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DISSERTATION ABSTRACT
Li-An Daniel Wang
Doctor of Philosophy
Department of Mathematics
June 2012

Title: Multiplier Theorems on Anisotropic Hardy Spaces

We extend the theory of singular integral operators and multiplier theorems to
the setting of anisotropic Hardy spaces. We first develop the theory of singular integral
operators of convolution type in the anisotropic setting and provide a molecular
decomposition on Hardy spaces that will help facilitate the study of these operators.
We extend two multiplier theorems, the first by Taibleson and Weiss and the second by
Baernstein and Sawyer, to the anisotropic setting. Lastly, we characterize the Fourier

transforms of Hardy spaces and show that all multipliers are necessarily continuous.
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CHAPTER I

INTRODUCTION

The most fundamental space in harmonic analysis is the Lebesgue space LP(R"),

defined for p > 0 by the collection of functions that are finite under the LP-norm:

1/p
Il = ([ Wrapas) <

For a function K that is locally integrable away from the origin, we define a singular
integral operator by Tf = K % f. A fundamental problem is the study of singular
integral operators on LP. Denote B(z,r) = {y € R" : |x — y| < r}. To facilitate the
study of such operators, one uses the Hardy-Littlewood maximal operator, defined
by

1
Mf(x) =sup —=——
( ) r>0 |B(I,T>’ B(z,r)

| (y)|dy.
As is well known, M is bounded LP — LP for p > 1.
However, for p = 1, M is only weakly bounded on L. If E C R" is measurable,

denote |E| as the Lebesgue measure of E. Then there exists a constant C' = C(n, p)

so that for all a > 0 and f € L',

{z eR": Mf(z) > a}| < C”fg“.

where |E| denotes the Lebesgue measure of a set F. In fact, elementary considerations
show that if f € L' and M f € L', then f must be identically 0. Analogous to this,
many singular integral operators are also bounded on LP when p > 1, but only weakly

bounded on L!'. Furthermore, when p < 1, the space L? is even more pathological, as



it may include non-integrable functions. One example is the function f(z) = %1[,171],
which is in LP(R) for any p < 1, but f itself is not locally integrable. The natural

replacement turns out to be the Hardy space HP(R").

1.1. Hardy Spaces

We now introduce Hardy spaces and explain why they are the natural spaces to
consider when p < 1. Hardy spaces first originated in complex analysis, characterized
as spaces of holomorphic functions on the unit disk or the upper half plane.
But complex-analytic methods were not readily generalizable to higher dimensions.
Through the ground breaking work of Stein and Weiss [SW68] and Fefferman and
Stein [F'S72], the theory of H? spaces was reformulated in the setting of real analysis,
thus opening it up to a broad range of new approaches. We will now briefly describe
three such characterizations of H?: The maximal characterization [FS72], the atomic
characterizations [Coi74b], and the Littlewood Paley characterization [FJ90]. After
the introduction of singular integrals, we will also briefly describe the singular integral

characterization of HP.

1.1.1. Maximal Characterization of H?

Recall that the Schwartz class S(R") is the collection of functions ¢ € C'* such

that for all multi-indices «, 3,
9la,s = sup 2°0°¢(z)| < oo.
reR™

We denote S’(R™) as the dual space of S, which we call the class of tempered

distributions. Let ¢(y) = ¢(—y) be the reflection operator and T,o(y) = d(y — z)



be the translation operator. If f € S" and ¢ € S, we use the bracket notation (f, ¢)

to denote the distribution f is acting on ¢. By defining the convolution f % ¢ by

(fxo)(z) = (f,T:(0)), we say f € S’'(R") is bounded if f * ¢ € L whenever ¢ € S.
Note that this definition is a generalization of the convolution between two functions
in L'

With their origins in complex analysis, H? spaces initially relied on Poisson

2
7T D/2 -

integrals in their definition. If I' is the classical Gamma function, denote ¢,, =

The Poisson kernel on R™ is defined by

Cn
(1+ a2 s

P(x) =

We define the (isotropic) dilation by P;(z) = ¢t~"P(x/t). With this kernel, we define
the Poisson integral of f € S’ as a function on the upper half plane R = {(z,¢) :
xeR" t>0}:

u(x,t) = (f * Pt)(x)u

and the non-tangential maximal function of u by

u*(x) =sup sup |u(y,t)],
t>0 yeB(x,t)

Definition 1.1. Let 0 < p < oo. Suppose f € S(R") is a bounded distribution.

Then f € HP(R") if u* € L*.

This definition is restrictive, due to the use of the Poisson integral. It is the

key observation in [F'S72] that the Poisson kernel can be replaced by any non-trivial



smooth function. If & € S, we define the radial maximal function by

Mg f(x) = sup|(f * ,)(x)|-

t>0

Now let F = {| -

ai.8; you,p; De any finite collection of seminorms on S. We denote

Sp={@eS:||Posg<1forall|-|a.ze€F}

Given such a collection F of seminorms, we define the grand maximal function

associated with F by

M2f(x) = sup MOf(a).

deSr
The key connection between Mg and Mz is that the two are actually comparable in
HP-norm, made concrete by the following theorem of [FS72]. For norms on a space
X, we denote || f|lx ~ ||lg||x by the existence of two constants, independent of f and

g, so that

allfllx <llglx < el fllx-

If & € S, we define the isotropic dilation by ®,(x) = t~"®(x/t), analogous to the
Poisson kernel. The following theorem is originally from Fefferman and Stein [FS72].

The present form is taken from Chapter 3, Theorem 1 of Stein [Ste93].

Theorem 1.1. Let p € (0,00] and f € S'. Then the following conditions are

equivalent:
1. There is ® € S with [ ® # 0 so that My f € LP(R").
2. There is a finite collection F of seminorms so that M%f € LP(R").

3. The distribution f is bounded and u* € LP(R™).
4



With this theorem, we say f € HP if any one of the above three conditions holds,
and for a fixed ® with [ ®dz # 0, we have ||f||gr = || M¥| o = | M f|lr = ||u*] e,
and any one of these can serve as the Hardy space norm. Furthermore, H? generalizes
LP as follows: When p > 1, HP = L. If p =1, H* c L*. And when p < 1, H? and
L? are not compatible, as there exist f € HP that are not even functions, and any
non-locally integrable functions in L? will not be in S’, and therefore will not be in

HP. Here is an example illustrating this difference.

Ezample 1.1. Let x € R™. The Dirac-delta distribution ¢, is defined by d,(¢) = ¢(x)
forp € S. Let f =6_1—0; € §'(R). We will show f € HP(R) for p € (1/2,1). To see
this, we need to show that there exists ¢ € S(R), [¢ # 0, such that M) f € LP(R).

We let ¢ € S that is compactly supported:

=1.
[_171]

supp(p) = [=2,2],  and ¢
We denote C'(¢) = max{||¢]|co; |¢'||cc}- The maximal operator is then given by:

() ()]

Fix z € R. Since the support of ¢ is in [—2, 2], we have

x—1 _ |z — 1|
g f B ——
gp( ; ) 0ift < 5

1 1
gp($—: )inft<M.

Mgf(:v) = sup

t>0

2

Therefore, in estimating Mg f(z), we only need to consider t > @ ort > @



1. Now suppose |z| > 2. Then for each t, by the Mean Value Theorem, we have

§=&(x,t) € (21, &) such that:

PO () Rk () - ()| -

Let Cy = [|¢]|oo. With our prior restriction on ¢, we then have:

1 , \xg—?\Z ifx<O
s;;gﬂ(%*f)(iv)! < sup t—2|90(€)| <
tZmax(S5 ‘xi—‘g‘z if 7> 0.

We conclude that if p > 1/2, then

/| ) M, f(z)|Pdz < .

So the “tail” of M, f is taken care of by the fact that ¢ is compactly supported

and p € C'(R).

2. Now suppose |z| < 2. Then since ¢ is bounded, we have:

& i —2<2<0

sup [y * f(z)] <
t>0

g f0<z<2

We conclude that if p € (0,1), then

( 0 Cﬁp 2 Cap
fopda:g/ d:v—l—/ dr < 0.
/[—2,2}’ o/ (o)l o |z 4+ 1P o |z —1fp




3. Now we show f & HP for p > 1. To do this, we make one small restriction on
¢ by requiring ¢(—1) # 0. (In light of the maximal characterization, such a

change will not affect whether f € HP). Given z, set t = |z —1|. We then have:

Mofe)2 [ |"“’(|i:1|)‘¢(|§i|)':|asi1|"“_”_*”(|ii|

Our goal is to ‘do away’ with one of the ¢-terms above so the expression above

is approximately | for x near 1. To do this, we first note that as x — 1~

ZH 5 oco. Formally, for every e > 0, there exists 6 > 0 such that |z — 1| < ¢

Ja—1]
x4+ 1 -
_— €.
e =1

Making sure € is small enough, we can find a 6 > 0 such that whenever 1 — ¢ <

implies

r <1,

1 C,
o e =l = 2o

Therefore we have

/Mf d1:>/ Ce dx = oo.
1-s [z — 1]

This shows f & H*(R), or any L? for p > 1.

4. Now to see why we require p > 1/2, we will look at the long-term behavior of
M, f(z). It suffices to show there exists one ¢ € S for which M, f ¢ L. With
our previous ¢, we make one more requirement, namely, that ¢’(1) > 0. Then

by the Mean Value Theorem, for a fixed x and ¢, there exists £ € (—1 %1)

)|



such that

%‘s@(x;1> —¢<$j1>'=%w'(€)~

We set t = |x — 1|. Then as x — oo, the interval £ is from shrinks:

r—1 x+1 x+1
$€ <|x—1|’rx—1|) - <1’ |a:—1|) -

Since ¢’ is continuous at 1, if € > 0 is small enough, then there exists N > 0

such that whenever x > N, ¢ € (1, éf}') implies |¢'(§) —¢'(1)| < ¢, or |¢'(&)| >

¢'(1) — e > 0. All together, for such an € and N, and = > N, we have

Cy
wa(m) > m

Therefore if 2p < 1, or p < 1/2, we have

o0 o0 C
/ (Mo f(x))Pdx 2/ mdx: 00.

N N

This shows f ¢ HP(R) for any p < 1/2.

Of course, it is not surprising that f ¢ LP since elements in LP are defined

almost everywhere, while the Dirac-delta masses are concentrated at two points.

This immediately rules out the possibility that f be represented by locally integrable

functions.

1.1.2. Littlewood-Paley Characterization

The Littlewood-Paley characterization of H? provides another unifying view on

why HP naturally replaces LP when p < 1. Furthermore, this generalization also

unites Sobolev and Lipschitz spaces, as shown by the work of Frazier and Jawerth

8



[FJ90], though it follows the work of many others in both classical harmonic analysis
and wavelet theory.
We briefly describe the HP-LP connection. Let U € S(R™) be radial with Fourier

transform W is supported in the annulus 3+ 15 <€ <2— 4, and for all £ # 0,

> U =1

JEZ

Associated with this bump function, we define

Aj(f) =Woi * f.

Then following characterization of H? spaces is originally due to Frazier and Jawerth

[FJ90]. Its present form is taken from Grafakos [Gra09], Section 6.4.6.

Theorem 1.2. Let ¥ and A; be as above, and let 0 < p < 1. Then there exists a

constant C = C(n,p, V) so that for all f € HP(R™),
1/2
(Z IAj(f)|2> < Cllf e

JEL .

Conversely, suppose a tempered distribution f satisfies
1/2
(o) | <=
jez .

Then there exists a unique polynomial Q) such that f—Q € HP, satisfying the estimate

1/2
If = Qllm < C (Z |Aj<f>!2)

jEL .

9



This characterization is generalized in Triebel-Lizorkin spaces. If € R and

0<p#1§ooandeS’,wesayfeF;‘vq

1/q
1o = (Zw’amj(f)w) < .

JEL .

In light of this, we have

0 LY if1<p<oo,
F’:

p
HY if0<p<l.

In other words, under the Littlewood-Paley decomposition, H? and LP are unified
under one definition, as is the case of the maximal characterization. This again

shows H? is the natural replacement for L” when p < 1.

1.1.3. Atomic Decomposition of H?

The next characterization of H?, through the work of Coifman [Coi74b] and
Latter [Lat78], uses a special type of functions called atoms that provides a
decomposition of distributions in H?. We denote the floor of x by |z |, defined as the
largest integer k such that k& < z. Let p € (0,1] and 1 < ¢ < oo, satisfying p < ¢. A

function a is a (p, ¢) atom on R™ if a is supported on a ball B, and satisfies
1. The size condition: ||a||p« < |B|%*%

2. The vanishing moment condition: For all |a] < N = Ln(% - l)J, we have
/a(m) x%dx = 0.

If ¢ = oo, the size condition takes the form ||a||. < |B|7/7.

10



Remark 1.1. We now explain the importance of both conditions. For simplicity,

suppose a(x) is a (p,2) atom.

1. The exponent of |B| is negative, so the larger the support of a(x), the smaller
its L?-norm, and vice versa. This is a crucial fact if we consider the previous
example of f = 61 — § € S. FEach Dirac-delta mass is, essentially, an
approximation of identity at the points x = —1 and x = 1. Classically, we
can duplicate the Dirac-delta mass at x = 0 by taking two smooth functions

[ € S with [;, ¢ dz = 1. Then it is well-known that
lim f * p. = f everywhere.
e—0

In particular, as € — 0, the support of ¢.(x) = ¢ '¢(z/€) is shrinking, while
its L°° norm is going to oo, exhibiting the same behavior as atoms. This is not

surprising, as we expect the atoms to be building blocks of HP.

2. The vanishing moment condition is also crucial. As we will see later when we
estimate f, a a necessary condition for f € HP is that f(O) = 0. In fact,
we require |f(€)] < C|x|"(%71), so the order of 0 at the origin necessitates the

vanishing moment conditions.

The atomic decomposition of HP(R) is originally due to Coifman [Coi74b].
The case of HP(R™) is due to Latter [Lat78]. The following form of the atomic

decomposition is from Stein [Ste93], Chapter 3, Theorem 2.

Theorem 1.3. Let p € (0,1] and 1 < q < oo, satisfying p < q. A distribution f € S’

is in HP(R™) exactly when there exists a sequence {\;} € (7 and (p,q) atoms {a;} so

11



that
F=> N
j=1

with the convergence in HP, i.e.,

=0.

N
F=> XNaj

j=1

lim
N—oo

HP

Furthermore, we have

5% 1/p 0
| f|| z» =~ inf (Zuj@ ;f:ZAjaj ,
j=1 j=1

with the infimum taken over all possible decompositions of f.

The most direct proof of the atomic decomposition uses (p,o0) atoms. By
showing every (p,o0) atom is also a (p,q) atom, it is easy to show that the
decomposition holds for (p,q) atoms for any p and ¢. Because the decomposition
into (p,00) atoms is the most accessible, in much of the literature, to prove the
boundedness of an operator T': H? — Y on a normed space Y, one first proves that

for all (p, 00) atoms a,
|Tally <C, (1.1)

with C independent of the atom, and extends this estimate to all f € H? as follows.
With f = > i Aja; decomposed using (p,00) atoms, one wishes the following were

true:

p

1T f e =

Z AT (aj)

<Y NPT a5 < CY NP < ClLF 1.
Hp J J
12



However, the first equality above does not hold in general since the sum is infinite.
In fact, Bownik provided an example in [Bow05] of an operator that is uniformly
bounded on (p, oc) atoms but is not bounded on HP.

To overcome this, we observe that for any ¢ such that 1 < ¢ < oo (and p < ¢ if

p = 1), the collection of finite combinations of (p, q) atoms, H %’L, with the norm

N 1/p
| fll 20 = inf (ZWV’) FEDIRIRS
j=1 j

is dense in H?. Here, the infimum taken over all possible finite decompositions. Meda,
Sjogren, and Vallarino [MSVO08] showed that if ¢ < oo, then “fHHj’c’;Z >~ || fllge. Then
to prove T : H? — Y is bounded, it suffices to show T' : HY — Y is bounded.
With each f € H %’1 admitting a finite atomic decomposition, we can pass 1" directly
through the summation, and indeed, it suffices to prove (1.1) for (p,q) atoms. The
equivalence || f|| HE | fllz» for ¢ < oo has been extended to a number of settings,
most notably the weighted anisotropic setting in [BLYZ08], which also includes our
anisotropic setting. For most of our results on boundedness of operators, we will

prove (1.1) for (p,2) atoms and Y = LP or HP.

