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Approved:

Dr. Marcin Bownik

We characterize the diagonals of four classes of self-adjoint operators on
infinite dimensional Hilbert spaces. These results are motivated by the classical
Schur-Horn theorem, which characterizes the diagonals of self-adjoint matrices on
finite dimensional Hilbert spaces.

In Chapters II and III we present some known results. First, we generalize
the Schur-Horn theorem to finite rank operators. Next, we state Kadison’s
theorem, which gives a simple necessary and sufficient condition for a sequence to
be the diagonal of a projection. We present a new constructive proof of the
sufficiency direction of Kadison’s theorem, which is referred to as the Carpenter’s
Theorem.

Our first original Schur-Horn type theorem is presented in Chapter IV. We
look at operators with three points in the spectrum and obtain a characterization
of the diagonals analogous to Kadison’s result.

In the final two chapters we investigate a Schur-Horn type problem
motivated by a problem in frame theory. In Chapter V we look at the connection
between frames and diagonals of locally invertible operators. Finally, in Chapter

VI we give a characterization of the diagonals of locally invertible operators, which
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in turn gives a characterization of the sequences which arise as the norms of frames
with specified frame bounds.

This dissertation includes previously published co-authored material.
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CHAPTER 1

INTRODUCTION

The classical Schur-Horn Theorem gives a necessary and sufficient condition in
terms of linear inequalities for a sequence {d;}Y, to be the diagonal of a self-adjoint
matrix with eigenvalues {\;}}¥, counting multiplicity. More precisely, if we let U
be the set of unitary operators on H and let {e;}?Y, be a fixed orthonormal basis,
then the Schur-Horn Theorem gives a characterization of the set of diagonals of the

unitary orbit of E, which is denoted
(1.0.1) D(E) = {{{UEU"¢;, )}, : U € U}.

In this dissertation we will give a complete characterization of the set D(FE) for four
distinct classes of operators.

Chapters II and III present previously known results. In Chapter II we present
a proof of the Schur-Horn Theorem for finite rank operators, including a proof of
the classical finite dimensional case. Though the proofs in this section are new, the
results are contained in work of Gohberg and Markus [13] and Arveson and Kadison
[5].

Chapter III deals with projections on infinite dimensional, not necessarily sepa-

rable spaces. In 2002 Kadison [16, 17| gave a complete characterization of the set
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of diagonals of projections. This amazing theorem gives a simple condition on a
sequence that is necessary and sufficient for it to be the diagonal of a projection. In
the original paper Kadison refers to the necessity of this theorem as the Pythagorean
theorem and the sufficiency as the Carpenter’s Theorem. Chapter 111 is devoted to
a complete proof of the Carpenter’s Theorem. Our proof uses new techniques and
yields the real case, which the original does not.

In Chapter IV we give an analogous characterization of the diagonals of self-
adjoint operators on separable Hilbert spaces with three eigenvalues. By first scal-
ing and shifting, Kadison’s theorem gives a complete characterization of self-adjoint
operators with at most two eigenvalues. Thus, it is a natural next step to consider
the case of three eigenvalues. The full characterization is quite complex, requiring
eight distinct cases depending on the configuration of the multiplicities of the eigen-
values. However, we also present a condensed version where the multiplicities of
the eigenvalues are not specified. At the end of Chapter IV we give some examples
to demonstrate the use of our characterization. We consider several examples of
fixed diagonal sequences and find all possible sets of three points that arise as the
spectrum of a self-adjoint operator with the given diagonal.

Several researchers have been motivated by problems in frame theory to look at
the Schur-Horn Theorem and problems related to it. In Chapter V we give an
example of the connection between frames and diagonals of self-adjoint operators.
Specifically, given a frame {f;};c; with optimal frame bounds A and B, we consider
the problem of characterizing the sequence {||fi||}ic;. The purpose of this chap-
ter is to reformulate this problem into the problem of characterizing the diagonals
of positive locally invertible operators, that is, self-adjoint operators E such that
{A,B} Co(E) C{0}UA, B]. Chapter VI gives the characterization of the diago-
nals of such operators, which in turn gives an answer to the problem in frame theory.

Distinct from the previous cases, in this chapter we do not characterize D(E) for



each locally invertible operator E. Instead, we give a characterization of D(FE) for
all self-adjoint operators E with {A, B} C o(F) C {0} U [A, B] for fixed A and B.
Chapters I1I, V and VI contain co-authored material, which has been accepted for

publication and will appear in Journal fiir die reine und angewandte Mathematik.



CHAPTER II

FINITE RANK OPERATORS

II.1. FINITE DIMENSIONAL HILBERT SPACES

The classical Schur-Horn Theorem gives a characterization of the set of diagonals
of self-adjoint operators with prescribed eigenvalues and multiplicities. This charac-
terization comes in the form of a set of linear inequalities (II.1.1) which are known

as majorization.

Theorem I1.1.1 (Schur-Horn Theorem). Let {\;}Y, and {d;}¥, be real sequences

with nonincreasing order. If

zn:digi:/\i form=1,... N,
i=1 i=1

N N
D2 M= d
i—1 i=1

then there is a self-adjoint operator E : RY — RN with eigenvalues {\;} and diago-

nal {d;}.

(IL1.1)

Conversely, if E : CN — CV is a self-adjoint operator with eigenvalues {\;} and

diagonal {d;}, then (I11.1.1) holds.



The theorem states that a sequence is the diagonal of a self-adjoint matrix if and
only if it is majorized by the eigenvalue sequence. The necessity of (II.1.1) was
shown by Schur in 1923 [21], while sufficiency was shown by Horn in 1955 [15].

The following is a new proof of Horn’s direction of the finite dimensional Schur-

Horn Theorem.

Theorem I1.1.2 (Finite Horn’s Theorem). Let {\;}}¥, and {d;}¥, be real sequences
in nonincreasing order. If (11.1.1) holds then there is a self-adjoint operator S :

RY — RY with eigenvalues {\;} and diagonal {d;}.

Proof. We will show by induction on N that S exists. The case of N =1 is trivial,

so assume the claim is proved for all integers less than N. Define the number

5:min{i)\i—idi:n<N}.
i=1 i=1

If 0 = 0, then there is some m < N such that (II.1.1) holds for the sequences {d;}!",
and {\;}7,. Clearly, (I.1.1) also holds for {d;}¥,, ., and {\}¥, ;. We use the
inductive assumption to find self-adjoint operators S; : R™ — R™ with eigenvalues
{\;}7, and diagonal {d;},, and Sy : RV=™ — R¥~™ with eigenvalues {\;}1Y,, .,
and diagonal {d;},,.,. Then S = S; & S, is the desired operator.

If § > 0 then there is some m < N such that

i=1 i=1
Note that
N-1 N—1
(5§ )\7,_ dz:dN_)\N7
=1 =1
and
0 < A\ —d.



Now, define the sequence

di+6 i=1
di =< d, i=2,.. N—1
dy — 5 i=N.

By the minimality of & the sequences {d;}?Y, and {\;}Y, still satisfy (IL.1.1). Now,
the sequences {d;}™, and {\;}™, satisfy (I1.1.1). Similarly the sequences {ci}fimH
and {\;}i¥,,.; still satisfy (I1.1.1). Since these pairs of sequences have length less
than N we can apply the inductive assumption to obtain S; : R™ — R™ with
eigenvalues {\;}™, and diagonal {d;}™,, and S5 : R¥=™ — R¥N=™ with eigenvalues
(AN, and diagonal {d;}Y. ... As before, we consider the operator S = S; & S,.
Let a € [0, 1] be such that that a(dy; + ) + (1 — ) (dy — ) = dy. Define the unitary

operator U on the standard orthonormal basis {e;}Y | by

)
Vae, — /1 —aey =1
U(ez) = \/1 — oe; + \/&61\[ 1=N

e; otherwise

\

It is a simple calculation to see that U*SU has the desired diagonal by noting that
<S €1,€ N> = 0. O

Next, we present a simple proof of Schur’s direction of the Schur-Horn Theorem.

The proof also covers the case of positive compact operators.

Theorem I1.1.3 (Schur). If S : H — H is a positive compact operator with eigen-
value list {\;}52, in nonincreasing order, then for any orthonormal basis {e;}°, of

H we have

(I1.1.2) Z(Se@-,ei> < Z)\i for allm € N

i=1 i=1
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Proof. Let {f;}52, be an orthonormal basis for H of eigenvectors with Sf; = A f;
and let {e;}22, be any orthonormal basis. Now we calculate

i(Sei, €i) = i <S<i<€z, fj>fj)7ei> Z < Z e, fj) Sf]7€z>

i=1 i=1 7=1

(IL.1.3)

[e.e]

_ZZ)‘ (€5, [) ([, €) = Z)‘ Z’ez’fj Z)\a],

=1 j5=1

where a; = Y77, [(e;, f5)[*. Note that 377 a; = n and 0 < a; < 1 for all j,
independent of choice of basis {e;}°,. Since {\;}{2, is in nonincreasing order,
the choice of sequence {a;}32; with >3, a; = n and 0 < a; < 1 for all i, that
maximizes the last quantity of (II.1.3) consists of n ones followed by zeros. This

yields (I1.1.2). O

I1.2. POSITIVE FINITE RANK OPERATORS

The analogue of the Schur-Horn Theorem for trace class operators was proved
by Arveson and Kadison in [5]. It was further generalized to compact operators by
Kaftal and Weiss in [18]. The following is a special case of Arveson-Kadison theorem
[5, Theorem 4.1] for finite rank operators. Theorem I1.2.1 can also be deduced from
the Kaftal and Weiss infinite dimensional extension of the Schur-Horn Theorem [18,

Theorem 6.1].

Theorem II.2.1 (Kadison, Arveson). Let {\;}Y, be strictly positive and nonin-
creasing and let {d;}32, be nonnegative nonincreasing. There is a positive rank N

operator with positive eigenvalues {\;} and diagonal {d;} if and only if

idi < i/\i foralln < N
i=1 i=1

00 N

dodi=) M

i=1 i=1

(11.2.4)



We need only prove that (I1.2.4) is sufficient, since Theorem II.1.3 implies that
(I1.2.4) is necessary. First, we will handle the case of rank one operators with the

following lemma.

Lemma I1.2.2. If {d;}$°, is a nonnegative sequence with

=1

then there is a positive rank 1 (or rank 0 is A = 0) operator S with eigenvalue \ and

diagonal {d;}.
Proof. Let {e;}52, be an orthonormal basis for the Hilbert space H. Set
U= Z \/d_i€i7
i=1

and define S : H — H by Sf = (f,v)v for each f € H. Clearly S is rank 1, and

||2 —

since ||v]|* = A the vector v is an eigenvector with eigenvalue A. Finally, it is simple

to check that S has the desired diagonal. 0

Theorem I1.2.3 (Finite Rank Horn’s Theorem). Let {\;}Y., be a strictly positive

nonincreasing sequence and let {d;}5°, be a nonnegative nonincreasing sequences. If

zn:di < zn:)\i foralln < N
i=1 i=1

o) N
SRR
i=1 1=1

Then there is a positive rank N operator S on a real Hilbert space H with eigenvalues

NI and diagonal {d;}2,.

(11.2.5)

Proof. Define

o0

mozmax{m:Zdi ZAN}

i=m

8



and

(z)

i=myg

Note that mg > N and define {\;}75! b

N N oi=1,2... N—1
0 i=N,...,mg— L.

Note that d,, > 0, and define the sequence {d;}%

i=mg

J— dmo—(s i:mo
di ’i>m0.

Since

icZ:AN

i=my
we can apply Lemma I1.2.2 to get a positive, rank 1 operator §2 with eigenvalue Ay

and diagonal {d;}2°, . Now define {d;} ' b

i=mg"*

~ d; 1<mg—1

dm0_1+5 Z:mo—l

Note that

and clearly we have

foralln =1,...,my—2. Thus, by Theorem II.1.2 there is a positive operator §1 with
diagonal {d;}™* and eigenvalues {X;}79 . Now, the operator S = S; & S, has the
desired eigenvalues, but diagonal {d;}2°,. However, {d;} only differs from {d;} at
i =mp—1and mg. Let o € [0, 1] such that a(d,,,—1+9)+ (1 —a)(dp, —9) = dimg—1-



Define the unitary operator U on the standard orthonormal basis {e;}3°, by

)
Vaen, 1 —V1—aen, i=mg—1
Ule)) = V1 — Amo—1 +Vm, 1 =my

e; otherwise.
\

It is a simple calculation to see that U *SU has the desired diagonal. This gives an

operator with the desired diagonal. 0

10



CHAPTER III

PROJECTIONS

II1.1. STATEMENT OF KADISON’S THEOREM

In [16] and [17] Kadison gave a complete characterization of the diagonals of
projections which are self-adjoint operators with only 0 and 1 as eigenvalues. The
goal of this chapter is to prove one direction of Kadison’s theorem, namely that the
condition (II1.1.1) is sufficient. This direction is known as the Carpenter’s Theorem.
While the theorem is known, our proof is new and has several advantages over the
original. First, the original proof does not yield the real case, which ours does.
Second, our proof is not existential in that it gives a concrete process for finding the
desired projection. The material in Section III.2 is contained in a paper co-authored
with Marcin Bownik [7] which has been accepted for publication in Journal fir die
reine und angewandte Mathematik.

We begin with the statement of Kadison’s Theorem.

Theorem IIT1.1.1 (Kadison). Let {d;};,c; be a sequence in [0,1] and o € (0,1).
Define

a:Zdi and b:Z(l—di).

di<a d;>a

11



There is a projection with diagonal {d;},cr if and only if
(IIT.1.1) a—beZU{too},

with the convention that oo — oo = 0.

Remark 111.1.2. Observe that in Theorem II1.1.1, if there exists a partition I = I; Ul

such that

d diY (1-d)<oo and > di—Y» (1-d)€LZ

i€l i€lq i€l i€lq
then we have a — b € Z for all o € (0,1). Thus, the existence of such a partition is
also a sufficient condition for a sequence to the be the diagonal of a projection. We

will find use for these more general partitions in the sequel.

Remark 1I1.1.3. Note that the indexing set I is not assumed to be countable. In
[16, 17] the possibility that I is an uncountable set is addressed in all but the most
difficult case where {d;} and { B —d;} are nonsummable [17, Theorem 15]. However,
the case where [ is uncountable is a simple extension of the countable case, as we

will now explain.

Proof of reduction of Theorem III.1.1 to countable case. First, we consider a pro-
jection P with diagonal {d;};c; with respect to some orthonormal basis {e;}. If
a or b is infinite then there is nothing to show, so we may assume a,b < oco. Set
J={iel:d =0u{i el :d =1}, and let P’ be the operator P acting
on span{e; ficn . Since e; is an eigenvector for each ¢ € J, P’ is a projection with
diagonal {d;};cr ;. The assumption that a,b < oo implies I \ J is at most count-
able. Thus, the countable case of Theorem VI1.3.3 applied to the operator P’ yields
a — b € Z. This shows that (III.1.1) is necessary.

To show that (III.1.1) is sufficient, we claim that it is enough to assume that all of

the d; are in (0, 1). If we can find a projection P with only these d;, then we take [
12



to be the identity and 0 the zero operator on Hilbert spaces with dimensions chosen
so that P@® @0 has diagonal {d;}. Since a and b do not change when we restrict to
(0,1), we may assume that {d;};c; has uncountably many terms and is contained in
(0,1). There is some n € N such that J ={i € I : 1/n < d; < 1—1/n} has the same
cardinality as I. Thus, we can partition I into a collection of countable infinite sets
{I;} ke such that I, N J is infinite for each k € K. Each sequence {d;};cs, contains
infinitely many terms bounded away from 0 and 1, thus (ITI.1.1) holds with a or b
infinite. Again, by the countable case of Theorem VI.3.3, for each k € K there is a
projection Py with diagonal {d;}cr,. Thus, @, Px is a projection with diagonal
{di}ier. U

Theorem II1.1.1 gives a characterization of the set of diagonals of all projections
without reference to the multiplicities of the eigenvalues. However, given the di-
agonal {d;} of a projection P, we can recover the multiplicities from the following

formulas:

dimker P = Z(l —d;) dimran P = Zdi'

Thus, Kadison’s theorem gives a complete characterization of the set of diagonals
of the unitary orbit of any single orthogonal projection, and can be considered the
Schur-Horn Theorem for operators with two points in the spectrum.

In [16, 17] Kadison refers to the necessity of (III.1.1) as the Pythagorean theorem
and the sufficiency as the Carpenter’s Theorem. Thus, in the case of projections
Horn’s theorem is called the Carpenter’s Theorem and Schur’s theorem is called the
Pythagorean theorem. We will adopt this terminology.

The goal of the rest of this chapter is give a new proof of the Carpenter’s Theorem.

