ON ALGEBRAS ASSOCIATED TO FINITE RANKED
POSETS AND COMBINATORIAL TOPOLOGY:
THE KOSZUL, NUMERICALLY KOSZUL AND

COHEN-MACAULAY PROPERTIES

by

TYLER KLOEFKORN

A DISSERTATION

Presented to the Department of Mathematics
and the Graduate School of the University of Oregon
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

June 2014



DISSERTATION APPROVAL PAGE

Student: Tyler Kloefkorn

Title: On Algebras Associated to Finite Ranked Posets and Combinatorial Topology:
The Koszul, Numerically Koszul and Cohen-Macaulay Properties

This dissertation has been accepted and approved in partial fulfillment of the
requirements for the Doctor of Philosophy degree in the Department of Mathematics
by:

Brad Shelton Chairperson

Daniel Dugger Core Member

Alexander Polishchuk Core Member

Sergey Yuzvinsky Core Member

Van Kolpin Institutional Representative

and

Kimberly Andrews Espy Vice President for Research and Innovation

Dean of the Graduate School

Original approval signatures are on file with the University of Oregon Graduate
School.

Degree awarded June 2014

1



(© 2014 Tyler Kloefkorn

1l



DISSERTATION ABSTRACT

Tyler Kloefkorn

Doctor of Philosophy
Department of Mathematics
June 2014

Title: On Algebras Associated to Finite Ranked Posets and Combinatorial Topology:
The Koszul, Numerically Koszul and Cohen-Macaulay Properties

This dissertation studies new connections between combinatorial topology and
homological algebra. To a finite ranked poset I' we associate a finite-dimensional
quadratic graded algebra Rr. Assuming I' satisfies a combinatorial condition known
as uniform, Rp is related to a well-known algebra, the splitting algebra Ar. First
introduced by Gelfand, Retakh, Serconek and Wilson, splitting algebras originated
from the problem of factoring non-commuting polynomials.

Given a finite ranked poset I', we ask a standard question in homological algebra:
Is Rr Koszul? The Koszulity of Ry is related to a combinatorial topology property
of I' known as Cohen-Macaulay. One of the main theorems of this dissertation is: If
' is a finite ranked cyclic poset, then I' is Cohen-Macaulay if and only if I" is uniform
and Rr is Koszul.

We also define a new generalization of Cohen-Macaulay: weakly Cohen-
Macaulay. The class of weakly Cohen-Macaulay finite ranked posets includes posets
with disconnected open subintervals. We prove: if I' is a finite ranked cyclic poset,

then I' is weakly Cohen-Macaulay if and only if Rr is Koszul.

v



Finally, we address the notion of numerical Koszulity. We show that there
exist algebras Rp that are numerically Koszul but not Koszul and give a general
construction for such examples.

This dissertation includes unpublished co-authored material.



CURRICULUM VITAE

NAME OF AUTHOR: Tyler Kloefkorn

GRADUATE AND UNDERGRADUATE SCHOOLS ATTENDED:
University of Oregon, Eugene, OR
Whittier College, Whittier, CA

DEGREES AWARDED:
Doctor of Philosophy, Mathematics, 2014, University of Oregon
Master of Arts, Mathematics, 2009, University of Oregon
Bachelor of Arts, Mathematics, 2007, Whittier College

AREAS OF SPECIAL INTEREST:
Non-commutative Algebra
Homological Algebra
Combinatorial Topology
Graded Algebras
PROFESSIONAL EXPERIENCE:
Instructor, Oregon Young Scholars Program, University of Oregon, 2012-2013
Graduate Teaching Fellow, University of Oregon, 2007-2014

Intern, The Aerospace Corporation, 2007

GRANTS, AWARDS AND HONORS:

Donald and Darel Stein Graduate Student Teaching Award, Graduate School,
University of Oregon, June 2013

Johnson Fellowship, Department of Mathematics, University of Oregon, March
2013

Graduate Student Research Award, Department of Mathematics, University of
Oregon, January 2013

Frank W. Anderson Graduate Teaching Award, Department of Mathematics,
University of Oregon, June 2012

vi



Dan Kimble First Year Teaching Award, Graduate School, University of Oregon,
August 2008

Scholarship, Rose Hills Foundation, June 2008

PUBLICATIONS:

Tyler Kloefkorn and Brad Shelton, Splitting Algebras: Koszul, Numerically
Koszul and Cohen-Macaulay, submitted

vii



ACKNOWLEDGEMENTS

First and foremost, I would like to thank Brad Shelton. Brad is a remarkable
teacher and mentor, and I appreciate his guidance and patience. I would also like to
thank Hal Sadofsky, Dan Dugger, Sergey Yuzvinsky and Sasha Polishchuk for their
support. Lastly, I wish to thank my colleagues and the staff at the University of

Oregon Department of Mathematics.

viil



To Grandma, Mom, Dad, Kristi, Carrie, Ryan and Lindsay

X



INTRODUCTION

1.1.

1.2.

DEFINITIONS AND NOTATION

2.1.

2.2.

FINITE RANKED UNIFORM POSETS AND Rp

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.

TABLE OF CONTENTS

History and Significance . . . . . . .. ... ... ... ...

Summary of Results . . . . . . ... ... ... . .......

Ranked Posets and the Order Complex . . . . . ... .. ..

The Algebra Rr . . . . . . . . . . ..

A Co-ChainMap . .. ... ... ... ... ... ...

Connection to a Theorem of Retakh, Serconek and Wilson

The First Main Theorem . . . . . . .. ... ... ... .. ..
A Few Examples. . . . . .. ...
Uniform and Cohen-Macaulay Posets . . . . .. ... .. ...

On Numerical Koszulity . . . ... ... ... ... ... ...

Page

12

14

19



Chapter Page
IV. FINITE RANKED POSETSAND Rr . . . . . . . . ... ... .... 40
4.1.  The Right Annihilator Condition . . . . .. .. ... ... .. 41

4.2. A Spectral Sequence Associated to A(I'\ {x}) . .. ... ... 49

4.3.  An Isomorphism of Co-chain Complexes. . . . . . .. ... .. 54

4.4. The Second Main Theorem . . . . . . . . . ... ... ... .. 60

4.5. A Few Examples and Remarks . . . . . . ... ... ... ... 61
REFERENCES CITED . . . . . . . . . 64

x1



Figure

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.
3.8.
4.1.
4.2.

4.3.

LIST OF FIGURES

Page
The poset I'. . . . . . . 13
The regular CW complexes Z and Y and the Poset Q. . . . . . . . .. 14
The poset 3 28
The poset II. . . . . . . . . . 29
The regular CW complex S? x [ and the poset I'. . . . . . ... .. .. 35
The poset Q. . . . . . . 36
The poset I'. . . . . . . L 37
The CW complex [|[Y]|. . . . . . ..o oo 38
The poset ©. . . . . . . 40
The poset ©F. . . . . . . . 41
The poset A. . . . . . 62

xii



CHAPTER I

INTRODUCTION

1.1. History and Significance

The Koszul property originated in work by its namesake, Jean-Louis Koszul. A
French geometer, Koszul sought to discover a cohomology theory for Lie algebras. In
1950, he discovered what would later be called the Koszul complex. In 1970, Priddy
observed more general applications of the Koszul complex (in particular applications
to Steenrod algebras) in his seminal paper, Koszul Resolutions, [17].

Let F be a field. One of the many equivalent definitions of a Koszul algebra is:

Definition 1.1. A connected graded F-algebra A is Koszul if for all i # j,

Ext"/(F,F) = 0.

It follows from the above definition that a Koszul algebra is quadratic. We also note
that an algebra is Koszul if and only if the trivial module admits linear free resolution.
For a complete survey of all things Koszul, see [13].

Koszul algebras are remarkable — they are ubiquitous and often encode geometric
data. There are several notable examples. In the setting of algebraic topology,
Papadima and Yuzvinsky show that a formal topological space X is rational K|r, 1]
if and only if the cohomology ring of X, H*(X), is Koszul; see [15]. In [24], Shelton
and Yuzvinsky show that if a hyperplane arrangement A is supersolvable, then its
Orlik-Solomon algebra, OS(A), is Koszul. In the setting of representation theory,
Beilinson, Ginzburg and Soergel apply the notion of Koszul duality to category O;

see [1].



Further demonstrating its significance, many authors have introduced
generalizations of Koszulity. In [2], Berger defined the class of N-Koszul algebras.
Cassidy and Shelton introduced the class of ICy algebras in [5]. In [9], Herscovich
studies multi-Koszul algebras.

Numerical Koszulity is an important and a closely related property.

Definition 1.2. Let A be graded connected quadratic F-algebra with quadratic dual
algebra A' and let H(A,t) be the Hilbert series of A. Then A is said to be numerically
Koszul if

H(A, —t)- H(A' ) = 1.

Every Koszul algebra is numerically Koszul but, in general, the converse is false.
Independently, counterexamples were discovered in [14] and [23].

This dissertation explores new connections between topology and Koszul
algebras. More specifically, we study a combinatorial topology property known as
Cohen-Macaulay and its relationship to the Koszul property.

We give a brief introduction to Cohen-Macaulay posets. Let (I, <) be a finite
poset with unique minimal element x. We say I' is ranked if for every b € I', any
two maximal chains in [x, b] have the same length. Also, T" is cyclic if it has a unique

maximal element. If a < bin I', then A((a,b)) denotes the order complex of (a,b).

Definition 1.3. A finite ranked cyclic poset I' is Cohen-Macaulay relative to F if for
alla <bin T, H*(A((a,b)),F) = 0 for all n # dimA((a,b)).

Thus, a finite ranked cyclic poset is Cohen-Macaulay if every open interval is, as we
say, a cohomology bouquet of spheres (or CBS). We say that the simplicial complex

A(P) is Cohen-Macaulay if the poset P is Cohen-Macaulay. The Cohen-Macaulay



property has been studied extensively; for a survey of all things Cohen-Macaulay, see
3].

It is worth noting that both the Cohen-Macaulay and Koszul properties are
relative to the field F.

We wish to give the reader some context for the results found in this dissertation.
Connections between combinatorial topology and homological algebra date back to
the work of Reisner and the introduction of face rings (also known as Stanley-Reisner
rings) and the Cohen-Macaulay property for rings. A commutative Noetherian local
ring is Cohen-Macaulay if its Krull dimension is equal to its depth. The following

theorem, due to Reisner, is integral to the study of face rings.

Theorem 1.4. [18] Let P be a finite ranked poset. The face ring of A(P) over F is

Cohen-Macaulay if and only if P is Cohen-Macaulay relative to F.
Later, Eagon and Reiner proved the following.

Theorem 1.5. [6] Let P be a finite ranked poset. The face ring of A(P) over F has
linear free resolution if and only if the Alexander dual of A(P) is Cohen-Macaulay

relative to F.

For a more recent and closely related example, we direct the reader to the work

of Polo and Woodcock. They proved the following theorem independently.

Theorem 1.6. [16][28] Let P be a finite ranked cyclic poset. The incidence algebra

of P over I is Koszul if and only if P is Cohen-Macaulay relative to F.
We now describe the class of posets and algebras we are interested in studying.