1.2. Singular Integral Operators

Having defined Hardy spaces, we now give a general introduction to singular
integral operators. Given a set £ € R", we denote £° = R"\ E as the complement of

E.

Definition 1.2. Suppose K € S’. Then the operator T'f(z) = (K = f)(z), initially
defined on the Schwartz class S(R"), is a singular integral operator if K € L®(R")

and K coincides with a function k € L{ (R"\{0}), there exists a constant C such

loc

13



that such that for all y € R",

/B(O o |K(z —y) — K(z)|de < Ckg. (1.2)

Condition (1.2) is called Hérmander’s condition.

Remark 1.2. We briefly mention the consequences of the definition of a singular

integral operator. Details can be found in Chapter I1.5 of [GCRAF85].

1. If K € 8" and f € S(R™), the convolution K * f € C'* has, at most, polynomial

growth.

2. By requiring K € L*, we can extend 7 to be a bounded operator on L3(R"),

with || 7|20 r2 = || K| Lo

3. Hormander’s condition is the key ingredient in showing 7" is also weakly bounded

on L'(R™): There is a constant C such that for all o > 0,

£l

(07

{z:|Tf(@)| > a}f <C

4. With T : LY(R") — LY°(R") weakly bounded and T : L*(R") — L*(R")
(strongly) bounded, we can apply an interpolation result to obtain boundedness
of T : L(R") — LP(R™) for p € (1,2). A duality argument then gives

boundedness for p € (2, 00).

When p < 1, we can replace LP” by the Hardy space HP?, on which the
singular integral operator can be expected to be bounded. In particular, for p = 1,
T : HY(R") — L'(R") is bounded. However, we will need additional conditions on

Tif T : H(R") — H*(R") is to be bounded. This is not surprising, as H'(R")
14



is a subspace of L'(R"), so showing Tf € H' for f € H' will require additional

assumptions on K. We summarize what we have so far with Table 1.1.

TABLE 1.1. Singular Integral Operators I

‘ + K € L*® | + Hormander

T:L*— L? Bounded | Bounded
T:L' — LYo Weakly Bounded
T:LP— LP forpe (1,00) Bounded
T:H' — L* Bounded

We now address the following questions.

Q1: Under what additional conditions on K will T be bounded from H! to H'?

Q2: If p € (0,1), under what additional conditions on K will 7" be bounded from

HP? to LP and to HP?

The answers to these two questions are regularity conditions. With additional
regularity on K, we will indeed have boundedness HP? — LP for values of p not
too close to 0. The closer we want the values of p to be 0, the more regularity will be

required. We now state the regularity conditions.
Definition 1.3. Suppose T'f = K x f is a singular integral operator.

1. We say T is regular if the function K € L (R"\{0}) satisfies

loc

|K(x)| < Blz|™ for x € R"\{0} (1.3)

K (z —y) = K(2)] < Bly| | for |«| > 2Jy| > 0. (1.4)

2. If T is regular, we say T has additional regularity of order m if the kernel K is

in C™*1(R™\{0}), and there exists C' such that for all multi-index 3 such that
15



|8 <m+1 and x # 0, we have
07K (z)] < Cla| 0190, (15)

The constant C' is independent of x and /.
The following theorem is taken from [GCRAF85], Chapter IIL.7.
Theorem 1.4. Suppose T' is a singular integral operator, with kernel K.

1. If T s regular, then T': H? — LP is bounded if ;25 <p < 1.

2. If T has additional regularity of order m, (i.e., T satisfies (1.3), (1.4), and

(1.5)), then T : H? — L? is bounded if —>— < p < 1. Furthermore, T : H? —

T

H? is also bounded for the same values of p.

Classically, the proof of each part of the theorem starts by proving ||Ta||z» and
|Tal|g» are uniformly bounded for (p, 00) atoms. The second, more involved part,
is to show the operator T' can be passed through the infinite atomic decomposition
because of the regularity condition. But in light of the finite atomic decomposition,
it suffices to prove the uniform boundedness on atoms. Table 1.2 incorporates the

new information.

TABLE 1.2. Singular Integral Operators II

Range of p Spaces Keys With With + Additional
K € L™ | Hérmander Regularity | k- Regularity
p=2 L? - L* | Bounded | Bounded Bounded Bounded
p=1 L' — LY Weakly Bdd | Weakly Bdd | Weakly Bdd
l<p<oo Lr— LP Bounded Bounded Bounded
— +1 <p<l1 HP — [P Bounded Bounded
n+m+1 <p<1| HP = LP Bounded
e <p<1| H?” = H? Bounded

16



1.2.1. Singular Integral Characterization of H?

We now provide one more characterization of H? using singular integral
operators. Classically, the Hilbert transform Hf = p.v. / xf(—_y?ydy is known to be
weakly bounded on L'(R). The Hardy space H'(R) was defined to be all f € L'(R)
such that H f € L*(R). This differs from the action of the Hardy-Littlewood maximal
operator M, for which M f € L! only if f = 0. For n > 2, H'(R") can be formulated
accordingly by generalizing the Hilbert transform using the Riesz transforms R;. If

=T(2t)/n" “2", the Riesz transforms are defined by

R (f - Cn p V. / ’ZZ' ’n+1 )dy7

These are natural generalizations of the Hilbert transform in n dimensions. The
following result is due to Stein and Weiss [SW68]. Its present form is taken from

Grafakos [Gra09], Section 6.7.4.

Theorem 1.5. For n > 2, there exists a constant C,, such that for f € L'(R"™), we

have

Coll e < A fllzs +Z\|Rk )z

Whenn =1,

Cillf e < [[fller + 1H )|z

for all f € L.
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This is a very involved result that uses the Poisson kernel extensively. Given

f € L', we define n + 1 functions

ui(z,t) = (Pr* Ri(f))(2),

un(z,t) = (P x Ry (f))(2),
Uny1(7,t) = (P f)().

This system satisfies the generalized Cauchy-Riemann equations:

KAEP) ou ou
j k . . .
ZJ_ 2 _0for k 1,... 1 th k .
Z@:L‘] ’ al'k &rj 0 for »J E{ ’ Akl }Wl 7&]

By defining F' = (uy,...,un+1), the function

n+1 a/2
Fp = (z w)
j=1

is subharmonic when g > (n — 1)/n, that is, A(JF|9) > 0 on R™'. This property,
called harmonic majorization, is the key step in the singular integral characterization
of H'. The formulation of HP(R") can also be achieved with singular integrals, and

is used in [BS85] to extend multiplier theorems from H? — LP to H? — HP.

1.3. Multiplier Theorems

Singular integral operators can be studied from the frequency side, resulting in
multiplier operators. Results of these nature, which do not start with conditions on

the kernel K, are called multiplier theorems. Instead, the starting point is conditions
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on m = K where K denotes the Fourier transform of K. If K € L'(R"), then the

transform is given by the usual formula

K(¢) = K(z)e ™ dx.

Rn

If K € S, then its Fourier transform is defined by duality: For ¢ € S,

(K, ) = (K,9).

will give a bounded operator on appropriate pairs of spaces. To start, we define what

a multiplier operator is.

Definition 1.4. Let m € L*(R"™). The multiplier operator 7, is defined initially on

S(R™) by the formula

Tnf = (fm)".

Given that m € L, we can initially define the operator T}, : S — Cy N L2,
or T,, : L* — L? and aim to extend 7}, to H? — HP. There are two approaches.
The first approach, of Taibleson and Weiss [TW80], uses molecules, which are a
generalization of atoms, to decompose H? spaces. The definition of a molecule can
be reformulated in the frequency domain, where most of the analysis takes place,
using the Fourier transform. The second approach, of Baernstein and Sawyer [BS85],
generalizes the notion of a molecule to that of a Herz space, whose norm dominates the
LP-norm. This initially gives boundedness H? — LP, and is improved to boundedness
HP — HP using the Riesz characterization of H?. We now state these two classical

results in more detail.
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1.3.1. Multiplier Theorem: Molecular Approach

We introduce molecules and provide a molecular decomposition of HP(R™).

Unlike atoms, they do not have to be compactly supported.

Definition 1.5. We say (p, ¢, b) is admissible if 0 < p <1 < ¢ < oo and b > zln — é.
We define 0 = (% - %)/b, so that 6 € (0,1). A function M € L*({R") is a (p,q,b)

molecule centered at xy € R™ if it satisfies the size condition

N(M) = Mg~ lll = o Mg < oo,

and the vanishing moment condition: for all multiindex /3 such that |3] < Ln(%—l)] =

N

Y

/n 2 M(x)dx = 0.

We call N(M) the molecular norm of M.

Roughly speaking, we think of atoms as the basic building blocks of Hardy
spaces, and singular integral operators map atoms to molecules, due to the fact that
T, as a convolution operator, ‘spreads’ an atom a out so it is no longer compactly
supported. Fortunately, these molecules are still specialized enough to decompose H?

in a meaningful way.
Remark 1.3. Here are two immediate connections between atoms and molecules.
1. The molecular norms of atoms are uniformly bounded: For every admissible

(p,q,b), there exists a constant C' such that every (p,q) atom is a (p,q,b)

molecule whose molecular norm is uniformly bounded N(a) < C.
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2. T maps atoms to molecules: Suppose T is a singular integral operator with

n
n+m-+1

additional regularity of order m, <p<1<gq< oo and (p,q,b) is

admissible. Then T maps (p,q) atoms to (p,q,b) molecules, and there is a
constant C' such that

N(Ta) < C.
The following molecular decomposition is due to Taibleson and Weiss [Tai66].

The present form is taken from [GCRAF85], Chapter II1.7.

Theorem 1.6. Let (p,q,b) be admissible, and M be a (p,q,b) molecule in R™. Then

M € HP(R™) and there ezists a constant C independent of M such that
M| v gny < CN(M).

Furthermore, a tempered distribution f is in HP(R™) exactly when, as tempered

distributions, there are (p,q,b) molecules {M;}; such that

o0

f=> M,
j=1

and Zj N(M;)? < oo. In particular, there ezists a constant C such that with the

above decomposition,

1f Il < Y N(M)P and Y - N(My)? < O f |15,
j j

with C' independent of f and the decomposition.

The first benefit of this molecular decomposition is that N (M), as a product of L?

norms, is much easier to compute than || M| g». Second, when ¢ = 2, the definition
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of a molecule can be reformulated using the Fourier transform. Using Parseval’s
identity, we have the following characterization. Let & € N. Then F € L? is the

Fourier transform of a (p, 2, k/n) molecule M exactly when

sup [|F[l;™ [|0°F 3 < oo,

|a|=k

9°F(0) =0 for every § such that 0 < |3] < N.

These are the frequency analogues of the size and vanishing moment conditions in the
definition of a molecule. The pointwise condition on 9°F makes sense because the
vanishing moment condition on M is equivalent to the existence of enough integrable
weak derivatives so that 9°F is continuous, and be defined pointwise.

We now present the multiplier theorem of Taibleson and Weiss [TW80]. The
key condition is the Hormander condition. The present form of the theorem is from

[GCRAF85], Chapter I1L7.

Definition 1.6. Let £ € Nand m € L. _(R"\{0}). We say m satisfies the Hormander

loc

condition of order k if there exists a constant A such that for all indices 8 such that

18] < k,

sup/ 10°m(z)|?de < AR"2A, (1.6)
R>0 J R<|z|<2R

Theorem 1.7. Let n € N and k € N,k > n/2. Suppose m satisfies Hormander’s
condition of order k, and A the constant in (1.6). Then there exists a constant C' such

that if a is a (p, 2,k —1) atom centered at the origin with 0 < p <1 and % -1 <k/n,
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then (ma)¥ is a (p,2,k/n)-molecule centered at the origin with
N((ma)") < CA,

with C = C(p,k,n). Furthermore, for every p such that 1/(% + ) <p<1, Ty

HP(R™) — HP(R™) is bounded, with
I e = 1mf) e < CAIlf || 1zo-

To prove this theorem, we perform our analysis in the frequency domain: though
our goal is to show N((ma)¥) < C'A, we can equivalently show there exists another

general constant C, independent of f, such that

|Sl‘1pk||m&||%_9 lo*(ma)|3 < C,
al=

9°(ma)(0) =0 for every 0 < |B] <m + 1.

The second condition is immediate, since a(0) = 0 due to its vanishing moment
condition (in time). The first condition follows from combining the integral
Hormander’s condition (1.6) on m with estimates on a. Since a(x) is compactly
supported, we expect a to be infinitely differentiable, with certain decay properties.
Specifically, the following are true. Denote N = Ln(% —1)]. Given a (p,2, k) atom a

with £ < N:

1. There exists a constant A of the form A(k,n) = d(*! 4+ 1) —1 > 0 such that

for every a such that 0 < |o| <k,

0%a(€)] < ClefFrElal [l A*,
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2. There exists a constant B of the form B(«,r,n) = d(%a‘ + 1) — 2 such that for

every index a and every r € [1,00], and + + - =0,

| 0%af*|], < Cllally ™.

These two estimates are proved using the Fourier inversion formula and exploiting
the vanishing moments condition with Taylor’s approximation. They also lead to the
important result of Taibleson and Weiss [TW80] that if f € H?, then f is continuous,

and

£ < Ol fllas 1€"FD. (1.7)

Combining these estimates on a and condition (1.6) will give uniform
boundedness of the molecular norm of (ma)”. Since the molecular norm dominates
the HP norm, this conclude the first multiplier theorem.

Lastly, these estimates on @ and (1.7) are extended in our anisotropic setting in

Chapter IV.

1.3.2. Multiplier Theorem: Herz Spaces

The second result, from [BS85], generalizes the notion of a molecule using the

Herz space. We define Ay = {z € R" : 28 < |z| < 21} the k™" dyadic annulus.
Definition 1.7. Suppose 1 <a < o0, 0 < a < oo, and 0 < b < oo.

1. K consists of all functions f € L& _(R™\{0}) such that

loc

1/b

1f]l oo = ( i (/A |f(x)|adx)”/a2kab> .

k=—o00
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2. We define K& = L* N K, with
[l e = [ fllze + 111l goo-

3. B®" consists of all functions F' € L%(R") such that if u(z,t) is the Poisson

extension of f to R" x [0, 00),
oo b &t 1/b
1Fl g = 1 Fllze + </O {tsa( g \8fU(§,t)|ad€)1/a1 7) < o0,

Immediately, one sees that a (p, ¢, b) molecule is in K o9 for some a > n (119 — 5)

Second, by a simple application of Holder’s inequality, we have

||f||LP < CHfHKIL(%fl),p‘

By the Fourier transform and Parseval’s identity, we have the following facts.

Theorem 1.8. Let n € C°(R™) be supported on the annulus {3 < |¢] < 4}, takes
values in [0,1], and be identically 1 on the annulus {{ € R™ : 1 < [¢] < 2}. Let

m € L (R™\{0}). For § >0, define

loc

ms(§) = m(0€)n(E).

1. Let s € N. Then m satisfies Hormander’s condition of order s exactly when

sup ||(ms)"| 2 < 00,
0>0
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2. The Fourier transform F maps By to K37 isomorphically for « > 0 and

0 <q<o0.

We are now ready to state the multiplier theorem of [BS85]. There are two cases:
when p < 1 and p = 1. From now on, we fix 1 and the notation mgs from the previous
theorem. The following two multiplier theorems are Theorem 3a and 3b of Baernstein

and Sawyer [BS85], respectively.

Theorem 1.9 (Multiplier Theorem for p < 1). Suppose p € (0, 1), and

M = sup ||(mgs)" 1, < 00.
)t

1. There exists a constant C = C(n,p) such that T, : HP — HP is bounded, with

Tl < CM.
2. Suppose that either o = n(% — %) and g <p ora > n(% - %) If
sup H(m(;)AHK«;,q < 00 or equivalently sup ||m5||B§,q < 00,
5>0 5>0

then T,, : HP — HP is bounded.

