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DISSERTATION ABSTRACT
Ben Dyer
Doctor of Philosophy
Department of Mathematics
December 2017

Title: NC-Algebroid Thickenings of Moduli Spaces and Bimodule Extensions of
Vector Bundles over NC-Smooth Schemes

We begin by reviewing the theory of NC-schemes and NC-smoothness, as
introduced by Kapranov in [I1] and developed further by Polishchuk and Tu in [20].

For a smooth algebraic variety X with a torsion-free connection Vv, we study
modules over the NC-smooth thickening Oy of X constructed in [20] via NC-
connections. In particular we show that the NC-vector bundle Es constructed via
mNC-connections in [20] from a vector bundle (E,V) with connection additionally
admits a bimodule extension at least to nilpotency degree 3.

Next, in joint work with A. Polishchuk [7], we show that the gap, as first
noticed in [20], in the proof from [11] that certain functors are representable by
NC-smooth thickenings of moduli spaces of vector bundles is unfixable. Although
the functors do not represent NC-smooth thickenings, they lead to a weaker
structure of NC-algebroid thickening, which we define. We also consider a similar
construction for families of quiver representations, in particular upgrading some of
the quasi-NC-structures of [23] to NC-smooth algebroid thickenings.

This thesis includes unpublished co-authored material.
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CHAPTER I

INTRODUCTION

In this chapter we attempt locate the present work in the larger context of
noncommutative geometry, give some intuition for the idea of NC-schemes, and

indicate the main results.

1.1 Noncommutative Algebraic Geometry

In the case of noncommutative differential geometry (cf. [4]) one may take
a noncommutative C*-algebra as the basic object of study, analogy with Gelfand
duality. However, the similar duality in algebraic geometry is only between
commutative rings and affine schemes, with apparently no equally obvious
notion of a noncommutative scheme. The problem with the naive approach is
the following: there are natural noncommutative analogs either for just the affine
schemes, or for all locally ringed spaces, but there is no obvious relation between
them. In particular we lack an embedding of (noncommutative) rings into locally
(noncommutative) ringed spaces.

One approach to noncommutative algebraic geometry then is to try to
associate a space Spec R to a noncommutative ring R. As shown in [21], it is not
possible to do this faithfully functorially in a way which extends classical algebraic
geometry (although see [24]), e.g. any such theory defines Spec M3(C) = & .

Instead one way choose to settle for only a subcategory of all noncommutative
rings, for which the theory of algebraic geometry will have satisfying properties.

This is the approach taken in [25], which defines Spec R for rings with “enough”



Ore sets. Another option is that of [16], where one defines noncommutative spaces
“virtually” in terms of their categories of sheaves.

Kapranov’s theory [I1] of NC-schemes, the subject of this thesis, avoids the
difficulty of producing any new topological spaces or additive categories by taking a

formal approach to noncommutative algebraic geometry.

1.2 NC-Schemes as Formal Noncommutative Neighborhoods

Recall that to a closed embedding of schemes X c Y there is a formal scheme
Xy > Y, called the formal neighborhood of X in Y. This is a locally ringed space
whose underlying space is that of X, but whose sheaf of formal functions Ox =
Liﬂl@y /Z% carries infinitesimal information about the embedding.

In the noncommutative set up, given any ring R one has a natural surjection
Tap : R = Ry, with kernel the two-sided ideal generated by commutators of elements
in R. One may imagine this as being dual to some hypothetical closed immersion of

noncommutative spaces:

Spec Ry, = “Spec R”

Although we don’t know how to define the latter space, all we need in order
to study the formal neighborhood is a new structure sheaf on Spec R, which
remembers “infinitesimal noncommutative” information about R.

The formal noncommutative neighborhood of this embedding is modeled by
the algebra Rpqy, called the NC-completion of R, which is the completion with
respect to a natural filtration Z¢R. Unlike the commutative formal neighborhoods,
this filtration is not simply the powers of Z!R = R[R, R]; it is an important

aspect of the theory that one imposes convergence not only of higher products of



commutators [x1,y1][x2, Y] [Zn, yn], but also of higher nestings of commutators
[x1, [, [+, 25 ]+-]]. This reduces the R-linear structure on gr5(R) to a single Rg-
module (similar to the commutative case), causes many natural localizations to
be of Ore type, and ultimately enables the construction of a locally ringed space
X =Spec R with I'(X,Ox) = R.

In particular, Kapranov’s NC-nilpotent algebras are so-called schematic
algebras, and the theory of NC-schemes fits into the larger picture of

noncommutative algebraic geometry described in [25].

1.2.1 NC-manifolds and quantization

One of the interesting features of Kapranov’s theory is the existence of
a unique NC-smooth algebra thickening a fixed smooth commutative algebra.
Because this structure is not at all canonical, it is an interesting question when a
non-affine variety admits an NC-smooth thickening (e.g. when local NC-smooth
thickenings can glue together).

It is pointed out in [I7] that the affine NC-smooth thickenings defined by
Kapranov had already been discovered as certain microlocalizations (cf. [25]). In
some sense the DG-resolutions of NC-smooth thickenings defined in [20] are analogs
of Fedosov’s construction of deformation quantization (cf. [I, 8] and [19]). In the
present work, we show that algebroids, which also first came up in the study of
deformation quantization (cf. [15]) fit naturally into this theory as well.

In particular we find NC-algebroid thickenings of certain moduli spaces.



1.3 Summary of Results

In Chapter |V| we consider a question of [20, Rem. 3.3.10] on bimodule
extendability of NC-vector bundles. It was suggested that for an NC-vector
bundle coming from an mNC-connection, perhaps extendability to a 2-nilpotent
bimodule would imply flatness of the connection. However, we show that an NC-
vector bundle coming from an mNC-connection always admits a 2- and even a 3-
nilpotent bimodule extension. Chapter [[V] and Sections 2.1,2.2 are necessary for
these computations.

In [VI| we define a notion of almost NC-schemes, modeled on the category aN
of NC-nilpotent algebras up to inner automorphism, and observe that a functor
which factors through a/ cannot represent an NC-smooth scheme. However, we
introduce the weakened notion of an NC-smooth algebroid thickening and prove
that a formally smooth functor which is locally representable in a\" determines an
NC-smooth algebroid thickening.

It follows from [VI| that the natural functors defined by Kapranov [11] and
Toda [23] are not representable by NC-smooth schemes. In we define certain
moduli spaces which we call ezcellent families of vector bundles (correcting the
definition of [I1]) and of quiver representations (which have some overlap with
[23]), and construct NC-smooth algebroid thickenings of each using the results of
VI

Chapters [VI] and are unpublished joint work with A. Polishchuk.



CHAPTER II

PRELIMINARIES

The purpose of this chapter is to collect some facts an notation which will
be useful for the later chapters. The first two sections are in preparation for the
computations on bimodule extensions of NC-vector bundles, while the sections on
non-abelian (hyper)cohomology are for the NC-algebroid thickenings of moduli

spaces.

2.1 Algebraic de Rham Complex

For affine space A", the operation of contraction with the Euler vector field

.0
E = —
x(’?xz

between the algebraic de Rham complex and its cohomology. Moreover, the

defines an explicit homotopy equivalence of chain complexes 25, ~ C

construction is GL,-equivariant, hence leads to similar contraction for the relative

DGAs of any vector bundle.

2.1.1 Algebraic de Rham complex of affine space A"

Definition 2.1.1. Let x4,...,z, be coordinates for A". The Euler vector field is

0
E=xy —+-+2,—,
! (91’1 8xn
and for a differential k-form w(vy,...,v;), the operation of contraction with Euler
vector field is denoted (g and is defined by
tp(w)(wr, ..oy wp-1) = w(E, wi, . W)

5



What follows are some elementary properties of the operation ¢g.
Lemma 2.1.2. The following properties of the contraction vg hold:
(a.) For any v,w € Q*, then tg(vAw) =1p(v) Aw+ (=1)lig(w)
(b.) If we A¥(V) then dotp(w) =k-w
(c.) Ifwe N(V)®SI(V) then tpod(w)=j -w
Proof. (a) is clear. For (b) k = 0,1 are clear, and the rest follow inductively using

(a) as follows. Consider v e A'(V),w e A¥(V), then

dip(vAw) =d(tp(v) Aw-vALp(w))
=dig(V) Aw+tp(v) Adw —do A tg(w) + v Adig(w)
=dip(v) Aw+vAdig(w)

=(k+1)-vAw
For (c) just note that

(X Oifdwi nw) = 0, f 31w = (L deg,(f)) - f - = deg(f) - f -
where deg, denotes the degree of f with respect to x;. and deg f = 3, deg; is the

total degree.

Definition 2.1.3. The homotopy operator hg : Q3, — Q%! is defined to be hp =

@ h;j where h; ;: A{(V) @ SI(V) - AL(V) ® S7+L(V) is given by h; ; = %LE

Definition 2.1.4. In this thesis, a retraction of a complex B® onto a subcomplex

A* & Be is the data of:



(i) a map r: B®* — A*® such that r

Ae =1dae;
(ii) a homotopy h from r to idg, i.e. such that dgh + hdg =idg —r.

which also satisfy the side conditions, h|4e =0 and rh = h? = 0.

Proposition 2.1.5. The projection €%, — C is a retraction with homotopy operator

hg.

Proof. Let we AY(V)® S7(V') such that i+ j > 1. Then we have:

. - tp(dw) +d(LEw)
(hpd +dhe) (@) = oy oG- F ey
Y

Similarly, for any variety X there is a relative Euler vector field on A™ x X,

parallel to A", giving a homotopy equivalence of the relative de Rham complex
QEA"XX)/X — Ox.

Furthermore, the Euler vector field is G L,-invariant, so this works for any vector

bundle V on X to obtain a retraction

2.1.2 Relative algebraic de Rham complex of a vector bundle

The following fact is obvious.



Lemma 2.1.6. There is a natural identification QL/X =p*P*

Proof. We consider the affine case. Let B = S4(P~) for a projective module P.

HomB(Q}B/A, M) =Dera(B, M)
= Hom 4 (P*,Hompg(B, M))

=Homp(P* ®4 B, M)

Thus Q}B/A = P* ®4 B by the Yoneda lemma. O
In particular QlTX/X = QL ®0, S(24).

Proposition 2.1.7. For any vector bundle p:V — X, the projection to degree 0
1s a retraction with homotopy hg.

2.2 Free Lie Algebras

In this section we fix notation regarding free Lie algebras used later in the
section on DG-resolutions.

For a vector space V', we denote by T'V the tensor algebra, SV the symmetric
algebra, and LV the free Lie algebra. The derived subalgebra of LV is denoted
L.V = [LV,LV]. The universal enveloping algebra of a Lie algebra L is denoted
UL. When L is a graded Lie algebra, as is the case for LV and £,V the grading
extends uniquely over the inclusion L ¢ UL to UL, and we denote UL = (UL)4,

and UYL = @40 UL.



Example 2.2.1. Under the identification TV = ULV, ULV corresponds to TV,

In |11} §3], it is observed that given an ordered basis xy,...,z, for V, if one
considers the subspace S,.qV c TV of ordered polynomials, then restriction of the

multiplication TV @ TV - TV,
SprdVOULV —TV

is a bijection. The inverse is a rewriting process [ = %:ﬂfA(xl, .. xy)] - My, where
{My}en is a basis for ULV, fn € SV and [f,] is the corresponding ordered
polynomial in T'V.

Although this decomposition was convenient in [I1] for describing the
multiplication rule via the Feynman-Maslov operator calculus, it is inconvenient
for this thesis as S,.qV ¢ TV is not GL(V)-invariant, hence it doesn’t lead to a
similar decomposition for vector bundles.

Instead we use a different rewriting process involving SV c T'V viewed as the

symmetric polynomials.

Proposition 2.2.2. The restriction of the multiplication TV TV - TV,
pw:SVeoULV —TV,

is a right UL,V -linear isomorphism of graded GL(V')-representations.

Proof. Follows easily by comparing with the identification of TV = SV @ UL,V via

ordered monomials. O

Example 2.2.3. In Kapranov’s set up xox; € C(x1,22) gets rewritten as zoz; =

1T — [1,72]. Instead, we rewrite this as xqx; = %(xlxz +Tox) — %[xl,xg].

9



The following projections are useful later in computations of chapter [V]

Corollary 2.2.4. There is a natural map of graded GL(V')-representations

n:7v— UL, v

with kernel p(S*V @ UL,V), and corresponding projections Iy : TV — U4L,V .

2.3 Nonabelian Cohomology
In this section we review nonabelian cohomology (cf. [9, Sec. 3.3-3.4], [18] Sec.

2.6.8]).

Definition 2.3.1. Consider a sheaf of groups G on a topological space X and an
open covering U = (U;) of X.
(i) The set of 1-cocycles Z1(U,G) consists of g;; € G(U;;), such that g;; = 1,
94595 = 1, and gijlu,,, - 9iklu,,. = Giklv,,-

(ii) Two such 1-cocycles (gi;) and (g;;) are cohomologous if for some h; € G(U;),

1

I -
9ij = hilv; 9i575 oy,

for some h; € G(U;).

(iii) The pointed set of equivalence classes in Z'(U,G) is denoted H'(U,G)

Completely analogously to abelian Cech cohomology we define H1(X,G) as
the limit over all covers U, i.e. HY(X,G) = lim HY(U,G).

Now assume we are given an abelian extension of sheaves of groups

O—>‘A—>g'—p>g—>17
10



i.e. A is a sheaf of abelian normal subgroups of G’. Then we have a natural
connecting map

S HY(X,G) - H'(X, A)
such that dg(g) = 0 if and only if g lifts to a global section of G'.

Definition 2.3.2. The connecting map dy is defined in terms of cocycles by lifting

gi = glu, locally to g; € G’'(U;) and forming the element:

do(9) = (9:) "9 (2.1)

(Note that this differs from the choice made in [I8] that 6(g) = g;- ;')

Note that dg is not a homomorphism in general. Rather, it satisfies

00(g192) = 92" (80(g1)) + do(g2), (2.2)

where we write the group structure in H!'( X, A) additively and use the natural
action of H°(X,G) on H'(X,.A) induced by the adjoint action of G on A. (This
means that g » dg(g7!) is a crossed homomorphism.) An equivalent restatement of

(2.2) is that there is a twisted action of H(X,G) on H'(X,.A) given by

gxa=g(a)+d(g"), where ge H'(X,G),ae H'(X,A). (2.3)

Explicitly, the usual action of g € H°(X,G) on a class of a Cech 1-cocycle (a;;) with
values in A is given by gla;;(g!)~!, where g/ € G'(U;) are liftings of g. On the other

hand, the twisted action of g on a;; is given by gja;;(g5)™" = Giai;3; " (3:9;")-

11



Next, starting from a class g € H'(X,G) we can construct a class

61(g) € H*(X, A)

such that d;(g) = 0 if and only if g is in the image of the map H!(X,G’) —
H'(X,G). Here A9 is the sheaf obtained from A by twisting with g. Namely,
if g is represented by a Cech 1-cocycle g;; € G(U;) then we have isomorphisms
i + Aly, » A9y, such that ¢; = 1; o g;; over U;;. To construct 0,(g), for some
covering (U;), we can choose liftings gj; € G’(Uj;) for a 1-cocycle (gi;) representing
g (such that gj;¢7; = 1 and gj; = 1). Then 6,(g) is the class of the 2-cocycle
(¥i(9;91.91;)) with values in A9.

