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Abstract

Engelfriet, J. and H.J. Hoogeboom, X-automata on w-words, Theoretical Computer Science 110
(1993) 1-51.

For any storage type X, the w-languages accepted by X-automata are investigated. Six accepting
conditions (inctuding those introduced by Landweber) are compared for X-automata. The in-
clusions between the corresponding six families of w-languages are essentially the same as for
finite-state automata. Apart from unrestricted automata, also real-time and deterministic automata
are considered. The main tools for this investigation are: (1) a characterization of the w-languages
accepted by X-automata in terms of inverse X-transductions of finite-state w-languages; and (2) the
existence of topological upper bounds on some of the families of accepted w-languages (independent
of the storage type X).
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Introduction

An automaton </ that is meant to work on finite input words may as well be given
an infinite input word u: it works on u as if u were a “very large” finite word. The
essential difference is in the way that ./ accepts u; obviously, one cannot use
acceptance by final state as for finite words.

The first one to use automata to accept infinite words, with a particular acceptance
criterion, was Biichi (in solving a decision problem in logic, [3]). Another criterion
was given by Muller [26]. A deterministic finite-state automaton &/ accepts an infinite
word u in the fashion of Muller if the set of states entered by .o/ infinitely often during
its computation on u belongs to a given family of “final” state sets. This family replaces
the usual set of final states. Five criteria for accepting infinite words were proposed by
Landweber in [20], including those introduced by Biichi and Muller, and he charac-
terized the five corresponding families of infinitary languages accepted by determinis-
tic finite-state automata in a topological setting.

The relative power of these five acceptance criteria was subsequently compared for
(deterministic and nondeterministic) finite-state automata [17, 34] pushdown auto-
mata [23, 6, 7], Turing machines [40, 8], and Petri nets [38]. If one compares the
results of these investigations, one notices some striking similarities. It seems that the
acceptance types have the same relative power independently of the storage used by
the automaton involved. Moreover, as for finite-state automata, connections between
acceptance types and the lower levels of the topologically defined Borel hierarchy can
also be observed for deterministic pushdown automata and Turing machines (see the
survey [32]). These observations are the main motivation for the present paper. Using
a general framework, we want to explain the similaritics between the results obtained
for the various specific types of automata (as is done for automata on finite words in
[12]). Our abstract model of storage is called a storage type. It describes the storage
configurations, together with the tests and transformations that can be applied to
them. Automata equipped with a specific storage X (and a one-way input tape) are
called X-automata. We study six (rather than five) families of w-languages that can be
accepted by an X-automaton using six different acceptance criteria on the sequence of
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states entered by the automaton during a computation. (It should be noted that
acceptance can also be defined in terms of the storage configurations rather than the
states, see [28], but this will give quite different resulits, cf. [38]). A possible approach
to comparing the six acceptance criteria is by giving constructions on automata that
show how one acceptance type can be simulated by another. In fact, as observed in [6,
38], it is not too difficult to generalize most of the constructions given in [17] for
finite-state automata, simply by “adding” storage instructions to the transitions.
Hence, it is not much of a surprise that the inclusions between the six families for
X-automata are similar to those formed by the families for finite-state automata. Of
course, this is a rather boring and time-consuming approach. Also, if one wants to
study X-automata satisfying a particular property (as, e.g., being real-time or deter-
ministic), it is necessary to check each of the constructions to see whether it preserves
the property under consideration (and if not, to adapt the construction). We use
a more efficient way of transferring the results for finite-state automata to arbitrary
storage types. Our main tool is a characterization of the w-languages accepted by
X-automata in terms of (infinitary) transductions applied to the w-languages accepted
by finite-state automata. Since we do not use the acceptance criteria to define
transductions, this single result can be used to show that the inclusions that hold
between the six families of finite-state w-languages are also valid for X-automata.

This, of course, does not indicate whether or not an inclusion is strict. We show that
the topological upper bounds on the complexity of accepted languages as given by
Landweber for deterministic finite-state automata can be generalized to X-automata
(as already suggested in [20]). This implies that for deterministic X-automata the
inclusions are always strict. The same result holds for real-time automata.

Besides investigating the relative power of the six acceptance criteria, we also study
the expressive power of real-time automata and deterministic automata, relative to
unrestricted automata.

Section 1 contains the preliminaries to this paper. It introduces our notation on
infinite words, and the few topological notions that we will need. In the second section
we formalize the notions of storage type, automaton, and transducer, and we define
the six different acceptance types we use in accepting infinitary languages. Apart from
definitions, Section 2 already contains some preliminary results that are used in the
rest of the paper.

In Section 3 we study both nondeterministic and deterministic X-automata. First
we present the above-mentioned characterization of the corresponding families of w-
languages (Theorem 3.3). From this, we obtain the hierarchy for w-languages accepted
by nondeterministic X-automata (Theorem 3.5). For specific storage types the hier-
archy can be strict (to be more precise, it can contain three different families) or it can
collapse into a single family. We give a sufficient condition for such a collapse
(Theorem 3.11): the six families of w-languages accepted by X-automata are all equal
when the storage X can simulate an additional (blind) counter. We formalize this
notion of simulation of one storage type by another in terms of deterministic
transductions.
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Real-time automata are investigated in Section 4. The inclusions between the
families of w-languages accepted by real-time automata are very similar to those
found in Section 3. Here, however, the inclusions are always strict (Theorem 4.9). The
counterexamples are obtained by establishing topological upper bounds that are
independent of The storage iype. In facy Ynese resuhis can pe exitented 1o the Yarger
class @) aviomaia Thal bo nonave an WHMIE cOMPVIZNON DN 3 Hmie mpvl. We c3h
this property finite delay. In the final part of Section 4 we compare the expressive
power of real-time automata, automata with finite delay, and unrestricted automata.
On the one hand, we obtain the result that real-time automata are as powerful as
automata with finite delay for any storage type that can simulate an additional queue
“in real ume” {Theorem 4.173. On the other Rand, however, we Aiscuss 2 S10Tage wpe
for which real-time is less powerful than finite delay (Theorem 4.19). The power of
finite-delay automata may be less than or the same as that of unrestricted automata,
depending on the storage type (Theorem 4.21).

