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Abstract

Let R be a commutative ring with a proper ideal /. A generalization of total graph is introduced and investigated. It is the
(undirected) graph with all elements of R as vertices, that two distinct vertices x, y € R are adjacent if and only if x + y € Sy (1)
where Sy(I) = {a € R : ra € I for some r € H} and H is a multiplicatively closed subset of R. This version of total graph is
denoted by T(FII{(R)). We in addition characterize certain lower and upper bounds for the genus of the total graph, and compute
genus T(FI{I(R)) on finite ring R, with respect to some special ideal /.

Keywords: Commutative rings; Multiplicatively closed subset; Total graph; Genus

1. Introduction

Throughout, all rings will be commutative with non-zero identity. Let R be a ring and I a proper ideal of R. The
total graph of a commutative ring R, denoted by T(I'(R)), was introduced by Anderson and Badawi in [1] and
studied by several authors ([2—4], etc.), where the authors in [3,4] obtained some facts on the genus of total graphs.
They considered a total graph with all elements of R as vertices, that two distinct vertices x, y € R are adjacent if
and only if x + y € Z(R) where Z(R) denotes the set of all zero-divisors of R. The total graph is then extended
in joint papers [5,6] of the second author in rings and modules, respectively. Furthermore, a generalized total graph
was introduced in [7]. For a proper submodule N of M, there is a generalization of the graph of modules relative
N under multiplicatively closed subset H denoted by 7'(I'}y (M)) which was studied by present authors in [8]. The
vertex set of T(Fg (M)) is M, that two distinct vertices m and m’ are adjacent if and only if m +m’ € My (N) where
My(N)={m € M : rm € N for some r € H} and H is a multiplicatively closed subset of R, i.e. ab € H for all
a,b € H. As N is a proper submodule of M and N € My (N), My (N) is not empty.

We define a generalized total graph over ring R, denoted by T'(I'},(R)), with all elements of R as vertices, that two
distinct vertices x, y € R are adjacent if and only if x +y € Sy(I) where Sy(I) ={a € R :ra € I forsome r € H},
I is an ideal of R and H is a multiplicatively closed subset of R.
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It follows from the definition that if Sy(I) = R, (for example, if I = R, 0 € H, H(\(Sy(I) : R) # ¥,
H()O : R) # Por HN( : R) # §, by [8]), then T(I'},(R)) is complete; so we suppose that Sy (1) # R. We
denote by F{I(SH(I)) and F/,(S (1)) the (induced) subgraphs of T(F,’i(R)) with vertices in Sy (/) and R — Sy (1),
respectively. Based on our assumption, Sy (/) # R and so I'y, ! (S (1)) is always nontrivial.

Let G be a simple graph. We say that G is totally disconnected if none of two vertices of G are adjacent. We
use K, to denote complete graph with n vertices. A bipartite graph G is a graph whose vertex set V(G) can be
partitioned into subsets V| and V, such that the edge set consists of precisely those edges which join vertices in V| to
vertices of V,. In particular, if E consists of all possible such edges, then G is called the complete bipartite graph
and denoted by K,, , when |V;| = m and |V,| = n. Two subgraphs G, and G, of G are disjoint if G| and G, have
no common vertices and no vertex of G (resp., G») is adjacent (in G) to any vertex not in G (resp., G,). The union
of two graphs G| = (Vy, E}) and G, = (V», E) is the graph G| U G, whose vertex set is V| U V, and the edge set
is Ey U E,. The Cartesian product of graphs G| and G, is defined as the graph G; x G, which the vertex set is
V(G1) x V(G») and the edge set is the set of all pairs (u1, vi)(u2, v2) such that either u u, € E(G) and v; = v,
or vivy € E(G;) and u; = u,. Two graphs G and H are said to be isomorphic to each another, written G = H, if
there exists a bijection f : V(G) — V(H) such that for each pair x, y of vertices of G, xy € E(G) if and only if
f(x)f(y) € E(H). For a vertex v of graph G, deg(v) is the degree of vertex v and §(G) := min{deg(v): v is a vertex
of G}. For a nonnegative integer k, a graph G is called k — regular if every vertex of G has degree k. The genus of
a graph G, denoted by g(G), is the minimal integer n such that the graph can be embedded in S,,, where S, denotes
a sphere with n handles. Intuitively, G is embedded in a surface if it can be drawn in the surface so that its edges
intersect only at their common vertices. A planar graph is a graph that can be embedded in the plane, i.e., it can be
drawn on the plane in such a way that its edges intersect only at their endpoints. For such graphs the genus is zero.
A graph with genus one is called a roroidal graph. If G’ is a subgraph of G, then g(G’) < g(G). For details on the
notion of embedding of a graph in a surface, see White [9, Chapter 6].

In Section 2, we remind some facts and give a lower bound for genus of the graph T(I'},(R)). We proceed in
Section 3 by determining all isomorphism classes of finite rings R whose T(I';(R)) has genus at most one (i.e. a
planar or toroidal graph). Also, we compute genus of the graph over R = Z,, under some well-known multiplicatively
closed subsets of R.

