy
type by defining a strictly-unitary-lax-2-functor Fp(L) @ 2" — A from the cube
category to the Burnside category, and by using this reformulation they showed
that the Lisphitz-Sarkar and Hu-Kriz-Kriz invariants were homotopy equivalent.

In 1961, Fox first suggested studying classes of knots with various forms of
symmetries. One such class of links is periodic links, which are links that possess
a diagram with a rotation symmetry [Fox61]. In 1988, Murasugi showed that
there is a relationship between the Jones polynomials of a periodic link and its
quotient link, creating an obstruction for when links can be periodic [Mur8§].
In 2007, Chbili defined a G-equivariant Khovanov homology when G is a cyclic
group of odd order [Chb07]. In 2015, Politarczyk defined another equivariant
version of Khovanov homology for periodic links that is an analogue to Borel
equivariant cohomology [Pol15]. In 2018, Borodicz, Politarczyk, and Silvero
extended Politarczyk’s work by utilizing equivariant cubical flow categories to
define an equivariant Khovanov homotopy type [BP17]. They also related the
Borel equivariant homology of the homotopy type to Politarczyk’s equivariant
Khovanov homology. In 2018, Stoffregen and Zhang also constructed a Khovanov
homotopy type for periodic links by constructing an equivariant version of Lawson,
Lipshitz, and Sarkar’s Khovanov functor [SZ18]. It is currently unknown if these
two constructions result in equivalent equivariant homotopy types.

In the following chapters, we will give a third construction of an equivariant
Khovanov homotopy type Xk (L) for periodic links. More precisely, we will prove

the following



Theorem 1.1. For a p-periodic link L, the natural action of Z/pZ on L induces a

Z./pZ action on Xgp(L) which makes X (L) a naiwve Z/pZ-spectrum.

Theorem 1.2. If L and L’ are equivariantly isotopic p-periodic links, then Xgp(L')

is Borel homotopy equivalent to Xxp(L).

By Borel homotopy equivalent, we mean that we can find collection of naive Z/pZ-

spectra X; and Y;_; such that we get a composition of roofs

Xl X2 \ XZ
N <\
Xin(L) Y, \ e Yi Xien (L)

where the downward maps are equivariant and induce homotopy equivalences but
the inverse maps Y; — X; need not be equivariant.

To prove theorems 1.1 and 1.2 we will do the following: we will give two
equivalent definitions for what we mean for a group G to act on a strictly-unitary-
lax-2-functor (chapter 3); we will then define how Z/pZ acts on the Khovanov
functor Fkp(L) : 2" — 2 and how this group action can be extended to an action
on Xgp(L) (chapter 4); and finally we will show that X}, (L) is an equivariant knot

invariant (chapter 5).



CHAPTER II
BACKGROUND
In this chapter we will recall definitions and set notation so that we can
describe both the Khovanov functor F), : 2" — % and the construction of
the Khovanov homotopy type Xk (L). We begin with our main object of study,

periodic links.

Definition 2.1. A link L of m components is a piecewise linear embedding of m

disjoint copies of S' in S3. A knot is a link with only one component.

It is often easier to represent a knot by using a knot diagram, which is the
projection of the knot onto a plane with small breaks to indicate where one strand
crosses over another strand. The convention is that the projection of the over-
strand remains intact while the projection of the under-strand is broken. Figure

contains a few examples of knot diagrams.

Slight changes to the embedding of the circles that make up a link L do not affect
how “knotted” or “linked” the components of L are in S3, and so links are only

considered up to isotopy.

OO

Unknot Trefoil Figure 8

Figure 1. Diagrams for the Unknot, Trefoil, and Figure-8 knot.



Definition 2.2. Let f,g : 1", ST — 83 be two piecewise linear embeddings of
1", St in S3. An isotopy from f to g is a piecewise linear continuous map H :
e, St x[0,1] — S such that H(—,0) = f, H(—,1) = g, and H(—,t) is a piecewise

linear embedding of 1™ S* in S* for all t € [0,1].
Using this definition, we can now describe an equivalence relation for links.

Definition 2.3. Two links L1 and Lo are equivalent if there exists an isotopy

between them.

Explicitly describing the isotopy between two links can often be quite difficult, and
so it is often helpful to use the following theorem of Reidemeister to determine

when two knot diagrams represent the same equivalence class of links.

Theorem 2.4. [Rei7]] Two links Ly and Ly are equivalent if and only if a diagram
Dy representing Ly can be transformed into a diagram Dy representing Lo by a

sequence of the following three types of moves

P

Q~/A\~Q Type | N~ =~ %X Typell

r X /
/\ ~ /b/\ Type Il

The main focus of this paper will be a specific class of links called periodic

links.

Definition 2.5. A link L is called p-periodic if it possesses a knot diagram with a

2?” rotational symmetry about a point not in the image of L.

In figure 2] rotating each knot diagram about the marked center point shows that

the Hopf Link is 2-periodic and that the Trefoil is 3-periodic.
5



D &

Hopf Link Trefoil
Figure 2. A 2-periodic diagram for the Hopf Link and a 3-periodic diagram for
the Trefoil
Two p-periodic links L; and Ly are equivariantly isotopic if there exists an
isotopy between L, and Ly that respects the 2?“ rotation symmetry of the two links.
As with the non-equivariant case, it is often easier to think of this equivariant
isotopy in terms of diagrams, so we will now define the concept of equivariant

Reidemeister moves.

Definition 2.6. Given a p-periodic knot diagram D for a link L, an equivariant
Reidemeister move of type I (resp. II or III) is the result of performing a regular
Reidemeister move of type I (resp. II or I1I) and the p — 1 images of that move

under the rotational action on D.

Examples of the first and second equivariant Reidemeister moves can be seen in
figure [3] We now give a proof of the following proposition, which can be thought of

as an equivariant verison of Reidemeister’s theorem.

Proposition 2.7 ([BPS1§| - Proposition 2.7). Let Ly and Ly be two p-periodic links
and let Dy and Dy be two p-periodic diagrams representing Ly and Lo, respectively.
Every equivariant isotopy from Ly to Lo can be realized by a sequence of equivariant

Reidemeister moves from Dy to Ds.

Proof. Quotienting Dy and Dy by the rotation action will result in two isotopic

diagrams D and Di representing the quotients of the links Ly and Ls. Since DY



(D) =X o

Equivariant Reidemeister Move I
O -~

O&O ~ &)

Equivariant Reidemeister Move 11

Figure 3. Examples of equivariant Reidemeister moves.

and D3 are isotopic, there is a sequence of regular Reidemeister moves transforming
one into the other. This sequence of moves between DY and Di lifts to a sequence

of equivariant Reidemeister moves from D; to Ds. O

Another important fact about periodic links is that Z/pZ acts naturally on
any p-periodic link L. More precisely, ¢ € Z/pZ acts on L by rotating the link %
radians. This is the natural action that will be used to induce an action on Xp(L).
2.1 The Cube Category

The objects of the n-dimensional cube category 2" are elements of the
product {0,1}". There is a partial ordering on Ob(2") with (uy,...,u,) >

(v1,...,v,) whenever u; > v; for all 1 < i < n. This partial ordering also induces a

grading on Ob(2") given by the L'-norm

n
lu| = Z Uj.
i=1

It will occasionally be useful to know the difference in grading between u and v,
and so we will sometimes write u >, v when v > k and |u| — |v| = k. Additionally,

we will occasionally write u—ev when u >; v in order to emphasize that u and

7



v are joined by a single edge in the cube. The partial ordering on the objects also
induces the morphism structure in 2" with there being a unique morphism ¢, ,
between u and v whenever u > v and no morphism otherwise. (i.e Homgn (u,v) =
{¢ur} when u > v and Homgn (u,v) = 0 otherwise.) We will view 2" as a strict 2-
category that contains no non-identity 2-morphisms. It will be helpful later to have

the following sign function

Definition 2.8. Foru = {uj,us,...} >3 v = {vy,0q,...}, let k be the unique

element of {1,2,...,n} such that u; > vi. Define

k—1
89Ny = Zul (mod 2).
i=1
2.2 The Thickened Cube Category
The objects of the thickened cube category 2" are composable pairs of
morphisms © —= v ~% w for any u,v,w € Ob(2"). A morphism between

Pu, Vo, Pul ! Pl ! . . .
u—= v — w and v’ —— v/ — w’ is a commutative diagram of the form

Pu,v Po,w
Uu v w
Pu’ P’ v Pw,w!
/ / /
U Pt v Gt w'.

Note the upward direction of the middle vertical map. We will occasionally

refer to a morphism by the triple (©yu, Qv vy Pww) Of its vertical maps. The
composition of two morphisms (@u v, Yo v, Puww) a0 (Puws Pur /s Pur wr) 18 just
formed by vertically stacking the two commutative diagrams, or more succinctly
(Pur s Qo s Pt ) © (Pt s Pt 0y Puvswrr) = (Pt © Pt s Pt v © Putt vy Progut © Pt o)
This category is the result of a general thickening process applied to the cube

category. A similar process can be applied to any small category.