We return to deterministic automata in Section 5. Again we obtain topological
upper bounds on the accepted w-languages. Together with our basic characterization
(given in Section 3) this is used to establish a proper hierarchy similar to the hierarchy
for deterministic finite-state automata (Theorem 5.5). The expressive power of deter-
ministic automata vs. nondeterministic automata is also discussed (Theorem 5.6).

In Section 6 we study a storage type of “maximal power™, in the sense that it can
simulate any other storage type. The families of w-languages accepted by automata of
this type coincide with the topological upper bounds mentioned above, that belong to
the lcwer evels af the tagalagical hierarchy af Bacel sets (Theacems 4.3 aad .48
These results are similar to those obtained in [1, 30] for transition systems. They
illustrate once more the strong connections between acceptance type and topological
complexity.

In the final section we discuss the possibility of studying arbitrary acceptance
criteria {perhiaps based on logic) rather than the six to which we have restricted
ourselves in the first six sections.

An extended abstract of this paper was presented at ICALP 89 [10].

1. Preliminaries

We assume ‘Tne 1eaber 10 ‘pe Jamiar wilh ‘fne 'pasit nonons Yi Yne Ymeory Ui
infinitary languages, e.g., as discussed in one of the following surveys and introduc-
tions: [9, 15, 32, 36]. In this section we fix our notation and terminology, and we recall
the t@PODHED HOVLDONS TEIEYANM 1D DT PADET.

1.1. Sets and functions, infinite words

We use N to denote the set of nonnegative integers. The symbol = (<) denotes set
inclusion {strict set inclusion); in diagrams we will use = {—). We use m to indicate
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that sets intersect, i.e., X1 Y if X N Y#0. For a family 4 of sets, UA denotes the union
of all elements of A.

We use the following notations for a relation RE€ X x Y.

R '={(y,x)eYx X|(x,y)eR}, for X'cX, R(X)={yeY|(x,y)eR for some
xeX'}, ran(R)=R(X), and dom(R)=ran(R™'). If # is a family of relations and
o/ is a family of sets, then # '={R™'|Re®}, R(A)={R(A)|ReR, AcA},
dom(#)={dom(R)|Re#}, and ran(#)= {ran(R)|ReR}.

A mapping f: A— Y, where A=N or A={0, 1, ..., n—1} for some neN, is called
a sequence (over Y); it will sometimes be specified in the form { f(i)>;c 4. fis infinite in
case A=N and finite in case 4={0, 1, ..., n—1} for some neN; in the latter case n is
the length of f, denoted by | f].

Let 2 be an alphabet. A sequence over X is called a (finite or infinite) word over
Z. An infinite word over Z is also called an w-word over Z. The set of all finite words
over X, including the empty word A, is denoted by 2 *, and the set of all w-words over
2 by 2. Since a finite or infinite word u over X is a mapping u: 4— 2, u(i) denotes
the (i+ 1)st letter of u (if it exists). A subset of X* is called a finitary language
(or just language) over Z; an w-language (or infinitary language) over ¥ is a subset
of Z©,

The concatenation of a finite word x and an w-word u is the w-word x.u defined by
(x.u)(i)=x() if i<|x| and (x.u)(i})=u(i—|x|) otherwise. A finite word x is a prefix of
the w-word v if there exists an w-word u such that x.u=v. For a finite or infinite word
v, v[n] denotes the prefix of length »n of v (when it exists), and pref(v) denotes the
set of (finite) prefixes of v. For a finitary or infinitary language K, pref(K)=
U {pref (v)lveK}.

An infinite sequence of finite words {x;>;.n such that each x; is a prefix of its
successor x;,, defines a unique element u of Z*UZ® by taking the “least upper
bound” of the sequence, i.e., the shortest u that has each x; as a prefix. u will be denoted
by lub{x;>;cn . Note that u can only be finite if the sequence is eventually stationary,
1e., if there exists a constant N such that u=x; for i=N.

Definition 1.1. Let K< 2 * be a finitary language.
The w-power of K, denoted by K, is the w-language

{ueZ lu=Iub<{x;>icn, where xoeK and x;, ;ex;.K for ieN},
the adherence of K, denoted by adh(K), is the w-language
{ueX®|pref (w)< pref(K)},
and the limit of K, denoted by lim(K), is the w-language

{ueZ®|pref (u)nK is infinite}.
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1.2. Topology

>© can be turned into a compact metric space by defining the distance function

0 if u=v,
d(u’v)z{2—min{n|u[n]¢v[n]) if usv.

With this distance, the open sphere of radius 27" around ue2® is the set u[n].2“.
The induced topology coincides with the product topology of Z¢ (with the discrete
topology on ), and is sometimes called the natural topology on 2.

We will use ¢ and % to denote the family of open and closed subsets of X,
respectively. These families form the basis of a hierarchy known as the Borel hierarchy.
It consists of the families 4, 4;, 9;,, ... and the families #, #,, #,, ..., where, for
afamily 2, Z's (%) is the family of denumerable intersections (denumerable unions) of
Z -sets. Thus, in particular, %, is the family of denumerable intersections of open sets,
and #, is the family of denumerable unions of closed sets. Note that #F V¥ S F,N Y.

There is a close correspondence between the infinitary languages that are in the
lower levels of the Borel hierarchy and the language-theoretic operations given above
(see, e.g., [20, 22, 34, 2]).

Proposifion 1.2. Let L= X®. Then
(1) Le% if and only if L=K .2 for some K< X*.
(2) LeZ if and only if L=adh(K) for some K< X*.
(3) Le%, if and only if L=Iim(K) for some K< X*.

The Borel hicrarchy is proper at each level, but in this paper we need this fact for the
lowest two levels only. Using the above characterizations it is not difficult to give
examples of w-languages that separate the Borel families # and %, and the families
F, and %, (see, e.g., [20, Lemma 3.1]). Recall that &, and %; (like # and %) are
“complementary”, in the sense that L < X belongs to #, if and only if its complement
2® — L belongs to 9;.

Proposition 1.3. (1) {0, 1}.1°eZ — 4.
(2) 0%1.{0, 1}°c% —Z.
(3) 0*.1°e(F,nGs)—(F L),
@ {0, 1}*.1°eF,—%,.
(5) (0* 1)°e%;— F,.