2. Background problem and some comments

Throughout, [x7 denotes the least integer that is greater than or equal to x. In the following theorem we give some
well-known formulas, see, e.g., [9-11]:

Theorem 2.1. The following statements hold:

(1) Forn > 3 we have g(K,) = (W}

(2) Form,n > 2 we have g(K,, ,) = fMT

() Let G and G, be two graphs and f0r each i, p; be the number of vertices of G;. Then max {p18(G,) +
8(G1), p28(G1) + 8(G)} < g(Gy x Ga).

(4) The genus of a graph is the sum of the genuses of its components.

According to Theorem 2.1 we have g(K,,)) =0for1 <n <4, g(K,)=1for5 <n <7and g(K,) > 2, for other
value of n.

Corollary 2.2. If G is a graph with n vertices, then g(G) < (%].

In the following of the section, we characterize a lower bound for the genus of the graph T'(I'};(R)). Considering
the fact that F’ (Su (1)) is in the form of K\g,, (1, (see [8, Remark 3.1]), in view of Theorem 2.1, it is enough for us to
obtain a lower bound for genus of the graph I'y, ! (S D)).

Theorem 2.3 (/8, Corollary 3.7]). Let | Sy(I) |= «, | R/Su(I) |= B, and 2 € (Sy(I) : R).Then I'L(SG(1)) is a
disjoint union of B — 1 copies of K,.

Theorem 2.4 ([S, Theorem 3.10]). Let | Sy(I) |= @ and | R/Sy(I) |= B. If H, a multiplicatively closed subset of
R containing some even elements, then F,I{(Sf](l)) is a disjoint union of % copies of Ky 4.

Please cite this article in press as: L.H. Jahromi, A. Abbasi, On the genus of some total graphs, AKCE International Journal of Graphs and Combinatorics (2018),
https://doi.org/10.1016/j.akcej.2018.04.002.




562 L.H. Jahromi, A. Abbasi / AKCE International Journal of Graphs and Combinatorics 17 (1) 562-570

Corollary 2.5. Let |Sy(I)| = a and |R/Syx(I)| = B. Then the following hold:

L. If2 € (Sy(I) : R), then g(I'}(SG(D) = (B — D& 4>1
2. If 2r € H for some r € R, then g(I'},(S5(I))) = 521 |—(a 42) 1.

Proof. Itis obvious by Theorems 2.3 and 2.4. [J

Lemma 2.6 ([/2, Proposition .2.1]). If G is a graph with n vertices and genus g, then §(G) < 6 + @.

Theorem 2.7 ([8, Theorem 3.13]). Suppose that the edge set of F,’i(Sg(I)) is not empty and x is a vertex of the
graph. Then the degree of x is either | Sy(I) | or | Sg(I) | —1.

=7t 7)z

Proposition 2.8. Let [';,(SH(I)) with t’ vertices have a nonempty edge set, and let |Sy(I)| = t. Then +1=<

g(IH(SS()).

Proof. By Lemma 2.6 and Theorem 2.7, — 1 = [Sy(I)| =1 = 8,50t — 1 < 64+ 2612 Then (t — 7)r’ < 12g — 12.
Hence =27 41 < g(If(SG()). O

Corollary 2.9. If R is infinite, then g(F,’i(S (1)) is infinite for all ideals I and all closed subsets H of R.

3. The genus of T(I'}(R))

Considering Corollary 2.9, the genus will be infinite if R is not a finite ring. In order to compute the genus, we
consider a finite ring R.
In view of Theorem 2.1, it is enough for us to study the genus of F,’,(SEI(I ).

Remark 3.1. If HN 1 # @, then Sy (I) = R and FII{(S (I)) is trivial so, in the following, we suppose that HN I = .
It should be noted thatif H N1 = @, then H N Sy(I) =

Theorem 3.2. Let R be a finite ring such that R = Ry X Ry X --- X Ry witht >4, 1 =0 X Ry X --- X R, and H be
a multiplicatively closed subset of R. Then y(F[;(S ())) = 2.

Proof. It is enough to show that there is a subgraph L of F{,(S (I)) with y (L) > 2; this implies that y(F{,(S 1)) >
2. So, we proceed for t = 4.

1. Let H N (Z(R)) X Ry x -+ x R) = @. Then I = Sy(I). By way of contradiction, let there exists
(ri,...,r,) € R—1Isuchthat (ry,...,r)(hy,...,h) € I for some (hy,...,h;) € H (note that i; has inverse
in Ry). Then rih; = 0 implies that r; = 0, a contradiction.

(1" If Ry = Z,, then Ky C I'L(SS(I)).

(2)) Let |R;| > 2.

(@) If 2 € Z(R)), then considering the vertices {(a, az, as, as)|a; € R; for i > 2}, there is a; # 0 belonging to
R; such that 2a; = 0. So, Ky C I'},(S§(I)).

(b'). Let 2 € Z(R;). For a non zero element [; € Ry, set X; = {(l;, 15, [3,14) € R|l; € R; for2 < i < 4} and
YI = {(-l1,h,15,14) € R|l; € R; for2 < i < 4}. Then X}, Y is a bipartition for K, , for n > 8. Hence,
Ky C I'f(Si (D)) or Kgg C r;,<s,g(1)); so y (T (SH)) = 2.

