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DISSERTATION ABSTRACT

Christy Hazel

Doctor of Philosophy
Department of Mathematics
June 2020

Title: The RO(Cy)-graded Cohomology of Cy-surfaces and Equivariant Fundamental
Classes

Let Cy denote the cyclic group of order two. Given a manifold with a Cs-
action, we can consider its equivariant Bredon RO(Cy)-graded cohomology. We
first use a classification due to Dugger to compute the Bredon cohomology of
all Cy-surfaces in constant Z/2 coefficients as modules over the cohomology of
a point. We show the cohomology depends only on three numerical invariants
in the nonfree case, and only on two numerical invariants in the free case. We
next develop a theory of fundamental classes for equivariant submanifolds of any
dimension in RO(Cy)-graded cohomology in constant Z/2 coefficients. We connect
these classes back to our initial computations by showing the cohomology of any
Cs-surface is generated by fundamental classes, and these classes can be used to
easily compute the ring structure. To define fundamental classes we are led to
study the cohomology of Thom spaces of equivariant vector bundles. In general
the cohomology of the Thom space is not just a shift of the cohomology of the base
space, but we show there are still elements that act as Thom classes, and cupping

with these classes gives an isomorphism within a certain range.
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CHAPTER I

INTRODUCTION

There has been recent interest in better understanding RO(C5)-graded
Bredon cohomology. For example, explicit computations can be found in [2], [9],
[11], [5], and [16], and certain freeness and structure theorems can be found in [10]
and [13]. The goal of this thesis is twofold: first we compute the RO(Cy)-graded
Bredon cohomology of a family of Cs-spaces, and next we provide a geometric
framework in which to understand these answers.

To say more, our first goal is to compute the RO(Cy)-graded cohomology
of all Cy-surfaces in constant Z/2 coefficients and to state the answer in a concise
and coherent way based on a few properties of the space and its action. We show
the answers depend only on three invariants of the Cs-surface in the nonfree
case, and two invariants in the free case. Even better, the cohomology can be
described formulaically in terms of these invariants. Next we consider Cy-manifolds
of any dimension and develop a theory of fundamental classes for equivariant
submanifolds in constant Z/2 coefficients. These classes can be defined for both
free and nonfree submanifolds. When two submanifolds intersect transversally,
the cup product of their classes is given in terms of the fundamental class of their
intersection. In order to define these classes, we consider equivariant Thom spaces
for real Cy-vector bundles and prove properties of the RO(Cs)-graded cohomology
of these spaces in constant Z/2 coefficients. We end by showing the RO(C5)-
graded cohomology of any Cy-surface can be understood in terms of equivariant

fundamental classes of submanifolds.



1.1. Introduction to Bredon Cohomology

In order to state the main results, we first recall some facts about Bredon
cohomology; a more detailed exposition of this theory can be found in [8, Section
2], for example. For a finite group G the Bredon cohomology of a G-space is a
sequence of abelian groups graded on RO(G), the Grothendieck group of finite-
dimensional, real, orthogonal G-representations. When G is the cyclic group of
order two, recall any Cy-representation is isomorphic to a direct sum of trivial
representations and sign representations. Thus RO(C5) is a free abelian group
of rank two, and the Bredon cohomology of any Cy-space can be regarded as a
bigraded abelian group.

We will use the motivic notation H**(X; M) for the Bredon cohomology of a
Cs-space X with coefficients in a Mackey functor M. The first grading indicates
the dimension of the representation, and we will often refer to this grading as
the “topological dimension”. The second grading indicates the number of sign

4

representations appearing and will be referred to as the “weight”. Given any
Csy-space X, there is always an equivariant map X — pt where pt denotes a
single point with the trivial Cs-action. This gives a map of bigraded abelian
groups H**(pt; M) — H**(X; M). If M has the additional structure of a Green
functor, then in fact this is a map of bigraded rings, and thus H**(X; M) forms a
bigraded algebra over the cohomology of a point. In this paper, we will be working
with the constant Green functor Z/2, and we will write M for the bigraded ring
H*’*(pt;Z_/Q). In addition to being a Green functor, Z_/Q satisfies an additional
property (tr(1) = 2) that ensures H**(X;Z/2) is a bigraded commutative ring.
When working in Z/2-coefficients, it is shown in [13] that, as a module

over the cohomology of a point, the cohomology of any finite C;-CW complex
2



decomposes into a direct sum of two types of summands. Specifically, the
cohomology is given by a direct sum of free modules and shifted copies of the
cohomology of antipodal spheres. We provide an introduction to these two types

of modules below.

The Basic Pieces

Since the cohomology of any Cs-space is a bigraded module over a bigraded
ring, we can use a grid to record information about the cohomology groups and
module structures. For example, the cohomology ring of a point in Z_/Q—coefﬁcients
is illustrated on the left-hand grid in the figure below. Each dot represents a
copy of Z/2, and the connecting lines indicate properties of the ring structure.

For example, the top portion is polynomial in two elements p and 7 which are in
bidegrees (1,1) and (0, 1), respectively. A precise description of this ring can be
found in Section II. In practice, it is cumbersome to draw the detailed picture, so

instead, we draw the abbreviated version shown on the right.

q q

T

FIGURE 1. The ring My = H**(pt) with H??(pt) in spot (p, q).

Let S” denote the Cy-space whose underlying space is S™ and whose Cs-

action is given by the antipodal map. Note S? is the free orbit Cy. We denote the



cohomology of the space S by A,. This My-module can be described algebraically
as A, = 77M,/(p"™). In the figure below, we illustrate the module structure of
Ag, Ay, and A,, respectively. As before, the detailed picture is shown on the left,
while the abbreviated picture is shown to the right. The dots again indicate a copy

of Z/2 while the lines indicate the module structure.

0 7

q q q q

()
L)
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FIGURE 2. The Ms-modules Ay, Ay, and As, respectively.

It is shown in [13] that as an My-module, the cohomology any finite Co-CW
complex is isomorphic to a direct sum of shifted copies of My and shifted copies of
A; for some values of j. Our first goal is to find the specific decompositions for the

cohomology of all Cs-surfaces. We begin by showing a few examples.

1.2. Computational Examples

To give the reader a flavor of the sorts of decompositions that can appear, we

provide three examples of Cs-surfaces and state the cohomology of each.

Example 1.2.1. Let X; denote the Cy-space whose underlying space is the genus
one torus, and whose action is given by the reflection action. The space X; is
depicted below with the fixed set X 1C 2 shown in blue. We will eventually show as

an Ms-module



H*(X1;2/2) = My © BM, @ 25 M, @ X2 M.

This module is illustrated below.

/|

FIGURE 3. The space X; and its cohomology.

Observe the cohomology is free over My, and there is exactly one generator
in topological dimension zero, exactly two generators in topological dimension one,
and exactly one generator in topological dimension two (recall p is the topological
dimension). This should be unsurprising based on the singular cohomology of the

torus, though the weights of these generators are more mysterious.

Example 1.2.2. Let X5 denote the Cy-surface whose underlying space is the genus
7 torus, and whose Cs-action is given by the rotation action depicted below. The
fixed set consists of 8 isolated points that are shown in blue. The cohomology of X5

is given by
H**(X2;2/2) = My @ (B4 M2)®* @ (3204,)%* & £22M.
The module is illustrated below.

Again there is exactly one free generator in topological dimensions zero and
two, but there is something more interesting going on in topological dimension one.

There are four nonfree summands, and six free summands in weight one.

5



S

v

FIGURE 4. The space X5 and its cohomology.

Example 1.2.3. Our last example X3 is the Cs-space whose underlying space is
RP? and whose Cs-action is depicted below. Note the fixed set contains both a
fixed circle and a fixed point; this did not happen in the previous examples. The

cohomology of this space is given by

H**(X3;2,/2) = My & S4'Mjp © S21My.

e J

S

~

FIGURE 5. The space X3 and its cohomology.

With some care, one can compute the cohomology of the above spaces using
tools given in Section III, but it is not obvious how we could have predicted these
answers by just looking at the spaces. What properties are being detected by the
cohomology? In order to answer this question, we next define some invariants of

C'y-surfaces.



1.3. Invariants of Cs-surfaces

There are a handful of invariants that can be associated to a given Cy-surface.
For example, we can count the number of isolated fixed points, or the number of
fixed circles. Recall for a nonequivariant surface X the homeomorphism type is

entirely determined by two invariants, namely dimg s HY;, (X;Z/2) and whether or

sing

not X is orientable. In what follows, we will denote dimg/, H,,(X;Z/2) by 5(X)
and refer to this as the #-genus of X.

In [7] it is shown there is a list of invariants that uniquely determines
the isomorphism type of a Cy-action on a given surface. We recall two of these

invariants below.

Definition 1.3.1. Let X be a Cy-surface. We can associate the following invariants

to X:
(i) F(X) is the number of isolated fixed points;
(ii) C(X) is the number of fixed circles.

When there is no ambiguity about the space we are discussing, we will simply
write F' instead of F'(X) and C instead of C'(X). There are four other invariants
needed in the classification given in [7] that we will not define here, but do note
the invariants defined above are not enough to uniquely determine the isomorphism
type in general.

In the examples above, we can compute

B(Xl) = 2, F(Xl) = 0, C(Xl) = 2,

B(Xp) =14, F(Xp)=38, C(X2)=0;

ﬁ(Xii) =1, F<X3) =1, C(X3) =L
7



The first half of this thesis addresses the following questions: how does the
cohomology of a Csy-surface relate to the invariants? Better yet, can we find a
formula that gives the cohomology of X based on some of these invariants? It may
not be apparent how to do this based on the three given examples, but the answer

to the latter is yes, as explained below.

1.4. The Answer for Nonfree (C>-surfaces

We now state the decompositions for nontrivial, nonfree Cs-surfaces in Z_/Q—
coefficients. Recall the fixed set of an involution on a surface is always given
by a disjoint union of isolated points and copies of S*. Recall M, denotes the
cohomology of a point and Ag denotes the cohomology of the free orbit C;. We

will show the following:

Theorem 1.4.1. Let X be a nontrivial, nonfree Cy-surface. There are two cases

for the RO(Cs)-graded Bredon cohomology of X in Z/2-coefficients.

(i) Suppose C =0. Then H**(X;Z/2) = M, ® (2171M2)@F_2 ® (ELOAO)@B*TFH ®

22’2M2.

(i1) Suppose C' # 0. Then H**(X;Z/2) = M, & (SUIML) ¥ @ (B1OML) P @
(S104)°F 170 g m2ip,,

We invite the reader to check that the above formulas match the answers
given in the three examples. Note not all of the invariants given in [7] are needed to
determine the cohomology. In particular, the module structure of the cohomology

in Z/2-coefficients does not determine the isomorphism type of a Cy-surface.

Remark 1.4.2. As observed in our examples, there is exactly one summand

generated in topological dimension zero, exactly one summand generated in

8



topological dimension two, and some number of summands appearing in topological
dimension one. Based on what we know of the singular cohomology of surfaces, this
shouldn’t be surprising, though, the exact number and type of summands generated
in topological dimension one is nonobvious. Note we can recover dimension of the
singular cohomology of X by

B =2-# (X" Ag-summands) + # (Z°My-summands) + # (21! My-summands) .

1.5. The Answer for Free Cs-surfaces

We need to define one construction in order to state the decomposition for
free Cs-surfaces. Given a nontrivial equivariant surface X and a nonequivariant
surface Y, we can form the equivariant connected sum X#-,Y as follows. Let Y’
denote the space obtained by removing a small disk from Y. Let D be a disk in X
that is disjoint from its conjugate disk oD, and let X’ denote the space obtained by
removing both of these disks. Choose an isomorphism f : Y’ — 9D. Then the

space X#-Y is given by
(Y x {0 u " x {1} U X'/~

where (y,0) ~ f(y) and (y,1) ~ o(f(y)) for y € 9Y’. Note nonequivariantly

X#,Y = Y#X#Y . Below is an example where X = S? and Y = T is the genus

L

FIGURE 6. S24,T}

one torus.

In [7], it is shown that there is exactly one free action on the sphere up

to equivariant isomorphism, namely the antipodal action, and there are exactly

9



two free actions on the torus, namely the antipodal action and the action given
by rotating 180° around an axis through the center of the hole of the torus.
Interestingly, it is also shown for every free Cy-surface X there is a surface Y such
that X is isomorphic to Z#,Y where Z is either the free Cy-sphere or one of the
two free Cs-tori.

We can now state the theorem for free Cy-surfaces. Recall A,, denotes the

cohomology of S™ with the antipodal action. We will prove the following:

Theorem 1.5.1. Let X be a free Cy-surface. There are two cases for the RO(Cy)-

graded Bredon cohomology of X in Z_/2—coejj€cient3.
(i) Suppose X is equivariantly isomorphic to S*#,Y . Then H*’*(X;Z_/Q) o
(Zl,oAO)GB/D’(X)/? @ As.

(i1) Suppose X is equivariantly isomorphic to Z#t:Y where Z is a free Cy-torus.

X)—2

B(
Then H**(X;Z/2) = (S9040)% 2 @ A @ X10A,.
For example, the cohomology of the space S2#,T) shown above is given by
H**(S245T1) = (S1040)% @ A,

Remark 1.5.2. It is not clear a priori why the number of summands of %0 A,
given in Theorem 1.4.1 and Theorem 1.5.1 is necessarily an integer. This nontrivial
fact follows from restrictions on 3, F, and C' that arise in the classification of Cs-

surfaces given in [7].

1.6. Summary of Main Geometric Points

After the initial computations, there are two main topics in this thesis,
fundamental classes and the cohomology of Thom spaces. These topics can be

further divided into five subtopics:
10



1. Nonfree fundamental classes: Given a nonfree Cy-manifold X and a nonfree
Cy-submanifold Y, we prove there exists a fundamental class [Y] €
H"*4(X;Z/2) where k = dim(Y") and ¢ is found as follows. Consider the
restriction of the equivariant normal bundle of Y in X to the fixed set Y2,
Over each component of this fixed set, the fibers are Cs-representations, and
the isomorphism type of the representation is constant over each component.
Thus each component corresponds to a representation of some weight, and the

integer ¢ is chosen to be the maximum such weight.

2. Free fundamental classes: Given a Co-manifold X (free or nonfree) and a
free submanifold Y, we show there is an infinite family of classes [Y], €
H"*k’q(X;Z_/Z) where k = dim(Y') and ¢ is any integer. These classes satisfy

the module relation 7 - [Y], = [Y]41.

3. Intersection product of fundamental classes: We show the cup product of
two fundamental classes for nonfree, submanifolds Y and Z that intersect
transversally is given by a predicted 7-multiple of the fundamental class of

the intersection. For free submanifolds, we show [Y], — [Z]; = [Y N Z], 4.

4. Restricted Thom isomorphism theorem for nonfree spaces: Let X be a finite,
nonfree Co-CW complex and £ — X be an n-dimensional Cs-vector bundle
whose maximum weight representation over X2 is q. We show there is a
unique class up € H™(FE,E — O;Z_/Q) that restricts to 7-multiples of the
generators of the cohomology of the fibers. We also show cupping with this
class gives an isomorphism H/9(X;Z/2) — H/*"9%9(E, E — 0;Z/2) whenever

g=>f.

11



5. Thom isomorphism theorem for free spaces: Let X be a finite, free Co-CW
complex. For an n-dimensional Cs-vector bundle £ — X, we show for each
integer ¢ there is a unique class ug, € H"(E, E — O;Z_/Q) that restricts to
the nonzero class in the cohomology of the fibers. In this case, cupping with
any one of these Thom classes provides an isomorphism from the cohomology

of the base space to the cohomology of a shift of the Thom space.

Remark 1.6.1. These equivariant fundamental classes act in many ways just like
their nonequivariant analogs, though there are still various subtleties that arise in
the equivariant context. For example, one might expect nonfree fundamental classes
to always generate free summands and free fundamental classes to string together
to form modules similar to Ay. While this is often the case, there are exceptions.
As shown in Example 1.7.5 below, there can be free submanifolds whose classes

are nonzero for a while, but become zero in high enough weight. This and other

subtleties are best explained through a series of examples.

1.7. Examples of Equivariant Fundamental Classes

Before stating the general results, let’s consider some examples of Cs-surfaces

to determine what properties we might expect of equivariant fundamental classes.

Example 1.7.1. We begin with a simple example. Let X denote the Cs-torus from

Example 1.2.1. Recall the cohomology of this space is given by

]'TI'>.<’>’<<)(7 Z/2) = M2 D 2170M2 D 21’1M2 D 22’1M2.

Mlustrations of the space and this module are given below.
Suppose we wanted to find equivariant submanifolds whose fundamental

classes generate these free summands. Take, for example, the fixed circle labeled
12



AN

Rl ///

FIGURE 7. The space X and the My-module H**(X).

C above. Topologically, this is a codimension one submanifold, so we would expect
to have a fundamental class in bidegree (1, ¢) for some ¢, but how do we determine
this value of g7 Let’s consider a tubular neighborhood of C. Note the tubular
neighborhood is equivariantly homeomorphic to C' x RV where R!! denotes the
sign representation, so one might expect a fundamental class in bidegree (1,1).
Indeed, we will show there is such a class [C] € H"'(X;Z/2), and furthermore,
this class generates a free summand in bidegree (1,1). We also have a class
[C'] € H"'(X;Z/2) corresponding to the other fixed circle, and we will show
[C]=1CT+p-1.

Now consider the circle D that travels around the hole of the torus and
is isomorphic to a circle with a reflection action. In this case, the tubular
neighborhood of D is homeomorphic to D x RYY where R0 is the trivial
representation. We expect to get a class in bidegree (1,0), and indeed such a class
[D] exists and generates a free summand.

These two circles intersect at a single fixed point a whose tubular
neighborhood is the unit disk in R*!. The fundamental class [a] generates a free

summand in bidegree (2, 1), and furthermore we obtain the relation



The submanifolds C' and C’" do not intersect, so we also obtain the relation
[C]—[Cl=[C] = ([C"+p-1)=p-[C].
We conclude

H**(X;2/2) = Mz, y]/(2® = po,y* = 0), || =(1,1), |y| = (1,0)

as an M-algebra.

Remark 1.7.2. In the example above, all of the submanifolds considered had
trivial normal bundles, and this led to an obvious choice of bidegree for each
fundamental class. Of course, we would like to have fundamental classes for
submanifolds whose normal bundles are nontrivial. The next example illustrates

this.

Example 1.7.3. Let Y denote the Cs-space given by the projective plane with
action induced by the rotation action on the disk as shown in Figure 8 below. The

fixed set is again shown in blue. The cohomology of Y as an My-module is given by

H**(Y;2/2) 2 M, & S5'M, @ £ M.

m q

p

FIGURE 8. The space Y and the My-module H**(Y').
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We again look for equivariant submanifolds. Consider the fixed circle labeled
C. The equivariant normal bundle N is given by the nontrivial Mébius bundle over
S1. This bundle is not trivial, but observe every point z € C has an equivariant
neighborhood U, such that N|y, = U, x R In other words, this bundle is a
locally trivial R%!-bundle, so we get a class [C] € H''(X;Z/2).

Now consider the circle C’. This circle is isomorphic to a circle with a
reflection action, and again the normal bundle N’ is the nontrivial bundle over S*.
Around the fixed point p there is a neighborhood U such that N'|; = U x R0
while around the point g there is a neighborhood V such that N'|,, & V x RLL.
The bundle N’ is not a locally trivial W-bundle for any Cy-representation W, so if
it even exists, the bidegree of the fundamental class for C” is unclear.

We will show the fundamental class [C"] does exist, and its grading is
determined by the fibers of the normal bundle over the fixed set. In this case,

N'|, &2 R while N’|, & RY!. The class [C'] will have grading (1, k) where k is
the mazimum weight representation appearing over the fixed set, so in this case
kE=1.

The classes [C] and [C'] are both in bidegree (1,1), and we will see in
Example 7.2.7 that [C] = [C'] + p - 1. Let’s consider their product. One might

hope
[C] = [CT=[CnCT =],

but something has gone wrong. The product has bidegree (2,2), while the
fundamental class [p] has bidegree (2,1). We will show a slightly modified formula
holds. Namely

[Cl = ¢ =7-1p]
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where recall 7 € H%'(pt; Z/2). This give us the relation
[CP=[Cl([C]+p-1) =T [p]+p-[C].
In Example 7.2.7 we use these classes to conclude as an My-algebra

H**(Y32/2) = Moz, y]/(2® =ty + pr,ay = 0,47 = 0), || = (L,1), |y| = (2,1).