Definition 1.7. Let I' be a finite ranked poset with unique minimal element *. The

algebra Rr is the F-algebra with degree one generators r, for all x € '\ {x} and
3



relations

erry:O

T—Y

and

T2 = 0 whenever z 4 w.

We note Rr is quadratic.

The algebra Rr has a relatively complex history. We give an overview.

We let T' be as in Defintion 1.7. In [8], Gelfand, Retakh, Serconek and Wilson
associate to I' a connected graded F-algebra Ar which is called the splitting algebra
of I'; splitting algebras are related to the problem of factoring non-commuting
polynomials. Retakh, Serconek and Wilson later showed that if I' satisfies a
combinatorial condition called wuniform, then an associated graded algebra of the
splitting algebra is quadratic. From which it follows that Ar is quadratic (c.f. [19]).
These authors then asked a standard question in homological algebra: given a finite
uniform ranked I'; is Ar Koszul?

If Ar is Koszul, one can use the Hilbert series condition of numerical Koszulity
to extract combinatorial data from the algebra. Recent work in the area of splitting
algebras often focuses on calculating Hilbert series (c.f. [20] and [21]).

It is often difficult to determine if Ar is Koszul. In fact, preliminary literature
incorrectly asserted that Ar is Koszul for all uniform I'. We thus pass to a related
question. Following [19] and assuming I' is uniform, we filter Ar by rank in I'. We
denote the associated graded algebra by grAr. Finally, we study the quadratic dual
of grAr, which is denoted by (grAr)'. Applying standard techniques, we know that

if (grAr)" is Koszul, then so is Ap. We then ask: given a finite uniform ranked T', is



!

(grAr)' Koszul? We note in [20] and subsequent papers by the same authors, (gr Ar)
is denoted by B(T").

If " is uniform, then Ry = (grAr)". The notation, Ry, is from [4]; Cassidy, Phan
and Shelton assume I' is uniform and denote (grAr)' with Rp. We emphasize that
for our definition of Rp, I' need not be uniform.

The algebra Rpr and Koszulity of Ry are extremely interesting, even if I' is not
uniform and we draw no conclusions about splitting algebras. In [4], Cassidy, Phan
and Shelton show, among many things, that there exists a non-Koszul Rr. If ' stems
from a geometric object, then the Koszulity of Rp gives important combinatorial
and topological data. Again, in [4], the authors show that if T" is the intersection
poset of a regular CW complex, then Rr is Koszul. Sadofsky and Shelton also study
posets associated to regular CW complexes in [25] — they show Koszulity for Rr is
a topological invariant. Lastly, the following question is of great interest: is every

numerically Koszul Rr also Koszul?

1.2. Summary of Results

Chapter II contains background notation and definitions.
In chapter I1I, we study finite ranked uniform posets I' and Rr. The main result

of this chapter is as follows.

Theorem 1.8. Let I' be finite ranked cyclic poset. Then I' is Cohen-Macaulay if and

only if I is uniform and Rr is Koszul.
In addition, chapter III addresses the notion of numerical Koszulity.

Theorem 1.9. There exist finite ranked uniform posets (including cyclic posets) I’

such that Rr is numerically Koszul but not Koszul.

5



We give a general construction for such examples and use that construction to provide
cyclic and non-cyclic examples.

In chapter IV, we study finite ranked (possibly non-uniform) posets I' and Rr.
Using combinatorial topology, we define a new generalization of the Cohen-Macaulay

property: weakly Cohen-Macaulay. The main theorem of chapter IV is as follows.

Theorem 1.10. Let I' be finite ranked cyclic poset. Then I' is weakly Cohen-

Macaulay if and only if Rr is Koszul.

We find it intriguing that Theorems 1.8 and 1.10 are analogous to results from
3], [16], [18] and [28] in that they connect properties of combinatorial topology and
homological algebra.

This dissertation includes unpublished co-authored material in chapters II and

III.



CHAPTER II

DEFINITIONS AND NOTATION

This chapter includes unpublished co-authored material. Brad Shelton and I

collaborated in writing this entire chapter.

2.1. Ranked Posets and the Order Complex

Definition 2.1. Let I' be a poset with unique minimal element % and strict order <.
We say I is ranked if for all b € T', any two maximal chains in [*, b] have the same
length. The length of such a maximal chain is then referred to as the rank of b and
written rkp(b). Set I'y =T'\ {x}. Let I'(k) be the elements of I' of rank k.

(1) ' is pure of rank d if rkr(z) = d for every maximal element of I'.

(2) If T is pure, then T is the poset I' adjoined with a unique maximal element.

(3) If I" is pure, then I" is the poset I' \ I'(rk(I")).

(4) T, denotes the interval [x,z] in T.

(5) I' is cyclic if I' = T, for some z € T.

(6) For any z € I', S, (k) = {y € I'y | rkr(y) = rkr(z) — k}.
For any a < b, we say that b covers a, written b — a, if the closed interval [a, b] has

order 2, or equivalently a € Sy(1). This makes I' into a directed graph that is often

referred to as a layered graph.

Remark 2.2. The above definition of ranked poset is taken from [8], a fundamental
paper in the area of splitting algebras. We note that this definition differs from the

traditional one wherein every maximal chain has the same length (c.f. [27]).

We recall the definition of uniform from [8].

7



Definition 2.3. Let I' be a ranked poset. For x € I" and a,b € S,(1), write a ~, b if
there exists ¢ € 5,(1) N S,(1) and extend ~, to an equivalence relation on S;(1). We

say that I' is uniform if, for every x € I', ~, has a unique equivalence class.

The notion of the order complex of a finite poset is a standard tool in
combinatorial topology and elsewhere. For completeness of exposition, we include

the basic definitions.

Definition 2.4. Let I' be a finite poset with strict order <. The order complex of T,

A(T), is the collection of ordered subsets of I':

A(F):{(bo,bl,...,bnﬂbiGFand b0<b1<...<bn}

An element 5 = (by, - - ,b,) in A(T") is an n-cell (or n-chain) of the complex, C™(A(T"))
denotes the F-vector space generated by the n-cells and C(A(T")) = &,C™(A(T)).
Given x € T, define u, : C"(A(T")) — C™*(A(T)) by extending linearly from the

formula

(J],bo,"',bn> if x < by

(_1)i+1(b07 e 7bi7 x, bi—l—l; e 7bn) lf bz <ax < bi—l—l
u:v(b07 e 7bn) = <

(_1)71-"-1([)0,___ 7bn7$) if bn <

0 otherwise
\

Finally, we set daqy =d =) u, : C(A(I')) = C(A(L)).

Since A(I") is a simplicial complex, it has a well-defined geometric realization,
or total space which we will denote ||A(T)||. We typically give this topological space

a name, say Y = |[|A(I")||. We will consistently abuse notation and write C(Y") for
8



C(A(T')) and dy for dary. It is standard that (C'(Y),dy) is a cochain complex and
that H"(Y) = H"(C(Y),dy). We remind the reader that these cohomology groups
are all calculated with coefficients in our base field, FF.

Recall from Definition 1.3 that a finite ranked cyclic poset is Cohen-Macaulay
relative to a field F if the order complex of any open subinterval (a,b) has non-zero

reduced cohomology only in the degree equal to its dimension.

2.2. The Algebra Rr

In this section, and all remaining chapters, I' denotes a finite ranked poset with

unique minimal element *. We recall the definition of Rr from Chapter I.

Definition 2.5. Let Vi be the F-vector space with basis elements r,, x # x € I'. For
each k > 0 and x #x € I', set r,(k) = >_ r,. Let Ir be the quadratic ideal of the
free (tensor) algebra (V1) generated bzgfeiﬁz)elements:

(1) r, ® ry, for all pairs {x,y} such that y & S,(1),

(2) 7, ® rp(1) for all .
Then the algebra Ry is a the quadratic F-algebra F(Vr)/Ir and we continue to write

r, for the generators of Rr.

The algebra Rp can be graded in several convenient ways, but we will only use
the standard connected grading Rr = € Rr,, in which the generators r, have degree
one. "~

Cassidy, Phan, and Shelton proved the following lemma in [4]. This lemma is a

very powerful tool; we will use it repeatedly and without further comment. We note

that I" need not be uniform.



Lemma 2.6 ([4], (3.1)). Let I" be a finite ranked poset. Then

(RI‘)+ = @ ’l“xRp.

zel'y

Recall from Definition 1.1 that a graded connected F-algebra A is Koszul if for all
ER Extf;lj (F,IF) = 0. There are many equivalent ways to define Koszul (c.f. [13]).
We will often use the following equivalent definition: a graded connected F-algebra
A is Koszul if the trivial right A-module F, admits a linear projective resolution.

We will say that a finite ranked poset I' is Koszul if the algebra Rr is Koszul.
We warn the reader that this is an abuse of notation since we know from [4] that
this definition is dependent on the field IF. That is, there are posets I' such that the
property “Rr is Koszul” is dependent on the field F.

The Koszul property is closely related to a certain co-chain complex built from

the ring Rr.

Definition 2.7. Let I" be a finite ranked poset.
(1) dr = ). 7, € Rry. Also let dr denote the function dr : Rr — Rr given by
x#zel’

left (but never right) multiplication by dr.
(2) For alln > k >0, set Rp(n, k)= >,  ryRr,_.

rkr(y)=n+1
By definition, Rr has a spanning set of monomials of the form ry, ry, - - - 1, where
by — by — - -+ — b;. The space Rp(n, k) is then the span of such monomials for which
rkr(b;) =n+ 1 and rkp(b;) = k + 1. The degree of such a monomial is n — k + 1.
From the definitions we see at once that (dr)? = 0. In particular, for each k > 0

we have a cochain complex:

o Rr(n—1,k) & Re(n k) S Rr(n + 1,k) - -

10



It is useful to note the folllowing. Let df = > 7y, so that dpr = ) dp. Then
rk(y)=n+1
the cochain complex above is the same as:

n—+1

o Retn—1,8) % Rotn, k) D Re(n +1,k) - -

Definition 2.8. For each k£ > 0, we will denote the cohomology of the complex above,

H™(Rr(-,k),dr), by Hg.(n, k), or more simply as Hr(n, k).

It is sometimes convenient to augment each of the cochain complexes Rr(-, k)
by defining F — R(k, k) via 1 — dF. We denote the cohomology of the augemented
complex by Hp(n, k). Please note that this differs from Hp(n, k) in cohomology degree

k, not 0.

11



CHAPTER III

FINITE RANKED UNIFORM POSETS AND Rp

This chapter includes unpublished co-authored material. Brad Shelton and I
collaborated in writing this entire chapter.
We recall important results related to Rp. The following result from [4] is

extremely useful and will be used repeatedly without further comment.

Theorem 3.1 ([4], (3.5)). If the poset I" is uniform, then I" is Koszul if and only if

I, is Koszul for every x # z € T.

The following important theorem from [4] explains how the internal cohomology

groups Hr(n, k) are related to the Koszul property of the algebra Rp.

Theorem 3.2. Assume I' = I, is a finite ranked uniform cyclic poset with rkr(z) =
d+ 1. Then

(1) Hr(k, k) =F for all 0 < k < d.