2.Let HN(Z(R) X Ry x -+ X R) #0.SetT = HN(Z(R)) X Ry x --- X R;). For (dy,d5,...,d;) € T, put

K(dlqdz ,,,,, d) = {(b], bz, .. bt) € R|b1 75 O b1d1 = 0} and define K = U(dl ..., d,)eTK(dl dy,....ds)-

Claim. Sy(/)=TUK.

Let there exists (r{,...,r;) € R — I such that (ry,...,r)(hy,...,h;) € I for some (hy,...,h;) € H. Then
rihy = Oimplies thathy € Z(R;)—{0} (by INH = ). So (ry, ..., r;) € K. Conversely, let (b, n,, ..., n,) € K.
Then there exists (d’, n'y...,n’;) € T such that byd’ = 0. So (b1, ny, ..., n)d', n'5...,n';) € I implies that
(bi,na,...,n;) € Syg(I), hence K C Sy(I). Therefore, Sy(I) =1 UK.
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(i) If Ry = Z,, then Kg C F;I(Sg(l)).

(ii) Suppose |R;| > 2.

(i") Let there exists (2, my, m3, mq) € Ty, where Ty = H N (Z(R}) X Ry X R3 X Ry). Then 2 € Z(Ry) — {0} (by
HNI = ). So2a; = 0fornon zero element a; € Ry and {(a, na, n3, ny)|n; € R;for2 <i <4} C K C Sy(I),
then a; # 2 (otherwise, Sy(I) N H # @), also a; # 1 since 2 # 0 (by I N H = ). Considering distinct sets
{(a1 — 1, a2, a3, as)|a; € R; fori > 2}, one has Kgg C I'L(SG(I)).

(i) Let (2, ma, m3, my) & Ty for every m; € R; withi > 2. By the similar argument of case 1., if 2 € Z(R),
then Kg € I'L(SG(1)) and if 2 ¢ Z(R,), then Kg s € I'L(SS(D)).

Hence, y(Fé(Sf,(I))) >2. O

Remark 3.3. It should be noted that, Theorem 3.2 is satisfied forevery I = Ry X Ry X -+ - X R;_1 XOX R4y X+ X R;
withn > 1andr > 4.

Theorem 3.4. Let R = Ry X Ry x R; where every R; is a finite ring for 1 <i <3, 1 =0 x Ry, X Ry and H be a
multiplicatively closed subset of R.

1. Let HN (Z(R)) x Ry x R3) =W or HN(Z(R)) x Ry x R3) # P with (2, ma, m3) € HN(Z(R1) x Ry X R3)
for everymy € Ry and ms € Rj.
(i) If 2 € Z(R,) and | Ry||Rs| = 8, then y (I}, (S5 (1)) = 2.
(ii) If 2 & Z(Ry) and |Ry||Rs| = 4, then y (I'},(S5(1)) = 1.

2. Let there exists (2, my, m3) € H N (Z(Ry) X Ry x R3) and |R>||R3| > 4. Then y(F},(Sg(I))) > 1.

Proof.

1. (i) Consider {(a;, a2, as)la; € R;} which is in the form of K, for n > 8, where 2a; = 0 for some a; # 0
belonging to R;.

(i1) For a non zero element [; € Ry, consider {(I;, [, 3)|l; € R;,i = 2,3} U{(=Iy, my, m3)|m; € R;,i = 2,3}
which is in the form of K, , forn > 4.

2. Ifthere is (2, my, m3) € HN(Z(Ry) X Ry X R3),then 2 € Z(R;)— {0}, so 2a; = 0 for non zero element a; € R;
and {(a;, no, n3)|n; € R;,i = 2,3} C Sy(I), then a; # 2 (otherwise, Sy(1) N H # (); furthermore, a; # 1
since 2 # 0 (by INH = ). Hence the vertices {(a;—1, a2, a3)|a; € R;, i = 2,3}U{(1, a2, a3)|a; € R;,i = 2,3}
are in the form of K, , forn > 4. [

Corollary 3.5. Let R = R; x Ry where every R; is a finite ring for i € {1,2}, I = 0x R, and H be a multiplicatively
closed subset of R.
It is easily proved that the following statements hold.

1. Let HN(Z(R)) X Ry) =Wor HN(Z(Ry) X Ry) # W with (2,my) ¢ HN(Z(Ry) X Ry) for every my € R;.
(1) If 2 € Z(Ry) and |R;| > 8, then y(F{,(Sg(I))) > 2.
(i) If 2 & Z(Ry) and |Ry| > 4, then y (I'(SG (1)) > 1.

2. Let there exists (2, my) € H N (Z(Ry) X Ry) and |Ry| > 4. Then y(FfII(Sg(I))) > 1.

Proof. It is obvious by Theorem 3.4. [

Example 3.6. Let R = Zg X Z4, I = 0 x Z4 and H be a multiplicatively closed subset of R. Then Z(R) =
(Z(Zg) X Zg) U (Zg x Z(Zy)). If H N (Z(Zg) X Z4) = @, then Sg(I) = I. Let H N (Z(Z¢) X Z4) # @ and let
(2,ny) € H (so for every n; € Zs4, 3,n;) ¢ H, otherwise H NI # (§). Then Sy(I) = 1 U {3, b)|tr € Z4}.
Considering the vertices of F},(SICJ(I)) in the form of {(1, by), (4, ©)|b2, ta € Z4} U {(2, m3), (5, L)|m2, I, € Z4}, one
has I'},(S5(I)) is a Ky g.

