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End-regularity of generalized bicycle graph
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ABSTRACT
A graph G is called End-regular, if every endomorphism of G is regular as a monoid. In this article,
we investigate End-regularity of bicycle graphs. Moreover, a generalization of bicycle graph is
defined and gives a characterization of End-regular generalized bicycle graphs. Furthermore, prop-
erties End-idempotent-closed and End-orthodox have been considered for these graphs. Finally, it
has been proved that when join of two generalized bicycle graphs is End-regular.
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1. Introduction

Let G and H be two simple graphs. A homomorphism
between G and H is a function a : VðGÞ ! VðHÞ such that:

fu, vg 2 EðGÞ ) faðuÞ, aðvÞg 2 EðHÞ:
If G¼H then a homomorphism between G and H is said to
be an endomorphism. The set of all endomorphisms of G is
denoted by End(G). A monoid is a semi-group with an iden-
tity element. For f , g 2 EndðGÞ, the product of gf denoted
by gf ðxÞ ¼ gðf ðxÞÞ for all x 2 VðGÞ: The End(G) forms a
monoid. Recall that a element f in a monoid S is called
regular if there exists g 2 S such that fgf ¼ f and g is called
a pseudo-inverse of f. The monoid S is called regular if each
element in S is regular. An element e 2 S is called an idem-
potent if e ¼ ee. The monoid S is called idempotent-closed
if it close under composition of its idempotents. Also,
monoid S is called orthodox if it has both regular and idem-
potent-closed. A graph G is said to be End-regular if each
element of monoid End(G) is regular. The set of all idempo-
tent endomorphisms of G denoted by Idp(G). A graph G is
said to be End-idempotent-closed if Idp(G) is a monoid. A
graph G which is End-regular and End-idempotent-closed
called End-orthodox.

The concept of regularity first introduced by Von
Neumann in 1936 in ring theory [12], after that some of
authors try to answer this question that, what graphs have
regular endomorphism monoid? (Such an open problem
was raised by Marki in [7]). Respond to this question is dif-
ficult generally. Hence, researchers try to answer this

question for specific graphs. For instance, End-regularity of
connected bipartite graphs explores in [15] and End-regular
split graphs obtained in [6]. Also, it is known End-regularity
n-prism graphs, unicyclic graphs, book graphs, generalized
wheel graphs, and complement of a path (see [8–11, 13] and
[3] for more details).

In this article, first we study the End-regularity of bicycle
graphs. Then a generalization of bicycle graphs has been
introduced and classifies all generalized bicycle graphs which
all endomorphisms are regular. Next, we show that general-
ized bicycle graphs are End-idempotent-closed if and only if
they have two cycles of different lengths where at least one
of lengths is odd. Also, there is no End-orthodox generalized
bicycle graph. In Section 2, we investigate End-regularity of
join two generalized bicycle graphs. Recall that join of two
graphs G and H is a graph with vertex set VðGÞ [ VðHÞ
and edge set EðGÞ [ EðHÞ [ ffx, ygjx 2 VðGÞ, y 2 VðHÞg: It
is usually denoted by GþH.

Let f 2 EndðGÞ and If be endomorphism image of G
under f that is a subgraph of G with VðIf Þ ¼ f ðVðGÞÞ and
f(a) and f(b) are adjacent if there exists c 2 f�1ðf ðaÞÞ and
d 2 f�1ðf ðbÞÞ such that c and d are adjacent in G. For a
fixed f 2 EndðGÞ, define a relation qf given by ða, bÞ 2 qf if
and only if f ðaÞ ¼ f ðbÞ for every a, b 2 VðGÞ: It is easily to
see that qf is an equivalent relation and for every a 2 VðGÞ,
the related equivalence class of a will denote by ½a�qf :

2. End-regular generalized bicycle graphs

We start this section by definition of bicycle graphs.
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Definition 2.1. We define a bicycle graph to be a graph con-
sidering either of two cycles with exactly one vertex in com-
mon, or two vertex-disjoint cycles and a path joining them
having only its end-vertices in common with the cycles. In
other words, a bicycle graph consists vertex-disjoint cycles Cm,
Cn, and a path Pr of length r joining them. We denote bicycle
graph by Bðm, n, rÞ, with VðCmÞ ¼ fx1, :::, xmg,VðCnÞ ¼
fy1, :::, yng and VðPrÞ ¼ fa1, :::, ar�1g such that x1 � a1 (i.e. xi
is adjacent with a1) and ar�1 � y1: If r¼ 0, x1 and y1 are coin-
cided, then we put instead y1, x1 (see Figures 1 and 2).

In this article, we explore End-regularity of a bicycle graph.
For that, we need to remind some known results as in ([4, 8,
14, 15] and [1]) which are necessary for our proofs. The
following lemma gives us a necessary and sufficient condition
for End-regularity of connected bipartite graph.