(2) Hr(n,k) =0ifn=dord—1and k <n.

(3) Assume I', is Koszul for every z < z. Then I' is Koszul if and only if

Hr(n,k)=0forall 0 <k <n<d-2.
Proof. This is 3.7 and 3.8 of [4]. O

Remark 3.3. Despite a remark to the contrary in [4], neither the cyclic hypothesis
nor the “inductive” hypothesis can be removed from part (3) of 3.2. We give two

examples below to illustrate these points.

Example 3.4. Historically, the first known example of a poset for which Rr is not

Koszul is the poset I' whose Hasse diagram is shown in Figure 3.1. Let IV = I'\ {X}.
12



One sees directly that the element rprg in Rr/(1,0) = Rp(1,0) represents a non-zero
cohomology class in both Hr(1,0) and Hr(1,0). Since Rp is Koszul (because all
rank 3 cases are Koszul), this shows that Koszulity, without the cyclic hypothesis,
does not guarantee vanishing of cohomology. The fact that Hr(1,0) is non-zero does,

however, prove that Rr is not Koszul (by (3) of 3.2).
X
/IN
c l B
X X
I|) F E
X X
S
NI/

FIGURE 3.1. The poset T'.

&

It is rather more complex to show that without the inductive hypothesis vanishing
of the cohomology groups Hpg.(n, k) for & < n does not imply the Koszul property.

We use the results of [4] to build a fairly straightforward cyclic example.

Example 3.5. Let Z and Y be two regular CW complexes pictured to the left in
Figure 3.2 and let €2 be the uniform ranked poset whose Hasse diagram is given to
the right in Figure 3.2.

We claim that Hqo(n, k) =0 for all 0 < k < n < 4, but  is not Koszul.

First note that Q has the form PU{x, Z}, where P is the incidence poset of the
CW complex Z. Since Z is homotopic to S!, but is pure of dimension 2, Corollary

5.6 of [4] tells us 2 is not Koszul. Hence € is not Koszul.

13
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FIGURE 3.2. The regular CW complexes Z and Y and the Poset €.

On the other hand, Qy has the form Q U {x, Y}, where @ is the incidence poset
of Y. Since Y is a 2-disc, Corollary 5.6 of [4] tells us that €y is Koszul and then 3.2
tells us that Hq, (n,k) = 0 for all 0 < k < n < 3. Since the element Y majorizes
every element of 2 of rank at most 3, and since Hg, (2,k) = 0 for k£ = 0,1, one can
see by inspection that Hg(n,k) = Hq, (n,k) for all 0 < k < n < 2. Combining this

with (2) of 3.2 shows that Ho(n,k) =0 for all 0 < k < n <4, as claimed.

3.1. A Co-Chain Map

Let Y be the total space of the order complex A(T' \ {*}). We define an
epimorphism:

Op - C"(Y) — Rp(n,0)

by extending linearly from the formula:

Ty, Th if rkp(by) =1

n n—1

..T‘bo

Or((bo, -+ ,bn)) =

0 otherwise

14



We note that ®r((bg,---,b,)) = 0 unless rkr(b,) = n + 1, since otherwise either
rkr(bo) # 1 or there is some j for which b; / b;_; and then ry, 73, , = 0. It may seem

odd to utilize a map that annihilates so much information, but it works.
Lemma 3.6. ®r: C(Y) — Rr(+,0) is a cochain epimorphism.

Proof. We begin with a preliminary observation. Fix x # a < b in I'. We claim:
> rprere = 0 in Rp. To see this, first observe that we may eliminate from the
:flg;r?bany x that is not in Sy(1) since for such x, rpr, = 0. On the other hand, for
any y € Sy(1) for which a £ y, we have r,r, = 0. Hence we may add such terms to
the sum without changing it. Hence the sum is the same as ryr,(1)r,, which is 0 by
definition. A similar observation is that ; brbrx =0.
*Fr<

Fix g = (by, -+ ,bn) € C"(Y). Consider first the case when rk(by) > 1, in which
case dr®r () = dr0 = 0. Then

Or(dy(B) = > Pr(z,bo,- by) = > Tyl

x£x<bg z<bo, rk(z)=1

If rk(by) > 2 then this sum is 0 since every term 74,7, = 0. If 7k(by) = 2, then this
sum is 0 by the observation above. Either way, ®r(dy(3)) = (—1)""tdr®r(3) = 0.

Consider the case when 7k(by) = 1. Recalling that r,r, = 0 whenever b, £ v,
we get

dpq)r(ﬁ) = dr?”bn "'Tbo = Z ’f’yTbn "'Tbo.

brn <y

15



On the other hand,

Pr(dy(B)) = z:(—l)iJrl Z Thy * " Ty Talb; "+ T

7 bi<x<bit1

+ (1) Z T2Tb, " Tho-

bp<x

By the observation above, each sum inside the first term of this expression is 0. This

shows that ®r(dy(8)) = (—1)""1dr®r(f), as required. O

It is clear that the cochain map ®r extends to a cochain map between the

augmented cochains F — C'(Y') and F — Rp(-,0).

Theorem 3.7. Let I' be a finite ranked uniform poset and Y = ||A(I'\{*})||. Assume
Ry is Koszul. Then the cochain map ®r : C"(Y) — Rr(n,0) is a quasi-isomorphism.
In particular:

H"(Y) = Hr(n,0) for all n.

Proof. Let R = Rr throughout the proof. Let d + 1 be the maximal rank of any
element of I'. We prove the theorem by induction on d. The case d = 0 is clear.
Henceforth we assume d > 0. We begin by proving a special case of the theorem.

The special case contains substantive extra information.

Lemma 3.8. Let I', Y be as in 3.7, with the additional hypothesis that I' is cyclic,
that is I' = I', where rkp(z) = d+1. Let IV = T'\ {z}, let Z be the (d—1)-dimensional
closed subspace of Y given by Z = [|A(I"\ {*})|| = ||A((*,x))]].

(1) @ : C™(Y) — R(n,0) is a quasi-isomorphism,

(2) H(Y)) = Hyp(n,0) = 0 for all n,
(3) HM(Z) =0for all n # d — 1,
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(4) The map H%(Z) — R(d,0) given by

[(bo, -+ yba—1)] + @i (bo, - -+, ba_1) = TaTb, = Tho

is an isomorphism.

Proof. Since R = Rr is by assumption Koszul, 3.2 tells us ﬁp(n,O) = 0 for all n.
Since T' is cyclic, the space Y is contractible and thus H "(Y) = 0 for all n. This
proves (2), from which (1) follows trivially.

Let R' = Rp. By induction, & : C"(Z) — R'(n,0) is a quasi-isomorphism and
H"™(Z) = Hyp (n,0) for all n.

Define the cochain complex K to be 0 — R(d,0) — 0 with the term R(d,0) in
degree d. We note that R(n,0) = R'(n,0) for all n < d, and R'(d,0) = 0. Moreover,
the maps dr and dr coincide on the spaces R(n,0) for n < d — 1. Hence we have

short exact sequence of cochains:

0— K — R(-,0) = R'(-,0) = 0

The associated long exact sequence in cohomology, together with (2), yields
Hr/(n,0) = Hr(n,0) = 0 for all n < d — 1. Furthermore, Hp/(d — 1,0) is
isomorphic to R(d,0) via the connecting homomorphism. Composing the connecting
homomorphism with the isomorphism ®p : H%'(Z) — Hp/(d — 1,0) gives exactly

the map given in (4). This proves (3) and (4). O

We return to proving the general case of the Theorem. Let I'(d+1) = {y1,...,ys}
and set Q = '\ I'(d + 1). We define closed subspaces of Y: Y; = ||A((*,v:])|| for
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1 <i<sand Z = ||A(Q\{*})||. Note that for each i, ZNY; = ||A((x,v:))|, so that
Lemma 3.8 applies to the pair (Y;,Z NY;).

Consider the relative cochain complex C(Y, Z). The basis elements of C"*(Y, Z)
are those n + 1-cells (bg, -+ , b,y 1) in C"(Y) for which b,,; = y; for some i, in
which case (b, - ,b,) is in C™(Z NY;). Hence there is a vector space isomorphism
¢ : ®CYZNY;) = C"YY, Z) given by mapping (by,--- ,b,) in C*(Z NY;) to
(bo, ..., bn,y;). We also define the isomorphism ¢ : F* — C%(Y, Z) by ((e;) = ().
Finally, define an augmentation F* — &,C°(ZNY;) viae; — >_ (b) in C°(ZNY]).

Using the fact that each y; is maximal in T, it is a strailg}?‘;forward calculation
to see that ( is a degree +1 cochain map between the augmented cochain complex
Fs — @,C(Z NY;) and the complex C(Y,Z). Hence ( is an isomorphism of cochain
complexes. Thus H*(Y, Z) = @, H*(ZNY;) for all n. By Lemma 3.8, we then have
H"(Y,Z) = 0foralln < d. Since R(d,0) = P, ry,, R(d—1,0) = P, Br, (d,0), 3.8 also
shows us that H(Y, Z) is isomorphic to R(d, 0), via the map [ = (b, - -+ , ba_1, ¥i)] —
TyiTbyy " Thy = Pr(B).

Let K be the cochain complex 0 — R(d,0) — 0, concentrated in degree d.
Exactly as in the proof of 3.8 we have a short exact sequence of cochain complexes:
0 — K — R(-,0) = Rq(-,0) = 0. For any n < d, let ®r be the restriction of ®r to
C™(Y, Z). By the note just after the definition of @, we see ®r(C™(Y, Z)) = 0 for all

n <d.

18



Using the last observation, we see that we have a commutative diagram of cochain

complexes:

0o —oYy,zZz)— Ccy)y — CZ) — 0

A

Op Op Dq
0 — K — R(-,0) — Rq(-,0) — 0

By induction, @ is a quasi-isomorphism. By the previous paragraph, dris a quasi-
isomorphism. Thus ®r is a quasi-isomorphism. This completes the proof of Theorem

3.7. [l

3.2. Connection to a Theorem of Retakh, Serconek and Wilson

This section is a brief digression in order make a connection between our methods
and a very good result: Proposition 3.2.1 of [20]. The basic idea of this section is to see
just how far one can push the techniques of the previous section without the Koszul
hypothesis. We will prove a weaker version of 3.7, from which we get a corollary that

is equivalent to 3.2.1 of [20].

Theorem 3.9. Let I' = I, be a finite ranked uniform cyclic poset with rkr(z) = d+1
and set [' = I"\ {z}. Let Z be the total space of the order complex A(I"\ {x}).
Then:

(1) The cochain epimorphism & : C"(Z) — Rp/(n,0), as described in the

previous section, induces an isomorphism in cohomology in degree d — 1, that is

H*Y(Z) = Hp/(d - 1,0).
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(2) The map H*(Z) — Rr(d,0) given by

[(bo, -+ yba—1)] + 7@ (bo, - -+ s ba_1) = TaTb, = Th

is an isomorphism.

Proof. We prove both parts of the theorem by induction on d. The case d = 0 is
trivial, as there is nothing to prove. The case d = 1 is essentially trivial (and is
anyways covered by 3.8). We assume d > 2.