8



2.3 The Burnside Category

The objects of the Burnside category, 4, are finite sets. A morphism
between X and Y in A is a triple (A, s,t) where A is a finite set, s : A — X is
a set map, and t : A — Y is a set map. (s and t are often called the source map
and target map respectively.) The triple (A, s, t) is often called a correspondence

(or span) between X and Y and is usually depicted as

>N
X Y
Given two correspondences (A, sa,t4) € Homg(X,Y) and (B, sp,tg) €
Homg(Y, Z) the composition of these two morphisms is given by (C, s¢, t¢) where
C=Axy B={(a,b) € Ax B|tala) =sp(b)}
sc(a,b) = sa(a) to(a,b) =tp(b).

Diagrammatically this looks like

2N,
N N

Additionally, given two correspondences (A, s4,t4) and (B, sp,tp) from X to Y, a
morphism of correspondences is a bijection between A and B such that following

triangles commute

e

\
/



The Burnside category is a weak 2-category with the morphisms of correspondences
acting as the 2-morphisms. See, for instance, [LLS15bl Section 3] for more details.
In order to define the Khovanov functor in section 2.5, it will help to define

a functor A : & — Ab from A to the category of abelian groups.

Definition 2.9. For X € Ob(£A), define A(X) = Z(X), the free abelian group
with basis X. For a correspondence (A, s,t) € Homg(X,Y) define the map A(A) :
A(X) — A(Y) on each of the basis elements x € X as

A(A) (@) =) Is7Ha) Nt (y)ly.

yey

If we consider the objects of £ to be isomorphism classes of correspondences
instead of just correspondences, then we can view % as a regular category. In this
case, A identifies Z as a full subcategory of Ab whose objects are finitely generated
free abelian groups and whose morphisms are matrices with non-negative entries.
2.4 Functors from the Cube to the Burnside Category

We will now give two equivalent definitions for a functor D : 2" — % from
the cube category to the Burnside category. As mentioned in sections 2.1 and 2.3
we can view 2" as a strict 2-category and & as a weak 2-category. This means that
when we refer to a functor from the cube category to the Burnside category, we
really mean a strictly-unitary-lax-2-functor. A more detailed explanation for these
types of functors can be found in [Béa67], where they are referred to as strictly

unitary homomorphisms.

Definition 2.10. A strictly-unitary-lax-2-functor D from the cube category 2" to

the Burnside category A consists of
(i) A finite set D(u) € A for every u € Ob(2")

10



(it) A finite correspondence D(py,) € Homg(D(u), D(v)) for every u > v

(iii) A 2-isomorphism Dy @ D(vw) X D) D(Puw) = D(Puw) for allu>v>w

such that for all u > v > w > z the following diagram commutes

Id X Dy

D(Sow,z) XD(w) D(@v,w) XD(U) D((pu,'u) > D(@w,z) ><D(w) D(Sou,w)
Dv,w,z x Id Du,w,z
D(%,Z) X D(v) D(@m@) D > D(qu,z)

It should be noted that D(¢y ) X pw) D(Puw) X D) D(@uw) denotes D(py,2) X p(w)
(D(goww) X D(v) D(gpu,v)) when going across the top of the diagram, and

(D(@wﬁz) X D(w) D(gpv,w)) X p(w) D(¢uw) when going down the left side. These are
not the same but they are canonically identified.

Notice that condition (i¢) in the above definition requires a finite
correspondence be given for every morphism in 2”. In some sense this is the
complete set of data for the morphisms, and so we will often use the phrase
“complete definition” when we want to specifically refer to definition [2.10[

The second definition is composed of a similar set of data. However, instead
of giving a correspondence D(¢,, ) for every morphism ¢, , in 2", this definition
only gives a correspondence for each edge of the cube. With this in mind (and to
contrast the above definition), we will often refer to definition as the “edge

definition” for D.

Definition 2.11. A strictly-unitary-lax-2-functor D from the cube category 2" to

the Burnside category 9 consists of

(e.i) A finite set D(u) € A for every u € 2™
11



(e.ii) A finite correspondence D(py,,) € Homg(D(u), D(v)) for every edge u—sv

(e.i11) An isomorphism Dy v @ D(@vw) X D) D(@uw) = D(@vw) XDy D(Puw)
AV
for every face U\'v’ W

Such that the following two conditions are satisfied

v
/.
(C1) For every face u \.U,:w y Dt o = D’l:,’llj,v’,’u)
v —er0"
. ‘ A< .
(C2) For every three dimensional face  —ev'  w' —sz the following square
o
commutes
Dv,w”,w’,z x Id
D(Q‘%u”,z) ><D(w”) D((pv,w”) ><D(v) D(@u,v)
Id x Du,v,v’,w” D(@w’,z) ><D(w’) D(Sov,w’) ><D(v) D(Sou,v)
D(Spw”,z) ><D(w”) D(@v’,w”) ><D(v’) D(Spu,v’) Id x Du,v,v”,w’
DU’,w”,w,z x Id D(pr’,z) ><D(w’) D(@v”,w’) ><D(v”) D(@u,v”)
D(Spw,z) ><D(w) D((pv’,'w) XD(”L),) D(Spu,v’) Dv”,w’,w,z x Id

~ D w,2) X D(w D v w) XD D u,v!
Td% Dowr (w,2) XD(w) D(Pvrw) XDy D(Puw)
Given the data from the complete definition, it is easy to produce the
required data for the edge definition by simply setting Dy, v 0 = D;i,’w 0 Dyyw-
Showing that the data from the edge definition is sufficient to produce the data for

the total definition requires selecting maximal chains between any two vertices. A

maximal chain m"* between vertices u > v is a choice of edges
12



u,v u,v
u=2zy -—e..-—ez @ —e... ez =0.

connecting u and v. By using these maximal chains and the face isomorphisms
from (e.zii), it is possible to recover the complete definition of D. For a more
detailed explanation, see [LLS15al, Prop. 4.3].
2.5 The Khovanov Functor

Following section 4 of [LLS15a], we now define the Khovanov functor
Frn(L) @ 2" — 2 which is a specific strictly-unitary-lax-2-functor from the
cube category to the Burnside category that captures the information from the
Khovanov chain complex. To do this, we will first define a functor Fy a5 : (27)% —
Ab and then refine it to produce Fip(L).

For an oriented link diagram, L, with n crossings and a fixed ordering on the
crossings, we can construct a cube of resolutions for L by replacing each crossing

with one of the following two resolutions

) (--X ==

which are referred to as the the 0-resolution of 1-resolution respectively. Given
avertex u = {uy,...u,} € Ob(2"), performing the u;-resolution on the ith
crossing of the link results in a collection of embedded circles in S?, denoted L.
Additionally, for an edge u —ev , L, can be changed into L, by either merging two
circles together or splitting apart a circle into two circles. Let V = Z{x,,x_) be a

free rank-2 Z module with the following multiplication and comultiplication

13



m(rx, @ry) =mxy Alzy) =2, Q@r_+2_ Qx4

=x_ Alz)=2_Qz_

We can define a function Fip ap @ (2")%7 — Ab as follows. For u € 27, Fyp ap(u) =
®S€ﬂ0( L) V. For the morphism ¢,,,, corresponding to the edge w—ev , there are
two cases. When L, is obtained from L, by merging two circles, Fxp a5(©(%,)
applies the multiplication map to the corresponding factors of Fip 45(u) and the
identity map to the remaining factors. In the other case, L, is obtained from L,
by splitting apart a single circle, and so F, Ab(gpg{’v) applies the comultiplication
map to corresponding factor of Fyy ap(u) and the identity map to the remaining
factors. The total complex of the cube, which can be formed by multiplying the
edge map u—ev by (—1)*"»» and summing over the vertices of each grading, is
the Khovanov complex.

To refine Fypap @ (27)% — Ab into a strictly-unitary-lax-2-functor
Fyp + 2" — A, it suffices to describe a set of data for the vertices, edges, and
faces of the cube that satisfy condition (C'1) and (C2) from definition 2.13. For
each u, Fgp(u) = {z : m,(Ly) — {x4,x_}} is the preferred basis of the Khovanov
generators. For the edge morphism w—ev and for each y € Fip(v), notice that
Fren,an(0F)(Y) = D scrpen(u) €y® Where €,y is a matrix whose entries are 0 and 1.
This means, we can define Fxp(puo) = {(y,x) € Frn(v) X Fgp(u)|eg, = 1}.

To define the isomorphism Fip, yov0 @ Frn(Pow) X rnw) Frn(Puw) —
Fren(@vrw) X Fn vy Frn(@ur) for the face u\/:U/:w , we first note that since Fp, ap

is a commutative diagram there is a 2-isomorphism between Fip, (@) X Fren(v)

14



r ~
(a)
1
™ e
1 2
() (¢)

Figure 4. (a) An example of a link L that would result in a ladybug configuration.
(b) An isotopy of the 00-resultion of L which gives the ladybug configuration its
name. (¢) The resolution of the link from (a) with the right arc pairs 1 and 2
labeled.