Lemma 2.2. (Wilkeit [15], Theorem 3.4). Let G be a con-
nected bipartite graph. Then G is End-regular if and only if
G is one of the following graphs.

(1) Complete bipartite graph;
(2) Tree T with diameter 3;
(3) Cycle C6 and C8;
(4) Path with five vertices.

We call graph G an 8-graph if there exists two cycle sub-
graphs Cm, Cn with Cm [ Cn ¼ G and Cm \ Cn ¼ Pr for
some r � 0: We denote this 8-graph by Cm, n; Pr: It is obvi-
ous that if r¼ 0, Bðm, n, rÞ and Cm, n; Pr are isomorphic.

End-regularity of 8-graphs has been determined in [14]
by the following theorem.

Theorem 2.3 ([14], Theorem 3.2.10). Exactly the following
8-graphs are End-regular.

� C2nþ1, 2nþ1; Pr for every r � 0 and n � 1,
� C2nþ1, 4; P1 for every n � 1,
� C4, 4; P2 ¼ K2, 3:

We put Uðn, 3Þ for an unicyclic graph that have girth n
obtained by appending a pendent vertex of P3 with a vertex
of Cn (see Figure 3). Ma [8] proved that this graph is not
End-regular for n � 3:

Lemma 2.4 (Ma [8], Lemma 2.4). Let n � 3, then Uðn, 3Þ is
not End-regular.

Recall that a subgraph H of G is a retract if there is a homo-
morphism f from G to H such that the restriction of f to H is
the identity map. The following lemma comes from [15].

Lemma 2.5. (Wilkeit [15]). Let H be a retract of G. If H is
not End-regular, then G cannot be End-regular.

The following lemma gives a relation between a regular
endomorphism and its pseudo-inverse.

Lemma 2.6 (Ma [8], Lemma 2.3). Let f be a regular endo-
morphism of a graph G with a pseudo-inverse g, then gðxÞ 2
f�1ðxÞ for any x 2 f ðVðGÞÞ:

Now, we state the following lemma which plays an
important role to prove regularity of an endomorphism.

Lemma 2.7. (Li [4], Theorem 2.5). Let G be a graph and
f 2 EndðGÞ. Then f is regular if and only if there exists idem-
potents g, h 2 EndðGÞ such that If ¼ Ig and qf ¼ qh:

The following lemma gives us a necessary and sufficient
condition for regularity an endomorphism.

Lemma 2.8. (S. Fan [1], Lemma 2.2). Let f be an endomor-
phism of the graph G. Then the following are equivalent:

(i) f is regular.
(ii) If is a retract and there exists a retract A such that

f jVðAÞ is an isomorphism from A to If.

Now, we start our discussions on End-regularity of the
bicycle graphs.

Theorem 2.9. If at least one of m and n is an even number,
then Bðm, n, rÞ is not End-regular.

Proof. Let both n and m are even numbers, then Bðm, n, rÞ
has no odd cycles and is a bipartite graph, so by Lemma
2.2, Bðm, n, rÞ is not End-regular. Now, let m be an odd
number and n be an even number. We define the following
endomorphism.

Figure 1. B (5, 5, 2).

Figure 2. B (3, 4, 0).

Figure 3. U(n,3).
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f is a retraction of Bðm, n, rÞ to Uð2kþ 1, 3Þ, so Bðm, n, rÞ is
not End-regular by Lemmas 2.4 and 2.5. w

Theorem 2.10. Let m, n be odd numbers and m 6¼ n. Then
Bðm, n, rÞ is not End-regular.

Proof. Without loss of generality let m < n: We define f , g 2
EndðBðm, n, rÞÞ by the following rules:

If r is even then f is a retraction of Bðm, n, rÞ to Uðm, 3Þ and
if r is odd then g is a retraction of Bðm, n, rÞ to Uðm, 3Þ: So
by Lemmas 2.4 and 2.5, we can see that Bðm, n, rÞ is not
End-regular. w

Now, we are going to consider End-regularity of
Bðm, n, rÞ whenever m and n are odd and m¼ n.

Theorem 2.11. If r � 3 and m is odd, then Bðm,m, rÞ is
End-regular.

Proof. We recall that Bðm, n, 0Þ and Cm, n; P0 are isomorphic
graphs. So, if r¼ 0 then Bðm,m, rÞ is End-regular by
Theorem 2.3. Put Cn ¼ C0

m and other labels are similar to
Definition 2.1. Let f 2 EndðBðm,m, rÞÞ: Since homomorphic
image of every odd cycle in a graph G is an odd cycle in G,
then f ðCmÞ ¼ Cm or f ðCmÞ ¼ C0

m and f ðC0
mÞ ¼ Cm or

f ðC0
mÞ ¼ C0

m: Thus, we have the following four cases.