Theorem 1.10 (Multiplier Theorem for p = 1). Let M be as in the previous theorem.
Suppose w : NU{0} — [1,00) is increasing: 1 < w(k) < w(k+1) < oo for all k, and

define the weighted Herz space to be the set of all f € L'(R™) such that

Il = [ 15@da-+ i ([ 1r@te) wiy <,

If w also satisfies

1

« w(k)?
26
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< 00,

oo
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then there exists a constant C = C(n) such that T,, : H' — H" is bounded, with

T ||op < CMW.

The proofs of both results take place in the time domain, that is, they use the
condition on (ms)" as a starting point. We will prove a uniform bound on T'a for all
(p,2) atoms a. The fact that the Herz norm majorizes the LP-norm means it suffices
to show

ITall 300 < C.

which then yields the boundedness of T' : HP — LP. This result is improved to
T : H? — HP? by using the Riesz characterization of H?, to show that for each Riesz

transform R;,

|R;(Ta)||» < C.

This is equivalent to ||Tal|g» < C, and boundedness is proved for the first theorem
(when p < 1). For the case p = 1, we bypass the Herz space and prove directly, for

(1,2) atoms a, the uniform bound
HT(IHLl S C.

Both theorems start with a Littlewood-Paley decomposition of (ma)¥. Given n from
Theorem 1.8, we define ¢ € C2°, with supp(¢) C { € R™ : 1 < [¢] < 2}, with values
in [0, 1] such that

D w2 =1.

JEZL

We define a5(&) = (a)s(€) = a(d€) ¥(€), and define the following functions:



Then we have the decomposition:

(ma)” = 2" (f;*b;)(2x).
jez
The conditions on m take care of f;. So the proof is mainly concerned with the

analysis of b;, as provided by the following two lemmas.

Lemma 1.1. Let N = [n(% —1)] and suppose we have a (p,2) atom a supported on
B(0,1), the unit ball, and r > 0 be a fized constant. Then there exists a constant C,

depending only on n,p,r, such that for all j <0,
1. |bj(z)| < C2WFD(1 + |z])~.

2. Forj >0,

C27m  for all x,
|b;(@)| <

Clz|™"  for all x such that |z| > 27+

The constants C' depend only on p, n,r.

Lemma 1.2. Suppose 0 < p <1, j >0 and r > n/p. Then there is a constant C,

.p

n(l_
depending only on n,p,r, such that for all g € K, G and Q € LY(R™) satisfying

Qldz <1 Q)] < 2| if |2 > 27,

Rn

we have
o

p
> ([ loxQue) 2o <l
.Ak Kl

k=j+2
These two lemmas are key ingredients in the multiplier theorems. In Chapter III,

we give anisotropic adaptations of these lemmas. Finally, we remark that in [BS85],
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only (p,o0) atoms are used in proving the uniform bound on ||Tal|gz». In light of the
work of Bownik in [Bow05], this is not sufficient. So in our work below, we employ

(p,2) atoms in our results. This does not affect the estimates in any major way.

1.4. Anisotropic Structure on R”

Having introduced Hardy spaces, singular integral operators, and multiplier
theorems in the isotropic setting, we now introduce the anisotropic setting in detail.
The anisotropic structure considered here was motivated by wavelet theory, and
replaces the FEuclidean norm with a more general quasinorm assocaited with a dilation
matrix. It is certainly not the first generalization of the underlying R™ structure.
Calderén and Torchinsky [CT75, CT77] studied the parabolic setting, using dilations
of continuous groups {A4; };~¢ on R", which arose naturally from the study of singular
integral operators along curves. Folland and Stein [FS82] replaced the underlying
space R™ with homogeneous groups, and Coifman and Weiss initiated the study of
Hardy spaces on spaces of homogeneous type in [CW77]. However, the extension of
(4.1) was not considered in the parabolic setting, and the Fourier transform takes a
more abstract form on homogeneous groups. Moreover, the Fourier transform is not
even considered on spaces of homogeneous type, as these spaces might not have an
underlying group structure.

The key difference is in replacing the Euclidean norm with a more general
anisotropic norm associated with a dilation matrix. For more details, see Bownik

[Bow03].
Definition 1.8. Fix n € N. Let A be an n X n matrix, and define b = | det A].

1. A is a dilation matrix if all eigenvalues A of A satisfy |A| > 1.
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2. A homogeneous quasinorm associated with a dilation A is a measurable mapping

p:R" — [0,00) so that
(a) p(z) =0 exactly when x = 0,
(b) p(Az) = bp(x) for all z € R™,
(c) there is a doubling constant ¢ > 0 so that for all z,y € R", p(z +y) <

c(p(x) + p(y)).

Now let A1,..., A, be the eigenvalues of A, taken according to multiplicity, and
ordered so that

< Pl < <l

We choose A_ and A, such that
L <Al < M| <A < Ay
Then there exists ¢ > 0 so that for all z € R”,

1, , S
g)\J_M < |Alz| <N x| ifj >0

1, , o
g/\ﬂr|x| < |Az| <IN |z]if 5 <O.

If X\ is an eigenvalue and A does not have Jordan blocks corresponding to any

log A4+

cigenvalue A, then we can set A_ = [A\] and Ay = [A,]. We call the ratios (. = 55

the eccentricities of A. Roughly speaking, the larger the eccentricities are, the more
A differs from the isotropic setting.
In the isotropic case, the ‘basic’ geometric object is the ball B(z,r), centered

at x € R™ with radius r. This has the nice property that whenever ry < ry, we
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have B(z,r) C B(x,re). But for a general dilation matrix A, we do not expect
B(z,r) C A(B(x,r)). Instead, if A is a dilation, then there exists an ellipsoid A and
r > 1 such that

A CrA C AA.

Scaling A so that it has measure 1, we define B;, = A*A for all kK € Z. Then we have

By, C Byy1 and |By| = b".

These nested ellipsoids will serve as the basic geometric object in the anisotropic
setting. Conveniently, any two quasinorms pi, po associated with a dilation A are

equivalent, that is, if there exists constants ¢; and ¢y so that for all z € R”,

c1p1(z) < pa(z) < cap(z),

then the Hardy spaces generated by the two quasinorms are exactly the same.
Therefore it suffices to fix one particular quasinorm. We will use the following
canonical quasinorm used throughout this dissertation. For j,k € Z with 7 < k,

we denote the annulus by B;j\B, = {x € R" : x € B;,x € By}

Definition 1.9. Let A be a dilation on R™ and { By }rez be the nested ellipsoids fixed

above. The step homogeneous quasinorm p on R" induced by the dilation A is

bj if « S Bj+1\Bj
pala) = (18)
0 ifx=0.

With this step norm, we define w as the smallest integer so that 2By C AYBy =

B,,. Then this norm is a homogeneous quasinorm associated with the dilation A, with
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¢ = b¥ as the doubling constant. We make the following observations, which are the

analogues of what is commonly known in the isotropic case.
Proposition 1.1. Let A be a dilation matrix.

1. Let x,y € R™, with p(z) = b* and p(y) = b for somei,j € Z. Then

p(r +y) <0%(p(z) + p(y)) (1.9)

p(z —y) > b"“p(x) — p(y). (1.10)

2. If for some 1 € Z and x,y € B;, then v +y € B;,,.
3. If for somei € Z and v & B, andy € B;, then v +y & B;.

The following lemma, which allows us to relate the Euclidean norm to the

quasinorm, is due to Lemarie-Rieusset [LR94],.

Lemma 1.3. Suppose p is a homogeneous quasinorm associated with dilation A.

log A
Define (4 = (l)fg bi' Then there is a constant c4 depending only on A such that:
—p(2) < |z < cap(a) if plz) > 1, (1.11)
Ca
Lp(@) < Ja] < eapla)= if pla) < 1. (1.12)
Ca

1.5. Anisotropic Hardy Spaces

Now that we have the anisotropic structure on R”, we can use this to develop

the anisotropic Hardy spaces H’(R") associated with the dilation matrix A.
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Let S be the Schwartz class. In light of (1.11) and (1.12), an equivalent condition

for p € C*°(R™) to be in S is that for every multi-index o and integer m > 0,

ellam = sup p(x)™|0%(x)| < oo.
xeR"

In other words, replacing the Euclidean norm by the quasinorm will not change the
space. Recall that the dual space of S, that is, the space of tempered distributions

on R" is denoted by S’(R™). For N > 0, we also define the family

SN = {90 €S ||90||oz,m <1 for |a|,m < N}

For ¢ € S and k € Z, the anisotropic dilation is defined by o (z) = bFp(A*x).
To define the anisotropic Hardy spaces, we need the following anisotropic versions

of maximal operators.
Definition 1.10. Let ¢ € S satisfy [¢ =1 and let f € 5.

1. The radial maximal function of f respect to ¢ is defined as
Mg f(z) = sup [(f * ¢i)(@)]. (1.13)
keZ
2. The grand maximal function of f is

MR f(x) = sup Mgf(:zc). (1.14)

pESN

With these definitions, we can define the anisotropic Hardy space, this time

independent of the Poisson kernel.
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Definition 1.11. For a given dilation A and p € (0, 00), denote

[(5 —1)logb/log A | +2 if0<p<l,
N, =

2 if p> 1.

We define the anisotropic Hardy space associated with the dilation A as
HY(R") ={feS" : My, fe L},

with the quasinorm || f||g» = || My, f||p-

As before, this maximal characterization is independent of the operator or test
function used. Furthermore, for all N > N,,, we obtain the same Hardy space. The

following is Theorem 7 of Bownik [Bow05].

Theorem 1.11. Let p € (0,00) and suppose ¢ € S with [ ¢ # 0. Then for any

f €S and any N > N,, the following are equivalent.
1. f e HY(R™)
2. MY f e LP(R™.

If so, then we have a constant, independent of f, such that

£ e, = 1My fllp < CIMS -

With this maximal characterization in place, we give the atomic decomposition
of HY. We first define the anisotropic atoms, and then state the anisotropic version

of theorem 1.3.
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Definition 1.12. A triple (p,q,s) is admissible with respect to the dilation A if
0<p<1l,1<g<oo,and p<gq,seN,and s > L(]% —1)logb/logA_|. A (p,q,s)

atom is a function a(x) supported on an ellipsoid x¢+ B; for some zy € R" and j € Z,

such that
11
1. (Size Condition) |lal|l, < |B;|a "7,

2. (Vanishing Moments) For all « such that |a| < s, we have / a(z)x“dx = 0.

n

The anisotropic atomic decomposition, the result of a number of lemmas, is found

in Chapter 6 of [Bow05].

Theorem 1.12 (Atomic decomposition of HY). Suppose (p,q, s) is admissible. Then

f € HY exactly when there exist {\;} € 7 and (p,q,s) atoms {a;} so that

F=Y_Naj,
j=1

with convergence in HY-norm. Furthermore we have

o 1/p 00
HfHHp ~ inf (Z‘)\j’p> : f:Z)\]Clj s
p j=1

where the infimum is taken over all possible decompositions of f.

The anisotropic setting, roughly speaking, lacks the rotational invariance
property of the isotropic setting. This is reflected in a number of places, which we will
discuss briefly below. In the isotropic setting on R", the ‘basic’ geometric object is the
n-dimensional ball. For example, the Hardy-Littlewood maximal operator is defined
by taking supremum over all balls centered at the same point. Similarly, in the theory

of real Hardy spaces, the non-tangential maximal function is defined by taking the
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supremum over a cone M, f(x) = sup,sq |(f * o) (x)| where ¢i(y) = t™"¢(y/t). We
notice the dilation on ¢, given by y +— ¢ for t > 0. This operation scales y € R" evenly
in all coordinates by the same scalar t. We can generalize this dilation as follows.
Suppose Aq, ..., A, > 0are fixed. Then we define the dilation ony = (y1,...,y,) € R”
by

s Andn)-

(y17~--;yn) = (Aiylu

Though the dilation is still using only one parameter, ¢, the scaling in each coordinate
is different. The basic geometric object, reflecting this dilation, is now an ellipsoid,
which is not rotationally invariant. This dilation can be further generalized to that
of a dilation matriz, which our anisotropic setting is based on.

Furthermore, the Euclidean norm |z| itself is also rotationally invariant. So to
appropriately study a general dilation and carry out our analysis, we not only have
to use ellipsoids, but to also use a quasinorm p(x) that behaves well with respect to

the ellipsoids. Therefore any analysis that uses |x| and its properties will now have

to be modified. Lastly, we note that if A has large eccentricity, that is, 1(1)2%\11 >> 0,
then the atoms will require additional vanishing moments compared to the isotropic
setting. Table 1.3 summarizes these differences.

TABLE 1.3. Isotropic and Anisotropic Settings

] \ Isotropic \ Anisotropic
Geometric object B(z,r) {B;}jez
Norm Continuous: |z| Discrete: p(x)
Dilation on R” y—y/t y— Ay

Dilation on ¢ ou(z) = t7"p(x/t) for t >0

or(z) = bEp(Akx) for k € Z

Maximal Operator M, f(z)
HP

Uy | (f * 1) ()]
M¢f e’

supez |(f * or)(2)]
M¢f erLr

Atoms

Vanishing moments

Supported on balls
o] < [n(; - 1))

Supported on ellipsoids
la| < [(3 —1)]logb/log A

1
p
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CHAPTER II

SINGULAR INTEGRAL OPERATORS AND MOLECULES

We now study anisotropic singular integral operators associated with a dilation
matrix A, extending the classical formulation in Definition (1.2). For the rest of the
section, we fix a dilation matrix A and its associated step quasinorm p as discussed in
(1.8). Generally when extending the classical theory, global results involving norms
go through, while local results involving pointwise estimates and algebraic identities

break down and require more work.

2.1. Definition of Singular Integral Operators

If w € R", we denote E, = {z : p(z) > b*p(u)}. Recall the complement E¢ is

defined by {z € R" : z ¢ E,}.

Definition 2.1. Let K € S’ satisfy the following properties:
K € L®(R"), (2.1)
and there exists a positive constant Cy such that for all u € R™\{0},

/C |k(z —u) — k(2)|dz < Ch, (2.2)

u

Then the operator Tf = f x K, defined initially on S(R"), is called an anisotropic

singular integral operator with kernel K.

Remark 2.1. Suppose T is an anisotropic singular integral operator associated with the
kernel K € S'(R™). Then by (2.1), T extends to the operator T': L*(R") — L*(R"),
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with operator norm ||T||z2 = || K||o. To see this, we use Parseval’s identity:
ITfll2 = NIf* Klla = [[f * Kll2 = [If - Kll2 < [[Kloo][f]]2-

This is, of course, identical to the isotropic setting.

We will refer to (2.2) as the (anisotropic) Hérmander’s condition, which can be

strengthened to the following Lipschitz condition that is generally easier to check.

Definition 2.2. We say k : R” — C satisfies the Lipschitz condition if there exist

constants Cp,y > 0 such that whenever p(z) > p(u)b* > 0,
k(2 —u) = k()| < Crp(u)p(z)"+7. (2.3)

Proposition 2.1. If k satisfies the Lipshcitz condition, then it also satisfies

Hérmander’s condition (2.2) with Cy depending only on A,~,Cy.

Proof. If u € R"\{0}, then there exists a unique j € Z such that u € B;;,\B; and

p(u) = V. Therefore

2 € E,= 2¢ Bjio, = 2 € R"\Bj,9,.
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Then

k(= — u) — k(2)|dz < Crp(u) / o) d:

Eg o

< Cuplu / )=+ g

;20) Bm+1\Bm
_ CLP Z p—m (14+7) bm+1 bm)
m=j+2w
= Cp(b— 1" Z p—Y(m+i+2w)
m=0
b—1)b~2w

- (%) L =Cn

with C'y depending only on the constants Cp,, and A. ]

We will focus on singular integral operators of the form T'f = K * f, where the
convolution is given by a convolution defined as a principal value type. Specifically,
K will be represented by a locally integrable function k (denoted by lower case) on

R™\{0} with operator action defined by

Tf=FKxf=pv. / k(z — ) (y)dy.

In this case, we write K = p.v.k, and will refer to T" and K interchangeably. If £ is a
locally integrable function, and K = p.v.k, we seek sufficient conditions so that the

operator T'f = f % K is a singular integral operator. In particular,

Q1 Under what conditions on the function £ will K = p.v.k be a tempered

distribution?

