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DISSERTATION ABSTRACT

Bronson Lim
Doctor of Philosophy
Department of Mathematics

June 2017

Title: Equivariant Derived Categories of Hypersurfaces Associated to a Sum of
Potentials

We construct a semi-orthogonal decomposition for the equivariant derived
category of a hypersurface associated to the sum of two potentials. More
specifically, if f, g are two homogeneous polynomials of degree d defining smooth
Calabi-Yau or general type hypersurfaces in P", we construct a semi-orthogonal
decomposition of D[V (f @ ¢g)/ua]. Moreover, every component of the semi-

orthogonal decomposition is explicitly given by Fourier-Mukai functors.
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CHAPTER I

INTRODUCTION

1.1 Semi-orthogonal decompositions in algebraic geometry

To a space X, i.e. a smooth and projective variety or more generally a
smooth and proper Deligne-Mumford stack, we can associate the bounded derived
category of coherent sheaves on the space, denoted D(X). The category D(X) lives
in the intersection between homological algebra and algebraic geometry and has
proved to be a useful tool when applied to algebro-geometric problems.

The derived category is a strong invariant of X. For example, if X has ample
or anti-ample canonical bundle, a derived equivalence D(X) ~ D(Y) gives rise
to an isomorphism X ~ Y. Additionally, additive invariants such as Hochschild
homology and K-theory factor through D(X).

Of particular interest is when D(X) admits a semi-orthogonal decomposition
(see Section 2.2 for the definition). Roughly, a semi-orthogonal decomposition is the
analogue of a group extension for triangulated categories. If D(X) admits a semi-
orthogonal decomposition, one can hope to further understand D(X), or sometimes
X, using the components of the decomposition.

For example, projective spaces admit the Beilinson exceptional collection:

D(P") = (O(-n),...,0).

[

This can be regarded as a categorical analogue of the isomorphism H*(P";Z) =

Zlel/ ("),



An interesting example relating the derived category to birational geometry
is given by cubic fourfolds. Let X C % be a cubic fourfold, then there is a
decomposition

D(X) = (0(-2),0(-1),0, Ax),

where Ay is characterized as the left-orthogonal to the exceptional collection of line
bundlees (O(—2),0(—1),0) and is sometimes called the Kuznetsov subcategory
(or the Kuznetsov component). It is conjectured, [17, Conjecture 1.1], that X is
rational if and only if Ay is equivalent to D(S) for S a K3-surface. We will come
back to this example shortly.

There are many more examples of using derived categories and semi-
orthogonal decompositions to study varieties. We refer the reader to the surveys

[4, Sections 4 and 5] and [7, Section 2].

1.2 Orlov’s Theorem

This project was discovered when trying to understand Orlov’s theorem
relating the derived category of a projective hypersurface to the category of graded
matrix factorizations of the defining function. We recall this theorem now to
motivate the main result.

Let k be an algebraically closed field of characteristic zero and V' a vector
space over k of dimension n. Assume f € Sym?(VY) defines a smooth projective
hypersurface, say Xy = V(f) C P(V). We call f a potential. Let HMFY"(f)
denote the homotopy category of graded matrix factorizations of the potential f
(see Section 5.1). Objects of HMFY"(f) are Z/2-graded, curved complexes of G,,-

equivariant vector bundles on V' with curvature f. There is a natural differential on



the space of morphisms between two matrix factorizations. The category HMFY"( f)
is the corresponding homotopy category.

A relationship between HMF?"(f) and D(X) was discovered by Orlov in [20].
Orlov constructs two Z-indexed families of exact functors ¥,;: D(X;) — HMF"(f)
and ®;: HMF"(f) — D(Xy). If X; is Fano or Calabi-Yau, then @, is a full
embedding. If X; is general type or Calabi-Yau, then ¥; is a full embedding.

Moreover, the semi-orthogonal complement is explicitly determined.

Orlov’s Theorem. [20, Theorem 3.11] Let f be as above. For each i € Z, we have

the following semi-orthogonal decompositions:

Fano: D(Xy) = (Ox, (=i —n+d+1),...,0x,(—i), &;HMF(f));
General Type : HMFY (f) = (k*%(—d), ..., k" (=i +n — d + 1), U, D(X;));

Calabi-Yau : ©;,¥; induce mutual inverse equivalences D(X ) = HMF"(f).

Here k*'% is a certain Koszul matriz factorization (see Example 5.1.2) associated to

the residue field of Sym(V'Y) at the origin.

1.3 Adding two potentials.

Let f, g be homogeneous polynomials of degree d defining smooth
hypersurfaces X; € P! and X, C P"'. Let X = V(f @ g) C P 1. Then
X is smooth since X; and X, are smooth (see Proposition 3.1.1).

Suppose d > max{m,n}. Then there is a Z-indexed family of embeddings

U, : D(Xy) — HMF?"(f) and similarly ¥; : D(X,) — HMF?"(g). By tensoring, we



can consider the family of embeddings:

U, D(X; x X,) = D(X;) ® D(X,) — HMF(f) ® HMF?"(g).

where ¥; ; = ¥, ® ¥; and the tensor product is understood to be taken in suitable

dg-enhancements'. We further have an identification, see [1, Corollary 5.18]

HMFY" (f) @ HMFY (g) = HMF"(f & g).

where j14 acts on the g variables.

If in addition d < n + m, it was noticed in [2, Example 3.10] that we can
then embed HMF"*¢(f @ ¢) into D[X/u,) using Orlov’s Theorem a second time.
Fix one such embedding to get a doubly indexed family of fully-faithful functors
Zij: D(Xy x Xy) = D[X/pa)]. The complement consists of mn exceptional objects,

d — m copies of D(X,), and d — n copies of D(Xy). Specifically, we have

D[X/:U’d] = <~A7 ’C, va Dga Df9>

where A consists of (m+n — d)d line bundles, K = (k¥(—i), ... k¥®(—i+m —d+
1)) ® <ksmb<_j)7 SRR kStab(_j+n_d+ 1))7 Df - (I)ID(Xf) ® <k,stab(_j)7 SRR ksmb(_j+
n—d+1)), D, = (k%(—i),... . k(=i +m —d+ 1)) ® &;D(X,), and Dy, =

Eiij(Xf X Xg)

Tt is known that Orlov’s functors lift to the dg level [10]



These functors are not easy to compute and, with the exception of A,
explicitly understanding the left and right semi-orthogonal complements to the

image of =, ; as pg-equivariant complexes of sheaves on X is not easy.?

1.4 Main result

In this dissertation, we give a more geometric definition of the functors Z; ;
and show that they, miraculously, remain embeddings even if d > n + m. Moreover,
we explicitly determine the other components in the associated semi-orthogonal

decomposition.

Main Theorem. If m,n > 2 and d > max{m,n}, then there is a semi-orthogonal

decomposition

D[X/Nd] = <D917Df97D927Df7“4>'

Here Dy, and Dy, collectively consist of d — m twists of D(X) (Section 3.5),
Dy consists of d — n twists of D(Xy) (Section 3.4), Dy, is the image of =_,, _,
(Section 3.6), and A consists of an exceptional collection of line bundles (Section
3.3).

To align with the picture given by Orlov’s theorem we can mutate the
decomposition; however, it gets complicated quickly as we will see in Chapter V. As
stated, each of the components has a simple description given by explicit Fourier-
Mukai functors.

Using Orlov’s theorem we can verify the main theorem in the cases that it
holds. We do that, numerically, for the special case of surfaces in P3. In particular,

our decomposition furnishes a full exceptional collection. We then show our

2In low dimensional cases, one can compute the image of }C and, for an appropriate choice of
functor, get twists of powers of Qpn|x.



theorem gives a full exceptional collection in the cases Orlov’s theorem doesn’t
hold. We finish by discusssing an interesting class of cubic fourfolds.

In the case of surfaces in P2, Orlov’s theorem holds for d < 4.

Example 1.4.1 (Surfaces with d < 4). Suppose d < 4 and m = n = 2. Let f, g be
homogeneous polynomials defining d points in PL. Set S = V(f ® g) C P? so that S
is a degree d surface in IP3.

If d = 2, then Orlov’s decomposition is

D[S/pa] = (O(=1)(x""), O™), HMF"2(f @ g))

and

HMF?2(f & g) = D(X; x X,)

which contributes 4 exceptional objects for a total of 8.

Alternatively, S = P! x P! and Beilinson’s decomposition gives

D[S/ ] = (O(=1,-1)(x*"), O(=1,0)(x*"), O(0, =1) (x*"), O(x""))

which is 8 exceptional objects.

Our decomposition gives

D[S/pa] = (Dyg, A)

where A consists of 4 exceptional line bundles and Dy, consists of 4 exceptional

objects for a total of 8.



If d = 3, we have Orlov’s decomposition

D[S/ ps] = (O(=1)(x""?), HMF(f & g)(x*"?)).

The category HMF"#3(f @ g) has a semi-orthogonal decomposition

HMFgr,ug(f ® g) _ <I{;Stab(—i>,D(Xf), D(Xg)’ 'D(Xf X Xg)>

which is 16 exceptional objects for a grand total of 19 exceptional objects.

Our decomposition is

D[S/UB] = <D9’ ng’ Df’ -A>

where A again has 4 exceptional objects, D; has 3, Dy, has 9, and D, has 3 for a
grand total of 19.
If d = 4, we have a quartic K3 surface. Orlov’s theorem gives an equivalence

of categories:

D[S/ pa] = HMFT™(f @ g)

and we have the equivalence

HMF#(f @ g) = HMF"(f) @ HMF?(¢g)

so that

HMF"" = (IC,G, F,D(X; x X,))

where G consists of two copies of D(X,) and similarly for . The category K

consists of stabilizations of the residue field. There are 4 exceptional objects here.



The categories G, F both have 8 exceptional objects and the category D(X; x X,)
has 16. The grand total is 36.

Our decomposition yields

,D[S/:u4] = <D97ngvpf7"4>'

In this case A consists of 4 exceptional objects, D, consists of 8 exceptional objects,
Dy, consists of 16 exceptional objects, and Dy consist of 8 exceptional objects. The

grand total is 36 exceptional objects.

Example 1.4.2 (Surfaces with d > 4). If d > 4, Orlov’s theorem no longer holds.
In this case, we get an exceptional collection. Indeed, the decomposition in the

main theorem gives

D[S/ pa] = (Dy, Dy, Dy, A),

which is an exceptional collection as in Example 1.4.1. The category A still has 4
exceptional objects. The categories D, and Dy have d(d — 2) exceptional objects.
The category Dy, has d? exceptional objects for a total of 3d? — 4d + 4 exceptional

objects.

Example 1.4.3 (Cubic fourfolds from genus 1 curves). Here is an interesting
example which recovers Orlov’s theorem in the case m = n = d = 3. In this
case Xy and X, are genus 1 curves and X is a cubic fourfold. The p3-equivariant

Orlov decomposition is

DIX/ps] = (O(=2)(x*), O(=1)(x"?), O(*), AY).



The ps-equivariant Kuznetsov component is equivalent to HMFY"#3( f @ ¢) which is
equivalent to D(X; x X,).

The decomposition we give is

D[X/ps] = (D(Xy x X,), O(=4)(x), O(=3)(x"*), O(=2) (x""*), O(=-1)(x""), O).

It’s easy to see that the decompositions differ by a sequence of mutations and
possibly tensoring by a line bundle.?

This example was considered in [2, Example 4.7]. We conjecture that these
cubic fourfolds are rational. If so, then by Kuznetsov’s conjecture, Ax = D(S)
for some K3-surface S and there is an action of 3 on D(S) such that the us-
equivariant category, D(S)** is equivalent to D(Xy x X,). It would be very
interesting to verify this conjecture: explicitly determine the K3 surface S and

understand the pg-action on D(S).

1.5 Further Work

We discuss four conjectures for future work related to the Main Theorem and
discuss the organization of Chapters 2-5.

The first natural extension is to the case of k£ > 2 hypersurfaces. In particular,
suppose fi,..., [r defined k smooth degree d-hypersurfaces X; C P(V;) which are
Calabi-Yau or general type. Let X = V(f1 & --- & fr) C P(&;V;). Then we can
use the technique discussed in Section 1.3 to see that the ufl’l—equivariant derived

category of X (with the natural action of ,uS’l) has semi-orthogonal components of

3Theorem 5.5.1 shows they agree on points. This implies they differ by an autoequivalence that
fixes points. Since Xy x X, is an Abelian variety, the result follows.



the form D(X; x --- x Xj), copies of subproducts of the X;, and an exceptional

collection of line bundles.

Conjecture 1.5.1. Suppose d > max{dim(V;)}, then there is a semi-orthogonal

decomposition of D[X/uk~'] with components:
(i) a copy of DX, x -~ x Xa);

(i1) copies of subproducts D(X;, X -+ x X;,), for a subset {iy,...,i;} C{1,...,k},

depending on d and dim(V;);
(111) an exceptional collection of line bundles.

The decomposition in the Main Theorem should theoretically also hold in
weighted projective spaces and for finitely many stacky hypersurfaces. Indeed,
Orlov’s theorem is still valid here and the functors involved are still well defined.

We state the conjecture for two stacky hypersurfaces.

Conjecture 1.5.2. Let X; = V(f) C P(ay, - ,an) and X, = V(g) C
P(by,...,b,) be smooth, degree d hypersurfaces (regarded as stacks) in the weighted
projective stacks with weights ay, ... ,a, and by,...,b,. Set X = V(f @ g) C
P(ay,...,am,b1,...,b,). Suppose d > max{>_ a; > b;}, then there is a semi-

orthogonal decomposition of D[ X/ug), where the components consist of
— an exceptional collection of line bundles of length;
— a copy of D(Xf x X,);
— copies of D(X,) and D(Xy) depending on d and the weights a;, b;.