Theorem 3.7. Let R =TF,; x R,, I =0 x R, where R, is a ring with |R,| = n, F, is a field with q elements and let
H be a multiplicatively closed subset of R.

1. Let ¢ = 2".Then F;,(Sf,(l)) is planar if and only if 2 < n < 4 and it is toroidal if and only if m = 1 and
5<n<T
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2. Ifforeverym € N, g # 2", then F},(SIS(I)) is planar if and only if n = 2 and it is toroidal if and only if ¢ = 3
and n € {3, 4}.

Proof. Claim; for every n € N, I = Sy (I). By way of contradiction, let there exists (m,d) € R — I such that
(m, d)(t,1) € I for some (t,]) € H. So mt = 0 which implies that m = 0; so m = 0, a contradiction.

1. Letg =2".
(@ Ifm =1, forevery (1,b) € Sg([), we have (1, ) + (1, b") € Sy(I) where b, b’ are disjoint elements of R,,.
So I'L(SS(D)) is K,,.
(b) Let m > 1. Considering vertices of F/i(Sg,(I)) in the form of {(/, a)|l € Fon,a € R,} and by the fact that
char(Fym) = 2, in the same way of proof of Theorem 3.2, F{I(Sg(l)) is a disjoint union of 2" — 1 copies of K,.
Hence, F,’,(Sf,(l)) is planar if and only if 2 < n < 4 and itis toroidal if and only if m» = l and 5 <n < 7.

2. Let for all m € N, one has g # 2". For non zero element | € F,, let X; = {(/,a)la € R,} and
Y; = {(—l,a)la € R,}. Then X, Y; is a bipartition of K, ,. So F}{(SZ(I)) is a disjoint union of % copies
of K, ,. Hence F,’i(Sg(I)) is planar if and only if » = 2 and it is toroidal if and only if g = 3 and n € {3,4}. O

Theorem 3.8. Let R be a finite ring for which R = Ry X Ry X --- X Ry witht > 2, 1 = 0 X Ry X --- X Ry,
H=R—-Z(R)andlet2 ¢ Z(R)). If y(FI{I(SICi(I))) < 1, then R is isomorphic to the one of the following rings:

Z3 X Zz X Zz, R1 X Zz, Z3 X Z3, Z3 X Z4, Z3 X IF4, Z3 X Zg[X]/(Xz)

Proof. Note that # < 4, by Theorem 3.2.

1. Lett=3.
If y(F}I(Sg(I))) < 1, then |R,||R3| < 4, by Theorem 3.4. For y(FII{(Sg(I))) = 1, consider |R,||R3| = 4, by
the proof of Theorem 3.4. So, for y(F{,(Sf,(I))) < 1, |R,||R3| < 4. Hence R, = R3 = Z,. For every non zero
element by € Ry, set X, = {(b1, n2, n3)In; € R;, i =2,3}. Then Xp,, X_p, is a bipartition of Ky 4. If [R{| > 3,
then y(F,Q(Sg(I))) > 2 (since there exist at least two bipartition of K44 in F{I(S,S(I)) ). Hence, |R;| < 3, so
Ry = Z5 (since 2 € Z(R;)). Therefore, R = Z3 X Z» X Z,.

2. Lett =2.
For every non zero element b; € Ry, set X, = {(b1, n2)|na € Ry}. Then X, X_;, is a bipartition of K, ,
for n = |R;|. Since 2 ¢ Z(R;) and y(F,S(SIS(I))) < 1, then by Corollary 3.5 and by the same way of case 1/,
|Ry| < 4.

(i) Let |Ry| = 2. Then X, and X_p,, for nonzero b; € Ry, are in the form of K;; and F{,(S,C,(I)) is a disjoint
union of some copies of K ». So for every R = R; x R, with |Ry| = 2, F;I(Sg(l)) is planar.

(ii) Let |[Ry| = 3,4. For every non zero element by € R;, X, X_p, is a bipartition of K33 or K44 and
y(K33) = y(Ks4) = 1. S0, by 2 & Z(R,) and the same way of case 1’, |R;| = 3 and R, = Zs.

Hence, for t = 2, R is isomorphic to the one of the following rings:

R1 XZz,Z3 XZ3,Z3 XZ4,Z3 XF4,Z3 XZZ[X]/(XZ) O
Proposition 3.9. Let R be a finite ring for which R = Ry X Ry X ++- X Ry witht > 2, 1 =0 X Ry X --- X R;,
H=R—Z(R)andlet2 € Z(Ry). If y(Flli(Sg(I))) < 1, then R is isomorphic to the one of the following rings:
Rl X Zz, Zz X Z5, Zz X Z@, Zg X Z7,

or
Ry X Zr X Zy, R x Z3, R X R, with |R,| = 4.

Proof. Note that r < 4, by Theorem 3.2. Put P = {a; € Ryla; # 0,2a; = 0}(|]P| = 1, by 2 € Z(R))) and
Ri* = R, — {0}.