Q2 Under what conditions on k will K € L=? Recall that if K € §', then K € &'

is defined by duality.
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Roughly speaking, we we will require k to have decay at infinity and the singularity
to have enough cancelation so that a principal value can be defined. Specifically, we

define the following size, limit, and cancelation properties.
Definition 2.3. Suppose k(z) € L .(R"\{0}).

1. We say k satisfies the size condition if there exists a constant C; > 0 such that

for all j € 7Z,
/ |k(x)|de < C < 0. (2.4)
Bj+1\B;
2. We say k satisfies the limit condition if there exists L € C such that

L= lim k(x)dx. (2.5)

J——00 BO\BJ

3. We say k has the cancelation property if there exists Cy > 0 such that for all

j.R €7 with j < R,

< . (2.6)

/ k(x)dx
Bg\B;

Our goal is the following theorem.

Theorem 2.1. Suppose k € LL_(R"\{0}), and satisfies Hormander’s condition

loc
condition (2.2), the size condition (2.4), the limit condition (2.5), and the cancelation
condition (2.6). Then K = m gives rise to a singular integral operator T of

principal type:

Tf(z) = ((p-v.k)* f)(z) = lim k(x —y) f(y)dy,

J==00 JRn\B;
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defined initially on the Schwartz class S.

To prove this theorem, we will break it up into the following lemmas.

2.1.1. Sufficiency for K =p.v.k € S’

The following lemma gives sufficient conditions for a locally integrable function
k to be a tempered distribution. Roughly speaking, it suffices for k£ to have some

decay at infinity, and any singularity at the origin to be manageable.

Lemma 2.1. Suppose k € Li (R™\{0}) satisfies conditions (2.4) and (2.5). For

loc

¢ €S, if we define K : S — C as

K(¢) = (p.v.k)(¢) = lim k(x)¢(x)dx (2.7)

I Jrm\B;
then K =pv.ke S’

Proof. We break up K(¢) into a ‘local’ and ‘global’ piece.

(p-v.k)(¢) = lim k(m)qﬁ(w)d:c—i—/ k(z)p(x)dx

J==% JB\B, R"\ By

which we denote by I} and [s, respectively. To bound the ‘local piece’ I, we use the

(2.4) and (2.5) as follows:

L= lim [ (k@)o(2) + G0)k(x) — S(O)k(x))da

= lim qb(O)/B\B' k(z)dz + lim k(x)(p(x) — ¢(0))dx

=o)L+ lim [ ka)(@lx) — 6(0))dz.

J—>—00 Bl\Bj
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Since ¢ € S, it follows that | V||« is bounded. Using this, along with the fact that

for z € By, we have |x| < cap(z)S—, we use (2.4) in the last estimate below:

lim / k(2)((x) — $(0))dz| < Tim (@) Vel - [2]de
Jj——00 B1\B Jj——00 B1\B;
< eallVélloe lim k()| p(2) do
J——00 Bl\B
el / o) da
]_700
1
< cAcluwuocjgm B = eaCh (m) 196

With ¢, = c4 (#) we have | 1| < [¢(0)L] + ¢,C1[| V|l < 00.

Now we bound I5. Using (2.4) and the fact that ¢ € S,

o] =

p(x)
/Rn\Bl k(z)p(x)de| < /Rn\Bl ]k(:c)qu(x”ﬂdx

|k ()] [E(z)]
(o) [ o w2 [ G
— 1 1
< Cilllon Y i (1_—[)1) Cil|olfo,1-
=0

All together, we have:

Ip.v.k(d)| < |Ld(0)] + ¢4C1|| VP00 + (#) Cill@llo, < o0.

Moreover, p.v.k is easily seen to be a linear mapping S(R") — C. Lastly, from the
this estimate, we also see that if ¢; — ¢ in S, then |p.v.k(¢; — ¢)| — 0. This means

p.v.k is indeed a continuous linear functional on S(R™), so p.v.k € S’(R™). O
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2.1.2. Sufficiency for KelL®

With K = p.v.k established as a tempered distribution, we now seek conditions
under which K € L*(R"). To state our main result, we define the truncated kernel
as follows. Given a kernel k € L{ (R"\{0}) and j, R € Z, with j < R, we define the
truncated kernel k() = k(z)1p, 5, ().

If A is a dilation matrix, then its transpose A* is also a dilation matrix. We will

denote p, as the associated quasinorm of A, and the annulus of A* by {BJ* }ien.-

Lemma 2.2. Suppose k € Li (R"\{0}) satisfies Hormander’s condition (2.2), the

loc

size condition (2.4), and the cancelation condition (2.6). Then there exists a constant

Cy such that for all j, R € Z with 7 < R and & # 0,
KR(E)| < i, 2.8)

with Cy independent of j and R. Moreover, p/ﬁ} e L™,

Now Lemma 2.2 follows from a uniform bound on a specific annulus, given by
the following lemma which we will prove later. We define the dilation operator D4 by
D k() = k(Azx). We will need the following fact regarding dilations and the Fourier

transform.

V(D). FDLf)(€) = (&) (2.9)

Lemma 2.3. Define 4 = —logy(b—1) —w > 0. Suppose k satisfies the conditions

in Lemma 2.2. Then there exists M € 7Z and a constant C, such that for all £ €

Bi1\Bi,

kI < C,
43



with j, R € 7 satisfying R — j > (4.

Proof of Lemma 2.2. Let M be the integer from Lemma 2.3. Suppose for all ¢ €
B\ B ]/;]E(é‘)\ < C. We now extend this estimate to any £ € R™ using a dilation
argument. We first have the relation D4(kf)(z) = kf(Az) = (Dak)[ ! (x). Next, we

define the scaled dilation operator
Tyk(z) = bDsk(x) = bk(Ax).

We will prove that Ty preserves the conditions on k with the same bounds in (2.3),
(2.4), and (2.6).
We start with condition (2.3). This requires showing that whenever p(z) >

p(y)b* >0,
(Tak)(= — y) — (Tak)()] = Hk(Az — Ay) — K(A2)] < Cup(y)p(z)" ).
Now since p(z) > p(y)b*,
p(Az) = bp(z) > bp(y)b™ = p(Ay)b™.
Therefore by (2.3),

blk(Az — Ay) — k(Az)| < bCpp(Ay) p(Az)~ 0+
=Crb- b’Vp(y)’Yb—(l‘i"Y)p(Z)—(l—l-'y)

= Cup(y)'p(z)" ).

This shows that (2.3) holds for D4k with the same constants C, and .
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To see that condition (2.4) holds, we let r € Z. With a change of variables, we

obtain:

/ Tk(z)dz — / b|k(Ax)|dz = b / b(Ax)|da
BT+1\B’7" Br+1\Br' BT+1\B’7"

= b/ |k(u)|b~ du = / |k(u)|du < Ch.
Br+2\Br+l Br+2\Br+1

To see condition (2.6) holds, let r1,79 € Z with r; < 75. Again, by a change of

variables, we obtain:

< Ds.

/ Tak(x)dx / k(u)du
BT‘Q \Brl Br2+1\BT1+1

With T4k satisfying the same estimates as k, we can now extend any result for k to
THk (for any m € Z), as long as these results depend only on the constants appearing
in the conditions (2.3), (2.4), and (2.6), that is, Cf,, C1, and Cy. Then we conclude

that for all m € Z and & € BX4+1\BX4,

—

(T7E) O] < C, (2.10)

with the same constant C' = C(A, Cy, Cy, C3, M). Therefore for any j € Z, the dilated

kernel Tk satisfies the same estimates as k, and the estimates for @(5) also hold

—_—

for T4 (k) (€). This observation allows us to extend our bounds above to all £ € R"

as follows.
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Let 2 # 0. Then there exists ¢ € Z such that 2 € By, \Bj,_,, which is

equivalent to (A*)?z € B3, \Bi;_;.- Then by (2.9), we have the following identity:

—~

[k (2)] = |F (k') (2)] = [b"(D%. F DY )kj' (2)]

= (D% (k;)" (A%2)] = |(T4k;)" (A™2)]

= [((T4k)[ZHN((AM)%2)] < C.

The last inequality holds since Tk is a kernel satisfying the same conditions as k
with the same constants. Therefore we can use (2.10) with £ = (A*)%%2 € By, \Bj,-

With j, R arbitrary, this uniform bound holds for all truncations. m
It now remains to prove Lemma 2.3. This requires two propositions.

Proposition 2.2. Suppose 84 = —log,(b—1) —w > 0. If k € L} (R"\{0}) satisfies

loc

the size condition (2.4), then there exists Cy > 0 such that for all j,R € Z with

0<R—j<Ba, [[kF]e < Ck.

Proof. By assumption, 34 > 0. (This means b is quite close to 1.) Then by (2.4),

R R —omi(z,
kR(Q)] = ‘/k] (z)e @8 dg

< / k()|
BR\Bj

R
:Z/ . |k(x)|de < Ci(R —j) < C184 = C.
m—] Bm+l Bm

[]

We now provide an estimate on a Hormander type integral that we will need
when we look at the case when R — 7 > (4. If 54 < 0, then the above lemma is not

needed at all.
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Proposition 2.3. Let j, R € Z satisfy R — j > a > 0. Suppose k € L. (R"\{0})

satisfies Hormander’s condition (2.2) and the size condition (2.4). If r € Z satisfies

Byyo, C Bj, then there exists Cs, depending only on Ci,Cy, A such that for all

y € B,

k(@ — y) — ki(x)|de < Cs.

Rn

Proof. f R — j > (4, then we have the inequality

b < b(h - 1).

(2.11)

We denote the integral in (2.11) by I and we break [ into the following five pieces.

L= | |k (= —y) — kj'(x)|d
Uy

L= | |k'(z —y) - kj'(x)|dx
Uz

Iy= | |ki(z—y) = kj'(x)|da
Us

I, = |/<;f(m—y) —kf(a:)|d:c
Uy

Iy= | |kfi(x—y) = kj'(x)|dz
Us

where U; = (Bgr + y)\ Bk,
where Uy = Br\(Bgr + v),
where Us = (B; +y)\B;,

where Uy = B;\(B; +v),

where Us = BRU (Br +9))\ ((

4

JU)uBu(B;+y)

n=1

Estimate on [;. If y € B,, then since r < j < R, we have the the containment

Y+ Br C B, + Br C Bryw-
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Since the support of k‘f is contained in Bg, we have

L= | |kfi(e—y) = kf(@)lde = | [k'(z —y)lde
U1 Ul

w—1
< / KR — y)ldr = 3 / k(e — y)de.
BFH»w\BR m=0 BR+m+1\BR+m

Fix m € {0,1,...,w — 1}. If ¥ € Brims1\Brim, then p(z) < bF+™ giving
plz —y) < (p(x) + p(y)) < BB 4+ 6771,
Next, we provide a lower bound using (1.10),
plz —y) > b “p(x) = ply) = b6 — p(y) > b= ™ —p,
Therefore if € Brimi1\Brim,
brebRAM el < (e — y) < BO(BRTM L),
After a change of variables, we have:

R R
/ |k‘j (x —y)|de < / |k; (2)|dz=.
BR+m+1\BR+m b—wbR+m,br—lgp(z)gbw(blﬂ—m,br—l)

Since we have a truncated kernel, we can simplify the domain by just looking at z €

Bp. Furthermore, by the definition of w and m < w, we have b« < pR+m+l-w _ pr
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which allows us to restrict our domain to Bg\Bgr_,+1. Finishing with (2.4),

/ k(e — y)lde < / k(2)|dz = / k(=) dz
BRrym+1\BRr+m bR-w<p(2)<bR Br\BRr—w+1

w—2
=> / \k(2)|dz
i=0 Y BR—w+1+i+1\BR—w+1+m

Since this estimate holds for each m, we have:

w—1
L < Z/
m=0

BRym+1\BRrtm

ki (x — y)|da < Z (w—=1)C1 = Ci(w — 1Nw.
Estimate on I,. Since Uy = B\ (Bg + ), and supp(kf(z —y)) C Br + v,

b= [ K- y) - Ki@ds = [ k() .
Br\(Br+vy)

Uz

Now for y € B,, Bg—ow—Yy € Br_— By € Br_ytw = Bg. (Sincer < j—2w < j < R,

so R —w > r, the last inclusion holds.) Therefore:
Brw—yC Br= Brw C Br+y = Br\(Br+y) C Br\Br -

We now complete the estimate on I using (2.4).

O U 0 e
Br\(Br+y) Br\Br—w

= 2/3 |k(x)|de < wCh.

m=0" BR—w+m+1\Br—w+m
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Estimate on I3. Since Us = (B; + y)\B;, and kf(z —y) = 0 on B; +y, we

have:

I — / 6 ()| da.
(Bj+y)\B;

Since r < j, for y € B,, we have B; +y C B; + B, C B,.,,. Therefore (B; +y)\B; C

B+, \Bj. Again by (2.4),

I3 §/ |k(x)|dx §/ |k(x)|dx
(Bi+y)\B; Bjtw\B;

w—1
_ Z/ k(2)|dx < wCr.
Bj+m+1\Bjtm

m=0

Estimate on I,. Since Uy = B;\(B; + ), and kf{(x) = 0 on Bj,

I = / k(@ — y)|da.
Bj\(Bj+y)

Since r+2w < j, if y € B,, we have B;_, —y C B;_, — B, C B,_,4, = B;. Therefore
B;_, € Bj+y for all y € B,, thus giving B;\(B; +y) C B;\B,_,. Another fact is
this:

r€B\Bj_,andy € B, =>x—y € Bjy,

Since kJR is 0 on Bj, a change of variables then gives

= Weles [ el
J+y) Bj\ijw

/ KA (2)|dz < / Ik(2)|d=

b3<p )<bitw Bjtw\Bj

|k(2)|dz < Chw.

m=0 " Bitm+1\Bjtm

IA
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Estimate on I;. Since U; C (BRU(Br+y))\(U1UU,UB;U(B; +y)), we have:

L= [ @) K@l < [ k) - K@)

Us BR\B]'

Observe that Br\B; C Bj. Next, for y € B, we see that:

Ey = {2 p(2) < ¥0(y)} € {z : p(2) < 0¥} = By
Therefore By ,,, € E,. This gives the following containment:

Ey g Br—i—?w g Bj = E; 2 Bf+2w 2 B]C

Using condition (2.2):

b= [ k@l < [ k) k)
Br Bj

B;

< [ e - y) - K@)l < Ca.
£y

In summary, given j, R,r € Z as defined above, we have shown that for any y € B,

the following estimate holds:

|/<:f(x —y) — /{:]R(a:)|dx < Ciw(w—1)+3Cw + Cy = Cs.

Rn

Armed with this Hormander-type estimate, we can now prove Lemma 2.3.

Proof of Lemma 2.3. By Proposition 2.2, we only need to consider the case when

R —j > Ba. We will now show that there exists M € Z and a constnat C such that
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for all R and j such that R — j > 84 and & € B}, ,\B};, we have:

—

I < C,

where C' depends only on the matrix A and the constants C, Cy, Cs, M.
Without loss of generality, we can take c4 > /2 in the inequality (1.11). We

define § = log, (¢%/2) and
: 1
M = inf {nEZ:nZ §—(5+2w§+}. (2.12)

We first note that M > 1, since 6 > 0. Now fix £ € B}, \B},. We have three cases

to consider for j, R: when j < R<0,j <0< R,and 0 <j < R.

Case 1. Assume j < 0 < R. Then |gj\%(§)| < |l;;)(§)| + |/;é\%(§)|, and we estimate

each piece separately. Given { € Bj,,,\Bj,, we define y = —2@2. We first claim

y € B_g,. Indeed, the definition of M implies the following inequality:

C_Ab?wC+ < ibMC—_
2 Ca

Then since £ € B}, ,\Bjy, and M > 0, by (1.11),

CApags ing_ p(§)* < el.
2 T cy caA

Next, by taking the reciprocal of the inequality above. we obtain:

WS
Yl =5 = -
31

CA
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Now if p(y) < 1, (we can assume this since M is large enough) we have the inequality:

h—2wC+

1
—p(y) <yl <
CA CA

The inequality above implies p(y) < b=2*, which means y € B_s,.