Frn(puw) and Frp (0 w) X Fren (v/) Frn(@ua). Namely, for v € Fgp(u) and z €

Fyp(w), the cardinalities of

Az = S_l(z) N t_1($) - FKh(Spv,w) X Fien(v) FKh(SOu,v) and

Al =571 2) Nt @) C Frn(@vw) X)) Frn(Pu)

are the (7, z) entries in the matrix Fip a5(03%,) © Fren,ab(¢3h,) and FKh,Ab(SOZZjU/) o
Frp, Ab(g&ff ) respectively, and these two matrices are the same. In most cases

the cardinalities of the above sets are either zero or one. In either case, there is a

unique isomorphism Fp up0/w|a,. @ Az — A;,Z. The only exceptional case is
when a circle C,, in L,, splits to form two circles C}! and C? in L, and two circles
Cl, and C? in L,; these two circles merge back to a single circle C,, in L,; x labels

C, by z_; and z labels C, by x.

15



In this case, we can define the isomorphism by using the ladybug
configuration (See figure {4)). To use the ladybug configuration, we first draw
the circle C, from L,,. We then draw an arc a, where we would need to pinch
C,, together to form the two circles C,, and C,, in L,. We then draw a second
arc a,» where we would need to pinch the C,, circle together to form the two
circles Cy; and Cyy in L!. Using a, and a,, we can define the right pair of arcs in
(Cy, 0ay, U da,) as the arcs you get by walking along a, and a,s and then turning
right. We then can choose to label one of the right pair arcs as 1 and the other
as 2. (This choice of labeling will not affect Fip y4.07.0). Each right pair arc is
contained entirely within one of the two circles in both L, and L,,. This means
we can label the two circle of L, as C! and C? based on which right pair arc they
contain. Similarly, we can label the two circles of L, as C, and C?. With these

identifications we can define the two elements of A, . as

a=((Cy — 24), (Cgvcg) = (v, 24), (Cy — z-)),

B=((Cvw — z4), (05703) = (24,2-), (Cy — z-))
and the two elements of A _ as

o =((Cyp — zy),(C}

v’

012;’) - (:E*’l?)v (Cu — 1‘7)),

B = ((Co = 21), (Cl, C2) = (24,2), (Cu = ).

With these two two-element sets identified Fgp, 4,7 can be defined by mapping

a +— o and B — . From the definition of Fip, 400 it is clear that F2l

Kh u,v' vw

= Fih uwww 50 condition (C1) is satisfied. Checking condition (C2) requires

v _.w//

AR

fixing a three-dimensional face ¢ —e¢’ w’>'o » and fixing Khovanov generators
U// —e W

x € Fgp(u) and z € Fkp(z). There are six correspondences coming from the six
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paths through the cube which correspond to three bijections Fp 4 o+ o+ and three
bijections Ficp v we .. One needs to check that these bijections agree (taking into
account the ladybug formation.) The proof that these bijections do in fact agree
follows from lemmas 5.14 and 5.17 in [LS14].
2.6 Homotopy Colimits

In order to define the Khovanov homotopy type, we will end up needing
to take a homotopy colimit, so for completeness sake, we include Vogt’s definition

[Vog73] as described by Lawson, Lipshitz, and Sarkar in [LLS15al Section 2.9)].

Definition 2.12. Let € be a small category and D : € — Top, be a € -diagram in
Tope (or Top). Let

(A, B) ={(fn,---, [1) € (Mor(€))"|fno- -0 fi: A— B is defined in €} n>0
Go(A, A) = {(ida)} 60(A,B) =0 for A# B.

The homotopy colimit of D, hocolim(D ), is
( || || %.(A.B)x1"x D(A)) U {x}/ ~
A,BeEE n=0

where I is the unit interval and {*} an extra point, where ~ is given as follows:
4

(tns fus - - - st fo; @) fi=id

(tos fry - Jixt, titica, fics -5 b, fr15 @) fi=1id, 1 <1
(bos Fos s o) (tns frs oot firn o fiticns st fisz) =10 <n

(t”*hfn*lv"'?tlvfl;x) t, =1

(tns frs -+ firr; D((fi o fi) (7)) ti=0

* x = base point

\
with {*} as base point for a diagram D in Top,. The unbased version is obtained by

deleting {x} and the last relation.
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2.7 The Khovanov Homotopy Type
We now have all the required background needed to define the Khovanov
homotopy type Xkn(L) given a link diagram L and the Khovanov functor Fp(L) :
2" — 2. The construction from [LLSI5al Section 4] begins by defining a family of
functors E’i : @ — Top, for eack k € N. For each u Zuvs p 22w € Ob (2_A”) we
define
]*:I’i(u SALNSYIRAILN w) = H Sk.
a€FKh(Pu,v) besfggh:(gz,)w)
To define the image of a morphism (y.u/, Pu vs Pw.w ) between u Fuvy 22w and

Pl v Pol !
0 o 22w’ we need to define a map

\/ I ¢— V IT s~

a€Fkp(Puw) EFKR(Pv,w) a'EFKR(Py o) Y EFKR(Py 1)
s(b)=t(a) s(b')=t(a’)

To do this we note that it suffices to construct the map on each piece of the wedge

sum, so fix an a € Fgp(@up). The maps Fip oy 0 and Fip 4,0, induce a bijection

FKh(Spu,v) = FKh(SOU’,v) ><FKh(v) FKh(QDu/,v’) XFKh(u’) FKh(SOU,u/)-

This means each a can be identified with a triple (y,a’, ) in the fiber product
above. With this identification, we can define FE, to send the wedge summand
corresponding to a to the wedge summand corresponding to a’. Similarly, the maps

Frch o and Fip oy, give an isomorphism

FKh((pv’,w’) = FKh(SOw,w’) XFKh(w) FKh(QD'U,w) XFKh(’U) FKh((p'u’,v)

so for each b € Frp (0w ) we get b = (z,b,7). If we let A, represent the diagonal

map then, we can consider the sequence of maps

T, A N
M os% [  s= I ¢
bEFKh(QOv,w) bGFKh(QOU,w) bIZ(Z,B,g)gFK;L(@1)/’u]) bIEFKh(LpU/,w)

s(b)=t(a) s(b)=t(a) =b b'=(2,b,y)
=y s(b)=t(a)

<o
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We now note that {0/ € Fgn(pw. )| = (2,b,y)} is a subset of {0/ €
Frn(pw o )|t(a’) = s(b')} since s(b') = s(y) = t(a’). This means we can extend
the above map to a map

T s 22 ] 11 st I st—= JI ¢

bEF g (Pv,w) YEFKp (Pv,w) b =(2,5,0)EFKp (9,1 ) b EFR (041 4) Y EFRR (@41 )
s(b)=t(a) s(b)=t(a) b=b b =(z,b,y) s(b)=t(a’)

=y s(b)=t(a)
by mapping to the base point in the remaining factors. This is our desired

map. Applying this map to every part of the wedge sum gives the definition of

Ff(h((@ﬂ,uﬁ P’ v, Spw,w’>)~

We now note that there are natural transformations S® A FE, (L) — FEI™(L)

—_

between our family of thickened Khovanov functors F%, (L) given by

S™A \/ II s V sa]] = V IT s+

a€Fgp(pu,v) beif;)f;(jz;w) a€Fgp(u,v) o a€Fn(puw) freme
The first part of this map is just given by commuting the smash product with the
wedge sum. The second part of this map is given by applying the following map to

each
O'nSn/\HXl—>HSn/\XZ

where we view S™ A X as [0,1]" x X/(9[0,1]" x X U [0,1]" x {*}) and where
o™y, T1,...,xn) = ((y,21) ... (y,x,). If all of the X; are (k — 1)-connected this "
induces isomorphisms on 7; for 0 < i < 2k — 2. With these natural transformations,
we can view all of the f[@’s as being a diagram of spectra F/K\h o0 S

Finally, we let on + be the category obtained from on by adding a new object
% and new morphisms ((u — v — w) — *) from each vertex of 2" with w #
0. Similarly, we will define ]?I’g: : @+ — ¥ by setting @L+|@ = EI’ZL and

—

+ —_—
FE, (x) = {x}. Taking the homotopy colimit of F Kh+ and formally desuspending
19



by the number of negative crossings n_ in L produces X (L). That is Xkp(L) =
yn- hocolim(f;;f).

We should mention that in definition 2.15 we described the homotopy
colimit for a functor D : ¥ — Top, and not a functor to the category of spectra.
To resolve this discrepancy, we note that the homotopy colimits of the the Fgﬁ%
together with the structure maps o™ form a classical spectrum (hocolim(}i’gf), o™)
and that (hocolim(f;;lJr))k = hocolim(l?[k:,LJr), and so (hocolim(ﬁi’“(\;),a") =
Xin(L).

We should also mention that for the remainder of our discussion, we will

suppress the formal grading shift as it is clear in the proofs of invariance that any

grading shifts will agree with the above.
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CHAPTER III
GROUP ACTIONS ON CATEGORIES AND FUNCTORS
The main goal of this chapter is to give two equivalent definitions for what
it means for a group G to act on a strictly-unitary-lax two functor D : 2" — £
from the cube category to the Burnside category. We begin by giving a definition

for what it means for a group G to act on a category C.