13



Theorem III.1.4 (The Carpenter’s Theorem). Let {d;}ic; be a sequence in [0, 1]
and o € (0,1). Define

a=> di and b= (1-d,).
d;<a di>a
If one of the following holds
(i) a = oo,
(ii) b= oo,

(iii) a,b < o0 and a — b € Z,

then there is a projection P with diagonal {d;}.

Though there are many cases to consider, in each case we give an explicit con-
struction of a projection with the desired diagonal. This is distinct from Kadison’s
original proof, which is more existential. Note that our proof also yields the real

case, which the original proof does not.

II1.2. THE 0 — 1 LEMMA

The following lemma, along with Theorem III.1.1, is the main tool we will use to
construct operators with the desired diagonal in this and the remaining chapters.

This lemma first appeared in [7].

Lemma II1.2.1. Let {a;}Y, and {b;}}, be sequences in [0, B] with max{a;} <
min{b;}. Let no > 0 and
M
No < min { Zai, Z(B — bz)}

i=1 i=1

14



i) There exist sequences {a;}Y., and EZ M in [0, B] satisfying
=1 =1

(111.2.2) G <a i=1,...,N, and b;<b, i=1,...,M,
N N M B M

(ITL.2.3) M+ Y Gi=» a; and no+» (B—b)=Y (B-b),
=1 =1 =1 =1

(ii) Given any sequences {a;} and {b;} as in (i) and any finite or infinite bounded

sequence of real numbers {c;}, if there is a self-adjoint operator E on M with diagonal
{El, Ce 75N7b1, Ce ,bM,Cl,CQ, .. .},
there exists an operator E on ‘H unitarily equivalent to E with diagonal

{al,...,CLN,bl,...,bM,Cl,CQ,...}.

Proof. By scaling the sequences, we can reduce Lemma II1.2.1 to the case B = 1.

Set

{ago) fil = {ai i\il and {bz('O) f\i1 = {bl}ff\il

Define a series of new sequences by applying the following algorithm:

Step i: If 9;,_1 = 0 then we are done. Otherwise set
agfi_l) — max{a!""Y} and bgfl:l) — min{p\""V}.

Then define
5 = min{affi_l), 1-— bﬁ,’;”, Mi-1}-

Now define the sequences {aﬁf)} and {bg,?} by

aﬁfj” — 0 n=mny bq(fl:l) +6; m=my

ag) _ ’ pl) —
b(i—l)

i—1 . m .
a% ) otherwise m otherwise

15



Define
M = Ni—1 — 0;

and proceed to step 7 + 1.

We claim that the above algorithm will stop after K < N 4+ M — 1 steps. Notice
that if 6; = n;_1, then 7; = 0 and the algorithm stops. So, assume that for each
i either 6; = a,, or 6; = 1 — by,,. If §; = a,,, then the sequence {agf)} will have

71—

one more zero than {a7(1 1)}. If 6; = 1 — by, then the sequence {bg,?} will have one

more 1 than {b%_l)}. If {a,(f)} is a sequence of zeros then the algorithm must have
stopped, since 7; < 25:1 a'. Similarly, if {bﬁﬁ)} is a sequence of ones, then the
algorithm must have stopped, since 7; < Z%zl(l — bS}?). Thus, the algorithm can
continue for at most N + M — 1 steps. Finally, set a; = agK) and gj = bgK) for all ¢

and j. This completes the proof of (i).

Let {e;} be the orthonormal basis with respect to which E has diagonal

{bl,...,bM,al,...,aN,cl,cg,...}.

We may assume {51, o ,ZM,'dl, ...,an} is written in nonincreasing order. Let
P be the orthogonal projection onto the finite dimensional Hilbert space Hy =
span{e; }-M and let Eo: Ho — Ho be the operator PE restricted to Ho. In other
words, Ej is the (N+M)x (N+M) corner of E with diagonal {by, . .., by, @1, . .., dx}

Let {\ 3 be the eigenvalues of Ey, written in nonincreasing order. By The-
orem II.1.2 we have the majorization property (II.1.1) for the diagonal of Eo and

{\i}. Using (II1.2.2) and (II1.2.3) yields

k

k
Zbléz’gl fOI'k’Zl,...,M,
=1

=1
M k

M k M k
=1 =1 =1 i=1

i=1 i=1 = =

16



This shows that the majorization property also holds for {by,..., by, a1,...,ay}
and {\;}. By Theorem II.1.2 there is an operator Ey : Ho — Ho with diagonal
{b1,...,bar,a1,...,ay} and eigenvalues {\;}, and thus there is a unitary Uy : Ho —
Ho such that Ey = USEOUO.

Define the unitary U = Uy@ I, where I is the identity operator on Span{e; };~n-as-
Hence, the operator £ = U *FU has diagonal

{al,...,aN,bl,...,bM,cl,cg,...}.

II1.3. THE CARPENTER’S THEOREM PART I

The goal of this section is to give a proof of the case of the Carpenter’s Theorem
where a < 00, b < oo and a — b € Z.
As a corollary of Theorem II.2.3 we have the summable versions of the Pythagorean

and Carpenter’s Theorem.

Theorem I11.3.1. Let M € NU {oo} and {d;}}, a summable sequence in [0,1].
There is a projection P with diagonal {d;} if and only if Zf\il d; € N.

Proof. First, assume {d;} is the diagonal of a projection P. We know that

M
dimran P = Z d;.

i=1
Since {d;} is summable, this implies that P has finite dimensional range, and thus
> d; € N.
Next, assume > d; = N € N. Define the sequence {\;}}£, by



Since {d;} is summable, by reindexing we may assume {d;}Y, consists of the N

largest terms of {d;} in nonincreasing order. Since d; < 1 for all i we have

(I11.3.4) ddi<> N forn=12... N
i=1 =1

We also have
M M
S0 ==
i=1 i=1
which implies (II1.3.4) holds for all n € N. By Theorem I1.2.3 (or Theorem II.1.2

if M < o0) there is a self-adjoint operator P with eigenvalues {\;}}£, and diagonal

{d;}M,. Since \; = 0 or 1 the operator P is a projection. O

Corollary I11.3.2. Let M € NU {oo} and {d;}M, be a sequence in [0, 1] such that
{1 — d;} is summable. There is a projection P with diagonal {d;} if and only if
Y (1-dy e N.

Proof. This follows immediately from the observation that a projection P has diag-

onal {d;} if and only if I — P is a projection with diagonal {1 — d;}. O

Next, we handle the case that
a= Y dib= Y (1—d)<oc.
di<1/2 di>1/2
Proposition I11.3.3. Let {d;}ic; be a sequence in [0,1]. If a,b < oo and
(II1.3.5) D di= > (1—-d)=kel
di<1/2 di>1/2

then there exists a projection P with diagonal {d;}.

Proof. First, note that if {d;} or {1 — d;} summable then from (III.3.5) we see that

the sum is in N and thus we can appeal to Theorem III.3.1 or Corollary II1.3.2 to
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see that the desired projection exists. Thus, we may assume both 0 and 1 are limit
points of the sequence {d;}.

Next, we claim that it is enough to prove the theorem under the assumption that
d; € (0,1) for all 4. Indeed, if P is a projection with diagonal {d;}4,c(0,1), I is the
identity operator on a space of dimension |{i: d; = 1}| and 0 is the zero operator
on a space of dimension [{i: d; = 0}| then P @ I ® 0 is a projection with diagonal
{d:}.

Define I ={i € I : d; < 1/2} and I = {i € I : d; > 1/2}. Choose iy € I5 such
that d;, < d; for all i € I,. Choose J; C I; such that [; \ J; is finite and

 di<1—dy,.
icJy
Let i, € I5 be such that d;, > d;, and
diy + > di > 1.
=

Set

i€y i€y
Let F} C J; be a finite set such that

Z dz > 1o-
1€F]

Also, note that 1 — d;, > ng, so that we may apply Lemma II1.2.1 to the sequences

{d; }ier, and {d;};=;, to obtain sequences {JZ}ZG r, and {CZ}Z:Z2 such that

Z@:Zdi—m and 1—&2:1—di2—770.

i€y 1€F
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Set d; = d; for i € I'\ (Fy U {i»}). Note that

Z d; = d;, + Z dH’ZCZ’:dilﬂL Z di+zdi_n0:1-

i€J1U{i1} i€J1\F1 i€F i€J1\F1 1€F]

By Theorem II1.3.1 there is a projection P, with diagonal {C’i;‘}iejlu{il}.

Next, we note that

YoA—d)+ Y. (—d)=[L\Al- > di+ > (1—di)—n

i€l \J1 i€lx\{i1} i€l \J1 i€lx\{i1}
=L\ A=) di+> (1—d)=|L\ L] —keN.
1€lq i€l

By Corollary I11.3.2 there is a projection P, with diagonal {ci}iel\(Jlu{il}).
The projection P; @ P, has diagonal {c@}ieN. By Lemma II1.2.1 part (ii) there
is an operator P with diagonal {d;} which is unitarily equivalent to P; @ P, and is

thus a projection. 0

II1.4. THE ALGORITHM

In this section we introduce a new technique for finding a projection with pre-
scribed diagonal. The main result of this section (Theorem II1.4.3) may be thought
of as a generalization of Lemma I1.2.2. As in that lemma, given a sequence {d;}
we produce an orthonormal set {v;} such that the projection onto Span{v;} is an
orthogonal projection with the desired diagonal.

In order to find the vectors {v;} we must make a technical assumption on the se-
quence {d;} involving the order of the terms of the sequence. Not every sequence will
satisfy this condition. However, in Lemma II1.4.2 we show that some subsequence

will. Fortunately, we can arrange it so that the subsequence contains a prescribed
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term of the original sequence. In the next section we apply Theorem II1.4.3 count-

ably many times to obtain a projection with diagonal consisting of the full sequence

{di}.

Lemma I11.4.1. Let 0,d;,dy € [0,1]. If max{dy,d2} < o and 0 < dy + ds then

there exists a number a € [0, 1] such that the matriz
(I11.4.6)

has entries in [0,1] and
(I11.4.7) a(dy —a) = (0 —a)(dy — o +a).

Moreover, if dy + dy < 20 then a is unique and given by

oo —dy)

I11.4.8 =
( ) “ 20 — d1 — d2

Proof. First, assume max{d;,ds} < o and 0 < dy + dy. If dy = dy = o then any
a € [0, o] will satisty (I11.4.7) and the matrix (II1.4.6) will have entries in [0,1]. Thus,
we may additionally assume d; + dy < 20. Since the quadratic terms in (I11.4.7)
cancel out, the equation is linear and the unique solution is given by (II1.4.8). It
remains to show that the entries of the matrix in (II11.4.6) are in [0,1]. It is clear
that a > 0. Next, we calculate

o — dy o(o —dy)
I11.4.9 —a= 1-— =
( ) ? 4 0( 20-d1-d2> 20'—d1—dg7

which implies that 0 —a > 0 or ¢ > a. Since ¢ < 1 we clearly have a,0 —a € [0, 1].

Since dy + ds € [0,20) we have

(dl—a)—l—(d2—0+a)=d1—l—d2—a€[0,0).
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If di —a = dy — 0 +a = 0 then the proof is complete. If one of d; —a and dy — 0 +a
is negative then the other must be strictly positive. From (II1.4.7) we see that
a =0 —a =0 and thus ¢ = 0. Since 20 > dy + dy > 0 it is clear that o # 0. Thus,

neither of d; — a and dy — 0 + a is negative. O

Lemma IIL.4.2. Let {d;}ien be a sequence such that d, € [0,1), d; € [0,1] fori > 2
and Y 2, d; = 0o. There is an injection ™ : N — N such that m(1) = 1 and for each

n € N we have
k
(I11.4.10) Ar(kn-1) = dr,y where Kk, = min {k‘ : Z dr(iy > n} )

Proof. First, we will define a sequence of bijections 7, : N — N.

Set

k
(T11.4.11) my :min{k > d; > 1}
j=1

and let m : {1,...,m1} — {1,...,m1} be a bijection such that m(1) = 1 and
{dz@}2, is in nonincreasing order. Extend m to a bijection of N by defining
m(i)=ifori ¢ {1,...,mq}.
Now, define
dz(-l) = dy, ) for all i € N

and .
k1 :min{k : Zdz(l) > 1} )
i=1
For n > 2 define the bijection 7, as follows. Set

k
dgn_l) > n} .

7j=1
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Let m, : {kn1 + 1,....,mp} — {kn-1 + 1,...,m,} be a bijection such that
{dﬁ”‘”};@n_l 41 18 in nonincreasing order. Extend , to all of N by defining m,, (i) = i
for i ¢ {k,_1+1,...,my}.

Set

di" =d" ) forall i € N

and

k
(I11.4.13) k, = min {k Dy d > n} .
=1

Set mog = ko = 0. From (I11.4.11) we see m; > 2 since d; < 1. Using (111.4.12),

that dz(") —d™ Y for i < kn_1, and the assumption that d; < 1/2 for i > 2 we see

i

that
k'nfl“!‘1 knfl_l 1 1
n n—1 n n n n
St = S ) ) <) ) <l
=1 =1

which implies that k, > k,_1 + 2.

Fori=Fk,_1+1,...,k, we define
m(i) =m om0 om,(i).

We claim that 7 is an injection. Assume 7(i) = 7(j). Without loss of generality we
have n,m € N with m > n such that k, 1 +1 <:¢ <k, and k,,_ 1 +1 < 5 <k,
and thus

T om0 --0m,(i) =7 0mg 0+ 0my(j).

For each ¢ € N the map 7, is a bijection. This implies that

(I11.4.14) i = Tpy1 0 0mp()).
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Since i < k,, for any £ > n we have (i) =i = 7, '(i). Applying 7, to both sides
of (II1.4.14) for £ =n+1,...,m we obtain ¢ = j. This shows that 7 is an injection.
It is clear that 7(1) = 1 since (1) = 1.

Next, note that for j = k,_1 +1,...,k, we have

nl (n—2)
d" = dl ) = d = = dagy).

Tn—1(mn(5))

Thus, for n > 2 the sequences {d }Z k,_ 1 are nonincreasing. For n = 1 we notice
that if k; = 2 then d; > 1/2, which implies dy s, —1) > driy)- If ki > 3 then we also

have drx,—1) > drky) since {dw(i)};z is nonincreasing. Thus, for all n we have

(I11.4.15) [

Theorem I11.4.3. Let iy € I and let {d;},c1 be a sequence such that d;, € [0,1),
d; € 10,3] fori#ip and Y, ;d; = co. There exists a subset J C I withio € J and

an orthogonal projection P with diagonal {d;}ic;.

Proof. Since I is a countable set and > d; = co we may assume without loss of
generality that I = N and 7y = 1. By Lemma I11.4.2 there is an injection 7 : N — N
such that 7(1) = 1 and (I11.4.10) holds.

For each n set

(I11.4.16) —n— Z o

From the definition of k,, we see that

kn

(IT1.4.17) On =1 =Y duii) + duo,—1) + Aa(t) < drioy—1) + daiy).

i=1
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From the minimality of &, and (II1.4.10) we see that

kn—1

Op =N — Z Ariy + dr(kn—1) = Ar(kn—1) = Ar(kn),
=1
which implies that
(I11.4.18) 0 > max{dr(k, 1), dr(k) }-

From Lemma II1.4.1 for each n there exists a,, € [0,1] such that the matrix

ap Op — Up

dﬂ'(kn—l) — Qp dw(kn) — Op + ay

has non-negative entries and

(111.4.19) an(dﬂ(knfl) — an) = (Un — an)(dﬁ(kn) — o, + an).

Let {e;}ien be an orthonormal basis for a Hilbert space H. Set

ki1—2
1/2 1/2
= E dﬂ € + a1 6k1—1 — (01— a1) / Cky 5

and for n > 2 define

Un = (du(iog1-1) — Gn-1)er, -1 + (da(iy_r) = On1 + an-1)"?er,_,

kn—2
1/2 1/2 1/2
+ E dﬂ(i)ei +a,/ep, 1 — (0 —ay) ' eg,.
i=kp_1+1
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It is a simple calculation using (I11.4.19) to check that the {v;} is an orthogonal

set. From (II1.4.16) we see that for n > 2

o —2
vnll® = drrn1-1) — Q1 + du(on_1) — Onet1 + Qo1 + Z dr(i) + ap + 0n — ay
i=kn_1+1
ki —2
= Z dw(z) +Op — Op_1
i=kn—1—1
kn—2 kn—2 kn—1—2
= Y dey + <n— > dﬂ(i)> — <n— - > dﬂ(i)) = 1.
i=kp_1—1 i=1 =1
A similar calculation shows that ||v;|| = 1. Define the projection P by

Pf =2 {fv)v.