ðiÞ f ðCmÞ ¼ Cm, f ðC0
mÞ ¼ C0

m ðiiÞ f ðCmÞ ¼ C0
m, f ðC0

mÞ ¼ Cm

ðiiiÞ f ðCmÞ¼Cm, f ðC0
mÞ¼C0

m ðivÞ f ðCmÞ¼C0
m,f ðC0

mÞ¼C0
m

First, let r¼ 1. If (i) or (ii) are true then f is an automor-
phism and so it is a regular endomorphism. Suppose that
(iii) is true, Clearly If is a m-cycle. We define g 2
IdpðBðm,m, 1ÞÞ as the following.

gðxÞ ¼ xi x ¼ xi, 1 � i � m
xj x ¼ yi, f ðyiÞ ¼ f ðxjÞ

�

Note that in the definition f, g, if i>m, then will be
considered as module m. We use this rule for all sections of

the article, as well. We see that Ig is also a m-cycle, so
If ¼ Ig. Now, if f ðxjÞ ¼ f ðyiÞ then gðxjÞ ¼ xj ¼ gðyiÞ: So
qf ¼ qg , and by Lemma 2.7 we have Bðm,m, 1Þ is End-
regular. If (iv) holds, then similar as the proof of case
(iii) we can define g 2 IdpðBðm,m, 1ÞÞ and prove that
If ¼ Ig and qf ¼ qg : Hence, we omit more details and
the proof follows.

Now, assume that r ¼ 2 and x1 � a1 � y1: In two cases
(i) and (ii), we have f ða1Þ ¼ a1, because a1 is the only com-
mon neighbor of Cm and C0

m: Therefore, f is an automor-
phism and is a regular endomorphism. Let case (iii) be true.
Then f ða1Þ 2 Cm, we define g, h 2 IdpðBðm,m, 2ÞÞ by the
following rules.

gðxÞ ¼ xi x¼ xi,y¼ yi
x2 x¼ a1

hðxÞ ¼
xi x¼ xi, 1� i�m

xk x¼ yi, f ðyiÞ ¼ f ðxkÞ
xl x¼ a1, f ða1Þ ¼ f ðxlÞ

8><
>:

8><
>:

It is clear that If ¼ Ig and qf ¼ qh: So f is regular by Lemma 2.7.
If case (iv) is true then by a similar method as above we can see
that f is regular.

Suppose that r¼ 3 and x1 � a1 � a2 � y1: If (i) is true
f ðaiÞ ¼ ai for i¼ 1, 2 and if (ii) is true, f ða1Þ ¼ a2 and
f ða2Þ ¼ a1, Therefore in these cases, f is an automorphism
and is a regular endomorphism. Let (iii) be true. In this
case, Imgðf Þ ¼ fCmg or Imgðf Þ ¼ fCm, a1g: If Imgðf Þ ¼
fCmg defined g, h 2 IdpðBðm,m, 3ÞÞ by the following rules.

gðxÞ¼

xi x¼ xi
x2 x¼ a1
x1 x¼ a2
xiþ1 x¼ yi

hðxÞ¼
xi x¼ xi,1� i�m

xk x¼ yi, f ðyiÞ¼ f ðxkÞ
xl x¼ aj, f ðajÞ¼ f ðxlÞ, j¼ 1,2

8><
>:

8>>>><
>>>>:

Clearly, If ¼ Ig and qf ¼ qh: So f is regular by Lemma 2.7.
Let Imgðf Þ ¼ fCm, a1g define g, h 2 IdpðBðm,m, 3ÞÞ by

the following rules.

f ðxÞ ¼
x x ¼ xi
a1 x ¼ aiði is oddÞ, x ¼ yiði odd and r evenÞ, x ¼ yiði even and r oddÞ
a2 x ¼ aiði is evenÞ, x ¼ yiði, r evenÞ, x ¼ yiði, r oddÞ

8<
:

f ðxÞ ¼

x x ¼ xi, 1 � i � m
a1 x ¼ ai, i odd
a2 x ¼ ai, i even
xi�1 x ¼ yi, 2 � i � mþ 1
x1 x ¼ yi, i � mþ 2, i odd
a1 x ¼ y1, x ¼ yi, i � mþ 2, i even

gðxÞ ¼

x x ¼ xi, 1 � i � m
a1 x ¼ ai, i odd
a2 x ¼ ai, i even
xi x ¼ yi, 1 � i � m
x1 x ¼ yi, i � mþ 1, i even
a1 x ¼ yi, i � mþ 2, i odd

8>>>>>><
>>>>>>:

8>>>>>><
>>>>>>:
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gðxÞ ¼
xi x ¼ xi
a1 x ¼ a1
x1 x ¼ a2
xiþ1 x ¼ yi

hðxÞ ¼
xi x ¼ xi, 1 � i � m
a1 x ¼ a1
xk x ¼ yi, f ðyiÞ ¼ f ðxkÞ
xl x ¼ a2, f ða2Þ ¼ f ðxlÞ

8>><
>>:

8>><
>>:

Clearly, If ¼ Ig and qf ¼ qh: So f is regular by Lemma 2.7.
If case (iv) is true then by a similar method as above we

can see that f is regular. w

Theorem 2.12. Bðm,m, rÞ is not End-regular for all r � 4:

Proof. We proceed the proof in the following two cases.
Case 1. r � 4 and even. The following endomorphism is

a retraction of Bðm,m, rÞ to Uðm, 3Þ:

gðxÞ ¼
xi x ¼ xi, x ¼ yi1 � i � m
a1 x ¼ ai, i is odd
a2 x ¼ ai, i is even

8<
:

Again in this case, Bðm,m, rÞ is not End-regular by Lemmas
2.4 and 2.5.

Case 2. r � 5 and odd. We define a retraction of
Bðm,m, rÞ to Uðm, 3Þ by the following rules.

hðxÞ ¼

xi x ¼ xi, 1 � i � m
a1 x ¼ ai, i is odd
a2 x ¼ a2
x1 x ¼ a2, i 6¼ 2 is even
xiþ1 x ¼ yi1 � i � m

8>>>><
>>>>:

If r � 5 and odd then Bðm,m, rÞ is not End-regular by
Lemmas 2.4 and 2.5. w

Hence, by Theorems 2.9–2.12, we can state necessary and
sufficient conditions for bicycle graph Bðm, n, rÞ to be
End-regular.

Corollary 2.13. Bðm, n, rÞ is End-regular if and only if m¼ n
are odd numbers and r � 3:

Now, we are going to define generalized bicycle graphs
and explore when they are End-regular.

Definition 2.14. Let Bðm, n, rÞ be a bicycle graph with ver-
tex sets VðCmÞ [ VðCnÞ [ VðPrÞ, where VðCmÞ ¼ fx1, :::,
xmg, VðCnÞ ¼ fy1, :::, yng and VðPrÞ ¼ fx1, a1, :::, ar�1, y1g:
If we append a pendant path of length at least zero to each
of the above vertices then we have a generalized bicycle

graph. We may denote precisely the generalized bicycle
graph in terms of length of appending pendant paths by
GBðm, n, r, Pl1, :::, lm , Pk1, :::, kn ,Pt1, :::, tr�1Þ, where for each i, j, s,
(1 � i � m, 1 � j � n, 1 � s � r � 1) li, kj and ts are lengths
of appending paths to vertices xi, yj, and as, respectively.
Sometimes the notation GBðm, n, r,Pl1, :::, lm ,Pk1, :::, kn , Pt1, :::, tr�1Þ
can be denoted as shorten notation GBðm, n, rÞ whenever we
assume arbitrary lengths for pendant paths. If for every i, j,
and s, we have li ¼ kj ¼ ts ¼ 0 then clearly the generalized
bicycle graph coincide to the bicycle graph (see Figures 4
and 5).

Theorem 2.15. GBðm, n, rÞ is End-regular if and only if
Bðm, n, rÞ is End-regular and all pendant paths have length of
at most one.

Proof. First, let Bðm, n, rÞ is not End-regular. We know that
every path retracts to one edge. For instance a pendant path
appending to xi can be retracted to an edge fxi, xiþ1g:
Similarly, each of pendant paths can retract to an edge of
Bðm, n, rÞ: So, GBðm, n, rÞ retracts to Bðm, n, rÞ and therefore
GBðm, n, rÞ is not End-regular by Lemma 2.5. If Bðm, n, rÞ is
End-regular and there exists a pendant path of length at
least 2, then m¼ n are odd numbers and r � 3 by Corollary
2.13. We can find in GBðm,m, rÞ a subgraph that is iso-
morphic with Uðm, 3Þ: It is not difficult to define an endo-
morphism such that GBðm,m, rÞ retracts to Uðm, 3Þ: So
GBðm,m, rÞ is not End-regular by Lemma 2.5. Now let
Bðm, n, rÞ is End-regular and all appending pendant paths
have length at most 1. So, m¼ n are odd numbers and r �
3: Let v be a vertex of Bðm, n, rÞ and wv be its pendant
vertex in GBðm, n, rÞ: We recall that it is possible some
vertices have no such pendant vertex. Suppose f 2
EndðGBðm,m, rÞÞ: It is obvious that Im(f) contains at least a
cycle of GBðm,m, rÞ: So If is an unicycle graph or a general-
ized bicycle graph. Hence, If is a retract and there exists a
retract A such that f jVðAÞ is isomorphic to If. So f is regular

by Lemma 2.8 and proof is complete. w

It is interesting to know whether the generalized bicycle
graph is End-idempotent-closed or End-orthodox. In the fol-
lowing two theorems, we investigate these properties.