Remark 1.7.4. The first two examples give a flavor of fundamental classes for
nonfree submanfiolds. It is natural to ask if such things can be defined for free

submanifolds. We see this in the next example.

Example 1.7.5. Let Z denote the Cy-space whose underlying space is the genus
two torus and whose Cs-action is given by a rotation action with two fixed points,

as illustrated below. The cohomology of this space is given by

H**(Z;2/2) = My & (540 40)* & £22M,.

Q
A
i

FIGURE 9. The space Z and the My-module H**(7).

In this example the cohomology is an infinitely generated, nonfree Ms-module.
The free submanifold C'LIoC' is a codimension one submanifold, so we would expect
to have a class [C' U oC] € HL?(Z;Z_/?). The submanifold is free, so there is no

fixed set to determine the weight as in the previous examples. We will show there
16



are actually infinitely many fundamental classes, one in each weight. That is, we
have classes [C' U 0C|, € HY(Z;Z/2) for all integers q that are related via the

formula
7-[CUoC|,=[CUcCys1.

The submodule generated by these classes corresponds to a X1?Ag-summand. One
can show the fundamental classes of the free submanifold C’ LI ¢C” generate the
other summand. Lastly, there are classes [a], [b] € H**(Z; Z/2) corresponding to the
two fixed points. Either class will generate a free summand in bidegree (2,2), and
the classes are related via [a] = [b] + p? - 1.

We can also choose a point 2 € Z \ Z% and consider the classes [z U 02], €
H?*(Z; Z_/Z) One might expect these classes to all be zero, but in fact, they are
nonzero whenever ¢ < 0. The intersection product then leads to some interesting
relations as shown in Example 7.3.6.

We mention two other nonfree classes one might consider. There are two
copies of a circle with a reflection action in the space Z. We can consider the
circle that travels around the equator through a and b, and the circle that travels
around the perimeter of the picture through a and b. Call these circles D and F,

respectively. Then [D] = p- 1 while [E] = [CUoC]; 4+ p- 1.

Nonequivariant Fundamental Classes

Before trying to define equivariant fundamental classes, let’s recall
nonequivariant fundamental classes. Let X be a closed manifold and Y C X be

a closed, connected submanifold of codimension k. We can define the fundamental

class [Y] € HY

sing

(X;Z/2) using the classical Thom isomorphism theorem from [17].

17



Consider the normal bundle N of Y in X. Let U C X be a tubular

neighborhood of Y. By excision

Hk

eng(X, X =Y Z)2) = Hfmg(U, U-Y;Z/2) = H*(N,N — 0;Z/2).
By the Thom isomorphism theorem, the righthand group is Z/2 and generated
by the Thom class uy. Thus there exists a unique nonzero class in H*(X, X —
Y;Z/2). We now define the fundamental class [Y] € H*(X;Z/2) to be the image
of this unique class under the induced map from the inclusion of the pairs (X, ) —
(X, X —Y). Recall these classes have a nice intersection product. If Y and Z are
two submanifolds of X that intersect transversally, then [Y] — [Z] = [Y N Z].
One goal is to define an equivariant analog to these classes in Bredon
cohomology. Given an equivariant submanifold, the above hints that we should
consider the normal bundle, and use some fact about the cohomology of the
corresponding Thom space. Unfortunately, no direct analog of the Thom
isomorphism theorem exists for general Cy-vector bundles in Z/2-coefficients; see
Example B.1.4 for an example of a vector bundle F such that the cohomology of
(E,E — 0) is not just a shift of the cohomology base space. Despite this failure,
we can still prove a weaker version of the Thom isomorphism theorem, and this is

enough to define fundamental classes.

1.8. The Main Geometric Theorems

We now state the main theorems from the second part of this thesis. We
begin with nonfree Cy-vector bundles. Let X be a finite, nonfree C5>-CW complex
and let 7 : £ — X be a real n-dimensional Cy-vector bundle (precise definitions can
be found in Appendix B). Let X7, ..., X, denote the connected components of the

fixed set X“2. As explained in Section B, there exist weights q,. .., ¢, such that for
18



all v € X, the fiber £, = R™%, Let ¢ be the maximum such weight. We will prove

the following where all coefficients are understood to be Z_/Z

Theorem 1.8.1. Let X, X;, 7 : E — X, n, ¢; and q be defined as above and let
E' = E — 0. There ezists a unique class ug € H"1(E,E") such that the following

holds:

(i) ¥(ug) is the singular Thom class, where ¢ : HV*(E, E') — H"

sing

(E,E') is the

forgetful map;
(ii) My - up = 3™IM,, where My - ug denotes the submodule generated by ug;

(iii) For everyi and x € X, the class ug restricts to 79 %, where a is the

generator of H**(E,, B, — 0) & H**(S™%).

(iv) For every x € X \ X2, the class up restricts to the unique nonzero class in

H*(Ey oz, Eyor —0) = I:I*?*(S"’O A Coy) where Ey o = 7 ({z,02}).

(v) The map ¢p = 7 (=) — ug : HH9(X) — H/*9T(E, E') is an isomorphism

if g > f;

(vi) Suppose H**(X) = (@i ¥ M,) @ (99_,5%%A,,). Then H**(E, E') =

(@, ShmOM,) @ (94, X510 A, ) where the weights ¢} satisfy li4+q > (; > 0;

(vii) If in fact E, = E, for allz,y € X%, then ¢ is an isomorphism in all

bidegrees and H**(X) = H*T™*t4(E E').

Let Y be a nonfree k-codimensional equivariant submanifold of X and let NV
denote the equivariant normal bundle. We can construct an equivariant tubuluar
neighbrhood of Y, and then use the class uy to get a class [Y] € H"(X;Z/2).
As with the nonequivariant classes, we have a nice formula for how these classes

multiply. For now, we state a summary. Recall 7 € H%'(pt; Z/2).
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Theorem 1.8.2. Let X be a nonfree, n-dimensional Co-manifold, and let' Y
and Z be two closed, nonfree equivariant submanifolds. Suppose Y intersects Z
transversally in the nonequivariant sense and that Y N Z is a nonfree submanifold.

Then there is a unique integer j > 0 such that [Y] — [Z] = 7/[Y N Z].

The exact value of j is dependent on Y, Z, and Y N Z and is given explicitly

in Theorem 7.2.3.

For free Cy-vector bundles, we will prove something similar. Again the

coefficients are understood to be Z/2.

Theorem 1.8.3. Let X be a free, finite Co-CW complex and let m : E — X be a
real Cy-vector bundle and E' = E—0. For every integer q there exists a unique class

up, € H"(E, E') such that the following holds:

(1) Y(ug,) is the singular Thom class, where ¢ : H™(E, E') — H?:

sing

(E,E) is

the forgetful map;

(ZZ) T Upqg = UEg+1;

(i11) For every pair of conjugate points x,0x € X, the class ug,, restricts to the
unique nonzero element in H™(E, 5p, By pr — 0) = ﬁ”’q(S” A Cay).

(iv) The map 7" (=) — up, : HY*(X) = H*7*9(E  E') is an isomorphism for all
q. In particular, H**(X) = H*™™*(E,E').

Now given a free submanifold, we can use the classes corresponding to the
normal bundle to define fundamental classes [Y], € H*9(X;Z/2) for all ¢. There is

also a nice intersection product for these free fundamental classes.

Theorem 1.8.4. Let X be an n-dimensional Cy-manifold, and suppose Y and Z

are equivariant submanifolds that intersect transversally in the nonequivariant sense
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and whose intersection is free. We have the following cases for the product of their

fundamental classes.

e Suppose Y and Z are nonfree and their fundamental classes have weights q, r,

respectively. Then [Y] — [Z] = [Y N Z] 440
o Suppose Y is nonfree and Z is free. Then for every r, [Y] — [Z], = [YNZ]4sr-
o Suppose Y and Z are both free. Then for everyr, s, [Y], — [Z]s = [Y N Z],4s.

In the last section of this paper, we show these classes give a geometric
interpretation for the Bredon cohomology of Cs-surfaces. Specifically, we prove

the following theorem.

Theorem 1.8.5. As an My-module, the Bredon cohomology of any Cy-surface is

generated by fundamental classes of submanifolds.

Remark 1.8.6. There are many examples of Cs-surfaces whose Bredon cohomology
is infinitely generated as an My-module; see Example 1.7.5. This is unsurprising
given that the modules A, = 77'My/(p"™!) are infinitely generated. Though,
there is always a finite list of submanifolds whose fundamental classes generate

the cohomology, and any free A;-summand is generated by fundamental classes of

free submanifolds.

1.9. Organization

In Chapters II and III we review basics about RO(Cs)-graded Bredon
cohomology and introduce computational tools that will be used throughout the
thesis. In Chapter IV we review the necessary information about Cy-surfaces.

The surface computations are then given in Chapters V and VI. In Chapter
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VII we define equivariant fundamental classes using the theorems developed in
Appendix B. In the last chapter, Chapter VIII, we show the RO(C3)-graded
Bredon cohomology of any Cs-surface is generated by equivariant fundamental
classes. Finally, Appendix A contains a useful theorem about the cohomology of

closed, nonfree Cy-manifolds of any dimension.
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CHAPTER II

BACKGROUND ON BREDON COHOMOLOGY

In this section, we review some preliminary facts about RO(G)-graded Bredon
cohomology in the case of G = (5. Our coeflicients are given by Mackey functors,
so we provide a definition of a Mackey functor in the case of G = C5 and review
the Mackey functor that will be used throughout the thesis. We next review how
the cohomology theory is a bigraded theory, and how this lends itself to pictorially

representing various module and ring structures.

2.1. Mackey functors

The coefficients of RO(G)-graded Bredon cohomology are what is known as a
Mackey functor. In general, the definition of a Mackey functor requires some work,
and a general exposition of Mackey functors can be found in [16] or in [14]. In the

case of G = (Y, the definition can be distilled to the following.

Definition 2.1.1. A Mackey functor M for G = C} is the data of
M:  M(Cy) &= M(%)
-
t*

where M (Cy) and M (%) are abelian groups, and p*, p., t* are homomorphisms that

satisfy
(i) (t*)* =id,
(i) t"op* =p",

(iii) py ot* = p,, and
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(iv) p*op. =1+t~

Given an abelian group B, we can form the constant Mackey functor B where
B(Cs) = B(x) = B, t* = id, p. = 2, and p* = id. We will be concerned with the
following constant Mackey functor.

1
7)2: ZJ)2 = 7]2
— 0
)

1

2.2. Bigraded Theory

For a group G, Bredon cohomology is graded on RO(G), the Grothendieck
ring of finite-dimensional, real, orthogonal G-representations. When G is the
cyclic group of order two, observe any such Ch-representation V' is isomorphic
to a direct sum of copies of the trivial representation R;,.;,, and copies of the sign
representation R,,,. Up to isomorphism, V' is entirely determined by its dimension
and the number of sign representations appearing in this decomposition. It
follows that RO(Cy) is a rank 2 free abelian group with generators given by [Ry.;,]
and [Ry,,]. For brevity, we will write RP? for the p-dimensional representation

Rpfq EB Rq

triv sgn*

We will also write RP? for the element of RO(C>) that is equal
to (p — q)[Reriv] + ¢[Rsgn]. When computing cohomology groups, we will write
HP4(X; M) for the cohomology group H®"*(X; M). Note some authors have
different grading conventions for RO(C5), and here we are using what is known
as the motivic grading.

Given any finite-dimensional, real, orthogonal, G-representation V' we can
form the one-point compactification V. Note this new space will be an equivariant

sphere which we will denote SV'; such spaces are referred to as representation
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spheres. Using these representation spheres, we can form equivariant suspensions.

Whenever we have a based G-space X, we can form the V-th suspension of X by
WX =8S"AX.

Note the basepoint must be a fixed point. Often when working with free spaces we
will add a disjoint basepoint in order to form suspensions and cofiber sequences.
We use the common notation of X, for X U {*} where the disjoint basepoint is
understood to be fixed by the action.

An important feature of Bredon cohomology is that we have suspension
isomorphisms: given any finite dimensional, real, orthogonal G-representation, there

are natural isomorphisms
SV HY(— M) — HV(SV(=); M).
Given a cofiber sequence of based G-spaces
AL X = o)
we can form the Puppe sequence
A= X 5 C(f) 5> St A-210(f) = 21X — ...

where 1 is the one-dimensional trivial representation. From the suspension

isomorphism this yields a long exact sequence
HY(A) « HY(X) « HY(C(f)) + H" Y (A) « H"1(X) « ...

for each representation V' € RO(G). We will make use of such long exact sequences
throughout this thesis.
When G = (%, we have already discussed how the Bredon cohomology

theory is a bigraded theory, and we will carry this notation over when discussing
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representation spheres and equivariant suspensions. In particular, we will denote
SR by SP4 and for a based space X we will denote X*"* X by ¥P4X. Translating

the above into this notation, we have natural isomorphisms
S : Fob(—; M) — Hervbra(spa(—); M)
for all p,q > 0. Given a cofiber sequence we have long exact sequences
s = HP(C(f)) = HP(X) — HP(A) — HPTH9(C(f)) = HPH(X) — ..

for each g € Z.

During our computations, three particular representation spheres will appear
often, namely S*!, S*! and S?2. We include an illustration of these equivariant
spheres below in Figure 10. The fixed set is shown in blue while the arrow is used

to indicate the action of C5 on the space.

Sl §2.1 §2.2

FIGURE 10. Some representation spheres.

2.3. The Cohomology of Orbits

Given any Cs-space X we have an equivariant map X — pt where pt denotes
a single point with the trivial action. On cohomology, this gives a map of rings
H**(pt;Z/2) — H**(X;Z/2). Thus the cohomology of X is a module over
the cohomology of a point, which recall we denote My = H**(pt; Z_/2) In this

thesis, we will be computing the cohomology of various spaces as Ms-modules.
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Below we describe the cohomology of pt = C5/C5 as well as the cohomology of
the free orbit Cy. These computations have been done many times and are often
attributed to unpublished notes of Stong. The computation for coefficients in any
constant Mackey functor can be found in [12]. A computation for constant integer
coefficients can also be found in Appendix B of [6], and the same methods used
there can be used to compute the cohomology of orbits in constant Z/2 coefficients.
In Z_/Q—coef‘ﬁcients, the cohomology of a point is illustrated in the left-hand
grid shown in Figure 11. The (p, ¢) spot on the grid refers to the RP?-cohomology
group. Fach dot represents a copy of Z/2, and we adopt the convention that
the (p, q) group is plotted up and to right of the (p, q) coordinate. For example,

H®(pt; Z/2) is isomorphic to Z/2, while H"*(pt; Z/2) is zero.

q q

SRS
S
SIES 3
sl

FIGURE 11. The ring My = H**(pt).

We will often refer to the portion of the cohomology in the first quadrant
as the “top cone” and refer to the other portion as the “bottom cone”. The top
cone is polynomial in the elements p and 7, where p is in bidegree (1,1) and
7 is in bidegree (0, 1). Multiplication by 7 is indicated with vertical lines, and
multiplication by p is indicated with diagonal lines. For example, the nonzero

element in (1,4) is equal to pr which is equal to 73p. The bottom cone is slightly

27



more complicated. The nonzero element 6 in bidegree (0, —2) is divisible by all

nonzero elements in the top cone. Explicitly, this means for pairs ¢ > 0, 7 > 0, there

0
pird

that satisfies p'r7 - =& = 6. Note p and 7 are

piri T

exists an element denoted by
not invertible elements in the ring; the notation g, % is simply used to keep track of
how p and 7 multiply with these elements.

While doing computations, it is often easier to work with an abbreviated
picture, which is given on the right-hand grid in the above figure. It is understood
that there is a Z/2 at each spot within the top cone and within the bottom cone
with the relations described above.

We also include the cohomology of the free orbit Cy. As a ring, H**(Cy;Z/2)
is isomorphic to Z/2[u,u!] where u is in bidegree (0,1). As an My-module,
H**(CYy) is isomorphic to 7'My /(p). See Figure 12 for the pictorial representation

of this module and its abbreviated version. In these module pictures, action by 7 is

indicated by vertical lines, while action by p is indicated by diagonal lines.

q q

FIGURE 12. The cohomology of (5 as an Ms-module.
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CHAPTER III

COMPUTATIONAL TOOLS

In this section we introduce various computational tools. The first two
lemmas relate the Bredon cohomology to the singular cohomology of the quotient
space and of the underlying space. We next show how these lemmas can be used to
compute the cohomology of the antipodal spheres. After this example, we introduce
a lemma that relates the Bredon cohomology to the cohomology of the fixed set via
localization. Finally, we end with a few general theorems about the cohomology
of finite C5-CW complexes and general C5-manifolds in the discussed coefficient
system.

The first lemma holds for any constant Mackey functor, and it will be
extremely useful in starting computations. We state it below for constant Z/2-

coeflicients.

Lemma 3.0.1. (The quotient lemma). Let X be a finite Co-CW complex. We have

the following isomorphisms for all p:
HP7O(X;Z_/2) ~ HP’O(X/CQ;Z_/2) = HE,,(X/Co Z2)2).

Proof. We have a quotient map X — X/C5 that induces a map on cohomology
HP(X/Cy;2/2) — HP(X;Z/2). Note both HP*(X;Z/2) and HP"(X/Cy;Z/2)
are integer-graded cohomology theories. These two cohomology theories agree on
both orbits Cy and Cy/Cy because the coefficients are given by a constant Mackey
functor, and thus the first isomorphism follows for any finite Co-CW complex. The

second isomorphism follows because X/Cs is a trivial Cy-space. O]

Lemma 3.0.2. (p-localization). Let X be a finite Co-CW complex. Then
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pT HN(XG2)2) = pn HOH (X 22) = p M @0 H

Co.
sing(X 27 Z/Q)
The proof of this lemma is similar to the proof of the quotient lemma and can
be found in [13].

For the next lemma, consider the cofiber sequence
SO0 ey B 5 Oy A SO, (3.0.1)
Smashing with any pointed Cy-space X, we obtain the cofiber sequence
SOONX — SPPAX — Oy ASYAX. (3.0.2)

The long exact sequence induced by this cofiber sequence relates multiplication by
the element p to the singular cohomology of the space. Specifically, the long exact
sequence is as stated in the following lemma. This statement can be found in [10]

and is originally due to [1].

Lemma 3.0.3. (The forgetful long exact sequence). Let X be a pointed Cy-space.

For every integer q, we have a long exact sequence

—— frta(x) 2 frati(x) —2 fP

sing

(X) —— HPI(X) ——
where the coefficients are understood to be Z_/Z

We will refer to the map ¢ : HP(X) — H”

sing

(X) as the “forgetful map”.

Note in M, the element 7 forgets to 1 € H?

oing(Pt), while p forgets to zero.
Indeed, by the exactness of the forgetful long exact sequence, for any X, a given

cohomology class forgets to zero if and only if it is the image of p.

Example 3.0.4. Let’s see how these tools can be used to compute the cohomology

of a Cy-space. Note this computation is certainly not a new computation, but
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instead is done to review a standard fact, as well as to show the reader how we will
use the computational tools discussed in this section. Let S” denote the equivariant
n-sphere whose Cs-action is given by the antipodal map. We proceed by induction

to show
H**(S3;2/2) = 7'My / (p" )

as an M-module. The module 77!M/(p"*1) can be represented pictorially as

shown in Figure 13.

FIGURE 13. The My-module 77'M,/(p"™) when n = 5.

The base case in our inductive argument is given by n = 0, where S is
understood to be the free orbit C'5. This case is done by the comments made in

Y

Section II. For the inductive hypothesis, let n > 1 and suppose H**(S?™!) =~
T M/ (p").

Our goal is to compute H**(S¥) using the inductive hypothesis, so we need
a way to relate the cohomology of the (n — 1)-dimensional antipodal sphere to the

cohomology of the n-dimensional antipodal sphere. Consider the cofiber sequence
Sptes S — SMOA Coy

where S7~! includes as the equator of S™. (Note the disjoint basepoint on the

antipodal spheres is needed to run the Puppe sequence, as described in Section
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I1.) The quotient space S”/S"~! is nonequivariantly homeomorphic to S™ vV S™ and
the inherited Cy-action swaps the two copies; this is exactly the Cy-space S™OACs,.

For every integer ¢, we have a long exact sequence given by

TIPSO Cyy) — HPU(SE,) — HPI(SmTY D ArLa(snO A Oy, ) —

Note H**(X,) = H**(X), so we can express this long exact sequence as

dp—1 dp-4

5 HPA(S™MO A Coy) — HPI(S™) — HP(Sm 1) B Frtha(gnO A 0y, ) = (3.0.3)

In order to find H??(SY), we need to understand the differentials
dra . {HPa(Snh) — ﬁ]p“’q(CQJr A S™0)
for all (p, q). It is helpful to consider all of these differentials at once. Let

d = @dra : H*(S71) — H1(Sm0 A Oy, )

P
be the total differential. Note this differential is a module map, i.e. for every r €
H**(pt) and class « € H**(S" 1), d(ra) = rd(a).