Let I'(d) = {v1,...,ys} be the elements of rank d. Set Q" =T"\ {y1,...,ys}.
Let Q be the poset obtained by adjoining to ' a unique new maximal element 1 (so
that, in particular, Q' = Q\ {1}). In order to apply induction to the pair (£,Q') we
need to observe that €2 is a ranked uniform cyclic poset. It is ranked because every
maximal element of ' has rank d — 1. It is cyclic by construction. The fact that
is uniform is Lemma 2.3 of [4]. Let W = [|A(Q"\ {x})]|.

For each y;, let Z; = ||A((x,y])||. Then Z; N W = ||A((*,v:))||. Since (I'),, =
[*,y;] is uniform and cyclic, we may also apply the inductive hypothesis to the pairs
(Zi, Zi "W).

Exactly as in the proof of 3.7 we have a degree +1 cochain isomorphism ¢ between
the augmented cochain complex F* — @, C"*(Z; N W) and the cochain complex
C™(Z,W). Also exactly as in that proof we have a commutative diagram of cochain

compexes:

0o —CcZWwW) — CZ) — CcW) — 0



where K’ is the cochain complex 0 — Rp(d — 1,0) — 0 with the nonzero term
in degree d — 1. Consider the final terms of the associated diagram of long exact

cohomology sequences:
oo — H"EW) — HYYZ, W) — H¥YZ) — 0
Dgy O Pp
v — Ha(d—2,0)— Rp/(d —1,0) — Hp/(d — 1,0) — 0

The first downward arrow in this diagram is an isomorphism by induction. Using the
isomorphism ¢ and induction again we have H*"(Z, W) = @, H"*(Z; N W) =
@, Rr, (d — 1,0) = Rr/(d — 1,0). Hence the second downward map is also an
isomorphism. Hence the final downward map is also an isomorphism.

This completes the inductive proof of part (1) of the theorem. Part (2) follows

immediately from part (1), exactly as in the proof of part (3) of Lemma 3.8. O
Definition 3.10. For each k > 0 we set % = {y € ['|rkr(y) > k} U {*}.

We note that " = T' and that I'>* is uniform if " is uniform. The rank
function on I'>*\ {x} is rkpsk(a) = rkp(a) — k. It is also clear that for all 0 < j < n,
Rr>r(n,j) = Rr(n + k,j + k) and furthermore that Hpsx(n,j) = Hr(n + k,j + k).
Using this notation we get the following corollary to Theorem 3.9. This corollary is
an exact restatement of Proposition 3.2.1 from [20] in our notation. (Remark: there
is a typographical error in 3.2.1 of [20], which uses H"~2 instead of H"2. It is clear

that reduced cohomology was intended by the authors.)
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Corollary 3.11. Let I' be a finite ranked uniform poset and * # v € I' an element

of rank d + 1. Then for any 0 < k <d — 1,

dim(r,Rp(d — 1,k)) = dim(HFHATFN {*,0})).

Proof. r,Rr(d —1,k) = Rr,(d, k) = Rp>«(d — k,0). Apply (2) of 3.9. O

As in [20], this formula easily yields a closed formula for the Hilbert series of Rr.

We will return to that formula in Section 8.

3.3. The First Main Theorem

Definition 3.12. Let I" be a finite ranked poset. For any a < b let Xr(a,b) = X(a,b)

be the total space of the order complex A((a,b)).

We note that the dimension of X (a,b) is rkr(b) — rkr(a) — 2. This is consistent
with the definition: dim(A(@)) = —1. We also take as a (standard) convention
H"(A(D) = 0 for n # —1 and H Y(A(0)) = F (cf. [28]). We note that using the

above notation, a cyclic poset I' is Cohen-Macaulay if and only if

(%) H"(X(a,b)) =0forall a <bel and all n # dim(X(a,b)).

We are now prepared to restate and then prove Theorem ?7.

Theorem 3.13. Let ' be a finite ranked cyclic poset. Then I' is Cohen-Macaulay if

and only if ' is uniform and the algebra Rr is Koszul.

Proof. The proof of 3.13 will proceed by induction on the rank of I'. We first prove

three technical lemmas.
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Lemma 3.14. If the uniform ranked poset I" is Koszul, then the poset I'>* is Koszul

for all £ > 0.

Proof. Fix k > 0 and suppose I'>* is not Koszul. Then for some z € I'>* ('>F), is
not Koszul. Choose such an x of minimal rank.

Note that (%), = (I';)”* := I';*. By minimality of z, T'* is Koszul for every
y < zin "% So by 3.2, Hp>k(n,j) # 0 for some 0 < j < n. But Hpsk(n,j) =

Hr,(n+k,j+ k). This contradicts Lemma 2.7, since I, is Koszul. O

Lemma 3.15. Let I' = T, be a cyclic uniform ranked poset. Set I" = T'\{b}, Q = T'>!
and ' = Q\ {b}. Let Y and Z be the total spaces of the order complexes of T and

Q' respectively. Then for all n > 0,

H"(Y,Z2)= @ H" ' (X(a,b)).
ael(1)
Proof. An n-cell § = (by,---,b,) is a basis element of C™(Y,Z7) if and only if it
is not an n-cell of Z, which happens precisely when by has rank 1 in I'. For each
a € T'(1) let C? be the F-span of those § for which by = a. Since each such a
is minimal, dy : C* — C"". Thus we have a cochain complex decomposition:
(Y, Z) = ®aer(1) Ca-

For n > 0, let ¢ : C* — C"'(X(a,b)) be the isomorphism defined by
(a,by,++ ,by) v (b1, ,b,). Similarly define ¢ : C° — F by (a) ~ 1. It is clear
that we have defined a degree -1 cochain complex isomorphism between C¥ and the
augmented cocomplex F — C*(X (a,b)).

The statement of the lemma is now clear. OJ

Our last lemma relates the property of being uniform to the property that the

topological spaces X (a,b) are connected.
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Lemma 3.16. Let I' be a finite ranked poset which satisfies:

(xx) X(a,b) is connected for all a < b with rkr(b) — rkr(a) > 3.

Then for all @ < b, the interval [a, b] is uniform (as a ranked poset with unique minimal

element ). In particular I' is uniform.

Proof. Choose a < bin I". We proceed by induction on rkr(b) — rkr(a). We may also
assume rkp(b) — rkr(a) > 3, since otherwise [a, b] is automatically uniform.

For any a < ¢ < b, the interval [a,c| is uniform by induction. Therefore, it
remains only to check the definition of uniform against the element b itself. Returning
to the definition of uniform (relative to [a,b]) we define Sjp(1) = {c|a < ¢ <
b and rkp(b) — rkr(c) = 1}. The equivalence relation on Sp, (1) is defined by
transitive extension from the definition: ¢; ~4 ) ¢ if there exists a < u with u < ¢y,
u < cg and rkp(b) —rkp(u) = 2. Let [¢1], [c2], - . . [¢r] be the distinct equivalence classes
of ~qy.

It remains only to prove r = 1, so let us assume r > 1. For each 1 < i < r, let
Ui = (a,[¢]] :={x €T |a <z < f for some f € [¢;]}. Then (a,b) = U;U;.

Since X (a, b) is connected, the poset (a,b) must be connected as a graph. Since
each U; is a union of maximal intervals in (a,b), the various U; can not all be disjoint.
So we may assume U; N Uy # (). Choose y € Uy NUy. Then y < ¢§ and y < ¢ for
some ¢} € [c1] and ¢, € [co]. By induction, [y, b] is uniform. This implies ¢| ~p, ) ¢,
which is clearly a contradiction to ¢} %4 ¢4, since [y,b] C [a,b]. Hence r = 1 and

la, b] is uniform. O

We can now complete the proof of 3.13.
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We first prove the claim that if I' is uniform and Koszul then condition (*)
holds. Fix a < bin I'. Let k be the rank of a and d + 1 be the rank of b. Then
dim(X(a,b)) =d — k — 1 and so there is nothing to prove unless d > k + 1.

Let IV, ©, €', Y and Z be as in Lemma 3.15. By 3.14, Q2 and € are Koszul.

If k = 0, that is @ = *, then X (a,b) = Y and by (3) of 3.8 we have H"(X (a,b)) =
0 for all n < dim(X(a,b)).

Assume k£ = 1. Consider the short exact sequence of cochain complexes

0=->CY,Z)-C(Y)—=>C(Z) =0

and associated long exact sequence

( * %) ---—>I§f”‘1(Z)—>H”(Y,Z)_>ﬁn(y)_>...

By 3.8, H*(Y) =0 for n < dim(Y) =d — 1 and H* (Z) =0 for n — 1 < dim(Z) =
d — 2. Hence H'Y,Z) = 0 for n < d — 1. By 3.15, H" (X (a,b)) is a summand
of H*(Y, Z) and we obtain H" (X (a,b)) = 0 for n — 1 < dim(X(a,b)) = d — 2, as
required.

Finally, consider the case k& > 1. In this case a € Q with rkq(a) > 0. By
induction on d, we immediately get H"(X(a,b)) = 0 for n < dim(X(a,b)). This
completes the proof of the first half.

We now turn to the converse. Assume condition (*) holds. By Lemma 3.16, T’
is uniform. We proceed to prove that I' is Koszul, again by induction on d + 1, the

rank of I'. If d = 0 there is nothing to prove. We assume d > 0.
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Again, let TV, Q, Q' and Y be as in Lemma 3.15. By induction, the posets I/, ©
and €' are all Koszul, since the hypothesis (*) is true for all three and all three only
have elements of rank at most d.

For any * # a < bin I', T, also satisfies (*) and thus, by induction I, is Koszul.

Hence by 3.2 it suffices to prove

Hr(n,k)=0forall0 <k <n<d-2.

Since € is cyclic, Koszul, and rank d, Theorem 3.2 tells us that for all 0 < k <

n<d-—2:

HF<7’L, ]{?) = HF/(TL, k’) = HQ/(TL - ].,]C — ].) = HQ(?’L - ].,k’ - ].) =0.

By Theorem 3.7 and (*), for all 0 <n < d — 2,

HF(TL,O) = Hp(n,()) = Hn(Y) =0.

This completes the proof of 3.13. O
The following corollary is 3.13 together with 3.1.
Corollary 3.17. Let I" be a finite ranked poset. For all elements x € I' of maximal

rank, I', is Cohen-Macaulay if and only if I' is uniform and Rr is Koszul.

3.4. A Few Examples

We first discuss three types of examples that were of specific interest to us, as
they represent different areas where we struggled with the Koszul question in the

past.
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Example 3.18. Let I' be the infinite ranked poset of all partitions of non-negative
integers. We identify a partition with its Young diagram, and then the order on
[ is €. The unique minimal element is the partition (0). For any integer n and
any partition A - n, the finite poset ') is a modular lattice, hence Cohen-Macaulay
(cf. [3]). Thus Ry, is Koszul. This result was proved earlier by T. Cassidy and Shelton

using a modification of the techniques of [4].