The Main Theorem should extend to families of hypersurfaces. More

specifically, let V;, V5 be finite dimensional vector spaces. Consider the hypersurface

10



Y C P(SY (Vi)Y @ S9(Va)Y) x P(Vi @ Va) given by ([fi : fo], [21 : 22]) such that
fi(z1) + fo(za) = 0. The multiplicative group G,, acts on Y by t - ([f1 : fa],[z1 :
1)) = ([f1 : t7fa], [x1 : tas]). Set X = [Y/G,,] to be the corresponding quotient
stack. This quotient stack is the relative analogue of [V (f @ ¢)/uq] over the base
P(SU(VA)Y) x P(SU(V3)").

Let H; C P(S4(V;)V) x P(V;) be the universal hypersurfaces. The analogue of
X5 x X, is unfortunately not H; x Hy and is slightly more complicated. Consider

the affine version of the universal hypersurfaces:

Hy x Hy C ST (V1)Y) x S4(Va)Y x P(V}) x P(Vy).

Define an action of G2, on H; x Hy by

(t1,t2) - (f1, fo, [o1,v2]) = (t1f1, tat5 ™ fo, [01, v2)).

Let B = [H; x Hy/G?2)] be the corresponding quotient stack. This is the analogue

of Xy x Xy, in the sense that the coarse moduli of B is H; x H, and the fiber over

([f1], [f2]) under the projection Hi x Ha — P(S4(V1)Y) x P(S4(Va)Y) is Xy, X Xy,
The action of G2, is not effective with kernel p14 and so B is a pg-gerbe

over Hi X Hsy. Over B there is a P!-bundle given by descending the bundle

Py, s, (O, (—1) B Ox,(—1)) to B, i.e. the G2, action on H; x Hy lifts to this

bundle via

(t1,t2) - (f1, fo. [v1 2 0a]) = (b fr taty fa, [vr : towa]).

Let P be the corresponding j4-gerbe. We can now use Op to define a Fourier-

Mukai functor ®: D(B) — D(X).

11



Conjecture 1.5.3. The functor ® is fully-faithful under appropriate conditions
on d and dim(V;) with explicit semi-orthogonal complement consisting of copies of

D(B), D(H,), D(H2), and an exceptional collection of line bundles.

By specializing to a specific fiber, we could hope to extend the Main Theorem
to possibly singular hypersurfaces, which is very interesting.

The Main Theorem may also generalize to the case where X; and X, are
replaced with smooth complete intersections. However, it appears that the number
of hypersurfaces we intersect to get X; and X, must be equal. Otherwise it
is unclear how to add them and get something smooth. Here is a toy example

indicating how it might be setup.

Example 1.5.1. Suppose fi, fo are degree d polynomials defining a smooth
complete intersection X in P(V;) and g1, g2 are degree d defining a smooth
complete intersection X, in P(V5). Then X = V(f1 @ g1, f2 ® g2) define a smooth
complete intersection in P(V] @ V3). There is again an action of pg which scales the
g; variables.

If d >> 0, then it’s easy to see the natural inclusions X7, X, < X induce
fully-faithful functors D(Xy), D(X,) < D[X/u4]. The functors =_,, _,, still make
sense and the proof of fully-faithfulness in the Main Theorem should carry over
to this case. We conjecture that it is still fully-faithful and that there is a semi-

orthogonal decomposition of D[X/ 4] analogous to the Main Theorem.

Example 1.5.2. If say X; = V(f1, f2) C P(V1) and X, = V(g) C P(V%), then the
only possible choice for X is X = V(fi @ g, fo ® g) C P(V1 © V). This is the same

as V(f1 — f2,g) which is not always smooth even if X; and X, are smooth.

In Chapter II, we recall preliminary facts about triangulated and equivariant

triangulated categories.In Chapter III we define all of the terms in the above

12



decomposition and show they are embeddings. In Chapter IV we prove the Main
Theorem and also discuss the special case m = 1, which is not covered by the Main
Theorem. In Chapter V we compare our functors to the ones described in Section

1.3 on the structure sheaf of points.

13



CHAPTER II

PRELIMINARIES

2.1 Triangulated Categories

Throughout k is an algebraically closed field of characteristic zero. For an

overview of triangulated categories in algebraic geometry see [14].

Definition 2.1.1. A triangulated category 7 is a k-linear category together

with an autoequivalence [1] : 7 — T and a class of exact triangles
t—u—v—t[l]

certain axioms, see [13, Section 1.1]. The autoequivalence [1] is sometimes called a

shift functor.

Example 2.1.1. Most (but not all) examples come from Abelian categories. If A is

an Abelian category, then the derived category of A is given by

D(A) := Com(A)[S7].

That is, we take the category of chain complexes! of objects in \A. Then we localize
at the class of quasi-isomorphisms. The shift functor is given by shifting the
complex to the left:

K] =K

"We only consider bounded complexes in this dissertation. However, the use of unbounded
complexes still has many uses.

14



Example 2.1.2. If (X, Oy) is a locally ringed space (for us X will be either a
scheme or a stack), then the category of Ox-modules is an Abelian category. By
Example 2.1.1, we can consider the derived category of Ox-modules, denoted
D(Ox — Mod).

If X is a locally Noetherian scheme (or stack), then we can consider the
subcategory, €oh(X), of coherent Ox-modules. This is still Abelian and we define
the derived category of X to be the derived category of the Abelian category
Coh(X):

D(X) :=D(Coh(X)).

As mentioned in the introduction, the derived category is a strong invariant of X
and is our primary object of study.

Another subcategory of Ox-modules which is interesting is the subcategory
of perfect complexes, denote Perf(X). A complex F' is perfect if it is locally
quasi-isomorphic to a bounded complex of locally free sheaves. In the case X is
Noetherian, this is the same as being quasi-isomorphic to a complex of vector
bundles. If X is quasi-projective and smooth, then Perf(X) = D(X). Thus
the subcategory of perfect complexes is a categorical measure of smoothness (see

Definition 5.2.1).

2.2 Semi-orthogonal decompositions

Semi-orthogonal decompositions allow us to decompose our triangulated
category into simpler pieces. The first example was found by Beilinson in [3].
Roughly, the idea is the following: Suppose we have a triangulated subcategory

IC of a triangulated category 7. We can form the Drinfeld-Verdier localization of T

15



by K. Recall, the localization C is

C=T[E]

where ¥ is the class of morphisms, o, such that Cone(c) € K. Consider the

sequence of triangulated categories

K=TS5C.

If IC is nice enough (see 2.3), then the embedding functor (¢v: K — 7)) will
have left and right adjoints, say ¢z r. Take an object ¢ € T, then there is an exact
triangle in 7 of the form:

t(tp(t)) — t — Cone —

where Cone is the cone of the map ¢(¢1,(¢)) — t. If C is also nice enough, then Cone
is in the image of the right adjoint to 7. It’s not hard to see that (¢ (¢)) and Cone
are unique up to isomorphism and Hom(¢(¢1(¢), Cone)) = 0. This is made precise

with the next definition.

Definition 2.2.1. Let 7 be a triangulated category. A semi-orthogonal

decomposition of 7, written

T:<A17"'7An>

is a sequence of full triangulated subcategories Aq, ..., A, of T such that:

(i) Homy(a;, a;) =0 for a; € A;, aj € Aj, and i > j;

16



(ii) For any t € T, there is a sequence of morphisms

O=a, > an_1—>--—a —ay=t1

where Cone(a; — a;_1) € A;.

Condition (i) is called the semi-orthogonality condition and condition (ii) is called

the fullness or generation condition.

Example 2.2.1. The most common examples of semi-orthogonal decompositions
occur when 7 = D(X) for some smooth projective scheme over k. In this case,
there is often a vector bundle £ such that Ext% (£,£) = k[0]. Such an object in
D(X) is called exceptional. The subcategory generated by £ is also abusively
denoted by £ and there are two semi-orthogonal decompositions (that it exists

follows from Example 2.3.1):

D(X) = (EH,E) = (£,4€)

where 1 = {F € D(X) | Ext%(€,F) = 0} and 1€ is defined similarly.

Example 2.2.2. Beilinson’s example, [3], is given by

D(P") = (O(—n),...,0).

Semi-orthogonality is Serre’s theorem and fullness is given by the Beilinson spectral
sequence (or equivalently Beilinson’s resolution of the diagonal). In other words,

D(P™) is made of iterated extensions of D(Spec(k)). As mentioned before, this is, in
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a very precise way, a categorical analogue of the fact

H*(P";Z) = Z]/(z").

Projective spaces are an important example of a scheme with the (rare)
Diagonal Resolution Property?: If X is any smooth projective variety such that
the structure sheaf of the diagonal O in X x X has a resolution by sheaves of
the form 7}&; ® w3 F;, then it has the Diagonal Resolution Property. An important
consequence is that the full triangulated subcategory of D(X) generated by either
the & or the F; is D(X) itself. If in addition we have semi-orthogonality between

them, then this furnishes a semi-orthogonal decomposition of D(X).

Example 2.2.3. It is not always the case that the derived category of projective
scheme admits a semi-orthogonal decomposition. Indeed, let C' be a smooth and
proper curve of genus g > 1. Then Okawa proves, see [18], that D(C') does not
admit a semi-orthogonal decomposition. For ¢ = 1, there is no semi-orthogonal
decomposition because the Serre functor is the shift functor. For ¢ = 0, we
have Beilinson’s exceptional collection of Example 2.2.2. In a sense, this result
can be viewed as saying that curves provide one dimensional building blocks for

triangulated categories.

2.3 Admissible and saturated triangulated subcategories

As mentioned in Section 2.2, triangulated subcategories (or quotients)

possessing adjoints lead the way to semi-orthogonal decompositions. In this section,

2There is a weaker diagonal resolution property, where we require that the diagonal is cut out
by the zero locus of a section of a vector bundle on X x X. See [22] for results in this direction.
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we introduce admissibility and saturatedness that characterize those subcategories

which possess adjoints.

Definition 2.3.1. Let A C 7 be a full triangulated subcategory of a triangulated
category. We say A is admissible if the embedding functor ¢ : A — 7T has a left

and right adjoint?.

If A is admissible, then it follows formally that 7 admits two semi-orthogonal

decompositions

T = (A A) = (A, A).

where

At = {t € T | Homy(ali],t) =0 for all a € A,i € Z};

tA:={t e T |Homys(t,ali]) =0 for all a € A,i € Z}.

We refer to A+ as the right orthogonal and +A as the left orthogonal to A in T.
Indeed, semi-orthogonality is by definition. Then suppose ¢: A — T is the

embedding functor and ¢ r are the left and right adjoints. It follows that

t(tr(t)) — t — Cone —,

where Cone is the cone of the obvious mapping, gives 7 = (A, 1 A). To see Cone €

L+ A we apply Homy(—, ¢(a)) for some a € A:

Hom(Cone, ¢(a)) — Hom(t, 1(a)) = Homy(¢(er(t)), t(a)) — .

3Sometimes, we define left (or right) admissible to mean the existence of a left (or right)
adjoint. We won’t need these more general notions in this dissertation.
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The last term 1is

Hom(1(e1 (1)), 1(a)) 2 Hom a(u1(t), a) = Homer (¢, 1(a))

and € is the obvious isomorphism.

Definition 2.3.2. A triangulated category 7T is called saturated if every
cohomological functor (contravariant or covariant) H: 7 — Vecty of finite type

is representable.

We have the following important proposition regarding saturated

subcategories, see [5, Proposition 2.6].

Proposition 2.3.1. Let A be a saturated triangulated category and v: A — T is a

full embedding. Then A is an admissible subcategory of T .

Example 2.3.1. The derived category of coherent sheaves on a smooth projective
variety, X, is saturated, [5, Theorem 2.14]. If £ is an exceptional object of D(X),
then there is a full embedding tg: D(Spec(k)) — D(X) given by tg(V) = E@ V.

This justifies Example 2.2.1.

Example 2.3.2. Let X be smooth projective and let A be the full triangulated
subcategory of D(X) generated by the structure sheaves of closed points, O, for

p € X. Then A is not saturated. If it were, then the functor of cohomology
Homp(x)(Ox, —) would be representable. This is not possible as the only objects in
A are torsion sheaves (with zero dimensional support) and there are always nonzero
extensions between a torsion sheaf and itself, whereas cohomology of a sheaf with

zero dimensional support is just global sections.
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We will use the following proposition in conjuction with Proposition 2.6.1 in

Section 4.5.

Proposition 2.3.2. [5, Theorem 2.10] If A, B C T are full, saturated, triangulated

subcategories such that (A, B) is semi-orthogonal, then (A, B) is saturated.

2.4 Equivariant triangulated categories

The main triangulated categories we will concern ourselves with are derived

categories of quotient stacks. The notion of a G-equivariant objects is central here.

Definition 2.4.1. Suppose G is a finite group. An action of G on a triangulated

category T is the following data, [16, §3.1]:

— For every g € GG, an exact autoequivalence ¢* : T — T;

— For every g, h € G, an isomorphism of functors €, : (gh)* = h* o g* satisfying

the usual associativity conditions.