By the inductive hypothesis, we already understand the cohomology of
the domain. Namely H**(S"1) = 77I1M,/(p™). Observe the codomain is the
cohomology of the space S™ACy, = X™°C,, which by the suspension isomorphism

is given by
ﬂ*,*(zn,(}c}i_) ~ ]::I*fn,*(cf%’_) — Ym0 fe* (02)

Pictorially, the reduced cohomology of Co, A S™ is just given by taking the
cohomology of C5 and shifting it to the right n units.

It is helpful to illustrate d via the following color-coded picture. The only
32



q ar-ta

FICURE 14. The differential d : H**(S71) — H*t1*(S™0 A Cyy).

possible nonzero differentials occur in topological dimension (n — 1). Since d is a
module map, it commutes with action of 7. The element 7 acts on both modules as
an isomorphism, so it suffices to find d"~1 for a single q. Let’s consider ¢ = 0. By

the quotient lemma given in Lemma 3.0.1, we have the following isomorphisms
HPO(S) 2 HE, o (S2/Cy) = HE, (RP™) 2 22,

By the exactness of the sequence in 3.0.3, we have the short exact sequence
0 — coker(d" %) — H™(S™) — ker(d™°) — 0.

Now H™0(S7~1) = 0 so ker(d™") = 0, and it must be that coker(d"~'Y) & Z/2 and
d"~19 = (. Thus the total differential d is zero.

We now need to solve the extension problem of My-modules
0 — coker(d) — H**(SZ}) — ker(d) — 0.

The kernel and cokernel are illustrated below (they are just the domain and
codomain of d, respectively). Note the extension could be trivial, i.e. H**(S!) =
coker(d) @ ker(d) as My-modules, or there could be elements of ker(d) in topological

dimension (n — 1) that lift to elements of H"~°(S™) with a nontrivial p-action, as

illustrated below.
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FIGURE 15. The extension problem.

We use a portion of the forgetful long exact sequence to see the extension is

indeed nontrivial. Consider

frta(sp,) B Ara(sy,) —

sing

(524-) - ﬁn’qfl(Sng) — ﬁnﬂ’q(Sng)

Observe H"+1:4(S7. ) = 0 while H™9~1(S",) = Z/2 = H"

4ing(Say ) Exactness then
shows the multiplication by p in the left map must be an isomorphism for all ¢, and

we conclude the module structure is the one shown in Figure 13.

Remark 3.0.5. We will be making arguments such as the one in Example 3.0.4
throughout this thesis. We will be less verbose and will use abbreviated pictures
in future computations. For example, Figures 14 and 15 would be combined into
the single abbreviated figure shown below. If the reader gets confused about the
techniques in a future computation, we invite them to return to the above example

as a kind of computational tutorial.

During our computations, we will often encounter spaces of the form Y x
C5 where Y is some finite CW-complex. The cohomology of such a space depends

entirely on the singular cohomology of Y, as shown in the lemma below.

Lemma 3.0.6. Let Y be a Cy-space. The cohomology of the free Cy-space Cy XY is

given by
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S+l

u
7

FIGURE 16. The abbreviated pictures for Example 3.0.4.

H**(Y x C2;Z_/2> > 7/21, 7| Qg2 H

sing

(Y3 2/2)
as an My-algebra. IfY is a based Cy-space Y, we also have the isomorphism
H*(Y N Coy; Z)2) =2 227, 77" @0 Ho (Y5 Z/2).

Proof. From the results in [4], a model representing Bredon cohomology in constant
Z/2-coefficients is given by K(Z/2;p,q) ~ Z/2(SP?) where Z/2(5P?) has underlying
space given by the usual Dold-Thom space of configurations of points in S? with
labels in Z /2, and has Cs-action given by the action on S™9.

Any Cy-equivariant map Y x Cy — Z/2(SP?) is entirely determined by the

restriction to Y x {1} and thus

HPUY x Oy Z)2) 2 [Y x Oy, Z/2(S")]c,

= [V, 2/2(5")]e

where [—, —]¢, denotes the collection of Cs-equivariant maps up to Cy-equivariant
homotopy, and [—, —]. denotes the collection of nonequivariant homotopy classes of

maps. This establishes the isomorphism stated in the lemma as bigraded abelian

groups.
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For the algebra structure, note the above shows the forgetful map ¢

Hp,q(y X CQ) — Hp

eing(Y x Cy) is just the diagonal map, so in particular, nothing is

in the kernel of ¢ and p must act trivially. On the other hand ¢(7) = 1, so 7 must

act as an isomorphism on H**(Y x Cy). This shows

H (Y x Cp Z)2) 2 Z)2[1, 771 @z H,

as My-modules, and the algebra statement follows because v is a multiplicative

map. The reduced statement is proven similarly. O]

If X is a trivial Cs-space, then we can similarly state the Bredon cohomology

of X entirely in terms of the singular cohomology of X.
Lemma 3.0.7. Let X be a trivial finite Co-CW complex. Then as My-algebras

H**(X;Z/2) = M ®z/2 H;

sing

(X;Z/2).

Proof. We have a functor ¥ : TJop — C5-Top that takes a space X and regards it
as a trivial Cy-space. For each integer ¢ we can define two cohomology theories on

Top by (My®z/2 H,

sing

(X;Z/2))* and H9(V(X);Z/2). As explained in the previous

proof,

Hp

sing

(X3Z/2) = [X,Z/2(5P)].
while
HPO(W(X);2/2) = [¥(X), Z/2(S"°)]c,.

Since both ¥(X) and Z/2(SP?) are trivial Cy-spaces, the above is exactly equal to

(X, Z/2(SP)].. Thus we have a clear map

H*

sing

(X32/2) = H(V(X); Z/2) — H™*(¥(X); Z/2)

which induces a map from the free module
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My ®z/2 Hj,

sing

(X52/2) = H"(U(X); 2/2).

Restricting to the ¢-th grading, we have a map between cohomology theories

(My @70 H,o(X52/2))1 = H*(U(X); Z/2).

This map is an isomorphism when X = pt, and so these cohomology theories agree
for finite CW-complexes for all values of ¢. This establishes the stated isomorphism
as bigraded abelian groups, and the algebra structure follows from noting the map

My ®z,/2 H;

sing

(X5Z/2) — H**(¥(X);Z/2) is actually an algebra map. O

We next state an important theorem about the cohomology of Cy-manifolds.
Here by “Ch-manifold” we mean a piecewise linear manifold with a locally linear
Cy-action (we want to ensure the fixed set is a disjoint union of submanifolds). By
closed, we simply mean a closed manifold in the nonequivariant sense. The proof of

the following theorem is somewhat tedious, so it has been been moved to Appendix

A.

Theorem 3.0.8. Let X be an n-dimensional, closed Cy-manifold with a nonfree
Cs-action. Suppose n — k is the largest dimension of submanifold appearing as a
component of the fized set. Then there is exactly one summand of H**(X;7Z/2) of

the form %My where i > n, and it occurs for (i,7) = (n, k).

A Structure Theorem

We conclude this section by recalling a fact about the coefficient ring M, as
well as a structure theorem for the cohomology of finite Co-CW complexes. The

two theorems below can be found in [13].
Theorem 3.0.10 (C. May). As a module over itself, My is injective.

37



The next theorem is a precise statement of the decomposition mentioned in
the introduction. Note it is necessary that X is a finite C;-CW complex in the
sense that it only contains finitely many cells. Any closed Cy-manifold can be
given the structure of a Co-CW complex, so in particular, this theorem applies to

all closed Cy-manifolds.

Theorem 3.0.11 (C. May). For any finite Co-CW complex X, we can decompose

the RO(Cs)-graded cohomology of X with constant Z/2-coefficients as

H*’*(X; Z/Q) — (@izpi7QiM2) fasy (@jzpj,OAnj)

as a module over My = H**(pt;Z/2) where A, denotes the cohomology of the n-

sphere with the free antipodal action.
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CHAPTER IV

BACKGROUND ON SURFACES WITH AN INVOLUTION

In [7], all Cy-surfaces were classified up to equivariant isomorphism, and
furthermore, a language was developed for describing the Cs-structure on a given
equivariant surface. These descriptions are essential for many of the computations
given in this paper. In this section, we review the needed terms and notations as
well as some of the classification theorems. Notice all proofs are omitted in this

section, and we direct the curious reader to [7].

4.1. Free Actions

In order to state the classification of free Cs-surfaces, we need to review
one construction from equivariant surgery. This definition was first given in the

introduction, but we restate it here for reference.

Definition 4.1.1. Let X be a nontrivial Cs-surface and Y be a nonequivariant
surface. We can form the equivariant connected sum of X and Y as follows.
Let Y’ denote the space obtained by removing a small disk from Y. Let D be a
disk in X that is disjoint from its conjugate disk oD and let X’ denote the space
obtained by removing both of these disks. Choose an isomorphism f : Y’ — 0D.

Then the equivariant connected sum is given by
Y7 > {0 u (V' x{1}) b X]/ ~
where (y,0) ~ f(y) and (y,1) ~ o(f(y)) for y € 9Y’. We denote this space by

X45,Y.
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Remark 4.1.2. In our classifications, there are three important examples of
equivariant connected sums that warrant their own notation. The first occurs when
Y is the projective plane. In this case, we refer to the surgery as “adding dual cross
caps” and write X + [DCC] for X#,RP?. The phrase “dual cross caps” arrises
from the pictorial representation often used to denote such surgery; see Figure 17
below for an example. Note we can add more than one set of dual cross caps to
form X+[DCC]+[DCC| which we will denote X+2[DCC]. In general, X+n[DCC]|

is the space obtained by adding n dual cross caps to the Cy-surface X.

FIGURE 17. Dual cross caps added to a genus one torus with a reflection action.
The fixed set is shown in blue.

The other two examples occur when X is one of S?2 or S?!, the two nonfree,
nontrivial equivariant spheres. We refer to such spaces as doubling spaces, and
denote the space X#,Y by Doub(Y,1 : S™!) or Doub(Y,1 : S19), respectively.
The phrase “doubling” is used to acknowledge that, nonequivariantly, X#sY is
homeomorphic to Y#Y . Note these spaces can also be formed by removing a disk
from Y to form Y’ and then attaching a copy of Y’ to each end of a cylinder of the
form St x D(RM) or S10 x D(RYY), respectively, where D(R™!) is the unit interval
in the sign representation. This is why S*! and S'° appear in the notation.

Recall from Chapter 3, we write S} for the n-dimensional antipodal sphere.
We are now ready to state the main classification theorem for free Cs-surfaces.

All statements in the theorem should be followed with “up to equivariant

isomorphism”. Note by genus of a nonorientable space X we simply mean the
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[B-genus of X which was defined in the introduction to be the dimension of

Hl

sing

(X;Z/2). We denote such a space by Ny where s is the genus.

Theorem 4.1.3. (Classification of free actions).

(i) There is exactly one free structure on the even genus torus Tor which is given

by S2#oTh.

(ii) There are exactly two free structures on the odd genus torus Toyq which are

given by T 5Ty and T7O T,
(iii) There are no free structures on the odd genus non-orientable space Nog. .

(iv) There is exactly one free structure on the genus two non-orientable space Ny

which is given by S? + [DCC).

(v) There are exactly two free structures on the even genus non-orientable space

Noy, when k > 2, which are given by S% + k[DCC| and T¢™ + (k — 1)[DCC].

The above completely classifies free Cs-surfaces. We now state various

classification theorems for the nonfree Cy-surfaces.

4.2. Nonfree Actions

For the classification of nonfree Cs-surfaces, we need to introduce three other
types of equivariant surgery. The first two involve removing conjugate disks in
order to attach an equivariant handle. There are two types of handles that can
be attached. The first handle is given by S x D(RM) where D(R"!) is the unit
disk in R%!; we will refer to such a handle as an “S'!'—antitube”. The second type
of handle is given by S0 x D(R™); we refer to this handle as an “S“°—antitube”.

We give the precise definitions below.
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Definition 4.2.1. Let X be a nontrivial Cs-surface. Form a new space denoted
X + [S10 — AT as follows. Let D be a disk contained in X that is disjoint from its
conjugate disk 0 D. Remove both disks from X and then attach an S'°—antitube.

Whenever we construct such a space, we say we have done S'9—surgery.

We can similarly define SV —surgery by instead attaching an S1:!—antitube.

The third type of surgery involves removing a disk isomorphic to the unit
disk in R?? and sewing in an equivariant Mobius band. This equivariant Mobius
band can be formed as follows. Begin with the nonequivariant M6bius bundle
over S, and then define an action on the fibers by reflection. In other words, each
fiber should be isomorphic to R™ (in particular, the zero section is fixed). If we
now take the closed unit disk bundle, note the boundary is a copy of S, as is the
boundary of the removed disk D(R?*?). An illustration of this Mobius bundle is
shown below. Conjugate points are indicated by matching symbols, while the fixed

set 1s shown in blue.

Definition 4.2.2. Let X be a nontrivial Cy-surface that contains an isolated fixed
point p. Then there exists an open disk p € D C X such that D = D(R??).
Remove D and note 9D = S!. Now sew in a copy of the Mobius band described
above. We denote this new space by X + [F'M] and refer to this surgery as

FM—surgery. (Note “FM” is an abbreviation for “fixed point to Mobius band”.)
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The complete list of nonfree, nontrivial Cy-surfaces is given in [7], but it turns
out we only need the following takeaway from this list in order to do computations

in Z/2-coefficients.

Theorem 4.2.3. Let X be a nonfree, nontrivial surface. If X is not isomorphic
to a doubling space or to an equivariant sphere, then X can be obtained by doing

SO Sl or FM— surgery to an equivariant space of lower [3-genus.
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CHAPTER V

COMPUTATION FOR FREE SURFACES

In this section, we compute the cohomology of all free Cy-surfaces in Z/2-
coefficients. We first compute the cohomology of the two free tori T{"* and T7°".
We then utilize the decompositions given in Theorem 4.1.3 together with these

initial computations to compute the cohomology of all free Cs-surfaces.

Notation 5.0.1. In this section, all coefficients will be understood to be Z_/2

Proposition 5.0.2. We have the following isomorphisms of My-modules
H**(T00t) 22 i (S1) @ SIOH(S1) 2 H (T7°%).

Proof. Observe another way to define the antipodal torus is by the product T =

Sh1 x S1. This gives rise to the cofiber sequence for X = T
St — Xy — SYASL

which is illustrated below in Figure 18. This cofiber sequence gives rise to long

S E

+ +

FIGURE 18. The cofiber sequence S, < T{7" — SMTASL, .

exact sequences on cohomology. Similar to Example 3.0.4, we can organize these
long exact sequences into the picture shown in Figure 19 below. By the quotient

lemma given in Lemma 3.0.1, H%0(X) = ﬁ;)mg

((X/Cy)1) = Z/2, and so d*° = 0.
From the module structure, we conclude d?? = 0 for all p, q.

It remains to solve the extension problem
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FIGURE 19. The differential d : H**(S!) — H*+'*(SY1 A SL).

0 — LU HE**(SH) — H**(X) — H**(S!) — 0,

which is shown on the right in Figure 19. The only possibility for a nontrivial
extension is for there to exist a class a € HY(X) such that p*a € H>I2(X) is
nonzero.

Let z € S%! be one of the two fixed points. We have the following equivariant

maps

Sl §1x {7}« SL x SL! = X 4 §L

a

where the last map is just projection onto the first factor. Note this composition is

the identity, so in particular,
(m)* « H**(S;) = H**(X)

is injective. In fact, this is actually an isomorphism in bidegrees (0, ¢) because both
groups have been computed to be Z/2. Thus for every a € H%9(X), there exists a
class 8 € H*(S}) such that o = (m)*(8) and

pla=p*(m)*(B) = (m)"(p*B) = 0.
We conclude the extension in Figure 19 is trivial, and H**(T{"%) =~ H**(S!) @

SULH**(S1). Lastly, observe as My-modules, X1 H**(S1) & SO f==(S1).
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For the other free torus, note T7% = S'9 x S! so we can make similar use of

the cofiber sequence
STyt — SHOASL
to see H**(T7°") =2 H**(S)) @ B0 H**(S)). We leave the details to the reader. [

We have now computed the cohomology of the two free tori and the free C-
sphere (see Example 3.0.4). By Theorem 4.1.3, all other free Cs-surfaces can be
obtained by forming equivariant connected sums with these three spaces. We have

the following lemmas on how such surgery affects the cohomology.

Lemma 5.0.3. Suppose X is a free Cy-surface. If there is a surface Y such that
X = S24LY, then

H*’*(X) o H*’*(Sg) ® (Zl,oAO)@ﬁ(Y) .

Proof. Let Y’ be the space obtained by removing a small disk from Y. Consider the
cofiber sequence

(V' x Co), = (Si#aY), — 52 (5.0.1)

where 53 is the “pinched” space appearing in the cofiber sequence
Cop > 8%, — S2. (5.0.2)

An illustration of this cofiber sequence when Y = T} is shown below in Figure 20.
Note the two red points on the right sphere are identified.
To make use of the cofiber sequence in 5.0.1, we first compute the cohomology

of S2. We can extend the cofiber sequence in 5.0.2 to

2 39 1,0
Sy — 82 — X0
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FIGURE 20. An example of the cofiber sequence appearing in 5.0.1. The red points
in the right picture are identified.

and then analyze the connecting homomorphism d : H(S?) — HPLa (8100, ).
This module map d is shown in Figure 21. By the quotient lemma,
]7{0,0(5'3) = F[gzng(sg/02) = ggmg<RP2) = 0.

Thus d*° must be an isomorphism, and by the module structure, d*¢ must be an
isomorphism for all ¢. It follows that coker(d) = 0 and H**(S2) is the module given

on the right in Figure 21.

q q

FIGURE 21. The differential d : H**(S2,) — H*1*(210C,,)

We now return to the cofiber sequence given in 5.0.1. The cohomology of

Y x Cy is computed by Lemma 3.0.6, namely

HY(Y % Co) 2 Z/2[r,77) @2y Hiyg (V) = Ao @ (510 49) ).

sing
The cofiber sequence will thus give rise to the long exact sequences whose

differentials are shown in Figure 22.

Since X = S2#,Y, X/Cy =2 RP?*#Y. We can again use Lemma 3.0.1 to see
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FIGURE 22. The differential d : H**((Y’ x C3),) w1x(62)

HYO(X) =~ Hgmg(X/Cz) >~ 7/2, and
HYW(X) = Hsling(X/CQ) ~ (Z/Q)B(X)/ZH — (Z/Q)ﬁ(Y)H.

Thus d = 0 and we must solve the extension problem shown on the right in Figure
22. To do so, consider the following map of cofiber sequences where the left vertical
map is collapsing the two nonequivariant components of Y’ x Cs to two points.
(V' % Cy)p — Xy —— 2
b
Coyp s 2 — §2
As we’ve shown, both cofiber sequences induce long exact sequences on cohomology
where the differential is zero. Thus we have the following commutative diagram

where the rows are exact.

0 —— H**(S?) —— H*(X) —— H**(Y' x Cy) —— 0

d d J

0 —— H**(S?) —— H**(5?) ——— H**(Cy) ——— 0
From exactness, the middle map must be injective. In particular, for all nonzero
a € H%(S?), p?a # 0 and so p*¢*(a) = ¢*(p*a) # 0. We conclude the extension

in Figure 22 must be the nontrivial extension given by H**(52) @ (£104,)®" ™),
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as desired. (While this can be seen by making an appropriate choice of basis, it
may be faster to apply the structure theorem given in 3.0.11. The above shows p?
induces an isomorphism on bidegrees (0, ¢), and the only possibility based on this
fact and the groups we’'ve computed is for the decomposition to be the described

nontrivial extension.) O

Lemma 5.0.4. Suppose X is a free Cy-surface. If there is a surface Y such that

X ZT#5Y where T is a free Cy-torus, then
H*’*(X) ~ H*7*<T) D (El,OAO)EBIB(Y) )

Proof. We use the cofiber sequence

(Y/ X CQ)+ — (T#QY)+ — T
where T is the space appearing in the cofiber sequence
CQ+ — T+ — T

The proof will follow similarly to the proof of Lemma 5.0.3. We leave the details to

the reader. O

Let A, denote the cohomology of antipodal n-sphere, i.e. A, =77 'M,/(p").