Example 3.19. Let A = {Hy,...,H,} be an arrangement of hyperplanes in an
ambient vector space V (over an arbitrary field, not necessarily F). Then the
intersection lattice I' associated to A is semi-modular and therefore Cohen-Macaulay
over any field (cf. [3]). Hence Rr is Koszul. This class of examples includes, in
particular, the lattice of all subspaces of a finite dimensional vector space over a finite

field.

Example 3.20. Let I' be the incidence poset of any finite regular CW complex, let
X be the total space of the CW complex and let T' = T'U {0}, where () is uniquely
minimal. If T" is pure (all maximal cells have the same dimension), then we set
[ =T U {0, X} where X is uniquely maximal.

It is well known that for any Z € T, I'; is Cohen-Macaulay over any field. Hence
Ry is Koszul over any field. This theorem was first proved in both [22] and [4].

The poset r may well not be Cohen-Macaulay. The second main result of [4],
Theorem 5.3, is an exact description, in combinatorial-topological terms, of when the
algebras Ry are Koszul (these conditions include uniform, expressed as a topological
condition). In the paper [25] it was further shown that the conditions under which Iis
Koszul are topological invariants rather than just combinatorial invariants. However,
the conditions of that theorem can, with some small effort, be translated directly into

the statement that I' is Cohen-Macaulay, thereby relating that theorem directly to
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3.13. Since Cohen-Macaulay is known to be a topological invariant, Theorem 3.13
also recaptures the results of [25].

There is an explicit example in [4] (Example 5.9 and Theorem 5.10) of a pure
3-dimensional regular CW complex X that is contractible, and yet [ is not Koszul.
The proof of this fact was somewhat detailed. But one can see by inspection, in the
notation of that example, that the open interval (Cy, X) is not connected as a graph.
That is enough show that [ is not Cohen-Macaulay and conclude that the algebra is

not Koszul.

We now give two specific examples. The first demonstrates that we can readily
build posets I' such that the Koszulity of Ry is field dependent. The second shows

that if I" is a lattice, then Rr need not be Koszul.

Example 3.21. We give RP? a regular CW structure with four faces, eight edges and
five vertices. Let X be the intersection poset of the CW complex. Similar to the above

example, we set 3 = Y U {*, X}; ¥ is shown in Figure 3.3. Then A((x, X)) is the

N
NN A7
\\ //

*

FIGURE 3.3. The poset 3.
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barycentric subdivision of the CW structure on RP?, thus ||A((*, X))]|| is homotopic
to RP%2 If F is a field of characteristic two, then H*(A((x,X)),F) = F for all
0 < k < n. Hence X is not Cohen-Macaulay relative to F. We conclude that the
F-algebra Ry, is not Koszul. On the other hand, if K is a field with characteristic
different from two, then H*(A((*, X)),K) = K for k = 0 and k = n odd, and zero

otherwise. Thus Y is Cohen-Macaulay relative to K and the -algebra Ry is Koszul.

Example 3.22. Let II be the finite ranked poset shown in Figure 3.4. By inspection,

A N
N AN RN

m_1

N/

FIGURE 3.4. The poset II.

IT is a lattice. The interval (%, z) is the incidence poset of a regular CW complex on

a pinched S* x I. Thus ||A(%, 2)|| is homotopic to S*. We conclude Ry is not Koszul.

3.5. Uniform and Cohen-Macaulay Posets
We borrow some nice notation from [20].

Definition 3.23. For any a € I" and 1 < i < rkr(a) we set

Toi={w < a|rkp(a) — rkp(w) <i—1} = D>*@=T 0 (5 q)
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Note that I',; is a subposet of [*,a) and the dimension of A(T',;) is i — 2. It is
helfpul to note that I'y; = 0, I'yo = Si(a) and I'y ) = (*,a). Also, we remark
that A(T'; ;) has dimension k — 2.

We give an equivalent definition of uniform.

Proposition 3.24. Let I" be a finite ranked poset. Then I' is uniform if and only if

for all x € I'y. of rank at least three, I'; 3 is connected as a graph.
Similarly, we give an equivalent definition of Cohen-Macaulay.

Theorem 3.25. Let ' be a finite ranked cyclic poset. Then I' is Cohen-Macaulay if

and only if for all z € 'y and all 7kp(z) > k > n, H" 2(A(T,)) = 0.

Proof. Assume I is Cohen-Macaulay and let « € I',.. By Theorem 3.13, Rr is Koszul,
from which it follows that Ry, is Koszul. Applying Theorem 3.2, we see Hr, (m,j) =0
for all rkp(x) > m > j > 0. Theorem 3.7 together with Lemma 3.14 tell us that
Hr,(m,j) = H" 7 (A(Ly ke @)—;)) for all rkp(z) > m > j > 0, which completes the
proof of the forward direction.

For the reverse direction, we proceed by induction on the rank of I' =I',. For a
poset of rank one, there is nothing to show. We then assume I' has rank d + 1 with
d > 0.

By the inductive hypothesis, I', is Cohen-Macaulay for all a < b in I'. Let
m < rkr(b). We observed that A(I',,,—1) is a closed subspace of A(I'y,,). We obtain

the standard long exact sequence

oo AMNATy 1)) = A ATy ), A1) = B (ATh) = -
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Then, by assumption, H™(A(Tym), A(Tym-1)) = 0 for all n < m —2. Similar to 3.15,
we get

H"(A(Cym), ACym)) = @ H'H(A((a,1))).

a€Sy(m—1)

This implies

D #(A(ab)=0

a€Sp(m—1)

for all 7 < m — 3. This implies I' is Cohen-Macaulay. ]

3.6. On Numerical Koszulity

The Hilbert series of an N-graded F-algebra R = &;R; is the power series
H(R,t) =Y, dim(R;)t". It is well known that if R is a quadratic and Koszul algebra
with quadratic dual algebra R' (cf. [13]), then H(R,—t)H(R' t) = 1. We say that a
quadratic algebra is numerically Koszul if it satisfies this equation.

Given a finite ranked uniform poset I', the quadratic dual of the algebra Rp will
be denoted here as Aj.. This algebra was first described in [8] as a deformation of
another important quadratic algebra Ar, the splitting algebra of the poset I'. The
algebras Ap. and Ar have the same Hilbert series, which was computed in [21] and
then recalculated in terms of order complexes in [20]. We record here Theorem 4.1.1 of
[20], translated into our notation. (Remark: as with Theorem 3.2.1 of [20], Theorem
4.1.1 has a typographical error. The theorem must use reduced cohomology, not

cohomology.)

Definition 3.26. The reduced Euler characteristic of a space X, relative to IF, is

X(X) =) (~1)' dim(H'(X))

)
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where cohomology is calculated with coefficients in .
Note that y(A(0)) = —1.

Theorem 3.27. ([20], 4.1.1) Let I be a uniform finite ranked poset. Then:

For further use we also record the Hilbert series of Rr from 3.1.1 of [20] (again,

correcting for reduced cohomology).

Theorem 3.28. (]20], 3.1.1) Let I" be a uniform finite ranked poset. Then:

H(Rp,—t)=1+Y > (=1)"2dim A *(A(I,,))t

1>1 a€l
- rkp(a)>1i

Definition 3.29. Let I' be a finite uniform ranked poset.
(1) Let v € I" and i < rkr(v). We say that the pair (v,7) is good if

X(A(Ty) = (1) dim H*(A(T,))

and bad if the equality does not hold.

(2) We define the numerical Koszul defect of T' to be

NKD(I') = H(Rp,—t) — H(Ar, )~

= ¥ [ dm ATAT)) - RAT)] ¢
(v,2) bad
Since Ar and A% = R} have the same Hilbert series for any uniform T, we see

that the ring Rr is numerically Koszul if and only if NKD(I") = 0.
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We record the following trivial observation which we will use frequently: if T"
is uniform, then for any v € I', (v,1), (v,2), (v,3) are always good ((v,3) is good
because uniformity implies the graph I', 3 is connected). And (v,4) is good if and

only if H'(A(I'(,4)) = 0. This immediately gives the following simple theorem.

Theorem 3.30. If T" is a finite uniform ranked poset and no element of I" has rank

bigger than 4, then Ry is Koszul if and only if Rp is numerically Koszul.

Proof. Only one direction needs to be proved. Assume Rr is numerically Koszul. Fix
any a < b in T. If dim(X (a,b)) < 1 then it is clear from uniform that H™(X(a,b))
is non-zero only for n = dim(X (a,b)). So assume dim(X(a,b)) = 2 (the maximum
possible such dimension). This can only happen if rkp(b) = 4 and a = *. But by
hypothesis, (b,4) is good. Since I',4 = (*,b), we have H™(X (%,b)) = 0 for n # 2. We

have shown I', is Cohen-Macaulay for all x of rank four. Thus I" is Koszul. O

We now describe a construction for combining two uniform finite ranked posets,
over which the NKD will be additive. This will allow us to construct examples that
are numerically Koszul but not Koszul.

For the time being, let I and €2 be two finite ranked uniform posets with minimal
elements *r and *q respectively. Let Xt and X be the total spaces of the respective

order complexes A(I") and A(Q?). Fix elements v € I'(1) and v" € Q(1).

Definition 3.31. With notation as above we set

['VpwyQ=TU Q/(¢r ~ *q,v ~ )

We identify I and 2 as subsets of I" V() £2. The set inherits an order from I' and (2
wherein two elements are related if and only if they are related in either I' or in €.

We denote the unique minimal element by * and the common image of v and v’ by .
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It is clear that the poset I' V(, . € inherits the uniform property from I' and (2.

The following lemma is obvious.

Lemma 3.32. Let notation be as above. Then the total space of the order complex

of the poset I' V(, 2 is Xr V Xq.

Lemma 3.33. Let notation be as above. Then

NKD(T V(yu) Q) = NKD(I') + NKD(Q).

Proof. To ease the notation, let © = 'V, €. For any a € © we see that ©,; = 'y ;
if a €l and ©,; = Q,; if a € Q. In particular, ©5; = (. Thus, by 3.27 we have the

following decomposition:

H(Ae, )™ =1+ 3 XA
acl
rkp(a)>i>1

+ 2 XA = X(O5)t

ac)
rkp(a)>i>1

= H(Ar,t)' + H(Aq,t) '+t —1

Exactly the same calculation for H(Rg, —t) yields

H(Re,—t) = H(Rr,—t) + H(Rq,—t) +t — 1

Subtracting gives the required equation. O]

Lemma 3.34. Let I" be the uniform ranked poset shown to the right in Figure 3.5.

Then NKD(T') = —#5. In particular T' is not Koszul.
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FIGURE 3.5. The regular CW complex S? x I and the poset I'.

S2

Proof. The poset I' is of the form P U {*, X}, where P is the incidence poset of a
regular CW complex realization of S% x I. The picture to the left in Figure 3.5 labels
the CW complex P (to the best of our abilities). Because P is a CW complex, the
only pairs (v,7) that might be bad are the pairs (X,5) and (X, 4).

The pair (X,5) is bad. To see this note I'ys; = (x,X) = P and hence
|A(Tx5)|| = S? x I. This 3-dimensional space is homotopic to S? and has non-zero
reduced cohomology only in degree 2. Hence the pair (X,5) is bad and contributes
—t° to NKD(T).