Definition 2.4.2. A G-equivariant object of T is a pair (¢,6), where t € T and
6 is a collection of isomorphisms 6, : ¢ = g*t for all ¢ € G satifying the usual
associativity diagram. An object of ¢ € T together with an equivariant structure ¢

is called a linearization of t.

For any action of G on a triangulated category 7T, we can form the category

of equivariant objects of 7 denoted 7.4

Example 2.4.1. Suppose a finite group G acts on a scheme X, then there is an

exact equivalence D[X/G] = D(X)Y, see [25, Section 3.8]. So in this case there is a

41t is not true that 7 is always triangulated, i.e. that the triangulated structure on 7
descends to T¢, see [11, Example 8.4]. In fact, this example shows that even if the G-action lifts
to the dg level, it may not be true that the G-equivariant objects of a pretriangulated dg category
is pretriangulated.
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natural triangulated structure on D(X ). A good reference for equivariant derived

categories of coherent sheaves is [8, Section 4].

Example 2.4.2. Let (F,0) be an equivariant object in D(X). Further, let x : G —
G, be a multiplicative character of G. Define a new equivariant object (F(x),0 - x)
where F(x) = F as an object of D(X) but the maps 6, - x : F — ¢*F are twisted
by x.

If F is a vector bundle, then an equivariant structure is equivalent to a
compatible fiberwise G-representation. Tensoring with a character corresponds
to tensoring the fiberwise G-respresentation by the same character. Thus if F
admits one linearization it can admit several distinct linearizations. We denote
these adjusted linearizations by F(x) and say F(x) is the twist of F by x.

More generally, if V' is a representation of GG, and (F,#) is a G-equivariant
sheaf, we can tensor with V' to get a new G-equivariant sheaf (F ®V, 0 ® py ), where
pv: G — GL(V) is the representation and F ®@ V is F4m(V) We will denote this
new G-equivariant sheaf by F ® V.

This can be made very precise as follows. Let 7: X — x be projection to
a point. Giving  the trivial G-action makes 7 equivariant and so we have a G-

equivariant pullback functor

7 D[x/G] — DIX/G].

The category D[x/(G] is the derived category of the category of G-representations.

So by F ® V', we mean the object F ® 7*V.
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2.5 Fourier-Mukai functors

Let X and Y be smooth projective varieties and denote the two projections

x: X XY =>X andmy: X XY =Y.

Definition 2.5.1. Let £ € D(X x Y'). The induced Fourier-Mukai transform or

Fourier-Mukai functor is the functor

®c: D(X) = DY)

given by
E =y (1% (E) @ K).

The object K is called a Fourier-Mukai kernel. It can be used to define a functor
D(Y) — D(X) in an analogous way. In this dissertation, we will explicitly state

which way the functor goes to avoid awful notation like ®g Y.

Remark 2.5.1. If G is a finite group acting on Y. We can define equivariant
Fourier-Mukai functors. See [8, Section 4.1] for a short discussion and [1, Section

2] for a long discussion.

In this case, where X,Y are smooth projective, all triangulated functors
D(X) — D(Y) are of Fourier-Mukai type. In fact, this is still true after in the
quasi-compact separated world, [24, Theorem 8.9]

One important aspect of having a Fourier-Mukai functor is the existence of

adjoints. Indeed, suppose K is a Fourier-Mukai kernel defining an exact functor
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Oic: D(X) — D(Y). Define

K. =K' @ nywy[dim(Y)]

and

ICR == ICV X W}WX[dlm(Y)]

Proposition 2.5.1 ([14, Proposition 5.9]). Let ®x: D(X) — D(Y) be the Fourier-
Mukai transform with Fourier-Mukai kernel IC. Then P, is the left adjoint and
Dy . is the right adjoint to Py.

R

We shall also need the well known fully-faithfulness criterion of Bondal and
Orlov. A consequence of the proof, which doesn’t seem to be widely used, is that
the target category need not be D(Y") for some smooth stack Y. The functor just
needs to have a right adjoint. We will use O, to denote the structure sheaf of a

closed point p € X.

Theorem 2.5.1 ([14, Proposition 7.1]). Let X be a smooth projective variety over
k and T be a triangulated category. Suppose F' : D(X) — T is an exact functor
with a right adjoint G. Then F' is fully-faithful if and only if for any two closed

points x,y € X we have

k' ifr=yandi=0
HomT(F(O;E), F<Oy)[l]) =

0 ifx#yandi¢|0,dim(X)].

Proof. The proof in [14, Proposition 7.1 only requires that the functor F' has a

right adjoint. [
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Remark 2.5.2. We will use Theorem 2.5.1 when 7T is the derived category of a
smooth quotient stack over k. In this case, the existence of a (left and) right
adjoint is given by Proposition 2.5.1 and the existence of dualizing sheaves in this

case.

Remark 2.5.3. It would be interesting to know if X can be replaced with a DM
stack or, more specifically, a global quotient stack [X/G] with G a finite group.
That is, suppose ¥: D[X/G] — T is an exact functor, then ¥ is fully-faithful if and

only if for all stacky points z,y € [X/G] we have

kEifrxr=yandi=0
Homy(F(O,), F(O,)[i]) =

0 ifz#yandié¢|0,dim(X)].

Note, since G is finite dim[X/G] = dim(X). The current proof relies on using
the Hilbert scheme; however, the G-Hilbert scheme is not as well understood, if it

exists.

2.6 Spanning classes

The easy part to prove in a semi-orthogonal decomposition is vanishing of
extension groups. The harder part is proving fullness. The notion of a spanning

class, introduced by Bridgeland in [6], gives a natural way of proving fullness.

Definition 2.6.1. Let T be a triangulated category. A subclass of objects  C T

is called a spanning class if for every t € T the following two conditions hold:
— Homy(t,wli]) = 0 for all w € 2 and all ¢ € Z implies ¢t = 0;

— Homy(w(i],t) = 0 for all w € Q and all i € Z implies ¢ = 0.
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In the presence of a Serre functor, it suffices to require only one of the two

conditions.

Example 2.6.1. If X is a smooth projective variety over k, then a spanning class

is furnished by the structure sheaves of closed points:

Q={0, |z € X is a closed point}.

This is a derived analogue of the fact that a sheaf on a variety is zero if and only if
the stalks at each closed point are zero.

More generally, if X is a smooth and proper Deligne-Mumford stack over k,
then we can consider the coarse moduli space m : X — X and take the following

collection as a spanning class:

Q={0z | Z is a closed substack of X and 7(Z) is a closed point of X}.

In the cases we will consider, X" is a global quotient stack X = [X/G] with
G a finite group. The class € is provided by (twists of) orbits of points under the
G-action. On one extreme, the orbit could be free: if p € X and |G - p| = |G|,
then set Z = G - p to be the corresponding G-cluster. Then Oz € 2. On the other
extreme, the orbit could be a single point: if G - p = p, then for each irreducible
representation of V, we have O, ® V' € Q. Our actions will either be one of these

extremes so we do not discuss the intermediate cases.
The next proposition shows how useful spanning classes can be.

Proposition 2.6.1. Suppose Q2 is a spanning class for T and A is a full,

admissible, triangulated subcategory containing 2, then A =T .
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Proof. Since A is admissible, there is a semi-orthogonal decomposition of T of the

form:

T = (AH A)

The condition that A contains a spanning class implies that A+ must be trivial.

Example 2.6.2. The condition that A is admissible cannot be removed. Indeed,
let X be a smooth projective scheme. Let A be the full subcategory of D(X)
from Example 2.3.2. Then, by definition, A has a spanning class; however, the
only objects in A are torsion (with zero dimensional support) and so they cannot

generate.

It will be convenient to use more than one embedding in Section 4.4. The

following theorem tells us which other functors we can use.

Theorem 2.6.1. Suppose F' : D(X) — T is a full embedding where X is smooth
and projective over k. Further suppose there exists a saturated subcategory A

containing F (), where Q0 is a spanning class for D(X). Then F(D(X)) C A.

Proof. Tt is sufficient to prove that the right adjoint G : T — D(X) is zero on A*.

Suppose b € A*. For every w € Q and i € Z we have

Ext’ (w, G(b)) = Hom(F(w), bli]) = 0.

Since  is a spanning class, we conclude G(b) = 0 for all b € A*. ]
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2.7 Derived Category of [P+~ 1/y,]

This section serves to illustrate how to work with equivariant triangulated
categories of quotient stacks as well as provide a useful semi-orthogonal
decomposition for D[P!/u,] and more generally a semi-orthogonal decomposition
for cyclic quotients with fixed locus a smooth divisor (see Theorem 2.7.2).

For the rest of this dissertation, we set x: ug — G, denote the standard
primitive character x(\) = A.

There is an action of jg on P! where P! has coordinates [z : ... :

T S Y1 ... Ys) and pg acts by scaling the variables yy, ..., y,:
Afzyee rmm iy iy =ty Ay Ayl
In terms of the homogeneous coordinate algebra k[z1, ..., Zm, y1, ..., Y, the

variables y; have weight y~! and the variables z; have trivial weight.

Let H, = V(x1,...,2y) and H, = V(y1,...,yn). The fixed locus of the pq4
action is (Pt~ 1) = H, LI H,. Therefore the sheaves Oy, and Op, have a natural
equivariant structure given by the identity morphism. As in Example 2.4.2, we can
form the equivariant sheaves Oy, (x*) and O, (x') for i =0,...,d — 1.

We equip O(—1) with the pg-linearization 6y: O(—1) — A*O(—1) given by
fiberwise multiplication by A and consider O(i) with the induced pg4-linearizations.
We can also twist these sheaves by characters to get the equivariant line bundles
Opmin—1(1)(x?) fori € Z and 5 =0,...,d — 1.

The canonical bundle on P! is O(—m — n). It is locally trivial as a ji4-
equivariant bundle; however, the identification wpm+n-1 = O(—m — n) may involve

twisting by a character. To determine the twist, we recall the Euler exact sequence
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on }P)ernfl

0= =005 00

where o« = (21,...,Zm, Y1, -..,Yn). Since the sections y; have weight —1, the above

Euler exact sequence admits the following p4-linearization:
0= Q' = (&,0(-1) & (&, 0(-1)(x ) >0 =0

Now taking determinants yields wpm+n-1/,,] = Opmin-1(—m — n)(x™") as fiq-

equivariant sheaves. Serre duality therefore takes the following form:

Proposition 2.7.1 (Serre Duality). For any F,G € D[P™ "/, there is a

natural isomorphism

Extﬁpmm—l/w} (.7:, g) ~ Ext[rg,,tﬁ;}f/’;d](g’ }“(_m . n) (X_n))-

Let us consider the case m = n = 1. In this case, we can describe a useful
semi-orthogonal decomposition of [P'/f4].

The projective line is a coarse moduli space for [P!/p4] and the mapping
7 [P1/ug) — P! is defined by the pg-equivariant morphism 7: P* — P! given

d

by [z : y] = [2¢ : y?]. Since 7 can be described as as the d-uple embedding

P! — P29+ followed by the linear projection onto the z?, y¢ variables, we have
T Op1(—1) = Op ) (—d).

The fixed orbit consists of two points {p = [1 : 0],¢ = [0 : 1]}. In the
notation before, we have H, = {p} and H, = {¢q}. The following semi-orthogonal

decomposition is used in Section 4.5.
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Theorem 2.7.1. For each v € Z there is a semi-orthogonal decomposition

D([B'/pal) = (Op(x ), - Op(x), Og(x "), O4(x 1), T D(PY))

= (Op(x") -+, 0p(0), Oy (X “Y), .., Oy (X 71), O(=di), O(=d(i — 1))).

We prove something slightly more general than Theorem 2.7.1 regarding jiq-

actions. See also [15] for more on the derived categories of cyclic quotients.

Theorem 2.7.2. Let g act on a smooth projective variety X of dimension n.
Suppose the geometric quotient m: X — X/pg is smooth and the fized locus X" =
Z is a smooth dwisor such that pg acts freely on X\Z such that Nzjx = L(x™ ') for
some fized line bundle L on Z, where NZ/X 18 the normal bundle. Let v: Z7 — X

denote the inclusion. Then there is a semi-orthogonal decomposition of D[X/jiq):

DIX/pa) = (te(D(Z))(X), - -, 1(D(Z))(x"), T D(X/ 1a)).-

Proof. We first show ¢, : D(Z) — D[X/pa) is fully-faithful using Theorem 2.5.1.

Pick z € Z. Since Ny/x,, = x~ !, we have an isomorphism of jig-representations:
Ext} (0., 0,) 2 A*(T.X) = A (1% g ).
It follows that ¢, is fully-faithful. Semi-orthogonality follows from this identification

as well.

30



To see fullness, take an object F € D[X/ugq] such that F is left orthogonal to

(L(D(2) (), - - - (D(Z2)) (X))

As the action of g on X \ Z is free, we can apply [23, Theorem 2.4] to see F €

TD(X/ p1a). O

Remark 2.7.1. Of course the theorem can be adapted to the case where NZ/X has
different weights. However, the components ¢,D(Z)(x") may need to be reordered
to ensure semi-orthogonality. The correct reordering for [P!/u,] is provided in the

statement and so Theorem 2.7.2 proves Theorem 2.7.1.

Remark 2.7.2. The sheaves O(n) have a natural ug-equivariant structure and so
we could equally as well have considered an equivariantized Beilinson’s exceptional

collection:

D[P /p1g) = (O(=1),0(=1)(x) ..., 0(=1)(x*™),0,0(x), ..., 0(x*1).