Next, we bound ]I;é\%(fﬂ. For &,y as above, (£,y) = —1. Then because our choice

of M forces y € B_s,, by the claim above, we can use (2.11) to obtain

TR 1% —2me
RO = SIRFHE) L~ 70|
1 .
5 | (@)~ ke = e e
< B ko' (2) — ko' (z — y)|de < §C3‘
Rn

We now bound k;A]Q(ﬁ). We have

O] = | [ B9 1) 4 i)t

< /|k3;-)(l')||€_2m<$’£> — 1|dx—{— ‘/k}?(l’)dl’

<C [ k@) Jal [eldo +Co
Bo\B;
—j—1
smmz(/ mmw%¢0+@
m—=0 Bjtm+1\Bjtm
—j—1

) . b6 — 1
= CaCie|b* ;) D"+ Cy = CaClEYS (bc—_1) + O
_aG ¢ ic _cali i

This completes this case, with [kR(€)| < C, with C' = C(A, Cy, Cy, Cy, M).

93



Case 2. Assume j < R < 0. Then by the same Lipshitz argument in case 1, we

have:
k(&)< C [k(@)] - [] - |€]dz + Cs
BR\B]'
< k@) ol l¢lda+ C
Bo\B;
S C(A7ChC27M)‘
Case 3. Assume 0 < j < R. Then if £ € B}, \B},_,, we have y = —2é|2 €

B_y, C Bj_s,, since j > 0. Therefore we can apply (2.11) and the argument in case

1 to estimate k(£), obtaining

—

15 —omily,¢
K5 (€] = 5IkF(E)(1 e ]
‘/ kR .]3 . y))efQﬂFi({,z)dx

/ K ) — KR (e~ y)ldr < 50

In summary, given j,R € Z and £ € B}, ,\B};, we have shown the existence of

C =C(A,C,Cy,Cy, M) such that ]p.v.kﬁ(§)| <C. ]
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2.2. Molecules and the Molecular Norm

We now define anisotropic molecule, which will be seen as the image of an atom
under a singular integral operator. Molecules also give another decomposition of
Hardy spaces.

Fix A. We recall that a triple (p, q, s) is admissible if p € (0, 1], g € [1, 0o] with

p < g, and s € N such that s > L(}lo — 1)1(1(g)g/\b_J'

2.2.1. Definition of a Molecule

Definition 2.4. Let (p, g, s) be admissible and let d satisfy

log A 1
B g2 (2.13)

d
- log b q

11

Define 6 = %. Then M € LI(R™) is a (p, q,d) molecule centered at zo € R™ if:
(i) N(M) = [|M]Ig~llp(z — zo)M (z)]lg < oo
(ii) /n 27 M (z)dz = 0 for all 3 such that |3| < s.

We call N(M) the molecular norm of M.

Remark 2.2. 1. Whenever we call M a (p,q,d) molecule, we are implicitly
assuming we have already fixed an admissible triplet (p,q,s) associated with

a dilation A as well as d satisfying (2.13).

2. The integral in (ii) is absolutely convergent simply by assuming (i). Indeed,

since M € L(R™), then on a compact set K, we also have yxM € L'(R"). So
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it suffices to show the integral is finite away from the origin:
|z|*| M (z)|dz < oo.

Now this integral can be estimated using Holder’s inequality, with % + % =1

J

! M @)lde < C5 [ )< M@)o = [ Jola)M(a)p(a) s

By By

1/q 1/¢'
<0y ( | p<x>dq|M<x>|qdas> ( | p<x>q’<s<+—d>das>
< o) M)l ( |

1

c
1

1/q
p(x)q’(séjrd) dx) )

Assuming (i) to be true, we only have to show the last integral above is finite.
This is true if and only if the exponent is small enough: ¢'(s¢; —d) < —1. This
also explains the necessity of condition (2.13) on d. Lastly, we observe that the
above quantities remain finite if we shift p(z) to p(x — ), so the above analysis

can readily be extended to the case when xy # 0.

. Let M be a (p, q,d) molecule. If for some d,

log A,

1 —
+1—-<d<d,

° log b q

then M is also a (p, q,d) molecule. Without loss of generality, let 2o = 0. We

only have to check condition (i) in the definition of the molecule, with 6 = =L

3 (=
< [~

This is satisfied if the following term is finite:
Ip(z — 20)"M(@)[] < oo.
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Again, we only need to show that the above term is finite over B{. But on BY,

we have the following inequality:

p(x)'M(x) < p(x)*M(z).

Therefore the above g-norm is also finite, and (i) is satisfied.
The next result shows that every atom is also a molecule whose molecular norm

is uniformly bounded as well.

Lemma 2.4. Let (p,q,s) be admissible. Then every (p,q,s) atom a(x) supported on
an annulus xoy + By is also a (p,q,d) molecule centered at xo. Furthermore, there

exists a constant C' = C(A,d) such that for all atoms a,
N(a) < C.

Proof. Let a be a (p, q, s) atom supported on an annulus z+ By. Condition (ii) holds
immediately, so we only need to show (i). The first term in (i) is estimated by the

size condition on the atom:

1_1

lally™ < 1Byl
The second term in (i) is estimated as follows:

Ip(e = o) a(o)]l, = ( / e m)dqa@)qm) )

1_1
= b~"|Bil"llally < |Bxl"|Byle .
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All together,

1

N(a) = llal|}~? | p(a—mo)a(@)]| < b~ B 0G| By |0 = | By et = b

Note that the power of the | Bg| term is precisely 0 due to the definition of 6. O

2.2.2. Molecular Decomposition of H

We now prove that the HP-norms of molecules are bounded by their molecular
norms. To see this, we will provide an atomic decomposition into (p, ¢, s) atoms and
show the resulting coefficients are uniformly bounded in . Our goal is the following

result.

Theorem 2.2. (Molecular Decomposition of Hardy Spaces) Let (p,q,s) be a
admissible triplet and let d satisfy (2.13). Then f € HP(R™) if and only if there exist

(p, q,d)-molecules {M;} such that the following converges in S’ and in HP-norm:
f= ZMf and ZN(Mj)p < 00.
J J

Furthermore there exist constants Cy, Cs, independent of f, such that given the above

series, we have:
1 < C Y N(M)P and Y N(M;)P < Col| £l
J J

This theorem follows directly from || M ||g» < CN (M), which is Theorem 2.3. A
weaker version of this appears in [Bow03] in which a more specialized definition of
molecules is used, though our result follows from a direct iteration of that result. We

need two preliminary results from Chapter 1.9 of [Bow03] involving projections.
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Definition 2.5. Let s € Nand B = {z + B; : v € R",j € Z}. Define P; to be the
space of polynomials, in n variables, of degree at most s. If B € B, we define g as

the natural projection defined by the Riesz Lemma:

/B(ﬂBf(x))Q(x)dx = /Bf(x)Q(x)dx, for all f € L'(B) and Q € P..

We also define || f||1p) = [ |f(z)|dz.

To obtain the properties of 75 for a general ellipsoid B, we start with 7, on the

unit ellipsoid By, and extend its properties by dilation and translations.

Proposition 2.4. Let Q = {Qa}jaj<s be an orthonormal basis of Py in L?(By)-norm:

<Qaa Qﬂ) = 5 QQ(ZE)Q/B(ZE)CZ[E = 5(1,,8-

1. wg, : L'(By) — P, is given by
f (fff)@a—(l‘)drc) Qa- (2.14)
2. If j € Z, then mg, : L'(B;) — P; is given by
T, f = (D75, D) f. (2.15)
If B=y+ Bj, then g : L'(B) — P is given by

mef = (Tymp,T_y) f. (2.16)
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3. There exists Cy, depending only on s and Q, such that for all B € B, given

r € B,
dx
s f(@)| < Co /B 15 (2.17)

4. Let mg = Id — wg be the complementary projection. Then for all B € B,

7p: LY(B) — L%(B) is bounded, with
175 (PllLam) < (14 Co)llfllzaes)- (2.18)

Furthermore, for all a with |a| <'s,
/ 2 - (7 f) () = 0.
B

Lemma 2.5. Let M be a (p,q,d) molecule centered at x.
1. Then ||mjM||z1(s,) — 0 as j — oc.
2. Define g; = (7p,M)15, = (M —mp,M)1p,. Then g; — M in L' as j — oo,

We now show that every (p, ¢, d) molecule is in H?(R"), and that its HP-norm is

dominated by its molecular norm.

Theorem 2.3. Let (p,q, s) be a admissible triple and let d satisfy (2.13). Then there

is a constnat C such that for all (p,q,d) molecules M, we have |M||g» < CN(M).

Proof. Let M be a (p, q,d) molecule. Without loss of generality, we assume N (M) =

1M1 M (u)p(u) ]| = 1. Define o by

Mg =007,
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and choose k € Z such that b* < ¢ < b**!. From the previous lemmas, we have the

following expression for M, with convergence in L'

M =gi+ > (g1 — 95)-

j=k

Note that for each j, g; has vanishing moments of order up to s, and has compact

support. We will decompose M as follows:

gk = pax and gj+1 — 9j = pjay,

where (p17)52, € [P has a uniform norm independent of M and (a;)32, is a sequence
of (p,q,s) atoms.

We start with g, = (M — 1, M)1p,. With Cj as in Proposition 2.4,
gkllzay < M lzos,) + 1T Loy < (14 Co)|M]|as,)-

Scaling the measure, we obtain

qu

1/q
X — T < 1 O M q T .
ooy = ([l ) < 0 ol

1 1 1 1
Note that because % — % < 0, we have 0 > bF = ga7» < pHan), Continuing our

estimate using the definition of o, we have

1_1

1M || o ey = [Bel ™9 M g = | Be| ™00

dx
[Bp|

<|Bil 4 [Bel7 7 = | Bl
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Therefore we have:

‘B\»—-

1_
lgxllq < (14 Co)|Bi|s™

which gives g, = prar where ay is a (p,q, s) atom and pp = 1+ Cy. For j > k, we
have

9iv1— 95 =1p, \s,M — 7, M +7p, M.

We start with the first term.

p(z)\ ™ v
= 1Byl (/ M@l (45) dx)
Bj+1\B;

1/q
= 1Byl ( / \M(x)\qpm)dqu)
Bj+1\B;

_1 _ 1 0—1
< b Bya| 7 Byl M (2)p(w) |y = b By "7 Ml

||M]‘Bj+1\Bj ”Lq(‘Bd

=0'B; +1‘_r ola T = = bv%|B;, |_§_d0d(1*9)

< bd’BjH‘—%—db(kH)d(ke) _ bd|B e SpUAD G5 —d) p(k+1)d(1-0)

= v'|B; +1|f%b(kz—j>d(1—9)‘
Setting a = d(1 — @) > 0, we obtain
|15, 5, g < bY[Bja |1 rbU D),
Next, we estimate 7, M. It is given by

7TB;"]w(x (/ M Qa(A ]u)du> Qa(A Jx)-

la|<s
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By Minkowski’s inequality,

178, M| La(s;) < Z b~

lal<s

||DZJQ01||LQ(BJ‘)'

L@Mw@xﬁaw

Let C(Q) a uniform bound for ||Qa|lre(,)- By a change of variables, we have

H‘ngQaHLq(Bj) = b%HQaHLq(BO) < C(Q)b%. Next, since M has vanishing moments,
1,01 _

and a + ? = 1,

M (u)Quo (A u)du

(LM@@EFEM

= /. M (u)]|Qa(A™u)|du

Cc
Bj

<C@Q [ IM(u)||A™ul'du < C(Q)ea . | M (u)|p(A™7u)*** du

The first integral in the last expression can be computed as follows:

1/q »
( . IM(U)I"/J(U)dqu> < M (z)p(x) |y = [IM]l¢"

— i) = -0 < a0 _ g

The second integral from Holder’s inequality can be computated directly as a

geometric series. With with C' a constant depending only on A,q,s, and d, and
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d>sC1— %, we have

[ otwesta=y

j m+1\Bm

p(u)q’(s<+—d) du

=(b-1) Z pr(1+4’ (s¢ —d))

m=j

=(b— 1)bj(1+q’(SC+*d)) Z pm(i+d (sCr—d))

m=0

_ Oy (¢ —d)

Therefore,

1/q
(/ p(u)ql(SCer)du) — ij(l—%—l-s@r—d).

J

This gives

< COb—Js6+ prapi(l=5+sC—d) _ cpkapi(i=5—d)

/ M@ T

Going back to mp, M, we have

7, M| e < CHbFp 0 a=Dpi = CpidpHa

— oGPy G Dpddyk(-a) — o5 pli—k)(—a).
Finally, going back to g;+1 — g;, we have

19501 = gilla < (1M 1p,08;llg + 78, Mllg + 75, M|l

< C,Bﬁl‘%—%b(jfk)(fa).
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Therefore if j > k, g;11 — g; = pja;, with p; = CbU=¥(=9) and where a; is a (p, ¢, s)

atom supported on Bj;;. Summing the coefficients, we have

C

P = CPh% = (1 + Cp) + ————.
Zl;‘:u]| /’Lk+z ( + 0)+1_b_ap

j= j=1

All together, we have shown that a (p, ¢, d) molecule is also in HP(R™), with

[M|[» < CN(M),

with C' depending only on A, p, ¢, s,d and the cube ), and is independent of M. This

completes our proof of Theorem (2.3).

65

]



CHAPTER III

ANISOTROPIC MULTIPLIER THEOREMS

We now extend the theorems of Taibleson and Weiss [TW80] and Baernstein and
Sawyer [BS85] to the anisotropic setting. Aside from these two results, there are other
multiplier conditions in both the isotropic (classical) and anisotropic setting. In the
isotropic setting, we can define the Mihlin condition of order s if s = {n(% + %)J +1,

and m € C*(R™\{0}) has the property that for all v such that |y| < s,
0 m(€)] < C,lel 7M.

This pointwise Mihlin condition implies Hérmander’s condition (1.6) and is strong
enough for the associated multiplier operator to be bounded on Triebel-Lizorkin
spaces F;’q (see Peetre [Pee75]). Table 3.1 summarizes the three multiplier conditions,
in the order that increases the class of multipliers.

TABLE 3.1. Classical Multiplier Theorems

-
Condition Mihlin of = Hormander of < KS’Q = K ° e
order s order s
T,, bounded on B;}’q and F;’q H? H? HP
Reference [PeeT5] [TWS80] [CTT75] [BS85]

The arrows in the first row mean the Mihlin condition of order s implies the

Hormander condition of order s, which is equivalent to the Herz condition K. 25’2, which

(%_1)717

implies the Herz condition K T , making the last condition the most general.
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In the anisotropic setting, Ding and Lan [DLO06] were the first to study
the multiplier problem, obtaining multiplier theorems associated with expansive
symmetric matrices, extending the argument of [BS85]. Our Theorem 3.2 removes
the requirement that the matrices be symmetric. Benyi and Bownik [BB10] used the
anisotropic Mihlin condition on bounded symbols associated with pseudodifferential
operators. Our Theorem 3.1 is closely related to their result, though we require
minimal regularity requirement on m.

In an attempt to adapt the classical proof to the anisotropic setting, we run
into significant problems. Theorem 1.7 of Taibleson and Weiss uses molecules, which
can be defined in both time and frequency domains by the Fourier transform. This
is possible due to Parseval’s identity and the relationship between smoothness and
decay under the Fourier transform: For «, there exists a constant C' depending only

on n and « such that

[15)-avpdn = [lorfo)pas

In the anisotropic setting, the generalization of the Euclidean norm |z| to the
quasinorm p(z) destroys much of this symmetry, and more care is needed to relate
decay (now measured by p) to smoothness (still measured by 0%).

Another hurdle is the reliance on the chain rule: For j € 7Z,

0°(f(2x)) = 21907 f)(2 ().

But if we replace 27z by Ax where A is a matrix, then we do not have a usable
algebraic formula to carry out our analysis. We can get around this if we know,

roughly speaking, that A has small operator norm.
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The main hurdle regarding the theorems of Baernstein and Sawyer is their use
of the characterization of classical H? in terms of Riesz transforms (due to Stein and
Weiss [SW68]) in extending the boundedness of T': H? — LP to T : H? — HP. But
this singular integral characterization of H? is not available in the anisotropic setting,
as there are no analogues of the Riesz transforms.