Figure 4. GB (3, 4, 3, P2,0,1, P1,2,0,3, P3,1).
Figure 5. GB (3,4,3, P0,1,1, P1,3,2,1, P1,0).
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Theorem 2.16. Generalized bicycle graph is End-idempotent-
closed if and only if it has two cycles of different lengths
where at least one of lengths is odd.

Proof. Let G be a generalized bicycle graph. We consider the
following four cases.
Case 1. G has two cycles with the same length. Let H and K
be induced cycles by G. We may find f , g 2 IdpðGÞ such
that f retract to H and g retract to K. It is not difficult to
check that fog 62 IdpðGÞ:
Case 2. G has two different cycles of lengths even numbers.
Let fx1, x2g and fy1, y2g be two edges from two cycle in G.
We retract G to fx1, x2g by f and retract G to fy1, y2g by g.
So, f , g 2 IdpðGÞ but fog 62 IdpðGÞ:
Case 3. G has two different cycles of odd lengths. Let Cm

and Cm0 be induced cycles by G such that m < m0 and
VðCmÞ ¼ fx1, x2, :::, xmg,VðCm0 Þ ¼ fy1, y2, :::, ym0 g: Since
every odd cycle takes by an endomorphism to an odd cycle
maybe with smaller length, so Cm in every arbitrary idempo-
tent endomorphism is fix and f ðxiÞ ¼ xi for each xi 2 Cm

and f 2 IdpðGÞ: Also Cm0 is fix in each idempotent endo-
morphism or goes to Cm. Alternatively, remains edges G are
fixed or going to Cm by an arbitrary idempotent endomor-
phism. So, clearly we can see that composition of every two
idempotent endomorphisms again is an idempotent endo-
morphism. Hence, in this case, G is End-idempotent-closed.
Case 4. G has two cycles that one of length odd and another
of length even. By a similar argument as in Case 3, it is easy
to see that G is End-idempotent-closed. w

Thus, we can deduce the following corollary.

Corollary 2.17. Generalized bicycle graph is not End-orthodox.

3. End-regularity of join two generalized
bicycle graphs

In this section, we investigate End-regularity of join two
generalized bicycle graphs. The following lemma tells us if
join of two graphs is End-regular then each of graphs
should be End-regular.

Lemma 3.1. (Li [5], Corollary 3.2). Let X and Y be two
graphs. If XþY is End-regular, then both X and Y are
End-regular.

It is interesting to investigate the converse of the
above lemma. In spite of the fact that the converse of
lemma is not true in general, but it is valid in some spe-
cial cases. In fact, we prove that if X and Y are two gen-
eralized bicycle graphs and they are End-regular, then
XþY is End-regular as well. To prove this result, we
need to remind some Lemmas and Theorems from [2]
which are necessary here. We omit the proofs and one
can refer to [2] for more details. Also, we remind that
graph G is called K3-free or triangle-free graph if it is an
undirected graph in which no three vertices form a
triangle of edges.

Lemma 3.2. (H. Hou and Luo [2], Lemma 2.2). Let X and
Y be two K3-free graphs. If both of them are non-bipartite,
then for any endomorphism f of XþY, either f ðXÞ 	 X and
f ðYÞ 	 Y, or f ðXÞ 	 Y and f ðYÞ 	 X:

Lemma 3.3. (H. Hou and Luo [2], Lemma 2.3). Let X and
Y be two End-regular graphs. If for every f 2 EndðX þ YÞ,
we have f ðXÞ 	 X and f ðYÞ 	 Y, then XþY is End-regular.

Theorem 3.4. (H. Hou and Luo [2], Corollary 2.5). Let X
and Y be two K3-free End-regular non-bipartite graphs. If
vðXÞ 6¼ vðYÞ, or X and Y have different odd girth, then
XþY is End-regular.

Theorem 3.5. (H. Hou and Luo [2], Theorem 2.9). Let X be
a K3-free End-regular non-bipartite graph and Y be an End-
regular graph which has at least one triangle. If
vðYÞ < vðXÞ þ 1, then XþY is End-regular.

Now, by using the above results, we can deal with join of
two End-regular generalized bicycle graphs as the following.

Theorem 3.6. Let X and Y be two End-regular generalized
bicycle graphs with different odd girth, then XþY is
End-regular.