Finally, for a given class g € H'(X,G) we need the following description of the
fiber of the map

H'(p)

HY(X,G") = HY(X,G)

over g. Assume that this fiber is nonempty and let us choose an element g’ €

H'(X,§G") projecting to g. Then we have an exact sequence of twisted groups

1_,Ag_,(g/)g’_>gg_>1_

Thus, as before we have two actions of the group H°(X,G9) on H'(X,A9). Now we

can construct a surjective map

H'(X, A% ~ H'(p)™'(9), (2.4)

such that the fibers of this map are the orbits of the twisted action of H%(X,G9) on
H'(X,A%) (see (2.3))). Namely, let (g;;) be a Cech 1-cocycle representing g', and let
12



a;; € A(Uj;) be the g-twisted 1-cocycle, so that 1;(a;;) is a 1-cocycle with values in

A9. This means that over U;j; one has

aijAd(gi;)(ar) = a.

Then our map (2.4) sends (a;;) to the class of (a;;g;;).
In the particular case when the (usual) action of H°(X,G9) on H'(X, A9) is

trivial, the corresponding connecting map
do: H(X,G7) — H' (X, A?)

is a group homomorphism, and the map ({2.4) induces an identification of the
cokernel of this homomorphism with H!(p)='(g). Equivalently, in this case the
map ([2.4]) corresponds to a transitive action of H'(X,.49) on H'(p)~'(g), such that

the stabilizer of any element is the image of dg.

Remark 2.3.3. Later we will consider cases in which A c G is central, so that the
action is indeed trivial.

2.4 Nonabelian Hypercohomology

We will use below the following simple generalization of nonabelian H!. Let
G be a sheaf of groups over a topological space X, and let £ be a sheaf of sets,
equipped with a G-action. We view a pair G ~ &£ as a generalization of a length

2 complex.

Definition 2.4.1. For an open covering U = (U;);e; of X, we define

13



(i) The set of 1-cocycles Z*(U,G ~ &) over U for the pair G ~ & to be the
pointed set of (g;j,e;) where g;; € ZY(U,G) and e; € E(U;) such that
€i = gij(€5)-

(ii) Two l-cocycles over U, (gij,e;) and (Gi;,€;) are called cohomologous if for

some collection h; € G(U;) we have

Gij = higijh]_'1; € = hi(e;).

(iii) The nonabelian hypercohomology H'(U,G ~ &) with respect to U is the

pointed set of equivalence classes.

Again, passing to the limit over all open coverings U, we get the nonabelian
hypercohomology, H'(X,G ~&).

This construction is natural: if we have a homomorphism of sheaves of groups
G1 — G5 and the compatible map of sheaves of set & — &, then we get the induced

map

Hl(X,g1 ~ 51) *Hl(X,gz ~ 52)-

Also, sending (g;;,€;) to g;; defines a projection to the usual nonabelian H?!,

H'(X,G ~£)  H'(X,G).

Remark 2.4.2. While H!(X,G) classifies G-torsors, H'(X,G ~ &) can be identified
with the isomorphism classes of pairs (P, e), where P is a G-torsor, and e is a global

section of the twisted sheaf €p = P xg €.

14



Next, we have the following analog of the connecting homomorphism H! —

H?2. Assume that we have an abelian extension of sheaves of groups

1—>A0—)g’—p>g—>1

over X, and sheaves of sets £’ and &, where G’ (resp., G) acts on &’ (resp., &).
Further, assume that we have a sheaf of abelian groups A; acting freely on £’; and
an identifcation £ = £’/ A;. We denote this action as a; + ¢/, where a; € Ay, e’ € &'.
We require the following compatibilities between these data. First, the projections
p:E& - & and p: G — G should be compatible with the actions (of G’ on £’ and of
G on &). Note that this implies that there is an action of G’ on A;, compatible with

the group structure on A4;, such that

g'(ar+¢') = g'(ar) +g'(€).

Secondly, we require that the subgroup Ay c G’ acts trivially on Ay, so that there is

an induced action of G on A;, such that the above formula becomes

g'(ar+¢€") =p(g)(ar) +g'(e’).

In particular, for ¢’ = ag € Ay, we get

ag(ai +e€') = ay +ag(e’). (2.5)

For ¢’ € £" and ag € Ay, let us define d./(ag) € A; from the equation

ap(e') =de(ag) +€

15



(this is possible since aq acts trivially on £). Furthermore, (2.5)) easily implies that

day+er(ag) = der(ag), so we have a well defined map of sheaves

(C: X AO - Al : (6,(10) = de(ao)u

compatible with the group structures in 4y and A;, such that

CLQ(GI) = dp(er)(ao) +e.

In particular, for every section e of £ over an open subset U c X we have a complex
of abelian groups over U, (A.,d.). Note that G acts on Ay (via adjoint action
Ad(g)), Ay and &£, and we have

9(de(ao)) = dg(ey (Ad(g)ao). (2.6)

Now assume we have a class ¢ € H'(X,G ~ &) represented by a Cech 1-
cocycle (gij,e;). Let g = (gi;) be the induced class in H!(X,G). We have the
corresponding twisted sheaves A2, AJ, and implies that the d.,’s glue into a
global differential

de: Aj - Af.

We are going to define an obstruction class d;(c) with values in

H2(X, (A2 de)),

16



such that it vanishes if and only if (g;;,e;) can be lifted to a class in H'(X,G" ~

&"). Namely, by making the covering small enough, we can assume that

9i5 = (9i;), 9i; € G (Us), e =ple), eie&(U;).

Then we have well defined elements ag ;i € Ao(Uiji) and aq;; € A;1(U;;), such that

! /
9ij 9k = Q0,ijkYik>

9i;(€5) = ayij + €.

It is easy to check that (agjk,a1,;) satisfy the equations

Qg,ijk T A0kl = Ad(gij)a(],jkl +Qgg51, Q145+ gij(al,jk) = dei(ao,z’jk) + ay ik,

which means that we get a 2-cocycle d1(g;i;,e;) with values in (A7, d.).

One can check that this construction gives a well defined element §;(c) €
H2(X, (A, d.)). Namely, a different choice of liftings g;; = ao;9;;, €] = a1 + €]
would lead to adding the coboundary of (a;;,a1,) to the twisted 2-cocycle
(ao,ijk;a1,ij). On the other hand, changing (g;;,e;) to (higijhjfl, hi(e;)) would
lead to a different presentation of the twisted sheaves AZ, so that the action of h;
glues into isomorphism between two presentations. Our 2-cocycles 61(g;j,e;) and
01(higijh;*, hi(ei)) correspond to each other under this isomorphism.

Next, let us assume that a class ¢ € HY(X,G ~ &) is lifted to a class ¢’ €
HY(X,G" ~ &'). (More precisely, we need to fix the corresponding pair (P’,e’)

where P’ is G'-torsor and €’ is a global section of £},,.) Let g € H*(X,G) be the

17



image of ¢. We define the following subgroup in H°(X,G9):

H(X,G,¢) = {(; € G(Uy)) | i = gijajgi_jla ai(e;) = e},

where (g;;,€;) is a Cech representative of c. We have a natural connecting map

(depending on a choice of ')

60 : ]H[O(X7g7c) - HI(X7 (Agude))u

defined as follows. We can assume (g;;,e;) comes from a Cech representative
(gi;,€;) for ¢’. Let a = (a;) be an element in H°(X,G,c). We can assume that

each o; can be lifted to o € G'(U;). Then we have

Q; - ap,ij = gz{ja;’(gz{j)_lv a/;(al,i +ep) = e,

for uniquely defined ag;; € Ao(Uij), a1; € Ao(U;). It is easy to check that the

following equations are satisfied:

aoij + Ad(gi;)(ao k) = aoik, de,(a0i;) = a1i— gij(ar;), (2.7)

which mean that (ao;j,a1;) define a 1-cocycle with values in (A7, d.). We set
do(a;) to be the class of this 1-cocycle. As in Sec.[2.3] one can check that a ~
do(at) is a crossed homomorphism, i.e., equation ({2.2)) is satisfied.

Next, we have a natural surjective map (depending on ¢’)

HI(X7 (Ag7 de)) - LC7 (28)
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where L. c H'(X,G’ ~&") is the set of liftings of ¢. Namely, given a twisted Cech 1-
cocycle with values in (A2, d.), (aoj,a1,), so that equations are satisfied, and
a representative (g;;, ;) of ¢’ we get a new lifting (ao;9;;, a1, + €j). Furthermore, as
in Sec. , we can identify the fibers of with the orbits of the twisted action
of H(X,G,c) on H'(X, (AZ,d.)), which is defined similarly to (2.3). In particular,
in the case when the usual action of H°(X,G,c) on H'(X, (A7, d,)) is trivial (or
equivalently, &g is a group homomorphism), these orbits are simply the cosets for

the image of dy.
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CHAPTER III

BASIC THEORY OF NC-SCHEMES

3.1 NC-Nilpotent and NC-Complete Algebras

We recall the category N of NC-nilpotent algebras. They are naturally
described as those algebras for which any expression involving sufficiently many
commutator brackets vanishes. It is convenient to associate to a given algebra A a
degree of NC-nilpotency, a measure of how many brackets a non-zero expression in

A may have, in other words to define subcategories Ny,

COTTL:N() c Nl c NQ c - C UNd:N

consisting of algebras which are NC-nilpotent of degree d, or d-nilpotent algebras.
The notion of degree of NC-nilpotency depends on a choice of NC-filtration.
Originally in [I1] the commutator filtration F¢R was used for this purpose, and

it has many pleasant features, but the filtration Z¢R introduced in [20] turns out
to be more convenient for the study of NC-smoothness via DG-resolutions. In this
thesis, we will always work with the filtration Z¢R of [20], which we call the NC-

filtration.

3.1.1 The NC-filtration & NC-nilpotent algebras

For a Lie algebra L the lower central series L; is the decreasing filtration

L>[L,L]>[L,[L,L]]>",
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the convention for its indexing being to start with L; = L and then L, = [L, L,_1]
for n > 2. Any ring R may also be considered as a Lie algebra RM¢ equipped with
its commutator bracket [a,b] = ab — ba, and there is a corresponding associative
lower central series R(;y where R(;) = R- R is the two-sided ideal generated by the

lower central series of RUe.

Definition 3.1.1. For any ring R, define the NC-filtration Z°*R to be the smallest

decreasing filtration of R by two-sided ideals
I°R > I'R > I?R > -
having Z°R = R and Z'R = R[R, R], such that R c TR for d > 2, and which is an
algebra filtration, i.e. (Z™R)-(Z"R) c Z™™mR for m,n > 0.
This means that for d > 2 we have Z¢R = R- R/ + ¥, ;_4(Z'R) - (I’ R), so the

first few terms of the NC-filtration are:

I°R=R
T'R=7°R = R[R, R]
T°R = R[R,[R,R]] + R[R, R)?

I'R = R[R, R}’ + R[R,[R,[R, R]]]

This is the same as the definition in [20]:

TR = > R-R{-R-R-R-R.

1122,..., I 22,01+ +im >d
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Example 3.1.2. From the decomposition TV = SV @ UL,V , it is obvious that

ZTV =SV @U24L,V and grd(TV) = UL,V .

Remark 3.1.3. The commutator filtration F¢R of [I1] is defined analogously to
Z9R but with a shift: that is, one takes R- RY¢ c F4R instead of R - RY® c Z9R for

d>2.

Definition 3.1.4. An algebra R is called NC-nilpotent if Z"R = 0 for some n, and
NC-nilpotent of degree d, or d-nilpotent, if Z#2R = 0. The category of NC-nilpotent

algebras (resp. of degree < d) is denoted N (resp. Ny).

In particular note that Ny = Com, and N consists of the central extensions
of commutative algebras, which we define in the next section. One of the most

pleasant aspects of NC-nilpotent rings is their behavior with respect to localization:

Proposition 3.1.5 ([11, (2.1.5)]). Let R be NC-nilpotent, and S c Ry, any proper
multiplicative set with preimage S = w-1(S). Then S is a (two-sided) Ore set. In
particular there exists a localized ring §‘1R, flat over R, satisfying the universal
property.

3.1.2 Central extensions

Definition 3.1.6. An R-bimodule M is called central if rm = mr for all r € R, m €

M.

It is easy to see a central R-bimodule M is equivalent data to an Rg,-module:

(r1r2).m =r1.(ro.m) = ri.(m.ry) = (m.rg).ry = m.(rary) = (rory).m
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Definition 3.1.7. A central extension R' of R by I is an exact sequence of

algebras I - R’ — R such that I2 =0 and I is a central bimodule.

An algebra extension R’ € Exal(R,I) = H?(R,I) includes I in the center
Z(R') if and only if I is a central R-bimodule.

Central extensions enter the story in the following way:

Example 3.1.8. Let R’ € Ng,; and R € N be the truncation R = R'/Z%2R’. Then

Z92R' > R’ > R is a central extension.
Proposition 3.1.9. The associated graded algebra gry(R) is a central R-bimodule.

Proof. That [R,Z?R] c Z4'R follows easily by induction using that Z¢R is an

algebra filtration, so that [R,(Z'R)-(Z'R)] = [R,T'R] + [R,Z/R]. O

Corollary 3.1.10. Any (d + 1)-nilpotent algebra R is a central extension of a
d-nilpotent algebra. The category N of NC-nilpotent algebras is the same as the

iterated central extensions of commutative algebras.

We now record some useful facts about central extensions. The following

proposition is a rephrasing of [I1) 1.2.5(a), 1.2.6, and 1.2.7]

Proposition 3.1.11. Let I — R’ 25 R be a central extension, and f:S — R be a

homomorphism.

(a.) The set of homomorphisms f' : S — R’ lifting f (such that pf' = f) is a

pseudo-torsor for Der(S, 1) = Der(Su, I).

(b.) The set of endomorphisms i of R' such that pyp = p and |; = id; is a group

under composition, naturally isomorphic to Der(R,I) = Der( R, I).
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(c.) If R, = Ry then any endomorphism 1 of R’ for which pi = p also satisfies

|y =1id;. In particular it is an automorphism.

Proof. (a) is familiar from classical deformation theory (see e.g. [? , I11.6.2(a)]) and
only requires /2 = 0, not centrality of /. Given two lifts f’, f" then their difference

60:S — 1 is a derivation:

0(s182) = ['(s182) = ["(s152)
= (1) f'(s2) + (F'(51)f"(52) = f'(s1) " (52)) = f"(51) " (s2)
= ['(51) - 6(s2) +0(s1) - ["(s2)
= f(51).0(s2) +9(s1).f(s2).