We see from the definition of v, that (Pe;, e;) = dr(; for each i € N. Finally, we set
J = m(N). O

II1.5. THE CARPENTER’'S THEOREM PART II

In this section we will finish the proof of the Carpenter’s Theorem by proving the

final case where one of the quantities @ and b defined in Theorem III.1.1 is infinite.

Proposition II1.5.1. If {d;}icn is a sequence in [0, 1] such that

a:Zdi:oo or b:Z(l—di):oo

di<1/2 d;>1/2

then there is a projection P with diagonal {d;}.

Proof. Set

It is clear that either



or b = oo.

Case 1: Assume a’ = oo and || < 1. If [} # @, then after reordering we can
assume 1 € ;.

We will show by induction that for each n € N there is a set L, C N and a

projection P, with the following four properties:

(I11.5.20) LinLy=2 forj#k

(IT1.5.21) P, has diagonal {d;}cr,

(I11.5.22) {1.2,....n}y c|J L
j=1

(I11.5.23) Y di=co.

ieN\UT_, Lj

First, we will show that L, exists. Partition I into two sets J; and K; such that

and 1 € J;. Theorem III.4.3 implies that there is a subset L; C J; with 1 € Ly and
a projection P; with diagonal {d;};cr,. Note that
ST MRS W
iGN\L1 iEJl\Ll 1€Kq
Next, assume we have the sets Lq,..., L,_; and projections Py, P, ..., P,_1 such

that (I11.5.20), (I11.5.21), (I11.5.22) and (II1.5.23) hold. Let iy be the smallest num-
ber in N\ U;Lfll L;. From (II1.5.22) we see that ig > n. Partition N\ U;Lfll L; into
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two sets J,, and K, such that

i€Jn i€Kn
and ig € J,. Theorem III.4.3 implies that there is a subset L,, C J, with iqg € L,

and a projection P, with diagonal {d;};cr,. Finally, note that

>ooodi= Y di+ ) di=occ

iEN\U?:1 L; i€Jn\Ln i€eKn

This completes the induction and shows the existence of the sets {L,,}>°, and the
projctions { P, }2° ; satisfying (II1.5.20)—(II1.5.23).

From (IT1.5.20) and (II1.5.22) we see that {L;}32, is a partition of N. Thus by
(II1.5.21)

r-®n
j=1
has diagonal {d;};en. This completes the proof of the first case.
Case 2: Assume ¢ = oo and |[;| > 1. We can partition I into || sets {J;}jer,

such that
Y di=o0 foralljel.

iEJj
For each j € I set K; = J; U {j}. Each sequence {d;}ick, has exactly one term in
[1/2,1) and infinite sum. By Case 1, for each j € I; there is a projection P; with

diagonal {d;}ick,. Since I = .., K; the projection

P=r

jeh

Jjeh

has the desired diagonal. This completes the proof of Case 2.

Case 3: Assume b = oo. Since

b= >  (1-d).

1-d;<1/2
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by the above argument there is a projection P’ with diagonal {1 — d;}, and I — P’

is a projection with diagonal {d;}. O
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CHAPTER IV

OPERATORS WITH THREE POINT SPECTRUM

IV.1. STATEMENTS OF THE MAIN THEOREMS

The goal of this chapter is to establish an analogue of the Schur-Horn Theorem
for operators with three points in the spectrum. That is, we will give necessary and
sufficient conditions for a sequence {d;} to be the diagonal of a self-adjoint operator
with eigenvalues {0, A, B} with specified (possibly infinite) multiplicities.

This result gives a Schur-Horn Theorem for operators with three points in the
spectrum analogous to Kadison’s result for orthogonal projections (Theorem II1.1.1).
However, we would like to emphasize two significant qualitative differences between
Kadison’s Theorem and our extension to operators with three point spectrum. The
necessary and sufficient condition for a sequence to be the diagonal of a projection is
a single trace condition, that is, an equation involving sums of diagonal terms. The
requirements for a sequence to be the diagonal of an operator with a three point
spectrum involve both a trace condition and a majorization inequality.

Also distinct from the case of operators with two point spectrum, it is possible
for two non-unitarily equivalent operators with three point spectrum to have the
same diagonal. For projections the dimension of the kernel and range (i.e. the

multiplicities of 0 and 1) can be recovered from the diagonal. Indeed, if {d;} is the
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diagonal of a projection P, then
dimran P = Zdi and dimker P = Z(l —d;).

However, for operators with three point spectrum the multiplicities cannot in general
be determined from the diagonal, see Remark 1V.4.4.

This leads to two distinct extensions of the Schur-Horn Theorem for operators
with three point spectrum. In the case where the multiplicities of eigenvalues are
not given we have the following general theorem characterizing diagonals of operators

with three point spectrum.

Theorem IV.1.1. Let 0 < A < B < o0 and {d;}ier be a sequence in [0, B] with
Y>>d; => (B —d;) = 0. Define
C=>d and D= (B—d).
di<A d;>A
There is a self-adjoint operator E with diagonal {d;};e; and o(E) = {0, A, B} if and
only if one of the following holds: (i) C' = oo, (i) D = oo, or (iii) C, D < oo and

there exist N € N and k € Z such that

(IV.1.1) C—D=NA+kB

(IV.1.2) C > (N +k)A.

The assumption that Y d; = > (B — d;) = oo is not a true limitation. Indeed,
the summable case ) d; < oo requires more restrictive conditions which can be
deduced from parts (a) and (b) of Theorem IV.1.3. Theorem IV.1.3 is our second
extension of the Schur-Horn Theorem which gives a complete list of characterization
conditions of diagonals of operators with prescribed multiplicities. Before we state

the full theorem, we need one convenient definition.
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Definition IV.1.2. Let E be a bounded operator on a Hilbert space. For A € C
define
mg(\) = dimker(E — \).

Theorem IV.1.3. Let 0 < A < B < 00 and {d;}ier in [0, B]. Define the sets

JQZ{ZEIle<(A+B)/2}7 J3:IQ\J2

and the constants (each possibly infinite)

C=>d, D=} (B-d),

i€lr 1€l

Ci=) (A—di), Co=> (d;—A), C3=>Y (B—dy).

i€l 1€J2 1€J3

The following table gives the necessary and sufficient condition for {d;} to be the
diagonal of a self-adjoint operator E with o(E) = {0, A, B} and the specified multi-

plicities.
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mg(0) | mp(A) | mg(B) Condition
@ | Zz N K I|=Z+N+K
Y di=NA+KB, C>(N+K —|L|)A
iel
(b) | oo N K [11| = oo,
Y di=NA+KB, C>(N+K —|L|)A
il
(¢) | o0 N 00 C+D=cx
or
C,D < 00, |]1| = |]2| = 00,
dkeZC—-D=NA+EkB, C>A(N+k)
(d) Z 00 K || =00, Cy < AZ
» (di—A)=K(B-A)-ZA
il
(e) Z 00 00 Ci <AZ, Cy+C5 =00
or
|Il U J2| = |J3| = 00, 01 < AZ, 02,03 < 0
E”{?GZ, 01—02+03:(Z—k>A+kB
(f)| oo 00 00 C+ D=

Note that in the preceding theorem we left out the case where only B has infinite

The proof of Theorem IV.1.3 breaks into 4 distinct parts. The summable cases

multiplicity and the case where only B has finite multiplicity. However, these two
remaining cases follow easily using symmetry arguments by applying parts (b) and
(e) to the operator BI — F and the sequence {B — d;}. Also, observe that case
(a) corresponds to the finite dimensional case and hence it is the classical Schur-
Horn Theorem (for operators with three eigenvalues), albeit written in a new form.
Finally, in this chapter we only consider the case of separable Hilbert spaces, and

thus the indexing set I is always taken to be a countable (possibly finite) set.

(a) and (b) do not require many new techniques since they reduce to the study
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of trace class operators. In section IV.2 they are relatively easily deduced from
Theorem II.2.1. The remaining 3 parts rely heavily on a technique, which was
introduced in [7], of “moving” diagonal entries to more favorable configurations,
where it is possible to construct required operators. In section IV.3 we deal with
the case (f) involving three (or more) eigenvalues of infinite multiplicity. Much more
involved combinatorial arguments are needed in section IV.4 to deal with case (c)
involving two outer eigenvalues with infinite multiplicities. Finally, in section IV.5
we analyze the cases (d) and (e) where at least one of outer eigenvalues has finite
multiplicity. The proofs of the necessity and the sufficiency in these last two cases
require even more subtle combinatorial arguments which is partially evidenced by
the complicated nature of the characterization conditions.

We finish the chapter by illustrating Theorem IV.1.3 in section IV.6. Given a
sequence {d;} in [0, 1] we are interested in determining the set of inner eigenvalues
A for which there exists a positive operator with spectrum {0, A, 1} and diagonal
{d;}. We show that this set is either finite or the full open interval (0, 1). Finally,
we exhibit a few specific examples of sequences where this set has respectively 0, 1,

3, and 17 elements.

IV.2. FINITE RANK OPERATORS

The following is an application of Theorems II.1.1 and II1.2.1, which establishes
parts (a) and (b) of Theorem IV.1.3.

Theorem IV.2.1. Let 0 < A < B < oo, let M € NU {0} and let {d;}}, be a
sequence in [0, B]. There is a self-adjoint operator E with diagonal {d;}, o(F) =
{0,A, B}, mg(A) = N < oo, mg(B) = K < 00 and mg(0) = M — N — K if and
only if

M
(IV.2.3) Y di=NA+KB

=1
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amd
(IV.2.4) D di> (N+ K —ng)A,
di<A

where ng = |{i : d; > A}|.

Proof. To prove that (IV.2.3) and (IV.2.4) are necessary, assume F is a self-adjoint
operator with diagonal {d;},, o(F) = {0, A, B}, mg(A) = N, mg(B) = K and
mg(0) = M — N — K. Since F has finite rank it has well defined trace equal to
NA+ KB; this is (IV.2.3). The eigenvalues sequence of E written in nonincreasing

order is given by

ANi=4A i=K+1,....K+N-

kO 1> K+ N

Thus, using Theorem I1.1.1 (or Theorem I1.2.1 if M = 00) we see that

Y di=NA+KB-Y d> NA+ KB~ (KB+ (ng— K)A) = AN + K — ny),

di<A di>A
which is (IV.2.4).

Next, we will show that (IV.2.3) and (IV.2.4) are sufficient for {d;} to be the
diagonal of an operator of the specified type. Assume {d;}, is a sequence such
that (IV.2.3) and (IV.2.4) hold for some N, K € N.

Note that we cannot directly apply Theorems II.1.1 and II.2.1, since not every
sequence {d;} can be written in nonincreasing order (e.g. if the sequence has an
infinite number of positive terms and some zero terms). However, this does not
cause real difficulty as the following argument shows. Assume that (IV.2.3) and
(IV.2.4) are sufficient for positive nonincreasing sequences. Let {d;}}| be the strictly
positive terms of {d;}*, in nonincreasing order. Note that {d/}M] satisfies (IV.2.3)
and (IV.2.4). There is a positive operator £’ with diagonal {d.}, o(F) C {0, A, B},
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mpg(A) = N,mg(B) = K and mg/(A) = M'—N—K. Let 0 be the zero operator on
a separable Hilbert space with dimension M — M’ if M < oo and infinite dimensional
if M = o0o0. Then £ = E' & 0 is the desired operator.

To complete the proof, we will show (IV.2.3) and (IV.2.4) are sufficient with the
assumption that {d;} is a positive sequence written in nonincreasing order. Define
the sequence {\;}1, as above. By Theorem II.1.1 or Theorem I1.2.1 it is enough to

show that

(IV.2.5) > d; < i&-
; =1

for all m < M, since the trace condition is obvious. Note that (IV.2.5) holds for

m < K. For m > K + N we have

m M M
DAy di=) N
=1 =1 =1

o (IV.2.5) holds for m > K + N.
First, we wish to show that (IV.2.5) holds for m = ng. From the above we may

assume K < ng < K + N. Using (IV.2.4) we have

ng

Y di=NA+KB-) di < NA+KB—A(N+K-ng) = KB+(ng—K)A= > _\;.
i=1 d;i<A i=1

Now, if K < m < ng then we have

i i d - Z d < Z )\ - TL() A Z )\2
i=1 i=1 i=m+1 =1
Finally, if np < m < K 4+ N then

Zd_2d+2d<z>\+ — o)A = f:A
=1

1=ng+1
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IV.3. THREE OR MORE EIGENVALUES WITH INFINITE MULTIPLICITY

In this section we will classify the diagonals of operators with exactly three eigen-
values, each with infinite multiplicity. This will yield part (f) of Theorem IV.1.3.
We will also show that a sequence with C'+ D = oo is the diagonal of a very general
class of operators.

Theorem IV.3.1 shows C; D < oo implies that only 0 and B can have infinite
multiplicity. Thus, C'+ D = oo is a necessary condition for a sequence to be the

diagonal of a self-adjoint operator with at least three infinite multiplicities.

Theorem IV.3.1. Let 0 < A < B < o0 and let E be a self-adjoint operator on a
Hilbert space H with o(F) = {0, A, B}. Let {e;}icr be an orthonormal basis for H
and set d; = (Fe;, e;). Define

di>A

d; <A

If C;D < oo then N = mg(A) < oo and there is some k € Z such that

(IV.3.6) C—D=NA+kB,

(IV.3.7) C > (N + k)A.

Proof. Define the sets Iy = {i : d; < A} and Iy = {i : d; > A}. Let P be the
orthogonal projection onto ker(E — A) and let @ be the projection onto ker(E — B).
Define p; = (Pe;, e;) and ¢; = (Qe;, €;), so that d; = Ap;+ Bg;. Note that p;+¢; < 1,

and thus

(B—A)p; = (B~ A)pi + Api + Bg; — d; = B(p; + ¢;) — d; < B — d;.
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Using this we obtain

1 D
L. <— — P 0.
(1v-3.8) PSS 2 Bod)= g <

i€la i€l

Next, we have

(IV.3.9) > pi= %ZApi < %Zdi -

el el i€l

Together (IV.3.8) and (IV.3.9) show that P has finite trace, and thus

N =mg(A) :Zpi < 0.

icl
Define

a:ZQi:%Z(di_Api)S%Zdi:—

i€l i€l €l

and

icls icls 1612

Using (IV.3.8) we see that b < co. By Theorem III.1.1 there exists k € Z such that
a—b=k.

Now, we calculate

C— D=1 (Ap;+Bag) —y_ (B - Ap, — Byg,)

i€h i€l
- ZAPz‘ +B (Z% - 2(1 - Qi)> = NA+ kB,
el ich i€l

which shows (IV.3.6).
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Finally, we calculate

k(B—A)+D=(a—b)(B—A)+ Y (B—Bg—Ap) >bA—bB+bB - Ap

i€ly i€l
=bA=Y Api=A> (1-pi—q).
i€lq i€l

Together with the fact that p;4+¢; < 1, this shows k(B—A)+D > 0,or kB+D > kA.

Combining this with (IV.3.6) gives (IV.3.7). O

Next, we will show that the condition C' + D = oo is sufficient to be the diag-
onal of any diagonalizable self-adjoint operator with the property that the largest
and smallest eigenvalues have infinite multiplicity. In particular, we will prove the

following theorem, which will complete the proof of part (f) of Theorem IV.1.3.

Theorem IV.3.2. Let A C [0, B] a countable set with 0, B € A. Set ng = np = o0,
and for each A € AN (0, B) let ny € NU{oo}. If {d;}ier is a sequence in [0, B] such
that for some (and hence all) o € (0, B) we have

» di+ ) (B—di) = oo,

di<a di>a

then there is a positive diagonalizable operator E with eigenvalues A and mp(\) = ny

for each A € A.

The following lemma will serve as a building block for constructing the operators

in Theorem IV.3.2.