Proof. Since X and Y are End-regular generalized bicycle
graph with different odd girth so by Theorem 2.15, we can
set X ¼ GBðm,m, rÞ and Y ¼ GBðm0,m0, r0Þ such that m and
m0 are odd numbers and m 6¼ m0: First, suppose that m and
m0 are not three. Then XþY is End-regular by Theorem
3.4. Now, let one of m and m0 be three. It is clear that
vðXÞ ¼ vðYÞ ¼ 3 and vðYÞ < vðXÞ þ 1: So XþY is again
End-regular by Theorem 3.5. w

Theorem 3.7. If X and Y are two K3-free End-regular gener-
alized bicycle graphs with equal odd girth, then XþY is
End-regular.

Proof. Since X and Y are End-regular, so we may set X ¼
GBðm,m, rÞ and Y ¼ GBðm,m, r0Þ by Theorem 2.15. Let f 2
EndðX þ YÞ: We prove that f is a regular endomorphism. If
f ðXÞ 	 X and f ðYÞ 	 Y , f is regular by Theorem 3.3. Let
f ðXÞ6	X and f ðYÞ6	Y: Since m 6¼ 3, then f ðXÞ 	 Y and
f ðYÞ 	 X by Theorem 3.2. Now, we consider the following
10 cases and we are going to introduce g and h with proper-
ties as in Theorem 2.7. We begin by recalling the notation
of X and Y. Let C1

m,C
2
m be cycles in X and C3

m,C
4
m be cycles

in Y with vertices VðC1
mÞ ¼ fx1, :::, xmg,VðC2

mÞ ¼ fy1, :::,
ymg, VðC3

mÞ ¼ fx01, x02, :::, x0mg and VðC4
mÞ ¼ fy01, y02, :::, y0mg:

Also for each v in X and Y, wv is pendant vertex of vertex v.
Since endomorphism image of every odd cycle is an odd
cycle and f ðXÞ 	 Y , f ðYÞ 	 X in each case, we may assume
that C1

m,C
3
m 2 Imgðf Þ and this involves no loss of generality.

In each of one the following cases, we just introduce g, h 2
IdpðX þ YÞ and left the proof that If ¼ Ig and qf ¼ qh: So f
will be regular by Theorem 2.7.
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Case 1. r ¼ r0 ¼ 0:

gðxÞ ¼

x x 2 Imgðf Þ
xiþ1 x ¼ yi,wxi , x 62 Imgðf Þ
yiþ1 x ¼ wyi , x 62 Imgðf Þ, yi 2 Imgðf Þ
xi x ¼ wyi , x 62 Imgðf Þ, yi 62 Imgðf Þ
x0iþ1 x ¼ y0i,wx0i , x 62 Imgðf Þ
y0iþ1 x ¼ wy0i , x 62 Imgðf Þ, y0i 2 Imgðf Þ
x0i x ¼ wy0i , x 62 Imgðf Þ, y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

hðxÞ ¼

x x 2 Imgðf Þ
xj x ¼ yi, x 62 Imgðf Þ, f ðxÞ ¼ f ðxjÞ
k x ¼ wxi ,wyi , x 62 Imgðf Þ, f ðxÞ ¼ f ðkÞ, k is xj or yj

x0j x ¼ y0i, x 62 Imgðf Þ, f ðxÞ ¼ f ðx0jÞ
k0 x ¼ wx0i ,wy0i , x 62 Imgðf Þ, f ðxÞ ¼ f ðk0Þ, k0 is x0j or y0j

8>>>>>>>>>><
>>>>>>>>>>:

Case 2. r ¼ r0 ¼ 1: g, h are the same as in case 1. We note that in this case x1 � y1: As we observe in case 1, x1 and y1
were coincided.
Case 3. r ¼ r0 ¼ 2: Let VðP2Þ ¼ fx1, a1, y1g in X and VðP2Þ ¼ fx01, a01, y01g in Y. Now, we define g, h 2 IdpðX þ YÞ as the fol-
lowing form.

gðxÞ ¼

x x 2 Imgðf Þ
xi x ¼ yi, x 62 Imgðf Þ
x2 x ¼ a1, x 62 Imgðf Þ
x1 x ¼ wa1 , x 62 Imgðf Þ
xiþ1 x ¼ wxi , x 62 Imgðf Þ
yiþ1 x ¼ wyi , x 62 Imgðf Þ, yi 2 Imgðf Þ
xiþ1 x ¼ wyi , x 62 Imgðf Þ, yi 62 Imgðf Þ
x0i x ¼ y0i, x 62 Imgðf Þ
x02 x ¼ a01, x 62 Imgðf Þ
x01 x ¼ wa01 , x 62 Imgðf Þ
x0iþ1 x ¼ wx0i , x 62 Imgðf Þ
y0iþ1 x ¼ wy0i , x 62 Imgðf Þ, y0i 2 Imgðf Þ
x0iþ1 x ¼ wy0i , x 62 Imgðf Þ, y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