Note that Der(S,I) = Der(Sap, I) whenever [ is a central S-bimodule because
of 6([s1,82]) = [0s1, 2] + [s1,082].

For (b), denote by End(p) the set of endomorphisms, and End(p,¢) the
endomorphisms restricting to identity on I. Although End(p) is only a monoid,
End(p,¢) is a group by the 5-lemma. There is a commutative diagram with

horizontal bijections:

Der(R,1) —— End(p,¢)

L
Der(R',I) —— End(p)

L("?

However, the lower horizontal arrow is not structure-preserving. The extra

condition in End(p,:) insures the horizontal map is a homomorphism as it implies
51052 =0, so that (1+(51) 0(1+(52) =1+ ((514-(52).

For (c) simply note that in this case we have

Der(R',I) = Der(R,,,I) = Der(Raup,I) = Der(R,I)
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so that the diagram from (ii) identifies End(p,¢) = End(p). O

The following is also familiar from deformation theory (cf. [22 (2.16)]) and is

crucial for representability theorems later.

Proposition 3.1.12. [I1, 1.2.5(b)] Let I - R’ - R be a central extension. There is
an isomorphism of rings,

R XR R =R XRub Rab[I]

sending (z,y) = (,yw + (y — x)).

3.1.83 NC-complete algebras

Definition 3.1.13. For any algebra R, the NC-completion Ry is the limit

Ria) — (- — R/I*R — R/I*R — Ry),

i.e. the completion with respect to the NC-filtration, Rq = l(iLnR/IdR.

If the natural map R — R, is an isomorphism then R is called NC-

complete, but in general this map is neither injective nor surjective.

Example 3.1.14. Let L be a Lie algebra. Then U(L)qy is just the completion

with respect to the PBW filtration. If L is nilpotent, then U(L) = U(L)[ay is NC-

nilpotent.

Example 3.1.15. Here are some elementary examples that show how in general

the NC-completion may be quite un-interesting.

1. Let L be the non-abelian 2-dimensional Lie algebra with basis x,y such that

[z,y] =2. Then x e Z¢U (L) for all d>1 so U(L)as) = U(L)a = C[y].
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2. Let R = M,(C) for n > 2 (or consider R = M, (R') for any ring R’). Then
[R, R] = s1,,(C) contains a unit (such as a permutation matrix), so Z'R = R.

This implies R[[abﬂ = Rab =0.

Example 3.1.16. For a free algebra we have TV = ULV. By the PBW theorem
there is an isomorphism of vector spaces ULV = SV ® UL,V and hence TV =
SV&UL,V. The NC-completion is the subalgebra TV, c TV,

TViay = SVOUL.V.

(The right hand side means the vector space lim(SV ® UL, V).)

Localization doesn’t work as well for general NC-complete algebras (in

particular, localization does not commute with completion).

Definition 3.1.17 ([11l Def. (2.1.8)]). Let R be an NC-complete algebra and let

T € R, be a multiplicative subset. We set
R[T™'] := lim(R/TR)[T,"],

where T, ¢ R/Z?R is the preimage of T. In the case when T' = {f | n > 0}, for some

element f € Ry, we denote the above algebra simply as R[f~'].

Proposition 3.1.18. [11, 2.1.1] For a central extension R' - R, the natural map
GL,(R") - GL,(R) is surjective.

In particular the case n = 1 ensures that the NC-schemes defined in the next

section are locally ringed spaces:

Corollary 3.1.19. [11, 2.1.2] A central extension of a local ring is again a local

Ting.
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3.2 NC-Schemes

3.2.1 The spectrum of an NC-nilpotent ring

We are now going to define affine NC-schemes by constructing for any NC-
complete ring R a locally ringed space X = Spec R whose underlying space is simply

Spec Ryp.

Proposition 3.2.1. [11, 2.2.1] For an NC-nilpotent algebra R and f € Ry, let
S={f.f2%f3 .. Yand S = 71 (S). There is a unique structure Ox of locally ringed

space on Spec Ry, such that
L(D(f),0x)=5"R

for all f € Ry, and such that the maps are the corresponding localizations.
There is also a locally ringed space associated to NC-complete algebras.

Definition 3.2.2. The spectrum Spec R of an NC-complete algebra R is the locally
ringed space

Spec R = lim (Spec R/IdR).

3.2.2 NC-schemes

In this section we define general (non-affine) NC-schemes.

Definition 3.2.3. An affine NC-scheme is a locally ringed space isomorphic
to Spec A for an NC-complete ring A. An NC-scheme is a locally ringed space
(X, Ox) with a covering by open sets U; such that (U;, Ox|y,) are affine NC-

schemes.
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Definition 3.2.4. An NC-scheme X is of finite type if X, is of finite type and

gri(Ox) is a coherent sheaf on X, for all d.

Definition 3.2.5. For NC-schemes X,Y we denote XxY the categorical product

in NC-schemes, whose structure sheaf is Ox* Oy = (Ox * Oy )[a). Denote by X x Y

the NC-scheme for which Oxyy = Ox ®c Oy

Example 3.2.6. Let X be any scheme, there is an NC-scheme X (1) with structure
sheaf Oy = Ox & Q3 and product structure given by (fi,w1)(f2,w2) = (fif2, fiws +
fowr + dfy A dfy). Then X ™ is an NC-scheme which is NC-nilpotent of degree 1,

called the standard 1-smooth thickening of X.

3.3 NC-Smooth Algebras

3.3.1 NC-smooth algebras

Definition 3.3.1. An NC-nilpotent algebra of degree d (resp. NC-complete
algebra) is called d-smooth (resp. NC-smooth) if for any square-zero extension

I - AN - Ain Ny (resp. N) and any morphism A — A, there exists a lift as in
the diagram:

Al

f /”l

L} A
Example 3.3.2. The NC-completion 7'V, of a free algebra is NC-smooth (it’s

free as an NC-complete algebra).

Example 3.3.3. More generally, it is easy to see if A is quasi-free (cf. [6]), then
Apap) is NC-smooth. Besides free algebras, these include path algebras of quivers

and coordinate rings of curves, both of which have commutative NC-completions.
28



Note that if R is d-smooth, then for any k < d, the truncation R/Z**'R is
k-smooth. In particular if R is NC-smooth then R, is formally smooth. The most
important fact about NC-smooth algebras is the existence and uniqueness (up to

non-canonical isomorphism) for any formally smooth commutative algebra R of an

NC-smooth algebra R’ such that R/, ~ R.

Theorem 3.3.4 ([I1], [20]). There is a unique (up to noncanonical isomorphism)

d-smooth thickening of any (d —1)-smooth algebra.

Uniqueness follows easily from Proposition 2.1.8(iii), whereas the proof of

existence is constructive.

Remark 3.3.5. Working with the commutator filtration, Kapranov constructed the
NC-smooth thickening R of a formally smooth algebra R, as the limit R = @Rd,
where Ry = Ry, and R4y is a universal central extension of Ry by Hy(Rg, Rap). This
may then be truncated to obtain d-smooth thickenings with respect to our NC-
filtration. However, this is not very explicit as the relevant Hochschild cohomology
groups have not been computed. Originally in [11] there was a proposed solution
of this problem in terms of certain polynomial functors Q% on the category of Rg-
modules such that Ha(Rg, Rap) = Q¥(QF, ), however a gap was noticed in [5] and
has not been resolved except in the case of R, a local ring.

The purpose of the NC-filtration Z?R introduced in [20] is that the
corresponding polynomial functors are easily identified. In [20], starting from the
initial data of a torsion-free connection on 2}, d-smooth thickenings of all orders

are constructed as certain subalgebras of Ti5?(2}).
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3.4 NC-Smooth Schemes

3.4.1 NC-smooth schemes

Definition 3.4.1. An NC-scheme X is called NC-smooth if for any central
extension A’ - A of NC-nilpotent algebras, and any map f : SpecA - X, there

exists a lift f’ as in the diagram:

Spec A . x

//\r
[

Spec A’

Equivalently, the natural map Hom(Spec A/, X)) — Hom(Spec A, X) is surjective.

Any NC-scheme X has an abelianization X,,, which is an ordinary scheme
whose structure sheaf is Ox,, = (Ox)ap- In this case we call X an NC-thickening of
Xap, and if X is NC-smooth, an NC-smooth thickening.

NC-smoothness is a local condition; the proof of following proposition

illustrates the usefulness of central extensions in this theory.

Proposition 3.4.2. [20, 2.1.4] An NC-scheme is NC-smooth if and only if it has a

cover by open NC-subschemes which are NC-smooth.

Example 3.4.3. Recall the transition functions for P” in distinguished charts with

coordinate algebra (C[x((f), Ll )] and glued on localizations by the relations

MOINONEONS
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which in particular for « = j says that x§i) = (9‘7@(] ))-1. That these glue compatibly is
a cocycle relation:

x&i) _ Ig) . (Iz@)_l

k k)\— i)\ —
_ (my,(mg N 1)_(%@)) :
O (m’gﬁ , (x§j>)-1)

-1
_ x&k‘) . (xz(j) . (l.’(fj))—l)

r) - ()

Note that this just uses the one relation above, and not commutativity of

the variables. This means that one gets a cocycle relation for free algebras
C(xéi), . ,ng)), and passing to the NC-completions determines an NC-smooth
thickening of P™. If one instead writes all the inverses on the left, as in 2l ) =

(xl(J ))‘1 ¥ ), one similarly obtains an NC-smooth thickening. These are in fact

not isomorphic as NC-schemes, even at the 1-nilpotent level [20].

More generally any time one has a variety, locally isomorphic to A", such that
checking the cocycle condition doesn’t necessitate commuting any of the variables,

one obtains an NC-smooth thickening. The following example is new to this thesis.

Example 3.4.4. Let #, =P(Oa0O(q)) be a Hirzebruch surface. Then it has a cover
by four open sets V; = A? glued together as implicit by the choice of coordinates:

Vi = Clz1, 22, Va = C[27}, 22], Va3 = Cl 25727, 251 ], Vi = C[2124, 23], see e.g. |2, Ex.
3.8]. It is easy to see the cocycle condition does not require the commutativity of

the variables, so this lifts to an NC-smooth thickening of H,.

One of the interesting questions in this area is:
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Question 3.4.5. Which varieties admit NC-smooth thickenings?

The question is trivial in dimension 1 — smooth curves are already NC-
smooth (they are quasi-free). The present state of knowledge is that they exist for
curves, flag varieties, affine varieties, and abelian varieties, and products of these (if
X and Y are NC-smooth, then so is XxY"). All of these examples can be found in

[11] or [20].

Remark 3.4.6. On the other hand, nothing is known about which varieties don’t
admit NC-smooth thickenings, although an obstruction theory is outlined in [11]
§4]. For example, it is possible to show that the standard 1-smooth thickening of

a K3 surface does not extend to a 2-smooth thickening. However, the space of all
1-smooth thickenings is 20-dimensional (identified with H*(X, T ® 2?) ~ H(X, Q1))
and the obstruction depends on this class. Furthermore, later in this thesis a
weaker (but perhaps more natural) structure of NC-smooth algebroid thickening

is introduced, and perhaps the question should be modified accordingly.

3.5 NC-Functor of Points

For any NC-scheme X there is the corresponding representable functor A :
NP — Sets sending A - Hom(Spec A, X). In the case that X = Spec A this is the

same as the functor hy : N — Sets sending A — Hom(A, A).

Proposition 3.5.1 ([I1]). The category NP is equivalent to the affine nilpotent

NC-schemes. NC-schemes is a full subcategory of Fun(N°P,Sets).

This point of view is useful in the study of NC-smooth thickenings of smooth

variety M, because of the following representability criterion of [I1]. We consider
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pairs of central extensions, which we denote for ¢ =1, 2

and the natural map
j . h(Al XA Ag) —> h(Al) Xh(A) h(Ag) (32)

Proposition 3.5.2. ([11, 2.3.5]) Let M be a smooth algebraic variety and h: Ny —
Sets a formally smooth functor such that hlcom = har. Then hly;, is representable
by a d-smooth NC-scheme if and only if for any pair of central extensions in Ny the

natural map

(A1 xa Ag) = h(A1) xpeay h(A2)
s an isomorphism. Moreover, it suffices to check the cases when
(a) A is commutative and Ay =A@ I4,
(b) A=Ay and py = ps.

The NC-smooth thickenings of P* described above in have nice

descriptions in terms of their NC-functors of points.

Example 3.5.3. For A € N define h(A) to be the set of rank 1 projective left
submodules of A™. Clearly hlcom = hpr, and formal smoothness comes from lifting

idempotents. To see j is a bijection, one constructs an inverse sending P; - P for

i:1,2tOP1XPP2.
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This example more and more generally leads to NC-smooth thickenings of
the Grassmannians, and of flag varieties, by considering (flags of) left projective

submodules in A" of the appropriate rank(s).

3.6 Associated Graded & Center of an NC-Smooth Thickening

We end this section with the observation that any NC-smooth thickening Ox
of an ordinary scheme X has a pre-determined associated graded algebra, functorial
in X, as shown in [20]. Additionally, if Oy is properly noncommutative (i.e. if
dim X > 2) then Ox has trivial center.

Both of these results use the theory of DG-resolutions, which we don’t discuss
until the next chapter. The NC-smooth thickening RV¢ of a smooth commutative
algebra R is embedded as RN¢ — TR(Q}%) in such a way that if f € RNC lifts f € R,

then f = f — df modulo T>2.

Theorem 3.6.1. [20, 2.1.6, 2.3.15] For any NC-thickening O of a smooth variety

X, there is a natural surjective homomorphism of graded algebras,
£: UL > gr7(0)

determined by &([df,w]) = [f,&(w)] where fu = f. It is an isomorphism if and only

if O is NC-smooth.

Proposition 3.6.2. Let R be a d-smooth algebra for some d > 1, such that

dim R, > 2 and Ry, is connected. Then the center of R is C+ 91 R.

Proof. (i) In the case d = 1, R is the standard 1-smooth thickening. If f,§ € R then
[£,3] = df A dg where f = fu. The map Q' - T ® Q2 sending df — [dg ~ df A dg] is

injective for dim X > 2, so if f is central then df = 0 and f € C.
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Now let d > 2, and let R’ = R/Z%'R denote the truncation of R. If Z(R') =
C + Z?R’, then since an element f € Z(R) also has central truncation f’ € Z(R'),
we know already that Z(R) c C + Z?R. By d-nilpotency [Z¢R,Z'R] c Z¢2R = 0, so
whether or not f € Z¢R is central is determined completely by the map Z¢R x Ry, —
IR sending (f,g) = [f, 3] =[f,9-dg] = [f,~dg].