Definition 3.1. For a group G, the group action of G on a category C' is the

following collection of data:
(1) an autoequivalence G, : C — C for each g € G
(2) an isomorphism of functors ngp : GG, = Guy for each pair g,h € G

such that for all g, h,i € G the following diagram of functors is commutative:

GiGnYy > GiGng

GinGy > Ging-

Given g € G, A € Ob(C), and f a morphism in C, we will usually write gA to
mean G,(A) and gf to mean G,(F). We now define what it means for G to act on a

functor between two 1-categories.

Definition 3.2. Let F : C — C’ be a functor between categories C and C' and
let G be a group that acts on C'. A group action of G on F is a collection of maps
Ry a: F(A) = F(gA) such that for all A, B € Ob(C), f € Hom(A, B), and for all
g,h € G, the following hold:

(1) For the identity element e € G, R, 4 is the identity morphism
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(2) RpgaoRya= Rpga

(8) The following diagram commutes

F(A) ) - F(B)
RgA RQ7B
F(gA F(gB
(9A) Foo)) (9B)

Unfortunately, the above definition does not immediately apply to a strictly-
unitary-lax-2-functor D : 2" — % because such functors only preserve compositions
of morphisms up to an isomorphism. Instead, we describe the following larger set of

data to explain precisely how G acts on D.

Definition 3.3. Let D : 2" — A be a strictly-unitary-lax-2-functor from the
cube category to the Burnside category described by the “complete set of data”
(definition and let G be a group that acts on 2". A group action of G on D

s a collection of maps
Ry D(u) = D(gu) and Sy, : D(ouy) = D(gugo)
for any u,v,w € Ob(2") with uw >, v >; w and for any g,h € G, such that

(c.t) For the identity element e € G, Re, : D(u) = D(eu) and Sey, , : D(@up) —

D(euev) are the identity maps
(c.ii) Rpguo Rgu = Rngu
(CZ”) Shv‘:pu,v © ngﬁpu,v = Shg#)@u,v

(c.iv) Rg08=508g,,  and Ry, ot =108,
22



(¢.v) Sguw © Duvw = Dgugugw © (Sgp0w X Sgpow)-

We have chosen to label the conditions through in order to emphasize
that this definition is for a group action on D where D is described by the complete
set of data. The following definition is a similar collection data but for D described

by the edge set of data. To distinguish between the two definitions, we will include

the superscript ¢ on the maps and we will label the conditions - .

Definition 3.4. Let D : 2" — A be a strictly-unitary-laz-2-functor from the cube
category to the Burnside category described by the edge set of data (deﬁm'tionm
and let G be a group that acts on 2". A group action of G on D 1is a collection of

maps

R; ., D(u) = D(gu) and S : D(0uw) = D(©gu,gv)

9,Pu,v
AU
e , *

for any u,v,v',w € Ob(2") with u w and for any g,h € G, such that

,Ul

(e.i) For the identity element e € G, R, : D(u) = D(ew) and Se, , : D(Quw) =

D(peyev) are the identity maps

- e e _ pe
(6'“’) Rh,gu © Rg,u - *Yhg,u

e e __ Qe
(6‘222) Shﬁou,’ll © Sg7¢u,v - hg,‘pu,v

y (& P e € P e
(esiv) Ry, ,0os=s0S;, —and Ry, ot=toS;

e e _ e e
(6',0) (Sg,cpvzyw XRZ#}’ Sg,cpu,v/) © Du,v,v’,w - Dgu,gv,gv’,gw o (Sg,wv,w XRZ,v Sg,sﬁu,v)

An advantage of the second definition is that it contains much less data since the
maps 5S¢, need only be defined for the edges of the cube. Additionally, we only
need to check that certain conditions hold for each face of the cube. We will now

show the promised equivalence between definition [3.3] and definition [3.4]
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Proposition 3.5. The complete set of data for the action of G on D : 2" — A
can be used to construct the edge set of data for the group action in such a way that
Ryu = Ry, for allw € 2" and that Sg,,, = S, for all edges u—sv . Similarly,
the edge set of data for the group action can be used to construct the complete set of
data in such a way that Ry, = Ry, for all uw € 2" and that Sg, =~ = Sge,, for all

edges u—ev .

Proof. We begin by showing that the complete data definition of the G-action

produces the edge set of data. To do this, we need to define R , and S¢ , =~ and

show that conditions hold. We require that Ry , = R, , for all vertices

and that Sy, = S, for all edges, which immediately implies that conditions

follow directly from All that remains to be shown is

v

/.
that condition (e.v) holds. To prove this, we consider any face u, :w and note
,U/

that in the following diagram, the two center squares commute because of condition

(cv).

Du,v,v’,w
D(Qo'u,w) ><D(v) D(Qou,v) D((,Ou,w) D(QOU’,w) ><D(v’) D(qu,v’)
S;‘Pv,w x S.;#Pu,v S;#Pu,w S.;v(pv/,w X S;‘Pu,v’
D(g0,9w) X D(gv) D(Pgu,gv) D(¢gu,gw) ) D(6gv,gw) X D(gor) D(Pgu,gv)
Dgu,gv,gv’,gw
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. -1
Since Dy /0y = D

wtw © Duwaw the outer square of the diagram commutes and

so condition holds, and so definition can be used to construct the data for
definition 3.4

To show the other direction, we need to show that the collections of maps
for the edge definition of the G-action give us a collection of maps for the complete
G-action. We must again define Ry, = R . This trivially satisfies the first half of
condition and condition In order to define Sy, , we will use the idea of

maximal chains. For each pair of vertices u >, v, choose any sequence of k edges

u,v u,v
U:ZO —e ... —* 2. _....._.Zk, = .

to be the maximal chain m™" from u to v. Given these choices of maximal chains
we can define D(py,) = D(p,uv o ) X piuey D(pzee sue ) X oo X puey D(gpaue ).
Given (rg,...,71) € D(pu,) We can now apply our Sy, maps to each element in
the tuple (x, ..., z1) since each element comes from an edge in the cube. This gives
us a map from D(py) t0 D(pg.ue guw ) X pgzuvy D(pgame gouw ) X oo X p(gauvy

D(pgzuv goue) which sends

(xk7xk—17 7x2’x1) — (Sg,tpzz,vyzz,ul (:I"k?)7 75‘;7@2711,,11728,1; (ml)) :

If k =1 then then S, ,,, = S; ,  for the edge u—sv as required. However,
if £ > 1, then (S;, o v (Tk), - - -5 S, gpzyyvizg,v(xl)> may not be in

D(pgu gv) since the action of G may not send m** to m9“9”. More explicitly,

u,v u,v uY o
gu = gz, — ... —gz = — ... —=gz = gvneed notequal gu =
29— —e 2" e —e 209" = gu. However, since both of these chains start

at gu and gv, we can apply a series of face isomorphisms D, , . . that are included

in the data of our functor to get a map from

D(Sogz;:’v,gz;:;vl) XD(gz;:’fl) D(Sogzgfl,gszQ) X ... X D(Spgz;"v,gzg’v)
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to

D(gozgu,gv zgu,gv) XD(zii’f”) D((pzzﬂi»iqv Zguygv) X ... X D(g&zi}uygv’zguygv) = D(Spgu,gv)

et 2
as required. This means, we can define S, , as the composition of the product of
our S; , maps and some number of face isomorphisms. It follows immediately that
the second part of condition holds. To check that condition holds, we
first note that by our description the map Sh 4, , © Sy, is made up of four parts: a
product of Sy, maps, a composition of face isomorphisms DY, , , o ---0 D7,

a product of Sy, maps, and finally a second composition of face isomorphisms
Di“*** 0-+-0 Df’{%*. By making use of condition (e.v) we can commute the product

of S;, ., maps past the first set of face isomorphisms, and by using condition ,

we can compose the product of Sy , maps with the product of the S7, maps to give

us
(Sh#’u,v © Sg,%,v) (z)

— D0 0DM  0(Spur...Spa)0DYuuso -0 DI o (8¢ (2x),... 55, (1))
= Df,];*,*o‘ . 'ODf,i,*,*ODZi,h*,h*ﬁ*o' ‘ 'ODii,h*,h*,h*o(( i,*osg,*)(ﬂ?k), e Z,*OSS,*>(371))
= Df]*/** 00 Df,l*,*,* ° Dz{k,h*,h*,h* Or--0 D;ﬁ,h*,h*,h* o ((Sﬁg,*(xk)7 ¢ ﬁg,*(xl))
= Shgpu (T)

as required. It is easy to check that condition follows directly from condition

Finally, for condition , we know that the map D,,, ., is defined to be
a composition of face isomorpisms between m** U m”" and m*" and that these

isomorphisms commute with the group action in the sense of Hence, the

proof of is analogous to our proof of . Thus, the complete set of data

for the group action can be constructed from the edge set of data.
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CHAPTER IV
A Z/pZ-ACTION ON THE KHOVANOV HOMOTOPY TYPE

The goal of this chapter is to prove theorem 1.1., i.e. the natural group
action of Z/pZ on a p-periodic link L induces an action on Xgp,(L) that makes
Xkn(L) a naive G-spectrum.