2. Automata on w-words
In this section we formalize how we use automata with storage to define w-

languages. In the first subsection we define the notions of storage type and transducer
(i.e., automaton with input and output). In Section 2.2. we fix our notation concerning
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acceptance of w-languages (using six different criteria). The first two (technical)
properties concerning w-languages are given in Section 2.3. We consider the various
families of w-languages accepted by (nondeterministic and deterministic) finite-state
automata in Section 2.4. In particular, we recall the relations between these classes;
they will play an important role in the sequel of the paper as we will use them to
obtain similar relations for the families of w-languages accepted by automata with
arbitrary storage. Finally, in Section 2.5, we present some elementary results on
transductions.

2.1. Storage and automata

For finite words, the general notion of an automaton, using some kind of storage,
was introduced in [16, 27, 13]. The resulting AFA theory (abstract families of
automata) provides a useful framework for a uniform investigation of different types of
automata (see [12]). Here we attempt to set up a similar theory for automata on infinite
words (see also [28]). The basic definitions can be taken over in a straightforward
way. The particular variation of AFA theory that we use is similar to the one in [11].

The basic constituents of a storage type are a set of configurations, together with
sets of symbols representing tests and transformations that can be applied to these
configurations, and an “interpretation” of these symbols.

Definition 2.1. A storage type is a 5-tuple X =(C, Cy,, P, F, u), where

— C is a set of (storage) conﬁguralions,‘

— C;, < C is a set of initial (storage) configurations,

— P is a set of predicate symbols,

— F is a set of instruction symbols, PAF =0, and

— p is a meaning function, which assigns to each peP a (total) mapping pu(p):C—

{true, fulse}, and to each feF a partial function u(f):C—C.

The set of all Boolean expressions over P, using the Boolean connectives A, V and
—, and the constants true and false, is denoted by BE(P); elements of this set are
called tests. The meaning function is extended to BE(P) in the obvious way. We
extend p also from F to F* by defining u(A) to be the identity on C and by setting
u(fo)=pu(@)ou(f) for peF* and feF, where » denotes function composition.

Example 2.2. The storage type pushdown, denoted PD, is defined by PD=(C, C,,, P,
F, u), where

C=TI", for a fixed infinite set I (of pushdown symbols),

Cin=T,

P={top=vy|yel }u{bottom},

F={push(y)lyel }u{pop},
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and, for c=au with ael’ and uel'*,
ultop=y)(c)=true iff y=a,
u(bottom)(c)=true iff u=A,

u(push(y))(c)=yc,
u(pop)(c)=u if u#A, and undefined otherwise.

The storage type counter equals CTR=(N, {0}, {zero}, {incr, decr},u), where
for neN,

u(zero)(n)=true iff n=0,
ulincr)(n)=n+1, and

u(decry(n)=n—1 if n=1, and undefined if n=0.

Definition 2.3. Let X=(C, C;,, P, F, p) be a storage type. An X-transducer is

a construct o« =(Q, X, J, qin, Cin» 4), Where

- @ is the finite set of states,

— 2 is the input alphabet,

— A is the output alphabet,

— the finite control § is a finite subset of Q x (ZU{A})x BE(P)x Q x F* x A*, ele-
ments of which are called transitions,

— gin€Q is the initial state, and

— ¢in€Cyy, is the initial storage configuration.

Note that an X-transducer has no final states. These will be treated later (for finite
words only).

Let of =(Q, Z, 4, gin, Cin, 4) be an X-transducer for some storage type X =(C, C,, P,
F, p). A transition (g, a, f, 4', @, w) is a A-transition if a=A. &/ is real-time if it has no
A-transitions or, equivalently, if 6 is a subsét of @ x X x BE(P)x Q x F* x A*.

o is deterministic if, for every two different transitions (g;, a;, £;, gi, ¢, wi), i=1, 2,
from § with ¢, =gq,, either a; #a, and a,, a;#A or u(fi, A B,)(c)=false for every
ceC.

If |w|=1 for each transition (q, a, B, 4, @, w) of o/, then ./ is 1-output.

An instantaneous description (ID) of </ 1s an element of Q@ x 2* x C x 4* The
instantaneous description (g, x, ¢, y) intuitively means that .o/ is in state g, has read
x from the input tape, has ¢ as its storage configuration, and has written y on its
output tape. The step relation of &/, denoted by ., is the binary relation on
O x X*x Cx A* defined by (¢, x, ¢, y) -, (¢, X', ¢/, y') if there exists a transition (g, a, 5,
q, @, w)ed such that u(B)(c)=true, ¢'=pu(p)(c), x'=xa, and y'=yw. Intuitively, this
means that if </ is in state g and has the storage configuration ¢, it may use the
transition (g, a, B, 4, @, w) provided ¢ satisfies the test 5, and then it reads a from its



X-automata on w-words 9

input tape, changes its state to g, performs ¢ to the storage configuration, and
writes w on its output tape. The reflexive and transitive closure of +_ is denoted
by - X,

An infinite run (or just run) of <7 is an infinite sequence r =<7, );cn of IDs such that
T0=(qin, A, Cin» A), and 7, 7,4, for each ieN; it is a run on input lub{x;>;.n, With
output lub{y;>;.n, Where 1,=(q;, x;, ¢;, y;). The sequence {g; ;. 1s called the state
sequence of the run r.

If o7 has no run on an infinite input word with a finite output word, then .« is called
w-preserving. Note that each 1-output transducer is w-preserving.

The infinitary transduction (or just transduction) of o7, denoted by T(.«7), is defined
as {(u, v)eZ® x A4°| there is a run of .o/ on input u with output v}.

The family of transductions of X-transducers is denoted by X 7. The subfamilies of
X T consisting of transductions of w-preserving and 1-output transducers are denoted
by XT, and XT, .., respectively. If we consider only deterministic or real-time
transducers, we use the prefixes d- and r-, respectively. Thus, e.g., d-PDT,, denotes the
family of infinitary transductions defined by w-preserving deterministic pushdown
transducers. In the same way we use the prefix dr- for transducers that are both
deterministic and real-time.