We could then tediously argue that the decomposition of Theorem 2.7.1 is a
mutation of Beilinson’s collection. The above argument is more pleasant and

Theorem 2.7.2 will be needed in Section 4.6.

The classical Grothendieck splitting theorem decomposes any vector bundle
on P! as a sum of line bundles. We have the following equivariant version of this

result which is used in Section 3.6 in the case G = pq.

Theorem 2.7.3 (Equivariant Grothendieck Splitting). Let € be a rank r vector

bundle on [P'/G], where G is a finite Abelian group. Then there exists n; € Z,
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Xieé’forizl,...,r such that

EXP_,0(n;)(xi)

Proof. The proof is almost identical to the classical proof, see [19, Section 2.1]. The
Abelian condition ensures the irreducible representations are one dimensional and
the twist by characters y; show up when looking for an equivariant global section of

E(n;) with n; >> 0. O

Remark 2.7.3. In the case G = g4, the character group is generated by x. If £ is a

[tg-equivariant vector bundle of rank r on P!, then we have

£=Pom)(x)

for0<s; <d-—1.

32



CHAPTER III

SETUP AND EMBEDDINGS

3.1 Setup

Let Xy € P™'and X, C P"! be smooth degree d hypersurfaces.
Let X = V(f @ g) C P™ ! be the hypersurface associated to the Thom-
Sebastiani sum of potentials. We impose the conditions d > n > m > 2, i.e.
the hypersurfaces involved are Calabi-Yau or general type and are non-empty and

dim(X,) > dim(Xy). The latter condition is for purely computational purposes.
Proposition 3.1.1. The hypersurface X is smooth.

Proof. The gradient of f @ g is

V(feg) =I[Vf Vgl

Suppose V(f @ g)([p : q]) = 0. Then for each ¢ and j, we have 0,.(f)(p) = 0 and

d,,(9)(q) = 0. By the Euler formula, we have

f0) = 33200 0) = 0

and
1
9(a) = 5 > " 9,9(q) =0.
J
Since f, g both define smooth hypersurfaces, it must be that p = [0 : --- : 0] and
q=1[0:---:0] which is impossible. We conclude X is smooth.
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The action of jg on P~ from Section 2.7 descends to X and we consider
the quotient stack [X/pugq]. The fixed loci are given by the intersections with

(Pm+n—1)ud — Hm L Hy:
Xt =XN(H,UH,) = X;UX,.

3.2 Equivariant geometry of X

Line bundles associated to hyperplane sections Ox (iH) have d distinct

equivariant structures. These equivariant line bundles are of the form Ox (iH)(x?).

Proposition 3.2.1 (Serre Duality). The triangulated category D[X/ua) has the

Serre functor (—) ® Ox(d—m —n)(x™™)[m +n — 2.
Proof. Since [X/ug] is a smooth substack of [P™"~!/p,] with normal bundle

isomorphic to Ox(d), we can use the adjunction formula

WX/ pg] = Wipmtn—1/y) @ Opxypy)(d) = Ox(d —m —n)(x™").

For Fano hypersurfaces it is easy to see that line bundles are exceptional.

With this extra p4 action, all line bundles on [X/ 4] are exceptional.
Proposition 3.2.2. Line bundles are exceptional objects of D[X/1i4].

Proof. 1t is sufficient to prove H*(Ox)"¢ = k. We have an equivariant exact

sequence on Pt

0 — Opm+n—1(—d) 1%, Opmin-1 = Ox — 0.
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We therefore only need to show the vanishing of H™"2(Ox)*¢. We have an
isomorphism

Hm+n72(ox>ud ~ Hern*l(OPm-»—n—l(—d))“d-

If d < m 4+ n, then the latter group is zero and we are finished. Suppose d > m + n.
Then

H™ Y (Opint (—d) )" = HY(Opmins(d — m — n)(x ™))"

The latter has a basis of monomials of the form z’y” where I = (iy,...,iy),J =
(j1, .-, jn) and ! =zl ... gim o) — 4t 9dn such that |I| + |J| = d —m — n and
|J| + n is a positive multiple of d. It follows that |J| = d — n is the only possible
option. Hence, d—m—n = |I|+|J| = |I| +d —n from which we conclude |I| = —m,

impossible. O
Proposition 3.2.3. For 0 <i—j <m, H*(Ox(x’™")) = 0.

Proof. Clearly equivariant global sections are zero. By Proposition 3.2.2, there is an
isomorphism

H™ 2O () & B O d = m = m) ()

As in the preceeding proof, we must have a monomial 2'y’ where |I| + |J| = d —
m —n and |J| +n+ j — i is a positive multiple of d. Thus |J| =d —n — j + i is the
only possible obtion. Hence, d —m —n = |I| +|J| = |I| +d —n — j +i. Therefore

|[I| =i —j —m < m —m =0, which is impossible. O
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3.3 Subcategory of exceptional line bundles.

Define subcategories Ay, Ay, A3 of D[X /4] as follows.

It is understood that if m = n, then A, is zero. Further, the notation
Ox (i) (x?*9*) means the subcategory generated by the exceptional objects
Ox (1) (x"), ..., Ox(i)(x’*). By Proposition 3.2.3, there is a semi-orthogonal

decomposition:

where 71 > jo > -+ > Jp.

Proposition 3.3.1. The decomposition of the subcategories A; fori = 1,2,3 is

semi-orthogonal. Moreover, A = (A1, Ay, As) is semi-orthogonal.

Proof. We only show the semi-orthogonality of the decomposition for Az. The

semi-orthogonality of the decomposition for A; and A, is similar.
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The sheaves in Ajz are of the form O(—i;)(x ™) for 0 < ¢ < m — 1 and
0 < i1 < iy. Pick two such sheaves with iy < iy and j; < js. By Serre Duality and

the closed substack exact sequence:

Hm+n72(OX(Z'1 — ig)(leijz)) = HO(OPm+n—1 (d 49—t — N — m) (ijijlin»-

We have the following inequalities:

m—12>1iy—14; >0,

m—12 jo—j1 > 0.

An equivariant global section is of the form 'y’ where |I|+ |J| = d +iy — i1 —

n — m such that |J| = jo —j1 —n+d. But

Hence, |I| = ia—i1—(jo—j1)—m < is—iy—m < m—1—m = —1, which is impossible.
Thus H*(Ox(iy — 12)(x?*772)) = 0 and the semi-orthogonal decomposition for Aj is
verified.

We now check (Aj, As), the semi-orthogonality computations for (A;, A;) and
(A1, As) are similar. Recall, for A; to exist we require n > m. The relevant group

is

Hern*Z(OX(Z'l _ (m _ 1) _ Z'Z)(Xjrjz))ud

= HY(Opmin(d+ iy — iy —n — 1) (x> 7177))H
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foril:O,...,m—l,jle,...,il, igzl,...,n—m, j22127,(m—1)+22
If d+iy—i;—n—1 < 0, there is nothing to prove. Assume d+iy—i;—n—1 > 0.
Let 27y’ be an equivariant global section. Since j, — j; — n < 0 we require |J| =

d+ jo — j1 —n. Then

forces |I| =iy — jo + j1 — i1 — 1. However, iy — jo < 0 and j; — i3 < 0so |I| < —1

which is impossible. This finishes the proof. O]

3.4 Embedding D(Xy)

Let vp: Xy — X begiven by tf([z1 ...t xy]) =[x 0 ooty 1 0 o002 0]
Clearly ¢y is pig-equivariant as it coincides with a component of the fixed locus.
Let ¢, denote the corresponding equivariant pushforward functor ¢s.: D(X;) —

D[X/pa). This means first include D(Xy) into the trivial component of

DIy /dl = D P

then use the equivariant pushforward.
Proposition 3.4.1. If d > n, then vs, is fully-faithful.

Proof. We use Theorem 2.5.1. Let p € X be a closed point and identify p with
tr(p). 1t is sufficient to show vanishing of Ext{y,, 1(Op, Op) = (A*T, X )" for x >

m — 2. From the normal bundle exact sequence

0—TX — TP 1y = Ox(d) =0
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and the identification T,P™ "1 = 19m~1 ¢ & coming from the pg-linearized Euler

exact sequence, we see

TpX ~ 1@m72 D X@n
If d > n, then (A*T,X)" =0 for + > m — 2. O

Define the following subcategories of D (X )#d:

7 = Lr(D(Xp)) ()

Orlov’s theorem predicts that for some 7, these subcategories appear in the semi-

orthogonal decomposition. The next proposition tells us which ones are needed.

Proposition 3.4.2. For 0 < i; — iy < d — n we have the semi-orthogonality

<Dj} , Djf ).

Proof. Pick a closed point p € Xy, then we have the isomorphism:
EXt}(OpO(iQ), Op(Xil)),ud o~ A*(léBme oy X@n)(thiz)_

Provided 0 < 7; —iy < d—n, we will have a nontrivial weight on the extension group

for every . [

Definition 3.4.1. Let Dy be the strictly full subcategory of D[X/p,] generated by

1 d—n
DL,... . D"

The follwing corollary is immediate.
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Corollary 3.4.1. For d > n, we have a semi-orthogonal decomposition

Dy =(D{ ", Dy ", Dy).

3.5 Embedding D(X,)

Similarly to Dy, we have a closed embedding ¢, : X, — X given by
bg(fyn = oot yp)) = [0 .. 0ty ¢ ... ¢ yy), which is the inclusion of the
other component of the fixed locus and so is pg-equivariant. Let ¢4 : D(X,) —
D[X/14] be the associated equivariant pushforward. The following results are
analogous to Propositions 3.4.1, 3.4.2 and Corollary 3.4.1. We include the proofs

for completeness
Proposition 3.5.1. If d > m, then vy is fully-faithful.

Proof. As in Proposition 3.4.1, for each closed point ¢ € X, we have an
identification

T,X 21072 g ()em,
If d > m, then (AT, X)* =0 for * >n — 2.

Define the subcategories

Dy = 14:(D(X,)) (")

of D([X/ pd])-
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Proposition 3.5.2. Form —d < iy — iy < 0 we have

(Dix, D).

Proof. Pick a closed point ¢ € X, then have the isomorphism
Ext’ (Og(x2, Og(x"))) = A" A7 @ (x 1)) @ x" ™.

Provided 0 > #; — 79 > m — d, the extension group will always have a nontrivial

weight and so the it must vanish. O

Corollary 3.5.1. For d > m we have a semi-orthogonal decomposition

D, = (D)4, D D).

In the case n > m, it will be necessary to split D, into two subcategories.

Definition 3.5.1. Define subcategories of D[X/p,):

D, = <D;”*d, D;’H’“, . ,D;H*ly

and

Dy = (D", Dy .. D).

g
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We have D, = (Dy1,D,2), where it is understood that if m = n, then D, =

gl-
3.6 Embedding D(X; x X,)

Let Y = P(Ox,(—1) B Ox,(—1)), i.e. the projectivization of the rank 2 vector
bundle O(—1,0) & O(0,—1) over X; x X,. Let m: Y — Xy x X, be the projection.
Consider the commutative diagram:

Y ——— Xy x Xy x X
[
X; x X, X

The cyclic group pg acts on Y by scaling the second coordinate of the fiber. We
endow X; x X, with the trivial action rendering the diagram p4-equivariant.

Define a family of (equivariant) Fourier-Mukai functors
=550 DIX; x X,) = DX/
using the kernel 1,0y @ 15 Ox (iH)(x?), i.e.
Zi(F) = Raxu(7, ox, (F) @ .0y © Ox (iH) (X)),
where it is understood that before applying =; ; we precompose with the embedding
d—1

D(X; x Xy) = DXy x Xy/nal = P DX x X)(xX')

=0
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into the trivial component. Then the derived push and pull functors are taken

equivariantly.

Proposition 3.6.1. Let (p,q) € X5 x X, be a closed point. Then

Ei,j(op,q) = Ol(p,q) (Z)(Xj)

where 1, , is the line joining vf(p) to t4(q) inside X.

Proof. Since the kernel is flat over X; x X, we just have to take the restriction of
the kernel to {(p,q)} x X. This is precisely the structure sheaf of the line {(p, q)

with a twist. O
We show =, ; is an embedding using Theorem 2.5.1.

Lemma 3.6.1. Let N denote the normal bundle to I(p, q) inside X. Then

N = (@ Ol(p,q)(1)> ® <@ Ol(p,q)(l)(X)) D Ol(p,q)<2 - d)(X).

Proof. By the pg-equivariant Grothendieck splitting theorem (Theorem 2.7.3), we

have an isomorphism
m+n—3

N= B Opgn)(x)

i=1
for some n; € Z and weights j;.
As X is a degree d hypersurface in P™*"~1 and [(p, q) is a linear subvariety of

Pmt7=1 the normal bundle N fits into the following equivariant exact sequence:
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0—=N— (né_?l Ol(p,q)(l)) b (é_?l Ol(nq)(l)(X)) = Oipgp(d) = 0
i= j=
on l(p,q). The weights come from the description of the morphism
Oip.)(DE™ 2 = Oy ().
It is given by multiplication by
(Ous fliwgys - -+ Ownes flipa)> Oor 9o - - -+ Ova Yo,

where 1, ..., un_1 are linear sections cutting out p € P™ ! and vy,...,v,_; are
linear sections cutting out ¢ € P™~1.

Up to a linear change of coordinates, we can assume this mapping is
(udt,0,...,0,0%1,0,...,0).