We begin by explaining how the action of Z/pZ on L induces an action on
2". Recall from section 2.5 that if we fix an ordering of the n crossings of a knot
diagram for L, then given a vertex u = {uy,...,u,} € Ob(2") performing the u;-
resolution on the ith crossing of L forms a collection of embedded circles L,. Since
g € Z/pZ acts on L by rotating the knot diagram 297” radians about a central axis,
we can define gL, to be the image of L, under this rotation. It is clear that gL, is
identical to some other resolution L, in Khovanov’s cube of resolution where v’ =
{ul,...u,} is another vertex in Ob(2"), and so it makes sense to define gu = u'.
Clearly |u| = |gu| since the rotation action does not change any of the resolutions
in L,. Further, for any vertices u >y v, we know that gu >, gv, and since the Hom
sets in 2" contain either 0 or 1 elements the only way to satisfy the condition in
definition 3.1 is for g to map ¢, , t0 Ygu gv-

A more succinct way to state the above is that the action of Z/pZ of
L induces a permutation of the n crossings of L, and so Z/pZ acts on 2" by
permuting the n-coordinates of {0,1}" in the same manner.

We can extend the induced action of Z/pZ on 2™ to an action on @, by

defining ¢ to act on objects by sending (v — v — w) — (gu — gv — gw) and to act

on morphisms by sending (©u.uw/, v vs Pww) = (Pgu.gu’s Pov’ gvs Pow.guw’)-
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Since we now have a description for the induced group action on 2" and
@, we can now describe how Z/pZ acts on the Khovanov functor Fgj and the

thickened Khovanov functor f;;

Proposition 4.1. Let L be a p-periodic link and let Frp(L) : 2" — 2B be the
associated Khovanov functor. The natural action of Z/pZ on L induces an action

2" which induces an action on Fp(L).

Proof. We will prove this proposition by describing a collection of maps that
satisfy the edge definition for a group action on a strictly-unitary-lax-2-functor
(definition . That is, we will define maps R , : Fxn(u) — Fxp(gu) and
S o - Frn(Yuw) = Frn(@gugo) that meet conditions —.

For any vertex u, Frp(u) = {x : mo(L,) — {xi,z_}} is the set of
labellings of the circles in L,, by the preferred Khovanov generators. Since L, is
just a rotation of L, there is an induced map ¢, : mo(Ly) — mo(Lgy). This means
that for any @ € Fkp(u), we can define R, ,(z) = x o (g.)~". It is clear that this
definition of R, satisfies the first half of condition and condition .

For the edge morphism u—ev , Fxp(@u.) is defined by Frp(ouw) = {(y,z) €
Frn(v) X Fgp(u)|eqy = 1}, so we define Sy, , : Fxn(@uw) = Frn(Pgugo) by setting
St oy, 7)) = (R ,(y), R, (z)). Tt is clear that this satisfied the second half of

9,Pu,v

condition . We can check directly that condition is satisfied since

(Shipoee @ S ) (1)) = (Shipop) Bao®): @)
= (& Rya) 0, (Rig© )
— (Rugaly), Ruga®))
— (Shaspun (1:2)).

Again, checking directly, we get that
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(50800 ) (Y, 7)) = s(Ryu(y), Rgu(@)) = Ry u(@) = Reuls(y, z)) = (Rgu 0 s)((y,2))
and that
(t 0 Sgpun) (¥, @) = t(Rgw(y), Rgu(@)) = Ryw(y) = Ryo(t(y, x)) = (Rgu 0 )((y, 7))

and so condition is satisfied.

All that remains for us to check is that our definitions satisfy condition

v
e.v). That is, we need to check that for any face w “w the following diagram
!
v
commutes
Fu,v,v’,w
FKh(SOv,w) XFKh(v) FKh(@u,v) > FKh(SOv’,w) XFKh(v’) FKh(SDU,v’)
ng‘Pv,w XRS,U S.;Wu,v S-Z?‘Pu’,w XRz,v’ S;‘:Du,v’
Frn(Pgogw) X Fien(gv) Frn(@gugo) Frn(®gvr gw) X Fien(av'y Frcn(@gu,ger)
gu,gv,gv’,gw

In section 2.6, we noted that for z € Fip(u) and z € Fip(w) we can define the sets

Apz = s(x) Nt 1(2) C Frn(@ow) X Fienw) Frn(@up)

A= 57 @) NE7H(2) € Fien(#v ) X ) Fren(Puar)

Applying the vertical maps in the diagram above to these two sets sends the sets

Ay, and Al | to
ARg,u(x),Rg,w(Z) = S_I(RQ,U('I)) N t_l(Rg,w(Z)) - FKh(@gv,gw) X Fren(gv) FKh(@gu,gv)
and

Ag%g,u(a:)ﬂg,w(z) = 3_1(R97U<x)) A t_l(Rgﬁw(Z» C Frn(dgv guw) X Fren(gv') Ficn(@gu,gv)
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respectively. We know the cardinality of these four sets will always be the same
and will always be 0,1, or 2. When the cardinality of the sets is either 0 or 1 the
above square obviously commutes, so we only need to consider the case when the
cardinality is 2. In this case, we used the ladybug configuration which involved
drawing arcs a, and a,/, which allowed us to define a right pair of arcs in the circle
Cy. Labeling one of the right pair arcs as 1 and the other as 2 allowed us to label

the two circles in L, and L, and define the elements of A, , as

o = ((Cw - l’+), (C%v Og) - (ZL‘_,1]+), (Cu - 'T—))
6 = ((Cw — $+)> (01}703) — (ZL".,.,ZL), (Cu — ZL'_))

and the two elements of A _ as

o = ((Cw = 24),(Cpr, Cp) = (2, 24), (Cu = 7))
B = ((Cow = 4), (Ch, CF) = (4, ), (Cu — ).

This allowed us to define F), ;.. as the map sending o — o' and  — S’. Using
the ladybug configuration for Lg,, we can also define the elements of Ag, ,(),R,.(2)

as

ag = ((Couw = 1), (C,

gu? Og2v) — (JZ_,QZ+), (Cgu - ZL’_))

Eg = ((ng - x-i-)a (C;v’ Cgv) - (ZL‘+,ZE_), (Cgu - ZL‘_))

/
and the two elements of A Ry (), Ry () 85

U

oy = ((Cow — x4), (Cév,, ngv,) — (x_,24), (Cyy = x_))

By = ((Cgw — 7)), (Oglv',cgvf) — (x4, 2_), (Cqy = x_)).

g

Fkh gu,gv.gv,guw is defined to be the map that sends o, — a; and (3, — 6;. If we let

ga, and ga, be the image of the arcs a, and a,, under the rotation action of g, it is
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clear that ga, = a4y, gay = agy and that the image of the right pair of arcs in L,,
is the same as the right pair of arcs in Lg,. However, the image of the right pair arc
labeled 1 in L,, may not coincide with the right pair arc labeled 1 in L, since we
independently chose these labellings when defining Fix, yv.00w a0d Fip gu.gv.gv’ guw-

If the image of the right pair arc labeled 1 in L,, coincides with the right pair arc
labeled 1 in Ly, then the vertical maps in the diagram send o — g, 8 = Sy,

o' = ay, and ' +— F7. If the image of the right pair arc labeled 1 in L,, coincides
with the right pair arc labeled 2 in Ly, then the vertical maps in the diagram send

a = By, B ay, o B, and B+ aj. In either case, the diagram commutes. [

The proof of the previous proposition used the edge definition of a group
acting on a strictly-unitary-lax-2-functor to show that there is an induced action
of Z/pZ on Fkp(L) : 2" — . By proposition , we know that the we can
use the maps R, : Frp(u) = Fgp(gu) and St oun Frn(Quw) = Frn(@ougn)
defined in the previous proof to construct maps Ry, : Fxn(u) — Fgn(gu) and
Sgpun + Frn(@uv) = Frn(@gugv) that satisfy conditions through from
the complete definition of ¢ acting on Fg,(L) @ 2" — 2. We will now use these

complete definition maps to prove the following proposition.

Proposition 4.2. Let L be an p-periodic link and let Fxp(L) : 2" — B be the
Khovanov functor. The natural action of Z/pZ on L induces an action on the

thickened Khovanov functor Ff, : Q_A" — Top,.

Proof. As in definition 3.2, we need to construct a map

Ryusvow : Fip(u — v — w) = FE, (gu — gv — gw)

that satisfies the three conditions in definition [3.2] This means we need a map
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Ryusvmw:\/ I s— \/ 11 S

a€Fkn(Puw) DEFKR(Vv,w) Sg.ou,w (@) EFKR(Pgu,gv)  Sg,0v,w 0)EFKR(Pgv,gw)
s(b)=t(a) S(S!]#Pv,w (0))=t(Sg,puv(a))

We will define this map on each component of the wedge sum, and then extend this
across the wedge sum by mapping the component corresponding to a € Fp (@)
to the wedge component corresponding to Sy, (@) € Fgkn(@gugv). So fix an

a € Frp(puw), label the elements of {b € Fip(puw);s(b) = t(a)} arbitrarily by
bi, ..., by, and let py, be a point in the S* component of the product corresponding

to b;,. Then we can define

Ryusvmsw (Db -y Pby)) = (DS (b1)5 3PSy (b))

The facts that Re ,—y— is the identity morphism and that R gu—gv—sgw ©

Ry v—vsw = Rhgu—sv—w follow directly from conditions |(c.7)| and |(c.i7)| of the group

action on Fiyp, : 2" — A.