We can summarize the results of these lemmas in the following theorem.

Theorem 5.0.5. Let X be a free Cy-surface. Then there are two cases for the

RO(Cy)-graded Bredon cohomology of X in Z_/Q—coeﬁicients.

(i) Suppose X is equivariantly isomorphic to S2#,Y. Then H**(X) =
(EI,OAO)@ﬁ(X)/Q ® A,.

(ii) Suppose X is equivariantly isomorphic to T#sY where T is a free Cy-torus.

B(X)—2

)
Then H**(X) = (Z204)% 2 @ A, @ D104,
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Proof. This follows almost immediately from Lemma 5.0.3 and Lemma 5.0.4. It
remains to check we have the appropriate number of summands of £°A4; in each
case. Since X is a free Cy-surface, x(X) = 2x(X/Cy) and so f(X) = 25(X/Cy) — 2.
Observe in (i), X/Cy =& Y#RP? so
BX) =26(X/Cy) =2 =2(8(Y) +1) =2 =25(Y).

In (i), X/Cy = Y#T, or X/Cy = Y#(RP?#RP?) depending on the action on 7.
In either case,

B(X) =26(X/C) —2=2(B(Y)+2) —2=26(Y) +2.
In both (i) and (ii), solving for 5(Y") yields the desired number of summands. O

We have now completed the computation for free Cy-surfaces in the given

coefficient system. The next section handles nonfree Cs-surfaces.
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CHAPTER VI

COMPUTATION FOR NONFREE SURFACES

In this section, we compute the cohomology of all nonfree Cy-surfaces in
coefficients given by the constant Mackey functor Z_/2 We first prove some lemmas
about how the various equivariant surgeries discussed in Section III affect the
cohomology of a Csy-surface. Utilizing Theorem 4.2.3 which states that all Cs-
surfaces can be realized by doing such surgery to a simpler space, we then prove

Theorem 1.4.1.

Notation 6.0.1. In this section, all coefficients are understood to be Z_/Q, unless
stated otherwise. Given a Cs-surface X, we will often use ' and C to denote

the number of isolated fixed points and the number of fixed circles, respectively.
Whenever there is some ambiguity, such as when we are working with multiple Cs-

surfaces at once, we will write F/(X) and C(X) for the corresponding values.

Lemma 6.0.2. Let X be a Cy-surface. Suppose X is isomorphic to Y + [SH — AT]
for some free Cy-surface Y. Then

~ B(Y)+2
H**(X;7Z)2) = (W04 2 @& X>2M,.

Proof. Suppose Y is a free Cy-surface. In Section V we computed the cohomology

of all such surfaces. Since 7 acts invertibly on the modules A,,, we can regard these

1

modules as 7'My = Fy[r, 77!, p]-modules. If we ignore the action of p (in other

words, regard as just Fy[r, 77!]-modules), observe the cohomology of all free Cy-

surfaces can be described as

BX¥)+2

H*(Y) = Ay @ (B04)° 2 @ N204,
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where as before Ay = 7'M, /(p). We now consider the following cofiber sequence

for X
Sl X Y

where Y is the pinched space appearing in the cofiber sequence
Cor =Y, =Y.

We can compute the cohomology of Y by extending to the cofiber sequence

YV, =Y = 20, (6.0.1)

For this computation, it suffices to understand H**(Y) as a Fy[r, 7~ !]-module. The
differential is shown in Figure 23.

q ﬁ(3’2)-2 q d(YQHz

FICURE 23. The differential H**(Y,) — H**("°C,,).

Now HO0(¥) = A0

sing

(Y /Cy) by Lemma 3.0.1, and HY, (Y /Cy) = 0.

sing
Hence d*° must be an isomorphism, and by the module structure, d>¢ must be

an isomorphism for all g. We conclude

B(¥)+2

H*(Y) =2 (8104,)% 2 @ ¥4,

as Fy[7, 771-modules.
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We now return to the cofiber sequence S < X — Y. The differential
is shown in Figure 24, where we have omitted possible p actions in the picture of

H**(Y). The differential must be nonzero for if it were zero, the answer for the

B(Y)+2 B(Y)+2
qs) q 842

/]

/

FICURE 24. The differential H**(S“') — H*+1*(Y).

cohomology of X would not have a free summand generated in dimension (2,2) as
is required by Theorem 3.0.8. Using the module structure, we thus know dP¢ for all
(p,q), and it remains to solve the extension problem given to the right in Figure 24.
We can conclude by Theorem 3.0.8 (or by the forgetful long exact sequence) that

the extension must be nontrivial, and we arrive at the desired answer. O

Lemma 6.0.3. Let X be a Cy-surface that is isomorphic to Y + [S'0 — AT] for
some free Cy-surface Y. Then

BY)+2

H*(X;Z/2) = (S104) 2 @ S*'M,.

Proof. The proof will follow as in the proof of Lemma 6.0.2 except now using the

cofiber sequence S0 < X — Y. We leave the details to the reader. O

The following two lemmas state the cohomology of doubling spaces. The

definition of these spaces can be found in Remark 4.1.2
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Lemma 6.0.4. Suppose X is homeomorphic to Doub(Y,1 : Sb1) for some

nonequivariant surface Y. Then
]:I*’*(X;Z_/Q) o (ELOAO)’B(Y) ® N22M,.
Proof. Consider the cofiber sequence
Sty X — Oy, NY.
By Lemma 3.0.6 the cohomology of Cs, AY is given by
HP9(Coy NY) 2 Z/2[r, 7Y @z Hipy (V) 22 (104)% ) @ 2204,

The picture of the differential in the cofiber sequence is shown on the left in Figure
25. The differential cannot be zero for if it were, the answer for the cohomology of
X would violate Theorem 3.0.8. Thus d"! must be an isomorphism, and we can use
the module structure to determine d”? for all p, q.

q ) q s)

/]

/

FICURE 25. The differential H**(S"') — H*1*(Coy AY).

It remains to solve the extension problem
0 — coker(d) — H**(X) — ker(d) — 0

which is shown on the right in Figure 25; note the kernel is shown in red, and the
cokernel is shown in blue. Using either Theorem 3.0.8 or the forgetful long exact

sequence, we can see the extension must be nontrivial, and in particular,
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H*(X;7/2) = (24040)°) @ £22M,.

Lemma 6.0.5. Suppose X is isomorphic to Doub(Y,1: S¥°) for some

nonequivariant surface Y. Then
.EI*’*(X,Z_/2> o~ (EI,OA(])ﬁ(Y) D 22’1M2.

Proof. The proof follows similarly to the proof of Lemma 6.0.4 using the cofiber

sequence
S0 X — Cy NY.

We leave the details to the reader.

We are now ready to prove the main theorem about the cohomology of
nonfree, nontrivial Cy-surfaces. The proof will make use of the classification given
in Theorem 4.2.3. We will induct on the S-genus of the surface and explore the
various cases for what type of surgery is needed to construct a given Cs-surface

from a Cs-surface of lower [-genus.

Theorem 6.0.6. Let X be a nontrivial, nonfree Cy-surface. Let F' denote the
number of isolated fixed points, C' denote the number of fired circles, and [ denote
the B-dimension. There are two cases for the reduced RO(Cy)-graded Bredon

cohomology of X in Z_/Q—coeﬁ?cients:

(i) Suppose C = 0. Then

B+2—F

H(X;2/2) 2 (SVM,) ™ 2 @ (2194)° 2 @ 222M,
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(i) Suppose C' # 0. Then

fI*’*(X;Z_/Q) o (ZLOMQ)@C*I ® (2171M2)@F+C—1

@ BT2-(F+2C)

EB (EI,OAO) 2 EB EQ’IMQ

Proof. We begin with case (i) and proceed by induction on the S-genus of X. If
B(X) =0, then X must be an equivariant sphere. The only equivariant sphere with
isolated fixed points is S%2. By the suspension theorem, the reduced cohomology of
522 is $,22M,, which matches the decomposition given in (i).

Now suppose S(X) > 0. By Theorem 4.2.3, we know X is either a doubling
space, or X can be obtained by doing S''—, Stt— or FM—surgery to a Cy-surface
of lower B-genus. If X is a doubling space, then we are done by Lemma 6.0.4. If X
is obtained by doing equivariant surgery, then X must be isomorphic to Y + [S1! —
AT] for some Y by consideration of the fixed set. If Y is free, then by Lemma 6.0.2

the cohomology of X is given by

BY)+2

f{*’*(X,Z_/2) ~ (El’vo) 5 D EQ’QMQ.

We just need to check there are the appropriate number of summands of each

module. Observe F(X) =2 and 5(X) = 5(Y) + 2, so indeed

_ BOO+2-F(X) _ B(V)+2
F(X)—2=0, and 222X _ B0

as desired.

If Y is nonfree, then by consideration of the fixed set of X, F'(Y) # 0 while

C(Y) = 0. Thus by induction, the cohomology of Y is given by

@ BON+2-F(Y)

H(Y) 2 (SMM) 7 @ (21040) 77 @ 222 M, (602)
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Consider the cofiber sequence

Sl X =Y, (6.0.3)

where as before Y is the space appearing in the cofiber sequence
Cor =Y, =Y.

Since Y has at least one fixed point, we claim Y is homotopy equivalent to Y V
SU1 To see why, let’s be more careful with how we construct Y. Let y € Y be
a chosen fixed point. Since Y has only isolated fixed points, there is a disk D in Y
such that y € D and D = D(R%*?). Let z € D be an interior point that is not
fixed, and include Cy into Y as {z,0x}. Let v be a path from x to y contained in

the interior of D such that when we quotient to Y
im(y) Uim(oy) = Sb1.
See Figure 26 for an illustration of the image of 7 in Y.
There is a homotopy from D = cof(Cy < D) to D v S"! that keeps the
boundary of D fixed, and thus can be extended to all of Y to see Y ~ Y Vv StL. See

the illustration below of the homotopy equivalence for D. Note the fixed set is in

blue and the copy of S*! is shown in red.

T~ ox

FIGURE 26. D ~ DV S1:!

Using the homotopy discussed above, we see that
I:I**(f/) o~ [+ (V) & S M.
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The differential associated to the cofiber sequence in 6.0.3 is shown below in Figure
27. The number of summands of each of the blue submodules is omitted (note, in

particular, the number of summands of 194, could be 0).

q

FIGURE 27. The differential H**(S"') — H**(Y).

The differential must be zero because the generator of XYM, maps to the

trivial group. Hence we must solve the extension problem
0— H**(Y) — H**(X) — H**(S"!) = 0.

The above splits since H**(S™!) is a free My-module, and so

.E[*’*(X) ~ ﬁ*,*({/) D ﬁ*,*(sl,l)

~ {5 (Y) @ (B9'M,) ™

Putting this together with the isomorphism in 6.0.2, the cohomology of X is given
by

@ BON+T2-F(Y)

() 2 (20) O g (o) U o e, (60.)

It remains to check there are the appropriate number of summands of each module.

Adding an S'!—antitube increases both the number of isolated fixed points and the
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B-genus by 2, which can be written as

F(X)=F(Y)+2 and B(X)=B(Y)+2.

The number of (XM, )-summands and the number of (319 Ap)-summands in 6.0.4

can thus be written as

F(Y)—2+2=F(X) -2, and

BN +2-F(Y) _ B(X)—=2+42-(F(X)=2) _ BX)+2-F(X)

2 - 2 2 )

respectively. We have completed the proof for case (i).

We now consider the case when C'(X) # 0. We again proceed by induction
on the -genus of X. If §(X) = 0, then X must be an equivariant sphere, and the
only equivariant sphere with a fixed circle is S%!. By the suspension theorem, the
reduced cohomology of S*! is ¥%!'M,, which matches the decomposition given in
(ii).

Now suppose S(X) > 0. If X is a doubling space, we are done by Lemma
6.0.5. We can thus assume X is obtained by doing equivariant surgery to a Cs-
surface Y of lower B-genus. Since we know X2 contains at least one fixed circle,
we can assume X is obtained by doing S'°— or FM— surgery to an equivariant
surface.

Let’s first assume X & Y + [S10 — AT]. If YV is a free Cy-surface, then we are
done after applying Lemma 6.0.3 and noting C'(X) =1 and §(X) = 8(Y) + 2. Thus

suppose Y is a nonfree Cs-surface and consider the cofiber sequence

S0y X Y,
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Since Y2 is nonempty, we can make a similar argument as before to see Y ~ Y V
St and so
H*(Y) = H*(Y) ® LV Ms.

If Y2 contains at least one fixed circle, then we know the cohomology of Y by
induction. If Y2 contains only isolated fixed points, then we know the cohomology
of Y by case (i). Thus there are two possibilities for the differential appearing in
the long exact sequence associated to the cofiber sequence above; both are shown

below in Figure 28. The case illustrated on the left is when Y2 contains at least

q q

J
7 y

FIGURE 28. The two cases for the differential H**(S10) — H**(Y).

ANJRAN

Z

one fixed circle. In this case, we immediately see the differential must be 0 and

conclude the extension is trivial because the kernel is a free Ms-module. Thus

ﬁ]*,*(X) ~ f{*,*(y) D El’lMg D El’OMg,
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which by induction gives

FI*’*(X) g< (ZLOMQ)@C(Y)ﬂ & (2171M2)@F(Y)+C(Y)71

@800 +2-(F()+20(Y))
2

o (EI’OA()) o 22,1M2> & TUM, ¢ $OM,

~ (21,0M2)®C(Y) @ (21,1M2)€BF(Y)+C(Y)

@ BON+2-(F(¥)+20(Y))
2

® (2104,) & S M.

Recall X 2V + [S'Y — AT], and so
F(Y) = F(X), C(Y) = C(X) =1, and B(Y) = B(X) — 2.

By making the above substitutions, we arrive at the desired answer for case (ii).

The case on the right in Figure 28 is slightly more complicated. The
differential cannot be zero in this case for if it were, the answer for the cohomology
of X would violate Theorem 3.0.8. Noting d'° must be nonzero and using the

module structure to determine d”9 for all (p, q), we solve the extension problem
0 — coker(d) — H**(X) — ker(d) — 0

which is illustrated below in Figure 29. The kernel of d is shown in red while the
cokernel is shown in blue.
From Theorem 3.0.8, we have that $*'M, must be a summand of H**(X),

and so the extension is nontrivial. In particular, the extension must be given by

@E(Y)-&-?Q—F(Y)

ﬁ**(X) ~ (21,1M2)@F(Y)—2 o (El,vo) @ YUIM, @ Y2 M,
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é,

%

FIGURE 29. The extension problem.

where the last two summands arise from the nontrivial extension. It remains to
check there are the appropriate number of summands of each submodule. Recall

X Y 4 [SY0 — AT] where Y consisted only of isolated fixed points. Thus
F(Y) = F(X), C(X) =1, and §(Y) = §(X) — 2
Making the substitution for F'(Y') and S(Y) and noting C(X) — 1 = 0, we arrive at
the desired decomposition given in (ii).
The only remaining case is when X = Y + [FM] for some Cy-surface Y
of lower B-genus. Let D be an equivariant closed neighborhood containing the

attached Mobius band so that D ~ M ~ S%0 Consider the following cofiber

sequence
D—Y+[FM]|—=Y.

Notice Y2 must be nonempty in order to do F M —surgery, so we know the
cohomology of Y either from induction or from part (i). There are two cases for the
cohomology of Y depending on whether or not Y2 contains a fixed circle. Similar

to when X =Y + [S10 — AT], this yields two cases for the differentials appearing
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in the long exact sequences associated to the above cofiber sequence. Though, note
the cohomology of Y will now be appearing rather than the cohomology of Y.

The two cases for the differential are shown in Figure 30 below. We only
include the relevant portion of the cohomology of Y in the picture, noting the other
summands cannot be in the image of the differential for degree reasons as in Figure

28. The picture on the left shows the case when the fixed set of Y contains at least

q q

/

FIGURE 30. The two cases for the differential d : H**(S™0) — H**(Y).

one fixed circle. In this case, we quickly see the differential must be zero and the

extension must be trivial. Thus
H**(X) = H*(Y) ® 2"'Ms,.

By induction, we have

f]**(X) g< <E1,0M2)®C(Y)71 @ (El,le)@F(YHC(y)q

@800 +2-(F(V)+20(Y))
2

@ (2"°4) ® 22’1M2> @ M,

~ (El,oMz)EBC(Y) @ (21,1M2>69F(Y)+C(Y)*1

@800 +2-(F)+20(Y))
2

@ (" Ap) & > M.

Recall X =Y + [FM], and so
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F(Y)=F(X)+1, CY)=C(X) -1, and B(Y) = B(X) — 1.

These substitutions will give the decomposition stated in (ii).

The final case is X = Y + [F'M] where Y2 consists only of isolated fixed
points. We return to the differential shown on the right in Figure 30. Observe on
the quotient level, doing F'M —surgery removes a disk. Thus X/C5 is Y with a disk

removed, so HZ,,

(X/Cy) = 0. By Lemma 3.0.1, H**(X) = HZ, (X/C5), and so we

conclude d'° must be an isomorphism. We now must solve the extension problem

shown below. The extension problem is solved after applying Theorem 3.0.8, and

q

o

FIGURE 31. The extension problem.

we conclude

()+2-F()

I:[**(X) o~ (21,1M2)€9F(Y)—2 @ (Zl,OAO)EBﬂf @ El,le @ 22’1M2

~ (21,1M2)@F(Y)—1 o (ELOAO)

@E(Y)-&-?Q—F(Y)

P 22’1M2.

Observe FI(Y) = F(X)+ 1, C(X) = 1, and S(Y) = B(X) — 1. Making these

substitutions will finish the proof. O
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CHAPTER VII

EQUIVARIANT FUNDAMENTAL CLASSES

We now employ Theorems B.2.1 and B.3.1 to define fundamental classes for
Cs-submanifolds. We prove these classes forget to the usual singular fundamental
classes, and the product of these fundamental classes is given in terms of the
intersection of the submanifolds in the transverse case. We also show a handful

of examples involving submanifolds of Cy-surfaces.

7.1. Nonequivariant Fundamental Classes

Recall for singular cohomology, we can define fundamental classes using the
Thom isomorphism theorem. Let X be a closed manifold and Y C X be a closed
submanifold. If we are working with Z/2-coefficients, all vector bundles over Y are
orientable. In particular, if 7 : N — Y is the normal bundle of Y in X, then the
Thom isomorphism theorem guarantees a unique class v € H"*(N, N — 0) known

as the Thom class such that
(=) —u: Hj(Y) — H"*HJ‘(N,N —0)

is an isomorphism. There exists a tubular neighborhood U of Y in X, and by

excision we have the following isomorphism
H" (NN —0) 2 H" Y U,U-Y)2 H" (X, X -Y).

Thus there is a unique nonzero class in H"*(X, X — Y) corresponding to the
Thom class. We can now define [Y] € H"*(X) to be the image of this unique

class under the induced map from the inclusion of pairs (X,0) — (X, X —Y).
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We will often denote these singular classes by [Y]sing to distinguish them from the

Bredon cohomology fundamental classes defined below.

7.2. Fundamental Classes for Nonfree Submanifolds

We prove facts about the cohomology of Thom spaces in Theorem B.2.1 and
B.3.1, and these theorems are enough to transfer the definitions given above from
the singular world into the equivariant world.

Let X be a closed Cy-manifold and Y be a closed Cs-submanifold. For now,
suppose both Y and X are nonfree, and suppose topologically Y is k-dimensional
and X is n-dimensional. Let N — Y be the normal bundle of Y in X, and let ¢ be
the maximum weight of N over Y2 as in Theorem B.2.1. By this theorem, we are
guaranteed a unique class uy € H" %4(N, N — 0). Let U be an equivariant tubular

neighborhood of Y. Using this neighborhood and excision
H" k(NN —-0)= H"*U, U -Y) = H" (X, X -Y).
We are now ready for the following definition.

Definition 7.2.1. Let Y, X, n, k, and ¢ be defined as above. The unique nonzero
class in H"™%4(X, X — Y) corresponding to the Thom class uy in the above
isomorphism is denoted by [Y],.; and referred to as the relative fundamental
class of Y in X. Furthermore, the image of this class in H""*4(X) under the
induced map by the inclusion of the pair (X,0) < (X, X —Y) will be denoted [Y]

and referred to as the fundamental class of Y in X.

A simple corollary of property (i) of Theorem B.2.1 relates these equivariant

fundamental classes to the nonequivariant fundamental classes.
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Corollary 7.2.2. Suppose Y C X as above. Then ¢([Y]) = [Y]sing where 1 is the

forgetful map to singular cohomology.