Hence,
N = (@ Oup,q)(l)) S (69 Oz<p,q)(1)<x)> ® Oi) (')

Since deg(N) = m+n — 2 —d we must have i = 2 — d. By checking the fibers of the

normal bundle exact sequence at p = [1 : 0], we have
0—= N, = 19" Tpy® 1 5150

as jig-representations. Therefore N, = 19m72 ¢ y®"~1 and it follows that j = 1. [
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Lemma 3.6.2. For (p,q), (p',q¢') € Xy x Xy. If p#p orq# ¢, then

Ext{x/..1(Oip.0), Orpr.ary) = 0.

Proof. It p # p' and q¢ # ¢/, then the subvarieties I(p, ¢) and [(p', ¢') are disjoint.
The vanishing follows. Without loss of generality, suppose p = p’. We must

compute

EXtrX/ud] (Ol(p,q% Ol(pvq’)) = EXt*Ox,p(Ol(pvq),pv Ol(p,q')m)ﬂd

Let R = 5);. Then by the Cohen structure theorem, we have R =
El[z1,. .., Tm—2,Y1,---,Yn)]. The action of pg on Spec(R) endows 1, ..., Ty_2
with trivial weight and y,. .., y, with weight -1. The completions of Oy, ), and

Oip,q)p are isomorphic to the modules

Mq == R/(xh ey Tm—2,Y2, . . 7yn) = k[[yl]]

and

Mq’ = R/(.’L’l, vy Tm—2,Y1,Y3, . .. >yn) = k[[y2]]7

respectively.
Since M, is cut out by the regular sequence x1,...,Tm_2,Y2,...,Yn, We have

the following equivariant Koszul resolution

(&5 Rey, = R) @ (®)_,Rey, (x ') 2 R)
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of M,. We apply Homp(—, M ):

m— 0 n 0 2
(P Myey, = My) @ (D_sMyey. = My(x)) @ (Mg = My (x))

= (P Mye), = My) © (5 _3Mye, = Myx) @ k(x)

Since d > n, the terms appearing in Ext},(M,, M,) will all have nontrivial weight.
Indeed, the weights will be between 1 and n—1. Hence, Exty(M,, My )" = 0. Since

completion is faithful, we have the desired vanishing. n

We can now prove =, ; is fully-faithful.
Theorem 3.6.1. The functors Z; ; are fully-faithful for all i, j.

Proof. Using Theorem 2.5.1 and Lemma 3.6.2 we only need to show

EXtFX/M] (O1p.0): Qi) =

That HOHI[X/M](Ol(%q), Ol(p’q)) = k is clear.
For vanishing, we use the local-to-global spectral sequence. Since I(p, ¢) and

X are smooth, this reduces to:

H"(AN) = Ext[r;;ud](ol(p,q)a Oiip.a))-

here N is the normal bundle from Lemma 3.6.1. So we must compute H"(A*N\) for
(r,s) =(0,m+n—23),(1,m+n—4). We will compute separately.

For the case (r,s) = (0,m +n — 3), we have

AN Opgp(m+n—44+2— d)(X"_l) =20m+n—d-— 2)(X”_1).
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Suppose m +n —d — 2 > 0 (otherwise there is nothing to check), then we would
require a monomial of the form z%" ! witha > 0anda+n—-1=m+n—d — 2.
Solving for a, we have a = m —d — 1 < —1, but d > m, which is impossible.

Now for the case (r,s) = (1,m + n — 4). Since l(p,q) = P!, the only way
HY(A™"=4N) can be nonvanishing is if O(2 — d)(x) is involved in the product. In

which case, the isotypical summands of A™*"~N involving O(2 — d)() are:

Om+n—3—d)(x"2),0m+n—-3—d)(x" ).

Ifm+mn—3—d > —1, then the first cohomology group is zero without

equivariance. Assume m+n—3—d < —2. By Serre duality, we have an isomorphism

a (Ol(p,q)<m +n—3—d)'= HO(Ol(p,q)(d +1—m—n) (X_nyl_n))ud

We remark that d > n here; otherwise, if d = n, then m —3 < —2 forces m =1
and we assume m > 2. In particular, the weights y~™!'~" are nontrivial above. We
must find a monomial of the form z%y?" where a > 0 and a+d—n =d+1—m—n.
This forces a = 1 — m, which is absurd. Similarly, we would need a monomial of the
form x%y? ! witha > 0anda+d—-n+1=d+1—m —n and hence a = —m,
which is still absurd. Thus there are no equivariant global sections and the group
vanishes.

We conclude = is fully-faithful and so &, ; is fully-faithful for all 7,5 € Z as

it differs from = by an autoequivalence. ]
Definition 3.6.1. Let Dy, ==_,, ., D(X; x X,).
By Lemma 3.6.1 we have =_,, _,, is a full embedding. The main result can

now be stated.
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Main Theorem. In the above notation, we have a semi-orthogonal decomposition

D[X/Nd] = <D917Df97D927Df7“4>'

The proof of this theorem will occupy Chapter IV. In Sections 4.1 and 4.2 we
finish proving that the decomposition is semi-orthogonal. In Sections 4.3 and 4.4,
we analyze other sheaves that we can construct from the components present. In
Section 4.5 we complete the proof of fullness.

It is worth noting that in the cases (m,n) = (2,2),(2,3), (3, 3), there is an
easier proof of this result. The idea of the proof is what is used in the subsequent

sections and so we believe it does no harm in proving these special cases now.

Pf. in the special cases. We will only do the case (m,n) = (2,2) with the

understanding that the other two are similar. The subcategories are as follows:

Define 7 = (Dy, D¢y, Dy, A). We will prove orthogonality in §IV, the difficult part
is fullness. To do this we show 7 has a spanning class. This will be sufficient to

conclude D[X/pq] =T
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Using Example 2.6.1, we see that the collection of objects consisting of free
orbits, say Oz where Z = {\- 2z} ¢y, and X-z # z}, as well as the sheaves Obf(p)(xi)
and O, (4)(x") for i =1,...,d form a spanning class.

Let J = J(Xy, X,) inside of X denote the join of Xy and X,. A free orbit
Z C X\ J is a complete intersection with respect to two sections s, € I'(Ox(1))

and s, € I'(Ox(1)(x)). It follows that the corresponding resolution of Oy given by
0= Ox(=2)(x"") = Ox(=1) ® Ox(-1)(x ") = Ox

is in the subcategory A, hence the free orbits Oz C T provided we are away from
J.

To see we have the remaining objects of the spanning class, we will use
Theorem 2.7.1. Let I(p, ¢) denote the line joining ¢f(p) to t4(q). We will see in §4.3
that the objects Oy q)(—d) and Oy, q) are in T for all p, ¢. It remains to see that
the twists of the fixed orbits are in 7.

Using D, and D; we only need one additional twist, say O, O, (or in the
case (m,n) = (2,3),(3,3) we will also need O,(x™ 1), O,(x)). To do that, we notice
that Cone(Ox(—1) = Ox) = Oyp.x,) € A by cutting out p with a section of

Ox(1). We then have the exact sequence

0= Oyp.x,) — @ Oip.g) = O = 0.

qe€Xy

Since T is saturated, it follows that O, € T. In the case (m,n) = (2,3),(3,3) we
can look at a similar sequence using O, x,)(—1)(x ') € A. A similar argument

shows O, € T and Theorem 2.7.1 finishes the proof. H
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CHAPTER IV

PROOF OF MAIN THEOREM

In this chapter we finish proving semi-orthogonality (Section 4.1) and prove
fullness (Sections 4.3)
We finish the chapter by studying the case m = 1. This is the case of a cyclic

cover.

4.1 Semi-orthogonality between D, and A

As before, we let Dy, be the image of the fully-faithful functor =_,, _,,. Let us

compute the semi-orthogonality (Dy,, A). We have the formula

Extix /) (Ox (=) (X 7), Opg (=) (x ™)) = H*(PY; O — m) (x? ™))"

Lemma 4.1.1. There is a semi-orthogonal decomposition (Dy,, A).

Proof. We only check the semi-orthogonality (Dy,, As) as the other computations
are similar. The objects in Ajz are of the form O(—i)(x ™), where 0 < i < m — 1

and 0 < j <. In this case we have O(i — m)(x?™") is a negative line bundle so
HY(O@i —m)(’ ™)) = H(O(m —i = 2)(x" ™))"
Since i > j > 0 we have

n—1>n—j7—-1>n—1—1
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n—j—1

and so we need a monomial of the form x%y wherea > 0anda+n—j5—1=

m — 1 — 2. This is impossible because

a+n—j—1>2n—i—1>m—1—1>m—1—2.

4.2 Semi-orthogonality between D,, D, A.

For Dy to be present in the semi-orthogonal decomposition, we need d > n
and for D, to be present, we require d > m.

Lemma 4.2.1. We have the semi-orthogonality (Dy, Dy, A).

Proof. That D, and D; are semi-orthogonal is clear. We only show Dy is right
orthogonal to A. The claim that D, is also right orthogonal is analgous.

Let p € Xy and consider the sheaves O,(x 7). We compute

Extix /) (O(=i1) (x "), Op(x 7)) = T(O,(x"* 7))

which is nonzero if and only if .5 — 7 = 0. Since 0 < i, < n — 1, if we choose
n<j7<d-—1, then

1—d<iy—j<—1.

These are precisely the weights in D;. This shows the semi-orthogonality (Dy,.A).

Lemma 4.2.2. We have the semi-orthogonality (Dy1,Dgg, Dyo, D).

Proof. Again, we only prove the semi-orthogonality (Dy,, Dy) the other claims are

analogous. The only possible nonzero extension group in the standard spanning
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class for Dy, is

Extx/,,,) (Op(x77), Or(=m)(x ")) = (Ext (Op, O) (X’ ")),

where [ is the line between p € X and and any point ¢ € X,. Set R = (’/))?p, then
R = k[[z1, 29, ..., Zm-1,Y1,- .-, Yn-1]]. Here the variables z; have weight 0 and the

variables y; have weight -1. The sheaf O, corresponds to the graded module
kpy=R/(z1, ., Tm1, Y15+ Yn—1)
The sheaf O; corresponds to the graded module
M,=R/(x1,...,Tm-1,Y2,- - Yn—1)-
We can take the Koszul resolution of k,:
(®?§11Remi o, R) ® (@5%;113% (xh) % R) Sk,

and apply Hom(—, M, ). This will kill all of the maps except y;. The resulting
complex has general term Mye) Ae; , where 0 < [I| <m —1and 0 < |[J] <n—1.
It’s easy to see that the cohomology of this complex has general term keZI A eZJ
where 0 < |[I| < m —1and 1 < |J| < n — 1. The weights therefore vary between 1

and n — 1. Thus the summands of the extension group are of the form:
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Thus the general term of Extfy,, 1(O,(x ™), Oi(=m)(x™™)) is of the form

O, k(T = k(P T.

Since n < j < d — 1, these terms all have nonzero weight and so the equivariant

extension group vanishes. O

This completes the semi-orthogonal claim in the Main Theorem. It remains to

see fullness.

Definition 4.2.1. Define a full-subcategory 7 of D[X /4] by

T = (Dy1,D,Dy2, Dy, A).

4.3 Koszul complexes and Joins

By Proposition 2.3.2, the subcategory 7T is saturated and hence admissible.
Using Proposition 2.6.1, it suffices to check that 7 has a spanning class. This is
done in Section 4.5. To do so, we need to construct more sheaves in 7 using the
subcategories present. Essential to these constructions is the Koszul complex of a
regular section of a vector bundle.

Let E be a pg-equivariant locally free sheaf of rank r over X and s € I'(E)H

be an equivariant global section. Then we have the corresponding Koszul complex:

0= AEY = A 1EY oo 5 BV 25 0y

Denote this complex by IC(E, s).
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If the zero locus of s is codimension r, then the Koszul complex is exact and
is a locally free resolution of Oy, where Z(s) is the vanishing locus of s. Even if
the Koszul complex is not exact we can still learn information from its cohomology
sheaves, see Lemma 4.3.2.

Let Z C X be a free orbit of the p; action away from the join of X; and X
inside X, i.e. pick p ¢ X \ J(Xf, X,) and let Z = {Ap | A € pq}. These free orbits

are also called pg4-clusters.
Lemma 4.3.1. For each pg-cluster Z C X, we have Oz € T .

Proof. In this case, we notice that Z is the intersection of X with m + n — 2
hyperplanes. Moreover, we can pick sections s; € I'(Ox(1))* and section
t; € I'(Ox(1)(x))"* wherei = 1,...,m —landj = 1,...,n — 1such
that Z is the vanishing locus of s = (s1,...,Sm_1,t1,...,tn_1) € T'(F), where
E = (@1 0x() @ (@)= 0x(1)(x)).

The summands of IC(E, s) are precisely the sheaves that occur in A. We

conclude for any free orbit Z in X \ J(Xy, X,), we know Oz € A. O

Let p € X;and ¢ € X,. As before, denote by l(p,q) = P! the line
joining ¢7(p) to t4(q). Contrary to the case of free orbits outside of J(X, X,), the
structure sheaves of both fixed orbits and free orbits in the join are not complete
intersections. Moreover, the structure sheaf Oy, ) is not a complete intersection
subvariety. We can still take the corresponding Koszul complex cutting it out.
Indeed, there exists a section s = (S1,...,8m_1,t1,---,tn_1) € ['(E), where E is

as before, such that V(s) = l(p, q).
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Lemma 4.3.2. As above, let K(E,s) be the Koszul complex cutting out l(p,q).