As usual, if D= Q is a set of final states, then the finitary transduction T, (</, D} is the
set {(x, y)EX* x A*|(gin, A, Cin» A) =5 (q. X, ¢, y) for some geD and ceC}. We use X T,
to denote the family of finitary transductions of X-transducers; the prefixes d-, r-, and
dr- are used as above. Note that we do have an acceptance condition for finitary
transductions, as opposed to infinitary transductions.

Example 2.4. Let o/ =(Q, {a, b, ¢}, 8, qin, Cin» {d}) be the PD-transducer with state set
0=1{q., q,}, initial state ¢;, =¢,, initial storage configuration ¢;, =y, and the follow-
ing transitions (we assume f and y to be different pushdown symbols):

(g1, a, bottom, q,, A, A),

(g1, b, true, qy, push( ), A),

(1, ¢, top=p, q2, pop, A),

(g2, ¢, top=P, q,1, pop, A), and
(g2, A, bottom, q,, A, d).

Then 7 is neither real-time nor deterministic (since the last two transitions have
tests that are both true for the storage configuration f), but it will be deterministic
after replacing the test “top= /" by “—botrom”.

Note that &/ has runs on each input from ({a}uK)?u({a}UK)*b®, where
K={b"c"|n=1}. However, & is not w-preserving and does not produce infinite
output for each of these w-words. More precisely, T(.o/ )=(a*.K)* x {d}“. Changing
=/ such that the first and second transition have output d yields an w-preserving
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transducer. This will also change the transduction of .« to ({a}UK)®x {d}°uU
({a}UK)*b® x {d}°.

Obviously, the step relation of a transducer &/ is not changed by replacing a
test f§ in a transition by an equivalent test, i.e., by a test § such that u(g8)=u(p’).
Neither is it changed by omitting those transitions that have a test which is always
false.

Hence, if X is a blind storage type (i.e., X has no predicate symbols, cf. [14]), then we
may assume that the transitions of an X-transducer are of the form (g, q, true, q', ¢, w).

A special blind storage type is used to model finite-state transducers; it has neither
predicate nor instruction symbols. The trivial storage type FS equals ({c0}, {c0}, §, 0,
0) for some arbitrary object c0. Note that @*={A}. Hence, the transitions of an
FS-transducer can be assumed to be of the form (q, a, true, ¢’, A, w).

Finally, we need the notion of the product of two storage types. It combines the
power of two storages that can be used in an independent fashion.

Let X;=(C;, Cini» Pi, Fi, p;), i=1, 2, be two storage types with P;nP,=0
and F{nF,=0. The product of X, and X ,, denoted X, x X ,, is the storage type (C,
Ci, P, F, p) with C=C, xC;, C;y=Ciy,1 XCip.2, P=P,UP,, F=F,UF;, and u
defined by

AP, cz):{ul(p)(cl) if pePy,
pa2(p)(cz) if pePs,

Pen e {(m(f)(cl),cz) if feF.
(c1y 2(f)c2)) if feF,.

It is, of course, also possible to define the product of two storage types that have
predicate or instruction symbols in common. In that case we distinguish between
these symbols by first renaming them, e.g., by adding a subscript for each of the
components.

In a similar way, the product of more than two storage types can be defined. The
product of n, n > 1, storage types, all equal to X, is denoted by X"; we write p; and f; to
denote the predicate symbol p and the instruction symbol f when applied to the ith
component of X It is convenient to define X°=FS.

As an example, the storage CTR?=CTR x CTR has two counters that may be
incremented, decremented, and tested for zero independently from each other. The
instruction incr,decr, first increments the second counter and then decrements the
first counter (when defined).

An X *-transducer is an X "-transducer for some neN. We will use X * as if it were
a storage type (indeed, it can be formally defined as such, cf. [12, Lemma 4.5.1]). So,
we write, e.g., X*T to denote | J,n X" T.

In the remainder of this paper X =(C, Cy,, P, F, u) denotes an arbitrary storage

type.
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2.2. (o, p)-accepting infinite runs

We will now discuss how an X-transducer .&/ may be used to accept w-
languages by imposing acceptance conditions on the state sequences of its runs.
Since, in this case, we are not interested in .o/’s output, ./ is called an X-automaton.
In our notation, we drop the output component from ./, and from its transitions and
IDs.

Let @ be a finite set (of “states”) and let f: N—Q be a mapping (i.., an infinite word
f€0?). As for all relations the range of f, denoted by ran(f), is the set {geQ|f(i)=¢q
for some ieN}; the infinity set of f, denoted by inf(f), is the set {geQ|f(i)=gq for
infinitely many ieN}. Note that inf( f} is nonempty, due to the finiteness of Q; in fact,
there exists an NeN such that f(i)einf(f) for i= N.

Let % <29 be a family of subsets of Q. Let p be a binary relation over 22 and let
¢:0°—22 be a mapping that assigns to each infinite sequence over Q a subset of 0. We
say that an infinite sequence f: N—-Q is (g, p)-accepting with respect to & if there exists
a set DeZ such that o(f)pD.

In the sequel of this paper we assume that p ranges over the relations r, <, or =, and
that o is one of the mappings ran or inf. Thus, we consider six types of acceptance.
Definitions and results that involve the letters ¢ and p are always assumed to be
universally quantified.

The relation between the notation we use (see [34]) and the five types of “i-
acceptance” as originally defined in [20] are given in Table 1, together with a short
intuitive name for some of these types of acceptance. Recall that (inf, M) is the
acceptance type introduced by Bichi [3], whereas (inf, =)-acceptance was first con-
sidered by Muller [26] (for deterministic automata). (ran, =)-acceptance, not con-
sidered by Landweber, was first studied in [34].

More precisely, for a given & <29, an infinite sequence f of states is (ran, r)-
accepting if at least one state from | )& occurs in f. It is (ran, <)-accepting if all its
states are in D, for some DeZ. It is (inf, m)-accepting if at least one state from USZ
occurs infinitely often in f. It is (inf, < )-accepting if there exist DeZ and NeN such
that f(i)eD for i= N, ie., all states are in D from some moment onwards (recall that
Q is finite). Finally, f is (ran, =)-accepting or (inf, =)-accepting if ran(f)e% or
inf(f)eZ, respectively.