This corollary allows us to prove the following statement about the product
of fundamental classes of submanifolds whose intersection is nonequivariantly
transverse. For notational simplicity, we say a submanifold X is codimension
(k,q) if it has topological codimension k and if the maximum weight of the normal

bundle over the fixed set is ¢, as in Theorem B.2.1.

Theorem 7.2.3. Let X be a nonfree, n-dimensional Cy-manifold, and suppose Y

and Z are two closed, nonfree, equivariant submanifolds of codimensions (k,q) and
(¢,7), respectively, that intersect transversally. Suppose further Y N Z is a nonfree
submanifold. Let w be the mazximum weight over the fized set of the normal bundle

of YNZ in X. Then
Y] < [Z] =ty N Z].

Proof. We first prove w < ¢ + r. Let Nynz, Ny, and Nz denote the normal
bundles of Y N Z, Y, and Z in X, respectively. Let Wy, ..., W,, be the connected

components of the fixed set (Y N Z)°2. For = € W; the fiber is given by
(Nynz)a = R

for some integer w;. By Definition 7.2.1, the fundamental class [Y N Z] has bidegree
(k + ¢, w) where w = max{wy, ..., wy,}.
Fix j and z € W;. Note (Y N Z)%2 =Y N Z% so W, C Y, N Z; where Y, and

7, are connected components of Y2 and Z2. Suppose
(Ny)w = Rk,qs and (NZ>33 = Re’”.

Since Y and Z intersect transversally,

67



(NYﬂZ)x = (NY)I @ (NZ)x >~ Rk’(Is @ Rf,?’t (Y] ]RkJr&quth'
Thus w; = g5 + ¢ and

w = lrgrlgél{wj} < mﬁx{qs—H“t} =q+r,

as desired.

Now consider the relative fundamental classes
[Y]rel S Hk’q(XaX - Y>7 [Z]rel € Hf,r(X}X - Z)7
Y NZ € Hk“"“(X,X —(YNn2Z)).

We have the following commutative diagram involving the forgetful map that allows

us to relate these equivariant relative classes to singular relative classes.

H*(X, X —Y)® H (X, X — Z) —= H*a (X, X — (Y N 2))

vou s s

(X, X-Y)oH!, (X, X -Z) —— HI''(X X - (YNZ)

sing sing

Hsljing
We have shown ¢ + r > w, so the left and right vertical maps are isomorphisms
by Corollary B.2.2. Let’s consider the of image of the various relative classes under

these maps. We have

S y Tl vy N 7]

| |

— [Y N Z]

rel

[Y]rel,sing ® [Z]rel,sing rel,sing

Note the vertical images in the above follow from Theorem B.2.1, while the bottom
is a classical fact about singular cohomology. Now the dashed line follows from the
commutativity of the above the diagram and the fact that the right vertical map is
an isomorphism.

We get the statement for fundamental classes after considering the below

diagram and using the above fact that [Y],.. — [Z],er = 777" 7%[Y N Z]1er-
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Hn—k,qk<X) ® Hn b (X) = s [2n—k—{taqp+qe (X)

[ |

HYRo (XX —Y) © HH0(X,X = Z) —= H*Ftacta (X, X — (VY 1 Z))

Before defining fundamental classes for free submanifolds, we give a few

examples.

Example 7.2.4 (Fundamental class of a fized point). Suppose X is a nonfree,
closed, connected Ch-manifold and z € X2 is a fixed point. Let D be a tubular
neighborhood of this fixed point, so D = R™* for some k. Then there is a class

[z] € H™*(X), and since this class forgets to the singular class [z] € H".

Ging(X), it is
necessarily nonzero.

The classes for fixed points provide some insight into Theorem 3.0.8. Choose
apoint x € X that is in a component of X of the smallest topological
codimension k. Let D = R™* be a neighborhood of this point. It is shown in
Corollary A.0.2 that the map ¢ : X — X/(X \ D) & S™F induces a split injection
on Bredon cohomology. By choosing a smaller neighborhood = € D' C D such that
q(D') = D’ one can check ¢*([q(x)]) = [z]. Now the class [q(x)] € H**(S™F) =
M, @ Y™"FM, forgets to something nonzero, so it must generate the free summand

in bidegree (n, k). Thus the class [x] generates a free summand in bidegree (n, k) in

H(X).

Example 7.2.5. Consider the one-dimensional Cy-manifold S*! whose cohomology
is shown in the figure below.
There are two fixed points, so there are two fundamental classes [a], [b] €

HU(SM). By our above discussion, [a] and [b] are both nonzero. We thus have
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b /|
Sl,l

H*’* (Sl,l)

FIGURE 32. S'! and its cohomology

three nonzero elements appearing in H'(S"!), namely [a], [b], and p - 1. We would
like to determine the dependence relation between these classes.

Since ¥([a]) # 0 and ¥([b]) # 0, [a] # p and [b] # p. To show [a] # [b], let
a €U C S where U 2 D(RY!) and let ¢y : U < S™! be the inclusion. Consider

the following commutative diagram where the rows are exact:

Hl’l(Sl’l, gLl _ {a}) Hl’l(Sl’l) H1,1(S1,1 — {a})

* * *

HYY(U,U = {a}) ——— HY(U) —— H'(U —{a})
By excision, the left vertical map is an isomorphism. Now U — {a} =~ (s,
so HYY(U — {a}) = 0, and the bottom left map is a surjection. Hence, the

composition of the top left map and the middle vertical map must be nonzero, and

so ¢(la]) # 0.

On the other hand, we have another commutative diagram where again the

rows are each part of a long exact sequence for a pair:

[_]1,1(51,17 Sl,l _ {b}) Hl,l(sl,l)

* *

H WU, U) —— HYY(U)

70



The above shows ¢j;([b]) = 0. Thus [a] # [b], and it must be that the three nonzero
elements are pairwise distinct. Lastly, since we are working over Z/2, the only

possibility for a dependance relation is
la] + ] +p-1=0.

By Theorem 7.2.3, [a] - [b] = [{a} N {b}] = 0. Using the dependance relation
above we obtain [a]* = [a]([b] + p) = pla], and we have recovered the following

isomorphism of Mly-algebras:
H**(SU) = My[z]/(2* = pz), |z] = (1,1).

Example 7.2.6. Consider the Cy-surface X = S*! + [S19 — AT] which can be
depicted as a torus with a reflection action as shown below. The fixed set is shown

in blue. By Theorem 6.0.6, the cohomology of X is
H**(X) 2 M,y @ S1O0M, @ SHIM, @ 221M,

as shown on the grid below.

(g :

CI/

FIGURE 33. A Cs-torus and its cohomology

Notice [C], [C"] € HYY(X), [D] € H'Y°(X), and [a], [b] € H*'(X). All of these

fundamental classes forget to nonzero singular classes, so they must be nonzero.
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Now in H"!(X), we have four nonzero elements [C], [C'], 7[D], and p - 1. Let’s
determine the dependence relations between these classes.

The classes [C], [C"], and T[D] forget to nonzero classes and thus cannot equal
p - 1. Using a neighborhood of C' similar to Example 7.2.5, we can conclude [C] #
[C"] and so [C]+[C"] # 0. Based on the decomposition for H**(X) and the forgetful
long exact sequence, dim(ker(¢))) = 1 in bidegree (1,1). We have that ¢(p) =
Y([C] + [C"]) = 0, so it must be that [C] + [C'] = p - 1, and {[C], p, 7[D]} forms a
basis for H'(X).

Using Theorem 7.2.3, we have the following multiplicative relations
[CllC =0, [Cl[D] = [a], [C][D]=[b], [C]*=I[CI[CT+p-1)=p-[C].
We can now state the cohomology of X as an algebra over M:
H**(X) &= Ma[z,y]/(a* = pr,y* = 0), |z = (1,1),]y] = (1,0).
(Here z = [C] and y = [D].)

Example 7.2.7. Consider the Cy-surface Y whose underlying space is the
projective plane. We can form RP? by identifying antipodal points on the
boundary of D?, and the space Y will inherit the action from the rotation action
on D?, as depicted below. Again, the fixed set is shown in blue. The cohomology of

this space is given by
H*’*(Y) = M2 D ELlMg D 22’1M2

as shown on the grid below. Let’s consider the submanifold C' and its normal
bundle Ng. The circle C' is fixed, and for every x € Ng, the fiber is given by
(N¢). = RYL Thus we have a class [C] € H(Y). The submanifold C” has two

fixed points p, ¢, and (N¢v), = R while (Ner), = R Thus we also have a class
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V) p
A %

p

FIGURE 34. The space Y and its cohomology

[C'] € HY(Y) and similarly a class [C"] € HY(Y). By considering neighborhoods,
we also see [p] € H*'(Y') while [q] € H**(Y).
It is clear [C”] = [C"]. We have the following multiplicative relations given by

Theorem 7.2.3

[Cllc)=7-1CnCT=r[p, [C'] =[C"[C"] =[C"NC"] =[g], and

pl[C"] = plIC"] = {py N €] = 0.

Let D be a neighborhood of the isolated fixed point ¢ such that D = D(R?*?).
Similar to Example 7.2.5, we can show ¢},([¢]) # 0 while ¢;,([p]) = 0. Thus
b(r[p]) = 0 and r[p] # [g]. We show [g] = 7[p] + p[C'].

Note [C] and [C"] both forget to the same nonequivariant nonzero class, so in
particular, [C] # p and [C'] # p. Also, since [C][C'] = 7[p] # [q] while [C']* = [q],
we see that [C] # [C']. Thus it must be that [C] = [C’] + p, and this also shows
[q] = [C'] = [C"[[C] + p) = 7[p] + p[C"].

Taking = = [C'], y = [p], we can now state the cohomology of ¥ as an M-

algebra:

H**(Y) = Mo[z, y] /(2 = 7y + pr,y* = 0,2y = 0), |z| = (L,1), |y = (2,1).
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7.3. Free Fundamental Classes

We now provide a definition for fundamental classes of free submanifolds
of a given Cs-manifold. Note the manifold may or may not be free itself. Let
X be a Cy-manifold of dimension n and let Y be a free, equivariantly connected
submanifold of dimension k. By equivariantly connected, we mean the space cannot
be covered by two nonempty, disjoint, equivariant open sets. Using excision and
Theorem B.3.1, we are guaranteed a unique nonzero element in H"%(X, X —Y)

for every integer q.

Definition 7.3.1. Let X, Y, n, and k be as in the above. For every integer ¢, the
unique nonzero element in H"%%(X, X — Y) is denoted [Y], . and referred to

as the relative fundamental class of Y in X of weight q. The image of this
relative class under the map induced by the inclusion of pairs (X,0) — (X, X —Y)

is denoted [Y], and referred to as the fundamental class of Y in X of weight

q.

There are a few immediate consequences of Theorem B.3.1 and the definition

above.

Lemma 7.3.2. Let Y C X be as above. The following hold for all integers q:
() V(Y1) = [Y]sing;
(b) 7Y g = [Ylgtas

(c) If Y = Z x Cy for some connected nonequivariant submanifold Z, then p -

Y], =0 for all q.

Proof. Parts (a) and (b) follow from properties (i) and (ii) of Theorem B.3.1. For

(c), let U be a tubular neighborhood of Y. By property (iv) of Theorem B.4.3,
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H**(U,U — 0) & H*%*(Y). By Lemma 3.0.6, every element in H**(Y") has p-
torsion, and thus every element in H**(U,U — 0) has p-torsion. In particular, p -

[Y],.ret = 0 which implies p - [Y], = 0. O
We also have the following lemma about products involving free classes.

Lemma 7.3.3. Let X be an n-dimensional Cy-manifold, and suppose Y and Z are
equivariant submanifolds that intersect transversally in the nonequivariant sense
and whose intersection is free. We have the following cases for the product of their

fundamental classes.

e Suppose Y and Z are nonfree and their fundamental classes have weights q, r,

respectively. Then [Y] — [Z] = [Y N Z] 440
o Suppose Y is nonfree and Z is free. Then for every r, [Y] — [Z], = [YNZ]44r-

o Suppose Y and Z are both free. Then for everyr, s, [Y], — [Z]s = [Y N Z],4s.

Proof. This follows by forgetting to singular cohomology and using property (i) of
Theorem B.3.1 and Corollary B.2.2 when one of the submanifolds is nonfree. We

leave the details to the reader. O
We now discuss three examples involving these free fundamental classes.

Example 7.3.4 (Fundamental class of conjugate points). Let X be a closed,
connected, n-dimensional Cs-manifold with a non-fixed point x € X. Consider
the set of conjugate points {z, cx} and note this is isomorphic to the free orbit Cs.
We show if X is free, then [z,0z], # 0 for all ¢. If X is nonfree, let p € X2 be a
fixed point whose fundamental class generates a free summand in bidegree (n, k).

We show [z, 0z], # 0 only for ¢ < k — 2, and explicitly, [z, o0z], = #[p].

5



To see this, observe the space X — {z, 0z} is a punctured n-manifold, so

Hj

ting(X —A{z,02}) = 0 for j > n. Using the forgetful long exact sequence, we see

that
p: HYX —{z,0x}) —» HTH Y X — {z,02})

must be an isomorphism whenever 5 > n and surjective when 7 =n — 1.
Assume X is free. Then X — {x, oz} is also free and H**(X — {x,0x}) is a
direct sum of shifted copies of A, by Corollary ??. By the above comments, it must

be that H»(X — {z,02}) = 0 for j > n. On the other hand, H".

ting(X) = Z/2 and
so by the forgetful long exact sequence, H™?(X) # 0 for some ¢, and since 7 acts
invertibly on the cohomology of free spaces, H™?(X) # 0 for all ¢. Thus by the long
exact sequence for the pair, [z, oz], # 0 for all ¢.

If X is nonfree, then X — {x,0x} is also nonfree. Considering the structure
theorem and the properties of the p action discussed above, it must be that no
summands in H**(X — {z,0x}) are generated in topological dimension j for j > n
and all antipodal summands ¥5°A, must be concentrated in topological dimension
less than n. Thus there is a sufficiently small ¢ such that H™%(X — {z,0z}) = 0

whenever ¢ < /.

Fix g such that ¢ < ¢ and ¢ < k — 2. Consider the long exact sequence below:
— H"(X, X —{z,02}) — H"(X) — H"Y(X — {z,02}) —

The left group is Z/2, and since the second map is surjective, there must be at
most one nonzero element in H™?(X). One such element is Tq,;‘;m[p], and so the
only option is [z, 02]; = —%=[p]. Now if this holds for some g, then it must hold
for all ¢ < k — 2 by the action of 7. Lastly for ¢ > k — 2,

(2,07, = 77 * D[z, 0x]),_o = 792 . g[p] = 0.
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Example 7.3.5. Let’s consider the free torus where the action is orientation
reversing; this space was denoted T{™" earlier in the paper. For notational
simplicity, let X = T¢". An illustration of the space and its cohomology are shown

below.

-

FIGURE 35. A free Cs-torus and its cohomology

There are four families of cohomology classes of interest: [C,],, [C U oC],,
[p U opl,, and [X],. Observe the classes [C,], and [X], forget to nonzero classes in
singular cohomology, so [C,], and [X], are nonzero for all g. Using the long exact
sequence for the pair (X, X — (C'UoC)), one can check [CUcC], # 0 for all g. Now
Y([C UoC],) = 0so it must be that [C' U ¢C], is in the image of p, and the only
possibility is that [C' U c¢C], = p - [X],.1 = p7? ! - 1. By part (c) of Lemma 7.3.2,
p-[CUcC], =0 and in particular this implies p-[C'UoC]y = p?-1 = 0. There is yet
another way to see p? - 1 = 0. By perturbing C, we can find a submanifold C’ L C’
such that [C"UoC'], = [CUoC], and the transverse intersection (C'UaC")N(CUcC)
is empty.

Applying Theorem 7.3.3, we have that [C,],-[CUoC|s = [pUop|,4s for all 7, s.
We could have seen this already using the module structure and the above fact that
[C'UoCy = p-1, but it is nice to be able to recover the relation using fundamental

classes.

7



Since X is free, the action of 7 on the cohomology of X is invertible, and it
is easier to describe the cohomology as a 7~ !M-algebra. Note this also encodes
the My-algebra structure. As a 77 !Mj,-algebra we have recovered the following

isomorphism where x = [C]:

o (T0005) 2 M [a] /(5% -1 = 0,22 = 0), Jo] = (1,1).
Example 7.3.6. We do one more example that has both nonfree and free
fundamental classes. Consider X = S2%244, T} which can be depicted as a genus

two torus with a rotation action, as shown below. The cohomology of this space is

given by
H**(X) = M, ® (21°4,)%% @ ©22M,

which is shown in the grid below.

qa
¢ C’
)
y £ , p

FIGURE 36. The space X and its cohomology.

Let’s consider the nonfree fundamental classes [D] € H“(X), [z],[y] €
H*?(X), and the free fundamental classes, [C' U oC],, [C" U 0C"], € H"(X) and
[zUoz], € H*1(X). Note [CUoC], and [C'UaC"], forget to different nonzero classes,
so both are nonzero, and they are not equal. These two families of classes therefore
give rise to the two 194, summands appearing. One can also check [D] = p and

(2] + [y] = p? = p - [D], using arguments as in the previous examples.
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From Example 7.3.4, [z Uoz], = %[p] for ¢ < 0. This gives the multiplicative

relation
[CUoCl, — [C"Ual|s=[zU0z2]4s = T;%[p]

for r +s <0.
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CHAPTER VIII

EQUIVARIANT FUNDAMENTAL CLASSES AND C5-SURFACES

It is easy to check the singular cohomology in Z/2-coefficients of any surface
is generated by fundamental classes. In the previous examples, we saw the
analogous statement held for the Bredon cohomology of a handful of Cy-surfaces.
In this section, we show, in fact, the Bredon cohomology of any Cy-surface is

generated by fundamental classes.

Notation 8.0.1. As before, the coefficients are understood to be Z_/2 in this

section.
We begin by defining the precise property we will be proving:

Definition 8.0.2. Let X be a Cy-manifold. Suppose there exist a (possibly empty)
collection of nonfree equivariant submanifolds Y7, ...Y, and a (possibly empty)
collection of free equivariant submanifolds Fi, ..., F}, such that the corresponding

fundamental classes generate H**(X) as an My-module, i.e.
Mo{[Y1], ..., [Ya], [Filgs - - s [Fimlq: ¢ € Z} = H*(X).
Then we say H**(X) is generated by fundamental classes.

Our goal is to show if X is any Cy-surface, then H**(X) is generated by
fundamental classes. We begin with free surfaces, spheres, and doubling spaces,
and then we consider surfaces obtained by doing surgery to such spaces and apply

Theorem 4.2.3.

Lemma 8.0.3. Suppose X is a free Cy-surface. Then H**(X) is generated by

fundamental classes.
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Proof. Let X be a free Cy-surface. By Theorem 4.1.3, there are two cases for the
isomorphism type of X. Either X & S24,Y or X = T#,Y for some surface Y
where 7" is one of the two free tori.

First suppose X = S2#,Y. Ignoring the p-action (so viewing H**(X) as an

Z/2[t, 77! ]-module), we have the following isomorphism from Theorem 5.0.5:
H*’*(X) > Ay @ (21,0A0)@5(X)/2+1 ® 2270140

Observe {[X],: ¢ € Z} will generate the classes corresponding to the summand A,,
while if x € X is any point, [z U ox], will generate the classes corresponding to
the summand YX*° A as shown in Example 7.3.4. Next we find (8(X)/2 + 1) free
one-dimensional submanifolds of X to generate the classes appearing in topological
dimension one.

Note B(X) = 25(Y), and since Y is a surface, there are 5(Y') circles in YV
(Y). Let r = B(Y) and call these

whose fundamental classes give a basis for H!

sing
circles C1, ..., C,. We can assume the disk removed from Y to form S2#,Y does
not intersect any of these submanifolds. Then for each i = 1,...,r, C; U oC; is an

equivariant submanifold of X.
Nonequivariantly, X = Y#Y and so the singular classes [C; U 0C}]sing are

nonzero, and furthermore
{[Cl L JCl]smg, ey [Cr L UCr]sing}

is a linearly independent set in H!, (X). Using the forgetful map, the set

sing
{[CLUaC],,....[CrUGC,],}

must be a linearly independent set in H4(X) for all q.
We have found a linearly independent set with 5(Y") elements, but we need
B(X)/2+1 = B(Y) + 1 elements to give a basis for the (8(Y") + 1)-dimensional
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vector space H"(X). Let E an equatorial copy of S! contained in S? such that £
is also a submanifold of X. Consider the following long exact sequence for the pair
(X, X — E):

HY(X X - FE) — H"X) — HY"(X - F) j

(—> H*1(X,X — E) — H*(X) — H*(X — F)
Let U be a tubular neighborhood of E. Then by Theorem B.4.3

H**(X,X — E) = H**(U,U — E) =~ H*"'*(E).