1. Lett = 3. Put/ = |R>||R3|. For every non zero element a; € Ry, set X, = {(a1,n2,n3)|n; € R;,i =2,3}. If
a; € P, then X, is in the form of K;. If a; & P, then X,,, X_,, is a bipartition of K; ;.
Since 2 € Z(Ry), then by Theorem 3.4, |R,|| R3] < 8. So |Ry||R3| = 4 or 6.
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(a) Let [R2||R3| = 4.

(i) If char(R;) = 2 (R} = P), then F’ (S (I)) is a disjoint union of some copies of K4, which is planar.

(ii") Let char(R;) # 2. Consider P = R1 — P (note that |P| > 2).

Suppose that |[P| > 2. We claim that [P| > 4. If |[P| = 3 and |, —a;,a, € P, then —a, € P.So |P| =4, a
contradiction.

Hence, if |F| > 2, considering the sets X, , X_,, and X,,, X_,, where a|, —ay, az, —a; € P, there are at least
two copies of K44 in F;I(S (1)) that implies, y(FIIJ(S ) = 2.

So, |P| = 2. Then for by, —b;, € P, Xp,, X_p, is in the form of K4 4. Thus, in this case, F’ (SC(I)) is a disjoint
union of some copies of K4 and one copy of K4 4, which is toroidal.

Therefore, if t = 3 and |R,||R3| =4, then R = Ry x Zy x Z, with char(R;) =2 (R} = P) or |F| =2.

(b) Let |Ry||R3| = 6.If char(R;) # 2, then K¢ ¢ is a subgraph of F;I(Sfl(l)) which implies that )/(F/,(SEI(I))) >
1. So char(R;) = 2. Also, by y(F{I(SfI(I))) < 1, we should have |P| = 1, since for every [ € P,
K¢ C FZI(SI‘;(I)) and y(Kg) = 1. Hence, in this case we have R; = Z, and R is isomorphic to Z, X Zsg.

2. Let t = 2. For every non zero element a; € Ry, set X,, = {(a1,n2)|n2 € R,}. Since 2 € Z(R;), then by
Corollary 3.5, n = |R»| < 8. For every non zero element a; € P, X, is in the form of K, forn < 7.1f a; ¢ P,
then X, , X_,, is a bipartition of K, ,.

(@) Let |Ry| = 2. If char(R;) = 2, then FI (SC (1)) is a disjoint union of some copies of K5, which is planar.

If char(R,) # 2 (R} # P), then for every a; € P, X, X_g, s a bipartition of K5 5. So I (SC(I)) is a disjoint
union of some copies of K, and K5 », which is planar. Hence, in this case, R = R| X Z;.

(b’) Let |Ry| = 3. If char(Ry) = 2, then F;,(SH(I)) is a disjoint union of some copies of K3, which is planar.
Let char(Ry) # 2 (R} # P).If |P| > 2, then |P| > 4. So, there exist at least two copies of K33 in FI (SC(I))
that implies that F,Q(S,S(I)) > 2.

Hence, |P| = 2 and Flli(Sg(I)) is a disjoint union of some copies of K3 and one copy of K3 3, which is toroidal.
Thus, in this case, R = Ry x Z3 with char(R;) = 2 or |F| =2.

(c") If |Ry| = 4, then by the same way of case 1(a), R = R; x R, where |R,| = 4 with char(R;) = 2 or
|P| = 2.

(d). Let |R,y| € {5,6,7}. If |P| > 2, then y(FIL(S,S(I))) > 2 ( since for every a; € P, K, C Flli(Sg(I))
forn € {5,6,7}). So |P| = 1. If char(R,) # 2, then K,,,, € F{,(S,g(l)) for n € {5, 6,7}, that implies that
y(Fé,(S,S(I))) > 1.So char(R;) =2 and Ry = Z,, since |P| = 1.

Hence, in this case, R is isomorphic to the one of the following rings:

Zz X Z5, Z2 X Z(), Zz X Z7. O

Remark 3.10. Let R be a ring with / = 0 and H be a multiplicatively closed subset of R. Then F,S(S,C,(I ) is a
subgraph of T(I'(R)), since Sy(I) ={r € R:rs = 0forsome s € H(O ¢ H)} € Z(R). Recall that T(I'(R)) is the
graph with all elements of R as vertices, and two distinct vertices x, y € R are adjacent if and only if x + y € Z(R)
where Z(R) denotes the set of all zero-divisors of R, so y(F;,(Sf,(I))) < y(T(I'(R))).

For finite ring R withideal I =0 x0x --- X R, X --- X R;, n > 1, ¢ > 2 and multiplicatively closed subset H of
R, F{,(SFC,(I)) is a subgraph of T'(I'(R)), since Sy(I) S Z(R). For the recent inclusion, let (r;, 7, ...,r,) € Sy(I).
Then (ry, 12, ..., 1 )(s1, 82, ...,5:) € I for some (s1, $2,...,5;) € H,sor;s; =0forevery 1 <i <n—1.If for every
1<i<n-—1,s; =0,then H NI # @, a contradiction, so there exists s;, 2 Ofor1 <[ <n — 1. Thenrs; =0
implies that r; € Z(R)), hence Sy (1) € Z(R).