This is equivalent to the commutator pairing UL, Qp x Qp - UL Qf
restricted from T'(Q, ) x T(Q ) — T(QF ). Since the center of T(Qg,, )" is

trivial, the reuslt follows. m
This easily implies:

Corollary 3.6.3. Let OY¢ be an NC-smooth thickening of a smooth scheme X,

where dim X > 2. Then the center of OXC is the constant sheaf Cx.
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CHAPTER IV
NC-SMOOTHNESS VIA DG-RESOLUTIONS
In this chapter we review the construction of DG-resolutions of NC-smooth

thickenings via algebraic NC-connections developed in [20], which we use in the

following chapter to study bimodule extensions.

4.1 Relative NC-de Rham Complex

Definition 4.1.1. For a smooth variety X define the relative NC-de Rham complex
of X to be the DG-algebra (A%, 7) with A% = Q% ®0 T@(Qk), graded by the de
Rham degree in Q%, and with graded differential 7 determined by the rule 7(1 ®

a)=a®1l for e TIQL.
It follows from 7(1® @) =a® 1 and 72 =0 that 7]qs = 0.

Remark 4.1.2. Geometrically, this is a noncommutative version of the relative
de Rham complex of the projection p : TX — X, which is identified with

Q;,X/X = (2% ® S(Q%),d,). Or perhaps even more appropriately, the projection

pC) = X% > X from the formal neighborhood of the zero section, functions on

which are S(QL).)

Proposition 4.1.3. There exist right U£+(Ql)—linear homotopy operators
h: Q?X ®0 Tj(Ql) — Qg}l ®0 TjJrl(Ql)
such that ht +7h =1id for i>1, and h? = 0.
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Proof. As a right UL,Q'-module we may identify Q@7 (Q!) = Q%eS5(Q)eUL, Q.
It is easy to see that 7 vanishes on UL, Q' (see [20]). So we can identify 7 = d,.q ® 1

where d, is the relative de Rham differential on Q7. X Thus we set h = hg®l. [

This allows us to compute the cohomology of A%

Corollary 4.1.4 ([20]). The projection 7 : A% — UEJZ}( is a retraction. In

particular the cohomology of A% is U£+Q§( (in degree 0).

It is significant that A% is a DG-resolution of U L.} as this has associated
graded gr‘ftot(U L£,QL) = UL, QL. For an NC-complete algebra OYC the condition
ars(ONC) = UL, QL is equivalent to NC-smoothness.

The main idea of [20] §2] is to consider another dga (A%, D) with the same
underlying graded algebra as A%, but with higher terms added to perturb the
differential D = 7 + Dy + Dy + ---, until Z*(ker(D)) = Fo,(ker(D)). Since adding
higher terms does not change the associated graded with respect to F¢,, in this
way we obtain an NC-smooth thickening.

Before moving on, it is convenient to also introduce a few filtrations on A%

Definition 4.1.5. A% has filtrations F¢, F¢ 7%, given by:
Fh(Ay) = Qx@T>'0%,  Fh(Ax) = Y B3 eT=0k,  TH(AY) = QxeI!(10k)

Intersecting with A5 = T (©%) one obtains two filtrations — the filtration
by degree FIT(QL) = T>4QL and the NC-filtration Z¢T(Q2% ). Note that Z4A% c

d 0
f:cotAX .
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4.2 Algebraic NC-Connections

Since 7 preserves the total degree, any derivation on A% obtained from 7 by
adding higher terms in T(QL) will preserve F¢,.. Any derivation D of A% which
preserves the filtration by total degree Fi,; can be written as a formal sum D =
Do+ D1+ Dy + -+, where Dy, is the term which raises the total degree by k.

The following notion was introduced in [20, Def. 1.2.1]:

Definition 4.2.1 ([20]). Let X be a smooth variety. An (algebraic) NC-connection
on X is a degree one graded derivation D of the graded algebra A% = Q% ®o

T, o(2}) extending the de Rham differential on %, such that D2 =0 and Dy = 7.

Note that each D; is determined just by its value on « € T1(Q2!), so we denote
by V;: Q! - Ql ®p T (') the restriction D;|rigi. For f e O and s € Q! we have the
equation

D(1®fs)=D(f®s)=df s+ f-D(1®5s)

thus Vv is a usual algebraic connection, whereas for ¢ = 0,2,3,... the Vv; are O-

linear.

Lemma 4.2.2 ([20, Cor. 2.3.9]). For any NC-connection D, there is a C-linear

isomorphism (A%, D) 1z, (AS,7) of complexes given by Wp = (1 +hDy;).

Thus there is a corresponding homotopy operator hp for A%, given by hp =
\IfDl o hoWp, such that hpD + Dhp = 1 for ¢ > 0. Note that since our choice of
homotopy satisfies h? = 0 then we have the simplification hp = U5 h.

It immediately follows that the associated graded of the cohomology is the

same as before. In fact we have:
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Theorem 4.2.3 ([20]). For any NC-connection D, the two filtrations coincide:
T4 (ker”(D)) = Fi(ker"(D)).
In particular, ker’(D) is NC-complete and has g% (ker®(D)) = UL,QL, so Ox =

ker’(D) is an NC-smooth thickening of X.

It is useful in the computations that follow to be able to lift elements of
truncated NC-thickenings O<¢ to higher NC-thickenings O<¢+k. We have the

following;:
Proposition 4.2.4. There is a retraction ¥ : A% — ker(D) given by ¥ = (1-hpD).

Proof. Let x € A%. Then Dz € A% so that we may use hpD+Dhp =1 and D? =0 to

get D(z—hpDx) = Dz — (1-hpD)Dx = hpD?x = 0. Hence X(z) e ker(D) = Ox. O

Since we have a natural O-linear inclusion ¢ : (’)id c A% we obtain a section

o 6sd N @’sd+k (4.1>

by including O<¢ c T<d(Q') into A% as terms of degree < d, then applying ¥, then
projecting to terms of degree < d + k. We omit d, k from the notation for brevity —
it should always be clear from context the meaning. In particular we will use the

formula for k = 1, denoting by (o, ...,x,) a local section of O c T<n(QL.),

o(zo,...,xn) = (x0,...,Tn,—hD1x, — hDoxy 1 — - = hDyxyp). (4.2)

The existence of an NC-connection D on X is equivalent to the existence of a

usual torsion-free connection V (on the cotangent bundle).
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Proposition 4.2.5 ([20]). For any torsion-free connection V on X there exists an

NC-connection D such that Dy = V.

Moreover, the isomorphism type of the NC-smooth thickening obtained as

ker(D) is independent of the choice of connection.

Proposition 4.2.6 ([20]). Let D and D' be two NC-connections on X. There
exists an algebra automorphism ¥, of T(Q}() such that U =id ® ¥, is isomorphism

(A%. D) 2, (A%, D') of chain complezes.

Remark 4.2.7. The DG-resolutions considered here fit into the general picture of

homotopy perturbation theory (cf. [26] Sec. 2]).
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CHAPTER V

BIMODULE EXTENSIONS OF NC-VECTOR BUNDLES

In this chapter we make frequent use of the section o from (4.1).

5.1 NC-vector bundles

5.1.1 NC-Vector Bundles

Definition 5.1.1. Let X be a d-smooth or NC-smooth thickening of X. An NC-
vector bundle on X is a locally free right Oy-module E. We say that E extends an

ordinary vector bundle E on X if Eab ~ F.

Right modules have endomorphisms given by matrices with coefficients in @] X,
so that an NC-vector bundle of rank r on X is equivalent to the data of a 1-cocycle
Gij € HY(X,GL,Ox).

In [20, Sec. 3] it shown how to construct via mNC-connections (similar to the
construction of NC-connections) an NC-vector bundle extending an ordinary vector

bundle F,V with connection, on a smooth thickening coming from a connection.

Proposition 5.1.2 ([20]). Let X be an NC-thickening of X from a connection
V. Let (E,V) be a vector bundle with connection on X. Then there is a natural

extension of E an NC-vector bundle Ee on X.

5.1.2  Cocycle description of E’@

We compute a formula for the cocycle representing the NC-vector bundle

coming from an mNC-connection.
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We pick trivializations ¢; : O®"|y, - E|y,, with transition functions g;; =

¢ ;. We have matrices of 1-forms B; = ;' o Vo p; —d on O®"|y,.

Proposition 5.1.3. The cocycle §;; € HY(X,GL.Ox) given by §;; = ®;'o(gi;®1)o0d;

represents the NC-vector bundle Ex.

Proof. One uses [20, Thm. 3.1.1] to construct maps as in the diagram:

(Og: ® A.Uij , DdR)

(O ® Ay, D) (OF" ® Au,,, D))

(E Uy ® AUij? E)

Here D(;) is the mNC-connection on the trivial bundle extending the connection d +
B;, Dggr is the mNC-connection extending d, and D the mNC-connection extending

V. O
We use this to compute the first few terms of the cocycle.

Proposition 5.1.4. The truncated cocycle §]f]3 (up to degree 3) given below

represents the NC-vector bundle (Eg)<3.

giSjS =0 + [9@‘0{ - ingz'j] + [gijeg + ((91)2 - 93)92-]' - Zigz‘je‘{]

+ [(0305 - (00)° = 03) gy + 9505 + ((61)* = 04) g6 - 0g:;63]

(5.1)
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Proof. The maps ®; and ®;! are determined step by step according to the

algorithm in [20]:

D; = (1+6))(1+6))(1+6%)-
:1+9{+9§+(0{9§+9§)+---
Ol = (1+0) (1 +0) (1 +61)7!
S (1= ) (1= 05+ ) (1= 0+ (6)7 - (61)° + )
=1-6i+ [(93)2 - 95] + [939{ - (6})? —03] + e
Now collect terms of degree < 3. m

Remark 5.1.5. As a check, note that according to this formula we should have

~dgij = [3ij]1 = 9i0" — 0 gi;. (5.2)

This is true since ¢} = h(Dgg — D(;)) = h(d - (d + B;)) = —B; and because

—dg;; = %10@';’90]' = Bigij — 9ij B;.

5.2 Bimodule Extendability of NC-Vector Bundles

5.2.1 NC-bimodule extensions
The following notion is introduced in [20] Sec. 3].

Definition 5.2.1. A bimodule extension of an NC-vector bundle E is the structure
of a left module given by a homomorphism O — Snd(E ) whose abelianization is the
diagonal embedding O - End(FE).
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The latter condition ensures that if we abelianize E either as a left or right
module we get the same E. Concretely in terms of trivializations, a bimodule

structure is determined by homomorphisms A; : 5|Ul - Mr5|Ui such that on Ujj,
Ai . gij = gij . Aj. (53)

We also have the completely analogous notion for a d-nilpotent NC-vector bundle
E<d of a d-nilpotent bimodule extension, given by A% such that A;dgij.d = f]fjdAj.d.
The maps A5 automatically send the center Z(O<?) = Cx @ UL, QL to

diagonal matrices:

Lemma 5.2.2. Let Asd: O > M, Oy be a bimodule extension. Then for f e O<d,

ASd(fgd) = Agd(Ufsd—l) + (fgd - Ufsd—l)l-

In other words AS+| a is the diagonal embedding.

Proof. By there is a natural identification Z¢0¢ = U4L, QL. Thus we may
assume z € ZdO<d ¢ T4Q% is a sum of products F,,,---F,, of elements of the form
F, = foldfi[dfs[-, dfn]-+]] such that d = ¥¥  n,. It is easy to see that modulo Z¢+1,
E,-F, = F,--F, where F, = o(fo)[o(f)[o(f2)[- o(fn)]-]]- Indeed, since
these expressions have arity d, and because degree 0 is central, working modulo
T=4+1 it suffices to replace o(f;) by —df; for i > 0.

Then since E are commutators of elements in (5§(d, it follows that Al(F’Z) =
JolAi(a (fON[Ai(o (f2)) [+ Aila (f))], 1] = fol=dfiI[-df2I[-+, =dfyI]-]]. (This is

all analogous to “by considering commutators” in the proof of |20, 3.3.3(ii)].) O
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Because of the previous lemma, and because A<L(f) = f —df, it makes sense to

define the following:

Definition 5.2.3. Define A5?: O<¢-1 » M, O<d by the equation
Aigd(féd) = fsd + Afd(fgdq)-

Next we study when there exists a bimodule extension A% extending A$?.
Definition 5.2.4. For a bimodule extension A% extending A$?. Define the maps
ni(d”) L O<d 5 M, (UL, Q) by

A5 (0 faq) = 0 AS () + 0V (fea) (5.4)

and 77i(d+1) :@'sd = MTTSd“(Ql) by

AL (feg) = A5 (Feaamr) + 1Y (Fea) (5.5)
Note that

Az'sdﬂ(f;d) = UAfd(fsd—l) + 77i(d+1)(fgd) (5.6)
because afgd + Afd+1(fgd) = A?d”(afgd) = O-(f;d + /_lfd(fgd)) + ni(dﬂ)(fgd),

The data of such Asd+! is equivalent to n(¢*1) satisfying certain conditions.

Proposition 5.2.5. Afd”(fgdﬂ) = f;dﬂ + delfd(fsd_l) + nfdﬂ)(fscz) defines a

homomorphism if and only if

Sy = —§(0 As?) = —Hd+1(f o AF(§) + o AF(f) -g) (5.7)
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Proof. First note that As*! is a homomorphism if and only if §(As%*!) = 0:

AT (D AT (3) - A (Fg) = (F+ A1 (D) (5 + A5 (@) - (Fa-+ A7 (1)
= f- A5 (g) + ASN(f) - g - A (fg)

= 3(AF" ) (f.9)-

Because of m, S(ASH1Y(f,9) = 0 is equivalent to 5(nl.(d+1)) = —0(c A5%).
The expression AS41(f)As41(g) — As™(f§) takes values in M, (U41L, Q1)
because its truncation Afd we assume satisfies . So both ¢ (flfd”) and J (n§d+1))

have coefficients in U £,Q', hence so does §(aAs?). This means that

6@Aﬁxﬁm=nm1amﬁﬂﬁg»)

=nwlfn4?@wwﬂﬁdyg—m%%@ﬂ

:meMﬂmwﬁw»ﬂ

Remark 5.2.6. Note that for d = 1 we have flfl = 0, hence the condition is that
5(771.(2)) =0, e.g. ¥ is a derivation, as stated in [20, 3.3.3(ii)]. However, for d > 2

)

the solutions are only a (pseudo)torsor over derivations.

Proposition 5.2.7. If A5 is a degree d bimodule structure, then there is an
extension to a degree (d +1)-bimodule As™ if and only if there exist C-linear maps

pHD L Osd o M(UL,QL) such that for all f e D=,

A (fea) - G5 - G- AS(fa) = 9ijﬁ§d+l)(fsd) — 3 (fea)gis (5.8)
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or
nd+1(A§d<f<d>-g;d - g,ad-A;d(ﬂd)) = g™V (f) = 0V (Fedgy (5.9)

where 0\ + (o - 1)Ast = ﬁfdﬂ), and which have the Hochschild coboundary from

)

above.