Then )
Olp.q) *=0
H*UC(EWS)) = Ol(p’q)(—d) ¥ = —1
0 x £ 0,—1
Proof. By Bezout’s theorem, we can assume the intersection X; NV (sy,..., sm_2)

consists of d points, say py,...,ps. The intersection X, NV (ty,...,t,—1) is {¢}. Let
J denote the join in X of {py,...,pqs} with {q}.
The Koszul complex associated to the sections (s1,..., Sm_2,t1,...,tn_1) is

quasi-isomorphic to the following complex

0—0;(-1) = 0O0; —0.

To each point {pi,...,pa} € X; C P! there exists a linear section s; such that

V(s;) = p;- We have the exact sequence

0— Ol(p,q)(—d) ﬂ) O](—l) il—) O](—l) — Ol(pl,q) — 0.

The claim follows. [
Lemma 4.3.3. The subvarieties X, and Xy are complete intersection subvarieties.

Proof. We show how to get X,, X is analogous. The zero locus of the section

sx, = (T1,...,%y,) of the vector bundle Ex, = Ox(1)9™ is X O

The summands of the Koszul resolution, K(Ex,, sx,) are of the form

Ox(—m+i) fori=0,...,m.
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Lemma 4.3.4. Fori = 1,...,d —m. The components of K(Ex,,sx,)(—(n —1) +

i+t (") are in T fort=0,...,n— 1.

Remark 4.3.1. The restriction of the equivariant structure on a hyperplane divisor

of X to X, is not the trivial structure. In particular, we have isomorphisms:

Ox(iH)|x, = Ox, (ih)(x™").

Proof. We check the base case ¢ = 1. In this case, we have explicitly:

K(Ex,,sx,)(1) = Ox,(1)(x™")
K(Ex,,sx,)(x"") = Ox,(x ")
i

K(Ex,,sx,)(—(n = 1) + )(x ") = Ox,(—(n— 1) + 1)(x )

All line bundles appearing in the resolution are already in 7 except the line bundle
appearing in degree zero. Since Ox, (j)(x™') € T for all j, we know that the line
bundles in degree zero are also in 7.

Suppose true for 1,...,7 we show true for ¢ + 1 < d — m. In which case we

have the following twists of the above diagram:

K(Ex,,sx,)(i+1) = Ox,(i+1)(x ")
K(Ex,,sx,)(#)(x ") = Ox, (i) (x ")
i

K(Ex,5x,)(~(n = 1) 4+ )¢ ") = Ox, (~(n = 1) +i+ ().
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Again, all of the sheaves except those in the extreme right of the resolution are
already in 7 by induction. That the line bundles in degree zero are in 7 follows

since Ox,(j)(x ") e Tasi+1<d—m. O

Lemma 4.3.5. Let J(Xy,q) denote the join of Xy and q inside X. Then

OJ(Xfyq)(Z.) ceT

fori=0,....,d—m.

Proof. The subvariety J(Xy, q) is a complete interesection:

(@15 Ox(=1)(x ") = Ox) = Osx,-

Twisting by Ox(i) for i = 0,...,d — m gives a general component of the Koszul
resolution as

Ox(—=(n—1) +i+t)(x "),
The statement now follows from Lemma 4.3.4. ]

As Xy is also a complete intersection subvariety, we have the following similar

statement for O, x,) with p € Xj.

Lemma 4.3.6. Let Oy, x,) denote the join of p € Xy with X,. Then

Ospx) (1) (X) €T

fori=0,...,d—n.

Proof. The presence of twists comes from the fact that X is cut out be the section

s = (Y1, -, 4a) € N(Ox(1)*"(x))- O
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Our goal is to show T has a spanning class. Recall, Example 2.6.1, if X' is a

smooth DM stack with coarse moduli space m: X — X, the sheaves

Q={Z C X | Zis aclosed substack of X and 7(Z2) is a closed point of X}

form a spanning class.

For X = [X/114], these sheaves are the structure sheaves of the free orbits and
twists of the structure sheaves of fixed orbits by all characters. In Lemma 4.3.1 we
saw that the structure sheaves of the free orbits away from J(Xy, X,) have Koszul
resolutions using the sheaves in A. We will get the remaining sheaves by showing
for all p € Xy and ¢ € X, we have D[l(p, q)/pa) C D[X/ua). For that we use

Theorem 2.7.1 and is carried out in the next two sections.

4.4 Other kernels.

It will be convenient to use the images of other Fourier-Mukai kernels from
E_m—n t0 Eg_mo and Eg_p, 4. We justify their use in this subsection.

Using Theorem 2.6.1 we must verify that the image of the spanning class
{Op,q} under Z4_,,, 0 and =4, 4 factors through 7. We will need to start by

verifying the line bundles in Theorem 2.7.1 are in 7.
Lemma 4.4.1. For all p € Xy and q € X, we have Oy q)(—d) and Oy q) in T.

Proof. By Lemma 4.3.2, it suffices to show O, ) (—d) € T. We have the exact

sequences

0— Ol(p,q)(_m —i—=1(x") — Ol(p,q)(_m —i)(x ") — Oq(Xi(nim)H) — 0.
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Since Ol(pyq)(_m) (an)’ O(I(Xi(nim)% sty Oq(Xil) € T7 we have Ol(PvQ)(_n) (an> €
T by induction.

Now consider the sequences

0= Opgy(—n =i = (X "7) = Opgp (—n =) (x ") = Op(x ") = 0.

Since Oy (=1)(X "), Op(x'), -, Op(x*™™) € T, we have Oy q)(—d) € T by

induction and this completes the proof. O

Lemma 4.4.2. For allp € Xy and ¢ € X, we have Oy g (d — m), Oy (d —
n)(x™") eT.

Proof. Use the exact sequences in the proof of Lemma 4.4.1. O
Proposition 4.4.1. The functors Z4_m 0 and Z4_p a—n factor through T.

Proof. By Proposition 2.3.2, it follows from Lemma 4.4.2 and Theorem 2.6.1. O

4.5 Proof of Fullness

We now compute Zg_p0(Ox;x (g} (—1)) and Zg_p g (Oppyxx,(—3)) for various

1=0,....m—1and j =0,...,n— 1 to show that this gives us the missing sheaves:

OJ(vaq)(d —m — Z) — Ed—m,O(OXfX{q}(_i)) — Tq —

and

OJ(p,Xg)(d -—n—- ])(Xd_n) — Edfn,dfn(o{p}xXg) — Tp —

for every p € Xy and g € X, where T}, and T}, are certain torsion sheaves supported

at ¢ and p, respectively. Since the first two objects are in 7 we have T,, T, € T.
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We then build a filtration of 77, T, and argue then that 7 has the remaining
elements of the spanning class. To perform these computations, we need to add
an auxiliary blowup.

Let ¢ € X, and let P be the linear subspace spanned by z1,..., 2, q.

Consider the following commutative diagram

P(Ox,(~1) B Ox,(-1)) +— P(Ox,(-1) ® Ox,) = Z —— Bl = B, P"

l lﬂ \
X x Xy < Xy

where j includes Xy via j(z) = (2, ¢), Z is the fibered product, and o also denotes

the restriction of o: ¥ — P™™~! which factors through P™. The mapping ¢,
includes Y as the divisor dH — dE in Bl. Here P™ has coordinates [x1 : -+ : 2, : Y]
and g4 acts by scaling the y coordinate. The pg4-action lifts to Bl fixing the
exceptional divisor pointwise and thus rendering the enter diagram pg-equivariant.
Recall, the canonical bundle of [P™ /4] is isomorphic to Opm(—m — 1)y~ *
The usual formula for the canonical bundle of a blowup yields wg; = £*Opn ®
O((m — 1)FE) which admits a pg-linearization since the divisors involved are
invariant under the pg-action. It remains to determine if there is a twist by a

character. Restricting to BI\ E gives the isomorphism

wal|B\E = B wpm|B\£

and so it follows wg) = B*Opm(—m — 1) @ O ((m — 1)E)(x1).
Let H; be a hyperplane section of X; and H be a hyperplane section of P
which restricts to H; under the inclusion Xy — P™ where [z] — [z : 0]. Then

H— Ely = r*H,.
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Theorem 4.5.1 (Equivariant Grothendieck Duality). There is a natural

1somorphism:

RB.Op1 /uy) (D) = RHompm ) (RB(WiB1 /ug) (—D))s Wipm jpug))

for any pg-invariant divisor D on Bl.

Proof. This follows since 3 is pug-equivariant and the usual Grothendieck duality,

[14, Theorem 3.34], is natural, hence commutes with automorphisms. H

The divisors on Bl are, up to equivalence, well known to be of the form aH +

bE for a,b € Z. Using the projection formula, we have

Rp.wpi(—(aH +bE) = (RO ju ) ((m — 1 = b)E)) @ wipm ) (—aH)

and by Grothendieck duality

RA.(Opi/ua(all + bE)) = RHompm /) (RE:(Op1 ju, (M — 1 =) E), Opm ) (—ad).

Remark 4.5.1. Since {q} is codimension m, there is a canonical isomorphism

Rﬂ*O[Bl /11d] (kE) = O[X/ud]

for k=0,...,m—1.
If £ > 0, then R3,0Op /Md](—k:E) = Ig, where Z, is the ideal sheaf for the

closed subscheme {¢} in P™. Moreover, RB:Op) /1 (kE) = 0 unless i = 0,m — 1.
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Fori = 0,...,m — 1, we consider Zg4_,,0(Ox,(—iH;1)). On Bl we have the

divisor exact sequence

0 = Oy (—dH + dE) = Ogi/p, — tg+Oy — 0.

Since 147 Ox, (—iH1) = 1Oy (=iH1) = 1.0y ® Oy, (—i(H — E)), we can

consider the twist of the divisor exact sequence

0 = O ) (—dH + dE — iH +iE) = Oy ) (—iH +iE) = Oy (—iH;) — 0.

Using the long exact sequence of cohomology sheaves for Rf,, we see there is
an isomorphism Ro*Oy (—iH;) = RBMOpjpy(—(d + )H + (d + 9)E). Tt
follows from Remark 4.5.1, that the only possible nonzero higher direct image is

RU*m_zOY(—iHl).

Lemma 4.5.1. If m > 2, then for1=0,...,m —1, we have a distinguished triangle

Osxp.0)(d—m —i) = Egomo(Ox, (—iHy)) = H"H(Zg ")) (=m —i)[2—m] —

where I, is the ideal sheaf of {q¢} in P™, and (I ™) is the deriwed dual. In

particular,

.

C’)J(Xﬁq)(d—m—i) * =0

1%

H (Za-mo(Ox,(—iH1))) H((ZF )Y (—m —d) o« =m —2

0 x £0,m—2

\
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If m = 2, then for i = 0,1 there is an exact sequence

0— OJ(vaq)(d —2— Z) — Ed_gp(OXf(—Z.Hl)) — O?d_1<x2+i_d) — 0.

Proof. The case m = 2 is easy to see directly and the vanishing statements for
m > 2 follow from the preceeding discussion. It remains to show the isomorphisms.
Since d + @ > 0, the only possible higher direct image is in degree m — 1. We have

an exact sequence
0— O[Pm/ud](_d —i) = O[Pm/ﬂd](_i) — OJ(Xf,q)(_i) — 0.

Now H*(Zg—m,o(Ox, (—iH1))) = H(Z0,0(Ox, (—iH1)))(d —m) = Oy(x, o (d—m —1i).
This gives us the first arrow for m > 2. If m = 2, the first arrow is defined similarly
but it is not surjective onto H®(Zq_m,o(Ox, (—iH1))).

For the second we need to compute RA™ Oy ., (—(d + i) H + (d + i) E).
By Grothendieck duality and the derived functor spectral sequence, we have an

isomorphism

RBK‘”O[BI/M](—(C[ + Z)H + (d + Z)E)
= RHompr ) (RA(Om1 ) (m =1 = d = ) E), Oppr /iy ) (—d — i)

=~ RHOm[Pn/ud] (Ig_m+i+1, O[pn/ud})(—d — Z)

and the second isomorphism follows by twisting by (d — m). O

Corollary 4.5.1. Fori=0,...,d—m, we have H™ ' ((ZI=" 1)) (—m —1i) € T.
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Proof. This now follows by Lemmas 4.3.5 and 4.5.1. [

It remains to compute K™ ((Z¢ ™)) (—m — i) for i = 0,...,m — 1.
We seek to understand the sheaves in Corollary 4.5.1. To that end, there is an

exact sequence of sheaves on P, where we have identified the conormal bundle of

{q} with Q[Pm’ql
0= = I — S"(Qem ) 2 OTVO (") — 0,

where N(r) = (m+:_1). Since O, is a smooth closed subscheme of codimension m,

we know

Hm((OQ(XT))V) =0, ® Wﬁ’(m(X_r)-

Since wpm /] = Opm (—m — 1)(x 1), we see

H™M((Og(X)7) = Og(x ™).

Taking the derived dual of the above sequence now yields the short exact

sequence
0— H"H((ZD)Y) = H™H((Z)Y) —» OZNO (=) — 0.

Lemma 4.5.2. Forr > 0, the sheaves H™ '((Z})") have a filtration by sheaves

O=FyCFC---C f‘}+1 = Hmfl((zg)v) such that
Fi| Fig1 = OgaN(T)(X_i_m).
In particular, H"(T;)) € (Og(x ™), O ™), .., Oyx ™).
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Proof. Immediate from the previous discussion and the observation 'Hmfl(I;/) =

O,(x™™). 0

Using Lemma 4.5.2, we have the following filtration of H™ ' ((ZJ~"*+!*)V):

(T ) (d = m i) sy OV ()

A

HP (T ) ) (d = m = i) s O ()

A

Lemma 4.5.3. For alli=0,...,d—1 we have Oy (x") € T .