Theorem 3.11. Let I = kZ, withd = (k,n) and H = {a|a € Z,, (a,n) = 1}.

1. Let n be an even integer.
(1) If d is an even integer, then F’ (S (1)) is a disjoint union of Kd and d%z copies of K

—3)(%—4 2
ST (SG(I) = T30 4 42 “'4 )
(i) If d is an odd mteger then FF[,(S (1)) is a disjoint union of d— copies of K

» n. Hence
dd

and g(I't(SG(1)) =

T
d— 1(( —2>21
2. If n is an odd integer, then I'l(S$(1)) is a disjoint union of d; copies of K 1 and g(IL(SS(D) =
d—1rG -2)?
S5l
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g d—i
d+i 2d —i
- n . n
L 1yd) + Za—i
(5= 1d] +3 J4-i

Fig. 1. The total graph of Theorem 3.11.

Proof. We at first show that dZ, = I = Sy(I). There are t,,1, € 7Z such that tjn + tpk = d, sod € I. Hence
I = dZ,. We claim that I = Sy (I). By way of contradiction, if there exists m € Z, — I such that tm € I for some
t € H,thend|tm.But (d, t) = 1 ( since d|n), so d|m, a contradiction. Hence I = Sy (1).

1.

Let n be an even integer. Then
(1) If d = 2, then I = 27Z,; so for every m’ € SC(I), 2m’ € Sy(I). Then by Theorem 2.3, F{I(Sg(l)) is in the
form of K 4. Therefore, g(I';(S5(1)) = r4=2X291, by Theorem 2.1.
Let d be an even integer greater than 2, then S (I ) has the following elements:
1,2,...,4,...,d-1

.,5,.

d+1,...,7d ,2d — 1

[(3—1)d1+1 LQE—DE, .. k- L
Hence, I'L(SG (I)) is a disjoint union of K=» and 42 copies of K=n 1. So by Theorem 2.1, g(IL(SS(D) =

|—(d 3)(d 4)-|+d 2|—(d 2)-|
(i) Letdbe an odd integer, then S,g([) has the following elements: 1,2,...,"%‘,”1%1,...,51—1
3d—1 3d+1 _
d+1,...,%5=,%=,...,2d -1

(2= Dd) +1,..., 2ipd! “22—2“"]“,... ng 1.

Hence, FIS(S (I)) is a dls]01nt union of 1 copies of K

Theorem 2.1, g(I' (S (1)) = 452145 2 1
Let n be an odd integer; so, 2 € H. Then by Theorem 2.4, I'f;(S$(I)) is a disjoint union of 45! copies of K

and by Theorem 2.1, g(I'L(S5(1))) = |'(d 2? 1. O

s in Fig. 1, where 1 < i < d%l. Then by

non
d’d

Uz

n
vk

Example 3.12. Consider R = Zj3, [ = 12743 and H = {ala € Zig, (a, 18) = 1}. Then F{,(S,S(I)) is a disjoint
2
union of K3 and two copies of K3 3. Then g(I'};(S$ (1)) = [E=28=07 4 6276227 =2,

Theorem 3.13. Let R =7, X Z,, | =0 x Z,, and H = {(a, b)|a, b € Z, X Z,, (a,n) = 1}. Then:

1.

2.

If n is an even integer, then F,’i(Sg(I)) is a disjoint union of K, and % copies of K. In this case,
_ _ _ _7\2
gL (SHD)) = MU= 4 n2r 02l
If n is an odd integer, then F111(S§ (1) is a disjoint union of % copies of K, . In this case g(F[S(SZ(I))) =
n—1r(n=2)>%
Sl
2 Z
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Proof.

1. Letn be an even integer. We claim that / = Sy (I). By way of contradiction, if there is (m, d) € Z, X Z,, —(0XZy,)
such that (¢, [)(m, d) € 0 x Z, for some (¢,1) € H, then n|tm, but (t,n) = 1; so n|m, a contradiction. Hence
I = Sy(I). The number of elements of (Z, x Z,) — Su(I) is n> — n. For every element (a, b) € S¢ n(), we
have (a, b) + (—a, b) € Sy(). Let (a,b) + (c,d) € Sy(I) for (a,b) and (c,d) € S (). Thena +c =0
and this implies that a = —c. Hence, each element (a, b) of S¢ (1) is just adjacent to (—a, d) for every element

d € Z,. Because n is even, so Just for one element 0 # a = 5 € Z,,, (a,b) € SC(I) is adjacent to (a, c) for

every b,c € Z,. Hence, I}, ! (S (1)) is a d1s101nt union of K, and “>= coples of K, ,. Now by Theorem 2.1,
gwmsum—ﬂ"m”ﬁ+zﬁmﬁm

2. If n is an odd integer, then 2 € H. By Theorem 2.4, F}{(S,g(l)) is a disjoint union of % copies of K, , and
g(FF’,(S () = ";1 [%],by Theorem 2.1. [

Example 3.14. Consider R = Zg x Zg, I = 0 x Zg and H = {(a, b)|(a, b) € Zg x Zg, (a, 8) = 1}. Then F,’i(SICi(I))
is a disjoint union of Kg and 3 copies of Kg g. Hence g(F,Q(S (1)) = 29.