Lemma IV.3.3. Let 0 < A < B < o0 and let {d;}ies be a sequence in [0, B]. Define
C=>d and D= (B-d).
di<A d;>B
If C + D = oo then there is a self-adjoint operator E with o(FE) = {0, A, B},
mg(0) = mg(B) =00, mg(A) =1, and diagonal {d;}.
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Proof. Let I = {i € I :d; < A}. Assume C' = co. There exists ig € I; such that

This implies that

Z dz>A—dz0

d;<dy

i#i
Let K be a finite subset of {1 € I \ {io} : d; < d;,} such that

> di> A—d,

i€k,
Apply Lemma II1.2.1 (i) to the sequences {d;}icx, and {d;}i=;, with no = A — d;,
to obtain sequences {cﬁi;}ieKl and {(Z},:ZO Note that CZO — A. Define d; = d; for
i ¢ K1 U{ip}. Note that

Z CZ:OO,

i€l \{io}

and Theorem III.1.1 implies there is a projection () with infinite dimensional kernel

and range such that B(Q has diagonal {cl}iel\{io}. Let P be the identity on a

one-dimensional Hilbert space. The operator E = BQ & AP has diagonal {CZ}ZE I

Finally, by Lemma II1.2.1 (ii) we obtain an operator E, unitarily equivalent to E,

with diagonal {d;};c;. This completes the proof of the theorem when C' = occ.
Assume D = oco. Define d;, = B — d; for each i € I. We have

Y di=> (B—d)=D=cc.

d;<B—A di>A

By the previous argument, there is a positive operator E’ with diagonal {d.} and
o(E'") ={0,B — A, B}, with 0 and B having infinite multiplicity and B — A having

multiplicity 1. Clearly £ = B — E’ has the desired properties. 0
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Proof of Theorem IV.3.2. If A = {0, B} then Theorem III.1.1 gives the desired oper-
ator. Thus we may assume |A| >3. Set [ ={ie€:d; <a}and I, ={i:d; > a}.
Partition I; and I, into sets {I}}rea and {15 }reca respectively, such that for each

AEA

Y di+ ) (B—d;) = oc.

i€l i€y
For each A € AN (0, B) partition I} and I} into ny sets {I;""}™, and {I;"}™,
such that for each n =1,2,...,n, we have
e ey
By Lemma IV.3.3, for each A € AN (0,B) and each n = 1,2,...,n, there is an
self-adjoint operator E), with diagonal {di}ielf\,nulg,n and o(E,,) = {0, A\, B} with
infinite multiplicity at 0 and B and multiplicity 1 at A. Finally, set
n
E=@DDEw
AEA n=1

and it is clear that E has the desired diagonal and eigenvalues. U

In Theorem IV.3.2 the spectrum of F is the closure of X. To end this section we
note that C'+ D = oo is a sufficient condition on a sequence to be the diagonal of a
self-adjoint operator E with o(E) = K for any compact set K C [0, B]. Simply let A
be a countable dense subset of K and apply Theorem IV.3.2 with any multiplicities

{nx}rea. This gives us the following corollary.

Corollary IV.3.4. Let K C [0, B] be a compact set with 0, B € K. If {d;}ics is a

sequence in [0, B] such that for some (and hence all) o € (0, B) we have
d di+ > (B—d;) =00
di<a d; >«
then there is a positive diagonalizable operator E with o(E) = K.
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IV.4. OUTER EIGENVALUES WITH INFINITE MULTIPLICITY

The following theorem is part (c) of Theorem IV.1.3, and it is the main result of

this section.

Theorem IV.4.1. Let 0 < A < B < o0 and let {d;}ier be a sequence in [0, BJ.
Define

C=>d and D= (B-d).

di<A di>A

There is a self-adjoint operator E with o(E) = {0, A, B}, mg(0) = mg(B) = oo,
N =mpg(A) < oo and diagonal {d;}ic; if and only if one of the following holds:

(i) C+D =00
(ii)) C,D < 00, > d; = > (B —d;) = 00, and there exists k € Z such that

(IV.4.10) C—D=NA+kB

(IV.4.11) C > AN +k).

Proof. First, we note that the necessity direction is immediate. Indeed, if (i) fails
then we have C;D < oo and we use Theorem IV.3.1 to deduce (IV.4.10) and
(IV.4.11). Moreover, {d;} and {B — d;} are not summable since both £ and B — E
are positive operators with infinite dimensional range and finite spectrum, and thus
they both have infinite trace.

Next, note that Theorem IV.3.2 implies that (i) is sufficient. All that is left to
prove is that (ii) is sufficient.

Define I1 = {i : d; < A} and I, = {i : d; > A}. Since C,D < o0 and > d; =
> (B — d;) = oo it must be the case that || = |I5| = occ.

First, assume B is not a limit point of {d;};c;. Since D < oo the set I = {i €
I: d; < B} is finite, so assume it has M elements. Let L C I, \ I3 be a set with

|k| + 1 elements and define Ky = I U L. If we consider the sequence {d;}icr,ux,,
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then we have

Y di=C+(M+k[+1)B=) (B-d)

1€l1UK2 1€Ko

=C+(M+|k|+1)B—D=NA+(M+|k|+k+1)B

and
> di=C>(N+k)A=(N+M+kl+k+1—|K)).

i€e{UKy
di<A

By Theorem IV.2.1, there is a self-adjoint operator E’ with diagonal {d;}icr,uk,,
o(E") ={0,A, B}, mg/(0) = 0o, mg/(A) = N and mp/(B) = M + |k| + k+ 1. Let I
be the identity operator on an infinite dimensional Hilbert space. Then £ = E'& BI
is the desired operator.

If 0 is not a limit point, then we can use the above argument on the sequence
{B — d;} to obtain an operator F' with diagonal {B — d;} and eigenvalues 0, B — A
and B which have multiplicities oo, N and oo, respectively. Then B — F' is the
desired operator. Thus, for the rest of the proof we may assume that 0 and B are
limit points of {d;}.

Case 1: Assume k£ > 0. We have C' = NA+kB+ D, and since B is a limit point
of {d;} we have D > 0 and thus C' > NA + kB. There is a finite set K; C I; such
that

C':=> d;>NA+EB.

€K

Since 0 is a limit point of {d;};c;, and K; is finite we have C" < C. Define
n:=C"-NA—-kB<C—-NA—-kB=D.
There is a finite set Ky C Iy such that

> (B—di)>n.

i€ Ko
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The sequences {d; }ick, and {d; }ick, are in [0, B] and satisfy max{d; };cx, < min{d;}icx,,

and

ngmaX{Zdi,Z(B—di)}.

iGKl iGKQ
Lemma I11.2.1 (i) implies there are sequences {(Z}Ze K, and {c?,},e K, such that d; < d
for all 7+ € K, and CZ > d; for all 1 € K5, and

> d;= (Zdi) —n=NA+kB.

€Ky i€Kq
Since d; < A for all i € K it is clear that (IV.2.4) holds. By Theorem IV.2.1 there
is a positive operator Ey with diagonal {d;}icx,, o(Eo) = {0, A, B}, mg, (B) =k,
mg, (A) = N and mg (0) = [Ky| — k — N. Define d; = d; for i ¢ K, U K, and note

Y di= > di=C-C=D-n

€1\ K €1\ K

and

Y (B-d)=D-n.

i€l

By Theorem III.1.1 there is a projection () such that BQ) has diagonal {gz‘}z’e(h\l{l)ub'
Since |1 \ Ki| = |K3| = oo we have mg(1) = mg(0) = oo. Thus, the operator
E=FEy® BQ has the desired eigenvalues and multiplicities and diagonal {CZ}ZE I
Finally, use the second part of Lemma III.2.1 to obtain an operator E, unitarily
equivalent to E , with diagonal {d;};c;. This completes the proof of the first case.

Case 2: Assume k < —N. We obtain this case by applying Case 1 to the sequence
{B — d;}, to obtain the operator Ey with o(Ey) = {0, B — A, B}, dimker(E,) =
dimker(B — Ey) = oo and dimker((B — A) — Ey) = N. Then B — Ej is the desired

operator.
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Case 3: Assume —N < k < 0 and C' = A(N + k). Theorem III.1.1 implies there
is a projection P with N + k dimensional range, such that AP has diagonal {d; }icr, -
Since |I;| = oo we also see that P has infinite dimensional kernel.

Next, note that

Y (B-d)=D=C-NA—kB=NA+kA—NA—kB=—k(B-A).

i€l
Theorem III.1.1 implies that there is a projection ) with —k dimensional range,
and thus (B — A)Q has diagonal {B — d;}icr,. Since |I3| = oo we see that () has
infinite dimensional kernel. Finally, the operator £ = AP & (B — (B — A)Q) has
the desired diagonal and eigenvalues with the desired multiplicities.

Case 4: Assume —N <k <0Oand C > AN +k). Set n=C—(N+k)A<C.

There is a finite set K; C I; such that

Next, note that
n=C—(N+k)A=NA+kB+D—-NA—kA=D+k(B—-A)<D.
Thus, there is a finite set Ky C I3 such that

i€EKo

The sequences {d; }ick, and {d; }ick, are in [0, B] and satisfy max{d; };cx, < min{d; }icx,,

and

ngmaX{Zdi,Z(B—di)}.

iGKl iGKQ
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Lemma II1.2.1 implies there are sequences {cZ-}ieKl and {cAl;}ieKQ such that d; < d;
for all s € K, and CZ > d; for all i € K,

Ydi=>di—n and > (B—d)=> (B—d)—n.

€K1 €K1 i€EKo i€EKo
Set d; = d; for i € I\ (K; U K,). Then
Si= S S a X Y= Con= (V4
i€ly i€\ K1 €Ky 1€\ K1 €K
and

YN B-d)= > (B—d)+ Y (B—d)—n=D-n=—kB-A).

i€l iEIQ\KQ 1€Ko

Thus, the sequence {JZ}ZE 7 satisfies the conditions of Case 3, so there is an operator
E with the desired eigenvalues and multiplicities but with diagonal {CZ}zE 7. The
second part of Lemma II1.2.1 implies there is an operator E, unitarily equivalent to

E, but with diagonal {d;};c;. This completes the final case. O

We are now in a position to prove Theorem IV.1.1. In fact we will prove the

following more general theorem.

Theorem IV.4.2. Let 0 < A < B < oo and let {d;}icr be a sequence in [0, B]. If
there is a self-adjoint operator E with diagonal {d;};c; and o(E) = {0, A, B} then
one of the following holds:

(i) C =00

(ii) D =

(iii) C, D < oo and there exist N € N and k € Z such that (IV.1.1) and (IV.1.2)

hold.
If (i),(ii), or (iii) holds and > d; = > (B — d;) = oo then there is a self-adjoint
operator E with diagonal {d;}ic; and o(E) = {0, A, B}.
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Proof. First, assume that E is a self-adjoint operator with spectrum {0, A, B} and
diagonal {d;}. If either C' = oo or D = oo then we are done since this is exactly
(i) or (ii). If C, D < oo then Theorem IV.4.1 shows that (IV.1.1) and (IV.1.2) hold
and thus (iii) holds.

Next, assume {d;} is a sequence in [0, B]. If (i) or (ii) holds then Theorem IV.3.2
shows that there is a self-adjoint operator F with spectrum {0, A, B} and diagonal
{d;}. Finally, if (iii) holds and Y d; = > (B — d;) = oo then Theorem IV.4.1
shows that there is a self-adjoint operator F with spectrum {0, A, B} and diagonal
{di}. U

Remark 1V.4.3. In Theorem IV.1.1 (and Theorem IV.4.2) the assumption that
Y d; = > (B —d;) = oo is necessary. Consider the sequence {4,0,0,...}. This
is clearly not the diagonal of any operator with spectrum {0, A, B} since the oper-
ator would be trace class with trace A, and thus B > A cannot be an eigenvalue.
However, we have C' = 0 and D = B — A so that (IV.1.1) and (IV.1.2) hold with
N =1and k= —1.

Remark 1V.4.4. There exist two non-unitarily equivalent operators with three point
spectrum and the same diagonal. Let 0 < A < B and let [, be the identity operator
of an n dimensional Hilbert space. From Theorem III.1.1, there is a projection P
with infinite dimensional kernel and range such that the diagonal of BP consists of a
countable infinite sequence of A’s. The operator BP ® Al, has a diagonal consisting

of a countable number of A’s, however the multiplicity of the eigenvalue A is n.

IV.5. OUTER EIGENVALUE WITH FINITE MULTIPLICITY

In the last two remaining cases ((d) and (e)) of Theorem IV.1.3 we consider
operators with finite dimensional kernel. In these cases, where there is an “outer”

eigenvalue with finite multiplicity, we have the following necessary condition.
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Theorem IV.5.1. Let 0 < A < B < oo and let E be a self-adjoint operator
on a Hilbert space H with o(E) = {0, A, B} and mg(0) < oco. Let {e;}icr be an
orthonormal basis for H and set d; = (Ee;,e;). We have
(IV.5.12) > (A—d;) < Amp(0).

di<A
Proof. There exist mutually orthogonal projections P and @ such that £ = AP +

BQ@). Note that I — P — @ is a finite rank projection and thus finite trace equal to
mg(0). Set J; = {i € I:d; < A}. Then we have

Y (A—di) =Y (A— AlPeie;) — B(Qej,e;))

< Z (A— A(Pe;, ;) — A{Qe;, ;)
i€J1
— A (Z (1 — (Pe;,e;) — <Q€i7€i>)>

<A <Z (1= (Pes, e;) — (Qey, ei>)> = Amg(0).

el

O

Next, we look at two examples which demonstrate that for operators with finite
dimensional kernel the constants C' and D do not capture enough information about

a sequence in order to tell if it is the diagonal of an operator of the specified type.

Ezample 1V.5.2. Consider the sequence {d;} consisting of {1 —i~'}2°, and a count-
able infinite number of 2’s. If A =1 and B = 2 then we have C = oo and D = 0.
By Theorem IV.5.1 this is not the diagonal of any self-adjoint operator E with
o(FE)=1{0,1,2} and finite dimensional kernel, since

Y (A-d)=> - =00

1

[e.e]

S

d;<A 1
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Ezample TV.5.3. Consider the sequence {¢;} consisting of {1 —27}22, and a count-
able infinite number of 2’s. If A =1 and B = 2 then we have C' = 0o and D = 0.
By Theorem III.1.1 there is a projection P with diagonal {1 —27"}2°,, which clearly
has finite dimensional kernel. Let I be the identity operator on an infinite dimen-
sional Hilbert space and set ¥ = P @ 2. This operator has diagonal {¢;}, spectrum
{0,1,2} and finite dimensional kernel. Note that {c¢;} and {d;} have the same values
for C' and D, but only {¢;} is the diagonal of an operator with spectrum {0, 1,2}

and finite dimensional kernel.

Instead of C' and D we will use the following terminology from Theorem IV.1.3

in the rest of the section:

A+ B A+ B
le{ildi<A},J2:{ildi€|:A, i )},ng{ldiz i }

Ci=> (A=d;), Co=> (di—A), C3=> (B—dy).

iedy 1€J2 i€J3

Note that for symmetry we use the notation J; instead of .
The next theorem shows the necessity of the conditions in part (e) of Theorem

IV.1.3.

Theorem IV.5.4. Let 0 < A < B < o0 and let E be a self-adjoint operator with
o(E) ={0,A,B}. If mg(0) < oo and Cy,C3 < oo, then Cy < 0o and there exist
n,k € Z such that n + k = mg(0),

and
(IV.5.14) Oy < A(n + k).

49



Moreover, if mg(A) = oo then |J; U Jy| = oo, and if mg(B) = oco then |J3| = oo

Proof. There exist mutually orthogonal projections P and @ such that £ = AP +
BQ. Let {e;}icr be the orthonormal basis such that d; = (Fe;, ¢;), and define
pi = (Pe;,e;) and ¢; = (Qe;, e;) for each i € I. Since mg(0) < oo, Theorem IV.5.1

implies that C; < co. Next, we note that

(IV.5.15) Z(l —pi — ¢) = mpig(0) = mg(0) < oco.
i€l

Using (IV.5.15) we have

Zqz‘

i€J1UJs

= ﬁ ( Z (A—Ap; — Agq) — Z(A — Ap; — Bg;) + Z(qu + Ap; — A))

1€J1UJ2 1€Jq 1€Jo

B—-A B-A

1 Ampg(0) — C, + C:

- (Z(A_Api—AQi)—Cl—i‘Cz)S m(0) Lt 2 < o0
i€J1UJa

Together with (IV.5.15) this also shows that »_,_; (1 —p;) < oo. A similar

calculation shows that

Z(l — i), Zpi < 0.

1€J3 i€J3
By Theorem III.1.1 there exist n, k € Z such that

n = Z 1_pz sz

1€ J1UJ: 1€J.

(IV.5.16) SR e
k=Y (1-a)~ ) a

i€J3 i€J1UJ2
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Now, we calculate

Ci—Cy+C3=> (A= Api—Bg)— > (Api+ Bg;— A)+ Y (B — Ap; — Bg)

1€J1 i€Ja i€J3
=A D> (=p)=AY pi+BY (1-a)=B > a
ieJ1UJo i€Js i€Js ieJ1UJa
=nA+ kB,

which shows (IV.5.13) holds.
From (IV.5.16) we have

n+k= Z(l —pi —q;) = mg(0),

el

and

Ch = Z(A — Api — Bg;) < Z(A — Ap; — Ag;) = AZ(l —pi—q)=AMn+k).

i€J1 i€J1 i€l
This shows (IV.5.14) holds.