Proof. We proceed by induction on . When ¢ = 0 we use the filtration given by
Lemma 4.5.2 and the fact that O,(x™7) € T for j = 1,...,d —m tosee O, € T.
Suppose we have O, ..., O,(x"), then we use the filtration again with i + 1 to see
O,(x*) eT. O

Lemma 4.5.4. For alli=0,...,d—1 we have Oy(x") € T.

Proof. This is analogous to the results proved in this section using the images
Ed-n,d-n(Ox,(=jHz3)). One requires the extra twist because the hyperplane section

that restricts to Hs has nontrivial equivariant structure. O

Proof of Main Result. By Lemmas 4.4.1, 4.5.3, and 4.5.4 we have shown for all

p € Xyand g € X, we have D[l(p,q)/pa) C T. We have also shown in Lemma
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4.3.1 that the structure sheaves of free orbits not in the join are in 7. Thus 7 has

a spanning class. Since 7 is admissible, by Proposition 2.6.1 we conclude 7 =

DX/ pua]- —~

4.6 The Case m =1

For completeness, we devote this section to understanding [X/p,4] when
m = 1. We will independently study n = 1 and n > 1. In the case n > 1, the
hypersurface X is called a cyclic hypersurface. We also compare the decompositions
to the work in [16]

Let m,n = 1, then D(X) and D(X,) will not appear. The associated
quotient stack is, up to a change of coordinates, X = V(z¢+y4) C PL. In particular,
|X| = d and the p4 action permutes the linear factors. It follows that [X/p,] is a
scheme and is represented by Spec(k). There is a single exceptional object given by

Ox and so

D[X/pa] = (Ox).

Let n > 1. Then f(x) = 2% and g(yi,...,yn) be a degree d polynomial
defining a smooth hypersurface in P*~!. Let 7: X — P"! be the linear projection
onto the y variables. This is well defined since [1 : 0 : ... : 0] ¢ X. The map = is
a degree d mapping ramified along the divisor ¢,: X, — X. In particular, we have

the following commutative diagram.

o

X, —— Pt
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Endowing P"~! with the trivial ;g action renders the diagram commutative.

Moreover, it is not hard to see that 7 exhibits P"~! as a coarse moduli space.

Theorem 4.6.1. There is a semi-orthogonal decomposition

D[X/pa) = (D,,.... DI 7*D(P" ™)),

g

where D), = 15, D(X,)(X").

Proof. The action of p1g on X \ X, is easily seen to be free. Hence Theorem 2.7.2

applies. ]

The case of a cyclic cover of a variety was investigated in [16, §8.3]. In
particular, they discuss the equivariant derived category of cyclic hypersurfaces
where d < n, here X C P" and X, C P*~!. For completeness, we recall their result.

Since d < n, we have the standard semi-orthogonal decomposition of a hypersurface

where Ay is characterized as the right orthogonal to (Ox,...,Ox(d — n)). The
category Ay is also quasi-equivalent to the homotopy category of graded matrix

factorizations of the potential f, where f is the defining equation for X.

Theorem 4.6.2. In the above notation, if d < n, then there is a decomposition

D[X/pa) = (A%, OX(XO’W’dil), . Ox(d - n)(XO""’d71)>

where

A = (Ax,, Ax,(X), - Ax, (X" 7).
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where Ax, is viewed as a subcategory of D[ X/ ua] via tg,.

Remark 4.6.1. Note, their results do not apply when d > n because m: X — P!
is not a cyclic cover in the sense of [16]. Indeed, suppose X is the relative spectrum
associted to the the line bundle O(i) with a section s € T'(O(di)) over P*~!. That

is, we consider the sheaf of algebras
A=0(-di)®---a 0O

on P" ! and X 2 Spec(A). Then Rm,Ox = A as sheaves on P"~!. Therefore we

would have an isomorphism

d

H"Y(Ox) = @) H" " (Opn-1(—di)).

i=1

Using the divisor exact sequence for X we see H" 1 (Ox) = H"(Opn(—d)) =

H°(Opn(d — n — 1)) which is of dimension (,*"" ). For the right hand side we

d—n—1
have
d d
P H " (Opni (—di) = @ H(Opn-i(di — n)),
=0 1=0

which is of dimension

()= () == (-G

It follows that m cannot be a cyclic cover.

When d = n the subcategory Ay, is all of D(X,). Using the notation D; =

Lg«(D(X,))(X"), the decomposition of Theorem 4.6.2 is

DX/ pa] = <DS,D;, D2 O ().
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The decomposition of Theorem 4.6.1 is

DIX/pd) = (Dl.... D} 7w (D" ).

g

It follows that our decomposition agrees with theirs up to a twist by a character.
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CHAPTER V

COMPARISON WITH ORLOV’S FUNCTORS ON POINTS

In this chapter, we show in the case of two Calabi-Yau hypersurfaces, i.e.
m = n = d, that the functor = agrees with Orlov’s on points. To do so we remind
the reader of graded matrix factorizations and singularity categories in Section 5.1.
In Section 5.3, we discuss Orlov’s theorem and how to compute Orlov’s functors. In
Section 5.4, we do some computations on special objects. In Section 5.5 we show

that our functor agree, up to a mutation with Orlov’s functor on points.

5.1 Graded Matrix Factorizations

Let R = Spec(Sym(V")) be functions on a finite dimensional vector space V.

Then R has a natural Z-grading so that

Rd = Symd(vv)>

which corresponds to the diagonal action of G,, on V with weight 1.
By a graded R-module, we mean an R-module M together with a Z-grading
such that

Ry - My C M.

We will refer to the Z-grading on M as the internal grading. Morphisms between
graded R-modules are R-module morphisms that preserve the grading. Denote the
category of Z-graded R-modules by Gr — R. This is an Abelian category.

If M € Gr — R, then there is a internal grading shift functor, denoted by (1),

where we define the graded R-Module M(1) by (M(1)),, = M,,+1. Denote by (q)
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the gth power of (1). If M, N € Gr — R, then there is a natural grading on the

(ungraded) R-module Homg(M, N), where
Homp(M, N),, = @ Homg,—p(M, N(m)).

Call this, now graded, R-module Hom (M, N). As usual, it is the internal hom in
Gr — R.

Let f € R, be a degree d polynomial. Then f defines a hypersurface X =
V(f) € P(V). We assume X is smooth or equivalently the affine cone C(X) C V

has an isolated singularity at the origin.

Definition 5.1.1. A graded matrix factorization is a pair of morphism
do: Py — Py, 6_1: Py — P_1(d)
between graded projective R-modules such that
0_100 = f = 0p0_1.

When no confusion arises, we denote a matrix factorization by P.

Equivalently, a graded matrix factorization is a curved complex of G,,-

equivariant vector bundles on V' with curvature f.

Example 5.1.1. Consider the case dim(V') = 2. Then R = k[z,y] with its usual Z-

grading. Consider f = xy. Then there are two (inequivalent) matrix factorizations
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and

It will follow from Orlov’s Theorem that these matrix factorizations are

inequivalent.
Example 5.1.2 (Koszul matrix factorizations). Let sq,...,s, be a homogeneous
regular sequence in R such that f € (s1,...,s,). Pick homogeneous elements

ty,...,t, such that

f:t181+"'—|—tr87n.

Consider the Koszul complex associated to s;:
K @ (R(| - sil)e/ = R),

where the e) is just a place-holder. Objects of this complex are of the form
R(=si,| = -+ = |sg ey A== Aej forasubset {i1,... i} C {1,...,7}. The

differential is given by contraction with
s = s161+ -+ S.€p.
Call this morphism ¢,. Define the morphism
ds = (tiey + -+ +te)) A (—).
Define the associated Koszul matrixz factorization as follows. Set

Py =K (di-1), h= P K'(di)

i odd i even
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with differential given by ¢, and ds. Clearly dgis = tsds = f.

An important example of a Koszul matrix factorization is furnished by R =
klxi,...,z,) and s; = x; for i = 1,...,n. Then we can take, up to scale, t; = 0., f.
This matrix factorization is often called the stabilization of the residue field (see

Proposition 5.2.1).

Morphisms between two graded matrix factorizations are morphisms of
underlying R-modules making the relevant diagram commute. Suppose we have
two matrix factorizations P,P’. Then the set of morphisms between them can be

enriched to a Z-graded vector space. For n = 2[, define

Hompor () (P, P'), = Home,—g(P-1, P4 (dl)) & Home,—r(Py, Py(dl))

and for n = 21 + 1, define

Hompor () (P, P') = Home,—g(FPo, P4 (d(l + 1))) & Home,—r(P-1, Py(dl)).

This gives a category enriched in graded vector spaces. We can further enhance it

to a dg category, see [1, Definition 3.1] for a more precise statement, by defining

dp = dpr o + o dp.

There is also a natural triangulated structure on the category MFY"(f) making it a
pretriangulated dg category. We set HMFY"(f) to be the homotopy category.
Matrix factorizations show up, in different guises, in several places in

algebraic geometry, commutative algebra, and physics. One interesting example
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connections matrix factorization to commutative algebra through maximal Cohen-
Macaulay modules over the hypersurface algebra A = R/(f).

Recall, a graded maximal Cohen-Macaulay A-module is a graded A-module
such that

depth (M) = depth(A) =n — 1.

If we have a graded maximal Cohen-Macaulay A-module, then by the Auslander-

Buchsbaum formula, M has a projective resolution as an R-module of length 2:
FoFy 25 Fy— M =0,

Multiplication by f induces a map of chain complexes -f: F* — F'(d). Since f
acts as zero on M, this map is null-homotopic. Define éy: Fy — F_1(d) to be this
nullhomotopy. Then by definition dgd_1 = d_169 = f.

Conversely, given a matrix factorization (F.,d.), we can construct a maximal

Cohen-Macaulay module cok(d_1) by taking the cokernel of §_;:
Foy 25 By — cok(5_y) — 0.

Since dp0_1 = f, which is injective, we know d_; is injective. So pdz(M) = 1.
Moreover, M is an A-module. Indeed, pick m € M and m € F, a preimage under
the projection. Then fm = m(fm) = m(0_109(m)) = 0 since w o §_; = 0. Finally, M
is maximal Cohen-Macaulay since depth (M) =n — 1.

There is also a natural triangulated structure on MCMY"(A) and we have

proved part of the following theorem well known triangulated equivalence.
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Theorem 5.1.1. The functor

cok: HMFY"(f) = MCM?"(A)

1s a triangulated equivalence between the category of graded Maximal Cohen-

Macualay modules over A and the cagtegory of matriz factorizations of f.

5.2 Singularity Categories

Let’s define singularity categories in full generality first. We then specialize to
the affine cone over X = V(f). Let X be a scheme, not necessarily smooth, and let
Perf(X) denote the full subcategory of D(X) consisting of perfect complexes from

Example 2.1.2.

Definition 5.2.1. The singularity category of X is the Drinfeld-Verdier

localization

Dsy(X) = D(X)/Perf(X).

It is immediate from these definitions that if X is quasi-projective and
smooth, then the singularity category vanishes.

If in addition X has an action of an algebraic group GG, we can take G-
equivariant objects in Definition 5.2.1 to define the G-equivariant (or G-graded)
singularity category

Dsgc(X) = D(X)" /Perf(X)“.

We will be primarily interested in the following example.
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Example 5.2.1. Let X = V(f) C P(V) be a smooth degree d hypersurface.
Then C(X) = V(f) C V, the affine cone over X, has an isolated singularity at
the origin. There is a natural G,,-action by scaling the variables. We consider the

graded singularity category denoted

Dsg,gr(C(X)) = Dsg .z, (C(X)).

In the case where X = V(f @ g), where f, g are degree d polynomials in
different variables, then there is an additional p4-action on the g-variables (or the

f-variables). We can then also consider the G,, X pg-graded singularity category

DSg,ghud = DngGmXHd<C(X>>'

Example 5.2.2. Objects in the singularity category Dg, 4 (C(X)) can be thought
of as objects with support at the origin. Indeed, the primary example of such an
object is k(7), for ¢ € Z. Here k is the graded A-module given by A/(z1,...,z,).
Since A is not smooth at the origin, k£ does not possess a finite free resolution and

so these objects are nontrivial.

Theorem 5.2.1. Let X = V(f) C P(V). If C(X) has an isolated singularity at the

origin, then there is an equivalence of categories

HMFE?"(f) ~ Dgg4-(C(X))
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Proof. We only describe the functor. Let cok: HMF"(f) — D(gr — A) denote the
cokernel functor, which takes a graded matrix factorization (F,9.) to the cokernel

of (571. ]
Remark 5.2.1. By Theorem 5.1.1, we also have a triangulated equivalence
MCM?(A) = Dy 0 (C(X).

Remark 5.2.2. There are natural extensions of Theorem 5.2.1 and Proposition 5.2.1

to the case of a G,, X pg-action (as in Example 5.2.1).

Definition 5.2.2. In view of Theorem 5.2.1, we define the stabilization functor,

stab: Dgy 4 (C(X)) — HMF"(f) to be the quasi-inverse to cok.

We end with a proposition which tells us how to compute stabilizations for

complete intersection subschemes.

Proposition 5.2.1 ([21, Lemma 1.6.2]). Let K(s,t) be a Koszul matrix

factorization cutting out a subscheme of Z of C(X), then stab(Oz) = K(s,t).