On the other hand, X — FE is isomorphic to Cy X Y’ where Y is the space obtained
by removing a disk from Y. In particular X —F ~ (Vy)S') xCy and H*Y(X —F) =
0. Thus the above portion of the long exact sequence becomes

H"(X,X — E) — (2/2)50)+ — (7/2)%Y) B

(_> 7./2 > 7./2 s 0

By considering dimensions, we see that the top left map must be nonzero, and
[E], # 0 for all q.

Lastly, note ¢ applied to any nontrivial linear combination of the classes [C; L
oCil, is nonzero, while 1([E],) = 0 because E bounds a nonequivariant submanifold

in X. Thus [E], cannot be a linear combination of these classes, and
{[Cl L O'Cl]q, ooy [Cr L O'CT]q, [E]q}

is a basis of fundamental classes for H'(X). We conclude H**(X) is generated by

fundamental classes.

The case when X = T#5Y is similar. Again applying Theorem 5.0.5 and

viewing H**(X) as an Z/2[r, 7~ !]-module, we have

H*’*(X) o~ AO e (ZI,DAO)@/B(X)/2+1 e ZQ’OA().
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In this case, 5(X) = 26(Y) 4+ 2, and so we need to find (Y') 4+ 2 one-dimensional
equivariant fundamental classes. Take the 5(Y") classes [C; Ll 0C}], coming from Y
as before, and then take the two equivariant classes in T as described in Example
7.3.5. These classes will forget to a linearly independent set of fundamental classes
in singular cohomology, and thus must be linearly independent in H%9(X). We

again conclude H**(X) is generated by fundamental classes. O

Lemma 8.0.4. Suppose X is a Cy-sphere. Then H**(X) is generated by

fundamental classes.

Proof. There are exactly four Cy-spheres up to equivariant isomorphism: S2, §%9,
S%1 and S%2. Note S? was handled in the above theorem. When X is §%9 §%1,
or $*? we need only take the classes [X] and [p| where p € X is some fixed point.

These classes will generate H**(X). O

Lemma 8.0.5. Suppose X is a doubling space. Then H**(X) is generated by

fundamental classes.

Proof. There are two cases, either X = S2245,Y or X = S%14,Y. The proof
for both cases is very similar, so we only provide details for the former. Also, the
techniques used are similar to those used in the proof of Lemma 8.0.3, so we only
provide an outline for the case when X = S2244,Y . leaving the details to the
reader.

Using Theorem 6.0.6, the cohomology of S?24,Y is given by
H**(X) =M, & (21,0A0)EB6(Y) © N22M,.

The class [X] will generate the My-summand appearing in bidegree (0,0) while

[p] where p € X is any fixed point is a generator for the My-summand appearing
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in bidegree (2,2). Thus we must find 5(Y) one-dimensional submanifolds whose
classes will generate the Ap-summands appearing in topological degree one. Using
submanifolds of Y, we can create a basis of fundamental classes for the space

H'(X) as in the proof of Lemma 8.0.3. O

Our next goal is to show this property holds for all nonfree surfaces. To do so,
we make use of Theorem 4.2.3, which states if X is a nontrivial Cs-surface that is
not free, not isomorphic to a sphere, and not isomorphic to a doubling space, then
up to equivariant isomorphism, X can be constructed by doing S''—, S%0— or
F M —surgery to a Cy-surface of lower -genus. We first prove a lemma that will be

helpful in what follows.

Lemma 8.0.6. Let X be a nonfree Cs-surface. Suppose C'° C X is a connected,
one-dimensional, nonfree submanifold whose normal bundle is given by C' x RLL,
Letq € C C X be a fized point. Then 5([C]) = p where 14 : {q} < X is the

inclusion map.

Proof. We make use of the geometric interpretation of p € H'!(pt) in order to
prove this lemma. From the results in [4], a model representing Bredon cohomology
in constant Z/2-coefficients is given by K(Z/2;p,q) ~ Z/2(S"?) where Z/2(S5")
has underlying space given by the usual Dold-Thom space of configurations of
points in SP with labels in Z/2, and has Cs-action given by the action on SP9.
Thus the element p can be realized as an element of the homotopy class of
based maps S° — Z/2(S"!). Specifically, the map p : S® — Z/2(S"!) is given by
the inclusion of the fixed set S° «— Sb! followed by the canonical map ¢ : SVt —
Z/2(S") that takes each point to the corresponding point in Z/2(S"!) with label

one.
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Let U be a tubular neighborhood of C' ~ S so U = S x Rb where

d € {0,1}. By excision and the suspension isomorphism
HYW(X, X —C)= HWU,U — C) = HYW(U,0U) = HY(SY A S1°) = HO0(S19),

The nonzero element a € ﬁO’O(S}r"S) is given by a map & : Si’a — SY that crushes
S19 to the non-basepoint in S° followed by the inclusion ¢ : S® — Z/2(S°). Hence

the generator of H'(S%! A S1°) is given by
Yhoa) =S oXMa =10 XM a.

Thus we investigate '@ which is illustrated in the figure below.

{| —

C

;

1,1 1,0
SLIA 8L

]

1,1 1,1
SLLASY

FIGURE 37. The (1, 1)-suspension of the map S}r"s — 5% The conjugate green
circles in the left-hand pictures are mapped to the conjugate green points in the
right-hand pictures.

If ¢ is one of the fixed points in C illustrated by the blue squares in Figure
37, then precomposing with the inclusion ¢, : {q} — S A S}r’a maps ¢ to the
non-basepoint fixed point of S™!. Thus post-composing with the canonical inclusion
Shl s Z/2(SH1) will exactly yield the map p as described above. This shows
(1g)* © HY'(SY A SYY) — HY(q) takes the unique nonzero element to p. The

commutative diagram below then shows ¢ ([C]) = p:
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HWH(SW A SV == H'(X,X — C) —— H"(X)

\ i

Hllq

We now investigate how doing surgery introduces new fundamental classes.

Lemma 8.0.7. Let Y be a closed Cy-surface such that H**(Y') is generated by
fundamental classes. If X =Y + [SY0 — AT], then H**(X) is also generated by

fundamental classes.

Proof. The surface X contains a fixed circle, so by Theorem 6.0.6
H*’*(X) = M2 @ 22’1M2 @ e

where the remaining modules appearing in the decomposition depend on Y. As
usual, the class [X] will generate the free summand appearing in bidegree (0, 0)
while if z € X is any point contained in a fixed circle, the class [z] will generate
a free summand in bidegree (2,1). We just need to find various one-dimensional
submanifolds of X that generate the remainder of the cohomology. The procedure
to find such submanifolds will depend on the isomorphism type of Y.

Suppose Y7, ...,Y, are nonfree one-dimensional equivariant submanifolds of
Y and Fi,...F,, are free one-dimensional submanifolds of Y whose fundamental
classes together with [Y] and [y] generate H**(Y'). Let Uy,...,U,, Vi,...,V,, be
equivariant tubular neighborhoods of Y3, ... Y, F1, ... F,,, respectively. In order to
form X =Y + [S*° — AT, we must remove disjoint conjugate disks D, oD from
Y, and we may assume without loss of generality that these disks and the tubular
neighborhoods are chosen in a way such that (D UoD)NU; and (DU oD)NV; are

empty for all 7, j.
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Let Y’ be the space obtained by removing D U oD from Y. We would
like to relate the cohomology of Y to the cohomology of X, and we will use the
cohomology of the space Y’ as a stepping stone from H**(Y) to H**(X).

Observe Y and X can be realized as the homotopy pushouts of the following

diagrams, respectively.

d(DUoD) —— Y’ d(DUoD) —— Y’
02 Sl,O

Using the diagram on the left, for each ¢ we have a long exact sequence as shown
below:

H%(Y") @ H*(Cy) — H*Y(O(DUoD)) — H™M(Y) — HM(Y') @ HY(Cy)
The map 7* : H*(Cy) — H*4(J(D U D)) is an isomorphism because on the level

of spaces
CQ — a(DUO'D) l) Cg

is the identity, so 7* is an injective map from Z/2 to Z/2. Thus the leftmost map is
surjective, and the rightmost map is injective by exactness. Though H*4(Cy) = 0
so the map H™(Y) — H“(Y") is injective. The inclusion Y’ < X induces a map
HY“(X) — H"“(Y"); this map is often not injective, but for each submanifold C'

from our list, we have the following commutative diagram:

HY (Y)Y —C) —— HYY',Y' - C) +— H"(X,X - O)

| | |

HY(Y) —n—— HYY') +——— H"Y(X)
Note the top horizontal maps are isomorphisms due to excision: all three of
these groups are isomorphic to H»4(U,U — C) where U is the chosen tubular
neighborhood of C' (note this is why we chose the disks and neighborhoods to be

disjoint). The bottom left horizontal map is injective from the above discussion.
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In particular, this commutative diagram holds for C' = Y;,...,Y, and C' =
Fy,..., F,. Hence, the image of each of the classes [V;] and [Fj]; in H'*(X) under
the right horizontal map is equal to the image of the respective class [Y;] or [F}]x
in H*(Y) under the left horizontal map. The injectivity of the left map shows the
fundamental classes [Y;], [F}]; inherit no new relations in the cohomology of X that
were not present in the cohomology of Y. Intuitively, this is unsurprising: attaching
a handle should not introduce dependence relations, and the above formalizes this
intuition.

There are three cases for how the cohomology of X differs from the

cohomology of Y. First, suppose Y already contains a fixed oval. Then by Theorem

6.0.6
H(Y) = My @ (S40M,) *“0 7" @ (2hiv,) e (8.0.1)
B(Y)+2—(F(Y)+2C(Y))
D (Zl’vo) D) D 22’1M2
while

H*,*(X) ~ M2 D (Zl,OMQ)EBC(X)*l D (El,lMQ)@F(X)JFC(X)*I

B(X)+2—(F(X)+2C(X))

@ (EI,OAO) 2 EB EQ,IMQ

Since X =Y + [S1? — AT, we have the following relations

that show

H*(X) 2 H**(Y) @ "' M, @ 21OM,. (8.0.2)
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Recall the classes [X] and [z] generate free summands in topological degrees zero
and two, respectively, while the classes [Y;], [F}], generate any summands appearing
in topological dimension one coming from H**(Y") by the discussion above. Thus it
suffices to find two new fundamental classes in H*(X).

There is an obvious choice for one of the submanifolds, namely the fixed circle
contained in the attached handle. Let C; be this circle and note [C;] € H'(X).
For the other submanifold, let p € C be a fixed point, and choose a point s
contained in another fixed circle. It is shown in [7] that we can construct a path

~ from p to s such that
C, :=im(y) Uim(oy) = SH

and such that C, and C; intersect at the single point p. Let U be a tubular
neighborhood of C.,. Over each fixed point the normal fiber is a fixed interval, so
(C,] € HM(X). The two classes are in the correct bidegrees; we next show they are
linearly independent from the classes coming from Y.

We begin with [C,]. By construction C; and C, intersect at a single fixed

point, so

(1G] = [p] # 0.

On the other hand, C; does not intersect any of the other submanifolds Y;, F};, and

so for any Ms-linear combination of these fundamental classes
[C1] - (Bias[Yi] + X;b5(F5],) = 0.

Hence, it must be that [C}] is not in the My-span of these classes. By the

isomorphism in 8.0.1, the fact that H**(Y) is generated by fundamental classes,
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and consideration of degrees, it must be that

dim (H(Y)) = dim (Mo{[Y], [Fjlg, [Y], [y]} 0 HO(Y))

=dim (Mu{[Y}], [F],} N H"(Y)).

We have already remarked that
dim (M - {[Yi], [Fj],} N HM(Y)) = dim (M, - {[Yi], [F}]¢} 0 H'O(X) .
By the isomorphism in 8.0.2,
dim (H*(Y)) = dim (H*°(X)) — 1.

We just proved [C,] is not in the My-span of the classes [Y;], [F}],;, so by dimensions

it must now follow that
M, - {[C,], [Yi], [Fjls} N HY(X) = HYO(X).

Thus any generator of the new summand X%°M, is a linear combination of
fundamental classes.
Returning to €y, we can apply Lemma 8.0.6 to see ¢5([C1]) is nonzero. Since

{p} does not intersect any of the submanifolds Y;, Fj, t([Y;]) = ¢;([Fj]q) = 0. For

*

+(IC]) is also zero, and thus any My-combination of these classes

degree reasons, ¢
must be in the kernel of ¢,. We conclude [C}] is not in the My-span of any of these

classes. Again using our isomorphisms and degree arguments we can say
dim (M {[C1], [C4], [Y], [Fjlg, [X]} N HM (X)) = dim (H"(X)).
We conclude any generator of the new summand Y5%'M, is in this span. Thus

H**(X) = MpA[C], (G [Yi], (B, [XT, [2]}
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as desired. This completes the proof in the case that Y already contains a fixed

oval.

Next suppose the fixed set of Y contains only isolated fixed points. Then by

Theorem 6.0.6

B(Y)+2-F(Y)

H*’*(Y) ~ M, @ (Zl,lMQ)@F(Y)*Q ® (ELOAO) 3 © $22M,

while

H**(X) = M, @ (21,1M2)®F(X)+C(X)_1

B(X)+2—(F(X)+2C(X))
2

D (Zl’vo) D 22’1M2

We have the relations

Hence the number of %M, and ¥%°A4, summands match, and we just need to find
two new classes that generate the two additional X! My-summands.

As in the previous case, we need to find two new fundamental classes. Again
let C} be the attached (and now only) fixed oval, noting [C}] € H“(X). Let 7 be
a path from a fixed point p € C] to an isolated fixed point s, choosing the path ~

such that
C, :=im(y) Uim(oy) = St

and such that C, and C; only intersect at a single point. Let U be a tubular
neighborhood of the circle C\,, and note that the fiber over p is isomorphic to R,
while the fiber over s is isomorphic to R"!, so it must be that [C,] € H"(X) as

well.
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We can do the same tricks as before to conclude [C}] and [C,,] generate the
rest of the cohomology of X. Namely, their nontrivial product shows [C,] is not an
Ms-combination of our current classes. To see [C}] is not in the span of the classes
given by Y;, F};, C,, choose another point on the fixed oval p’ # p and use the map

tp. This will complete the proof in this case.

Lastly, suppose Y is a free Cy-surface. Then by Theorem 5.0.5, ignoring the

action of p,

B(Y)+2

H*’*(Y) = AO D (ELOA(J) 2 D EQ’IAO

while by Theorem 6.0.6

B(X)+2- (F(X)+2C(X))
2

H*’*(X> = M2 @ (Zl’vo) @ 22’1M2

We now have the relations

The number of summands generated in topological dimension one is the same in
H**(X) as in H**(Y). Thus, by adding [X] and [z] to our list of classes [Y], [F}],,
we will have found a collection of fundamental classes that generate the cohomology

of X. O

Lemma 8.0.8. Let Y be a nontrivial Cy-surface such that H**(Y') is generated by
fundamental classes. If X =Y + [SY! — AT, then H**(X) is also generated by

fundamental classes.

Proof. The proof is similar to that of the previous lemma. Instead of having a fixed
circle in the attached handle, we have a circle C; = S'!. The circle O] is still two-
sided and its fundamental class is contained in bidegree (1,1). In the case where

Y has an isolated fixed point, the other class will be given by a circle C, where
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is a path from a fixed point on (' to this other isolated fixed point. To see this
circle is two-sided, note the two fixed points in C, are isolated fixed points in Y,

so the fibers over these points in the normal bundle are both isomorphic to Rb!.
There is only one action on the Mobius bundle over S and the fibers over the
fixed points in this bundle are R and RY!. In the case where Y only has fixed
ovals, the other class will given by a circle C,, where v is a path from a fixed point
on C to a point on a fixed oval. This circle must be one-sided because the fibers of
the normal bundle over the two fixed points are different representations. Lastly, in

the case where Y is free, no other classes besides [X] and [z| will be needed. O
We are now ready to prove the main theorem of this section.

Theorem 8.0.9. Let X be a Cy-surface. Then H**(X;Z/2) is generated by

fundamental classes of equivariant submanifolds.

Proof. If X is trivial, then by Lemma 3.0.7

H*’*(X) = M2 ®Z/2 H*

sing

(X).

Since H*

sing(X) is generated by fundamental classes, it immediately follows that
H**(X) is generated by fundamental classes.

Assume X is nontrivial. We proceed by induction on the g-genus of X. If the
[-genus is zero, then we are done by Lemma 8.0.4. For the inductive hypothesis, let
k > 1 and assume the statement holds for all surfaces of S-genus less than k.

Let X be a surface of S-genus k. If X is a free Csy-surface or a doubling space,
then we are done by Lemmas 8.0.3 and 8.0.5. Thus suppose X is nonfree and not
a doubling space. By Theorem 4.2.3, there are three cases for X: the surface X is

isomorphic to a space given by doing St'—, 19— or F'M— surgery to a surface of

lower 3-genus.
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Combining the first and second cases, suppose X = Y + [S'¢ — AT] where
e € {0,1}. Note 5(Y) = B(X) — 2, so we can apply the inductive hypothesis
to conclude H**(Y) is generated by fundamental classes. We are then done after
applying either Lemma 8.0.7 or Lemma 8.0.8.

The remaining case is X = Y + [F'M]. There are four subcases based on
the fixed set of Y. First, suppose Y contains a two-sided fixed circle. Note Y
also contains an isolated fixed point, so the circle must be non-separating, i.e.
the complement of this circle is connected. Thus we can do surgery around this
fixed circle to see Y = Z + [S0 — AT] where Z is some other Cy-surface with
B(Z)=pY)—-2=p(X)—3. Let W =Z+ [FM], and note 5(W) = 5(X) — 2, so
the inductive hypothesis implies H**(W) is generated by fundamental classes. We
are done after noting X & W + [S10 — AT] and applying Lemma 8.0.7.

Second, suppose Y contains at least three isolated fixed points. From [7] there
is a path v between two of the points such that the image of v and its conjugate
path form a copy of S™!. As before, this copy of S''! must non-separating, so we
can do surgery to see Y = Z + [S1! — AT] for some other Cy-surface Z. As in the
previous case, we are done after noting X = (7 + [FM]) + [S! — AT, applying the
inductive hypothesis to Z + [F'M], and then applying Lemma 8.0.8.

Third, suppose Y is isomorphic to a doubling space Doub(Z,1 : 1,1). In
this case, we can find fundamental classes for X by hand. By substituting 8(X) =
26(Z)+ 1 and C(X) = F(X) = 1 into Theorem 6.0.6, we have that

H*’*(X) ~ M, @ DUIM, @ (Zl,oAO)@ﬁ(z) ® L21M,.

Let C be the fixed circle contained in the attached Mobius band and Zi, ..., Zgz)

be the circles whose fundamental classes generate HL,, (Z). The classes [C], [Z; U

sing

94



0Z1), ..., [Zgzy UoZgz), [X], [x] will generate H**(X) where z € X is a point
on the fixed circle. We leave the details to the reader.

Lastly, suppose Y is not a doubling space, contains no two-sided fixed ovals,
and has at most two isolated fixed points. In this case, we need more specific
details from the classification given in [7]. There are two cases for the isomorphism

class of X. The two cases are
X 22§22 4 COFXI2 (g1 AT 4 C(X)[FM], or
X =W 4 G QUL AT 4 O(X)[FM],

where W is some free Cs-surface. In both cases, fundamental classes can be found
by hand; we provide an outline of how to find such classes.
Suppose X is given by the top isomorphism. For notational simplicity, let

r=C(X)and s = F(X) (note s =0 or s = 1). By Theorem 6.0.6,
H**(X) = M, ® (SY°M,)® ' @ (SMIML)# ! @ ©2IM,.

Let C, ..., C, be the fixed circles contained in the attached Mobius bands. The
circles give r classes in H!(X), and the forgetful map shows these classes are
linearly independent. Next, for j = 1,...,r, fix a point p; € C}. Let v, be a
path from p; to p; such that C1; = im(v;;) U im(0y;;) is isomorphic to S*! for

j =2,...,7. These circles will give (r — 1) linearly independent classes in H"°(X).
If s = 0, the classes given by Ci,...,C;, Cis,. .., Cy, together with [X] and [z]
where # € X is a fixed point contained in a fixed circle will generate H**(X). If
s = 1, we can construct one more circle D using a path from p; to the isolated
fixed point. The class [D] € HY'(X) together with the other classes will generate

H**(X).
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For the second case, note 5(X) = (W) + 2C + F and thus by Theorem 6.0.6

the cohomology of X is
H**(X) 2 My ® (S20M) " @ (B41M) ™7 @ (£1040) M2 @ m21M,.