hðxÞ ¼

x x 2 Imgðf Þ
xj x ¼ yi, a1, x 62 Imgðf Þ, f ðxÞ ¼ f ðxjÞ
k x ¼ wxi ,wyi ,wa1 , x 62 Imgðf Þ, f ðxÞ ¼ f ðkÞ, k is xj or yj or a1

x0j x ¼ y0i, a
0
1, x 62 Imgðf Þ, f ðxÞ ¼ f ðx0jÞ

k0 x ¼ wx0i ,wy0i ,wa01 , x 62 Imgðf Þ, f ðxÞ ¼ f ðk0Þ, k0 is x0j or y0j or a01

8>>>>>>>>>><
>>>>>>>>>>:

Case 4. r ¼ r0 ¼ 3: Let VðP3Þ ¼ fx1, a1, a2, y1g in X and VðP3Þ ¼ fx01, a01, a02, y01g in Y. Now, we define g, h 2 IdpðX þ YÞ as
the following form.
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gðxÞ¼

x x2 Imgðf Þ
x2 x¼ a1,wa2 ,x 62 Imgðf Þ
x1 x¼ a2,wa1 ,x 62 Imgðf Þ
xiþ1 x¼ yi,wxi ,x 62 Imgðf Þ
y1 x¼wa2 ,x 62 Imgðf Þ,a2 2 Imgðf Þ
yiþ1 x¼wyi ,x 62 Imgðf Þ,yi 2 Imgðf Þ
xi x¼wyi ,x 62 Imgðf Þ,yi 62 Imgðf Þ
x02 x¼ a01,wa02 ,x 62 Imgðf Þ
x01 x¼ a02,wa01 ,x 62 Imgðf Þ
x0iþ1 x¼ y0i,wx0i ,x 62 Imgðf Þ
y01 x¼wa02 ,x 62 Imgðf Þ,a02 2 Imgðf Þ
y0iþ1 x¼wy0i ,x 62 Imgðf Þ,y0i 2 Imgðf Þ
x0i x¼wy0i ,x 62 Imgðf Þ,y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

hðxÞ¼

x x2 Imgðf Þ
xj x¼ yi,a1,a2,x 62 Imgðf Þ, f ðxÞ¼ f ðxjÞ
k x¼wa1 ,wa2 ,wxi ,wyi ,x 62 Imgðf Þ, f ðxÞ¼ f ðkÞ,k is aj or xj or yj

x0j x¼ y0i,a
0
1,a

0
2,x 62 Imgðf Þ, f ðxÞ¼ f ðx0jÞ

k0 x¼wa01 ,wa02 ,wx0i ,wy0i ,x 62 Imgðf Þ, f ðxÞ¼ f ðk0Þ,k0 is a0j or x0j or y0j

8>>>>>>>>>><
>>>>>>>>>>:

Case 5. r¼ 0, r0 ¼ 1: g, h are the same as in case 1.
Case 6. r¼ 0, r0 ¼ 2: g, h are as the following form.

gðxÞ ¼

x x 2 Imgðf Þ
xiþ1 x ¼ yi,wxi , x 62 Imgðf Þ
yiþ1 x ¼ wyi , x 62 Imgðf Þ, yi 2 Imgðf Þ
xi x ¼ wyi , x 62 Imgðf Þ, yi 62 Imgðf Þ
x0i x ¼ y0i, x 62 Imgðf Þ
x02 x ¼ a01, x 62 Imgðf Þ
x01 x ¼ wa01 , x 62 Imgðf Þ
x0iþ1 x ¼ wx0i , x 62 Imgðf Þ
y0iþ1 x ¼ wy0i , x 62 Imgðf Þ, y0i 2 Imgðf Þ
x0iþ1 x ¼ wy0i , x 62 Imgðf Þ, y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

hðxÞ ¼

x x 2 Imgðf Þ
xj x ¼ yi, x 62 Imgðf Þ, f ðxÞ ¼ f ðxjÞ
k x ¼ wxi ,wyi , x 62 Imgðf Þ, f ðxÞ ¼ f ðkÞ, k is xj or yj

x0j x ¼ y0i, a
0
1, x 62 Imgðf Þ, f ðxÞ ¼ f ðx0jÞ

k0 x ¼ wx0i ,wy0i ,wa01 , x 62 Imgðf Þ, f ðxÞ ¼ f ðk0Þ, k0 is x0j or y0j or a01

8>>>>>>>>>><
>>>>>>>>>>:
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Case 7. r¼ 0 and r0 ¼ 3: g, h are as the following form.