The pair (X, 4) is good. To see this, first apply 3.15 to get

H"(A(Tx5), A(Tx.4)) @ H Y X))).

vel'(1

Since S? x I is a manifold with boundary and each 0-cell in P is on the boundary,
the spaces A( (v, X)) are all homeomorphic to 2-discs and thus have no reduced

cohomology. Le. H*(A(T'xs), A(T'x4)) = 0 for all n. Since H*(A(I'x5)) = 0 for all
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n # 2, the usual long exact sequence for relative cohomology tells us H™(A(I'x 4)) = 0
for all n # 2. Thus (X, 4) is good.

This proves the lemma. O

Lemma 3.35. Let 2 be the the uniform ranked poset shown in Figure 3.6. Then

NKD(2) = t°. In particular € is not Koszul.

Y

/IN
NI/
NI/
7

FIGURE 3.6. The poset (2.

Proof. We see at once that 2 is not Koszul because the interval (a’, Y") is not connected
as a graph. By direct inspection, every pair (v,4) is good, because every pair (v,4)
corresponds to a contractible space with no reduced cohomology. This leaves (Y, 5)
as the only pair that can be bad. Since A(Qdy;) = A((*,Y)) is 3-dimensional but
homotopic to S* (by inspection), the pair (Y,5) is bad and contributes exactly > to
NKD(€), as claimed. O

We now see easily that a numerically Koszul algebra in our class need not be

Koszul, as promised in Theorem 1.9.

Theorem 3.36. Let I' be as in 3.34 and €2 as in 3.35. Set © =I' V(44 2. Then the

algebra Rg is not Koszul, but it is numerically Koszul.
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Proof. The intervals (*,Y) and (%, X) show that the respective posets I" and €2 are
not Cohen-Macauley. Hence by Corollary 3.17, Rg is not Koszul.
By 3.33, 3.34 and 3.35, NKD(©) = NKD(T') + NKD(Q2) = —t°> +t*> = 0. Thus ©

is numerically Koszul. O

It is clear that any number of examples could be constructed in this fashion,
but the resulting examples are not very satisfying, as they are far from being cyclic.
Fortunately, through much more ad-hoc methods we were able to obtain the following

cyclic example.

Theorem 3.37. Let I' be the uniform ranked poset shown in Figure 3.7. Then I is

numerically Koszul, but not Koszul.

w
/\
x Y
AN
Cl A B C2
AR TS
Sl 52 Ql Q2 T1 T2 R1 R2 S3 54
N e N Y
fl 2 ol o2 el e2 hl h2 f3 f4

FIGURE 3.7. The poset I

Proof. We first list several useful observations about I'. [, X]| is the poset from 3.34.
In particular, (*, X) is the incidence poset of a regular CW complex realization of

S% x I; we will refer to this CW complex as | X||. Let ||Y|| be the three-dimensional
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CW complex drawn (to the best of our abilities) in Figure 3.8. ||Y|| has three 3-cells
B, C1, and C2 and we note that B is also a 3-cell of || X||. ||Y|| has a singular point
at z and is homotopic to S*. (x,Y) in I is the incidence poset of ||Y]|. (x, W) in T is

not the incidence poset of a CW complex.

FIGURE 3.8. The CW complex ||Y]].

By construction, I' is uniform. I' is not Cohen-Macaulay because the open
interval (z,Y") is not connected as a graph, By 3.13, Rr is not Koszul.

To see that I" is numerically Koszul, we need to examine the pairs (A, 4), (B, 4),
(C1,4), (C2,4), (X,4), (X,5), (YV,4), (Y,5), (W,4), (W,5), and (W,6).

Due to the regular CW structures, the realizations of the order complexes of
L4, T'pa, Dera, and T'eg 4 are each homeomorphic to 2-spheres. We conclude (A4, 4),
(B,4), (C1,4), and (C2,4) are good. 3.34 tells us (X,4) is good and (X,5) is bad.
(Y,5) is bad because ||A(T'y5)]|| is homotopic to S*.

Before calculating the remaining pairs, we will state a useful observation. Let V
be a topological space and let Uy, U; be closed subsets of V' such that Uy UU; = V.

If Uy N U, is contractible, then cone(U;) U cone(Us) is contractible.
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Claim: (Y,4) is good. We apply 3.15 to get

() H"(A(Tys),A(Tya)) = @ H"HA((Y))

tely (1)

for all n > 0. The intervals (a,Y),(d,Y), (b,Y) and (¢,Y") are isomorphic as posets
and we can use the above useful observation to see that the order complex of each
interval is contractible. The realization of the order complex of (z,Y") is homotopic to
5% From (**), we conclude that H"(A(Ty5), A(Ty.4)) is one-dimensional for n = 1
and is zero otherwise.

We now apply the standard long exact cohomology sequence related to relative
cohomology for A(T'y5) and A(T'y4). Recalling that H"(A(T'y;5)) is one-dimensional
for n = 1 and is zero otherwise, we see that H'(A(T'y4)) = 0 as required.

(W, n) is good for all 4 <n < 6 because ||A(I'w,,)|| is contractible by the above
useful observation.

Finally, we compute

NKD(TI') = (V;b ) (=12 dim A 2(A(Ty,)) — X(A(Ty) | ¢

= [(=1)*dim H*(A(Ix5)) — X(A(Txs))t°
+[(=1)* dim H*(A(Ty;5)) — X(A(Ty))t?

= [-X(A(T'x5)) = X(A[Ty)]* = [(-1) = (=D]t> = 0.

Thus Rr is numerically Koszul and this completes our proof. O
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CHAPTER IV

FINITE RANKED POSETS AND Rp

We begin with an illustrative example.

Example 4.1. Let © be the ranked poset shown in Figure 4.1. This poset was
/ y\

\/

FIGURE 4.1. The poset ©.

first introduced by Cassidy and it was studied extensively in [10]. We make several
observations. By inspection, we see that © is uniform. Also, by inspection, we know
O is not Cohen-Macaulay; [|A(©,4)| is homotopic to S'. By Theorem 3.13, Rg is
not Koszul.

Let ©* be the dual poset of O, as shown in Figure 4.2. We again make several
observations. Since ©;, 5 is disconnected as a graph, © is not uniform and ©* is not
Cohen-Macaulay. Also, [[A(©*,4)|| = [|A(©,.4)]] is homotopic to S*.

We may not apply Theorem 3.13 to determine if Rg- is Koszul or not.

Nonetheless, we claim Re-+ is Koszul. We use techniques similar to (3.3) of [4]; we will
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FIGURE 4.2. The poset ©*.

n

5

soon make these techniques more precise. We only need to show ranng. (rn, +75,) is

linearly generated. We see (rs + 1), + 74)1y = 747, = —747¢. Then, by inspection,

rannpe. (Tm +1n) = (s + 1 +74)Re ® @ r,Reox.
Z€6+

We reiterate to the reader: ©* is not Cohen-Macaulay, nonetheless Rg« is Koszul.

Let I' be an arbitrary (possibly non-uniform) finite ranked poset with unique
minimal element * and rank m + 1. In this chapter, we wish to find necessary and

sufficient conditions on I' that make Rr Koszul.

4.1. The Right Annihilator Condition

In this section, we establish algebraic results that generalize section 3 of [4]. We
remind the reader of the following fact from [4]: for a uniform I', the Koszul property
for Rr is equivalent to a condition on right annihilators of certain elements of Rp.

First, we need some notation and some new combinatorial objects.
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Definition 4.2. Let u € Rr. Define the linearly generated right annihilator of wu,

Lr(u) := (ranng.(u)), Rr.

Definition 4.3. Let 1 <n <m+1and S C I'(n). Then

Trs = E Ty

z€eS

For all x € I'. we write r(;) = r,. Suppose u,v € I',. We write u ~5 v if for all

9= g¢r.. (¢€F)

zel'y
rsq = 0 implies q, = q,.

We note ~° defines an equivalence relation on I'y. Equivalence classes will be

denoted by [—]® and thus

T[zo}s = Z Ty.

2€[z0]°

Proposition 4.4. Let n and S be given as in Definition 4.3. Then

LF(TS) = @T[zO]SRF-

[z0]%

Proof. Suppose

rs - Z q."; = 0.

zel'y

Then

Z q.7, = Z Q120)5T[20]5 € @T[zo]SRF'

z€ly [20] [20]%
We also need to show 7,5 € ranng,(rg) for all [z]°. If zp € I'\ I'(n — 1), then

Tlz0)S = Tz and rgr,, = 0. Now assume 2y € I'(n — 1). We partition S into two sets:
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S ={s€S:s—yforsomey € [2]°} and S, is the compliment of S; in S. Then
we compute

rg - r[ZO]S = (7’51 -+ TSQ)T[zO]S = 7“517"[20]5 =0
and this completes our proof. O

Definition 4.5. Let n and S be given as in Definition 4.3. Let U = {u € I'(n — 1) :

u < s for some s € S}. We define

and

Hp(n— 1) = @ TZRF.

zel \I'(n—1)

It is apparent that
Lr(rg) = Ar(rs) ® Br(rs) ® Hr(n — 1).

Definition 4.6. Let ' be a finite ranked cyclic poset with rank m + 1 and I' = T',.

We define
T (D) = {T'(m + 1)} = {{z}}

and recursively define for m >4 > 1

Ty(T") = {[20]° € T4|S € Tj;1 and there exists s € S such that s — z}.
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Let
m+1

T(r) = |J 7).

i=1

Definition 4.7. Let I' be a finite ranked poset. Define

zel'y

Remark 4.8. By (3.3) from [4], we see that if I" is uniform, then 7(I') consists of

sets of the form I';(n) where z € 'y and 1 < n < rkp(z).
The following lemma is (3.3) of [4], without the uniform hypothesis.

Theorem 4.9. Let I' be a finite ranked poset. The algebra Rr is Koszul if and only

if for all S € T(I'), ranng.(rs) = Lr(rg).

Proof. For the forward direction, assume Rr is Koszul. Then the right Rpr-modules
(Rr)y and Fr. = Rr/(Rr); are Koszul. Let S € T(I'), so there is x € T'y and
1 <n <rkp(z)with S € T,,(I';). By (reverse) induction on n, we will simultaneously
prove ranng.(rs) = L(rg) and rgRr is a Koszul module.

If n = rkr(z), then S = {z}. By definition of Rr, ranng.(r;) = Lr(r;). 7. Rr is
a direct summand of (Rr); by Lemma 2.6, thus it is a Koszul module.

We now assume n < rkp(z). Then there exists U € T, 11(I';), 20 € T'z(n) and
u € U such that u — zy and S = [2]Y. By induction, ranng.(ry) = L(ry). We then

have a short exact sequence
0— LF(T’U) — R[‘ — TURF — 0.