Theorem 3.15. Let I = kZ,, H = Z, — pZ, where p is a prime number with 1 < p < n, | Syg(I) |= «a and
| Zn/Su() |= B.
L. If p # 2, then T} (SG(D)) is a disjoint union of 51 copies of Koo and g(T'}, (SC(I))) =21 r%w.
2. Let p = 2. Then FIS(S (I)) is a disjoint union of K n, and 22 copies of K . . Hence
n n 2
g(Th(SG)) = [+ Eﬂﬁuzfzum,
where (k,n) = 2"r' withl',r' € Nand 2,r') = 1.

Proof. By the proof of Theorem 3.11, I = dZ,, where d = (k, n).

1. If p # 2, then 2 € Z, — pZ,. So, I'L,(S§(I)) is a disjoint union of % copies of K, 4 by Theorem 2.4 and

g(Ih(SG (D)) = L5012 by Theorem 2.1,

2. Let p = 2. If nis odd, then 0 € H and this is impossible; so we assume that n is even. It should be noted that
d is even; since if d is odd, then d € H and @ # I N H that this implies that Z,, = Sy (I), which is not in our
assumptions.

Letn = 2'r forl,r € N where (2, ) = 1. We can assume that d = 2'r' where I/, ' € Nandl' <1, r < r.
Here, we claim that Sy (/) = 2’/2,,. Suppose there is m € Z,, — 2’/2,, such that d|tm for some t € H, so 2’/|tm.
Hence 2/'|m, a contradiction. Therefore, Sy (1) C 2'Z,. Now, let 2t € 2!'Z, for some ¢’ € Z,. It is clear
that 2/'t'r’ € 1,502t € SH(I ) Hence, by an argument similar to the proof of Theorem 3.11, F,’,(S (I ) is

/ - )( ) /
a disjoint union of K »_and 25-% copies of K .n.So g(F},(S ) = (2'—1 + ZIT’Z( 2 7 ], by

" n
Theorem 2.1. O g

/

Example 3.16. Consider R = Zeu, | = 4764 and H = Zgs — 2Z¢a. Then I'5(SS(1)) is a disjoint union of K 16 and
K16 such that g(I'L(S$(1))) = 62.

Theorem 3.17. Let I = kZ,, H = {a*|s > 0} such that a|n with (%, a) =1, | Sy(I) |= a and | Z,/Su(I) |= B.

1. If there is at least one even number in H, then Flli(Sg(I)) is a disjoint union of % copies of K, . In this case
g(Th(SG() = Eres2y,

2. Let there be no even number in H, (d, g) = [ where d = (k, n) and n = rl for some r € N.
(). If 1 is an even integer, then F{,(S (I)) is a disjoint union of K, and % copies of K, ,. In this case
(T (SG(I) = [L=2=07 4 21220y
(2). If 1 is an odd integer, then rl (SC(I)) is a disjoint union of 1le copies of K, , and g(FFI,(Sf,(I))) =
S,
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Proof. Note that by the proof of Theorem 3.11, I = dZ,.

1.

2.

If there is at least one even element in H, then by Theorem 2.4, F{,(S (1)) is a disjoint union of ’3— copies of

Koo Therefore, g(TN (SG(N)) = L5012 by Theorem 2.1,

Let there be no even element in H. If (d, %) = 1, then d|a, since n = Za where (%, a) = 1. Hence § # I N H
and this implies that Z, = Sy (I), which is not the case. So, we assume that (d, g) =1#1.Putl' =17, We
claim that I’ = Sg(I). Suppose there is m’ € Z,, — I’ such that d|a®m’, where a8 € H and g > 0, then [|asm’.
So, I|m’, a contradiction.

Conversely, we show that d|al and this implies that I’ € Sy (I). Let d = nl and % = n,l, for some
ny,ny € N(so (ny, ny) = 1). We show that n;|a; this implies that n/|al and the proof is complete.

Let (n;,a) = h (son; = gh and a = g,h, for some g, g» € N where (g1, g2) = 1). By the fact that d = n;!
and d|n, one has g hl|g hn,l; so g1|gon» and (g1, g2) = 1 implies that g; |n,. This yields g; = 1 and so n;|a.

(1). Let [ be an even integer, then by the same way as the proof of Theorem 3.11, I'; ! (S (I)) is a disjoint
union of K, and == [ 2 copies of K, . Hence, eSS = [(’ 3)(r Dy 4 22 2 |'(r 27 1, by Theorem 2.1.

(2)). Let be an odd integer. By the same way as the proof of TheOIem 3.1 1 F,’,(S (1)) is a disjoint union of

L1 copies of K., and g(T'(SS(1)) = 5 [4=227, by Theorem 2.1. O

Example 3.18. Consider R = Zgy, I = 15Z¢p and H = {3*|s > 0}. Then F,I,(S,S(I)) is a disjoint union of 2 copies
of K12_12 and g(F]{](SIS(I))) = 50.

Theorem 3.19. Let [ = kZ,, H = {1, t} withn|t> — 1, | Sy(I) |= « and | Z,/Su(l) |= B.