Proof. Extendability to a (d + 1)-nilpotent bimodule is determined by the equation
Afd“(fsd+1)§§d+1 = gf—f”lA]S.d”(deH) in M,(T=4+1Q1). Because A%(f) = fI is
diagonal with central coefficients, this reduces to A%+ ( fed) f]fjd = fjdA;d*l( fed)-
From [5.2.2] we also know A5%*!| 4.1 is diagonal with central coefficients, thus we

only need to consider for ,]Egd+1 =0 fgd. In this case we may use to write

ASH (0 feg) = AS(faq) + ﬁfdﬁ)(fgd), thus reducing to . This is equivalent to

because (o - 1)As? is in the kernel of Tlgy;.

5.2.2  Bimodule extendability to degree 2

First we recall from [20, Prop. 3.3.3(iii)] that any vector bundle £ with a
connection admits a 1-nilpotent bimodule extension. We reproduce the proof here

in our current notation.

Proposition 5.2.8. The C-linear map 771(2) : O > M, 0% given by

0 (f) = 163, df] (5.10)

determines a central bimodule structure AfZ(f) =f-I+ nl.(Q)(f).
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Proof. From finding suitable homomorphisms A$? is equivalent to finding C-

linear maps ﬁfm satisfying:

l%l(f)gfﬁ - éffAi-l(f)] = 9Ty =1, 9
2

Since AS'(f) = f - df and —dgi; = gi;61 — 0ig;;, we have

[Afléfjl - éfﬁfl?l] = [df, dgy;]

2
= [df, 0. gi; - 9;;0]]

= [df.6i1gi; - g4 1df . 69]

In the last line we have used that 0}[df, g;;] = 0 because the coefficients of g;; are
central and df I is diagonal. Thus we arrive at a solution 77;2)( f)= 7_71'(2)( ) =16%,4df].
By , the condition that A$? is a homomorphism is just that ni(z) is a

derivation.

Remark 5.2.9. By [5.2.5] any other 1-nilpotent bimodule extension differs from

(2)

this one by a global derivation 77§2) such that [n, g;;] = 0.

5.3 Bimodule Extendability in Degree 3

Now we extend the O%-bimodule structure on (Eg)<? of the previous section
to an O5-bimodule structure on (Eg)<3. In this section f denotes an element of

5?? and f = fo = fab-
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Proposition 5.3.1. The C-linear map "71‘(3) : 02 M, (U3L.QY) given by

18 (feo) = [for 03] — [df, 03] + 65 [df, 03] + (0 — 1) AS(F) (5.11)

or

1 (fez) = Wa([fo, 03] — [df, 63]) (5.12)

along with the previously defined 77@.(2) determine a homomorphism

AL(f) = FI+on® () + 12 (f) (5.13)

which satisfies extending that of 771;(2). Thus A$? is a 2-nilpotent bimodule

extension.

Proof. To obtain the formula [5.11], we consider the equation for d = 2:

AP (f2)352 - 57 AT (F2) = 9ig” =0 935
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Recall the formulas AS(fe) = feol + 0> (f), and 3 = (9,563 — 03955) + 0, - dgi; from

and separate terms as follows:

AP(f2)§5? - G745 (Joo) = ~[d 1,50 ) + [ o dgis] + dgis -0 (1) = () - dgsg
- (o) - (0. esg”)])
~ [df. 01 - dgi;] + dgi; (67, df ] - [61, df ) dgs;
- ([fg, dgi;] - [df, (9:;603 - H;gzj)]) ~ 01 Ldf, dgi;] - dgi; [ df 6]
= ([fz, dgi;] - [df, (9:;0% Gégm)]) — 0i[df, 01195 + 9:501 [ df , 67]
- Lo 61 .02+ .00
- (to- [ es) oL, ei])gij

Thus we may set 7] = [f2, 6] - [df, 03] + 6i[df,6¢]. This means 7] = [f2,00] -
[df,0:] + 0i[df,0:] + th(ni(Z)(f)). We also find the following useful formula:

1) = L(n® (7)) = L(nP ()
= 10y ([ fo, 03] + 03 [df, 2] - [df, 63])
= ([ /o, 03] - [df. 63]).
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It remains to check that A5 is a homomorphism, using . This says that ¢ (77;3))

must be equal to

“M3(A2(F) -G+ F- A22(5)) = -Ts( = df -0 (9) -2 (f) - dg)
=5 (n? (f) - dg)

= (), dg].

Using the formula ?7 (f) 3([]?2,(9%] - [df, 93]), the term II3([df,0])) is a

derivation, hence does not contribute to the Hochschild differential. The remaining

terms come from f§2 +gf2 - (fg)Q = flgh

S (f,§) = Tl fid, 01
= ~T1s(df [dg, 03] + [df, 6:)dg)

= [dgldf,01]].

Since nl.(Q)(f) = [0}, df], this agrees with the above. O

Remark 5.3.2. Again, another bimodule extension differs from this by a global

3 (3)

derivation np ) satisfying [gij.mp "] = 0. If we consider extendability of another 1-

nilpotent bimodule n.( + 771(?), this will just add the term [77r ,—dg;;] to the left
hand side of |5.8 which is easily rewritten using 5.2 as g;;[ 77(2) 071 - [779, 619;, and
(3)

n,”’ may be modified accordingly. Moreover, because [T]F 2 0i] is a derivation, it

doesn’t contribute to the Hochschild differential.
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5.4 Bimodule Extendability in Degree 4

Proposition 5.4.1. The C-linear map "71‘(4) 08 > M, (UL, QL),

0 () = (03, [df, 0.1] - 6i[03df + fo. 03]~ [f, 03] + [ o, 03]

(5.14)
= hDy (=D (1) + 1 (F)) = kD (0 (1))
0 (f) = m([e;, [df, 0111 - 01 [01df + fo,01] - [ f3,01] + [fz,es]) (5.15)
determines a 3-nilpotent bimodule extension,
AP (faa) = fea+ 0 A5 (o) + 0V (fes) (5.16)

extending the 2-nilpotent bimodule extension AS® defined in|5.13

Proof. We will need formulas (5.1)), (5.2)), (5.10]) and (5.11)), which we collect below:

Gij = 9ij — dgij + (9505 — 055 + 01 - dgi;) + -+,

dgij = Qigij - gijQ{a
0P (f) =63, df],

1P (F) = [fo 03] - [df, 03] + 65 [df, 011 + hDy (0 (£)).
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Calculate ﬁ§4) as in for d = 3.

A (f3) 35 - G52 A3 (fs) = [—df , Oidgy; — dgy;0 - (6})*dgy;]
+ [f2, 9i0% — 09551 + [ 2, 01dgis] + [ f, —dgi;)
- [df,611(9:03 - O3g:5 + 01dgs;)
— (9:30% - 0391, + 01dgy;) (=[df, 67])
+hDy (=[df. 011)dgs; - dgish Dy (~[df , 6]])
+ (Lf2, 03] - [df. 03] + 01 [df. 6] + kD™ (1)) (~dgiy)

~ (=dgij)([f2,0]] - [df, 03] + 0][df, 6]] + hDin* (£))

Row by row, there are 3, 4, 3, 3, 2, 4, and 4 terms. We number these terms in order
from 1 to 23.

Combine terms 2, 21, 8 and 9:

[df7 dgijgg] - d.gij[dfu 9%] - [df7 9“(%9% - %Qz‘j)
= [df, dg:;103 - [df, 01(g:;03 - 03g:5)
= [df, 01gi; — 9601165 - [df, 011 (9:;05 - 059:5)

= [df7 Qi]%gij - gij[dfa 9{]9%
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Combine terms 1, 17, 11 and 12:

- [dfa %dgij] + [df> Qé]dgij + (9@05 - Qégij)[df, 9{]
= (- 0[df, dgi;] - [df,03]dg;) + [df, 03)dgi; + (9:;05 — Oags;) [df , 6]
= _Hé[dﬁ ingij - 92‘]‘9{] + (gijeg - Q%Qz’j)[dfa 9{]

= g t3df, 6]] - O31df, 011
Combine terms 3, 10, 18, 13 and 22:

([df, (00)dgy;] - [df, 0310idgs; — 03[ df, ei]dgij) +0idg;; [df, 0]] + dgi;01[df, 0]]
= (911')2[(1]”, (eigij - gijei)] + ei(eigij - gz‘jei)[dfy 9{] + (eigz’j - gijei)ei[df, 9{]

= (61)°[df,0119:; - 9:;(61)*[df, 67).
Combine terms 6, 16, and 20:

[f2,0idgi;] - [ f2,011dgi; + dgi;[ f2, 6]]
= 0%[]‘:27 dglj] + dgij[.f% 0{]
= 01 f, (0195 — 9;0)] + (0igi; — 94561 [ f, 6]

= 01 f2, 011915 - 9i;01[ f2, 07]
Terms 4, 5, and 7 are easy:

[fz,g@-j@% - eégij] + [f3> dgij]
= ([fs,eﬂ - [fm‘%])gij —gij([f:i,‘g{] - [fzﬁé])
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Terms 14 and 19, and terms 15 and 23 each cancel directly.

Collect all of this:

0 (f) = ~Ldf. 01105 + 03[ 01] - (63)°[df. 03] - 05 f2, 03] - [, 1]

= [937 [df7 971]] - ei[e’idf + f279’i] - [f~370§] + [f??eé]

We may set 77(4) = H4(772.(4)):

0 (F) = IL| [0, [df,0.1] - 5 163df + fo, 03]~ [ 3,011 + [ fo, 03] |-

Next we must check the map A$* of is a homomorphism, using [5.2.5|

The terms involving only “df” are derivations, and dissapear in (7)54)). We have:

S(n")(f, ) = Ta(=6i[df dg, 03] + [dfdg, 63]) + TLu([df §> + fodg, 61])
= TLy( - 61df[dg, 6i] - 6 df, 6 )dg)
+L4(df (5o, 03] + [df. 03150 + foldg, 611 + [ 2, 63]dg)
= -[61, df |[dg, 03] - [0}, dg][df,0}]

+ 04 (df (G2, 03] + [df, 011G + foldg, 03] + [ f2,0%]dg).
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Compare this to II;(6A5%), using that A5 = 0772(2) + 771-(3)- Then:

H4(6(A§3)(f,§)) = H4( ~df(n®(3) - hDin™(§)) + fo- n§2>(g>)

( (1O (F) - hDin® () (=dg) + 1P (F) gg)

_H4(—df( gQ,QZ dg,Q2 +01[dg,«9l])+f~2‘77i(2)(§))
+ Ta( ([fo, 03] - [df, 03] + 6i[df, 611) (~dg) + > (f) - 92)
—H4(—df9 [dg. 03] + 63[F. 03] (- dg>)

0]+ Fon®(5) + [fQ,ei](—dgwnF)(f)gz)

+H4( g
+ H4( dfd9>92 )

as desired.
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CHAPTER VI

ALMOST NC-SCHEMES AND NC-ALGEBROIDS

The results of this chapter are all in collaboration with A. Polishchuk, and
appear in our co-written pre-print [7].

In this chapter we introduce weaker notions than NC-smooth thickenings,
which we call almost NC-schemes, or aNC-schemes for short, which sometimes lead
to global objects called NC-algebroids.

The inspiration for this chapter was certain functors studied in [I1] and [23]
extending representable functors on Com, but which fail to be representable by
an NC-scheme due to the existence of inner automorphisms in /. We begin by
considering the general situation in which functors can fail to be representable due

to inner automorphisms.

6.1 Almost NC-Schemes

Definition 6.1.1. The category a\ has the same objects as A, while the
morphisms in a\ are equivalence classes of homomorphisms A — B, where
fi,f2 : A - B are equivalent if there exists b € B* such that fo = bf1b71. We

denote aN; c aN the full subcategory of NC-nilpotent algebras of degree d.

Proposition 6.1.2. Let h : N' — Sets be a formally smooth functor such that
hlcom = har for a smooth variety M of dimension at least 1, and which factors

through aN. Then h|y;, is not representable by an NC-nilpotent scheme of degree
d.
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Proof. Let U = Spec A ¢ X be an affine NC-subscheme corresponding to an open
affine subscheme of B of dimension > 1. Then A is 1-smooth, as is A’ = AxC[z,z71].
Since z abelianizes to a non-scalar, then z is not central in A’, hence it does not

commute with some element of A c A’. O

6.1.1 The category of affine almost NC schemes

fab: A — Bab factors through A%[S 1], where S c A% is the image of S. It

follows that we have a cartesian square of sets

hA[S—1](B) e hA(B)

| |

h B®) ——5 h s (B)

Aab[g_l](
Definition 6.1.3. For an NC-complete algebra R we denote by hp the

corresponding functor on aA: hr(B) is the set of conjugacy classes of algebra

homomorphisms R - B.

Since the images of both horizontal arrows in the above cartesian square are
stable under the action of inner automorphisms of B, we deduce that the similar

square

hgpr-1(B) ——— hr(B)

l l (6.1)

hRab[T—l] (Bab) H hRab (Bab)

is still Cartesian for any B € N.

Let aNC denote the category of NC-complete algebras with morphisms given
by algebra homomorphisms viewed up to conjugation, i.e., up to post-composing
with an inner automorphism. We denote by aNCS;, the subcategory in aNC, whose

objects are NC-smooth algebras, with isomorphisms in aN'C as morphisms.
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Lemma 6.1.4. The functor
aNCS? - Fun;s(aN, Sets): R~ hp

1s fully faithful, where Fun;s is the category of functors and natural isomorphisms

between them.

Proof. Note that for any d > 0, the restriction ERL:LNd is naturally isomorphic to the
representable functor ER/Id+2 r- Thus, for NC-complete algebras R and R’, we have

a natural identification

Isom(hps, hg) = lim Isoman (R/Z™2R, R [T*?R"),
d

where Isomg,y denotes the set of isomorphisms in the category a/N. Thus, it

suffices to prove that if R and R’ are NC-smooth then the natural map

Isomgpne(R,R") — @IsomaN(R/Zd”R, R'|T*?R') (6.2)
d

is a bijection. To check surjectivity, assume we are given a collection of algebra

homomorphisms

fd . R/Id+2R N R,/Id+2R’7

which are compatible up to conjugation, i.e., the homomorphism fyz;14: R/Z%?R —
R'/Z4+2R" induced by fg4:1 is equal to 0, f4, where 6,,, is the inned automorphism
associated with a unit ug € R'/Z42R’. Now, starting from d = 0, we can recursively
correct fg,1 by an inner automorphism of R'/Z%3 R’ so that the homomorphisms
(f4) become compatible on the nose (not up to an inner automorphism). Since R’

is NC-complete, this defines a unique homomorphism f : R — R’ inducing (f;).
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Furthermore, since R is NC-complete, we see that f is an isomorphism if and only
if all f; are isomorphisms.
It remains to check that is injective. Thus, given two isomorphisms

f, "+ R - R’ such that the induced isomorphisms f; and f] are conjugate for each
d, we have to check that f and f’ are conjugate. By considering f~!f’, we reduce
the problem to checking that if we have an automorphism f : R — R such that f;
is an inner automorphism of R/Z%2R for each d, then f is inner. For any algebra
A, let us denote by Inn(A) the group of inner automorphisms of A. Note that we

have an exact sequence of groups
1> Z(A)" > A* > Inn(A) - 1.