All that remains is to verify the diagram in condition of definition
commutes. Recall that in section 2.7, we defined the map E}i(gpu,u/, Dot s P’
from @(u — v — w) to E[EL(U/ — v" — w') on each component of the wedge sum
and then extended it to the whole wedge sum. Since Ry, ., is similarly defined,
it suffices to check the commutative diagram in definition [3.2| component-wise as

—

well. So fix an a € FE, (¢u). Also recall that in 2" the morphism

Pu,v Po,w
u > U > W
Puu’ l Pv’ v T l Pw,w’
/ > / > /
u gDu/ﬂ)/ v gpvl7w/ w

gives us two isomorphisms
Frn(@uw) = Frn(Quvw) X menw) Frn(@w ) X ) Fron(@Qua)

and
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FKh(SOU’,w/) = FKh(pr,w’) ><FKh(w) FKh(Spv,w) XFKh(v) FKh(SOU’ﬂ))-

So for each a € Fip(py,) there is a triple (y, a’, z) in the composition, and similarly
for each b’ € Fip(pu ) there is a corresponding triple (z,b, 7). The induced group

action on 2" also gives us the following isomorphisms

Fren(@gugo) = Frn(@gugv) X Fren(avry Frn(Pgu gvr) X Frep(gur) Fren(Pgu.gw)

and

FKh(‘ng’ﬁgw’) = FKh(@gw,gw’) X Fen(gw) FKh(S%v,gw) X Fren(gv) FKh(Sﬁgv’,gv)‘

By applying condition from definition we see that for Sy, (a) €
Frn(@gu,gv) we have Sy, (a) = (Sg%,,v (Y): Sg.00.00 (@) S, (z)), and that for
Sgspvr (V') € Frcn(@gor guw) we have g, (V) = (Sg,cpw,w/(z)a 59.0 0 (b), 59,00 (7).
With these isomorphisms in mind, we let m; = [{0' = (2,b,7) € Fin(ww) | b =
b; y = y}|. Since a is fixed, we know that y in the above isomorphisms is also fixed.
This means each triple (z,b,%) is uniquely determined by b; and a 2z € Fxp(Pww)-
So we will label the these triples as (b;, 2i1), - -+, (bi, Zim,), so under the diagonal
map I, Ay, we will have that py, = (Db 21 Pbizins = s Pbivzim. )-

We need to show that the following diagram commutes, but first for
clarity we will describe the maps involved in the diagram. The two horizontal
maps are given by the group action. More specifically, the top horizontal map
is given by Ry, y—w and the bottom horizontal map Ry .. The first pair
of vertical maps is just a diagonal map applied to each element in Frp(y.0)
and Fip(@gugv)- The second pair of vertical maps is just a relabeling of the
elements in the product under the bijections o' = (2,b;,9) and Sy, (V) =
(Sgﬁ%,w,(z), Sg,wu,vr@)? Sg,wu,u/(?j)) described above. For the the last pair of

vertical maps, recall from section 2.7 that {0/ € Frp(pww)|t/ = (2,0,9)}
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is a subset of {0/ € Fgp(pww)|t(a’) = s(b')} and that {Sy,, (') €

Ficn( @) Saipus ) = (San s (2)s S (), Syip,(4))} i a subset of
{Sg.000 V) € Frn(pguw go )[t(Sg00.(@)) = 5(Sgpu. (b))} So these final verical
maps are just extensions of the previous vertical maps that map to the base point

in the remaining factors.

[T s Ruussw 11 S

b€ Frpn(pov,w) > Sg,00,w(0) € Fren(@gv,gw)
S(b):t(a’) S(ngo’u,w (b)) = t(Sg#Pu,v(a))

II

be FKh(‘Pv,w) b/Z(Z,(_),?j)
S =t(a)

—
“

S

h (%/,w/ )

<ﬁ|ﬁ~|m
< o

11 11 s*
Sg:‘Pv,w (b) € FKh(Sogv,gw) b/*:(Z*vbj_k ﬂj*) S FKh(cpgv’,gw/)
5(Sg.00,w (0))=t(Sg,0u,. (a)) b*=Sg, 00, (b)
y*:SQMU/m )

I

Y

I s
b € Fren(@y )
b'=(z,b,y)

s(b)=t(a)

I

A\

11 s
Sg,gav/,w/ (') e FKh(Wgu/,gw’)

Sg,wvxyw/ o) = (Sg,ww,w/ (2); Sg,00,w (b), Sgyvvzyv (v)
S(Sgﬂso’u,w (b)) = t(Sg#Pu,v(a‘))

Y

n s n

b e FKh(‘PU’,w/) R > Sg,gov/’w/ (b/) € FKh(‘Pgu/,gw’)
s(b')=t(a’) gu' =W (8, o (6)=t(Sge (a))

guv',gw

/

gu/,gv’
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Going down and then right we get that

(pb17 s 7pbl>

= (pb1,21,17 SR pbl,zl,ml yPbo,zo 1y - - - 7pbl7zl,ml)

(pb'“, Sy Pblmlapb217-~~,pbm)
,—>(p11’""pblml’pb21""’pb2mz ,...,*)
(psgw /) r 11 Tt psg,%/, , (b lme) psgso ) /(b21) ""psgv ) /(bemé) *""’*)
where % denotes the base point.
Going right and then down we get
(pblv S Pbl)
= (PSypun@0)s -+ 7 DSy (b))
= (psg,sov/,w/ (bl)»Sg,wwyw/ (z1,1) -+ s psg,so,u/y,w/ (bl):Sg,ww’w/ (z1,my)>
pSg,wv,w (bQ):Sg,qaw,w/ (z2,1)7 - - ’psg,tpu,w(bf)vsgyww,w/ (26,my)
= (psg,sov/’w/ (V1) = psgapv/’w/ (bll,me)7psgvﬁpvl’w/ (b,2,1)’ e ’psg,eov/’w/ (bé,me))
= (PSyo 00 - PSgiesy sy W) Py b )r 3PSy, () %55 %).

Thus, the diagram commutes and so condition is satisfied.

Since we know that Z/pZ acts on all of the El’i’s, we will now check that

the action commutes with the natural transformations S™ A FFE, (L) — FE™(L).

That is, we will check that the following diagram commutes:
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sal I s

a€F g (Puw) YEFKH(Pv,w)
s(b)=t(a)

id N Rg,u—>v—>w

VoI s

a€Fkp (u,v) bEFK R (Pvw)
s(b)=t(a)

S™ A \/ 1T S

Sg,0u,0 (@)EFKR(Pgu,gv)  Sg,00,w (0)EFKR(Pgv,qw)
S(Sg,Wv,w (b)):t(sgﬂpu,v (a))

Rg,u—)v—m}

v s

g Sg,ou,0 (@) EFKR (Pgu,gv) Sg,0u,0 (b)EPgv,gw
S(Sgﬂpu,v (b)):t(sg,wu,v (a))

Recall that the suspension maps involve commuting the smash product past the

wedge sum and then applying the following map to each summand
o" S"/\HXi — HS"/\XZ'

where we view S™ A X as [0,1]" x X/(9[0,1]" x X U [0,1]" x {x}) and where
o"(y, x1, .. xn) = ((y, 1) ... (y, 25)).

The action of Z/pZ on E}EL and Ek(?b permutes the parts of the wedge
sum and then permutes the S¥’s in each of the products. Since we commute the

smash product past the wedge sum the first permutation of the parts of the wedge

sum, will not affect the natural transformation. Similarly, permuting the S*’s just
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corresponds to permuting the x;’s in the description of S™ A ], X; which clearly
commutes with applying the map o".

We now know G acts on @(L) : 2" — 2, which can be extended by to an
action on IF;;;L(L) by having G fix the added point *. We can now prove theorem
1.1.

Theorem 1.1 For a p-periodic link L, the natural action of Z/pZ on L induces a

Z/pZ action on Xkp(L), which makes Xgp(L) a naive Z/pZ-spectrum.

Proof. Let Z =u — v - w, 2 =u — vV — W, 9gZ = gu — gv — gw, and

gZ' = gu' = gv' — guw' be objects in 27. Since Xn(L) = hocolim(@i(ll)), we

+
know that the kth space in the spectrum is hocolim(FE, (L)), which is defined as

| | |j (2,2 x I" x FE, (2) | U{x}/ ~.