5.3 Orlov’s Theorem

For the rest of this chapter, we work with the hypersurface algebra A from
Example 5.2.1. To get an understanding of Orlov’s functors we need to understand
various semi-orthogonal decompositions that define them.

Let gr — A denote the full subcategory of Gr — A generated by coherent

modules. For each ¢ € Z, we have truncation functors tr>; on Gr — A, defined by

M, n>i
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Define the full triangulated subcategory gr — As; to be the image of tr; on the
subcategory gr — A.

Define S_; to be the full subcategory of finite dimensional graded A-modules
generated by k(e) for e > —i. In other words, these are finite dimensional A-
modules concentrated in degrees less than 7. The kernel of trs; is clearly S.,.
Simlarly define S>;.

Let P_; be the full subcategory generated by projective A-modules A(e) for
e > —i. Similarly define Ps;. Let tors — A denote the full subcategory of gr — A
generated by finite dimensional A-modules and grproj — A the full subcategory of

graded projective A-modules.

Lemma 5.3.1 (|20, Lemma 2.3]). The subcategories S<; and P; are left and right

admissible for any i € Z. Moreover, there are semi-orthogonal decompositions

D(gr — A) = (S<i, D(gr — A>i));
D(gr — A) = (D(gr — Asy), P<y);
D(tors — A) = (S<i, S>i);

D(grproj — A) = (P>, P<;).

For each i € 7Z, there is a natural projection

mi: D(gr — Asi) = Dgy.0r (C(X))
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which evidently kills Ps; and factors through the quotient to induce an equivalence,

which we abusively call 7;:
7 D(gr — Asi)/Psi = Dsgr(C(X)).
For each i € Z, define functors w;: D(X) — D(gr — As;) by the formula
wi(F) = %RF(F(H))
If we set RI', to be the derived graded global sections functor, then we have
w; = trs; o RI,

Lemma 5.3.2 (|20, Lemma 2.4]). The subcategories S>; and Ps; are right and left

admissible. Moreover, for any i € Z, there are semi-orthogonal decompositions

D(gr — Asi) = (Di, S>i)
D(gr — Asi) = (P>, T;)
where D; = w;(D(X)) and T; is equivalent to Dgg 4 (C(X)).
We can now state the main theorem from [20].

Theorem 5.3.1. Seta = n — d. The triangulated categories D(X) and
Dsyqr(C(X)) are related as follows. For each i € 7 there are functors

®;: Dgygr(C(X)) = D(X) and V;: D(X) = Dgy g (C(X)) such that
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(i) if a > 0, ® is fully-faithful and there is a semi-orthogonal decomposition

D(X) = (Ox(=i—a—1),...,0x(=i), ®Dsg 4 (C(X)));

(i1) if a <0, U is fully-faithful and there is a semi-orthogonal decomposition

Dy or(C(X)) = (k5% (—i), ... k(=i 4+ a + 1), U, D(X));

(i1i) if a = 0, the functors ¥; and ®; induce mutually inverse equivalences of

categories D(X) =~ Dgy 4-(C(X)).

Remark 5.3.1. In view of Theorem 5.2.1, we will can replace all instances of

Dggqr(C(X)) with cok(HMEF?"(f)).

Remark 5.3.2. Theorem 5.3.1 holds equally as well in the case of the G,, x g action

of Example 5.2.1.

We will need an understanding of both the functors ®; and W;. Let’s start

with ®;. This functor is defined in the proof of the theorem as the composite
Dsggr(A) S T; < D(gr — A) 2 D(X).

The most difficult part of this computation is the first step, where we need to
compute the image of an object under the quasi-inverse to m;. Using Lemmas 5.3.1

and 5.3.2, we have a semi-orthogonal decomposition for each i € Z:
D(gr — A) = (S<, P~i, Ti).

With that in mind, we have the following recipe for computing ®;(N).
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1. find a graded A-module projecting onto V;
2. truncate it with tr>; to make it left orthogonal to S.;;

3. mutate it through the necessary objects in P~; so that it is left orthogonal to

both PZZ,
4. sheafify it to get a complex of coherent sheaves on X.

Orlov defines V¥; to be the composite

Wi—a

D(X) =% Dy = D(gr — A) L Dy, 4 (C(X))

where ¢ is the natural quotient map. This is straightforward except we will want
specific representatives in the singularity category so that we can compute their

stabilizations using Proposition 5.2.1.

5.4 Computations in the Calabi-Yau case

We will now specialize to the case where Spec(A) is the cone over a Calabi-
Yau hypersurface. Let p = [po : -+ : p,] € X be such that p; # 0. Let [, denote the

graded A-module given by wy(O,). Then there is an isomorphism

lp = A/(XO _pOXia SR 7Xn _anl)

Of course, this is the structure sheaf of the line and as such is just a polynomial
algebra in one variable. It follows that for each ¢ € Z, we have an isomorphism

w;(Op) = 1,(—i). Hence, there is an exact sequence of graded A-modules

€T

0— w,»_l(Op) - wi(Op) — k<—2 + ].) — 0.
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Lemma 5.4.1 ([12, Lemma 1.3]). There is an isomorphism V;(0,) = 1,(—1i)

Proof. We only need to check [,(—i) € +P5;. Let e < —i, then we need to compute

Ext). 4(l,(—1), A(e)). Using the exact sequence above, we have an exact triangle

Ext), 4(k(—i+1),Ae)) = Ext) 4 (l,(—1), Ale)) — Ext,_4(l,(—i+ 1), Ae)) — .

Since A is Gorenstein with Gorenstein parameter 0, we have

Exty, 4(k(=i+1), Ae)) = (k(e +4 = 1))o[n]

Since e < —i, we know e +i — 1 < —1 and so the degree zero part of k(e +1i — 1) is

zero. This completes the proof. m

We now turn to line bundles. The following computation is also stated in [1,

Remark 6.14].

Lemma 5.4.2 ([12, Lemma 1.2]). There is an isomorphism

Uy (Ox) = K[-1]

Proof. In this case, w; has no higher cohomology so it is simply graded global

sections. In which case, w1 (Ox) = As; and there is an exact triangle in gr — A:

0—=As A=k —0.
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Fix e < —1, then we have

Ext],. 4

(k, A(e)) — Extg,_4(A, Ae)) — Ext]

gr—A

(A>1,A(e)) — .
Which gives an exact sequence of graded A-modules:

k(e)[=n] — A(e) — Ext;, 4(As1, A(e))
Passing to degree zero pieces and noting e < —1, this gives

0[=n] = 0 — Ext},_4(A>1, A(e))o

and so ¥1(Ox) = As;. In this singularity category, this is isomorphic to k[—1]

using the same exact sequence above.

Corollary 5.4.1. For i € Z, there is an isomorphism in the singularity category

V_it1(Ox (i) = k(i — 1)[-1]

Proof. This is similar to the proof of Lemma 5.4.2. We have

wi1(0x(i)) = @ RI(Ox(i+n))

n=—i+1

= <@ F(Ox(l))> (i—1)

The rest is the same.
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For computations besides those done in Corollary 5.4.1, the picture is much
more complicated. Indeed, we will work out the image of Ox (1) under ¥y, to

illustrate this. There is a short exact sequence

0—A(l)>1 > A1) -t —0

where ¢ is a torsion module with

kO =0

So that ¢ fits in the exact sequence

0— k™" — ¢t — k(1) — 0.

We claim U;(Ox(1)) = t[—1]. Clearly w;(Ox(1)) = A(1)s1, we just need to

check orthogonality. We have, for e < —1,

Ext?,_4(t, A(€))y = A(e — 1)g — Ext?,_4(A(1)s1, A(e))o.

We compute

Ale — 1)y — Exty, 4(t, A(e))o — kP (e)g
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which shows Ext*

gr—a(A(1)>1, A(e))o = 0 since e < —1. It follows that there is an

isomorphism in the singularity category
U (Ox(1)) = t[-1].

In general, the objects ¥ (Ox(j)) for j > 0 will be iterated extensions of shifts of k.

5.5 Comparison of Functors

In this section, we compare our functors to Orlov’s on points.

Let X; and X, define Calabi-Yau hypersurface in P(V'), where dim(V') =
n+ 1. Let Ay and A, denote the corresponding graded hypersurface algebras. Let
R = SpecSym(VY @ VY)and A = R/f & g. Then A is Z X ug-graded. If we
set xg, ..., T, to be the f-variables and yq, ..., ¥y, to be the y-variables, then the
tnr1-weight of the coordinate functions x; is 0, while for y; it is -1.

Denote Orlov’s functors for X by ¥/ and for Xy by Wf. Define
U, =0 @ U9 D(X; x X,) — HME"(f & g)

to be the tensor product of ¥/ and ¥ (in a dg enhancement) using the
equivalences:

D(Xf) & D<Xg) = D(Xf ® Xg)

via (F7,G) = iy F @7y, G and
HMF?(f) @ HMF?(g) = HMF""(f & g)

described in [2, Proposition 2.39].
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Proposition 5.5.1. Letp € Xy and g € X,. Let S, denote the Z x jiq-graded

A-module corresponding to the structure sheaf of the plane containing l, and ;.

Then

\I/ivj(op,q) = S;i?b(_i - ])(X])

Proof. Using Lemma 5.4.1, we know ¥/ (0,) = [,(—i) and V(0,) = 1y(—])-
Both of these have Koszul resolutions cutting them out and so the stabilization is

) stab

given by Koszul matrix factorizations. Thus [,(—i)%® X [,(—j is also given by a

Koszul resolution, where we take all of the sections cutting out [, and [,. The zero
locus of this Koszul resolution is precisely the plane containing /, and [, in V' x V.
The last step is to check the grading shift and the weights involved. The Z-
grading is evidently —i — 5. However, the ug4-grading is not. Indeed, twisting by
(—7) in the y-variables corresponds to a pi,41-twist by j. This completes the proof.
O

Let us recall our decomposition for this case
D[X/pnt1] = (D(Xy x Xy), A)
where A is the subcategory
A= (0x(—2n)(x"™),0x(=2n — D)(x ™ "), ..., 0x(=1)(x* 1), Ox).
Using the inverse Serre functor (—) ® Ox(n + 1), we have
D[X/pa] = (A, D(Xy x Xg)(n+1)).
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Let As_,, be the subcategory of A given by

B =(O(=n)(x"™"),....Ox(=1)(x""), Ox)

and A__, be the subcategory generated by the remaining exceptional objects so
that

A= <A<fn7 AZ*"> .

We now match Orlov’s decomposition (at least in spirit):

DX/ pint1] = (Acn, A>—n, D)
= (A>_n, D, A, (n+1)) use Serre functor

= (As_, Acn(n+ 1), Ra._,(n+1)D) mutate to the right

By definition of A, we have

(Asn, Acon(n+ 1)) = (Ox(=n)(X™), ..., Ox (x™)),

all

where Y means take all weights.

We are left to compare Orlov’s composite functor

D o cok o Wy o: D(Xf x X,) = D[X/pd]

to the composite given by the Main Theorem followed by a right mutation:

R‘.A<7n(n+1) 0] EO,(]: D(Xf X Xg> — D[X/,ud]
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To being comparing, we will need the following lemma.

Lemma 5.5.1 ([9, Lemma 3.16]). Let M be a finitely generated graded A-module,

then there is an isomorphism of graded A-modules

Exty, (M, A)) = Exty (M, R(—d))).

Proof. The proof given in [9, Lemma 3.16] extends to the category of graded A-

modules.

Lemma 5.5.2. We have vanishing
Ext’y(Spq0 A() () = 0

for—-m>e>0ande <1 <0.

Proof. Using Lemma 5.5.1, we have

Ext’y (Spq: A) (X)) = Spq(n — 1)(x")[1 — 2n].

The statement follows by taking degree zero pieces.

Lemma 5.5.3. There is an isomorphism

Ext’y (Spq. Ale) (x1) = Ext (Oip.q), Ox (€) (X))

for—-n<e<0and —n—1<i<e.
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Proof. In the proof of Lemma 5.5.2, we saw

Ext’y (Spq: A(€) (X)) = (Spa(n — D)(X))p"[1 — 21|
To finish the claim, we compute the other extension group. We have

Ext} (Op.q), Ox(€) (X)) = Ext¥*(Ox(e)(x), Oypg)(—n — 1))
= HZH_*(Ol(ZLQ)(_e -—n-—= 1)(X_i))
= H 2O g(n+e = 1) (X' ™)

= (Spg(n+e— 1 ))e" " [1 — 2n]

Theorem 5.5.1. For a point (p,q) € X5 x X,, we have

(®gocokoW)(Opy) = (Ra_,(nt1) ©Z0,0)(Opyg)-

Proof. Follows from Lemmas 5.5.2 and 5.5.3 and the discussion on how to compute

®, in Section 5.3. ]

It follows from Theorem 5.5.1, that Orlov’s functors and ours (after a
mutation) are the same up to a twist by a line bundle. That is, there exists a line

bundle £ on Xy x X, such that

(@90 cok 0 W) 0 (L ® (7)) = (Ra_us1) © Zo0)
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Conjecture 5.5.1. Orlov’s functors and our functors agree, after an appropriate

choice, and up to a mutation. That is, L = O.

It would also be interesting to do these computations in the case d, m,n
arbitrary (but d < m + n). An argument similar to the one carried out should

still hold for points. For now we just leave it as a conjecture.

Conjecture 5.5.2. There exists appropriate choices of 1,j such that Conjecture
5.5.1 extends to arbitrary Calabi-Yau or general type hypersurfaces provided d <

n—+m.
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