Because of these considerations, we will only be able to adapt some of the results
in the isotropic setting. Specifically, we are unable to reinterpret molecules in the
frequency domain. Instead, we start with a multiplier m and study K = rh. This
analysis will provide the first multiplier theorem. The second multiplier theorem is
restricted to the setting of 7' : H} — LP due to the the aforementioned difficulty of

obtaining a singular integral characterization of HP.

3.1. Two Anisotropic Multiplier Theorems

We now present the two multiplier theorems. We first observe that if A* is the
adjoint of A, then A* is also a dilation matrix with its own anisotropic ellipsoids
{B;}. The anisotropic Mihlin condition first appeared in [BB10]. Since we will be
working in both the time and frequency domain, we will generally reserve £ for the
independent variable in the frequency domain, and 0¢ denotes differentiation with

respect to &.

Definition 3.1. Let N € NU {0} and let m € CV(R"\{0}). We say m has the
anisotropic Mihlin condition of order N if there exists a constant C' = C'yy such that

for all multi-indices 3 such that |3| < N, all j € Z, and all { € B}, |\B,

D20, D%.m()| < C. (3.1)
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Theorem 3.1. Let N € N and suppose m satisfies the Mihlin condition of order N

and T,, : HY(R™) — HY(R™) is the corresponding multiplier operator, and denote

L= (Nkff;b’ — 1> lé‘;gi. Then T,, is bounded on HY provided

1 log \_)?
o<t qopoeer)”
D log blog A\
For our second multiplier theorem, we introduce the anisotropic Herz spaces.
Recall for a fixed annulus {B;};cz, the associated annuli are given by A; = B;1\B;

for all j € Z.

Definition 3.2. Let a € [1,00], let s € [0,00), and let § € (0,00]. If f €

L (R™\{0}), we define the anisotropic Herz norm by

[e.9]

ke = 2 ( /A k |f<x>radx)§b’fsﬁ, (3.2)

k=—o00

/]

and define

11l = N l[za + 1]

Let w: NU{0} — [1,00) be an increasing sequence, that is, w(k) < w(k + 1) for all

k. For f € L'(R"), we define

Il = [ \ftalas+ fj (/. 1) win (3.4)

Then K(w) = {f € L"(R") : || fllkw) < oo} is the weighted Herz space.

We define Ay, = Byi1\By the k' annulus. We fix ¢ € S such that ¢ € C°(R"),

is supported on B}\B*,, with values in [0, 1], and such that for all £ # 0, we have
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> ez YA€) = 1. We also fix i) € S such that ) € C°(R"), supported on Bi\B*,,

with values in [0,1], such that on B}\B*,, we have 7j(¢) = 1. Trivially, 7)) = t. Let

a be a (p, 2, s) atom supported on the ellipsoid By, and define f = (ma)”, and
m;(€) = m(AYENE),  fi = (my), (3.5)
a;(6) = a(A7P(E), g5 = (ay)". (3.6)

Recall the identity & FD 4 (f; * g;)(&) = m(§)n(A*7) - a(&)(A*7). Then we have
(ma)(x) =YV (f;* g;)(Ax). (3.7)

Theorem 3.2. Let m be a measurable function and let T, f = (fm)v be its multiplier

operator.

1. Letp € (0,1). Then T,, : H} — L” is bounded provided m satisfies

sup || (my)"| 1_., < oo (3.8)
JEZL K

— 1
2. Let w: NU{0} — [1,00) be an increasing sequence satisfying g (k) < 0.
w
k=0

Then T, : Hy — L' is bounded provided m satisfies

sup [[(m;)" | ) < 0. (3.9)
JEZ

3.1.1. Proof of Theorem (3.1)

We now prove Theorem (3.1). Unlike the classical multiplier theorem of Taibleson

and Weiss, most of our analysis will take place in the time domain. Starting with m,
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we will show that K = m has enough regularity so that Tf = K * f is bounded on
HY.

Definition 3.3. Let (p,q, s) be admissible and let R € N satisfy

1 logh log A\,
p 1 1
R>max{<p )logA_’SlogA_}7 (3.10)

and let K € CR(R"\{0}). We say K is a Calderén-Zygmund convolution kernel of
order R if there exists a constant C' such that for all multi-indices a with |o| < R,

and all k € Z, x € Byy1\ By,

D FODE K ()| < T (3.11)

C
If K is such a kernel, we say K satisfies (CZC-R) and its associated singular integral

operator T' is defined by T'f = K * f.

The following lemma first appears as Theorem 9.8 of [Bow03] for the more
general Calderon-Zygmund operators. We give an alternate proof using the molecular

decomposition of HY.

Lemma 3.1. Let R € N. Suppose T is a singular integral operator whose kernel K is
a Calderén-Zygmund convolution kernel of order R. Then T : HY — H" is bounded
provided p satisfies

1 (log X_)?
0<-—-1<R|—F—— . 3.12
< P < (logblog Ay ( )

Proof. Let p satisfy the above inequality and (p,q,s) is an admissible triple. We
will show there exists a constant C' such that for all (p,q,s) atoms a, Ta is a

molecule with N(T'a) < C. Once this uniform bound is established, Lemma 2.3
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implies ||T'a|[z» < C, which establishes the boundedness of 7" on HY. To bound the

molecular norm N(Ta) = ||Tal|}~?||p(x —x0)*Ta(x)||%, we first note that as a singular
integral operator, T" is bounded from L7 to L9 for ¢ > 1. There is a C, depending

only on T', ¢, and 6, such that
ITall;" < Cllally* < cora 07,
where C' = C(T, q,0). By Minkowski’s inequality:

lp(a — z0)Ta(a)ll, < ( [ e %)dw)wdz) )

0+B'r+2w

1/q
+ </ |p<l’ - Zﬁo)quCL((L’”qdl’) = Il + [2
(IO+BT+2w)C

where we denote the two integrals by I; and I, respectively. The estimate for [; is

immediate:

11

1/q
I < b (/ ITa(x)lqdi”) < b2 | T, < CTop®y G = cTop I,
1'0+Br+2w

To estimate I, we require the following pointwise estimate from [Bow03, Lemma
9.5]: Suppose T is a singular integral operator whose kernel k is (CZC-R), with R
satisfying (3.10). Then there exists a constant C' such that for every (p, ¢, s) atom a

with support zg + B,, all | > 0 and = € x¢ + (B 1901\ Briitow),

|Ta(z)] < Cb B4 B,|~1/P. (3.13)
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With this estimate, we have

I = / p(& — 2,)%|Ta(z)|"dz
=0 Y To+(Bri2w+j+1\Bri2w+j)
<Cbh v Z pIalHRC) </ plx — xg)dqu)
]:0 $0+Br+2w+j+1\B'r+2w+j
—Cb 7 Z p—Ia(IHRE) p(dat 1) (r+2w+i) _ oprda+1-1) Z pi(da+1—q(1+R¢))
j=0 J=0

The geometric series converges exactly when R satisfies (3.12). Taking the power 6/q

on both sides, we have
(e o) Ta(z) [} < OB/,
Going back to the molecular norm,
N(Ta) < Op*a ) -0pk0d+-3) — o

as the exponent is exactly 0. [

Theorem 3.1 follows from the following lemma that relates the relationship

between m and K = rn.

Lemma 3.2. Suppose m satisfies the Mihlin condition of order N and let K =
m. Then K is a Calderon-Zygmund convolution kernel of order R provided R € N

satisfies

(3.14)
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Proof. Let m satisfy the Mihlin condition of order N and let R satisfy (3.14). We
will show that K = is the kernel of a Calderén-Zygmund operator of order R. Fix

¥ € S(R") such that ¥ is supported on B\B*,, and for all £ # 0,

> (AT =1

JEL
By setting W;(z) = bW (A’z), we have the identity ¥ (&) = D;70(€) = U((A*)79)¢),
and @; is supported on B}, ,\B; ;. We define m; = mlflj, which is supported on

B3, ,\Bj_,, and define K; = (m;)". Then we have immediate convergences:

m = E m; pointwise and in S,
JET

K=Y K;inS

JEZ.

We’ll see that the equality for K also holds pointwise.
We make the following reductions to prove the (CZC-R) condition (3.11). First,

it suffices to show that for all g such that || < R,k € Z,x € B\ By,

o C
02 DK (2)| < o

Second, this will follow from the absolute convergence
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Lastly, it suffices to prove the above convergence for k = 0:

D K ()] < C. (3.15)

JEZ

Indeed, if k¥ € Z, and m has the Mihlin property, then so does D¥.m, with the same

constant C. Therefore if £ € BY,,\B7, then A*¢ € Bj 111\Bj-
(D! 0 DIy )(Dhm)(€)] = (DI 0 DI m(A™¢)] < Cp.

To prove (3.15), we decompose the sum using a well-chosen integer M, which

*
max

will depend on how close R is to L. Denote A as the eigenvalue of A* with the

largest norm and || - ||op is the operator norm on R™ — R". By the spectral theorem,
* : *7111/7
)\max = hm SU.p ||A JHO}/)]‘
j—o00

Let € > 0. Then there exists an integer M > 0 such that for all j > M,

JAY (YT < (14 €)Xy < (1+ €Ay

max

With this M, we write

ST 102K (@) = ST 100K ()] + S 0K (2)] = Si + S

JEZL <M j>M

We call S, and Sy the low and high spatial terms, respectively. Starting with the

high spatial terms, we fix j > M and = € B_1\By. Then we can fix another multi-

index « satisfying |a| = N such that there exists a constant ¢ depending only on n

such that [(A7z)%| > c|A%z|". This can be done by picking a = Ne; where ¢; is the
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i unit vector in the canonical basis of R™ and the direction i is where A7z has the

largest value in norm. Define w(u) = (A%u)?m(A*u)¥(u). Using Parseval’s identity,

integration by parts, and a change of variables, we have

i(AJ
e27rz(A x,u)

LR = et [ (o))

BI\BZ,

which we estimate using the bound from the spectral theorem.
Ifa=(a1,...,0,) and v = (71,...,7,) are two multi-indices, we say v < « if

for each 7, 1 <i < n, v < a;. We also define the binomial coefficients by

/y .« . - .

@ o)) =3 () oD 9)(w) (A, (3.16)

<«

By another application of the product rule, we have a uniform constant ¢, independent

of m, j, u such that

I, < ¢ sup |0° Do) (u)| = ¢ sup |(D;19° DYom)(A9u)| < .
<y <y

We now bound I,. With v € Bj\B*;, elementary considerations from expressing
(A*u)# as a sum of monomials show that there exists ¢ depending only on N, such

that by our choice of M and 7 > M,
L = |07(AYu)?| < of| AV < eV (1 + ),
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Combining our estimates of I; and I, in (3.16), we have a constant C', depending on

the past constants, such that

(0 w)(u)] < CONL (L + ).

Then we have

(N (1 +€)/ B (AL (1 + ¢))f
=C ( A7 ) = ( e ) '

Note that with our choice of a and (1.11), we can sum |0°K;(z)| for j > M if

bAL(L+ )
plalc_

Nlog A_ log b
<1 that is, 18| < (L — 1> °8
log(

log b N (1+4¢€)

Indeed, for || < R, there exists € > 0 such that the series below converges: For C

depending only on A,n, V¥, 3, M, we have

x x (14 AN
> erwize Y () <o
j=M+1 j=M+1

Turning our attention to S, we start with Parseval’s identity and a change of

variables. With C' a dimensional constant, we have

07 F(w)] =

/ (2mi€)Pm;(€)e*™ =) dg
Bi i \Bj_,

' ' ' CHUHBIH) if >0
< ch/ [(A0)P| - |mj (A¥u)| du <
Bi\B* | S~ Y —

71 J CHUIHBIC) if j < 0.
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Indeed, for w in the unit annulus and A¥u € B \Bi_;, Ji < c|A9u|lfl <
CH% p,(u)*, with the eccentricity ¢+ depending on the sign of j. Since m € L*
and Jy < C(m, V), we obtain the above estimate. Returning to Sy, we have a

constant C', depending only on n, A, N, W, M such that

Sp < D OK ()| + Y 100K ()] < € 3 IO 4 0N Ty < ¢y,
Jj=—00 Jj=0 j=—00 j=0

with Cy = Cy(n, A, N, ¥, M). This completes the estimate (3.15), and the proof of

this theorem. O

Proof of Theorem 3.1. Let m be satisfy the Mihlin condition of order N. Recall that

we defined

I Nlog)\, 9 log b .
log b log Ay

If L is not an integer, [L] —1 < L. By Lemma (3.2), K = m is a (CZC-R) kernel
with R = [L] — 1. Using this value of R in Lemma 3.1, we obtain the first range
of p on which T : HY}, — H| is bounded. Similarly, if L is an integer, then we take

R =L — 1. This gives the second range of p. O]

3.2. Proof of Theorem 3.2

We need two lemmas that provide estimates for g;. We will defer the proofs to

the last section.
Lemma 3.3. Letr > 0.

1. There exists a constant Cy, depending only on A, s, ¥, r, such that for all 7 <0

and x € R",
pi(s+1)¢-
gi(x)| < Ci————.
A e
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2. There exists a constant Cy, depending only on A, p,r, such that for all j > 0,

Sk for all x,
<]

oy

forx € Bj

1_17 )
Lemma 3.4. Let p € (0,1), let j > 0, let r > zl)’ and g € K{ " Then there exists

a constant Cs3, depending only on A,r,p, such that if Q € L'(R") satisfies | Q|| < 1

1
and |Q(z)| £ —— if v € BY,,, then
p(x)
o0 p
> ([ o @) sen <o,
k=j+2w Ak K"

We make one more important observation. By a simple application of Holder’s

inequality, there is a constant C', depending only on b and p, such that

111 = 3 ( [ s |dx)p (/ k d) =l .,

keZ

Then we have

1fllze < C, O xrse (3.17)

Proof of Theorem 3.2 for p < 1. In light of (3.17), it suffices to prove the following

estimate for all unit (p, 2, s) atoms a, that is, atoms supported on Bj:

p
T’ ,, = = ( / )]da:) P < ¢, (3.18)

kEZ
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To simplify our proof, we may assume sup ||(m;)"| 1, =1 By the definition, for
JEZ K

all j € Z, we have

1)l v = 10mg) s +11(my) 4y < 1.

1 1

We split the sum in (3.18) into the cases k < 2w —1 and k > 2w. If k < 2w —1, there

is a constant Cj,,,, depending only on b and m, such that by Holder’s inequality,

/Bzw [(ma)Y (x)|dz < (/ng |(m&)v(x)|2dx> 2 | By |2

1/2
<i ([ mi©aoPd) < i

Then we have C = C(A,p, m) so that

2w C

Z(/A |(m )()|dx) b’“(l‘p)<02b’“? o

k=—00 k k=—o0

Now fix k > 2w. We use (3.7) to decompose the integral in the k* term of the sum.

/Aku #)ldz < Z/ 5% 9)(w)ldy

j=—o00/ Ak+j
—k+2w—1

EEES D0 NI

j=—o00 j=—k+2w 7=1

We denote the three sums by ag, [, and ~; respectively. Summing over k,

S ([l ae) 00 < Y o+ g ook
k=20 N Ak k=2u

=) ot N g ) Z APPHIP) = G+ Gy 4 S,
k=2w k=2w k=2w
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To estimate S,, for each k, we apply Part 1 of Lemma 3.3 to ay, with 5 < 0 and
1
r large enough so that the integral / ————dx is finite. Then there exists a

re (14 p(2))"
constant C,,, depending only on A and r so that

—k+2w —k+2w —k+2w

w= Y [ Gl < 3 15l lols < S ol
j=—00 Altj j=—00 j=—00
. —k+2w pi(s+1)¢- ; o _k+2wbj(s+1)(f —
< ———dxr < “
- “jz_:m/n (1+p(a) ™~ ‘“;m

Summing over k > 2w, and by the fact that (s + 1)(_ > }D — 1, we have a constant

C =C(A,p,s,r) so that

S, <C, Z pp(—k+2w)(s+1)C-)+k(1-p) <

k=2w

We estimate the sum S,:

J/

To estimate [j, observe that since 7 > 1 and r > 0, Part 2 of Lemma 3.3 gives
V2 g;(y)| < S o7 iy € Bjia. Up to a general constant ¢, we can apply Lemma 3.4
19,
with Q = Cb]/2gj so ||Q|lzr <1, and usingf; € K¥ " we see that L<CIfHIP .,
Kf

Then since HfjHK%,M, <1,and 1—1% > 0, there exists a constant C;, depending only
1

on A, r,p so that
oo
S’y < C’YZ ||fj||p 1" p=i(1=2) < Cv-
1 KP
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Lastly, we estimate Sg.