Z,7'¢ @ n=0
For g € Z/pZ, g acts on hocolim(l?fk:h(L)) by sending the above collection of cells to

Ll L %(62.02) < I'" x Ryz(Fh, (2) | U s}/ ~

9Z,97'€ 20 "=V

In more detail, G acts on the homotopy colimit by sending a chain of composible
morphisms in 2 to its image under the action of G on 27 (that is it sends an
element of €,(Z, Z") to an element of %,,(9Z, gZ")), by sending I"™ to I"™ by the
identity map, and by sending elements of E[’“(\,L+(Z ) to the elements of Z*:I’if(gZ ) by
using the map R, 7 given by the action of G on F}gf(L) . 2" — 2. The relations

~ only involve the composition of morphisms in 2” which we know commutes

with the action of G. Similarly, the conditions - ensure that this action

—
satisfies the conditions for G acting on hocolim(F%, (L)) as a topological space.
Furthermore, the suspension map between hocolim(F%, (L)) and

—t —

hocolim(Firt (L)) is given by natural transformation S* A EIEL(L) — FEL(L),
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and we know that this commutes with the action of ¢g. Thus, g acts on each space
in Xk (L) and the action of g commutes with the suspension in X, (L), and so

Xkn(L) is a naive Z/pZ-spectrum as desired.
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CHAPTER V
PROOF OF INVARIANCE
The goal of this chapter is to prove theorem 1.2. In order to do that, we
need to show that if L and L’ are two equivariantly isotopic p-periodic links, then
Xin(L) = hocolim(f;;f(L)) is Borel stable homotopy equivalent to X, (L) =
hocolz'm(F/K\;f(L’ )). This is equivalent to showing that the Khovanov homotopy
type is invariant under the three equivariant Reidemeister moves (def . To do
this, we need the following definition of an insular subfunctor, which is a special

case of [LLS17, Def 3.25].

Definition 5.1. Given a strictly-unitary-laz-2-functor D : 2" — % an insular
subfunctor E of D is a collection of subsets E(u) C D(u) for each uw € Ob(2") such
that for all u > v

sTHE(u)) N1 (D(v) \ E(v)) =0 C D(pu.).
We can extend E to a strictly-unitary-lax-2-functor by defining E(p,.) C
D(pu) = s7H(E(u))Nt (E(v)) and letting Eyvw @ E(@uw) X 20) E(Pup) = E(Puw)
be the map induced by Dy @ D(@vw) X Dw) D(Puw) = D(Quw)-

Given an insular subfunctor E of D, we can define the corresponding
quotient functor (D/FE) : 2" — % be setting (D/E)(u) = D(u) \ E(u),
(D/E)(¢up) = s H(D/E(u)) Nt Y(D/E)(v) and letting (D/FE)., 4., be the
map induced by D, , .. This is again a special case of the corresponding quotient
functor described in [LLS17].

Our reason for introducing insular subfunctors and their quotient functors is

the following important lemma.

Lemma 5.2. Given an insular subfunctor E of a strictly-unitary-laz-2-functor D

there exists a cofiber sequence
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hocolim(E") —s hocolim(D+) —» hocolim(D/E ).

In particular, if the inclusion map (resp. quotient map) in the sequence above
corresponds to an acyclic subcomplex of Tot(A(D)), then the quotient map (resp.

inclusion map) is a stable homotopy equivalence.
Proof. This follows directly from [LLS17] O

In order to prove that X4 (L) is Borel homotopy equivalent to X4 (L),
it suffices to find insular subfunctors of Fip(L) that are closed under the induced
Z/pZ-action, that have corresponding chain complexes which are acyclic, and whose
quotient functors are isomorphic to the Khovanov functor of L. Then we can apply

the previous lemma to get the desired Borel homotopy equivalence.

Proposition 5.3. If L and L' are two equivariantly isotopic p-periodic links that
differ by a equivariant Reidemeister move of type I, then Xkp(L) is Borel homotopy

equivalent to Xxp(L').

Proof. Let KC(L) and KC(L') be the respective Khovanov chain complexes for
L and L’. We know that L’ differs from L by an equivariant Reidemeister move of
type I, which is the same as performing p copies of a regular Reidemeister I move.

We can depict these crossings as

QR
; O
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+/- +/-

Q2 K

() (b) (c) (d)

Figure 5. (a) The l-resolution of a Reidemeister I move, (b) the 0-resolution of
a Reidemeister I move, (c) a O-resolution indicating both x, and z_ generators,
(d) a resolution indicating all the generators for both the 1-resolution and the
0-resolution.

We will label these crossings 1 to p. Now in K C(L’) these crossing are
resolved as either the 1-resolution or the O-resolution (respectively (a) and (b) in
figure . Additionally, the O-resolution contains a unique circle that can be labeled
as + or — to specify a part of the complex that only contains one of the Khovanov
generators x, or x_ for that circle. Sometimes we want to allow for both generators
in which case we will label the circle +/— like in figure 5| (¢). Similarly, when we
want to refer to part of the complex containing the generators for any of the above
resolutions, we will use the notation in figure |5| (d).

We will let C be the subcomplex of KC(L') containing all the generators
for vertices where at least one of the crossings involved in the p Reidemeister moves
of type I is the 1-resolution or at least one of the circles in the p O-resolutions is
labeled with an x,. It is clear that C} is closed under the natural group action.
The quotient KC(L')/Cy, which is depicted below, is the quotient complex that
contains all the generators for the vertices where all the p Reidemeister I moves are

the 0-resolution with the circle labeled z_.

41



It is clear that K C(L')/C} is isomorphic to KC(L) and that KC(L")/C4
corresponds to an insular subfunctor Fiee, of Frp(L'). If we can show that
('} is an acyclic subcomplex, then we will be able to apply lemma 5.2 to get that
hOCOlim(FK/C(L/\)/CI+) — hocolim(f;;f(L’ )) is a homotopy equivalence and that
Xkn(L) is Borel homotopy equivalent to Xxp(L') as required. To show this fact, we
will describe how C is built out of a series of acyclic subcomplexes (similar to the
ones described by Bar-Natan [BN02]).

Let Cy 1 be the subcomplex of KC(L’) depicted below. That is, the
subcomplex of all the generators for vertices where the first Reidemeister I move
is the O-resolution with the an x, labeled circle or the first Reidemeister I move is

the 1-resolution.

vy Q Ay iy R A
S+ P



Note that the two types of vertices in C'}; are connected by an edge where the x
circle in one of 0-resolutions merges to form a 1-resolution. Each of these merge
maps is an isomorphism, which means C'; is an acyclic subcomplex. In a similar
fashion, let C'y 5 be the subcomplex of KC(L’) containing all generators for the

vertices where

e the first Reidemeister I move is the 0-resolution with an z_ marked circle,
and the second Reidemeister I move is the O-resolution with an z, marked

circle, or

e the first Reidemeister I move is the 0-resolution with an z_ marked circle,

and the second Reidemeister I move is the 1-resolution.

o iy O

9~0 G-~p
. d- ):()wr _m . .: ):O”'
+/ é o® Hd- § . .

Cra2

Again, the merge maps between the O-resolutions and 1-resolutions in the second
Reidemeister I move are all isomorphisms, so (' 5 is an acyclic subcomplex.
Continuing in this manner, let C'y ; be the subcomplex containing all the generators

for vertices where

e the first ¢ — 1 Reidemeister I moves are the O-resolution with an x_ marked
circle and the ¢th Reidemeister I move is the 0-resolution with an x, marked

circle, or
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e the first 7+ — 1 Reidemeister I moves are the O-resolution with an x_ marked

circle and the 7th Reidemeister I move is the 1-resolution.

+!q_/__\ +fq_
n O —m CJf
O 6 . 5

Ol.i

Again (1 ; is acyclic. By construction, C; = Cy; @ -+ ® 4, and since each of the

C1.;’s is acyclic, it follows that ' is an acyclic subcomplex. O

In the previous proposition, we described in detail a subcomplex
corresponding to an insular subfunctor that was closed under the group action
and was made up of acyclic subcomplexes corresponding to each of the p copies
of the Reidemeister I move. We will use a similar proof technique for equivariant

Reidemeister move of type II.

Proposition 5.4. If L and L' are two equivariantly isotopic p-periodic links
that differ by an equivariant Reidemeister move of type II, then Xk (L) is Borel

homotopy equivalent to Xgp(L').

Proof. We again let KC(L) and KC(L') be the respective Khovanov chain
complexes for L and L', and we note that L’ differs from L by p copies of

the normal Reidemeister move of type II. Each of these p type II moves in L’
introduces two crossings. A depiction of two of the p type II moves can be seen in

figure [0] (a) below. We will refer to the left move as the first of the p Reidemeister
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IT moves, and the right one as the ith Reidemeister II move. Each of the two
crossings can be resolved in two ways, and so each Reidemeister II move represents
four vertices in the cube of resolutions. We can label these four vertices as the 00-
resolution, 10-resolution, 11-resolution, and the 0l-resolution. (See figure[] (b)).
Note that the Ol-resolution of each of the p-copies of the Reidemeister II move
contains a central circle.

Let C; be the subcomplex of KC(L') consisting of all the generators

corresponding to vertices where

e one of the p copies of the Reidemeister II move is the 0l-resolution with the

central circle labeled x,, or
e one of the p copies of the Reidemeister II move is the 11-resolution.