Finally, assume mpg(A) = co. This implies P has infinite dimensional range, and

thus

Zpi =mpg(A) = .

icl
Since ), ;. pi < 00, it must be the case that 7, ; |, pi = 0o and thus [J;UJz| = oo.

Similarly, assuming () has infinite dimensional range, we have ) ,_, ¢; = co. Since

> icsug, @ < 00 it must be the case that ) .., ¢; = oo, and thus [J3] = oco. O

The next theorem shows that the conditions in part (e) of Theorem IV.1.3 are

sufficient to construct the desired operator.
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Theorem IV.5.5. Let 0 < A < B < oo, let {d;}ic1 be a sequence in [0, B] with
|1 U o] =00 and let Z € N. If

(IV.5.17) C, < AZ

and either of the following holds:

(1) CQ + 03 =
(ii) Cy,C3 < 0o and there exists n,k € Z such that Z =n+ k and

then there is a positive operator E with o(E) = {0, A, B}, mg(0) = Z, mg(A) = oo,
and diagonal {d;}. Moreover, if (i) holds then mg(B) = oo, and if (ii) holds then

Proof. Set

Case 1: Assume

Y di, Y (B—di)>n.

1€Jq 1€JoUJ3
There are finite subsets K7 C J; and Ky C Jy U J3 such that

n < min{Zdi, Z(B—di)}.
1€K1 1€EKo

We can apply Lemma II1.2.1 to the sequences {d;}ick, and {d;}ick,, with ng = 7,
to obtain two sequences {d; }icx, and {d;}ick, such that

Stditn=>di and Y (B-d)+n=Y (B-d).

€Ky €Ky i€ Ko i€ Ko
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Setting OAZ; =d; for i ¢ K1 U K, we have

S (A—d)= > (A—d)+ Y (A—d)=[Ki|A=> di+ > (A—dy)

i€Jy €K €1\ K1 €K €1\ K1
=|Ki[A+n=> di+ > (A—d)=n+)> (A—d)
1€Ky €1\ K1 1€h

Theorem III.1.1 implies there is a projection P with Z dimensional kernel such that
AP has diagonal {d;}ics,. It is clear that if |.J;| = oo then mp(1) = co.

If (i) holds, that is Co+C3 = 0o, then Theorem III.1.1 implies there is a projection
Q1 such that (B — A)Q; has diagonal {d; — A};c 1,0z, Since

Yo d—A)= Y ((B=A)—(d-A4) =0

i€ JoUJs i€ JoUJ3

we also see that mg, (0) = mg, (1) = co. Set E=AP® (B—A)Q:+A). Itis clear
that mz(0) = Z, o(E) = {0, A, B}, and mz(A) = mz(B) = oo. By the second part
of Lemma III.2.1 there is an operator E, unitarily equivalent to E’, with diagonal
{di}ier.
If (ii) holds, then using (IV.5.18) we have
Z(CZ—A)—Z(B—@):7I+Z(di—A)—Z(B—di):77+C2—C'3
icJz i€Js i€z icJs

= AZ — Cy+ C, — An — Bk = —k(B — A).

Theorem III.1.1 implies there is a projection Q)5 such that (B — A)Qs has diagonal
{gl; — Atiesuss- The operator E = AP @ ((B — A)Qs + A) has diagonal {cl-}ie],
and it is clear that mz(0) = Z and o(E) = {0, A, B}. Note that if |J5| = co then

mg,(0) = oo and we already noted that |J;| = oo implies mp(1) = oo; in either case

mz(A) = oo. If |J5] = oo we have mg,(1) = oo and thus mz(B) = co. If |J5] < 0o
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then we have

Yo (di—A) = (di—A) =D (B—d)+ BlJs| = B(lJs| - k),

i€JoUJ3 ies ieJs

which implies mq,(1) = |J5| — k, and thus mgz(B) = |J3] — k. By the second part
of Lemma III.2.1 there is an operator F, unitarily equivalent to E’, with diagonal
{d;}. This completes the proof of Case 1.

Case 2: Assume

This implies J; is a finite set and that |J;| < Z. Since |J; U Jy| = oo this implies

|.Ja] = oo, and thus

> (B—d;) = oc.

1€J2

Let Ly, Ky C Jy U J3 be disjoint finite sets which satisfy three conditions:

> (B-d;) > BZ,

i€ Ko
|L1| = Z — | /1|, and max{d;}icr, < min{d;}icx,. Set K1 = J; U L;. Apply Lemma
[I1.2.1 to the sequences {d;}ick, and {d;}icx, with

nOZZdZ<BZ

i€ Kq

to obtain two sequences {d; };cx, and {d; };cx,. The choice of 1y implies that {d; }icx,
is a sequence of Z zeroes. Set CZ =d; fori ¢ K;UK,.
If (i) holds, then we still have
> (di—A)+ > (B—di) =0
i€z ieJs
Theorem III.1.1 implies that there is a projection (); such that (B — A)Q; has

diagonal {d; — A}ic 0, We also have |.J, U Js| = 0o and mg, (0) = mg, (1) = oo.
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Let 04 be the zero operator on a Z dimensional Hilbert space, and set E=0 A) ((B —
A)Q, + A). Tt is clear that E has diagonal {d;}, m5(0) = Z, o(E) = {0, A, B}, and
mz(A) = mg(B) = co. By the second part of Lemma II1.2.1 there is an operator
E, unitarily equivalent to E, with diagonal {d; }ier.

If (ii) holds then by (IV.5.18) we have

S d-A =D (B-d)y=m+ > (di-A)-> (B-d)

i€J2\L1 1€J3 i€Jo\L1 i€J3
YT ¥ w-a-a
1€J1 i€l i€J2\L1

=—-C1+Cy —Cs5+ (|J1] + |L1])A

= —nA—kB+ ZA=—k(B - A).

Theorem IT1.1.1 implies there is a projection @)y such that (B — A)Q, has diagonal
{d; — Atic(sug)\L, - Since Jp is infinite we have mg,(0) = co. If J; is infinite then

we also have mg, (1) = oo. If |J3] < oo then

Yoo d=A)= Y (di—A) =) (B=d)+|L|(B—A) = (|| —k)(B-A),

1€(J2UJ3)\ L1 i€J2\L1 i€J3

which implies m, (1) = |J5| — k. The operator E = 05 & ((B— A)Q2 + A) has the
desired eigenvalues and multiplicities and diagonal {CZ} The second part of Lemma
II1.2.1 implies there is an operator E, unitarily equivalent to E, with diagonal {d;}.
This completes the proof of this case.

Case 3: Assume

Y (B-d)<n

1€JoUJ3

This implies J5 is finite, since d; < (B+A)/2 for all i € J,. By hypothesis |J;UJ,| =

oo, and thus J; must be infinite. Moreover, A is a limit point of {d;};c,,, since
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> ics (A—d;i) <ooand d; < A for all i € J;. There is some Ny € N such that

Choose a € (0, A) such that
> d;i > AN,

di<a

Set Ky = {i € J, : d; < a}. Since A is a limit point of {d;}ic,, we can find a set
Ky, C{i € Jy:d; > a} with Ny elements, and clearly

> (A—d;) < AN,.

i€Ko
We apply Lemma I11.2.1 to the sequences {d; };cx, and {d; }ick, on the interval [0, A]
with

o = Z(A—di)

i€EKo
to obtain two sequences {d;}icx, and {d;}icx,. Using (I11.2.3) we see that {d;}icx,

is a sequence of Ny terms equal to A. We also have

Y (A—d)=Ki|A= Y di=|hA=) di—> (A-d)= > (A—dy).

€K i€ K1 i€ K1 i€ Ko e K1UKo

Set c?z =d; for i € I\ (K7 U K3). Define the sets

~ ~ ~ ~ A ~ ~
le{iidi<A}7 JQI{i:di€|:A, +B>}, JgI{ZdZZA—i_B}

2 2
We have
SA-dy= Y A-d)+ Y (A-d)
i€ i€J1\(K1UK?) i€k,
= ) (A-d)+ ) (A-d)=> (A-d)=0Cn.
€1\ (K1UK?) 1€EK1UK> 1€Jq
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Since (Z = A for all 7+ € K5 we have

(= A) =D (di— A+ Y (di - A) =D (di— A) = Ci.

iejz i€J2 i€Ko i€y

Lastly, d; = d; for all i € J;, and thus

However,

Y (B—d)= > (B—di)+(B—AN,>n.

I AA i€ JoUlJ3
This implies that {CZ}ZE 1 satisfies the conditions of Case 1, and thus there is an
operator E with the desired eigenvalues and multiplicities and diagonal {ci}le ;- By
the second part of Lemma II1.2.1, there is an operator E, unitarily equivalent to E ,
with diagonal {d;};c;. This completes the proof of this case and the proof of the

theorem. O

As a corollary of Theorems IV.5.4 and IV.5.5 we deduce part (d) of Theorem
IV.1.3. This will complete the proof of Theorem IV.1.3.

Corollary IV.5.6. Let 0 < A < B < oo and let {d;}ier be a sequence in [0, B]. Let
Z,K € N. There exists a self-adjoint operator E with o(E) = {0, A, B}, mg(0) = Z,
mg(A) = 0o, mg(B) = K and diagonal {d;} if and only if |I| = oo, C1 < ZA and

(IV.5.19) Y (di—A)=K(B-A) - ZA.

iel
Proof. First, assume that |I| = oo, C; < ZA and (IV.5.19) holds. It is clear that

|J3] < oo and thus |J; U Jo| = |I]| — |J5] = co. We have

Cy —Cy+C5 = _Z(di —A)+|J3|(B—A)=(Z+ K —|J3))A+ (|J3] — K)B.
el
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By Theorem IV.5.5 the desired operator exists.
Next, assume the operator E exists. Note that £ — A is a finite rank operator,
and thus it has a well defined trace. In particular
> (di— A)=K(B—A) - AZ.
el
This implies Cy < 0o and |J3| < oo, which clearly implies C35 < co. By Theorem

IV.5.4 we have Cy < ZA and |J;UJ,| = oo, which immediately implies |I| = co. O

IV.6. EXAMPLES

To demonstrate the use of Theorem IV.1.1 we will consider the following problem:
Given a sequence {d;} in [0, 1], for what values of A is there a positive operator F
with o(E) = {0, A, 1} and diagonal {d;}? First, we will prove the following general

theorem.

Theorem IV.6.1. Let {d;}icn be a sequence in [0, 1] and set
A={A€(0,1): there exists E > 0 with o(E) = {0, A,1} and diagonal {d;}}.
FEither A = (0,1) or A is a finite (possibly empty) set.

Proof. For each A € (0,1) define

C(A)=) _d; and D(A)=> (1-d).

d;<A di>A
Note that if C(A) + D(A) = oo for some A € (0,1) then C(A) + D(A) = oo for
all A € (0,1). By Theorem IV.4.2 we have A = (0,1). Thus, we will assume
C(A),D(A) < oo for all A € (0,1).

First, we wish to show that sup. A < 1. Assume to the contrary that sup A = 1.
Note that there exists € [0,1) such that n = C(A) — D(A) — |[C(A) — D(A)] for
all A € (0,1), where [-] is the greatest integer function. Thus, for each A € (0,1)
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there exists m(A) € Z such that
C(A) — D(A) =m(A) +n.

By Theorem IV.4.2, for each A € A there exists N(A) € N and k(A) € Z such that
(IV.6.20)
m(A)+n=C(A) — D(A) = N(A)A+ k(A) and C(A) > (N(A) + k(A))A.

Using (IV.6.20) we have

c(A)
(IV.6.21) m(A)+n=NA)A+Ek(A) < NA) +k(A) < -
Since n > 0 and m(A), N(A), k(A) € Z, we can improve the left inequality to
(IV.6.22) m(A) +1 < N(A) + k(A).
Thus, for each A € A we must have
(IV.6.23) A(m(A)+1) < C(A).

Next, note that for A, A" € A with A’ > A we have

m(A') —m(A) = C(A) = C(A) + D(A) —D(A) = Y di+ > (1—d)

A<d;< A’ A<d;< A’
={ieN:A<d; <A}

Using this gives

(IV.6.24) C(A)=CA) = > di— Y di= > di<A(m(A)-m(A).

d; <A’ d; <A A<d; <A’

Putting together (IV.6.23) and (IV.6.24) we have

A'(m(A') +1) — C(A) < C(A) — C(A) < A(m(A) — m(A)).
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Rearranging this inequality gives
A'(m(A)+1) < C(A).
Since sup A = 1 we can let A’ — 1 and we have
m(A) +1 < C(A).

Finally, since D(A) — 0 as A — 1, for large enough A we have D(A) < 1 —n and
thus
C(A) <C(A)—DA)—n+1=m(A)+1

which gives a contradiction, and shows that Ag, = supA < 1. A symmetric
argument shows that A;,; = inf A > 0.

Since C'(A) and m(A) are nondecreasing as A — 1, for each A € A we have
C(Ain) < C(A) < O(Asup) and m(Ains) < m(A) < m(Asyp). Using (IV.6.21) and
(IV.6.22), for A € A we have

C'(Asup)
Ainf ‘

m(Aig) +1 <m(A)+1 < N(A)+ k(A) < CE4A) <
A

This shows that {N(A) + k(A4) : A € A} and {m(A) € A} are finite sets of

integers. Next, we note that for A € A we have
N(A)Asp = N(A)A =m(A) + 1 — k(A) = m(Aing) + 0+ N(A) = ———

Rearranging this inequality gives

M—m(fkf)—

. mn TI
N(A) < Aot

(A) = 1 — Asp ’

which implies that {N(A) : A € A} C N is finite. Since {N(A) +k(A): A€ A} is

finite, we also see that {k(A) : A € A} is finite. Finally, we note that for A € A we
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have
m(A) +n — k(A)

S VR

which clearly implies that A is finite.

Next, we will find the set A from Theorem IV.6.1 for a few specific sequences.

Example 1V.6.2. Let 5 € (0,1/2) and define the sequence {d; };cz\ (0} by

1-8° i>0
d; =
B i < 0.
Define the set

Ag={A€(0,1):3E >0 with o(E) = {0, 4,1} and diagonal {d;}}.

We will show that

(

{333 <12
As=4{3)  1B<p< R
%) 0<pB<1/3.

\

First, assume A € Az N (8,1 — f], and thus

C:Zdi:;ﬁ:% and D:Z(l—di):;ﬁi:%.

di<A i di>A

From Theorem IV.4.2 there exists N € N and k € Z such that

(IV.6.25) 0=C-D=NA+k
and
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Using (IV.6.25) and A <1 — 8 we have

0<OBN=NA+k+8N<N1A-p8)4+k+N =N +Ek,

and thus N + k£ > 0. Now, we use (IV.6.26), 5 < A, then § < 1/2 to see

< 2.

N+k<(N+k)%§ 1fﬁzliﬁ

Since N + k € Z we see that N + k = 1. Solving for A in (IV.6.25) we have

B—l

-k N-1 1
A== 2
N N N

Since A =1— N~!' € (8,1 — f], this shows that 1 < (1—-8)"! < N < =L 1If
8 >1/3, then N < 87! < 3, and thus N = 2. A simple check will show that N = 2,
k = —1and A = 1/2 satisfy (IV.1.1) and (IV.1.2) if and only if § > 1/3. Thus,
AgN(B,1=p]={1/2} for f > 1/3 and AgN(B,1-p| = for f <1/3. f B =1/3
then we see 1 < N < 3, and thus N = 2 or N = 3. We have already seen that
N =2,k =—1and A = 1/2 satisfy (IV.1.1) and (IV.1.2). It is simple to check
that N = 3, k = —2 and A = 2/3 do not satisfy (IV.1.1) and (IV.1.2), and thus
Aiys 0 (8,1 = 8] ={1/2}.
Next, assume A € Ag N (1 — ™, 1 — ™ for some m € N. We have

Berl

1-p

Berl

1-p

and D = i B =

i=m-+1

_ BN iy _

By Theorem IV.4.2 there exist N € N and k € Z such that

(IV.6.27) m=C—-D=NA+k
and

m+1
(IV.6.28) m+ 15_ B =C>(N+k)A.



Using (IV.6.27) and A <1 — ™! we have
(IV.6.29) m < m+Np™! < NA+k+NB" ™ < N(1-B")+k+Np™ ! = N+k.

Using (IV.6.28) and A > 1 — ™ we have

ﬁm—&—l

m+1—5

> (N +K)A > (N )1 - B7).