To find equivariant classes, construct nonfree circles as in the previous case, and
also include the free generators for H'*(W) (note we saw in the proof of Lemma
8.0.3 there are 5(1V)/2 + 1 such generators).

We have exhausted all cases, and we conclude H**(X) is generated by

fundamental classes for all Cy-surfaces. O
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APPENDIX A

A THEOREM FOR C35-MANIFOLDS

In this appendix we provide a proof of Theorem 3.0.8 which is given as
Theorem A.0.1 below. Here by “manifold” we mean a piecewise linear manifold,
and by Cs-action, we mean a locally linear Cs-action. Note this is sufficient to

guarantee the fixed set is a disjoint union of submanifolds.

Theorem A.0.1. Let X be an n-dimensional, closed Cy-manifold with a nonfree
Cs-action. Suppose n — k s the largest dimension of submanifold appearing as a
component of the fized set. Then there is exactly one summand of I:[*’*(X;Z_/Q) of

the form %My where 1 > n, and it occurs for (i,7) = (n, k).

Proof. If X is a trivial space, then this follows immediately from Lemma 3.0.7 and
facts about the singular cohomology of closed n-manifolds in Z/2-coefficients. Thus
assume X is nontrivial. We first show there is a unique summand generated in
topological dimension n, we then show it must be free, and lastly we argue it must
be in weight k.

From the structure theorem given in Theorem 3.0.11, the cohomology of X

must have a direct sum decomposition given by

H**(X) 2 (@, M,) @ (9,577 Ay,). (A.0.1)

Consider the following portion of the forgetful long exact sequence for X:

Hr-ta(x) L5 grati(x) 25 HP

sing

(X) — HP(X)

Since X is a closed n-manifold, HY;, (X) = 0 for p > n while Hf, (X) = Z/2. By

sing
exactness, it must be that H?9(X) = im(p) for p > n, and when p = n, there are
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two possibilities: either H™4(X) = im(p) or H™(X)/im(p) = Z/2. Returning
to A.0.1, this immediately implies m;,r; < n for all 4, j. We claim this also
implies there are either zero summands or one summand generated in topological
dimension n; that is there is at most one ¢ or j such that m; = n or r; = n. Indeed,
if there were two or more summands generated in topological dimension n, then
there would exist a sufficiently large ¢ such that dim (H™4(X)/im(p)) > 2.

To see there is a summand generated in topological dimension n, pick a point
r € X© that is contained in a connected component of dimension n — k, where
recall n — k is the maximum dimension. There exists an open equivariant disk D
such that x € D C X and D = R" nonequivariantly. By consideration of the fixed
set, we see that D = D(R™") where D(R™*) denotes the unit disk in R™*. Consider

the quotient map
q: X = X/(X — D)~ S™k,

We have the following commutative square involving the forgetful map:
gk anky Y o P n,k

J» I

HM(X) —2 5 A7 (X)

sing
Recall H “*(Smk) = ¥mFM, by the suspension isomorphism, so the top map is an
isomorphism. The right vertical map is also an isomorphism because X is a closed
n-manifold. By commutativity of the square, the forgetful map ¢ : H™* (X) —
ﬁ;ng(x ) must be nonzero. Returning to the forgetful long exact sequence above,
we see H™*(X)/im(p) = Z/2 and there is indeed exactly one summand generated

in topological dimension n.

98



There are thus two options for the cohomology of X. FEither
H**(X) & (@, M) @ (9,577 As,) & 5" Ap; or (A.0.2)

H**(X) & (@, M,) @ (9,577 As,) & M. (A.0.3)

where in both equations m;,r; < n. We show the first case cannot happen.

Suppose to the contrary the cohomology of X is given by A.0.2. Let p be a
nonfixed point and consider the punctured space X — {p,op} ~ X — {D(p),cD(p)}
where D(p) is a small open disk around p that does not intersect its conjugate disk

oD(p). Note X — {D(p),cD(p)} is an n-manifold with boundary, so

Hj

sing(X —{D(p),eD(p)}) = 0 for j = n.

We can put a Co-CW structure on X — {D(p),ocD(p)} with no cells of dimension
greater than n. The map ¢ : X — {D(p),0D(p)} — (X — {D(p),cD(p)})/Cs
will be a cellular map that induces a levelwise surjective map on the cellular chain

complexes. Using this map of chain complexes and the above fact, a diagram chase

shows

Hj

sing

(X ={D(p),0D(p)})/C2) = 0 for j = n.

By the quotient lemma given in 3.0.1, it follows that H?°(X — {p,op}) = 0 for
Jj=n.

Consider the pair (X, X — {p,op}). Note
H**(X, X = {p,op}) = H**(X/(X = {D(p),0D(p)})) = H**(Cay A S") = 5" A,

We have the following diagram where the rows are exact:
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H"(X, X —{p,op}) —— H™(X) —— H"(X —{p,op})

[ [ 5
HGng(X, X —{p,op}) —— H, (X)) —— HG,\ (X —{p,0op})
The right-hand groups are both zero by the above discussion, so the left horizontal
maps are both surjective. The middle vertical map is surjective based on the

decomposition given in A.0.2, while the left vertical map is given by the diagonal

map

H**(Coy A S™) =2 HY

sing

(S") — H*

sing

(5" v S") = H*

sing (Sn)

Thus we have the following commutative diagram coming from the left square

where A is the diagonal map and V is the fold map.
7)2 ———» H™(X)
[ [
Z)267)2 —— 7./2
We have arrived at a contradiction: going around the diagram one way is
zero, while the other way is nonzero. We conclude the cohomology of X must
have a decomposition as in A.0.3. In particular, there is a unique free summand in

topological dimension n, and furthermore there are no other summands generated

in topological dimension greater than or equal to n.

We now show this free summand is generated in weight k. Let’s reconsider

the quotient map
q: X = X/(X — D) = Sk,

Let s > k. We have the following map between the forgetful long exact sequences

for X and S™F.
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¥

) ]:In—l,s—l (Sn,kz) P ﬁms(sn,k) f{snzng(smk) o
lq* lq* Elq*
. ﬁn—l,s—l(x> r_ Hn,s(X) d ; [:I;ng<X) .

Recall H **(Smk) = ¥mFM, by the suspension isomorphism. We provide an

illustration of this cohomology below for reference. The above map of long exact

/

A,
/n

FIGURE 38. The reduced cohomology of S™*.

q

A

A

sequences is thus

IR| <

00— 7/2—2 5 7/2

lq* lq* %,lq*

Hr=1s=1(X) —2y fms(X) —2 7/2

The square on the right shows
q* . ﬁn,s(Sn,k) N E[n,s(X)

is injective for all s > k. If we let a € H™*(S™*) be the generator, the exactness
also shows the nonzero element ¢*a is not in the image of p.

Returning to decomposition given in A.0.3, we can write ¢*a as an M-
combination of generators of the summands. Observe a 7-multiple of the generator
of the summand XMy must appear in this linear combination since otherwise ¢*a

would be in the image of p. Thus the weight ¢ must be less than or equal to k.
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To see ¢ = k, note p-localization will yield a generator in f[g‘i;;(X ©2). Since

n—Fk is the largest dimension appearing in the fixed set, it must be that n—c < n—k

or ¢ > k. We conclude ¢ = k, as desired. O
We end by mentioning one corollary of the above proof.

Corollary A.0.2. Let X be an n-dimensional nonfree Co-manifold and let x € X2
be a point in a component of the fized set of smallest codimension k. Then the map
q : X — S™F that collapses the complement of a small disk around z to a point

mduces a split injection.

Proof. In the proof above, we showed ¢*a where a is the generator of H w*(Smk)
generates a free summand of H**(X). This implies the map is injective, and it is

split because M, is self-injective. O]
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APPENDIX B

C5-VECTOR BUNDLES AND THOM ISOMORPHISM THEOREMS

In this appendix, we provide some background on Cs-vector bundles and then
prove the Thom isomorphism theorems given as Theorem 1.4.1 and Theorem 1.5.1
in the introduction. Another approach to the Thom isomorphism is given in [3] and
uses a grading system larger than the usual RO(G)-grading. Presumably there is a
connection between the two approaches, but we haven’t investigated this.

The two main theorems in this appendix are broken into two parts. The
first part focuses on the existence of the Thom classes and their relations to the
cohomology of the fibers. The second part focuses on the map given by cupping

with the Thom class.

Notation B.0.1. All coefficients in this section are understood to be Z/2. Given a

vector bundle E, we will often write £’ for the complement of the zero-section.

B.1. Background

We begin by reviewing Cs-vector bundles. The following can be found in

Section 1 of [15].

Definition B.1.1. Let X be a Cs-space. A Ca-vector bundle over X is the
data of a nonequivariant vector bundle 7 : £ — X such that F is a Cy-space.
Furthermore, C5 should act on E via vector bundle maps over the action of Cy on

X. Explicitly, the following diagram should commute where ¢ denotes the action of

Cy
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should be a linear map.

Many of the constructions for nonequivariant bundles exist for Csy-vector
bundles. For example, any Cs-vector bundle can be given a Cs-invariant Euclidean
metric that allows us to define the unit disk bundle and the unit sphere bundle,
which in turn allows us to define the Thom space. Also, given an equivariant map
f Y — X and a vector bundle £ — X we can form the pullback bundle
f*E — Y. When working with these pullback bundles, the following important

fact is still true; see [15] for a proof.

Lemma B.1.2. Let X and Y be Cy-CW complexes. Suppose f,g : Y — X are
equivariantly homotopic and E — X 1is a Cy-vector bundle. Then f*E = g*E as

Cy-vector bundles over Y.
This allows us to prove the following.

Lemma B.1.3. Let E — X be a finite dimensional Cy-vector bundle over
a Co-CW complex. Suppose x,y are two fixed points contained in the same
connected component of X°2. Then the fibers E, and E, are isomorphic as Cy-

representations.

Proof. Consider the maps j,: * — X and j,: * < X which include the point
as x and y, respectively. Since x and y are in the same connected component of
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the fixed set, these two inclusions are homotopic. Thus 75 £ = j*E which implies

y
E,=E,. O
While many of the constructions and basic lemmas carry over from
nonequivariant vector bundle theory, issues arise when we start considering
cohomology. In particular, there is no direct analog of the Thom isomorphism
theorem in Bredon cohomology that holds for general vector bundles in Z_/Q—

coefficients, as seen in the following example.

Example B.1.4. Let E — Sb! be the nontrivial one-dimensional bundle over
SLL An illustration of the disk bundle is shown below. As usual, the fixed set is

shown in blue, while conjugate points are indicated by matching symbols. In this

FIGURE 39. The Mobuis bundle over Sh!.

example, there are two components of the fixed set of the base space, both of which
are isolated points. Over one point, the fiber is isomorphic to the Cs-representation
R19; over the other point, the fiber is isomorphic to the Cy-representation R11. We

have
H**(E,E —0)= H**(DE, SE) = H**(DE/SE)

where DFE and SFE are the unit disk and unit sphere bundle, respectively. Now
DE/SFE is a familiar space: the underlying space is the projective plane, so in
particular, it is a Csy-surface with exactly one fixed circle and one fixed point. The

cohomology is given by Theorem 6.0.6 to be
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H**(DE/SE) = 2VM, & $>'M,.

On the other hand, the cohomology of the base space is given by the suspension

isomorphism to be
H*’*(Sl’l) (Y] MQ P Zl’lMQ.

We see the cohomology of the Thom space is not a shift of the cohomology of

the base space, but there are still similarities. There are the same number of free
summands, and both summands are shifted by one topological dimension. There

is also a unique class in H**(FE, E' — 0) that generates a free summand and has
topological dimension equal to the dimension of the bundle. Note the weight of this
class corresponds to the maximum weight representation over the fixed set. This

class will be the Thom class described in Theorem B.2.1.

B.2. The Theorem for Nonfree Bundles, Part I

There is no direct analog of the Thom isomorphism theorem, but the above
example hints there may still be connections between the cohomology of the base
space and the cohomology of the Thom space. Indeed, we prove the existence of a
unique class that acts similarly to the singular Thom class for bundles over nonfree,
finite C5-CW complexes. In this part, we show the class generates a free summand
and restricts to 7-multiples of the generators of the cohomology of the fibers. In
a later subsection, we show cupping with this class gives an isomorphism within a
certain range.

We begin with some setup. Let X be a finite, nonfree Co-CW complex and
E — X be an n-dimensional Cs-vector bundle. Let X,...,X,, denote the

connected components of the fixed set X“2. By Lemma B.1.3, for each X; there
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is an integer ¢; such that for all x € X;, E, = R™%. Let ¢ = max{q,...qn} be the

largest weight. We now restate and prove the first parts of Theorem 1.4.1.

Theorem B.2.1 (Nonfree Bundles, Part I). Let X, 7 : E — X, n, X;, ¢; and q be
defined as above and let E' = E — 0. There exists a unique class up € H™(E, E')

such that the following holds:

(i) ¥(ug) is the singular Thom class, where ¢ : H*(E, E') — H.

sing

(E,E'") is the

forgetful map;
(i) My - up = X™IM,, where My - ug denotes the submodule generated by ug;

(i1i) For every i and x € X, the class ug restricts to 79 %, where a is the

generator of H**(E,, B, — 0) & H**(S§™%);

(iv) For every x € X \ X2, the class up restricts to the unique nonzero class in

H"(Ey 5y, By gp —0) = ]:I”’q(S”’O ANCyy) where Eypp = 7 ({z,0}) = Cy x R™.

Proof. The proof of (i) and (ii) will be shown together, followed by a short proof
of (iii) and then (iv). Begin by considering the fixed set of the vector bundle E.

Based on the definition of Cy-vector bundles, £°2 maps to X2, and over each

Ca

component X;, we have a vector bundle E; = (77(X;))“? of dimension n — ¢;.

By the nonequivariant Thom isomorphism theorem,

HY (B, E) = HE

sing sing

(X;).

In particular, HY, (E;, E!) = 0 for all £ < n — ¢;. Now n — ¢ is the smallest vector

sing

bundle rank amongst the components £¢2. Since

Hpg (B, (E')) 2 @1, Hg (B E7),

sing sing
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we see that H?

sing

(E% (E")?) = 0for ¢ < n — q. We will be using this fact

throughout the proof.

Since X is a finite Co-CW complex, the Thom space DE/SE is also a finite
C5-CW complex. Thus Theorem 3.0.11 holds, and the cohomology of the pair

(E, E’) must decompose as
H* (B, B') = (8,4 M) & (8,°4,,).

We now use the forgetful long exact sequence to connect the above
decomposition to the singular cohomology of (E, E’). Based on the summands
above, for each i there is a class in bidegree (k;, ¢;) that is not the in the image

of p and thus forgets to a distinct nonzero class in H §;ng

(E, E'). Similarly for each j
there is a class in bidegree (s;,0) that is not in the image of p and thus forgets to a

. . . S
distinct nonzero class in Hsfng

(E, E'). The Thom isomorphism theorem applied to
H*

sing

(E, E') implies H*

sing

(E,E")=0if k <n and H

sing

(E,E") =Z/2. We conclude
k; > n and s; > n, and even better, exactly one of these integers must be n. Thus

there are really two cases for this decomposition, both with k;, s; > n:
H*’*(E, El> = En’cMg D (@izki’eng) D (@jESj’OAT].), or (B.Q.l)

H**(E,E') & (&,X2%"M,) @ XA, & (8,5%°4,)). (B.2.2)

Consider the following portion of the forgetful long exact sequence for (E, E’):

2 Hm(B,E) —2 Hn

sing

(E,F) —— H™"Y(E,E) —>

There is a unique nonzero class u € HZ (E,E’), namely the Thom class of E.

sing

Thus either

(a) there is a nonzero class « € H™(FE, E') such that ¢(a) = u; or
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(b) g(u) =5 #0.

Suppose to the contrary (b) holds. If we had a decomposition as in B.2.2,
then the forgetful map would be nonzero in topological dimension n for all weights
which violates (b). Thus it must be that the cohomology of X has a direct sum
decomposition as in B.2.1. Based on this decomposition, the forgetful map ¢ :

H™(E,E') — H" (E,E’) is nonzero for all j > ¢ where c is the weight of the free

sing
summand in topological dimension n. Since we are still in case (b), it must be that
q < c¢. Now by the p-localization given in Lemma 3.0.2, HJ; ¢(E“*, (E—0)*) = Z/2,
but n — ¢ < n — ¢ and this contradicts the discussion in the first paragraph of this
proof. We conclude (b) is false, so it must be that (a) holds.

We have shown there exists a class o« € H™(E, E') such that ¢(«) = u. This
class a is our candidate for ug in statement (i) of the theorem. Pick an index j
such that ¢; = ¢ and let y € Xj. The inclusion ¢ : (Ey, E}) < (E, E') induces a map
between the forgetful long exact sequences. The relevant portion is shown below:

H™(E,E') — H2, (E,E') —*— H"""Y(E, )

b !

H™(E,, E)) —— HZ (E,, E) —— H™\(E,, E)

The middle vertical map is an isomorphism by the nonequivariant Thom
isomorphism theorem. The bottom left map is an isomorphism because

H™(E,, E,) = H™1(S™9). The top left map is surjective from the above discussion.
Thus the element & € H™I(FE, E’) has the property that *(«) is the generator

of H**(8™4) = ™4M,. Hence fa # 0 because 8.*(a) # 0. In [13] it is shown
that 6 detects free submodules and furthermore My is self-injective. It must be that

M - o & ¥™9M,, and this submodule splits off as a summand. We have shown (i)

and (ii) hold.
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For (iii), let z € X,. The statement follows from the below diagram and
noting H**(E,, E') = H**(S™%) = Y4 Mj, (recall, ¢ > ¢;).

H™(E,E') —*— H", (E,E)

lb* L*lg

H™(E,,E,) —— H", (E,,E.)

sing
For (iv), let x € X \ X“. The fiber E, ,, is isomorphic to Cy x R™ and thus

H**(Bygu, Bl ) = H**(Cyy A S™). Consider the following diagram:

T,0T

¥

H"(E, b)) ——— Hg, (E,E)

n, ¥ n
H q(‘Eﬂv,Ufﬂ?Ea/e,o'm) BE— Hsing(Em,U$7E3/e,0'x)
The bottom map is the diagonal map. Similarly from the singular Thom
isomorphism theorem, the right vertical map is also the diagonal map. Thus the

left vertical map is nonzero, and ¢*(ug) is the unique nonzero element. O

The following corollary is helpful for understanding the fundamental classes in

Section VII.

Corollary B.2.2. Let X, E — X, n, and q be defined as above. Then the forgetful

map ¢ : H*(E,E') — H"

sing

(E, E') is an isomorphism for all t > gq.

Proof. Fixt > q. By parts (i) and (ii) of the above theorem, the forgetful map

¢ : H"(E,E') — H"

eng(E, E') is surjective. Namely, the element 774 .y forgets to

the unique nonzero class in H”. (FE,E’). We show H"(E, E') = 7/2 to conclude

sing
this map is an isomorphism.

In the previous proof, it was shown

H**(E, E') 2 5™1Mj & (:2Ma) & (6,57 °4,,)
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where k;, s; > n. The summands in the last family contribute no nonzero elements

to H™'(E, E'), but it is possible a priori that an My-multiple of a generator of some
free summand is in bidegree (n,t). In other words, the lattice point (n,¢) might fall
in the bottom cone of some other M. Assume to the contrary this happens.

All lattice points (z,y) in the bottom cone of a summand generated at (k;, ¢;)
satisfy the inequality y—(¢;—2) < z—k;. Thus t—(¢;—2) < n—k; or k;—{;+2 < n—t.
Now n —t < n — ¢, so we have k; — ¢; < n — q. From the first paragraph of the
previous proof and p-localization, k; — ¢; > n — ¢ for all 4, so this is a contradiction.

We conclude H™(E, E') =2 Z/2, and the proof is complete. ]

B.3. The Theorem for Free Bundles, Part 1

We now prove an analog to the above for free bundles. This was given as
parts (i)-(iii) of Theorem 1.5.1 in the introduction. Let X be an equivariantly
connected free Co-CW complex. By equivariantly connected, we simply mean X

cannot be covered by two nonempty, disjoint, equivariant open subsets.