Applying this to each algebra R/Z%2R, and passing to projective limits, we have an

exact sequence

. d+2 Y\ * . d+2 p\* P 1: d+2
1 l%nZ(R/I R)* - l%n(R/I 2Ry 4 l%n]nn(R/I *2R).

We claim that the arrow p in this sequence is surjective. Indeed, it is enough to
check that the inverse system (Z(R/Z%?R)*) satisfies the Mittag-Leffler condition.

But by Lemma [3.6.2[1), for d > 1, the image of the projection
Z(R/Zd+2R)* N Z(R/IdﬂR)*

is equal to C*, which implies the required stabilization. Thus, the map p is

surjective. Note that the source of this map can be identified with R*. Thus, we
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deduce the surjectivity of the natural map

R* - lim Inn(R/I™R).
@

It follows that in we can compose f with an inner automorphism 6, of R, such
that f’ = 6, f induces the identity automorphism of R/Z42R for each d. It follows

f'=1id, i.e., f is inner. O]

6.2 Local Representability Criterion for Almost NC-Schemes

In this section we prove a local analog of Kapranov’s representability criterion

for aNC-schemes. As in the case of NC-schemes the main idea is to study

fibers of the map h(p) : h(A’) - h(A) for a central extension
0>I->AN5A>0 (6.3)

For d > 1, let h: aNy — Sets be a functor such that h|,u;, , is representable by
A € aNy_1. The key new ingredient we have to use is the following. Given a central

extension (6.3)) with A’ € Ny, A € N1, and a homomorphism f: A - A, we set

U(f)={ueA* |uf(a)u™ = f(a)Vae A}.
Then we have a natural map

Ay :U(f) > Der(A,I) =Der(A™, I).
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where

Ap(u): A= T:aw [u, f(a)]au™, (6.4)

where for 1,1l € A, we define [ly,l2]a € A’ by

[l17l2]1\' = [ZLZ;]> (65)

where 7; is a lifting of I; to A’. Note that [u, f(a)]a € I.

Furthermore, one can check that the image of Ay depends only on the image
of fin Homgn (A, A) = h(A). Also, using the fact that I is central we immediately
check that Ay is a group homomorphism. The next result shows that in the case

when h itself is representable, the cokernel of Ay maps bijectively to h(p)~1(f).

Lemma 6.2.1. Let A’ be an NC-nilpotent algebra of degree d such that A =
A'[T41A’. Then for any central extension , with A € Ny and A € Ny_1, and
any algebra homomorphism f : A" - A there exists a natural transitive action of the
group Der(A,I) on the fiber ha(p)~*(f) of the map ha(p) : ha(A) - ha(A), such

that the action of Der(A,I) on any element of this fiber induces a bijection

coker (As) = ha(p) ' (f).

Proof. 1t is well known that the difference between two homomorphisms A’ — A’
lifting f : A’ > A is a derivation A’ - I, and that this induces a simply transitive
action of Der(A’,I) = Der(A,I) on the set of such liftings. Now assume that

we have two homomorphisms f{, f; : A - A’, such that both po f{ and p o f]
are conjugate to f. Then replacing f{ and f; by conjugate homomorphisms we

can assume that po f{ = po f; = f. Now It is easy to see that if f; and f] are
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conjugate by u € (A’)* then u € U(f), and the difference fj — f] is the derivation

aw [u, f(a)]au~t. This establishes the required bijection. O

Next, we return to the situation when only hlyy;,_, is representable. Recall

from [3.1.12f that for any central extension (6.3]) there is a natural isomorphism

N xy NS N xpae (AP (z,y) = (2, (Tap,y — 7)), (6.6)

Let us assume in addition that A commutes with pull-backs by commutative

nilpotent extension, so that

A(A xpar (A @ 1)) = B(A) xpnary h(A” & I).

Combining this with the above isomorphism we get a natural map

B(A) pgamy H(A® @ T) = h(A sy A') > h(A') xp(n) B(A'). (6.7)

Now assume A’ € Ny, A € N1 and we are given an element f’ € h(A’) lifting
f € h(A). Since hlan, , = ha we have a natural identification of the fiber of h(A% &
I) - h(A®) = Homg,, (A, A®) over fe with Der(A,I). Thus, for any D € Der(A,I)
we can consider a pair (f7, f* + D) in the left-hand side of (6:7). Let us define

f"+ D eh(p)t(f), so that (f’, f' + D) is the image of (f’, f®* + D) under (6.7)). In

this way we get a map

§p:Der(A, 1) » h(p) (f): D~ f'+D. (6.8)
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It is easy to see (by considering A’ x5 A’ x, A’) that in this way we get an action
of the group Der(A,I) on h(p)~'(f). Note that in the case when h is representable
by some A’ € Ny, this operation is exactly the operation of adding a derivation

A" - A - I to a homomorphism A’ - A’.

Now we can prove the following local aNC version of Proposition [3.5.2

Proposition 6.2.2. Let A be a (d - 1)-smooth algebra in aNy_y, and let h : aNy —
Sets, be a formally smooth functor such that hlen, , ~ ha. Then h is representable

by a d-smooth algebra in aNy if and only if the following two conditions hold.
(i) For any nilpotent extension A’ — A with A’ € aNy and A € Com, and any
commutative nilpotent extension A" — A, the natural map

(A x4 A7) = B(A') 0y h(A”)

s a bijection.

(ii) For every central extension (6.3)), for any f' € h(A') extending f € h(A), the

map 0, which is well defined due to condition (i), induces a bijection

coker (Ay) = h(p)~*(f).

Proof. Assume first that h is representable by A’ € aNy. To check condition (i) for
h = har we first note that since A and A” are commutative, the set h(A’) xpa) h(A”)
can be described as pairs of homomorphisms f’: A - A’ and f”: A - A” lifting the
same homomorphism f : A — A, up to the equivalence replacing f’ by a conjugate

homomorphism. Clearly, this is the same as giving a homomorphism A" — A’ x, A”
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up to conjugacy. On the other hand, condition (ii) for h4s follows from Lemma
0.2. 11

Now assume that conditions (i) and (ii) hold, and let A’ - A be a d-smooth
thickening of A (it exists by [11l, Prop. (1.6.2)]). Let e € h(A) be the family
corresponding to the isomorphism Ay, , ~ ha. Since h is formally smooth, there
exists an element e’ € h(A’) lifting e. Let hyr — h be the induced morphism of
functors. We already know that it is an isomorphism on aMN,_;, and we claim that
it is an isomorphism on aN;. The argument is similar to that of Proposition [7.1.3
Given A’ € Ny, we can fit it into a central extension (6.3) with A € Ny ;. Then we

consider the commutative square

hAr(A’) — hAr(A)

| |

h(A") — h(A)
Since ha(A) =~ ha(A) ~ h(A), we know that the right vertical arrow is
an isomorphism. Also, both horizontal arrows are surjective. Let us fix a
homomorphism f € ha(A), and its lifting f’ € ha(A’). As we have seen in Lemma
[6.2.1] the fiber of the top horizontal arrow over f is identified with coker (Ay).
The same is true for the fiber of the bottom horizontal arrow over f, by condition
(ii). It remains to observe that both isomorphism are induced by the operation
of adding a derivation in Der(A, I'), which is compatible with morphisms
of functors on aN,, extending h4 on aN;_;. Thus, the left vertical arrow induces
an isomorphism between the fibers of the horizontal arrows over f. Since f was

arbitrary, we deduce that the left vertical arrow is an isomorphism.

Remark 6.2.3. All fiber products are in Ny. Fiber products of central extensions

usually do not exist in a; unless one factor is commutative.

65



6.3 NC-Algebroids

Definition 6.3.1. A C-algebroid is a C-linear stack on space X, locally non-empty,

and such that any two objects over an open set U are locally isomorphic.
See [15] and [13] for references on algebroids, and [12] for stacks.

Definition 6.3.2. Let X be a smooth scheme. An NC-smooth algebroid thickening
of X is a C-algebroid A over X such that for every object o € A(U) over an open

subset U c X the sheaf of algebras End4(o) is an NC-smooth thickening of U.

For a functor h on a\ such that heo, = hx and an open subset U ¢ X we

define the subfunctor h;y; c h by

hyu(A) = h(A) xp, (navy hr (A™),

where we use the identification h(A%) ~ hx(A2).

Lemma 6.3.3. Let h = hgr, where R is an NC-complete algebra. Then for any

distinguished affine D(f) c Spec(A®) we have an equality of subfunctors hyp sy =

EA[[f—l]].

Proof. This follows immediately from the cartesian square (6.1)) with 7' = {f™ | n >
0}. 0

Lemma 6.3.4. Let h be a functor on aN such that hl|com = hx for some scheme
X. Assume that (U;) is an affine covering of X, such that for every i we have an
isomorphism hjy, ~ EAi for some A; e N'. Let us denote also by A; the corresponding

sheaf of algebras over U;. Then for every open subset V. c U; n U;, which is
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distingushed in both U; and U;, we have an isomorphism

Q5 v - Ai|V ~ Aj|V

compatible with the isomorphisms EAi(V) ~ hy = EA].(V). Furthermore, for another
such open V' c U;nU; the isomorphisms ajy|vay: and agjyi|vayve differ by an inner
automorphism. Also, for any open V c U; nU; nUy, distinguished in U;, U; and Uy,
we have

Oéjk’V ° Oéij|v = Oéz‘k\v o Ad(uijk)

for some w;j; € A;(V)*.

Proof. Let us fix an isomorphism hy, ~ h., for each i. Suppose V c U; n Uj is a

distinguished affine open in both U; and U;. Then

ha, v =hpy = ha v

Thus, by Lemmas [6.3.3] and [6.1.4], we have an isomorphism between the

corresponding localizations of A; and A; in a/V, and hence, an isomorphism

a;; + Aily = Ajlv, defined uniquely up to an inner automorphism. For V c U;nU;nUj
the compatibility between «;, oj; and oyi, up to an inner automorphism, follows
from the compatibility of all of these isomorphisms with the isomorphisms of A AV s

EAj,/V and EAk,/V with h/v. ]

Lemma 6.3.5. (i) Let A and A’ be a pair of NC-smooth algebroids over a smooth
scheme X, and F,G : A - A’ is a pair of equivalences. Assume that for an open
covering (U;) of X we have an isomorphism F|y, ~ G|y,. Then there exists an

isomorphism F ~ G.
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(ii) Let A and A’ be a pair of NC-smooth algebroids over a smooth scheme X.

Assume that for an open covering (U;) of X we have an equivalence

Fi: Ay, = A'ly,

and that for each pair i,j, we have an isomorphism

F;

UijﬁFj

Uij-

Then there ezists an equivalence F : A — A’ such that F|y, ~ F;.
(7ii) Let U; be an open covering of a smooth scheme X, and for each i let A; be an

NC-smooth algebroid over U;. Assume that for every i,j, we have an equivalence

Fij: A

Uij g -/4_7 Uij»s

such that for every i, j, k, there is an isomorphism

ij|Uijk °© Fij|Uijk = Ek|Uijk’

where Uj; = U; nUj, Ui, = UynU; 0 Uy. Then there exists an NC-smooth algebroid
A over X and equivalences F; : Aly, - A;, such that for every i, j, there is an
1somorphism

EjOE

Usj EF]' Usj -

Proof. Without loss of generality we can assume that X is connected.
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(i) Let us choose for each i an isomorphism ¢; : F|y, - G|y,. Then for each i, j, we

have

¢j|Uij = ¢i|Uij 0 Cij,

where ¢;; is an autoequivalence of Fj|y,,. Since F; is an equivalence, we have

Aut(F) ~ Aut(id4). Locally, the sheaf Aut(idy) is given by the center of End4 (o),

where o is an object of A. Hence, by Lemma [3.6.2] the natural morphism of
sheaves C% — Aut(idy) is an isomorphism. Thus, ¢;; is a Cech 1-cocycle with
values in C%. Since X is irreducible, the corresponding Cech cohomology is trivial,
so we can multiply ¢; by appropriate constants in C*, to make them compatible on
double intersections. The corrected isomorphisms glue into a global isomorphism
F-G.

(ii) Let us choose for each ¢, j an isomorphism ¢;; : F;

u,; = Fjlu,,- Then for each

i,J,k, the composition ¢, = @10 ¢i; 1s an autoequivalence of Fily, , , where c;jy, is
a Cech 2-cocycle with values in C%. As above, choosing representation of ¢;;, as a
coboundary allows to correct ¢;; by constants in C*, so that the isomorphisms ¢;;
are compatible on triple intersections. Hence, we can glue (F}) into the required

global equivalence F': A - A'.

(iii) For every i, j, k, let us choose an isomorphism

Jijk ij Uijr © Fij Usj. E; Uijk -

Then for every 1,7, k,1, we have over Uy,

Girt (Flar * gijk) = Cijklgijl(gjkl * Fij)
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for some ¢;j5 € Aut(Fy)(Uiji) = C*. Furthermore, (¢;jx) is a Cech 3-cocycle with
values in C%. Hence, we can mulitply g;;, with appropriate constants to make them
compatible on quadruple intersections. This allows to glue (\A4;) into a global C-

algebroid over X (see [13, Prop. 2.1.13]). O

Theorem 6.3.6. Let h be a formally smooth functor on aN such that hlcom = hx
and h is locally representable, i.e., there exists an open affine covering (U;) of X,
and isomorphisms

h/Ui ﬁﬁAi’

where A; is an NC-smooth thickening of U;. Then there exists an NC-smooth

algebroid A over X and equivalences of algebroids

F;: A|Ui - A,

such that for every open subset V c U; nU;, distinguished in both U; and U;, there is

an 1somorphism

gij o Filv =~ Fjly,

where g;; + Ailv = Ajlv is a representative (up to conjugation) of the isomorphism

EAHV =~ hyy = EAJ'\V'

Proof. First, we apply Lemma and obtain isomorphisms

Qv ¢ Ai|V - Aj|V

for every open V' c U; n Uj, distinguished in both U; and Uj;, such that these
isomorphisms for V' and V' and for V' c U; n U; n Uy, are compatible up to an inner
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automorphism. Let A; denote an NC-smooth algebroid over U; associated with A;.
Note that U;nU; can be covered by open subsets V', which are distinguished in both

U; and U;. Each isomorphism «;;y gives an equivalence

Fz‘j,V : Az|\/ - .Aj|v.

Since the local autoequivalence of A; associated with an inner automorphism of
A; is isomorphic to the identity, we get that Fj;y and Fj;y+ induce isomorphic
equivalences over V' n V', By Lemma [6.3.5ii), we obtain an equivalence defined
over Uj;,

Ej:-Ai

Uy = -Aj Uij>

such that for every V' c U,;, distinguished in both U; and Uj, one has Fjj|y ~ o v.