It is clear this is an equivariant subcomplex. To see that (' is acyclic, we will let

C1.1 be the subcomplex containing all the generators for vertices where

e the first Reidemeister II move is the Ql-resolution with the central circle

labeled x, or
e the first Reidemeister II move is the 11-resolution.

(See figure [6] (c)). The merge maps connecting the vertices in Cj; are
isomorphisms, which means (' ; is acyclic. Similar to our method in the previous
proof, we let C; be the subcomplex containing all generators corresponding to

vertices where

e the first 7+ — 1 Reidemeister II moves are the 0l-resolution with the central
circle labeled z_ and the ¢th Reidemeister II move is the 0l-resolution with

the central circle labeled x. , or
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e the first 7+ — 1 Reidemeister II moves are the 0l-resolution with the central

circle labeled x_ and the 7th Reidemeister II move is the 11-resolution.

See figure @ (d). Again, the merge maps between these vertices are isomorphisms,
and so (' ; is acyclic. Since C} = Cy1 & --- & (4, we see that (] is an acyclic
subcomplex that is closed under the group action.

Letting Cy = KC(L')/C} we see that Cy is the complex pictured in figure
(a). We now let C'3 be the subcomplex of Cy consisting of all the generators for

vertices where

e at least one of the p copies of the Reidemeister 11 moves is the 00-resolution,

or

e at least one of the p copies of the Reidemeister II moves is the 01-resolution

with the central circle labeled z_.

It is clear from the description that Cj5 is closed under the group action.
To show that Cj3 is acyclic, we will let C'3; be the subcomplex of Cs that

contains all the generators for vertices where
e the first copy of the p type II Reidemeister moves is the 00-resolution, or

e the first copy of the p type II Reidemeister moves is the Ol-resolution with

the central circle labeled z_

See figure [7] (b). Since Cy only contains generators for vertices where the 01-
resolutions have an x_ labeled central circle, the splitting maps between the
vertices in (3 are isomorphisms, which means Cj5; is acyclic. Defining C; in
the same manner described above, it is clear that Cs; is acyclic and that C3 =

Cs1® -+ @ Cs, (See figure [7] (c)).
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Figure 6. (a) a depiction of two of the p Reidemeister II moves that make up the
equivariant Reidemeister I move, (b) the resolutions of the crossings in the two
Reidemeister II moves, (¢) the subcomplex C} 1, (d) the subcomplex C';
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Figure 7. (a) the quotient complex Cy, (b) the subcomplex Cj 1, (¢) the
subcomplex Cj3;, (d) the quotient complex Cy/Cs.
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Now, we note that Cy corresponds to an insular subfuctor Fg, of Fp(L'),
so applying lemma 5.2 we get that the inclusion map hocolim(fC:Jr) —
hocolim(f;?;ﬁ(L’ )) is a homotopy equivalence. Additionally, we note that Cj
corresponds to an insular subfunctor Fi, functor of F(,, which means we can
apply lemma 5.2 a second time to get that the quotient map hocolim(fc\;) —
hocolim(F/@E+) is a homotopy equivalence. Since Cy/Cj is isomorphic to KC(L)
(see ﬁgure (d)), it follows that hocolz'm(F/cQEJr) is homotopy equivalent to
hocolim(@f(L)), and so it follows that Xk, (L') is Borel homotopy equivalent

to XKh(L) ]

Lipshitz and Sarkar note that the above two proofs depend upon the

following facts.

Remark 5.5. [LS14] Let u and v be vertices in a (partial) cube of resolution such

that there is an arrow from v to u, and one of the following holds.

(1) The arrow from v to u merges a circle U of the (partial) resolution at v. Let
S be the set of all generators that correspond to u; and let T" be the set of all

generators corresponding to v with the circle U labeled by z.

(2) The arrow from v to u splits off a circle U in the (partial) resolution at U.
Let S be the set of all generators that correspond to u with the circle U

labeled by x_; and let T" be the set of all generators that correspond to v.

Let C be the chain complex generated by S and T; it is an acyclic complex, and
therefore we can delete it without changing the homology. If; in addition, C' is a
subcomplex or a quotient complex of the original chain complex, then in deleting

C, we do not introduce any new boundary maps.
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In addition, we also note that if we want to delete an equivariant
subcomplex, we can take the subcomplex where at least one of p copies of the non-
equivariant Reidemeister moves contains one of the deletions described above. We
can then show that this equivariant subcomplex (or the corresponding equivariant
quotient complex) is acyclic by finding further acyclic subcomplexes. With this in
mind we can now proceed to the equivariant Reidemeister move of type III, and
note that since we have already shown that X' (L) is invariant under equivariant
Reidemeister moves of type I and type II it suffices to check the following braid-like

version of the Reidemeister move of type III.
(

( (
. >
) |
( (

For more infomation about this braid-like Reidemeister move, see [Ball0l Section

7.3].

Proposition 5.6. If L and L' are two equivariantly isotopic p-periodic links that
differ by the braid-like version of the equivariant Reidemeister move of type II1,

then X (L) is Borel homotopy equivalent to Xxp(L').

Proof. We again let KC(L) and KC(L') correspond to the Khovanov complex of
L and L' respectively. This means that L’ differs from L by a series of p-copies of
the braid version of a Reidemeister move of type III. We know from the previous
remarks that it suffices to find acyclic equivariant subcomplexes corresponding to
insular subfunctors whose inclusion/quotient result in a complex isomorphic to

KC(L). We also know that these equivariant subcomplexes can be built up from
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smaller complexes, each focusing on a single Reidemeister III type move. It suffices
to use the complexes described by Lipshitz and Sarkar in [LS14, Proposition 6.4].

Let C} be the subcomplex of K C(L') where at least one of the p
Reidemeister type III braid-like moves contains a generator for one of the
vertices depicted in figure [§ with all of the + marked circles corresponding to
the x, generator. Note that (' is equivariant by construction, and it can be
checked directly that the quotient complex Cy = KC(L’)/C} corresponds to an
insular subfunctor F,. This means that if () is acyclic, then the inclusion map
hocolim(fc\;) — hocolim(fK\th(L’ )) will induce a homotopy equivalence by lemma
5.2.

Let C5 be the subcomplex of 5 where at least one of the p Reidemeister
type III braid-like moves contains a generator corresponding to one of the vertices
depicted in figure [9] Again, the — marked circle corresponds only to the z_
generator. By construction (5 is equivariant and it can be checked that C
corresponds to an insular subfunctor Fg,. If we can show that Cj is acyclic,
then it will again follow by lemma 5.2 that the quotient map hocalim(fC:Jr) —
hOCOlim(F@E+) is a homotopy equivalence. The subcomplex Cy/C3 results in p

copies of the following 111000 resolution

)

(
)

(
)

S

which is clearly isotopic to KC(L). So if we can show that C; and Cj are
—t
acyclic then it will follow that hocolim(Fe, s, ) will be homotopy equivalent to

hocomlimff;ﬁ(L) and that Xk (L) is Borel homotopy equivalent X, (L').
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Figure 8. A subcomplex of C for one of the p copies of the Reidemeister 111
move. The symbol + indicates the corresponding circle is labeled z .
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Figure 9. A subcomplex of C5 for one of the p copies of the Reidemeister 111
move. The symbol — indicates the corresponding circle is labeled z_.
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To see why these complexes are acyclic, we note the following list of deletions

described by Lipshitz and Sarkar.

Top half 1*1111, 1*1110, 11101, 1*1011, 110*11, 0111*1, *01111, 1*1100,
1*1010, 1*1001, 0111*01, 110*01, *01110, 01101*, *01011, 110*10,

010*11, 170011, 01*101, *01101, 100171, 10*101.

Bottom half  0000*0, 1000*0, 0100*0, 0010*0, 00*100, 0*0001, 00001*, 01100,
1100*0, 1*1000, 10101*0, 01*100, 10001, *01001, 00*101, 01*001,

01001*, 010*10, 0*0110, *01100, *01010, 100*10, 1*0100, 10*100.

Here 1*1111 means to cancel along the edge from the 101111 resolution to the
111111 resolution. It can be checked directly that each of these cancellations
corresponds to taking either a subcomplex or a quotient complex. This means
during all of the cancellations no additional maps are introduced.

We can build C; and C3 out of subcomplexes C; and Cs; as we did in
propositions 5.3 and 5.4 above. That is, we can apply the deletions described by
Lipshitz and Sarkar to each of the p copies of the Reidemeister III moves in turn.
Each of the 'y ;’s and the C3;’s will be acyclic by construction and so C; and Cj

are acyclic as required. O

We can now prove our second main theorem.
Theorem 1.2 For a p-periodic link L, the natural action of Z/pZ on L induces
a Z./pZ action on Xgp(L) which makes Xgp(L) a naive Z/pZ-spectrum.
Furthermore, if a link L' is equivariantly isotopic to L, then Xip(L') is Borel

homotopy equivalent to Xgp(L).

Proof. If L is equivariantly isotopic to L', we know that L can be transformed into

L' by a series of equivariant Reidemeister moves. Applying propositions 5.3, 5.4,

o4



and 5.6 in the same order as the series of equivariant Reidemeister moves gives us a

roof of morphisms from Xg (L) to Xgp(L'). O
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