Let.o =(Q, X, 8, gin. ¢in) be an X-automaton, and let 2 <29 be a family of subsets of
Q. A run of o7 is called (o, p)-accepting with respect to Z if its state sequence is
(g, p)-accepting with respect to &.

Table 1

(ran, M) [-accepting at least once

(ran, <) 1'-accepting always

(inf, M) 2-accepting infinitely often (Biichi)
(inf, <) 2’-accepting from some moment on

(inf, =) 3-accepting (Muller)
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Definition 2.5. The w-language (o, p)-accepted by o/ with respect to &, denoted by
L, (7, %), is the set {ueX®| there is a run of .7 on u that is (o, p)-accepting with
respect to Z}.

The family of w-languages (o, p)-accepted by X-automata (with respect to some
family of state sets) is denoted by XL, ,. As before, the corresponding families of
w-languages (o, p)-accepted by deterministic and/or real-time X-automata are de-
noted by d-XL, ,, r-XL, ,, and dr-XL, ,.

As usual, for a set D of states of .«/, the (finitary) language L.(</, D) accepted
by o with respect to D is the set {xeZ*|(gy,, A, ¢i,) F3 (g, x, ¢) for some geD and
ceC}.

We wish to stress that we consider acceptance with respect to states rather than
acceptance with respect to storage configurations (as in [28]). It was shown in [38]
that (for Petri nets) these two approaches give quite different results. This will also be
the case in the more general setting of X-automata,

In the literature several other definitions are also used; clearly, in a uniform
approach such as the present one, we had to made some choices. It is sometimes
required that an X-automaton is “total”, e.g., in a “global” sense, meaning that the
automaton has a run on every input w-word, or in a “local” sense, in which there
should be an applicable transition for each instantaneous description of the auto-
maton. Requiring totality changes (in general) the families XL, ,. In our opinion,
totality should not be required by definition, but should be treated like any other
property such as determinism or real-time. To keep this paper of reasonable length,
we decided not to investigate totality. In fact, totality is not as straightforward to
define for X-automata in general, mainly due to the presence of A-steps, and to the
fact that some strorage instructions may be partial functions.

We would also like to stress that in our model an input word can only be accepted
using an infinite computation that reads every letter of the input. This differs from the
acceptance criterion that is used in some of the work of Staiger and Wagner (e.g.,
[40]). They require only the existence of an infinite run (satisfying the acceptance
condition) reading either the input or a finite prefix of it. As explained in [32, p. 422]
this leads to incomparable results, e.g., for Turing machines as obtained in [40] on the
one hand, and in [8] on the other. Note that for real-time automata both definitions
coincide: an infinite run of a real-time automaton reads every input letter.

Example 2.6. (1) Let ./ be the (deterministic and real-time) FS-automaton with state
set @ ={qo. q, }, input alphabet X = {0, 1}, initial state g, and transitions (q;, J, true, q;,
A)for i, je{0, 1}. Let Z={{q,}}, and 2={Q}. Then

Lo(o, {q,})=10, 1}*.1, L.(o/, QY=1{0, 1}*,
Lran.v—\(<Q{a 9)20*1{0’ l}wv Lran,v—\(&{a :Z)ZLran,S(‘d’ Q):{O’ l}w’

Lian. (A, D)= Lygy, (A, Z)=0,  Lyan, - (o, 2)=0%1.{0, 1}°,
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Linf.r*(fgza Q)Z(O* 1)10’ Linf,r‘\(=9/7 ﬂg)zLinf.E(Ma ’Jz):{oa l}w’
Linf. = (&/a 9):Linf. = (‘Q/s 9)
=10, 1}*.1°, Ly - (o, 2)=(0%1 1%0)°.

(2) Let o' =({qo. g1}, {0, 1}, 0, go. ¢0) be the (deterministic and real-time) FS-
automaton with transitions (q;, 0, true, q;, A), (¢;, 1, true, q,, A) for i€{0, 1}, and let
@={{g,}}. Then Ly <(/', 7)=0%1.{0, 1}°.

The relations between the families (d-) FSL, , will be given in Proposition 2.10.

2.3. Basic properties

In this section we give two results that are used at several places in this paper. The
first lemma is a reformulation into our framework of the well-known fact that for
some of the acceptance types it suffices to consider acceptance with respect to families
containing just one state set. It was shown for finite-state automata in [34], and in
a more general formulation in [7, Lemma 4.1.2]. For completeness we provide
a proof.

Lemma 2.7. Let pe{<, m}. For every (deterministic) X-automaton </ and family of
state sets & for < there exist a (deterministic) X-automaton /' and state set D for o'
such that L, (<, Y=L, ,(/', {D}).

Proof. If p equals m the lemma is obvious since L, (<7, Z)=L, (Z,{{JZ}).

For = we add to the states of the automaton .7, for each state set D of &, a Boolean
variable which indicates whether the run has remained within D since a particular
moment of time; .7 resets this Boolean vector each time the run has been outside each
state set from & since the last reset (or since the start of the run). By definition, a run
(of the original automaton) is (ran, < )-accepting if there is at least one state set from
which the run never leaves, i.e., if the Boolean vector (of the new automaton) is never
reset during the run. Similarly, a run is (inf, = )-accepting if there is a state set from
which the run leaves only finitely many times, i.e., if the Boolean vector is reset only
finitely many times.

Let .o =(Q, 2, 8, gin, ¢iy) and let 2={D,, ..., D,},n=2. Then &/’ is formally defined
as(Q', 2,8, qin, cin), where Q'=0Q x {0, 1}, g{, =(qin, 1"); for each (¢, a, §, q;, )ed and
each de {0, 1}", &' contains the transition (g, d), a, B, (q1,d; ), @), where d, =1"if d=0",
and if d#0", then for 1 <j<n, d,(j)=1iff d(j)=1 and geD;.