[e’e) 0 p 0 oo »
SRS (/A |fj*gj(y)|dy> PO = N N (/A yfj*gj|dy> pe(-)
hH ket

k=2w j=—k+2w j=—00 k=2w—j

0 00 P
= Z p—i(1=p) Z pt(1=p) (/ If; % gj|dyb—j(8+1)é) pip(s+1)¢-
Jj=—00 é:?w Ae

-~
Jj

We estimate .J; using Part 1 of Lemma 3.3 to obtain b=7(+1¢- g (y)| < p(;)T. Setting

Q = bj(5+1)<*gj in Lemma 3.4 gives a constant C, depending only on A, p,r such

that J; < C||f;|I” 1, < Cp. Inserting this into the above sum, we obtain another
KPP

uniform bound Cj, also dependent on A, p,r, so that Sg < Cj3. This completes our

estimate on S and our proof of (3.18). O

Proof of Theorem 3.2 for p = 1. Asin the case p < 1, it suffices to prove the following

uniform bound for all (1,2, s) atoms a supported on B;:
[(ma) |l = [l < C. (3.19)
We again make the following reductions. We suppose m satisfies

sup | (m)" | rw) = 1. (3.20)

JEZL

Then by our definition (3.4), our assumption that w(k) > 1so for all j € Z, and for

all j, we have ||m;||pe < ||(m;)"| 2 <1

£l < Wil = 1(m) e <1 and [l < 1. (3.21)
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In estimating ||f||z1, we will repeatedly peel away ‘low-spatial’ terms, each of
which is relatively simple to estimate, until we arrive at the term Y7, ||g; H%l( Be) To
start, || fllr = [[fll21(B.w) + [Ifll1(Bg,), the first low-spatial term is the integral over

B,,,. By Hélder’s inequality, there is a constant C', depending on A, m, such that

1/2 1/2
Il < ([ 1f@ra) = ([ maera) <c

To continue our estimate on the integral |[f|z1(Bs ), we use (3.7) to obtain the

pointwise decomposition of f:

Z V(f;*g;)(Alx —|—ij fi* g;)(Az).
7=1

j_—OO

We denote the above two sums by f; and fy respectively. By Holder’s inequality,

0 0
/BC fr@)de < Y M fillallggll < ) llgsllor

2w j=—00 j=—00

Since j < 0, and taking r > 1, Part 1 of Lemma 3.3 gives a constant C, depending

on Cq,r, A, s such that

pi(s+1)C- .
;1 = (2)|de < C | —————dx = CHETI-,
ol = [ las@ir < ¢ [ s

which implies

0 0
/ fr@lde <C Y gl <€ Y peIe <

j=—o0 j=—o0
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To continue our estimate for the integral over fg, we give a pointwise estimate to the

convolution f; x g;. For k € Z, we define two integers ay, as, by

ar(k) = Lk—w—urwJ

log b

as(k) = max{|k + log(1 +b“) |, k + 2w}.
Observe that a; — a; is a constant independent of k. Then

D (3.22)

por—hw=l > e, (3.23)

By a change of variables, we have

[, lnte |dx<ZZ/ % 0)(W)ldy

7=1 k=j+2w
5&
>y ( [ 15t - s [ |fj(2)gj(y—2)ld2>
=1 k= ]—I—Qw s
—l—Z Z |fi(2)g;(y — 2)|dz.
7=1 k=j+2w BaQ Ba,
52

We start with S;. Let r > 0, and fix z € B,, and y € By. Then by (3.22), we can

apply Lemma 3.3 on g; to obtain

1
|gj(y - Z)| S plk—w—D)r
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For the integral over B,g, we fix and z € B;,,y € By. Then by Lemma 3.3 again, we

have

1
l9i(y = 2)| S pl—wyr

These estimates, combined with (3.21), give

[(f;* g) W) < CO™ +|(Fi1Buy)\Ba, * 971 W))-

Define J(I,j) = [ A |fjldy, with as — a; depending only on w, b and independent of k.

Then integrating over Ay, we have

e ~k(r-1) (Do (u — Dde
/Ak|(fy )W)y < b +/Ak (/B\ et >|d>dy

az
< pRrD 4 </ \ |fj(y)|dy> lgller =7+ > 2(0) llgslle
Bay\Ba,

l=aq

Returning to S;, we then have a constant C' depending only on A,b,r, s and C and

Cy from Lemma 3.3 and 3.4 such that

51<Zcbf+ Z Zuy ||gj||L1<C+OZ||gj||L1 Z J(k, j).

k=j42w l=a1 k=j4+2w

Note that in the last inequality, we changed the index from J(,j) to J(k,j), since
[ runs over a fixed range, regardless of what k is. We rewrite Sy using the same

reasoning:

Z iZ/ 1£i(2)g;(y _Z|dZ<CZ”gJHL1 Z J(k, j).

k=j+2w j=1 l=a1 k=j+2w
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By the condition on our weight w and the definition of the Herz norm of f; (3.4), we

have

In light of this, we can combine the estimates on S; and Sy to obtain

J

. 1/2 o 1/2
|[fu(x)lde < S+ 8, < C+C (Z IIQjIIil> /wle <C+C (Z ||gj||%1> :

c - -
j+2w j=1 j=1

We now prove a uniform estimate for the sum » ™, ||g;|7., starting with Hélder’s

inequality to obtain the following decomposition for each g;:

Sl =3 oy +3- oy 2 (3ol ) (Slliay)
j= j= j= j= j=

g

G1 G2

We will prove that G7 and G5 are uniformly bounded. As has been the case in this
proof, the estimate on the low-spatial sum (G is immediate. We recall that ¢ is a
smooth function defined on the annulus B}\B*,. By Hélder and Parseval’s identity,

we have a constant C' depending only on ¢ and A such that

a((A)E)p(&)[2dg < C / a(u) .

Bji\Bj_,

.
Y(Bj) =
o0y <V [

Bi\BZ,
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Summing over j, we have

G = anjnu <OZ / W Pdu < 2Ca %,
J+1 J 1

which is uniformly bounded. It remains to estimate Gy. If we fix j > 1 and set

q = sC_, we have a constant C' depending only on A and ¢ such that

1121y = ( | igj<x>|%dx> < [ lo@Powds [ o) i

< [ g ) Pole) e
5;

(3.24)

This last integral will be estimated by exploiting the fact that g; has compact support
in the frequency domain. By the same constant above, we use a change of variables

and (2.9) and obtain

19; ()P p(z)*dz = b1 [ |6 DYy g;) () [P p(y)*dy

c c
Bj B§

<oyt 37 [ o Dlg e (3.25)

|al=s

et 37 [ jor D)) P,
|or|=s
To motivate the expression in the present form, we first write:

G;(&) = a((A)E)psi(€) = Dy2g;(€) = a(&)P(A™7¢).
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Applying the differential 9%, the product rule gives

(g) 9%a() - [ ((A)E)] D 2

0% (DA g;)(€)) < (Z

B<a
(Sl ) (goer)

<c (sup |av[pfsz'<<A*-f>s>]|2) S 0%

<« B<a

< Clp: pr (6 D 10%a(9)

B

Thus, the dilation operator is moved from a to 1. Integrating over R", we have

[ e >\2dssc/ S (0% P = 0y / RGKE

BJ+1 - 1 B<a B<a

(3.26)

Plugging (3.26) into (3.25), we have

/ sl <c Y [ waepe ea)

la|=s B<a Y Bi+1\Bj-1
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Let C, denote a dimensional constant. Since a is supported on Bj, the integral

5, la(z)]?dz < C\,. We can now finish our estimate on Gy. By (3.24) and (3.27),

o Dlolbn <0 5 (01| et
Jj=1 b

<y (T Y / %a(e)|de

j=1 |al=s BLa +1\BJ 1

<CZZ/\ 10%a(¢ |d§<CZ/\85 )|2de

J=118|<s 1BI<s

= (' sup ((a(x) - 2°)Pdz < Csup [ |a(x)]? |2[*"dz < CC(n)|al?: < CC,.

|B]<s JR™ m<s JRn

This concludes the proof of Theorem 3.2. O

3.3. Proof of Lemmas 3.3 and 3.4

Proof of Lemma 3.3. Let j < 0. Let T(u) be the degree s Taylor polynomial of

u — (r — u), centered at the origin. We express g;(x) as follows:

(@) = (0))"(2) = (D) + 0)(a) = [ (D) (e — u)du
_ / b DAl — u)du = b /B (A (9 — )~ T(w) du.

Since j < 0, with L being line between 0 and u € Bj, the remainder term R(u)

satisfies the following estimates, with Cs a constant depending only on s:

R(w)] < Cuful"* sup sup|@(b(z — 2))], with
|B|=s+1 2€L

Cs < Cs
(I+plx—=2)" = (L4 plz)"

07 (W (x — 2))] <
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By the vanishing moments condition on the atom, we continue the estimate (3.28):

i du s > du
gi(x §/ a(A 7w Ru—.gC/ a(A7u)|—m———
)< [ Jatarmir@ <o [ ety

C / . du

< a(A7)| - plu)ETHe-—

(1 + p(x))r ( B | ( )| ( ) b]

B (s+1)¢- pi(s+1)¢-
<(C——"—— a(y)|dy < CHY/?—no—.
T+ o) Js "V 0+ @)y

This gives the first estimate. For the second estimate, we fix j > 0. For a general
x € R™, we apply Holder’s inequality to (3.28), which gives a constant C' depending

only on ¢ and b such that

1/2
9,(2)| = <5 ([ wrvar) < con

By

1 —J
E/B» a(A7u)p(z — u)du

j+1

If x € B]C-H, there exists R > j + 1 > 1 such that € Bry1\Bg. Then if y € B4,

we have
plox —y) > b2 that is, r—y€ By 4. (3.28)

Returning to estimating g;, we have

1/2
lg5(@)] < b2 </ (e - u>|2du>
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With z,y asin (3.28), since x—y € BS_,_,, along with¢ € S, and ' =r+1/2 > 1/2,

we have a constant C, depending only on A, r, and ' such that

/ [ (x —y)Pdy < / | (u)|*du < C ——du=C Z / b2 dus
Bj+1 ¢ B}c?/iw71 p(

i=R—w Y Bi+1\Bi

Rowo1
_ CZ ;w pii=2r) _ 1 - ;1—%' p(1=2r")R _ cpRO-2r") _ p(x)cz’r'—w
the above sum converges. Then we have
0] S oy = o
completing the proof of lemma 3.3. n
Proof of Lemma 3.4. Fix such a .  Without loss of generality, we assume
lgll 1., = 1. Then it suffices to prove the existence of a uniform constant C,

independent of g and (), such that

[e.o]

> ([ rewie) v <c.
Ag

k=j7+2w

which will follow from the following pointwise estimate on (g * Q)(z). Define J(I) =

fA lg(y)|dy. If © € Ay and k > j + 2w, then we claim there exists C' = C'(b,w,r)

such that
az—1
(g% Q)(x)] < C b2 ZJ +ZJ Tl Y / x—y)dyu.
l=—0c0 l=asy l=a1+1

(3.29)
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Indeed, assuming (3.29) holds, we integrate g % () over the annulus Ay:

as—1
/ |<g*cz><x>|dx§c/ <bk DRI REEDS / x—y)ddex
Ap A l=—00 l=as l=a1+1
az—1
l=a> l=a1+1

We define the following;:

P, = " r(k— 2w)bk’

Py = i J(1)b~

l=as

P = ail/A< —y)!dy>dw

l=a1+1

Summing over k, we have

[e.o]

> ([ @) ver<e S v pp o
: A

k=j+2w k k=j+2w

o
To evaluate the sum Z bek(l_p), we note that r > 1—1) and k > 7+ 2w > 0. Then
k=74+2w
there is a constant C', depending only on w,r, p, and b, such that

Z bek(l—p) _ Z bpk—pr(k—2w)bk(1—p) — p2wrp Z bk(l—rp) <Oy,

k=2w k=j+2w k=j+2w

To evaluate the sum Z P?., we note that if r > % > land ! > ag, thenp—1—rp =
k=j+2w
p(1 —7r)—1<0is equivalent to [(p — 1 — rp) < as(p — 1 — rp). By the definition of
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as(k), there exists a constant ¢, depending only on b, r and w, such that

Y, PRyt <y (Z J(l)pb"“p(l‘“)bkp> 2 N () 2 gl el

k=j+2w k=j+2w \l=a2 k=j+2w l=a2
<c Z pFpaz(p—1=rp) (Z J(l)pbl(l—p)>
k=j+2w l=as
<o Y e, <o 3 gmomio
k=j+2w K k=j+2w
< max{ Z bkb(k+10g(1+b“’))(pflfrp)7 Z bkb(k+2w)(p1rp)} 7
k=j42w k=j+2w

Now in the first estimate, there is a constant C', depending only on b, w, r and p such

that the power of b is given by
k+k(p—1—rp)+log(l+b")(p—1—rp)=kp(l—r)+C.
In the second estimate, the power of b is given by
k4+k(p—1—rp)+2wip—1—rp)=kp(l—r)+C.

Since r > % > 1, both estimates lead to a uniform bound for ZZimw PLyF(-p),
We now estimate the sum »2° -, P/ b*(1-P) By Fubini and the fact that a; —ay

depend only on w, b, and the estimate in the lemma is proved.We have a constant C,
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depending only on w and b, such that

22 / / Ig(y)Q(as—y)|dydg;> pE(1-p)

> P = (

k=j+2w k=j+2w \l=a1+1
o0 ag 1
<> ( (/ l9(y Idy) HQHLl) prP)
k=j+2w \l=a1+1
az—1
Z (ZJ )b’“p<0 ZJ ()P0 1P) < C(w, b).
k=j4+2w \l=ai1+1 k=j4+2w

It remains to prove the pointwise estimate (3.29). We start with a simple

decomposition. With a; (k) and ay(k) as before, we have
as—1
IRCICED S RUCCENTED SRS SE o) O e
l=—o0 l=—c0 a1+l I=a2

and we denote the first two sums by S; and Sy, respectively. To estimate S, let
[ < a and let y € A;. We claim that p(x —y) > /. To prove this, we use the

anisotropic triangle inequality:

plz —y) > b7“p(a) — ply) = b= —b' > b=bF —p

Z bk(bfw . balfk) Z bkbfwfl Z bk72j Z b]

Then by our assumption on (), we have
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Returning to Sz, we have

1) Qe — y)dy| < Qz — ) - la(w)ldy
o Lo 2,

<Z |dy) r(k— 2w)_b r(k—2w) Z J

l=—00 l=—00

To estimate Sg, we let © € Ay, let [ > ay and let y € A;. We claim that p(z—y) > .

Indeed, starting with the anisotropic triangle inequality, we have

plz —y) > 07p(y) — p(x) = b=b" = b* > b7b2 — b

— bk<ba27k7w - 1) 2 bkbfw — bkfw Z bj+2w7w 2 b]

The condition on @ gives the estimate Q(z —y) < p(x—y Since as > k + 2w. Then

there exists ¢, depending only on A, such that

p(l‘ o y> Z bpr(y) o p(x) — bfwbl o bk Z bfwbl o ba272w Z bfwbl . bl72w7

1 c

SO < —~- We now complete our estimate on Sy:
ple —y) ~
- l9(y)]
|Su| = E / Q(z —y)dy| < / ———dy
= S ple—y)r

S CZ/ br(w— l) - i b_r(l_w)J l

l=az l=a2

This completes the proof of (3.29). ]
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CHAPTER IV

FOURIER TRANSFORM OF HY

4.1. Introduction

We now look at a well-known problem of the characterization of f for f € HP.
Coifman [Coi74a] characterized all such f on R using entire functions of exponential
type. In higher dimensions necessary conditions have been studied by a number of
authors [Col82, GCKO01, Tai66]. In particular, Taibleson and Weiss [GCKO01] showed
that for p € (0,1], the Fourier transform of f € HP(R™) is continuous and satisfies

the following estimate:

£ < Ol fllae €. (4.1)

This leads to the following consequences; see [GCRAF85, II1.7], [Tai66] for more
details. At the origin, the estimate (4.1) forces f € HP N L' to have vanishing
moments, as seen by the degree of 0 of f at the origin, illustrating the necessity of
the vanishing moments of the atoms. Away from the origin, the polynomial growth
is sharp, as given by an extension of the Hardy-Littlewood inequality for f € HP,

0<p<1,

1E]" =D f(&)|PdE < C| f15po- (4.2)

R"

The estimate (4.1) also sheds light on multiplier operators of H?. When paired with
the molecular characterization of H?, it shows that the multiplier operator T,, :

HP? — HP is bounded provided the multiplier m satisfies the (integral) Hérmander
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condition. On the other hand, if 7}, is any bounded multiplier operator on H?, then m
is necessarily continuous and bounded on R™\{0}. The main purpose of this chapter
is to extend (4.1) from the isotropic (classical) setting to anisotropic Hardy spaces
H"} associated with a dilation matrix A. We recall that the adjoint A* is a dilation

matrix, with its associated quasinorm p,.