Rearranging, and using § < 1/2 we have

gmHy 1\ om 14m
IV.6. N — = .
(IV.6.30) —l—k‘<<m—|—1_ﬂ 1—5m< m+2m ST m+2m_1

Ltm < 1 for all m > 2. Combining this with

A simple calculation shows that 5775

(IV.6.29) shows that m < N +k < m+ 1 for m > 2. Since N + k € Z this shows
that AsN(1—p2%1)=02.
Now, restrict to A € (1 — 8,1 — 3?]. In this case (IV.6.29) and (IV.6.30) imply
1 < N+k < 3, which implies N+k = 2. Solving (IV.6.27) for A and using N+k = 2
we have
11—k 1

A=—""l_1_
N N

Since A > 1 — > 1/2 this implies N > 1/ > 2. From (IV.6.28) we see

3 2
1 >2A=2— —.
1< N
Rearranging this we have
N < ﬂ
ST
For < %ﬁ we have % < 3 and thus N < 3. Combined with the fact

that N > 2, we see AN (1 — 6,1 —35% = @ for § < %. Finally, assume

%§ﬁ<1/2. Then%<4andwemusthaveN:3,A:§andk:—l.
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It is clear that (IV.1.1) holds. For (IV.1.2), we use the fact that g > % to see

B
1-p

Thus, by Theorem IV.4.2, for g > % we have 2/3 € Ag.

C=1+

> = = (N +k)A.

[GURIEN

Finally, since {d;} is symmetric about 1/2, if A € Ag then 1 — A € Agz. Thus
Az 0 (0, 5] = {1/3} for 23 < 3 < 1/2 and the set is empty for § < =13 ]

In the above example, note that for any choice of 3, we have C' — D € Z for any
choice of A € (0,1). Thus, Theorem III.1.1 implies that there is a projection with
diagonal {d;}. However, if § < 1/3 then there is no A € (0,1) so that {d;} is the
diagonal of a self-adjoint operator E with o(E) = {0, A,1}. The next example is
not the diagonal of any projection, but we will show that it is the diagonal of many

different operators with three point spectrum.

Ezample 1V.6.3. Let {d;}icz be given by

2i-1 1 <0
1—-27"1 ¢>0.

Let
A={A€(0,1): there exists E > 0 with o(E) = {0, 4,1} and diagonal {d;}}.
We claim that

1 om —1
A= —n=12. 8bul "> n—-192 .. 8\
2n 2n

The sequence {d;} is symmetric about 1/2, and thus A € A implies 1 — A € A.

Hence, it is enough to show that




Assume A € AN(1—2",1—2"""1 for some m > 1. We have

1 1 1
C=m-—-+4+— d D=—.
Moyt om M om
Since A € A, Theorem IV.4.2 implies that there exist NV € N and k € Z such that

1
(IV.6.31) C—D=m=—5=NA+k

1
(IV.6.32) C=m—g+2"2(N+kA

Using (IV.6.31) and A <1 —2"""! we have
(IV.6.33)
1
m—1< m—§—|—N2_m_1 = NA+k+N2" 1 < NA—-2"""Y4k+N27™ ! = N4k

From (IV.6.32) and A > 1 —27™ we have
1
m—§+2_m >(N+kA>(N+E)(1—-2"T).

Rearranging gives

:m—'—

1
IV.6.34 N+k — 42
(IV.6.34) + <<m + T T

2m m— 2" 41
5 .

For m > 4, a simple calculation shows %:11“ < 0 and thus N +k < m. However,
from (IV.6.33) we have N +k > m — 1. Since N + k € Z this is a contradiction and
shows that AN (1 —27™ 1 —2"""1] = & for m > 4.

One can easily check that A = 1/2 satisfies (IV.1.1) and (IV.1.2) with N = 1 and
k= —1(or N =3 and k = —2). All that is left is to find AN (1 —27™,1—2"™"1]

for m = 1,2 and 3. The calculation for each m is similar, so the cases of m = 2 and

3 will be left to the reader.
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Assume A € AN (1/2,3/4]. In this case we have C' = 1 and D = 1/2. From
(IV.6.33) and (IV.6.34) we have 0 < N +k < 2 and thus N + k = 1. Using this and
solving (IV.6.31) for A we have

1
A=2_" = =1 —.
N N ON

From the inequalities 1/2 < A =1 —1/(2N) < 3/4 we obtain 1 < N < 2. Thus
N =2/A=3/4 and k = —1. One can easily check that (IV.1.1) and (IV.1.2) are
satisfied for these values of A, N and k. [J
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CHAPTER V

THE SCHUR-HORN PROBLEM IN FRAME THEORY

V.1. FRAMES

In this chapter we exhibit a connection between diagonals of self-adjoint operators
and frames. The material in this chapter is contained in a paper co-authored with
Marcin Bownik [7] which has been accepted for publication in Journal fiir die reine
und angewandte Mathematik.

First, we need to introduce some basic notions from frame theory.

Definition V.1.1. A sequence { f; }ic; in a Hilbert space H is called a frame if there

exist 0 < A < B < oo such that

(V.1.1) AIFIP <Y KE P < BIIFIP forall f € H.

The numbers A and B are called the frame bounds. The supremum over all A and
infimum over all B which satisfy (V.1.1) are called the optimal frame bounds. If
A = B, then {f;} is said to be a tight frame. In addition, if A = B = 1, then {f;}

is called a Parseval frame.

The basic connection between frame theory and operator theory is via the follow-

ing operators.
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Definition V.1.2. If {f;};c; is a frame we call the operator T : H — (*(I), given
by

(V.1.2) Tf =A{(f, fi)}ier,

the analysis operator. The adjoint T* : (2(I) — H given by
iel
is called the synthesis operator. The operator S = T*T given by
(V.1.4) Sf= {f f)fi
iel

is called the frame operator.

Many standard facts about frames can be found in [11]. We will find use for the

following proposition in the next section.

Proposition V.1.3. If {fi}icsr is a frame for H and S is the frame operator, then
{S_l/2fi}i€] 1s a Parseval frame for H.

V.2. FRAME NORMS AND DIAGONALS

In this section we reformulate the problem of characterizing norms of frames to an
equivalent problem of characterizing diagonals of positive operators with prescribed

lower and upper bounds. We start with the following basic fact.

Proposition V.2.1. Let H be a Hilbert space with an orthonormal basis {e;}icr
and let 0 < A < B < oo. If E is a positive operator with o(E) C {0} U [A, B], then
{Ee;} is a frame for the Hilbert space E(H) with frame bounds A* and B2
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Proof. Let f € E(H). We have

D NS EBedP =) [Ef e = IESI.

iel icl
This clearly implies that B? is an upper frame bound. Since f € FE(H) we have
I|Ef|l > Allf||, which shows that A? is a lower frame bound. O

Our goal is to establish the converse statement. That is, any frame in H is an
image of an orthonormal basis of a larger Hilbert space L O H under a positive
operator. This generalizes the classical dilation theorem for Parseval frames due to
Han and Larson [14, Proposition 1.1], which says that Parseval frames are images
of orthonormal bases under orthogonal projections. Proposition V.2.2 is essentially
contained in the work of Antezana, Massey, Ruiz, and Stojanoff [1, Proposition 4.5].
In particular, the authors of [1] established the relationship of our problem with the
Schur-Horn Theorem of majorization theory which we state in a convenient form in

Theorem V.2.3.

Proposition V.2.2. Let {f;}icr be a frame for H with optimal frame bounds A*
and B?. Then there exists an isometry ® : H — (*(I) and a positive operator
E : (*(I) — ®(H) such that {A, B} C o(E) C {0} U[A, B] and Ee; = ®f;, where
{ei}ier 1s the coordinate basis of (*(I). If S is the frame operator of { f;}ier and O

is the zero operator on ®(H)L, then E? is unitarily equivalent to S @ 0.

Proof. Let S be the frame operator of {f;}. By Proposition V.1.3, {S~/2f;} is a
Parseval frame. Set p; = S™'/2f;, and let ® be the analysis operator of {p;}. Since
{pi} is a Parseval frame, ® is an isometry. Let P be the orthogonal projection onto
®(H). As a consequence of the Han-Larson dilation theorem for Parseval frames
[14, Proposition 1.1] we have Pe; = ®p; for all i € I. Hence, we also have ®*e; = p;.

Define the operator £ = ®S5'/2®*. Clearly, E is a self-adjoint operator on ¢2(I).
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Observe that
Eei _ (I)Sl/Q(I)*ei — @Sl/zpi — (I)Sl/QSfl/Zfi — (I)fz

Thus,
IEFIP =D WEfenl =D [(f Be)? =D [(f, @£

i€l icl i€l
Since ® is an isometry, {®f;}ics is a frame for ®(H) with optimal frame bounds
A% and B?. The frame property now implies A%|f||? < ||Ef||*> < B?||f||?, which in
turn implies that {A, B} C o(F) C {0} U [A, B].
Finally, define U : H & ®(H)*+ — (*(I) by

of feH,
Uf =

o fee(H)*

It is clear that U is unitary, since ® : H — ®(H) is an isometric isomorphism. Note

that ®*® is the identity on H, thus
E? = 0S5V20* 9 S5129* = 9SD*.

Finally, for f € H,
F*Uf = E*®f = dSf=US,

and for f € ®(H)*,
F*Uf = FE*f =®5S0*f =0 =UO0.f.

This proves the last part of Proposition V.2.2. 0]

One should remark that Han and Larson [14] gave a different extension of their

frame dilation result than Proposition V.2.2. In [14, Proposition 1.6] it is shown
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that any frame is an image of a Riesz basis under an orthogonal projection, and the
frame and Riesz bounds are the same.

Next, we show that the problem of characterizing the sequence of norms of a
frame can be reformulated into the problem of characterizing the diagonals of a
certain set of self-adjoint operators. The characterization of this set of operators
is the content of the next chapter. This reformulation is due to Antezana, Massey,
Ruiz, and Stojanoff [1], who established the relationship of the frame norm problem
with the Schur-Horn Theorem. Consequently, a characterization of norms of finite
frames follows from the Schur-Horn Theorem. The special tight case A = B is a
celebrated theorem of Kadison [16, 17], which gives a complete characterization of

diagonals of projections.

Theorem V.2.3. Suppose 0 < A < B < o0, H is a Hilbert space, and {e;}icr is

the coordinate basis of (*(I). The following sets are equal:
N = {{Hfi]|2}i€1 ‘ {fi}ier is a frame for H with optimal bounds A and B},
D= {{(Eei, ei) bier ) E is self-adjoint on (*(I) with rank = dim H
and {A, B} C o(E) C {0} U[A, B]}.
Proof. First we show D C N. Let {d;}ic; € D be the diagonal of E. Since E > 0,
it has a positive square root E'/? with {v/A,v/B} C o¢(EY?) C {0} U [VA,VB].
By Proposition V.2.1 the sequence {E'/2¢;};c; is a frame for the Hilbert space

E'Y2(£2(I)) with frame bounds A and B. Since {v/A, B} C o(E"?) it is clear that

the bounds A and B are optimal. Since
|’E1/2€Z’H2 = <E1/2€i, E1/26i> = <E€Z’, 67;> = di,

this shows that {d;} € N.
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Next, we will show that A" C D. Let {f;}ic; be a frame for H with optimal frame
bounds A and B. By Proposition V.2.2 there is a isometry ® : H — (*(I) and a
positive operator E : (*(I) — ®(H) with {V/A,v/B} C ¢(E) C {0} U [VA,VB|
such that Ee; = @ f;. Since {A, B} C o(E?) C {0} U[A, B], and

(E%ei,ei) = (Bey, Be;) = || Eeil|* = || fil|* = || fill?,

this shows that {||fi||*}icr € D. O

A similar results holds for Riesz bases.

Definition V.2.4. A sequence {f;}icr in a Hilbert space H is called a Riesz basis

if it is complete and there exist 0 < A < B < oo such that

2
(V.2.5) AZ |a;|* < H Zaifi < BZ |a;|?

for all finitely supported sequences {a;};c;. The numbers A and B are called the

Riesz bounds. The supremum over all A and infimum over all B which satisfy (V.2.5)

are called the optimal Riesz bounds.

Equivalently, a Riesz basis is a frame such that its synthesis operator T, and
thus its analysis operator T, is an isomorphism. Moreover, optimal Riesz and frame
bounds are the same. Therefore, an analogue of Proposition V.2.2 for Riesz bases
involves operators E without zero in the spectrum. Consequently, we have the

following analogue of Theorem V.2.3.

Theorem V.2.5. Suppose 0 < A < B < oo, H is a Hilbert space, and {e;}icr is

the coordinate basis of (*(I). The following sets are equal:

N = {{HfiHQ}ig ’ {fi}ier is a Riesz basis for H with optimal bounds A and B},

D = {{(Eez‘,ei)}iej ‘ E is self-adjoint on (*(I) and {A, B} C o(E) C [A,B]}.
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CHAPTER VI

LOCALLY INVERTIBLE OPERATORS

VI.1. STATEMENT OF THE MAIN THEOREM

The goal of this chapter is to characterize the diagonals of self-adjoint operators
E with spectrum o(E) such that A, B € o(F) C {0} U[A, B]. Using Theorem
V.2.3 this gives a characterization of all possible sequences of norms of a frame with
prescribed optimal bounds A and B. The material in this chapter is contained in a
paper co-authored with Marcin Bownik [7] which has been accepted for publication
in Journal fiir die reine und angewandte Mathematik.

The problem of characterizing norms of frames with prescribed frame operator has
attracted a significant number of researchers. Casazza and Leon [8, 9] gave explicit
and algorithmic construction of finite tight frames with prescribed norms. Moreover,
Casazza, Fickus, Kovacevié¢, Leon, and Tremain [10] characterized norms of finite
tight frames in terms of their “fundamental frame inequality” using frame potential
methods of Benedetto and Fickus [6]. An alternative approach using projection de-
composition was undertaken by Kornelson and Larson [12, 19], which yields some
necessary and some sufficient conditions for infinite dimensional Hilbert spaces. An-

tezana, Massey, Ruiz, and Stojanoff [1] established the connection of this problem
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with the infinite dimensional Schur-Horn problem and gave refined necessary condi-
tions and sufficient conditions. Finally, Kadison [16, 17] gave the complete answer
for Parseval frames, which easily extends to tight frames by scaling.

Our main result can be thought as infinite Schur-Horn Theorem for positive lo-
cally invertible operators. Note that the assumption of {d;} being nonsummable in
Theorem VI.1.1 is not a true limitation. Indeed, the summable case requires more

restrictive conditions reflected in Theorem VI.2.1.

Theorem VI.1.1. Let 0 < A < B < 0o and {d;}iec; be a nonsummable sequence in

[0, B]. Define

(VL1.1) C=>d and D= (B-d).

d;i<A d;>A

Then there is a positive operator E on a Hilbert space H with {A, B} C o(F) C
{0} U [A, B] and diagonal {d;} if and only if one of the following holds:

(i) C =0
(ii)) D =0
(iii) C,D < oo and

(VI.1.2) there existsn e NU{0} nA<C<A+B(n—-1)+D.

As a corollary of Theorem VI.1.1 and Theorem V.2.3 we obtain the characteriza-

tion of sequences of frame norms.

Corollary VI.1.2. Let 0 < A < B < o0 and {d;} be a nonsummable sequence in
[0, B]. There exists a frame {f;} for some Hilbert space with optimal frame bounds

A and B and d; = || f;||* if and only if (i), (i), or (iii) from Theorem VI.1.1 hold.
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We would like to emphasize that the non-tight case is not a mere generalization
of the tight case A = B established by Kadison [16, 17], see Theorem III.1.1. In-
deed, the non-tight case is qualitatively different from the tight case, since by setting
A = B in Theorem VI.1.1 we do not get the correct necessary and sufficient con-
dition (II1.1.1) previously discovered by Kadison, see Remark VI.3.4. Furthermore,
the non-tight summable and nonsummable cases require different characterization
conditions. This is again unlike the tight case, where the same condition (III.1.1)
works in either case.

The proof of Theorem VI.1.1 breaks into 3 distinctive parts. The summable case
does not require many new techniques since it reduces to the study of trace class
operators, and thus it can be deduced from the work of Arveson-Kadison [5] and
Kaftal-Weiss [18]. However, the nonsummable case is much more involved. The
sufficiency part of Theorem VI.1.1 requires special techniques of “moving” diagonal
entries to more favorable configurations, where it is possible to construct required
operators. This is done in Section 4 by considering a variety of cases, some of
which are tight in the sense that the required operator has a three point spectrum.
It is worth adding that our construction is quite explicit and algorithmic, always
leading to diagonalizable operators. Finally, Section 5 contains the necessity proof of
Theorem VI.1.1. This part is shown using arguments involving trace class operators
and Kadison’s Theorem III.1.1.