Let E={0,1}"—{0"}. We then have L, < (&/, Z)=L, (', {Q x E}). We leave the
formal details to the reader. [

In several proofs in this paper, given an automaton .7 and a family of state

sets & for .o/, a new automaton .o/’ (satisfying some particular property) will be
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constructed in such a way that there is a clear correspondence between the runs of
o/ and those of «/’. As an example (see Lemma 2.9), it is possible to construct for each
F§- automaton ./ an equivalent real-time FS-automaton ./’, and to give a mapping
that relates the set of states entered (infinitely often) during a run of .7’ on an w-word
to the set of states entered (infinitely often) during the “original” run of ./ on that
word, by taking into account the “shortcuts” consisting of A-transitions. In such cases
it will be possible to specify a family &’ of state sets for .o7" such that ./ and .o/” accept
related infinitary languages. Rather than giving this family explicitly in each separate
construction, we provide a more general result.

Unfortunately, the statement of the lemma is rather technical — though its proof is
elementary. We suggest, therefore, that the lemma is skipped on first reading. The
reader may consider the result as a technical justification for an argumentation that
(in most cases) is intuitively clear.

Lemma 2.8. Let o/ and &/’ be automata with input alphabets X and X' and state sets
Q and Q', respectively. Let RS X x (2')°, and let y:29 —2% be a mapping that satisfies
(1) Y(AUB)=y(A)UY(B), and
(2) for each ve(Z')®

J {a(nlr is a state sequence of a run of o/ on u}
{u,v)eR

={y(a(@" I is a state sequence of a run of </’ on v}.
Then for each 2 =29 there exists 7, =29 such that

R(L,. (4, @)=L, (', ).

a,p
Proof. By (2), it suffices to define 2, in such a way that, for every set S'= Q’, §'p D’ for
some DeZ,, iff y(S")pD for some DeZ.

(a) Let pe{<=, =}. Then the relation p is transitive, reflexive, and invariant under
¥ (i.e.,if Ap Bthen y(A)py(B)). These properties allow one to prove that, for arbitrary
sets S’ Q" and D<= Q, y(S')p D if and only if §'p D’ for some D’ with {/(D")pD. Now
2,={D'cQ'|Yy(D')pD for some DeZ} satisfies the requirement of the lemma.

(b) We now consider the case that p=r1. According to (1) y(4)= UaeA y({a}).
Hence, for arbitrary sets S'=Q’ and D= Q, ¥(S')m D if and only if ¥({s'}) D for
some s'eS’ if and only if S'm{q'eQ|¥({q'})mD}. Consequently, 2/ ={{q'e
Q'1W({q'})mD}|De2} satisfies the requirement of the lemma.

Note that by a “dual” argument the family 2 ={{q'eQ'|Y({q'})=D}|DeZ}
could have been chosen for the relation <. [

2.4. Finite-state automata

We consider the well-known “hierarchy” of the families (d~} FSL,. ,. It is customary
in the literature to define finite-state w-languages using real-time finite-state
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automata. We first show that this restriction does not influence the families of (o, p)-
accepted finite-state w-languages.

Lemma 29. (1) FSL, ,=r-FSL, ,.
(2) d-FSL, ,=dr-FSL, ,.

Proof. Let .o/ =(Q, Z, d, ¢;., ¢0) be a finite-state automaton with a family & of state
sets. As for the corresponding result for finitary languages, we may construct an
equivalent real-time finite-state automaton by contracting each non-A transition with
all possible sequences of A-transitions. However, since in the infinitary case the
intermediate states are considered in the acceptance criteria, we should keep track of
these in our new automaton as well.

Construct the real-time finite-state automaton .«/'=(Q’, 2, d', gi,, c0) as follows:
0'=0 %22 g, =(qin» {gin } ) and, for ¢, ¢'€Q, U, U'= Q and a€ X, §' contains the trans-
ition ((q, U), a, true, (¢’, U'), A) if and only if there exists a sequence ¢g, g1, ..., gx (k=0)
of states in Q such that U'={q,, ..., 4, ¢'}, =40, (¢i- 1, A, true, g;, A)ed for 1 <i<k,
and (qy, a, true, q', A)ed.

Our original automaton .« may have A-cycles — resulting in arbitrary long runs of
the form (g, A, c0)—* (g, A, ¢0) —so, for one run of .7’ on an w-word u there might be
(infinitely) many corresponding runs of .«/ on u. The set of states occurring (infinitely
often) during any of these runs of .o/ is always equal to the union of the sets that occur
(infinitely often) on the second component of the states of the run of .«7’. Hence, we
may use Lemma 2.8 to find a suitable family of state sets %, such that L, ,(</,
Z)=L, (', Z,) by choosing R to be the identity on 2, and i to be the mapping
that satisfies ¥/({(¢, U)})=U [and (1) of Lemma 2.8]. O

Hence, we have the following well-known relationships for the families (d-)FSL, ,
(see, e.g., [39, Theorem 4] for references). Recall that we use — to denote strict set
inclusion (<). The diagram in Fig. 1 is “complete”, ie., families not related in the
diagram are incomparable.

Proposition 2.10. The diagram in Fig. | holds. For any two families X and Y from the
diagram we have X <Y if and only if there is a path from X to Y.

FSL FSL == FSL . =— FSL

ran, < ran,n ran, = inf,s

ll

d-FSL;ne, o
. \
d-FSL —»d-FSL —»d-FSL d-FSL;

ran, < ran,n ran, = inf, =

T & 4-FsL

Fig. 1. Inclusion diagram for the finite-state storage type.

FSLinf,n FSLinf, =

inf,n
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Note that when requiring totality (in the “local” sense, i.e., in each state there should
be a transition for every letter of the input alphabet) the diagram is slightly different,
caused by the fact that FSL,,, . and d-FSL,,, - become smaller. Using t- to denote
the property of totaiity in the same way as we use d- and r-, one has t-FSL,,, .=td-
FSL,,, ~<d-FSL,,, - .Inall other cases t-FSL, ,=FSL, ,and td-FSL, ,=d-FSL, ,.
The families t-FSL,4, - and FSL,,, < are incomparable.

An w-language is called regular if it is of the form Ul'; K. LY, where K; and L; are
regular (finitary) languages. It was proved by McNaughton [25] (see also [9]) that the
family of regular w-languages (sometimes called the w-regular languages) coincides
with d-FSL ;¢ - (*acceptance by Muller automata”) and, consequently, with FSL,,,
(“acceptance by Biichi automata”). There are several other characterizations of
the classes (d-)FSL, , in terms of regular languages and the operations adh, lim,
and w-power. For example, FSL,,, c equals the family of adherences of (finitary)
regular languages, and FSL,, c equals the family of w-languages of the form
U:’:  K;.adh(L;), where K; and L; are regular languages. For more details see again,

e.g., [39].