1. If t is an even integer, then F;I(SH(I)) is a disjoint union of copies of Kyo and g(F;I(SfCI(I))) =
2
e,
2. let t be an odd integer and (k, n) =
(1). If d is an even integer, then F;I(S (1)) is a disjoint union of Kn and ‘=2 copies of K%,%. In this case
(5 3)( —4) (5 2)
(T (SGD)) = [L—HE—1 + 4214 =1
2). If d is an odd znteger then FIQ(SH(I)) is a disjoint union of = copzes of Kn 8 and g(F,I{(S,S(I))) =
1 (522
G0
Proof.
1. Let ¢ be an even 1nteger In view of Theorem 2.4, I ;I(S (1)) is a disjoint union of ﬁ— copies of K, , and
g(Th(SG)) = B ey,
2. By the proof of Theorem A1, 1 = dZ,. Let t be an odd integer. We claim that / = Sy (). Otherwise, there

isa € Z, — I such that d|at. So d|at?. By the assumption d|t> — 1, hence d|a and this implies thata € I , a
contradiction. Thus, I = Sy (1).

(1N Ifdi 1s an even integer, then we proceed in the proof of Theorem 3.11. So I'}, w(SH C(I)) is a disjoint union of
Kn and 452 copies of Kn n n. Then

— _ n__9)2
(G =3 — )]+d 2(([, )

1
g(Ii(SH) = -4 B > YL

by Theorem 2.1.
(2') If d is an odd integer, then we proceed in the proof of Theorem 3.11. Hence, FF’,(S,(;(I )) is a disjoint union

and g(I'},(SS(I))) = —f(" i 1, by Theorem 2.1. [

of d%l copies of Kn n
ad

Example 3.20. Consider R = Zsy, I = 5Zs0 and H = {1, 49}. Then I’IQ(SIS(I)) is a disjoint union of two copies of
Ki0,10 and g(I'f; (S5 (1)) = 32.

Theorem 3.21. Let R = 7y X Zo, [ = 0 x Zy, H = {(1, 1), (¢, )} with n|t> — 1, | Sy(I) |= a and | Zn/Su(I) |= B

1.

If t is an even integer, then F{,(Sf,(])) is a disjoint union of % copies of Ky o and g([’{,(SFC,(I))) =
Bl @22,
2 z I
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(i,0) @ o (p—1i,0)

(i,1) & o (p—1i,1)

Fig. 2. The total graph of Theorem 3.23(1).

2. Let t be an odd integer.
(1) If n is an even integer, then F{,(Sf,(l)) is a disjoint union of K, and % copies of K, . In this case,
2
g(Ih(SH)) = == 12 [ 020,
(i) If n is an odd integer, then F{,(Sf,([)) is a disjoint union of % copies of K, . In this case g(F},(Sf,(I))) =
n—1 (an)2
S
2 2

Proof.

1. If ¢ is an even integer, then I'},(S§ (1)) is a disjoint union of % copies of K, by Theorem 2.4 and
1 (@2
g(Th(SH) = BT,
2. Lett be an odd integer. We claim that I = Sy (7). Otherwise, there is (a, b) € Z, x Z, such that (a, b)(t,t) € |
where a # 0 and b is an arbitrary element of Z,. So n|at; then n|at?. By the assumption n|t> — 1, so n|a and this
implies that a = 0, a contradiction. Hence I = Sy(I). The remaining is similar to proof of Theorem 3.13. [

Example 3.22. Consider R = Zyy X Z»1, I = 0x Zy; and H = {(1, 1), (13, 13)}. Then F/{(SIS(I)) is a disjoint union
of 10 copies of K»; 2; and g(FIQ(SfI(I))) = 910.

Theorem 3.23. Let Z, denote the field of p elements where p > 2 is a prime number, R = Z, x Zyn where
m € Nand I = 0 X Zyn. Let H be one of the following sets: {(1, 1)}, {(1, 1), (2, D}, ..., {(1,1),2, 1), ..., (p —
L, DL A, O {(1,0), (2,00}, ....{(1,0),(2,0),...,(p — 1, 0)}

1. If m = 1, then 'L, (S$(1)) is planar.
m 2
2. If m > 1, then g(T}(SG() = 2 2527,

Proof. We note that / = Sy(/) for every positive integer m and all cases of H. Otherwise, there exists (a, ¢) €
Zy X Zom such that a # 0 and plat for some (¢, b) € H, where b € Z,. Because (p, t) = 1, so pla, a contradiction.
Hence, in all cases, I = Sy ([1).

1. If m = 1, forevery (a, b) € SS(I), we have (a, b)+(—a, b) € Sy(I), wherea € Z, and b € Z,. So, FFII(SEI(I))
is a disjoint union of pr1 copies of K55, where R = Z, x Z and I = 0 x Z,, as Fig. 2, where 1 < i < qu
Hence g(F;I(SZ(I))) = 0, by Theorem 2.1.

2. In the same way of the case 1, for R = Z, x Zon withm € Nand m > 1, FA(SE(I)) is a disjoint union of pr1
copies of Kyn on and g(TL(SS(1)) = 25 122 where I = 0 x Zon. [
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