Theorem VI.1.1 has an analogue for operators without zero in the spectrum, see
Theorem VI.5.3. This result is much easier to prove and it leads to a characterization
of norms of Riesz bases with prescribed bounds. Finally, in the last section we
illustrate how our main theorem can be applied to determine the set A of possible
lower bounds of positive operators with fixed diagonal {d;}. While we show that
it is always closed, A can take distinct configurations depending on the choice of

diagonal.
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VI.2. THE SUMMABLE CASE

The goal of this section is to establish the summable case of our main Theorem

VI.1.1. This special case can be deduced from a finite rank version of the Schur-Horn

Theorem (Theorem I1.2.3).

Theorem VI.2.1. Suppose 0 < A < B < oo and M € NU {co}. Let {d;}}; be
a summable sequence in [0, B]. There is a positive, rank N + 1 operator E on a

Hilbert space H with diagonal {d;} and {A, B} C o(E) C {0} U[A, B] if and only if

M
(V1.2.3) > d; € [AN + B, A+ BN]
=1
and
(V1.2.4) > di> AN —mg+ 1), withmg = [{i:d; > A}|.

di<A
Proof. Assume an operator E is as in Theorem VI.2.1. Because each of the N + 1
nonzero eigenvalues of E is at most B, and A is an eigenvalue, we have > d; =
tr(F) < A+ BN. Similarly, since each of the N + 1 nonzero eigenvalues of F is at
least A, and B is an eigenvalue, we have Y d; = tr(E) > AN + B. After rearranging

{d;} in non-increasing order, Theorem II.1.3 yields

M M N+1
ddi= > di= D> = ) NZAN-my+1),
d;<A i=mo+1 i=mo+1 i=mo+1

where {\;} are the eigenvalues of F in non-increasing order (with multiplicity). This
shows that (VI.2.3) and (VI.2.4) are necessary.
Conversely, assume we have a sequence {d; }£, which satisfies (V1.2.3) and (V1.2.4).
If > d; < A+ BN then there exists unique ng € {1,2,..., N} and = € [A, B) such
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that

M
(VI.2.5) > di = A(N = no) + z + Bng.
i=1
We set
B Ze{l,,no}
Ai = T t=mng+1

A ie{ng+2,...,N+1}.
If > d; = A+ BN, simply let ng = N — 1 and x = B. By Theorem I1.2.3, we need
only check that the majoriztion property (II.2.5) holds for {d;} and {\;}.
Combining (VI.2.4) and (VI.2.5), we have

mo
(V1.2.6) > d; < Bng +x + A(mg —ng — 1),

i=1
For m < myg, we have
=1 =1 i=m+1 i=1

For my < m < N + 1, we have

idi = io:dz“F Zm: di < i(]:di-FA(m—mo).
i=1 i=1 i=mo+1 i=1

In either case, combining these with (VI1.2.6) yields

Zdiano—i—x—i—A(m—ng—l)SZ)\i forng+1<m< N+ 1.
i=1

i=1

Finally, for m > N 4+ 1 and m < ng + 1 the majorization property is trivial. U

As a corollary of Theorems V.2.3 and VI.2.1 we have the following.

Corollary VI.2.2. Suppose 0 < A < B < oo and M € NU {oo}. Let {d;}M, be a

summable sequence in [0, B]. There ezists a frame {f;} for an (N + 1)-dimensional
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space with optimal frame bounds A and B and d; = || fi||* if and only if (VI.2.3)
and (V1.2.4) hold.

In the nonsummable case the condition (VI.2.3) makes no sense. However, we

can give an alternate set of conditions which will generalize.

Theorem VI.2.3. Suppose 0 < A< B < oo and M € NU {oo}. Let {d;}}*, be a
summable sequence in [0, B]. Define the numbers
C=>d and D= (B-d).
di<A di>A

There is a positive, rank N + 1 operator E on a Hilbert space H with diagonal {d;}
and {A, B} C o(E) C {0} U[A, B] if and only if

and
M
(V1.2.8) > di> AN + B.

=1

Proof. Assuming (VI.2.3) and (VI.2.4) we have

M
C—D=)> di— Y (B—d)=>» di—meB<A+BN—mB,

d;<A di>A =1
which shows C' < A+ B(N —my) + D. The other parts of (V1.2.7) and (VI.2.8) are
obvious. Similarly, assuming (VI1.2.7) and (VI.2.8) we see

M
Y di=C—D+mgB<A+B(N—mp)+D—D+mgB=A+ BN,

i=1
and the other parts of (VI.2.3) and (VI.2.4) are obvious. O
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Note that if {d;} is not summable, then (VI.2.8) is trivially satisfied. Thus it is a
reasonable and correct guess that a variant of (VI.2.7) is the necessary and sufficient

condition.

VI.3. THE NONSUMMABLE CASE OF THE CARPENTER’S THEOREM

The goal of this section is to prove the sufficiency part of our main theorem. In
the terminology of Kadison [16, 17|, this is a non-tight version of the Carpenter’s

Theorem.

Theorem VI.3.1. Suppose 0 < A < B < oo. Let {d;}icr be a nonsummable

sequence in [0, B] and

di<A di>A
If
(VL.3.9) C e |JlAn, A+ B(n—1)+ D] U{oc},
n=0

then there is a positive diagonalizable operator E on a Hilbert space H with {A, B} C
o(E) C {0} U[A, B] and diagonal {d;}c;1.

Remark VI.3.2. In Theorem VI.3.1, the index set [ may or may not be countable
and H may or may not be separable. The case of H being non-separable can be
reduced to the separable case. We will use the convention that a “sequence” {d; }icr
can have an indexing set of any cardinality. Note that, if D = oo, then the first
interval in the union is [0, 00] so (V1.3.9) is always satisfied. Similarly, if C' = oo,
then (VI1.3.9) is always satisfied. Moreover, if A — B+ D < 0, then we interpret the
interval [0, A — B + D] to be @. Thus, if D < B — A then C' = 0 does not satisfy
(VI.3.9). Finally, note that the set in (VI.3.9) reduces to a finite union of intervals

since it always contains an infinite interval [(n + 1)A, oo, where n = [A/(B — A)].
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In the tight case A = B, the condition (VI.3.9) is necessary but not sufficient.
The correct condition was discovered by Kadison [16, 17|, see Theorem III.1.1. We

state it in a rescaled form that is convenient for our purposes in this chapter.

Theorem VI1.3.3 (Kadison). Let {d;}ic; be a sequence in [0, B]. For a € (0, B)
define

a=>Y d, b=)Y (B—d).

di<a d;>a

Then, there is an orthogonal projection P such that BP has a diagonal {d;}ics if

and only if
(V1.3.10) a—be BZU{+}

with the convention that oo — oo = 0.

Remark VI1.3.4. Note that the condition (VI.3.10) is independent of the choice of
a € (0, B). That is, if (ITI.1.1) holds for some «, then it must hold for all « € (0, B).
To see that conditions (VI.3.9) and (VI.3.10) are different in the tight case, consider
the sequence {d;} which contains the terms {n=2}>%, and {1 —27"}>°,. For B =1
and o = 1/2 we have a—b = % —1 ¢ Z. By Theorem VI.3.3 there is no projection
with diagonal {d;}, although (VI.3.9) is satisfied since C' = cc.

We are ready to give the proof of Theorem VI.3.1, which breaks into several cases.

Proof of Theorem VI1.3.1. Throughout this proof let {a;} and {b;} be the subse-
quences of {d;} in [0, A) and [A, B], respectively.
Case 1. Assume C' = oo.
Partition {a;} into a countable number of sequences {az(-k)} for each k € N, each
with infinite sum. For each k € N we apply Theorem VI.3.3 on [0, A + B—;A] with
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a = A. Since

Z agk) = 00,

agk)<oz
there is a projection Py # I on a Hilbert space H;, such that the diagonal of (A +
EAVp, is {agk)}. Let S be the diagonal operator with the diagonal {b;} on a Hilbert

space Hy. Then, the operator

E:SEB@(A—FB;A)Pk
k=1

on the Hilbert space " = @, , "« has diagonal {d;}. By construction o(E) is the
closure of {0}U{A+2-4 : k € N}U{b,;}. This implies {4, B} C o(E) C {0}U[A, B].

Case 2. Assume D = c0.
First, suppose that A is not an accumulation point of {b;}. Partition {b;} into
two sequences {bgl)} and {bl(?)} such that

(VL.3.11) Y (B-b")=c0 for k=152

i=1

Let {¢;} be the sequence consisting of {a;} and {bgl)}. By Theorem VI.3.3 on [0, B|

with @ = A and

Z(B —¢) = 00,

[T’

there is a projection Py on a Hilbert space #H; such that BP; has diagonal {¢;}.

Define
2
k; = b A.
B—A

The sequence {k;} is in [0, 1] and 0 is not an accumulation point. Thus, there exists

a € (0,1) such that
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By Theorem VI.3.3 there is a projection P, on a Hilbert space Hy with diagonal
{ki}. The operator S = (B — A)P, + Al is diagonalizable with eigenvalues A and
B, and diagonal {bl(-Q)}. Thus, the operator £ = BP; & S on H; & Hs has diagonal
{d;} and o(E) = {0, A, B}.

Finally, suppose that A is an accumulation point of {b;}. Partition {b;} into two
infinite sequences {bgl)} and {b§2)} each with infimum A. Then (VI.3.11) holds. Let
Py, be a projection on H; as before. Let S be the diagonal operator on a Hilbert
space Ho with {bEQ)} on the diagonal. The operator E' = BP; @S has diagonal {d;}.
Clearly, o(S) C [A, B], and since inf{bl(?)} = A we have A € o(S5). We also have
{0, B} = o(BP,). This implies {A, B} C 0(E) = o(BP))Uo(S) C {0} U[A, B] as
desired.

Case 3. Assume C, D < oo and C € [An, A+ B(n — 1) + D] for some n € N.

We claim that it is enough to prove Case 3 when {d;} is countable. The fact that
C, D < oo implies that the sequence {d;} contains at most countably many terms
in (0, B). Assume that there exists an operator £ with the desired spectrum and
diagonal consisting of only the terms of {d;} in (0, B). Let I be the identity operator
on a Hilbert space of dimension [{i : d; = B}|, and let 0 be the zero operator on a
Hilbert space of dimension [{i : d; = 0}|. The operator £ @& BI @ 0 has the same
spectrum as E and diagonal {d;}. However, it may happen that the sequence of
terms contained in (0, B) is summable. This would imply that {d;} must contain
infinitely many terms equal to B (since {d;} is assumed to be nonsummable). In this
case we consider the sequence of terms in (0, B) together with a countable infinite
sequence with each term equal to B. If we can find an operator F with this diagonal
sequence and the desired spectrum, then £ @& Bl @ 0 is again the desired operator.
This proves our claim.

Let n € N be the largest integer such that C' € [An, A+ B(n — 1) + D]. Since

{d;} is not summable, {b;} is an infinite sequence. First, assume C' = An. By
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Theorem VI.3.3 on [0, A] there is a projection P on a Hilbert space #H; such that
AP has diagonal {a;}. Let Hs be an infinite dimensional Hilbert space, and let S
be a diagonal operator with {b;} on the diagonal. Since {b;} is an infinite sequence
in [A, B] and D < oo we clearly have B € ¢(S) and thus £ = AP & S is the desired
operator.

Next, assume C' € (An, A+ B(n — 1)] and set z = C' — An. Since sup{b;} = B,
there is some iy € N such that b, + * > B. Define the sequence {a;} to be the

sequence consisting of {a;} and b;,. This sequence is summable and

Z&Z:C—FbZO:An"—ZB—FbZOZATL—FB,
» @ =C+by <A+ B(n—1)+b, <A+ Bn.

Since

> @ =C>nA,

@<A
and there is exactly one term in {a;} in [A, 00), the sequence meets the conditions
of Theorem VI.2.1. Thus there is an operator S; with A and B as eigenvalues,
o(S1) € {0} U[A, B] and diagonal {@;}. Define {b;} to be the sequence {bi}izi, Let
Sy be the diagonal operator with {E} on the diagonal. The operator E = S; & S,
is the desired operator.
Next, assume C' € (A+B(n—1),A+B(n—1)+D) andset t = C—A—B(n—1).

Since x < D and = < C, there are N, M € N such that

Apply Lemma I11.2.1 part (i) to the sequences {a;}~, and {b;}}1, with ny = z to
get new sequences {a; 1Y, and {b;}M, satisfying (I11.2.2) and (II1.2.3). Let {b;}2,
be the sequence consisting of {b;}Y, and {b;}2° +1 and similarly define {a;}. We

purposely omit indexing for {a;} since the original sequence {a;} might be either
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finite or infinite. Set

(V1.3.12) C=Ya and D= (B-b).

We have C = A + B (n — 1) and we can apply the previous case to get an operator
E with {A, B} C o(E) C {0} U[A, B] with diagonal consisting of {a@;} and {b;}.
Then, Lemma II1.2.1 part (ii) yields an operator E with the same spectrum as E
and diagonal {a;} U {b;}.

Finally, assume C' = A+ B(n — 1) + D. First, we look at the case where C' = A.
This implies n = 1 and D = 0. Thus, {b;} is an infinite sequence with each term
equal to B. By Theorem VI.3.3 there is a projection P such that AP has diagonal
{a;}. Let F be the diagonal operator with {b;} on the diagonal. Then AP & F has
the desired spectrum and diagonal. Now, we may assume C' > A.

Arrange the sequence {a;} in nonincreasing order and define

m Mo
Mozmax{m:ZaigA} and x:A—Za@-.
i=1 =1

Observe that My > 1 and there is N > M + 1 such that

It is also clear that
My

d (A-a) >

i=1
Apply Lemma I11.2.1 part (i) to the sequences {a;}¥ ,, ,; and {a;}" on the interval
[0, A] with no =  to get new sequences {a;}¥,, ., and {@};7 satisfying (II1.2.2)

and (I11.2.3). Let {@;} be the sequence consisting of {@;}, and {a;}i>ny1. By
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(II1.2.3) observe that
Mo Mo
Zaizzai+$:A, and Z a; = Z a; —x=C— A.
i=1 i=1 i>Mo+1 i>Mo+1

Thus, by Theorem VI.3.3 we can construct a rank one projection P such that the

operator AP has diagonal {a;}’9. Define

a= Z a; and b:i<B_bi)7
i>Mo+1 =1

and note that a —b=C — A— D = (n — 1)B. Thus, by Theorem VI.3.3 there is
a projection ) such that BQ has diagonal consisting of {@;};>n,+1 and {b;}. Now,
E = AP & BQ has diagonal consisting of {@;} and {b;} and o(E) = {0, A, B}.
Then, Lemma II1.2.1 part (ii) yields an operator E with the same spectrum as E
and diagonal {a;} U {b;}.

Case 4. Assume C € [0,A— B+ D|.

Using the same argument as in Case 3, it suffices to consider only countable
sequences {d;}. Note that it is implicitly assumed that D > B — A > 0. First,
assume D = B—A. This implies C' = 0 and a; = 0 for all 7. Since ) (B—b;) = B—A,
by Theorem VI.3.3, there exists a projection P such that (B — A)P has diagonal
{B —b;}. Thus, E = BI — (B — A)P has the desired spectrum and diagonal {b;}.
For the rest of Case 4 we may assume D > B — A.

Now, assume C' = 0. Reorder {b;} so that by = min{b;} and set 79 = by — A. We

have
o

> (B-b)=D—-(B-b)>B-A-B+b =1n.
=2

So there is some N such that
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Apply Lemma II1.2.1 part (i) to {b;} and {b;}¥, on the interval [0, B] to obtain
new sequences {b;} and {b;}Y,. Let {b;}22, be the sequence consisting of {b;}Y,
and {b;}° . Let E be the operator with {b;} on the diagonal (recall all of the a;
are 0). Clearly, {A, B} C o(E) C [A, B]. Using Lemma II1.2.1 part (ii) there exists
an operator £/ with the desired diagonal and spectrum.

Finally, we assume C' > 0. Again, assume b; = min{b;}. Fix any ¢ > 0 with
e < min(A,C). Since

a+B—A<C+B—A§D:§:(B—bi)+(3—b1),
=2

by subtracting (B — b;) from both sides we have
etb—A<Y (B-b).
=2

Thus, there exists M > 2 such that

M

> (B-b)>c+b — A

i=2
Apply Lemma II1.2.1 part (i) to the sequences {b; } and {b;}}£, on the interval [0, B],

with 7 = £ 4+ by — A, to obtain sequences {b;} and {b;}*,. By Lemma IIL2.1 part

(i) we have
glzbl—(ﬁ—Fbl—A):A—g,
and
M " M
S (B-b)=> (B—b)—(c+b —A).
=2 1=2

Let {d;} be the sequence consisting of {a;}, {b;}},, and {0} hrq- Set

522&2:04-14—8,

di<A
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and

EIZ(B_CZ):Z(B—ZJfZ (B —bs)

Observe that C' > A. We also have

C=A+e=D-D+B+C<D—-D+B+A—B+D=D+A,

so that C € [A, A + 13] By the argument in Case 3, there is an operator E with
diagonal {d;} and the desired spectrum. By Lemma II1.2.1 part (ii) there is an
operator E unitarily equivalent to E with diagonal {d;}. This completes the proof
of Theorem VI.3.1. 0]

VI.4. THE NONSUMMABLE CASE OF THE PYTHAGOREAN THEOREM

The goal of this section is to prove the necessity part of our main theorem. The
summable case was already shown in Section VI.2. The nonsummable case requires
special arguments involving trace-class operators and Kadison’s Theorem VI.3.3. In
the terminology of Kadison [16, 17], this is a non-tight version of the Pythagorean

theorem.