2.5. Transductions

Infinitary transductions (and, in particular, inverses of w-preserving transductions)
play a fundamental role in this paper: they are used to transfer the relations that hold
between the families FSL, , and d-FSL, , to arbitrary storage types. Here we give
some preliminary results on families of transductions, mainly concerning their in-
verses and their domains.

In the finitary case homomorphisms form a subclass of the finite-state transduc-
tions. They can be extended to w-words in the natural way: a (an infinitary) homomor-
phism h:X—>A* determines a single-state (real-time and deterministic) FS-transducer
that has a transition (g, a, true, g, h{a)) for every aeX. Note that, in general, the
resulting transduction is a partial function from Z® to 4°. We use HOM to denote the
family of transductions of such FS-transducers. HOM, ,,, denotes the family of
corresponding 1-output transductions, obviously corresponding to length-preserving
homomorphisms. Although not every homomorphism is w-preserving (cf. Remark
2.12), we wish to note that every inverse homomorphism is: HOM ~'<dr-
FST ' FST, . This is a consequence of the following general result. Recall that
XT '={R '|ReXT}; the notation r-X 7,_},, abbreviates (r-X Ty _ou) .

Lemma 2.11. (1) XT '=XT.
(2) XT, ouSr-XT ' XT,, r-XT{=1-XT| oui-

Proof. Let .# be an X-transducer with output alphabet 4. We obtain the inverse of
the transduction of .# by replacing each transition (g, a, 5, ¢', @, w) by the transition
(g, A, B. 4, @, a)if w=A, and by the transitions (¢;_ , b;, true, q;, A, A), for 1 <i<n, and
(@u-1,bn, B, 4, 0, ), if w=b{ ... b,, bieA for 1 <i<n, where go=q and g; is a new state
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for each 1 <i<n. Note that this construction transforms l-output transducers into
real-time transducers. Moreover, it transforms real-time transducers into w-preserv-
ing transducers: since a real-time transducer cannot transform a finite input word into
an infinite output word, its inverse (as constructed above) cannot transform an infinite
input word into a finite output word.

Remark 2.12. Although not immediately clear, the families XT and XT,, are not
always equal. As an example consider the (real-time) FS-transducer .# with input
alphabet {0, 1} and output alphabet {1} that deletes all letters 0 from the input. This
transducer produces infinite output only if the input contains infinitely many occur-
rences of the letter 1. Thus, T(.#)=(0*1)° x {1}*. From the following result we learn
that this transduction cannot be realized by an w-preserving FS-transducer since its
domain (0* 1)* does not belong to FSL,,, < (see [20]; it also follows from our
Corollary 4.8).

The same example shows us that X T, is not always closed under inverse. In fact,
T(.#)¢FST,, whereas T(.#) 'eHOM '<FST,,.

It is not difficult to show that domains of X-transducers (and of w-preserving
X-transducers) coincide with one of the families of w-languages accepted by X-
automata. Recall that for an X-transducer .# with input alphabet 2, dom(T(.# ))=
{ueX2 | there is a run of .# on u wih infinite output}. For an w-preserving transducer
A we even have dom(T(.#))={ueX®|there is a run of .# on u}.

Lemma 2.13. (1) dom(XT)=XL,, =ran(XT).
(2) dom(XTm) = XLran. =

Proof. (1): If we extend the state set Q of the X-transducer .# to the set Q x {0, 1}, and
replace each transition (g, a, 8, ¢', @, w) by the pair of transitions ((g, i), a, f, (¢, 0), @) if
w=A (ie{0, 1}) and the pair ((¢, i), a, 8, (¢". 1), ) if w# A (i€{0, 1}), then we obtain an
X-automaton <7 such that clearly dom(T(.#))= Ly ~(, {Q x {1} }).

On the other hand, given an X-automaton .7 and a family of state sets & for .o/, we
make it into an X-transducer .# by writing the letter 1 as output for each transition
that enters a state from () 2. .# writes A when it does not enter a state from ( ) Z.
Obviously, ./ enters a state from ( /& infinitely often if and only if in its correspond-
ing run .# outputs an infinite word. Hence, dom(T(.#))=L;,; (A, Z).

The equality dom(X T)=ran(XT) follows from Lemma 2.11(1).

(2): Let .# be an w-preserving X-transducer with state set Q. Transform .# into an
X-automaton ./ by replacing each transition (g, a, f, ¢', @, w) by the transition (g, a, f,
q', ¢). Now dom(T(.#))={ueX®|thereis a run of .# on u}={ueX®| thereis a run of
onup=L,, (o {Q})

In order to prove the converse inclusion dom(XT,)=2XL,,, «, consider an X-
automaton .« and a family of state sets & for .«/. By Lemma 2.7, we may assume that
Z consists of a single state set D. Moreover, since no (ran, < )-accepting run enters any
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state outside D, we may assume that D equals the set Q of all states of .o7. By replacing
each transition (q, a, 8, ¢', ¢) of &/ by the transition (q, a, 5, 4', ¢, 1) one obtains an
(1-output) X-transducer .# with output alphabet {1}. Clearly, dom(T(.#))=

Lan,= (4, {Q}). O

3. The basic characterization

In this section we derive our main characterization result for the families of
w-languages (o, p)-accepted by both nondeterministic and deterministic X-automata.
We express these families in terms of (inverse w-preserving) X-transductions of
(o, p)-accepted finite-state w-languages (Theorem 3.3). This generalizes a result from
[40], where families of w-languages accepted by Turing machines are characterized in
the arithmetical hierarchy using transductions by Turing machines as a main tool.
Using our characterization we transfer the inclusions (and equalities) that hold for the
families FSL, , to the families XL, , for arbitrary storage type X (Theorem 3.5). The
corresponding results for real-time and deterministic automata are given in Sections
4 and 5, respectively. This method does not give information concerning the strictness
of the inclusions (except, of course, where we have equality in the finite-state case). In
fact, it is known from the literature that the two remaining inclusions are strict
inclusions for some storage types (such as FS), while they are equalities for others. In
Section 3.3 we give a sufficient condition on the storage type to ensure equality for the
six families of w-languages accepted using this storage type (Theorem 3.11). To this
aim, we introduce the notion of simulation of one storage type by another, which
enables us to compare the strength of storage types.