Theorem B.3.1. Let X be as above. Suppose E — X is an n-dimensional
equivariant vector bundle. Then for every integer q, there exists a unique class

up, € H"(E, E') such that the following holds:

(1) Y(ug,) is the singular Thom class, where ¢ : H™(E, E') — H?

sing

(E,E') is
the forgetful map;
(4) T upq = Upgi1;

(i1i) For every pair of conjugate points x,ox € X, the class ug,, restricts to the

unique nonzero element in H™(Ey gq, E, ) = H™1(S™ A Cy.).

T,0%
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Proof. Note H**(E,E') = H**(DE/SE) where DE and SE are the unit disk
and sphere bundles, respectively. Since X is a finite CW-complex and E is a finite
dimensional vector bundle, the Thom space DE/SE is also a finite CW-complex,
and hence a finite C5-CW complex. The space DE/SFE has exactly one fixed point,

so Corollary 77 implies there are integers s;, r; such that
H**(E,E") = H**(DE/SE) = &;5%4, . (B.3.3)

We find restrictions on the integers s;. By the nonequivariant Thom

isomorphism theorem, H* (E E') = 0 for k < n. Based on the isomorphism in

sing

B.3.3, for each j and integer ¢, the forgetful map

o : H99(E,E') — H

sing(E7 El)
must be nonzero by the forgetful long exact sequence. Hence s; > n for all j.

Consider the following portion of the forgetful long exact sequence for some

integer q:

.2 Hm(E ) - HR

n,q— 14
sing(E?E,)—>H 1 I(E,E,)—>....
Based on the decomposition in B.3.3, H™(E E') = H™ Y (E E'). Now if X is

connected in the nonequivariant sense, then H? (E,E’) = Z/2 and so by exactness

sing
of the above, it must be that H™(E, E') 2 Z/2 or H™(E, E') = Z/2. Whichever
is given by exactness, we can then conclude H™(E, E') = 7Z/2 for all integers

1. If X = (5 x Y for some nonequivariant connected space Y, then the vector
bundle E must also have two nonequivariant connected components. In particular,
E = 0y x F where F = 771(Y) is an n-dimensional vector bundle over Y. In this

case H™(E,E —0) = H"

sing

(F,F —0) = Z/2 for all i by Lemma 3.0.6.
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We have shown in either case H™4(E, E — 0) = Z/2 for all q. If we let
ug,, be the unique nonzero element in H™9(E, E — 0), then properties (i) and
(i) immediately follow. Lastly, property (iii) holds by considering the following
diagram:

H"(E,E'") ——— H"(E, 4y, F. ) = H™(S" A Cy.)

T,0T

| I

<E7 El) - Hging(Ex,O'x7 E! ) = ﬁZnQ(S" A 02+)

T,0T

HE,,
If F is nonequivariantly connected, then the left vertical map is an isomorphism,
and the bottom horizontal map is injective by the singular Thom isomorphism
theorem. If £ = F U F, then the the left vertical map is injective, and the bottom
horizontal map is an isomorphism by the singular Thom isomorphism theorem. In

either case, the top horizontal map is nonzero, and the result follows after noting

both groups are Z/2. O

B.4. Part II of the Theorems

In the nonequivariant setting, cupping with the Thom class gives an
isomorphism from the cohomology of the base space to a shift of the cohomology
of the Thom space. It is natural to ask what happens when we cup with the
equivariant Thom classes defined in the previous subsections. We explore that

question now, first introducing some definitions and notation.

Notation and Terminology

Given an My-module that is isomorphic to a direct sum of shifts of free
modules and modules of the form A, = 77'M,/(p"™), we will refer to the A,-

summands as “antipodal summands”. Given an antipodal summand of the form
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20 A, we can associate the tuple (s;7), where an antipodal summand with tuple
(s;7r) begins in topological dimension s and ends in topological dimension (s + 7).
Lastly for an My-module V' and an element v € V, we will write wt(v) for the

weight of v.

Definition B.4.1. Let X be a finite C5>-CW complex and 7 : £ — X be an n-
dimensional vector bundle. If X is nonfree, let up € H™(E, E’) be the Thom class
and define ¢p : H**(X) — H**™*T4(E E’) to be the map ¢g(x) = 7*(z) — up. If

X is free, let ¢, denote the degree (n,q) map ¢p,(r) = 7" (x) — ug,.
Here are the two main theorems we will prove in this subsection:

Theorem B.4.2 (Nonfree Bundles, Part II). Let X, E — X be as in Theorem

B.2.1. We can add the following properties to this theorem:
(v) The map ¢g is an isomorphism in bidegrees (f,g) where g > f;

(vi) Suppose H**(X) = (@, XK M) @ (@9, 5%°A, ). Then H**(E, E') =
(@5 TFtnbM,) @ (B, X0 A, ). where the weights €} satisfy {; +q > €; >

0;

(vii) If in fact E, = E, for allz,y € X, then ¢ is an isomorphism in all

bidegrees and H**(X) = H**"*t4(E E').

Theorem B.4.3 (Free Bundles, Part II). Let X and E — X be as in Theorem

B.3.1. The following property can be added to the theorem:

(i) The map ¢p; : H**(X) — H*t"*(E E') is an isomorphism for all j. In

particular, H**(E, E') =2 H*"*(X).
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We prove these theorems in a sequence of lemmas. We begin with trivial
bundles, and as in singular cohomology, the isomorphism follows easily from the

suspension isomorphism.

Lemma B.4.4. Let X be a finite Co-CW complex and E = R™? x X be a trivial
Cs-vector bundle over X. If X is nonfree, then ¢g is an isomorphism. If X 1is free,

then ¢g; is an isomorphism for all j

Proof. Note H**(E, E') = H**(X, A S™7) and so we have the suspension

isomorphism
Na s {5(X) — H (X, A S™) =2 0B, E).

This agrees with the map ¢g if X is nonfree, and thus ¢g is an isomorphism.
If X is free, the above agrees with the map ¢g,. In this case the cohomology
of (E,E") and X are both 77!Ms-modules. By property (ii) of Theorem B.3.1,
up; = T g, so ¢gp; = T, We see that ¢p; is a composition of

isomorphisms, and thus an isomorphism for all j. O

To prove the main theorems, we will choose a cellular filtration for X such
that each successive space is obtained by attaching a single equivariant cell. This
will require us to understand how the Thom class behaves when restricted to the
boundary of our trivial and nontrivial cells. The following lemmas address these

questions.

Lemma B.4.5. Let X be a finite Co-C'W complex and E — X be an n-dimensional

Cy-vector bundle. Suppose A is a subcomplex of X and let Eq = E|4.

(i) Suppose X is nonfree and the maximum weight over X2 is q. If A is nonfree
and the mazimum weight over A% is qa, then the Thom class ug restricts to

TI7 g, . If A is free, then ug restricts to ug, 4.
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(i1) Suppose X is free. Then the Thom class ug ; restricts to ug, ; for all j.

Proof. Both (i) and (ii) follow by considering how the Thom classes restrict to the

fibers and the uniqueness of these classes given in Theorem B.2.1. O]

Lemma B.4.6. Let E be an n-dimensional bundle over the trivial sphere S7° with

7 > 1. Then the map ¢g is an isomorphism in all bidegrees.

Proof. We proceed by induction on j beginning with j = 1. The base space is
trivial and connected, so there is a ¢ such that £, = R™4 for all z € S'°. Cover
S1Y with two contractible open sets U; and U, such that U; N U, is homotopic to
SY Let E; = E|y, and E\» = E|y,ny,- Note E; & R™ x U; and similarly Fj, =
R™4 x (Uy N Usy). Consider the following map between Mayer-Vietoris sequences:

— HIW9(U, N Us) — HM9(SW) —— HI(U) @ H9(Us) ——

¢E12l':v (Z)El oo ®¢E2l%

— HI7Y9(E\y, B} — HMY(E,E') — HM(E,, E}) ® HY(E,y, E}) —
Note the diagram commutes by Lemma B.4.5. Now the outer vertical maps and the
previous and following vertical maps not shown are isomorphisms by Lemma B.4.4.
By the five-lemma, the middle vertical map must also be an isomorphism.

For the inductive step. Let j > 2 and cover S7° with two contractible open
sets Uy, Uy such that U; N Uy ~ S7719 We can again use the map between Mayer-
Vietoris sequences now with Lemma B.4.4 and the inductive hypothesis to prove

the claim. O

Lemma B.4.7. Suppose Y is a finite CW complex and consider the free space
X =0y xY. Let E — X be an n-dimensional vector bundle over X. Then ¢g ; is

an isomorphism for all j.
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Proof. Let Cy = {0,1} and F = 77 *({1} x Y)). Then F' — Y is a nonequivaraint
bundle and £ = Cy x F. We have fold mapsV : X — YandV : E — F.
On singular cohomology, note V* = A where A is the diagonal map. Consider the
following commutative diagram

®E,0

H*,*(X) H*+n *(E E/)

lw jw

Hr (X)) =225 0B, B

sing sing

o] ]
Hip (V) ~255 150, )

From the proof of Lemma 3.0.6, the image of H**(X) and H**(E, E’) under the
(Y) and H**(F, F') under the

forgetful map is the same as the image of Hg;,

diagonal map, respectively. The bottom map is an isomorphism by the singular

Thom isomorphism theorem, and thus the top map is an isomorphism as well.
We have shown ¢g( is an isomorphism. Since H**(X) and H**(E, E') are

both 77'My-modules and ¢r; = /¢, we see that ¢p; must be an isomorphism

for all 7. m

In what follows, we will need to understand how powers of 7 act on the
cohomology of a space. The result below tells us this action is an isomorphism in

a certain range.

Lemma B.4.8. Let X be a finite Co-CW complex. For k > 0, action by 7™ gives

an isomorphism % : HH9(X) — HP9R(X) if g > f.

Proof. By inspection this holds for modules of the form ¥%°A, and YP?M, where
p > q. The statement then follows because H**(X) is isomorphic to a direct sum of

such modules by Theorem 3.0.11. [
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We are now ready to prove part (v) of Theorem B.4.2.

Lemma B.4.9. Let X be a finite, nonfree Cy-C'W complex and w : E — X be an
n-dimensional vector bundle with mazimum weight ¢ over X©2. Then the map ¢g

is an isomorphism in bidegrees (f,g) such that g > f.

Proof. Fix a Cy-CW structure on X. Choose a cellular filtraton
AyCc A C---CA =X

such that Ag is the zero skeleton and each A;,; is obtained by adding a single
equivariant cell to A;. Let E; = E|4,. We inductively prove the statement holds
for each ¢p,. The weight of the class ug, may change as ¢ changes, and thus let
¢; = wt(ug,). Note ¢; < ¢ for all i.

The zero skeleton Ay is a disjoint union of fixed points z; and free orbits
{y;,oy;}. The restricted bundle Ej is a disjoint union of trivial vector bundles of
the form V; = {x;} x R™" and V;, = {ys, oy,} x R". Let k = max{k;}. In this
case, ¢p, is just the sum of 7¢=s v, = ov; k=i and dv; 1, each of which is an
isomorphism in the described range by Lemmas B.4.4 and B.4.8.

Now for 7 > 0 assume ¢p, is an isomorphism in the described range. The zero
skeleton Ay must be nonfree since X is nonfree, and thus A; is nonfree. There are
two cases based on the cell we are attaching to form A;,;. First, assume the cell is
a trivial cell of the form Cy/Cy x D7 for some j > 1. Let V = D7 — 9D’ and let
U C D7 be a small neighborhood of the boundary of D7 such that U ~ dD7 and
UNV ~ Si-1. Now let U C A;.; be the open set consisting of A; and the image
of U under the attaching map, and let V' be the image of V in A;4;. Note U ~ A;,

VeVoept,andUNV ~ §9-10,
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Our plan is to consider the maps between Mayer-Vietoris sequences as in
Lemma B.4.6. To do so, we introduce some notation. Let G; = E;|y, G2 = E;lv,
and G12 = E;lyny. Note the weights of the corresponding Thom classes are
less than or equal to the weight of ug,,,. Let gr = ¢iy1 — wt(ug,) and g1 =

¢i+1 — wt(ug,,). Now consider the following map between Mayer-Vietoris sequences

where g > f.
S HITWUNV) ——— HI9(A)
Tgudaaul% ¢Ei+1l
L — HIZHmot (G, GYy) — HIT9Y(Eyy, BlL) —
L HR@)e ) P BIAUAY) —

T91¢G1®792¢G2l% T912¢G12l%
— HItn9ta(G G @ HIT914(Gy, GY)) — HIFT94H9(Gy, Gy) — ...

The upper left and bottom right vertical maps are given by 792¢,, which is equal
to ¢, 792, By Lemma B.4.8, 7912 is an isomorphism since ¢ > f > f — 1. By
Lemma B.4.6, ¢¢,, is an isomorphism on 792 H/~%9(X). Similarly the bottom left
vertical map and the previous vertical map that is not pictured are isomorphisms
by the inductive hypothesis and Lemma B.4.4. The five-lemma now implies the
upper right vertical map is an isomorphism.

This completes the case when the attached cell is trivial. The argument
is similar when the attached cell is of the form Cy x D7. Again let U be a
neighborhood of A; such that U ~ A;, and now let V be the image of Cy x (D’ —
D). The intersection will be homotopic to Cy x S7~!. We can again use Mayer-
Vietoris and the five-lemma, now replacing ¢¢,, with ¢¢,,  and ¢¢, with ¢g, 4.

This will complete the proof in the case when the attached cell is free. O

119



Corollary B.4.10. Let X be a nonfree, finite Co-C'W complex and E — X be an
n-dimensional Cy-vector bundle. Suppose there is a q such that for every x € X2,

E, = R™. Then ¢g is an isomorphism in all bidegrees.

Proof. In the previous proof, the values of ¢; will be constant, and there will be
no powers of 7 needed in the maps between the Mayer-Vietoris sequences. In
particular, one will have that maps ¢q,, (or ¢g,, if the attached cell is free) and
bc, D P, (Or Pg, B b, if the attached cell is free) are isomorphisms for all f, g,

and by the five-lemma ¢p, , will be an isomorphism for all f, g. O]

We now provide a proof of the main theorems, beginning with the statement

for nonfree bundles.

Proof of Theorem B.4.2. Parts (v) and (vii) were done in Lemma B.4.9 and
Corollary B.4.10. The proof of the isomorphism in (vi) is entirely algebraic, and

follows from Theorem B.5.3 below. O

Proof of Theorem B.4.3. We can put a cellular filtration on the free Cy-CW
complex X as in the proof of Lemma B.4.9. The proof will then follow similarly,

though now we will only be attaching free cells. By taking ¢g o, we obtain the

isomorphism H**(X) = H*™*(E, E"). O

B.5. Algebra Proof

We conclude this appendix by stating and proving a theorem about maps
between nice M-modules that are isomorphisms in a certain range. This theorem

will imply property (vi) of Theorem B.4.2.
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Notation and Terminology

We say an Mly-module is “nice” if it is a direct sum of finitely many copies of
shifted free modules and shifted copies of A, = 77!M,/(p"™!) for various values
of r, and furthermore, if all shifts are given by actual representations, i.e. the
shifts are given by (p, q) where p > ¢ > 0. We will refer to the A,-summands as
“antipodal summands”. Given an antipodal summand of the form ¥5°A,, we can
associate the tuple (s;r); note an antipodal summand with tuple (s;r) begins in
topological dimension s and ends in topological dimension (s + 7). Given an M-
module V' and an element v € V we will write wt(v) for the weight of v. When
considering a single bidegree, we will write V79 for the elements of V in bidegree
(f,9)

In the proof, we will consider certain quotients, submodules, and localizations
of nice Mls-modules in order to detect the properties of free versus antipodal
summands. For an My-module M let T(M) = {m € M: p'm = 0 for some i}. If M
is a nice module, note T'(M) consists of the antipodal summands and the bottom
cones of free summands. We can then consider the quotient M /T (M) which is
isomorphic to a direct sum of top cones, one for each free summand in M. We will
denote such quotients by M. If we further quotient to form M/ im(p), we obtain a
module isomorphic to a direct sum of shifts of the module Z/2[7], one for each free
summand. We can also consider the localization 77T (M) which is isomorphic to
the antipodal summands of M.

We begin by proving a lemma about Z/2[t]-modules which will be useful when

considering the quotient M /im(p).

Lemma B.5.2. Consider the graded polynomial ring R = Z/2[t] where |t| = 1. Let

M be a finitely generated, free R-module with R-basis {cvq,...,an}. Suppose N is
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another finitely generated, free R-module, and ¢ : M — N is a degree ¢ map such
that ¢ : M9 — N9 is an isomorphism whenever g > go for some integer go. Then

there exists an R-basis {B1,...,Bm} for N such that |o;| +q > |5

Proof. There exist integers ji, ..., jm such that g = |t/iq,| is larger than gy and
constant for all i. The elements t/*c; form a linearly independent set in M9 and
thus the images ¢(t/iq;) form a linearly independent set in N9*9. This implies there
are at least m free summands in N. We can similarly use ¢! in the range it exists
to show there can be at most m free summands in N. We conclude N has an R-
basis consisting of m elements.

We proceed by induction on m to show there is a basis {51, ..., 8} for N
such that || + ¢ > |B;]. This is clear if the bases consist of exactly one element
since otherwise ¢ would be zero. For the inductive hypothesis, suppose we can find
such a basis whenever we have a map that is an isomorphism in sufficiently high
degrees between finitely generated, free R-modules of rank m — 1. Choose some R-
basis {b1,...,bn} for N and suppose ¢(a;) = >, €tib; where ¢; € Z/2. Let by be a
basis element of maximal degree such that the coefficient ¢; is nonzero. Reorder the

set so that this element is now b;. We can factor out powers of ¢ to obtain

¢(a1) — i (bl + ZZ_>1 Eitji*jlbi) )
Let 1 = by + >, €t/ 77'b; and note the set {f1,bs, ..., by} is still an R-basis for
N. Furthermore, we obtain a map

(Qas ..., ) =2 N = N/{(B1)

that is still an isomorphism in the desired range. By the inductive hypothesis, there
exists an R-basis (3}, ..., 3, for the quotient such that || < |a;| + ¢. Let ; be a
lift of 8/ to N. Then fi, ..., B, will be a basis for N such that |3;] < |a;| + q. ]
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Theorem B.5.3. Let V and W be two nice My-modules such that V' has ¢ free
summands generated in bidegrees (k;, {;) and d antipodal summands with tuples
(sj;75). Suppose ¢ : V. — W is an (n,q)-degree My-module map such that ¢ :
V519 — WItnatd s qn isomorphism whenever g > f. Then W has exactly c free
summands generated in bidegrees (k; + n, () such that {; + q; > £, > 0 and exactly d

antipodal summands with tuples (s; +n;r;).

Proof. One readily checks the restrictions ¢ : T'(V) — T(W) and ¢ : im(p) — im(p)

are isomorphisms in the given range. The map ¢ then descends to a map
quS : (f// im(p))79 — (W/jm(p))f+n,g+q

that is still an isomorphism when g > f. The quotients V/im(p) and W /im(p)
are isomorphic to a direct sum of shifts of the module Z/2[7], one for each free

summand in V' and W, respectively. Explicitly

V/im(p) = @;_, 47 /2[7].

Fix a topological dimension k and consider (V'/im(p))** and (W /im(p))**"*.

These are both finitely generated, free Z/2[r]-modules and the map
¢ (V/im(p))9 — (W/im(p))*+rote

is an isomorphism whenever ¢ > k. By Lemma B.5.2, there are respective bases
{o1,...,am} and {B1, ..., Bm} for (V/im(p))** and (W/im(p))**™* such that
wt(B;) < wt(ay) + ¢. Lifts of the elements «; and 5; to V and W will generate the
free summands in bidegrees (k, wt(a;)) and (k+n,wt(5;)) in V and W, respectively.
This proves the statement about the free summands.

We next consider the antipodal summands. Consider the localization

7 IT(V). Let F = Z/2[r,77'] and note 77T (V) is a finitely generated F[p|-

123



module. By the decomposition of V' into summands as an My-module, we can say
explicitly

T(V) = @, BOF ]/ (0.
Similarly 7= T (W) is isomorphic to a direct sum of shifts of F[p]/(p"™), one for
each antipodal summand of W.

Note ¢ restricts to a map ¢ : T(V) — T(W) which then localizes to give a
map 7 '¢: 7 IT(V) — 77T (W) of finitely generated F[p]-modules. Since ¢ was
an isomorphism in bidegrees (f, g) such that g > f, the map 77'¢ is guaranteed to
be an isomorphism in these bidegrees. Though, now that 7 is invertible, we see that
771¢ is an isomorphism in all bidegrees. We conclude 77!T(V) = 71T (W) and W

must have exactly d antipodal summands with tuples (s; + n; ;). O
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