Again, by induction, ry Rp is Koszul. Thus Lr(ry) is a Koszul module. The module

rsRr is a direct summand of L(ry) and therefore, rgRr is a Koszul module. Now
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ranng.(rs) is linearly generated and ranng.(rs) = Lr(rg). This completes the proof
of the forward direction.
We now prove the reverse direction. Let F be the set of right ideals in Rr of the

form
I = @ TS,'RF
i=1

where Si,...,S,, € T(I') are pairwise disjoint. We include the zero ideal in F and

observe (Rr)+ € F. To prove that Rr is Koszul, we show that F is a Koszul filtration

(c.f. [12]).
Let
O%IZ@T&.RFGJ—'..
i=1
Then set

m—1

J =& rs Rr

i=1
and observe J € F and I = J + rg, Rr. Also, the right ideal (rg, : J) = {p €
Rr : rs,,p € J} (the conductor of rg, into J) is equal to ranng.(rg, ). Since
ranng.(rs,) = Lr(rs,), (rs, : J) € F. We conclude F is a Koszul filtration,

which completes our proof. n

Remark 4.10. We reiterate that if S € T(I') is a singleton, then ranng.(rs) =

Lr(rs), even if Ryp is not Koszul.
The following lemma is (3.5) from [4], again, without the uniform hypothesis.

Theorem 4.11. Let I" be a finite ranked poset. Then Ry is Koszul if and only if Ry,

is Koszul for all x € T';..
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Proof. Let x € 'y and S € T(I';). By Theorem 2.6,
ranng.(rs) N Rr, = ranng, (rs).

The theorem then follows from Theorem 4.9. ]

Remark 4.12. We often use the following fact, which is Theorem 4.9 together with
Theorem 4.11. Suppose I' is a finite ranked cyclic poset with I' = I',. Set 2 =
I'\ {z} and assume Ry is Koszul. Then Ry is Koszul if and only if for all S € T'(T"),

rannpg.(rs) = Lr(rs).

Corollary 4.13. Let I" be a finite ranked poset with rank less than or equal to three.

Then Rr is Koszul.

Example 4.14. We return to ©* in Example 4.1. The theorems above, along with

the computations from Example 4.1, show Rg- is Koszul.

Definition 4.15. Let 1 <n <m+ 1 and S C I'(n). We set

ng{aEF:agsforsomeseS}:U[*,s].

seS

Additionally, for 0 < k <n — 1, we set
['(S, k) =TgnT=""F

We say S is linked if I'(S5,1) is connected as a graph. We say S’ C S is maximally
linked relative to S if S’ is maximal amongst linked subsets of S.

The collection of all maximally linked subsets of S forms a partition of S.
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Lemma 4.16. Let n and S be given as in Definition 4.15. Then ranng.(rs) = Lr(rs)

if and only if for all maximally linked subsets S’ C S, ranng.(rs) = Lr(rs).

Proof. Due to the observation immediately following Definition 4.5, it is enough to
prove the lemma for I' = I's. We therefore assume S = I'(n). We enumerate the
maximally linked subsets of S: Sy,...S,. Foralli=1,....p,set U; ={t € '(n—1) :
t < s for some s € S;}.

For the forward direction, suppose towards a contradiction that for some k €

{1,...,p}, there exists A € ranng.(rs,) \ Lr(rs,). Then A = A; + Ay with

A€ @ r,Rr and Ay € @ r.Rr = Br(rs,) @ Hr(n —1).

ZEUk 2:€F+\U1C

Clearly rg, A2 = 0, thus rg, A; = 0. Also, A; is nonzero and A; & ry, Rr = Ar(rg,);

if not, then A € Lr(rg,). We compute
reA; = (Tsk + TF(n)\Sk)Al = TSkAl =0.

Therefore, A; € rannpg.(rs). Also, we see A ¢ Ar(rg) = @F_, ry,Rr since A; ¢

ru, Rr. Thus A; & Lr(rg), which is a contradiction.
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For the converse, we assume ranng.(rs,) = Lr(rgs,) forall i =1, ..., p. Carefully

applying Definition 4.5, we compute

p

ranng.(rs) = ﬂ ranng.(rs,)
i=1

= OLFO"SZ-)
=P Ar(rs,) ® Hr(n — 1)

= r[zo]SRF

[20]°
- LF (TS)v
and this completes our proof. n

Lemma 4.17. Let n and S be given as in Definition 4.15 and assume S is linked. Then

ranng,(rs) = Lr(rs) if and only if for all 0 < k < n — 3, H" %(Rp,(e,k),dr,) = 0.

Proof. Again, it is enough to prove the claim for I' = I's. We set S = I'(n). Then

ranng.(rs) = Lr(rg) if and only if
rannpg.(rs) = rem-1)Rr © Hr(n —1).

This equality holds if and only if

TP(n—-1)"

Rr(n —3,k) Rr(n —2,k) 22 Re(n — 1,k)

isexact forall 0 < k <n-—3. O

Finally, we define
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M, () = U {S": 5" is maximally linked relative to S}
SeT,(T)

and
m—+1

M(T) = | J M, ().

Remark 4.18. Using Remark 4.8, we see that if I" is cyclic and uniform then,

M,(T)={(n)} forall 1 <n <m+ 1.

We combine the definition of M(I') with Lemmas 4.16 and 4.17 arrive at the

following theorem.

Theorem 4.19. Let I" be a finite ranked poset with unique minimal element * and
rank m+1. Assume I' =T',. Set @ =I'\ {2} and assume R, is Koszul. The following

are equivalent:
1. Ry is Koszul;
2. forall S € M(T'\ {x}), ranng.(rs) = Lr(rs);

3. foralll <n<m,S € M, (T'\{z})and 0 < k < n—3, H" ?(Rr,(e,k),dr,) = 0.

4.2. A Spectral Sequence Associated to A(I"\ {x})

Assume T has rank m + 1 and let Y = ||A(T' \ {x})||. We start by defining an
unusual filtration on C*(Y'). Let F,C*(Y') be an increasing filtration on C*(Y") given
by

F,C"Y) = {(ao,...,an) € C"(Y) : rkr(ay,) > (m+ 1) — p}.
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Note: F,C™(Y') consists of all n co-chains of Y that emanate from the top p+1 layers

of I'. Also, observe
0=F C*(Y)C FoC*(Y)C - CF,1C*(Y)CF,C*(Y)=C*(Y).
Let EJ denote the associated cohomology spectral sequence with
qu = F,CP"(Y)/F,_C*"(Y) and E;’q = Hp“(ES*).

This spectral sequence is bounded since qu =0ifp<0,p+qg<0,0rqg>—2p+m.
The differentials are maps df : E) , — E, . ., induced by the differential dy on

o (Y).

Proposition 4.20. Let ' be a ranked poset with unique minimal element % and rank
m+ 1. Let E] _ be the spectral sequence of the filtration Fy on C*(Y’). For all p and

q, E;?jl = Ex. Also E;q = HPH(Y).

Proof. The equality holds because dat! is the zero map on Bt ! The convergence

statement follows from Theorem 5.5.1 of [29]. O

The E!' page of our spectral sequence can be written in terms of reduced

cohomology of open intervals of T'.

Proposition 4.21. Let I' be a finite ranked poset with unique minimal element x
and rank m + 1. Let E  be the spectral sequence of the filtration Fy on C*(Y'). For

all p and ¢,

E,= @  HTHA((x2)).

rkr(z)=(m+1)—p
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Proof. We fix p and identify two chain complexes: (£, d%) and
P, E

P ). P daga
rkr(z)=(m+1)—p rkp(z)=(m+1)—p
For convenience of notation, elements of C*(A((*,z))) will be denoted by sums of

chains of the form (ay, ..., a,),. Define a map

[ Ep, = F,CP(Y)/F  CPH(Y) — B Ak )
rkr(z)=(m+1)—p

via (ag) — (1)g, and if p+¢ >0

(0, Qprq) = (05 -+ 5 Qpgg—1)apigs

and extend linearly. It is easy to see that f is bijective. We claim f is a co-chain

map. Let (ao,...,apsq) € E), and note rkp(apsq) = m + 1 —p. We compute

B daay (flao,.op) = B dagewy (00, Oprg-1)ays,)

rkr(z)=(m+1)—p rkp(z)=(m+1)—p

= dA((rapiq) (Q0, -+ Q1)
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and on the other hand

f(d%(ao, . apig)) = f ( (x, a0, - .. Ozp+q))
r<oao

p+q 1
z+1
+ E (Oé()a"'?ai?xaai—i-la"'7ap+q)
a; <r<ajq1

= § :(xa Qo, - - 7ap+q—1)ap+q

<

p+g—1
£ (T (0,2, 0 )

ag, ..., 04, T, Ay 1,0, Opyg1 Opig
=0 a; <x <oy
= da((r0p40) (@055 Aprg1) -
It follows that f is a co-chain isomorphism. m

We now make an observation related to Theorems 3.7 and 3.13.

Corollary 4.22. Let ' be a finite ranked cyclic poset with unique minimal element
* and rank m + 1. Let EJ  be the spectral sequence of the filtration Fy on C*(Y).
Assume I' is Cohen-Macaulay. Then E;q = 0 unless ¢ = —2p + m. Moreover,

2 e’}
Epﬁq o Ep,q‘

Definition 4.23. For 0 < n < m, define

sy = @ HHA(x2).

rkr(z)=n+1

For n. > 0, we denote elements in H" '(A((x,z))) with linear combinations of
equivalence classes of the form [z < -+ < x,],. This notation requires: z, + x.

Elements in H~'(A((*,z))) will be denoted by scalar multiples of [1],.
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Deﬁne dSn(F+) . Sn(FJ’_) — Sn+1(r+) Via

1. = Plal,

Ty

and for n > 0

(w1 4 - olo o @D(—1)" w1 4 - 4 gy,

Ty

and extend linearly.
Proposition 4.24. dgnr,y: S"(T'y) — S"*HT'y) is well-defined.

Proof. If n = 0, the map is clearly well-defined. Assume n > 0. It is sufficient to

observe the inclusion

sy (Im(@ 2 )+ O 2(A((5,2))) = O H(A((x,2))))

Cim(dy. ) s O™ (A((x,2))) = CHA((x,2)))).

for all x < z. O
Proposition 4.25. (S*(I'y),dger,)) is a co-chain complex.

Proof. Let [1], € H ' (A((*,z))). Then

dsi(ry) o dsory) ([Ha) = dsiry) (@[%’]y>

Ty

:@(zueyh)

x<z T—Y<—2

=P

r<z
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since

dOA((*,z))(x) = Z (z,9).

TY+—2
for all z < z.

Assume n > 0. Let [z1 -+ = 2], € H" 1(A((*, x))). We compute

dsu+1(1“+) ¢} dsn(p+)([l’1 e ﬂfn]x)

= dgn+i(ry) (@(_1)"[% ST ST T 9‘5]11)

Ty

:@< > (1P <—---<—xn<—x<—y]z)

x<z T—Y<—2

= Plol..

x<z
The last equality holds because

Az (15 oo X0y T) = Z (=)™ (zy,.. . 20, 2,y) .

LYz

for all z < 2.

O

We note SP*9(T',) is E} , for ¢ = —2p+m. In fact, dgn(r, ) is the differential dj

on E!

p,—2p+m"*
4.3. An Isomorphism of Co-chain Complexes

Definition 4.26. Define ¥p, : S*(I'y) — Rp(n,0) via

1], — re
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and for n > 0

[T1 <= - = Ty > Tl Ty
and extend linearly.
Proposition 4.27. Vr, : S*(I';) = Rr(n,0) is well-defined.