Theorem 4.1. Let p € (0,1]. If f € HY(R"), then f is a continuous function and

satisfies

L < Ol Sl pul€)r™ (4.3)

with C' = C(A,p).

Theorem 4.1 leads to similar consequences as in the isotropic setting. At
the origin, we obtain a sharper order for the convergence of f(¢£) as & — 0.
This is given by Corollary 4.2, and shows the necessity of vanishing moments for
anisotropic atoms in HY. We then obtain necessary conditions for a function m to
be a multiplier on H%, given by Corollary 4.3. Lastly, we show in Corollary 4.4
that the function |f(€)[?p.(€)P~2 is integrable, which is a generalization of Hardy-
Littlewood’s inequality (4.2). In Theorem 4.5, we further improve this estimate using
rearrangement functions as in the work of Garcia-Cuerva and Kolyada [Tai66], though
we use a slightly different argument.

Lastly, the notion of an atom can be generalized to a molecule (See Theorem

2.3): A function f is a molecule localized around xy + By if it satisfies the above
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vanishing moment condition, and

1 1/f1
( If(ﬂs)lqdas) < C|B P,

’Bk‘ (E0+Bk

|f(x)| < C|Br| YPp(A™ (x — x0)) 70 for z € zo + BE.

All such molecules are in HY. In particular, f does not have to be compactly
supported, and any Schwartz function satisfying the wvanishing moments is

immediately such a molecule.

4.2. Proof of Theorem 4.1

To prepare for the following two lemmas, we recall two basic facts. If we define
the dilation operator by Da(f)(z) = f(Ax), then (2.9) states it commutes with the

Fourier transform by the following identity for all j € Z:
V(DL FDLI)E) = (©).

Second, the eccentricities of A* are the same as A, that is, (1.11) and (1.12) hold with

the same constants c4, (1, (_. Indeed, A* has the same eigenvalues as A.

Lemma 4.1. Let a be a (p,q,s) atom supported on xo + By for some xy € R" and
k € Z. Suppose « is a multi-indez, with || < s. There exists a constant C = C(s)

such that

0°(FDha)(€)] < Cb~ |l min{1, |¢]*~*+1}, (4.4)
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Proof. Without loss of generality, we can assume a is supported on By, so

supp(D¥a) C By. Fixing a multi-index |o| < s, we have

[0%(FDja)(8)] =

/ (—2miz)*(DEa)(z)e 20 dg |
Bo

Let T(z) be the degree s— || Taylor polynomial of the function z +— e~27@€) centered

at the origin. Using the vanishing moments of an atom, we have

[0*(FDha) ()] =

/(—2m’x)a(DZa)($)e_2m<z’5>dx
Bo

<0 [ plla(Aba)| e g Pt
By

dy s—lal+1y—
Ia(y)lb—k < O¢Emleltipra g,

_ ‘ /B (—QWix)“(D’f;a) (33) [6—2wi(x,€) _ T(Qj)} dx

< Cleple ozt a(Ar ) |de < c|§|s—oc|+1/

By By

The third line is a consequence of Taylor’s remainder formula. To obtain the other

estimate, we estimate without the Taylor approximation

<C [ |z|™a(A*z)|dx

By

0 (FDha)(e)| = ] [ omiey (Dha)we w0

<op* /B la(y)|dy < Cb*/9)[al,.
k

This completes the proof. n

Lemma 4.2. Let a be a (p,q,s) atom supported on x¢ + By for some xo € R™ and

k € Z. Then we have the following bound, with C' independent of a,

14(€)] < Cp (&), (4.5)
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Proof. Setting ov = 0, (4.4) reduces to the following estimate

(6] < CHFUYPpt IR p ()HDe for p.(€) < b7F, (46)
a(§)| < :
CpF-1/p) for all &.

Indeed, with (2.9) and setting o = 0 in (4.4),

()| = [ (FDha)(A™*¢))| < CbFb™ 1 ||afl, min(1, | A*F¢[*+)

< CYFO=VP) min(1, | A*R¢)sH.

This immediately yields the second estimate (4.6). To see the first estimate, we
take p.(£) < b~*, which is equivalent to A**¢ € Bj. Hence, by (1.11), |(A*)*¢)] <

cAb® p, (€)¢-. Thus,
[a(6)] < CH*IYP (0 p (£) ),

This shows (4.6), which we will use to prove (4.5).

If p.(€) < b7*, then

la(é)] < Cbk((l_l/p)+(s+l)<*)p*(g)(s'i‘l)él

< Cp*(5)—(1—1/p)—(s+1)cfp*(5)(s+1)g, _ C’p*(f)ﬁ_l,

In the second inequality we used the fact that 1 — % + (s+1)(_ >0, since (p, q, s) is

admissible. If p, (&) > b=, then by (4.6), we have
a(©)] < b < Cpu(e)r,
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where the last inequality holds since 1/p — 1 > 0. This completes the proof of the

lemma. O
We are now ready to prove Theorem 4.1 by extending (4.5) to every f € HY.

Proof of Theorem 4.1. Let f € H'. By the atomic decomposition of H%, we can find
coefficients (A;) and atoms (a;) such that f = > Na; (in Hj-norm) and 2||f|[z» >
|(Ai)|ler. This sum converges in H4-norm, which implies convergence in &’. So by
taking the Fourier transform on f, we have f = > Aidi, converging in §’. By (4.5)

and the fact that ()\;) € ¢,

oo

STl < ¢S Nl pu(€)r 7t < 2Cpu(€) 7|l < o0
=1

=1

Therefore, the sum f(f) = > . Na;(§) converges absolutely on R™. Furthermore,
on each compact set K, p.(§) is bounded by a constant C’ independent of a, so
the absolute convergence above is also uniform on each compact set K. With g;
infinitely differentiable (hence continuous) for all i, we conclude f (€) is continuous on

all compact sets K, and hence on R". O

4.3. Applications of Theorem 4.1

We now consider consequences of Theorem 4.1. The first corollary refines the
order of 0 at the origin, and the second gives necessary conditions on a multiplier
m on HY. The third corollary is the Hardy-Littlewood inequality on Hardy spaces,

which will be strengthened by a rearrangement argument.
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Corollary 4.2. Let f € H}(R"), 0 <p < 1. Then,
EEAL VR (4.7)

Proof. We start by verifying this on an atom a, with support By. By (4.6), if p.(§) <
b=, we have

a(&)| < Cbk(l—l/p)b(sH)k@p*(f)(sﬂ)@‘

Since s > [(1/p — 1)(_], this implies (s + 1){_ > é — 1. Therefore, we obtain (4.7)

for atoms;

Now if f € HY, we can decompose f =Y. \a;, for (\;) € ¢ and (p, ¢, s)-atoms q.

Thus,
FOI _ o~ _la©)
TN —|)‘z‘
pu(€)r ;p*(f) !

By (4.5) and the fact that (\;) € ¢!, we can apply the Dominated Convergence

B =

Theorem to the above sum (treated as an integral). Since each term in the sum goes

to 0 as £ — 0 we obtain (4.7). O

Corollary 4.3, which is a generalization of [GCRAF85, Theorem II1.7.31], gives a

necessary condition for multipliers on anisotropic Hardy spaces HY.

Corollary 4.3. Suppose m is a multiplier on HY, 0 < p < 1. That is, the following

operator is bounded:
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with M > 0 as the operator norm of T,,. Then, m is continuous on R"\{0} and

uniformly bounded with ||m||s < CM.

Proof. Fix 0 < p < 1. For k € Z, we denote fi(x) = b*/? f(A*z). Then, this dilation
is invariant under HY (and L) norm: || fxl|gz = |||l zz. Under the Fourier transform,

we have

~

fu(©) = GV f((A7)7Fe).

Then by (4.3), the following estimate holds for all k € Z,¢ € R,

m©F (A7) O] < OMI| 1w pu(€) 00,

If ¢ € By, \Bj, then (A*)7"¢ € BY\B§, and we have

[m(€) F((AT) )| < M| f -

This estimate will force m to be bounded if there exists f € H% such that f does
not vanish on the unit annulus Bj\Bj. Take g € C2°, supported on Bj\B*, such
that ¢ is identically 1 on By\Bj. Setting f =g, f is immediately in the Schwartz
class S, with vanishing moments of all order. In particular, f is a molecule for HY
(see Remark in [Bow03, Section 9]), hence f € H%. This shows that ||m||. < CM.
Moreover, by Theorem 4.1 the function & — m(&)f((A*)~*¢) is continuous for each

k € Z. Thus, m is continuous on R™\{0}. O

Corollary 4.4. If f € H{(R"), 0 <p <1, then
| 1F@F ey < Ol (4.8)
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Proof. Suppose a (p,2,s) atom a is supported on xg + By. We claim that

|a(§)[Pp.(E)P2dE < C. (4.9)

R

Indeed, by (4.6) we can estimate the integral on B*

J

For the integral outside of B*,, we use Holder’s inequality

* *
—k —k

(&) Ppu(€)2de < CPHE-Dpplet ke / P g < cm.

N
\
=
=
=
i)
*
—~
)
~—
&
L
Iy
N———
N

/ Id(§)|”p*(§)”‘2d§§0< / |a<5>|2ds)
(B* )¢ (B* )¢

< Clla|fp* D < C.

Combining these two estimates, we obtain (4.9). Now let f € H’ have an atomic

decomposition f =3, Aia; with [[(Ai) |l < 2|/ f[|gz. Since p € (0, 1], we have

[ AHOPoer e < SN [ 1 @Ppue77 de < C T INP < CU

This shows (4.8). O

The following result improves (4.8) by extending [GCRAF85, Lemma 3.1] to the
anisotropic setting. We denote Sp(R™) as the collection of all measurable functions

f, finite almost everywhere, whose distributional functions satisfy

de(t) = [{zx € R" : [f(x)] > t}]| < o0 for all t > 0. (4.10)
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For f € Syp(R™), its rearrangement function is defined by
fr(t) =inf{s > 0: ds(s) < t}.

We recall the following facts regarding the rearrangement function. If f < g on R",

then f*(t) < ¢g*(¢) for all ¢t. For all A > 0,

(1) = f )™ (4.11)

These follow immediately from the definition. Lastly,

/Ot (Z fj>* (u)du < Z /Ot fr(w)du, (4.12)

for all ¢ > 0, provided the right-hand side is finite; see [BS88, Chapter 2, §3].

Theorem 4.5. Let ¢ > 0,0 < p < 1 and define A = 117 — 1+ €. Then, there exists C'

such that for all f € HY(R™),

0o 1/p
([T errzera) < cifl, (113)
0

with F.(€) = p.(&)F(€)].

To see why Theorem 4.5 strengthens (4.8), we observe that if g(§) = 1/p.(§), a

simple computation shows

g (t) =~ 1/t. (4.14)
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If fvg € SO(]Rn)v

9Ol < [ P (e
1 0
Together, these two facts can be used to show the left-hand side of (4.13) majorizes
the left-hand side of (4.8).

Proof of Theorem 4.5. We will prove the following estimate for all f € HY:

00 t 1/p
([Ter || Fewrad] ae) < il (4.15)
0 0

which implies (4.13). Indeed, the rearrangement function is always decreasing for

0 <t<oo. Thus, Ff(t)? < 1 [} F*(u)’du. Then,

00 00 1 t 00 t
/ tPTUR (1) dt < / gt (— / F:(u)pdu) dt = / £ ( / F:<U>”dU> dt.
0 0 t 0 0 0

We first prove (4.15) for unit atoms. Using a dilation argument, we extend it to all
atoms, and to any f € HY using the atomic decomposition.

Let f be a unit (p,2,s) atom, that is, an atom supported on xg + By. Without
loss of generality, we set zo = 0. On unit atoms, the estimates (4.5) and (4.6) reduce

to

< 4O feree By

p*(f)%_l for all €.
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This implies

Fie) < p(§)- VA for € € By,

p (7' forall €,

where the first estimate has a positive power, and the second has a negative power.
These give ||Fi]loc < C, and F.(§) < Cp.(£)™*, which by the properties of the

rearrangement function and (4.14), imply
F*(t) < Cmin{1,t*}.

With these estimates,

0 t 1 & ¢
/ fep—2 ( / F:(u)pdu> dt = / + / tep—2 < / F?(u)pdu> dt =1, + L.
0 0 0 ! 0

By the fact that F*(t) < C, we have I; < C. To estimate I,

(o] t o] t
I < / P2 ( / F;(u)pdu) dt < / tr—2 < / u’\pdu> dt
1 0 1 0

o0 o
~ / tP=2= g — / P24t < C.
1

1

Since || f||gz < C for all atoms, we have (4.15) for unit atoms.
We now extend it to all atoms using a dilation argument. Let f be a general
(p, 2, s) atom supported on By. Then the dilated atom fi(z) = b*/? f(AFz) is an atom

with the same H%-norm, but supported on By, that is, fi is a unit atom. Denoting
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G (&) = p (&) |ﬁ(§)|, we have just shown that

[e%¢) t
/ =2 ( / G;(u)pdu> dt < C.
0 0

The fact that (4.15) holds for all atoms follows if we can show that the above quantity
is the same if we replace G, by F.(€) = p.(€) (€]

As before, we denote D 4+g(x) = g(A*z). Then

Ge(§) = b™H(DL.F)(©).

The distribution function is affected as follows.

de.(s) = [{€ 1 Ge(€) > s} = [{€ + (DRTF)(€) > b}
= [{&: F((A)77) > sb™} = V" [{u : Fi(u) > sb™}| = b¥dp, (sb™).

This affects the rearrangement function as follows:

G (t) = inf{s : dg (s) <t} = inf{s : dp, (sb*) < b~"t}
(4.16)
=b"Finf{r : dp, (r) < b Ft} = b"FF*(b7F).

By two changes of variables and (4.16), we have

[e%¢} t 0 t
/ P2 ( / F;(u)pdu> dt = / 2 ( / bPG’fG:(bku)pdu) dt

0 0 0 0
= / P2 (/ G:(r)pd'r’) ds < C.

0 0
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This extends (4.15) to all atoms, and we now extend it to all f € HY. If f € HY,

then we have the atomic decomposition

f= Z Ajag,
J

with (p,2,s) atoms a; and ()\;) € ¢*. Taking the Fourier transform, we have the

following sum in the distributional and pointwise sense:

& =2 M)
With F.(€) = |¢]7|£(€)] and p € (0,1),

F ()" = <|§!‘AIZ%‘@( ) <Z|A 7 (1€ a3 (€) ZM [7A;(

where A;(€) = |¢[7a;(€)|. Recall that the rearrangement operation is order-

preserving (f < g = f* < g*). By (4.11) and (4.12), we have

/Ot pdu</ (ZW”A” ) du<Z|A|p/ )P

Therefore,

0o t 00 t
/ =2 [ / F:(u)”du] it < / =2 [Z poe / A;(u)pdu] dt
0 0 0 ; 0
00 t
-y |Aj|p/ =2 </ A;(U)Pdu) it <SP,
i 0 0 i
where the last inequality comes from (4.15) for all atoms. Taking the infimum over

all possible atomic decompositions, we obtain (4.15) for all f € HY. O
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