Furthermore, we claim that over Uj;;, there is an equivalence

F;

Usjr © 'Fij Uijre = F; Uiji (69)
Indeed, by Lemma [6.3.4] we have a similar equivalence over V', for every V c

Uijr. Thus, our claim follows immediately from Lemma W(l), applied to the
equivalences in both sides of . Finally, we can apply Lemma [6.3.5(iii) to

conclude the existence of the required NC-smooth algebroid A over X. m
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CHAPTER VII

NC-ALGEBROID THICKENINGS OF MODULI SPACES

The results of this chapter are all in collaboration with A. Polishchuk, and
appear in our co-written pre-print [7].

In this section we consider two functors, which are NC-thickenings of of
certain families of either vector bundles or quiver representations. The first is the
same functor as defined in [I1] and claimed to be representable, although a gap was
discovered in [20]. The second is similar to those considered by Toda in [23].

In each case the functor factors through aV, so is not representable by an
NC-scheme, but we show it is locally representable in a/N. It follows from the
results of the previous chapter that these functors lead to natural NC-smooth

algebroid thickenings of the parameter spaces they thicken.

7.1 Excellent Families of Vector Bundles

Let Z be a projective algebraic variety, B a smooth variety, and let £ be a

vector bundle over B. We denote by p: B x Z — B the natural projection.
Definition 7.1.1. We say that £ is an excellent family of bundles on Z if
(a) Op - p.End(E?) is an isomorphism,
(b) the Kodaira-Spencer map & : T — R'p,.End(E?) is an isomorphism,
(¢) R%p.End(E™) =0,

(d) Rp,End(E) is locally free for d > 3.
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Note that our definition is slightly stronger than [11l Def. (5.4.1)] in that we
add condition (d), which is used crucially in the base change calculations. Note also
that condition (a) is satisfied whenever £ is a family of stable bundles on Z, cf. [10]
Lemma 4.6.3. For the definition of the Kodaira-Spencer map, refer to [10] section
10.

Following [11] we consider the natural functor on A/ of noncommutative

families of vector bundles extending &.

7.1.1 The functor of NC-families extending an excellent famaily

Definition 7.1.2. For an excellent family £ over a smooth (commutative) base B,
we define the functor h¥¢ : N > Sets sending A € N to the isomorphism classes
of objects in the following category Cy. Consider NC-schemes X = Spec (A) and
X x Z. Let us denote by X9 = Spec (A3’) the reduced scheme associated with the

abelianization of X. Then the objects of Cy are the triples (f, Ex, ¢) consisting of
(i) a morphism f: XY — B of schemes,
(ii) a locally free sheaf of right Oxz-modules F,,
(iii) an isomorphism ¢ : Oxo,.z ® Ep > (f xid)*€.

A morphism (f1, E1,¢1) = (fe, B2, ¢2) exists only if f; = f5 and is given by an
isomorphism F; — F, commuting with the ¢;. On morphisms h¥¢ is the usual

pullback.

The following result is stated in [I1] (see [I1, Prop. (5.4.3)(a)(b)]). However,
we believe our stronger assumptions on the family £, including condition (d), are

needed for it to hold.
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Proposition 7.1.3. The functor k¢ is formally smooth and the natural morphism

of functors hg — hNleom s an isomorphism.
B IC

Lemma 7.1.4. For any commutative algebra A and any (f, Ex,¢) € h¥C(A) the
natural map

s an isomorphism.

Proof. We prove this by the degree of nilpotency of the nilradical of A. Assume
first that A is reduced. Then we have Ej = (f xid)*E. Hence, by the base change

theorem,

HO(X x Z,(f xid)*End(€)) =~ HO(X, Rpx.(f xid)*End(E))

~ H(X,H°(Lf*Rp.End(E))),

where X = Spec (A). Since Rip,.End(E) are locally free for i > 1, we have

HO(Lf*Rp.End(E)) ~ f*p.End(E) ~ Oy,

where in the last isomorphism we used assumption (a). This shows that our
assertion holds for such A.

Next, assume we have a central extension 0 - I - A’ > A - 0 of commutative
algebras, such that I is a module over Ag, the quotient of A by its nilradical.
Assume that A — End(E,) is an isomorphism for any (f, Ea,¢) € AN (A) and
let us prove a similar statement over A’. Given (f, Exr,¢') € h¢(A’), let E, be the

induced locally free sheaf over Spec (A) x Z. Then we have an exact sequence of
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coherent sheaves on Spec (A’) x Z,
0= Er ®PIL = Enr = Ep — O,

where 7 is the ideal sheaf on Spec (A’) corresponding to I. Taking sheaves of

homomorphisms from £y, we get an exact sequence
0—End(Ep,) ®PIZ » End(Epr) » End(Er) - 0

Passing to global sections we obtain a morphism of exact sequences

0 i s A/ s A s 0

| I o

0 —— HO(End(Ep,) ® piZ) — End(Ey) —— End(Ey) —— 0

Note that &y, ~ (f xid)*&, so as before we get

HY(X%x Z,End(Ep,) ® piZ) ~ HY( X, Z @ HO(Lf* Rp.End(E)))
~ HY(X, T ® f*p.End(E))

:]7

where X° = Spec(Ag). Thus, in the above morphism of exact sequences the
leftmost and the rightmost vertical arrows are isomorphisms. Hence, the middle

vertical arrow is also an isomorphism. O]

Proof of Proposition[7.1.5 Assume we are given a central extension

0-I-AN->A-0 (7.2)
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in A and an element (f, Ex,¢) € h¥¢(A), so that Ej is a locally free sheaf of right
Oxxz-modules of rank r, where X = Spec (A). We have to check that it lifts to a
locally free sheaf of right Ox/z-modules, where X’ = Spec (A’). Furthermore, it

is enough to consider central extensions as above, where the nilradical of A® acts
trivially on I, so that I is a A%-module.

We have a natural abelian extension of sheaves of groups on X, x Z,

1- Mr(OXabe) ®pII - GLT(Oxlxz) - GLT(O)(Xz) -1 (73)

where Z is the coherent sheaf on X, corrresponding to /. The isomorphism

class of F) corresponds to an element of the nonabelian cohomology H' (X, x
Z,GL.(Oxxz)). By the standard formalism (see Sec. the obstruction to lifting
this class to a class in H'(XaxZ, GL,(Oxixz)) lies in H*(Xapx Z, End(Epe) @piT),
where EASb is induced by E). We claim that this group H? vanishes. Indeed, we

have FE Agh (f xid)*€. Applying the base change theorem we get an isomorphism

RU(X% x Z,(f xid)*End(E) ® piZ) ~ RT(XY,Z® Lf*Rp.End(£)).

It remains to observe that by our assumptions (c¢) and (d), the complex of sheaves
Lf*Rp.End(E) has no cohomology in degrees > 2.

To prove that second assertion we argue by induction on the degree of
nilpotency of the nilradical of a test algebra A. Thus, we consider a square zero

extension (7.2)) of commutative algebras, where I is a AZ%-module, and study the
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corresponding commutative square

hg(A") — hp(A)

l l (7.4)

MYC(AY) —— BC(A)

We assume that the right vertical arrow is an isomorphism and we would like to
prove the same about the left vertical arrow. We know that both horizontal arrows
are surjective. Furthermore, using the interpretation in terms of nonabelian H' and
the exact sequence we can get a description of the preimage of an element

Ex € h¥C(A) under the bottom arrow. Namely, the corresponding sequence of

twisted sheaves is
0> End(E™) ® piT - Aut(En) - Aut(Ey) — 1. (7.5)

By Lemma [7.1.4] we have Aut(FE,) = A*, and it is easy to see that this group acts
trivially on H' (X4, x Z,End(FE e ) @ piZ)) (since A’ is in the center of Aut(Ey)). It
follows that the preimage of Ey in h}¢(A’) is the principal homogeneous space for

the abelian group
coker (Aut(Ey) 3 HY (X x Z,End(Epas) ® piT)),

where &g is the connecting homomorphism associated with ((7.5). However, by
Lemma [7.1.4] fixing a lifting Err € h9(A’), we get that the previous map in the
long exact sequence, Aut(Fy/) — Aut(FE,) is just the projection (A’)* - A*, so it is

surjective. This implies that the preimage of ), is the principal homogeneous space
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for

H' (X x Z,End(Epg) ® piT) = HO (X3, T® H'(Lf*Rp.End(£))).

By our assumptions (c¢) and (d), we have
HY(Lf* Rp.End(E)) ~ f*R*p.End(E),

thus, the above group is H(XY, I ® f*Rlp.End(E)).
On the other hand, different extensions of Spec(A) - B to Spec(A’) - B
correspond to H°(B, f.I ® Tp). It is easy to check that the map hp(A’) - hYC(A’)

is compatible with the Kodaira-Spencer map
H(B, £, &Ts) x H'(X%,T® [*Tp) » H' (X%, T ® f*R'p.End(€)),

which is an isomorphism by assumption (b). It follows that the map hg(A’) —

h¥C(A’) is an isomorphism. O
We have the following simple observation.
Proposition 7.1.5. The functor h¥¢ : N'— Sets factors through aN .

Proof. Suppose we have two homomorphims fi, fo : A’ = A in N such that they are
conjugate, i.e., fo =0 f;, where 6 = 0, is an inner automorphism of A: 6,(z) = uru=!
for some unit v in A. We have to check that f; and f5 induce the same map

h(A") - h(A). Equivalently, we have to check that the map h(#) : h(A) — h(A)
is equal to the identity. Note that 6, induces an automorphism of the NC-scheme
X = Spec (A), which we still denote by 6, and the map h(6) sends a right Oxz-
module F) to (6 x idz)*E,. Now we observe that the automorphism 6 x id of

X x Z acts trivially on the underlying topological space and is given by the inner
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automorphism 6, of the structure sheaf O = Ox.z, associated with u which we view
as a global section of O*. Thus, the operation (fxidyz)* is given by tensoring on the
right with O — O bimodule gz (which is the structure sheaf with the left O-action
twisted by 6,,).

Now we use the general fact that twisting by an inner automorphism does not
change an isomorphism class of a bimodule. Namely, if M is an R — S-bimodule
and @, is the inner automorphism of R associated with u € R*, then we have an
isomorphism of (R, S)-bimodules,

M5 M:mw—um.
0y

This construction also works for bimodules over sheaves of rings and an inner
automorphism associated with a global unit. This implies that in our situation

the functor (0 x idz)* is isomorphic to identity, and our claim follows O

Remark 7.1.6. In fact, our proof of Proposition [7.1.5| shows a little more. We can
enhance A¥C to a functor with values in groupoids, by considering the category of
the data as in Definition and isomorphisms between them. On the other hand,
we can consider a 2-category of algebras in N with the usual 1-morphisms and with
2-morphisms between fi, fo : A’ > A given by u € A* such that f; = 6, f;. Then the

functor AN lifts to a 2-functor from this 2-category to the 2-category of groupoids.

7.1.2  Local representability in aN

By Proposition [7.1.5] we can view h¥¢ as a functor on the category aN, our
main goal is to prove the local representability of the corresponding functor A% |,

by a d-smooth NC-algebra.
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Theorem 7.1.7. Assume that the base B of an excellent family is affine. Then for
every d > 0 the functor hyC|.y;, is representable in aNy by a d-smooth thickening of

B. Hence the functor hiC is representable in aN by a NC-smooth thickening of B.

The proof will proceed by induction on d. We need two technical lemmas (the

second of which is a noncommutative extension of Lemma [7.1.4]).

Lemma 7.1.8. Assume that hC|.n, , is representable by A € Ny_y. Then for any
central extension (6.3)) with A € aNy_1, A’ € aNy, and any homomorphism f: A — A,

there is a commutative square

U(f) > Der( A 1)

| [ (7.6)

Aut(Ey) SLLEN H'(Spec(A®) x Z, End(E*®) ® I)

Here Ay is given by (6.4); Ex = E; is the family in h°(A) induced by f;

the map K S 1is induced by the Kodaira-Spencer map; and the homomorphism

U(f) - Aut(Ey) associates with w € A* an automorphism of Ey induced by the
left multiplication by u on A. The map dg is the connecting map associated with the
exact sequence of sheaves ([7.5)), where Ey: is a vector bundle over Spec(A'") x Z

lifting En. In particular, in this situation oy is a group homomorphism.

Proof. We are going to compute the maps in the square using local
trivializations. Let us denote by £2 the original family over B x Z, and let £ be the
family over Spec (A) x Z corresponding to the element id € hs(A4) ~ hY°(A). We
denote by f% the homomorphism A% — A2 induced by f and the corresponding
morphism of affine schemes Spec (A%) — Spec (A%) = B. Note that by Proposition
7.1.3] we have an isomorphism F% = (f® x id)*£®.

Step 1. Computation of &y : Aut(Ef) - H'(Spec (A®) x Z, End(E?) ® piI).
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Let us fix an open affine covering (U;) of Spec (A%)x Z such that E; is trivial
over U;. Then, given an automorphism a € Aut(Ey), over U; we can lift « to an
automorphism «; of Ex. Now over U; n U; the endomorphism «;'a; — id of Ey
factors through the kernel of the projection Ey — Ey, i.e., E% @ p;Z. This gives the

Cech 1-cocycle with values in End(E®) ® p;Z, representing the class dp(«).

Step 2. Computation of the KS-map

Der(A®, I) - H'(Spec (A") x Z,End(E?) ® piT). (7.7)

Note that we have an identification

Der(A®, I) ~ HY(B,Tp ® f2T).

Let us fix trivializations ¢ : O™ - £ over an affine open covering (U;) of B x Z,
and let g7 = (¢§*) 14" € M, (O(U; nU;)) be the corresponding transition functions.
Then to a vector field v on B with values in 27 the KS-map associates the Cech
L-cocycle pf®v(ge?) (gi) " (pg®)~" on B x Z with values in End(E?) ® p foT.

We also need to calculate the image of this class under the isomorphism

induced by the projection formula

HY (B x Z,End(E™) @ pi f.I) > H' (B x Z,(f xid).((f xid)"End(£™) ® piT)) =

H'(Spec (A?) x Z,End(E®) ® piT).

To this end we note that the morphism f? x id : Spec (A®) x Z - B x Z is affine,
and so U, := (f® xid)~1(U;) is an affine open covering of Spec (A%) x Z, over which
we have the induced trivializations of £ = (% x id)*£®, which we still denote by
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2. Now it is easy to see that the corresponding Cech 1-cocycle on Spec (A®) x Z

with values in End(FE®) ® I is given by

ePu(gi) f*(gi)) T (™)

where we denote still by fa : O(U; nU;) - O(U; n U;) the homomorphism induced

by fe, and also extend v to a derivation O(U; nU;) - p:Z(U; n T;).

Step 3. Now we can check the commutativity of the square

We start by choosing an affine open covering (U;) of B x Z and trivializations
of £% over U;. Then we can lift these trivializations to some trivializations ¢; :
ngec(A)xZ

G Ly (Ospec (ayxz (Ui 0 Uj)).

v, — &. We denote by g;; the corresponding transition functions in

By definition, As(u) is the derivation

v(a) = [u, f(a)]aut = [@ f(a)]a?,

where @, f(a) € A’ are some lifts of v and f(a) (note that Der(A,I) = Der(A®,I)).