Proof. The map is clearly well-defined for n = 0. We then assume n > 0 and let

rkr(z) = n+ 1. Similar to the above proofs, it suffices to show:

Up, (im(dgz(i’x)) CC"H(A(x,2)) = C"*I(A((*w))))) = 0.

Let @ = (ag,...,an1) € C"2(A((*,2))). Since n — 1 = dimA((x,z)),

(A ez ()] B8

Z[aea1e~--%an,1]z,

a<—Qaq

Z [ag <=« = 1+ aly,

Qnp—_2<Q

or
Z [ 4= Qo A
Qa0 41
for some i € {1,...,n — 2}. Using an observation made in the proof of Lemma 3.6,
we see that Wr_ evaluated at any of the above elements is zero in Ry, O

The following theorem is an improvement of 3.2.1 of [20]. It is also an

improvement of Theorem 3.7. Unlike Theorem 3.7, we need not assume Ry is Koszul.

Theorem 4.28. VU, : S*(I'y) — Rr(e,0) is a co-chain isomorpshim.
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Proof. Let [1], € H'(A((*,2))). Then

Ur, (dsoqry ) ([1z) = ¥r, (@My) = (Z T’y> ra

Ty Ty

and

dr(Ur, (1) =dp(z) = | > 1| ra= (Z ry> Ty

Ty

W, (dseiey ([ - 2ula) = Ur, (@(—1)% - :c]y)
= (=" (Z Ty) Tale, = Tay

and

dr(Wr, ([21 < - 4= wnla)) = do(rare, -+ 72y

= ( E Ty> TaTa, " T

Yy—x

We conclude that ¥ is a chain map.
It is clear that W, is an epimorphism. It remains to show that ¥r_ is injective.

We will proceed by induction on the rank of I'. If I" has rank one (m = 0), then

dimpRr(0,0) = Ty = Y dimpH ' (A((x, 2))) = dimsS°(T)

zel'y

which proves the base case.

o6



We now assume the theorem is true for all posets of rank m. It suffices to prove

the result for cyclic posets of rank m + 1, since

Re(m,0)= @5  Rr.(m,0).
rkr(2)=m+1

Thus, we set I' = I', and note S™(I'y) = H™ '(A((*, x))). The poset I, has rank m
and thus Ur_.y, : S*((I'<z)+) = Rr_,(e,0) is a co-chain isomorphism. It is apparent
that S"(I'y) = S™((I'<z)+) and Rr(n,0) = Rr_,(n,0) for 0 < n < m — 1. The maps
dsn(ryy and dgn(r.,),) coincide for 0 < n < m — 2. Similarly, the maps dr and dr_,
coincide for 0 < n < m — 2. Hence, to prove ¥r_ is injective, it suffices to prove
A=Y (A((+,2))) = R, (m,0).

We have a commutative diagram

5 dgm-1(p,) -~
B " A((%y) —— T B (A((+,2))
rkr(y)=m
Uiro,), Up,
Rr (m — 1, 0) Rrx (m, 0)
P =&,

dr

rkr(y)=m

By the inductive hypothesis, ¥ is injective. We will use the notation o =

F<a)t

(a1, ,ay,) for chains in C™ Y(A((x,x))). Suppose

Yo el anle € HPTHA((x,2))) = S™(Ty)
a€C™ 1 (A((x2)))

is in the kernel of Wr, . Thus

§ QaTz2Tap, * " Tay = Tz E GaTom Ty = 0.

aceC™=1(A((*,x))) aceC™=1(A((*,x)))



We set QQ =

(67

(I'<,)’. Thus, by definition of Rr,

Z Qoo """ Tay = Tx(l) Z 48T 8y """

€Cm=H(A((xx))) BeC™=2(A(Q4))

where 8 = (B1, ..., Bm_1). We then observe

\IJ(F<z)+ Z QQ[al S Om—1]am

acC™m—1(A((x,z)))

= E 4aTa, " Toy

a€Cm=1(A((+)))

=r(1) > g eTa

BEC™2(A(24))

=Y. > D b Bl

The map ¥

Thus

BeEC™=2(A(Q4)) \Bm-1¢y

is an isomorphism and therefore

Pea)+
Z QQ[al A O‘mfl]am
acC™m—1(A((x,z)))
= @ Q,B[Bl A ﬁmfl]y
BEC™2(A(Q4)) \Pm-1¢Y

dgm-1(r,) Z @ (B <= -+ = B—1ly
S

peC™ (Q4)) \Bm—1¢vy

= Z Galon < -+ aps.
a€Cm—1(A((%,z)))

o8
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And finally,

dgm-1(r,) @ (B = - Bm—l]y = [0]»

BEC’”‘%A(Q.,.)) Bm—1+Yy

in ™ Y(A((x,7))). We conclude ¥p, : H™'(A((x,x))) — Rr,(m,0) is an
isomorphism. This completes our proof. O
Remark 4.29. Let " be a finite ranked poset. Suppose I', is Cohen-Macaulay for all

maximal rank z in I'. Using the remark at the end of Section 4.2 and Corollary 4.22,

we see that the cohomology of S*(I';) is the cohomology of C*(A(T'})) = C*(Y).

We end this section with several corollaries. We recall the definition of I'>* from

Section 3.2

Corollary 4.30. Let 0 < i < m. Then W(r>i, : S*((I'”");) — Rr(e, i) is a co-chain

isomorpshim.
The following corollary is Corollary 3.11, without the uniform hypothesis.

Corollary 4.31. Let I' be a finite ranked poset and % # v € I" an element of rank

d+ 1. Then for any 0 < k < d — 1,
dim(r,Rp(d — 1,k)) = dim(H“FHADF N {,0}))).

Recall the definition of I'y; from Section 3.2 The following corollary is (3.1.1)

from [20], without the uniform hypothesis.

Corollary 4.32. Let I' be a finite ranked poset. Then:

H(Rp,—t)=1+Y > (=1)"2dim A *(A(T,,))t

i>1 acl
- rkp(a)>i

29



Finally, we recall the notation I'(S, k) from Definition 4.15.

Corollary 4.33. Let 0 <k <n <m+1and S C I'(n). Then ¥p(gy) : S*(I'(S, k) —

Rr (e +n—k—1,n—k —1) is a co-chain isomorphism.

4.4. The Second Main Theorem

Suppose I' is cyclic. We remind the reader of several facts. By Theorem 3.25,
I' is Cohen-Macaulay if for all z € Ty and all 7kp(z) > 1 > n, H" 2(A(Ty;)) = 0.
Also, from Theorem 3.13, I' is Cohen-Macaulay if and only if I' is uniform and Rp
is Koszul. Recall again the notation I'(S, k) from Definition 4.15 and note that the

dimension of A(I'(S, k)) is k.

Definition 4.34. Let I' be a finite ranked cyclic poset. Then I' is weakly Cohen-

Macaulay if for all z € 'y, 0 < k <n <rkp(z) — 1 and S € M, ([, \ {z}),
H*H(S(T(S, k))) = 0.

Remark 4.35. Every finite ranked cyclic poset of rank three (or less) is weakly

Cohen-Macaulay.

The following fact shows that weakly Cohen-Macaulay is a slightly weaker

condition than Cohen-Macaulay.

Proposition 4.36. Let I' be a finite ranked cyclic poset. Then I' is Cohen-Macaulay

if and only I' is uniform and weakly Cohen-Macaulay.

Proof. In proving both directions, I' is uniform. Thus, if z € 'y, T', is uniform. By

Remark 4.18, M,,(I'; \ {z}) = {T'x(n)} for all 1 < n <rkp(z) — 1.
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For the forward direction, assume I' is Cohen-Macaulay and let x € I'y and
0<k<n<rkr(z)—1. Set S =T,(n). Then, by Corollary 4.33, H*"*(S*(T'(S, k)))
is isomorphic to H*'(Rp (e +n —k — 1,n — k — 1),dr,). This is isomorphic to
H* YRy, (e4+n—k—1,n—k—1),dp,). Since I', is Cohen-Macaulay, Ry, is Koszul.
Therefore, the above cohomology is zero, as desired.

For the reverse direction, we will proceed by induction on rank of I' and show
that Rr is Koszul. If I" has rank one, there is nothing to prove. We assume I' has rank
m+1 with m > 0. Set I' =T",. By Lemma 3.2, it remains to show H"(Rr(e,k)) =0
forall0 <k <n <m—2. Let S =T'(n+2). By Corollary 4.33, H"(Rr(e,k)) is

isomorphic to H"*(S*(I'(S,n — k + 1))) = 0 and this completes our proof. O

Theorem 4.37. Let I'" be a finite ranked cyclic poset. Then I' is weakly Cohen-

Macaulay if and only if Rr is Koszul.

Proof. We will proceed by induction on the rank, m+1, of I'. The theorem is true for
all I' of rank one. Assume m > 0 and that the theorem is true for all cyclic posets of
rank less than or equal to m. The theorem follows from Theorem 4.19 and Corollary

4.33. U

Corollary 4.38. Let I' be a finite ranked poset. Then for all elements z in I'" of

maximal rank, I', is weakly Cohen-Macaulay if and only if R is Koszul.

4.5. A Few Examples and Remarks

Example 4.39. The poset ©* from Example 4.1 is weakly Cohen-Macaulay. By
inspection, S°(©*,) = F[1], + F[1],, S'(©*,) = F[u],, and S?*(©*,) = S3(0*,) = 0.
Also, the map dgoe-,) : S%(O©*+) — S'(O©*,) is surjective. We remark that the dual

of a weakly Cohen-Macaulay cyclic poset need not be weakly Cohen-Macaulay.
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Example 4.40. Let T" and 2 be finite ranked posets with equal rank. Recall the
notation I' V(,.) 2 from Definition 3.31. If I" and Q are weakly Cohen-Macaulay,
then so is I' V(,,v) 2. In particular, if I" and € are Cohen-Macaulay, then I' V, ) §2

is weakly Cohen-Macaulay.

Example 4.41. The class of weakly Cohen-Macaulay posets includes many non-
Cohen-Macaulay lattices. For example the lattice A, given in Figure 4.3, is weakly

Cohen-Macaulay but not Cohen-Macaulay.

s/é\l
1

u Ay

\/

FIGURE 4.3. The poset A.

We remark that not all lattices are weakly Cohen-Macaulay; see Example 3.22.

Remark 4.42. Again let I' and €2 be finite ranked posets with equal rank and unique

minimal elements xr and xq. We define
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We denote the unique minimal element of I' V Q by *. If T" and €2 are weakly Cohen-
Macaulay, then so is I' V €. In particular, if I' and €2 are Cohen-Macaulay, then I" vV €2

is weakly Cohen-Macaulay. Figure 4.3 above gives an example of this construction.
We can give a more general construction of weakly Cohen-Macaulay posets.

Remark 4.43. Suppose I' is pure and I', is Cohen-Macaulay for all maximal z in
I'. Then T is weakly Cohen-Macaulay if and only if for all S € M, (T), Is is

Cohen-Macaulay.
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