Theorem VI1.4.1. Suppose 0 < A < B < oo. Let E be a positive operator with
{A,B} Co(E) C {0} U[A, B]. Let {e;}icr be an orthonormal basis for H and let
di = <Eei7€i>- ]f

(V1.4.13) C=> di<oo and D= (B-d)<o0,

di<A d;>A
then
CelJmA A+ Bn—1)+D].

n=0
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Furthermore, K = B(I — P) — E is a positive trace class operator on H, where P

is the orthogonal projection onto ker(E) C ker(K).

Observe that Theorem VI.4.1 does not require the assumption that {d;} is non-
summable. However, if {d;} is summable, Theorem VI.4.1 gives only a necessary,

but not sufficient, condition, see Theorem VI.2.3.

Proof of Theorem VI.4.1. We claim that it is sufficient to consider the case where
{d;} is at most countable. The condition (VI.4.13) implies that the sequence {d;}
contains at most countably many terms in (0, B). Thus, we need only consider
sequences {d;} which contain an uncountable number of terms equal to 0 or B. Let
{e; }icr be the orthonormal basis with respect to which E has diagonal {d;};c;. Let
J=A{i:d; =0}U{i:d; = B}. Since E is a positive operator with || E| = B, for
each i € J, e; is an eigenvector of E. Let E' be E acting on Span{e;}cps. Note
that E acting on span{e;};cs is B times some projection ). Thus, we have the
orthogonal decomposition £ = E’' @ B(Q. The operator E’ has countable (possibly
finite) diagonal consisting of the terms of {d;} contained in (0, B). Thus, E’ has the
same values of C' and D as E. If the conclusions of the theorem hold for E’, then
because E = E' @ B(), they also hold for E.

By the above, we can take indexing set to be I = Z \ {0}. For convenience, we
reorder the basis so that d; € [A, B] for i > 0 and d; € [0, A) for i < 0. The case
when there are only finitely many d; € [A, B], or d; € [0, A), does not cause any
extra difficulties, and it is left to the reader.

Let k; = (Ke;, e;) and n; = (Pe;, e;) be the diagonal entries of K and P, respec-

tively. Observe that K is a positive operator and thus

(VI.4.14) B(1—n;)—d;=k >0 for all i € Z \ {0}.
88



Since Bn; < B — d;, we have

=1 =1

Hence,
(VL.4.15) > k=) (B-d)-BY n <D< oo
i=1 i=1 i=1
Since o(E) C {0} U [A, B], we have A( — P) < E. Thus, B — Bn; < £d;, which
immediately shows

o0

=1

=1
Using (V1.4.14),

(V1.4.16) d k=) (Bl-n_)—d) < BTF —C < 0.
=1 =1

Since K is a positive operator, (VI1.4.15) and (VI.4.16) show that K is trace class.

Observe that the diagonal entries of P satisfy

[e.e]

a:ini<oo and b:Z(l—n,i)<oo.

i=1 i=1

Despite the fact that the above splitting of {n;} may not be the same as in Theorem
VI1.3.3, for any « € (0, 1) it differs only by a finite number of terms from the standard
splitting such that n; < a for ¢ < 0 and n; > « for ¢ > 0. And this change does not
affect the property of @ — b being an integer. Thus, by Theorem VI.3.3 applied to
the projection P we have ng := b —a € Z. Using (V1.4.15), and (VI.4.16) again we

have

BC
1.4.1 K) = =D — Bng <D+ ——-C.
(VI.4.17) tr(K) EZZ\;O} k; C+Bng<D+—=-C
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This immediately yields the lower bound for C:
(V1.4.18) Ang < C.

Since A € o(F) we know that B — A is an eigenvalue of K and thus B— A < tr(K).
Again using (V1.4.17) we see that

This yields the upper bound
(V1.4.19) C <A+ B(ny—1)+D.

If ng > 0 then (VI.4.18) and (VI.4.19) show that C' € [ngA, A+ B(ng — 1) + D]
as desired. If ny < —1 then B(ng — 1) < —B and thus (VI1.4.19) and the fact that
C > 0 shows C' € [0, A — B + D] as desired. This completes the proof of Theorem
VIA4.1. U

As a corollary of Theorems V.2.3, VI.3.1, and VI.4.1 we obtain the following

result.

Corollary V1.4.2. Let 0 < A < B < 00 and let {d;}ics be a nonsummable sequence

in [0, B]. The following are equivalent:

(i) {di}ier satisfies (V1.3.9),
(i) there is a positive operator E on a Hilbert space (*(I) with {A, B} C o(E) C
{0} U [A, B] and diagonal {d;}icr,
(iii) there exists a frame {f;}icr for some infinite dimensional Hilbert space H

with optimal frame bounds A and B and d; = || f;||?.

Proof. The equivalence (i) <= (ii) follows directly from Theorems VI.3.1 and
VI.4.1. Assume (ii). By Theorem V.2.3, there exists a frame {f;}:e; with optimal
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frame bounds A and B and d; = ||f;||*>. This frame lives on a Hilbert space H
with dim H equal to rank of E. Since F is positive with infinite trace, H is infinite
dimensional, which shows (iii). The implication (iii) = (ii) similarly follows from

Theorem V.2.3. U

VI.5. WITHOUT ZERO IN THE SPECTRUM

The goal of this section is to establish an analogue of Theorem VI.1.1 for positive
operators without zero in the spectrum. This result turns out to be less involved
than our main theorem. As a consequence, we obtain a characterization of norms of
Riesz bases with optimal bounds A and B. In the finite case, we obtain this result

immediately from the Schur-Horn Theorem.

Theorem VI.5.1. Let 0 < A < B < oco. Let {d;}X' be a sequence in [A, B].
There is a positive operator E : RNt — RN with {A, B} C o(E) C [A, B] with
diagonal {d;} if an only if

N+1
(VL.5.20) > di € [AN + B,A+ BN].

i=1
Without zero in the spectrum the diagonal must be in [A, B], and thus there is
no summable infinite dimensional case. We can reformulate the condition (VI.5.20)

to something that generalizes to the infinite dimensional case.

Corollary VI.5.2. Let 0 < A < B < oo. Let {d;}X1" be a sequence in [A, B].
Define the numbers
N+1 N+1

(VL.5.21) C=)> (d—-A), D=)> (B-d).
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There is a positive operator E : RNt — RN*L with {A, B} C o(E) C [A, B] with

diagonal {d;} if and only if
(VL.5.22) C,D>B— A

Proof. The condition (VI.5.20) implies

N+1
C=) di—(N+1)A>AN+B-NA-A=B-A

=1

and
N+1
D=(N+1)B-> d;>NB+B-A—-NB=B-A
i=1
Conversely, it is also clear that these inequalities imply (VI.5.20). O

We can now state the infinite dimensional case.
Theorem VI.5.3. Let 0 < A < B < oo. Let {d;}ies be a sequence in [A, B]. Define

(VL.5.23) C=> (di—A), D=) (B-d).

il icl
There is a positive operator E with {A, B} C o(F) C [A, B] with diagonal {d;} if

an only if
(VL.5.24) C,D>B-— A

Proof. We can assume that [ is countable, since the non-separable case follows from
simple modifications as in the proof of Theorem VI1.3.1. Suppose that E is a positive
operator as in Theorem VI.5.3. First, we assume D < oo. The operator BI — E is a
positive trace class operator with trace D. This implies that D = ) (B — \), where
the sum runs over all eigenvalues A of F, repeated according to multiplicity. We
also see that each = € o(F) \ {B} is an eigenvalue of E. Thus, A is an eigenvalue

of F and D > B — A. Next, we assume C' < co. The operator £ — Al is trace class
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with trace C. Since B is in the spectrum of F, it is an eigenvalue of E, and thus
C > B — A. Finally, if C' = D = oo, then (VI.5.24) trivially holds.

Conversely, suppose that {d;} is a sequence in [A, B] satisfying (VI1.5.24). If we
assume C, D > B — A, then we can find some N € N such that both

N+1 N+1
Y (B-d)>B—-A and Y (d—A)>B-A

i=1 i=1
By Corollary VI.5.2, there is an operator F; on an N + 1-dimensional Hilbert space
Hy1 such that {A, B} C o(F,) C [A, B] and diagonal {d;}XT'. Let F, be the
diagonal operator on the infinite dimensional Hilbert space Ho with {d;};2 5., on
the diagonal. Now, F = Fy & Es on Hy11 & Hoo is the desired operator. Next, we
assume D = B— A. By Theorem VI1.3.3 there is a rank 1 operator K with eigenvalue
B — A and diagonal {B—d;}2,. Then E' = BI — K is the desired operator. Finally,
assume C' = B— A. By Theorem VI.3.3 there is a rank 1 operator K with eigenvalue
B — A and diagonal {d; — A}$°,. Then E = K + AI is the desired operator. O

As a corollary of Theorem V.2.5 we have the following result.

Corollary V1.5.4. Let 0 < A < B < oo and let {d;} be a sequence in [A, B]. There
exists a Riesz basis { f;} with optimal bounds A and B and d; = ||fi||* if and only if
(VI.5.24) holds.

VI.6. EXAMPLES

The goal of this section is to illustrate our main theorem. We start with the
definition of the set of possible lower bounds of positive operators with a fixed

diagonal.

Definition VI.6.1. Let {d;};en be a given nonsummable sequence in [0, 1]. Define
there exists £ > 0 with diagonal {d;};en
A=< Ae(0,1]: :

and A € o(F) C {0} U[A,1]
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Without loss of generality we can assume that supd; = 1. Indeed, if supd; < 1,
then by Theorem VI.1.1 there exists a positive operator E with diagonal {d;} and
{A,;1} Co(F) C{0}U[A,1] for any 0 < A < 1. This fact can also be deduced from
a result of Kornelson and Larson [19, Theorem 6]. Thus, we have always A = (0, 1]

and this case is not interesting.

Ezample V1.6.2. Take any 0 < 8 < 1 and define d; = 1 — 8* for i € N. First, we

determine the set A near 0. We claim that

0,1-8]CA forl1/2<p <1,
(VL6.25)

AN0,1 -8 =[1-28)/(1=p),1=p5] for0<p<1/2.
Indeed, if A € (0,1 — ], we have C' = 0 and D = Y >, 5" = /(1 — ). The
condition (VI.3.9) holds if and only if A—1+ D > 0 and thus A > (1—-25)/(1—f).

This shows the first claim. Next, we claim there exists
(VI.6.26) d=4(p)>0 1-61)NnA=2.

Moreover, 1 € A if and only if § is of the form 5= N/(N + 1) for some N € N by
a simple application of Theorem VI.3.3.
Indeed, assume that A € (1 — 3%,1 — 7] for some i € N. Then

52‘-1—1 _ ﬁ Do Bz’—&-l

C=i+ =5 =15

Suppose that C' € [nA, A+ n — 1+ D] for some n € N. Then

ﬁi+2

(1—Bi)n§An§C§A+n—1+D§n+1 5
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The upper bound on C yields ¢ < n + % — B! and thus i < n + L%J On the
other hand, the lower bound (1 — )(i — L%J) < C yields

(V1.6.27) i> {%}(5—1‘ —1),

where {-} is the fractional part. Obviously, (VI.6.27) must fail for sufficiently large
provided that 8 # N/(N+1) for some N € N. In the special case of § = N/(N+1),
the upper bound on C' actually yields i < n+ % — 1. A similar argument as before
shows that the lower bound for C' must fail for sufficiently large i (depending on f3).
Therefore, in either case we have (VI.6.26).

Finally, we claim that
(VI.6.28) A=[1-28)/(1-7p),1-0] for 0 < g < 1/2.

By (VI.6.25), it suffices to consider A > 1 — . Since (VI1.6.27) fails for 0 < < 1/2
and 7 > 2, we have (1 — 3?,1) N A = @. Moreover, 1 ¢ A by Theorem VI.3.3.
Finally, if A€ (1 —8,1—3?]then C =1—f and D = % It is easy to see that
A—1+D<C <A Thus, AN (1— 3,1 — B? =@, which shows (VI.6.28).

Ezample V1.6.3. Let 3 ~ 0.57 be the real root of 32 — (1 — §)? = 0, and take
d; =1 — B for i € N. We will show that

(V1.6.29) A=(0,1-58]U|l-p5% %(2 +28—p8H]|.

By previous consideration we have (0,1 — ] C A. Moreover, a simple numerical
calculation shows that the inequality (V1.6.27) fails for ¢ > 5. Thus, (1—3°1]NA =
.

Assume that A € (1 — 3,1 —%). Wehave C =1— 3 and D = % Note that

C < A, but
52 ) 53
-5 P i t-rP=¢C
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and thus AN (1 —3,1— %) = @. But, if A =1— 32 then we have A — 1+ D = C,
so that 1 — 5% € A.

Next, assume that A € (1 — 32,1 — 33]. We have C' =2 — 3 — 3* andD:%:
1—p. Since5<gweseethat 208 < 2— [ and

A<1-pB=28-p3*<2-p-p5>=C.

Now,

A+D>1-p*4+1-8=C

so that C' € [A,A+ D] and (1 — 3%,1 — 3%] C A. A similar calculation shows that
(1-p%1-pYCA
Now, assume that A € (1 — %, 3(2+ 26 — 5?)], we have C' = 2423 — 2, so that

3A < C. We have D = 23 — 1, and using the fact that g > % we easily see that
A+24D>1-B"+2428-1=1+438+83>>2+28—3=C.

Thus C' € [3A,A+ 2B+ D] and (1 — *,3(2+ 23 — ?)] C A. Finally, assume
A€ (3(2+28—6%),1 - B%. Again, we have C' = 2+ 28 — 8%, so that 34 > C.

Using the numerical estimates 3 € (%, g) we easily obtain 24 < C. However,
A+14+D<1—f+1428-1=2-3+282<2+28-3°=C,

which shows that C' € (A+ 1+ D,3A) and thus (5(2+26 - %),1 - |NnA=02.
This shows (VI1.6.29).

In general, determining the set A for sequences satisfying (VI.4.13) is not an
easy task since it boils down to checking condition (VI.3.9) for all possible values of
0 < A < 1. This often leads to computing countably many infinite series (VI.1.1) and
verifying whether (VI1.3.9) holds or not. In the above examples involving geometric

series this task actually reduces to checking a finite number of conditions using

96



properties (VI.6.25) and (VI1.6.26). Nevertheless, we have the following general fact
about A.

Theorem VI1.6.4. Let {d;}ien be a sequence in [0,1] with supd; = 1. The set
AU{0,1} is closed.

Proof. For any A € (0, 1] define the numbers
C(A)=) _d; and D(A)=> (1-d).
d;i<A d;i>A

By Theorem VI.1.1 A ¢ A if and only if C'(A), D(A) < oo and there exists n € N
(VL6.30) A+n—2+ D(A) < C(A) < An.

Let Ag € (0,1) \ A. First, assume Ay # d; for all @ € N. This implies there is
some € > 0 such that for all A € (A4g — ¢, Ag + ¢) we have C(A) = C(4p) and
D(A) = D(Ap). By continuity, there exists 6 > 0 such that (VI1.6.30) holds for
|A — Ag| < 6. Thus, (Ag— 9,40 +0)NA=2.

Now, assume Ay = d; for some ¢ € N, and let & € N be the number of terms
in the sequence {d;} equal to Ay. There is some € > 0 such that (4g — ¢, Ay + €)
contains no d; # Ag. Note that for A € (A — ¢, Ag] we have C'(A) = C(4p) and
D(A) = D(Ap). The same argument as above shows that there is some § > 0 such
that (A9 — 0, Ag] N A = @. Finally, for each A € (Ay, Ay + €) we have C(A) =
C(Ap) + kAy and D(A) = D(Ay) — k + kAp, and (VI1.6.30) is equivalent to the

existence of n € N such that
A+n—k—24 D(Ay) <C(Ag) < A(n — k) + (A — Ap)k.

Since (VI1.6.30) holds for A = Ay with n = ng, the above holds with n = ng + k and
A € (Ao, Ag + 0) for some § > 0. This shows that (Ag, Ao +0)N.A= 2. O
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