Hence, KS(Af(u)) is represented by the 1-cocycle
~ YN ~_ ~_1 — NN ~_ ~_1 . —
wila, flgi)Iat™ f(gi) w7t = oi(af(gi)a" fg)  —id)gi (7.8)

As in Step 2, we have the induced affine open covering U; of Spec (A9b) x
Z, and the induced trivializations ; of E; over U;. Let us choose a lifting Ey/ of
E} to a vector bundle over Spec (A") x Z (it exists by formal smoothness of A%,
and liftings 9! of 9; to trivializations of Exs over U;. Note that we have Pl =

f(gi;), and hence (¢!)~1¢’ provide liftings f(g;;) € A’ of f(g;;). The image of u €
J % 7 J J
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U(f) in Aut(Ey) can be represented over U; as yu;t, where we view u as the
corresponding operator of the left multiplication by u (note that these operators
are compatible on intersections because u - f(g;;) = f(gij) - u, due to the inclusion
ue U(f)). Using the lifting @ € A’ of u we get local automorphisms of Ey over U,

a; = YPla(y))~t. Then
o) = a7tay —id = (" () ) (Wgins ") ~id = (@ Flgn)af (gy)  —id) (@)™
Comparing this with we see that

do(@) = KS(Ay(u™)) = KS(-Ay(u)) = -KS(Af(u)).

Lemma 7.1.9. Assume that hi¥¢|.x;, is representable by A € aNy, so h¥C|n, = ha.
Then for every d-nilpotent algebra A and every homomorphism f : A - A, the
induced homomorphism U(f) — Aut(Ey) is an isomorphism. Here Ey represents

the family in hi¥(A) induced by f.

Proof. We will prove the assertion by induction on d’ < d such that A is d’-
nilpotent. For d’ = 0, i.e., when A is commutative, we have U(f) = A* and the
assertion follows from Lemma [7.1.4]

Next, we have to see that both groups fit into the same exact sequences, when
A’ is a central extension of A by I. Namely, if f’': A - A’ is a homomorphism lifting

f, then by Lemma [7.1.8 we have a morphism of exact sequences
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141 —— U(f') —— U(f) —=L 5 Der(A, 1)

Lol Lo

1+1 — Aut(Ep) — Aut(Ey) —2 H'(End(E) @ piT)

Note that the map KS is an isomorphism. Since the map U(f) — Aut(Ey) is
an isomorphism by the induction assumption, we deduce that U(f’) - Aut(E}) is

also an isomorphism. O

Proof of Theorem By Proposition [7.1.3] we know that the assertion is true
for d = 0. Now, assuming that the functor h%%|,r;,_, is representable, we will
apply Proposition m to prove that A¥C|,u;, is representable. It suffices to check
conditions (i) and (ii) of this Proposition. To prove condition (i) assume that

A - A and A” — A and nilpotent extensions with A, A” € Com. To see that the

map

B(A"xp A) = h(A') %) (A

is a bijection, we construct (as in [I1, Lem. (5.4.4)]) the inverse map as follows.
Starting with families £y, and €y over A’ and A”, and choosing an arbitrary
isomorphism of the induced families over A, we define the family over A’ x, A" as
the fibered product € xg, Exr. One has to check that the result does not depend on
a choice of isomorphism of families over A (this may fail in general, but works for
commutative A”). Note that different choices differ by an automorphism of &y, so it
is enough to see that any such automorphism can be lifted to an automorphism of
Exr. But this follows immediately from Lemma [7.1.4]

Next, let us check condition (ii). Given a central extension with A’ € NV,

A € Ny1, and a family (f, Ey, ¢) in h¥Y(A), then choosing a lifting Fx to a
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family over A’, from the corresponding exact sequence of sheaves of groups (|7.5) we

get a connecting map

50 : A'U/t(EA) —> Hl(Xab X Z7 Snd(EA“b) ®p>1(-"z’-)

Furthermore, by Lemma Jdp is actually a group homomorphism (and the
source of this map acts trivially on the target). Thus, from the formalism of
nonabelian cohomology applied to the abelian extension of sheaves of groups
(7.3)) we get that different liftings of E to a family over A’ form a principal
homogeneous space over coker (y) (see Secl2.3). Note that by Lemma (7.1.9), we
have an isomorphism U(f) ~ Aut(FE,), where f : A - A is the homomorphism
giving Ex. Thus, by Lemma we can identify coker (dp) with coker (Ay).
Thus, to prove condition (ii), it remains to check that the two actions of Der(A, I)
on the set of liftings of F, are the same (the one coming from the formalism of
non-abelian cohomology, and the other one given by the map )

To this end we use the computation of the Kodaira-Spencer map using
local trivializations. Namely, we choose trivializations of the universal bundle
& over an open covering of Spec (A) x Z, and denote by g;; the corresponding
transition functions, so that f(g;;) are the transition functions for E4. Then, in
the notation of Lemma a derivation v € Der(A, ) = Der(A%,I) gives rise to

the Cech 1-cocycle

eiv(gii) [ (9i5) " o7

on Spec (A%?)xZ with values in End(E®)®p;Z. The corresponding f(g;;)-twisted 1-
cocycle with values in M, (O)®p;Z is (v(gi;)f(gi;)™'). Now by definition, the action

of v on the set of liftings of f(g;;) to a 1-cocycle with values in G L, (Ogpec (A)x2)
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sends (g;;) to

((1+ U(gij)f(gij)_l) “Gij = (?fz’j + U(Qz‘j))- (7.10)

On the other hand, from v we get a homomorphism f% +v : A - A® @ I, and
hence, the 1-cocycle (f*+v)(gi;) with values in GL,(Ospec (actan)xz) lifting f*(gi;).

Hence, a lifting ;; of f(g;;) together with v defines a 1-cocycle

(@i, (f* +0)(955))

with values in G L, (Ogpec A o (A2@IT))x 7). It remains to observe that under the

isomorphism it corresponds to the 1-cocycle

(Gij» Gij + v(3ij))

with values in G L, (Ogpec (arxpa7)xz), Which has ((7.10]) as the same second

component. O

7.2 Excellent Families of Quiver Representations

Let @ be a finite quiver with the set of vertices )y and the set of arrows Q).
We denote by h,t: (1 — )y the maps associating with an arrow its head and tail.

As in [23], we can consider representations of () over an NC-scheme X.

Definition 7.2.1. A representation of () over an NC-scheme X is a collection of
vector bundles (V,)veq, over X, and a collection of morphisms e, : Vy(a) = Vy(a), for

each a € ().
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In order to impose conditions on a family of quiver representation analogous
to Kapranov’s functor for vector bundles, we first need the analog of the Kodaira-

Spencer map.

7.2.1 Kodaira-Spencer map for quiver representations

With a collection V = (V,)veq, Of vector bundles over X we associate a triple

of sheaves of groups on the underlying topological space of X,

g(V) = HM(VU), g(](V) = HSnd(Vv), gl(V) = H?—[om(Vt(a),Vh(a))

Note that there is a natural action of G(V) on &£ (V) given by

(90) - (#a) = (9n(a) Pabi(a))-

In the case of trivial bundles V, = O™ for a dimension vector n,, we denote these
sheaves as G(n.), & (n.) and £ (n,). When we want to stress the dependence on
the NC-scheme X we write G(n,, X), etc.

A structure of a representation of () on V is given by a global section e = (e,)

of £1(V). For such a structure e we can build a 2-term complex

d
E.(V,e) : &(V) 2 E(V),
where the differential is given by de(¢y) = @n(a)€a — €aPr(a). Note that HOE(V, e) is
precisely the sheaf of endomorphisms of (V,e) as a representation of Q.
Let (V,e) be a representation of () over X. Over some open affine covering

U = (U;) of X we can choose a trivialization ¢; = (¢,;) : @, O = D, Volv,. Then
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over each U; we have morphisms

€ayi = széa),ieagpt(a),i € Mnt(a)xnh(a> (O(UZ)) = Sl (n°)(Ul)7

and over intersections U; n U; we have transition functions
9ij = (9uij) = 0i'j € [[GLn, (O(U; 0 U;)) = G(na)(U; n Uj).

One immediately checks that (g;;,e,;) defines a Cech 1-cocycle with values
in the pair G(n.) ~ €1(n.) (see Sec. 2.4). Furthermore, a different choice of
trivializations (;) leads to a cohomologous cocycle, so we have a well defined
element of H'(X,G(n.) ~ &£1(n.)). One can easily check that in this way we get
a bijection between the latter nonabelian hypercohomology group and the set of
isomorphism classes of representations (V,e) of @, such that the underlying vector
bundle has dimension vector n,.

For a central extension ([6.3)) we have an abelian extension of sheaves of
groups

1—>50(n.,(9xab)®I—>g(n.,(’)Xf)—>Q(n.,(’)x) -1 (711)

where X = Spec(A), X’ = Spec (A’), Z c Ox: is the ideal sheaf associated with 1,

and an exact sequence of abelian groups
00— El(n.) 7L —~ El(n.,X') — El(n.,X) — O,

compatible with the actions of the groups from . From Sec. we get that
the obstacle to lifting a representation (V,e) of @ over Spec (A) to a representation
of @ over Spec (A’) is an element of the hypercohomology H?( X &,(V,e) ® T).
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But the latter group H? fits into the exact sequence

Lo HY(X® E(V)®T) »H? - H* (X EV)®T) — ...

Since X is an affine scheme, we deduce that our H?2 vanishes. Thus, the functor of

families of Q-representations on A is formally smooth.

Definition 7.2.2. With a representation (V,e) of () over a commutative scheme B

we associate the KS-map, which is a morphism of coherent sheaves on B,

KS:Tg—>H'E(V,e), (7.12)

defined as follows. Locally we can choose trivializations ¢ : @, O™ - @, V, and set

for a local derivation v of Op,

KS(v) :=pv(pteap)p™ modim(d,) € & (V, f))/im(d,).

It is easy to check that a change of a local trivialization leads to an addition of a

term in im(d,.), so the map K S is well defined.

Remark 7.2.3. This definition is motivated by the fact that in the case when B =
Spec (k) is the point and (V,e) is a Q-representation over k, the space H'E,(V,e) is
isomorphic to Ext'((V,e), (V,e)) (see [3, Cor. 1.4.2]), which is the tangent space to

deformations of (V,e) as a Q)-representation.

7.2.2  FExcellent families of quiver representations

Now let us fix a family (W, e?) of representations of @) over a smooth

commutative base scheme B. We have the following analog of Definition [7.1.1]
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Definition 7.2.4. We say that (V2 e) is an excellent family of representations of
Q if
(a) the natural map Op — End(V®,e®) = HOE,(V®, e®) is an isomorphism;

(b) the Kodaira-Spencer map KS: Tp - H'E (V% %) is an isomorphism.

For example, these conditions are satisfied for the moduli spaces of stable
quiver representations corresponding to an indivisible dimension vector (see [14]
5.3]).

Let us point out some consequences of the assumptions (a) and (b). Given

f:S = B (where S is a commutative scheme), for (V,e) = (f*V, f*e) we have

End(V,e) = HE,(V,e) = HOLf*E,(V?, e®) = f*HOE, (VP e?) ~ f*Op ~ Og,

where we used the fact that H'E, (V% e®) ~ Tg is locally free. Also, if S is affine,

then for any coherent sheaf F on S we have

W (E(V,e)oF) ~H'E(V,e)® F ~ f* T ® F.

Now we consider the following analog of Definition for quiver

representations.

7.2.83  Functor of NC-families extending an excellent family of representations

Definition 7.2.5. For an excellent family (V% ) of representations of @) over
a smooth (commutative) base B, we define the functor K¢ : N' — Sets by
letting h¥¢ to be the set of isomorphism classes of the following data (f, Vi, ®).

Let X = Spec(A) and let X2, be the reduced scheme of the abelianization of X.
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Then f : X% — B is a morphism, (Vi,es) is a representation of @ over X, and

¢ (En,en)|xo = (f *Yab_ fxeab) i an isomorphism of representations of Q.
We have the following analog of Theorem m (and Propositions [7.1.5)).

Theorem 7.2.6. The functor hi¥¢ is formally smooth and factors through the
category aN'. If the base B is affine then for every d > 0 the functor hiC ., is

representable by a d-smooth thickening of B.

Proof. The proof follows the same steps as in the case of families of vector bundles.
We already shown before that h%¢ is formally smooth. The fact that h¥¢ factors
through a/\ is proved similarly to Proposition [7.1.5]

The key technical computation is the analog of Lemma [7.1.8] which in our

case claims commutativity of the diagram

Ay

U(f) > Der( A, T)

| J-xs (7.13)

Aut(Vy, en) —2s HO(X HIE,(Vb, eb) ® T)

associated with a central extension and a representation (Vyr,eas) of @ over
X' = Spec (A’). Here we assume that A% |,;,_, is represented by A € N1, and
that A € aNyz_ 1 and (Vj,ep) is a Q-representation over X = Spec (A) corresponding
to a homomorphism f : A - A. Also, (Vas,enr) is a Q-representation over X,
extending (Va,ep). The right vertical arrow in is induced by the KS-map
, and the bottom arrow is the connecting map defined in Sec. More
precisely, we use here the identification for any quiver representation (V,e) over

X of the automorphism group Aut(V,e) with the group H°(X,G(n.),c), where

c e H(X,G(n,) ~ & (n.)) is the class of (V,e). Also, we use the natural
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isomorphism
H'Y(X,E(V®,e®)®T) > HY(X,H'E,(VP,e?) @ T) (7.14)

induced by the projection £ (V%) — HLE, (VP eab).

We assume that there is an open covering (U;) of B and trivializations ¢$°
of V|, and the compatible trivializations ¢; of V4 and Vj: over the covering UZ =
¢ 'U;. Let (gij,ei) be the Cech 1-cocycle corresponding to the universal family over
Spec (A), so that the corresponding cocycle for (Va,ea) is (f(gi;), f(e:)).

By definition of §y (see Sec. , starting from an automorphism a of
Aut(Va,ep) we can lift it over U; to an automorphism al of (Vyr,enr) and then
define dp(av) is the class of the Cech 1-cocycle with values in £ (V% e®) ® I, given
by

Qg5 = (Of;)_l ; - ld, a1 = (ag)_lemf —Ei A
Calculating as in the proof of Lemma and recalling that the action of Gy(n.)
on & (n,) is given by conjugation, we get

aoi; = V([T F(9)] — 1) = b p(w ) (F (i) £ (g55) 05,

ar; = Vi (T e ali = ea); ' = P p(u) (ea)i
where we extend the derivation Ay : A — I to matrices with entries in A. Now
we note that the image of the class of this Cech 1-cocycle under the isomorphism
(7.14)) is simply the global section of H'E, (V% e®) ® T given by
(a1; modim(d.)) = KS(Ap(u™)) =-KS(Ap(u)).
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