gðxÞ ¼

x x 2 Imgðf Þ
xiþ1 x¼ yi,wxi ,x 62 Imgðf Þ
yiþ1 x¼wyi ,x 62 Imgðf Þ,yi 2 Imgðf Þ
xi x¼wyi ,x 62 Imgðf Þ,yi 62 Imgðf Þ
x02 x¼ a01,wa02 ,x 62 Imgðf Þ
x01 x¼ a02,wa01 ,x 62 Imgðf Þ
x0iþ1 x¼ y0i,wx0i ,x 62 Imgðf Þ
y01 x¼wa02 ,x 62 Imgðf Þ,a02 2 Imgðf Þ
y0iþ1 x¼wy0i ,x 62 Imgðf Þ,y0i 2 Imgðf Þ
x0i x¼wy0i ,x 62 Imgðf Þ,y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

hðxÞ ¼

x x2 Imgðf Þ
xj x¼ yi,x 62 Imgðf Þ, f ðxÞ ¼ f ðxjÞ
k x¼wxi ,wyi ,x 62 Imgðf Þ, f ðxÞ ¼ f ðkÞ,k is xj or yj

x0j x¼ y0i,a
0
1,a

0
2,x 62 Imgðf Þ, f ðxÞ ¼ f ðx0jÞ

k0 x¼wa01 ,wa02 ,wx0i ,wy0i ,x 62 Imgðf Þ, f ðxÞ ¼ f ðk0Þ,k0 is a0j or x0j or y0j

8>>>>>>>>>><
>>>>>>>>>>:

Case 8. r¼ 1 and r0 ¼ 2: In this case g, h can be defined exactly similar to case 6.
Case 9. r¼ 1 and r0 ¼ 3: In this case g, h can be defined exactly similar to case 7.
Case 10. r¼ 2 and r0 ¼ 3: g, h are as the following form.

gðxÞ¼

x x2 Imgðf Þ
xi x¼ yi,x 62 Imgðf Þ
x2 x¼ a1,x 62 Imgðf Þ
x1 x¼wa1 ,x 62 Imgðf Þ
xiþ1 x¼wxi ,x 62 Imgðf Þ
yiþ1 x¼wyi ,x 62 Imgðf Þ,yi 2 Imgðf Þ
xiþ1 x¼wyi ,x 62 Imgðf Þ,yi 62 Imgðf Þ
x02 x¼ a01,wa02 ,x 62 Imgðf Þ
x01 x¼ a02,wa01 ,x 62 Imgðf Þ
x0iþ1 x¼ y0i,wx0i ,x 62 Imgðf Þ
y01 x¼wa02 ,x 62 Imgðf Þ,a02 2 Imgðf Þ
y0iþ1 x¼wy0i ,x 62 Imgðf Þ,y0i 2 Imgðf Þ
x0i x¼wy0i ,x 62 Imgðf Þ,y0i 62 Imgðf Þ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

hðxÞ¼

x x2 Imgðf Þ
xj x¼ yi,a1,x 62 Imgðf Þ, f ðxÞ¼ f ðxjÞ
k x¼wxi ,wyi ,wa1 ,x 62 Imgðf Þ, f ðxÞ¼ f ðkÞ,k is xj or yj or a1

x0j x¼ y0i,a
0
1,a

0
2,x 62 Imgðf Þ, f ðxÞ¼ f ðx0jÞ

k0 x¼wa01 ,wa02 ,wx0i ,wy0i ,x 62 Imgðf Þ, f ðxÞ¼ f ðk0Þ,k0 is a0j or x0j or y0j

8>>>>>>>>><
>>>>>>>>>:

w
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Theorem 3.8. If X ¼ GBð3, 3, rÞ and Y ¼ GBð3, 3, r0Þ are
two End-regular generalized bicycle graphs, then XþY is
End-regular.

Proof. Assume that f 2 EndðX þ YÞ: If f ðXÞ 	 X and
f ðYÞ 	 Y , XþY is End-regular by Lemma 3.3. Let f ðXÞ 	
Y and f ðYÞ 	 X, So by a similar method as in the proof of
Theorem 3.7 we can deduce that XþY is End-regular. Now,
suppose that f ðXÞ6	X,Y and f ðYÞ6	X,Y: Since endomor-
phism image every triangle is again a triangle, at least one
triangle in XþY must be in Img(f). Let triangle H (with at
least one vertex in X and one vertex in Y) be subset of f(X).
So, f ðX þ YÞ ¼ H or f ðX þ YÞ contains H and other verti-
ces of X or Y. In two cases, it is not difficult to see that If is
a retract and found retract A such that f jVðAÞ be an iso-

morphism from A to If. Hence f is regular by Lemma 2.8. w

Finally, from two former theorems and Theorem 3.1, we
have the following corollary.

Corollary 3.9. Join two generalized bicycle graphs is End-
regular if and only if each one is End-regular.
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