3.1. Decomposition and composition

In Lemma 3.1 we show how to decompose the work of an X-automaton into two
phases: a phase in which the input is processed, and an acceptance phase. The first
phase can be realized by an X-transducer (without acceptance criterion), and the
second phase by a finite-state automaton (with the same acceptance criterion as the
X-automaton).

Lemma 3.1 (1) XL, ,= XT{ .. (d-FSL, ).

a,p—

(2) d-XL, ,=d-XTi.a.(d-FSL, ,).

Proof. Let ./ be an X-automaton with input alphabet X and state set Q; let & be
a family of state sets for /.

Consider the infinitary language K (g, p) consisting of the w-words over Q that are
(o, p)-accepting sequences with respect to 2. It belongs to d-FSL, , because it is
(o, p)-accepted by the deterministic finite-state automaton Z=(Qu {¢°}, Q, d4, q°, c0)
with ¢°¢Q and 8,={(¢/, g, true, g, A)| ¢ €Qu{q’}, geQ}. In fact, one easily sees that
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for reQ®, the state sequence of the corresponding run r, of # on r satisfies
ran(ry)=ran(r)u{q°} and inf(r;)=inf(r). This makes it clear that K(o, p)=L, ,(%,
Z°) with 2°={Du{q°}|DeZ} if (g, p) equals (ran, =) or (ran, <), and K(o,p)=
L, ,(#, Z) in the four remaining cases.

Modify ./ such that at each step it outputs its state, i.e., take output alphabet Q and
replace every transition (¢, a, 5, 4, ¢) by (g, a, §, q’, ¢, q). This gives a (1-output)
X-transducer .# that maps each w-word u over X onto the state sequences of the
runs of .o/ on u. u is (o, p)-accepted by .« if one of these state sequences belongs to
K(o, p). Hence, L, (<7, Z)={ucX?|there exists (u,r)e T(.#) such that reK (s, p)} =
T(AM)" (K(0, p))-

Note that .# is deterministic when &/ is deterministic. L[]

Conversely, given an w-preserving transducer and an automaton (using some sort
of storage), we can compose their operations into a new automaton which uses the
product of the storage types of the transducer and the automaton.

Lemma 3.2. Let X, and X, be two storage types.
(1) X T, (X2 Lo ) ) S(X 1 X X)Ly,
(2) d-X T, ' (d-X; L, ,)Sd-(X 1 x X5) L, .

Proof. Let .#=(Q,,2,,0,.Gin.1-Cin.1-22) be an c-preserving X -transducer, let
o =(Q3,25,02,4in.2-Cin.2) be an X,-automaton, and let 2<29, We prove the
lemma by constructing an (X, x X ;)-automaton # that (g, p)-accepts the w-language
T(A) " (L (A, 2))={veZ?|(v, we T(.#) for some uel, ,(</, Z)}. This is done
using a straightforward direct product construction in which we simulate .# and o/
in two alternating phases: first we simulate .# until it produces some nonempty
output and we store this output in the states of %, then we simulate .o/ on this
output.

Formally, let m be a constant such that .# never writes more than m symbols
onto its output tape in a single transition, and let Z=(Q, 2,9, ¢in, Cin)» Where
Q=0 xQy x {xeZF|[x|<m}, ¢in=(qin.1> din.2> A)s Cin=(Cin.1» Cin.2), and & is com-
posed as follows:

(simulation of .#) ((q1- g2, A), a, B4, (41, g2, W), @,)ed for each transition

g1, a, By, 41, @1, w)Ed; and each state g,eQ>, and

(simulation of .o/) ((q1-92,aw), A, B2,(q1, g5, w), @2)eé  for each ¢,€Q,,

aeX,u{A} and weX% with 1<|aw|<m, and each
transition (¢, a, f,, g5, ©3)€0,.

Clearly, using this simulation, a run of .# on an w-word v with output u can be
combined with a run of .o/ on u, yielding a run of # on v. Similarly, a run of the new
automaton # on an w-word v can be decomposed into a run of .# on v and a run of
o/ on the output u of .#. This output is guaranteed to be infinite since .# is
w-preserving; this is essential in order to have (v, u)e T (.4 ).
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We can use Lemma 2.8 to define a family 2, of state sets for #: let y be the
projection on the second component [i.e., ¥({(¢1,42,x)})={g,}], and let R be
T(.#)~'. Note that, due to the simulation of the steps of .#, the second coordinate of
the new run has multiple copies of the same state; however, these repetitions do not
change the range or the infinity set of the (projection on the second coordinate of the)
run.

Note that if both .# and .o/ are deterministic, then so is 4. O

If we combine these two lemmas we obtain our basic result: a characterization of
the families XL, , and d-XL, , in terms of X-transductions and finite state w-
languages.

As observed before Lemma 3.1, it expresses that X-automata are equivalent to
compositions of an X-transducer and a finite-state automaton. Another way of
viewing this result is to say that the w-languages accepted by X-automata are exactly
those w-languages that are reducible to a finite-state w-language by an X 7 ,-reduc-
tion. However, one should note that, in general, XL, , is not closed under XT,-
reductions. (By Lemma 3.2, it is closed under X T,,-reductions under the rather strong
assumption that X x X can be simulated by X, using the notion of simulation
introduced in the next section.)

G, 0 G, p

Theorem 3.3. (1) XL, ,=XT;'(FSL, ).
(2) d-XL, ,=d-XT,'(d-FSL,,).

Proof. Clearly, these statements are a consequence of Lemmas 3.1 and 3.2 (with
X=X, and X,=FS), using the obvious fact that (X x FS)L, ,=XL, ,. [

For the acceptance conditions with pe{ <, m} the family FSL, , can be replaced
by a single w-language. Intuitively, this w-language models the acceptance condition;
from the above “reduction point of view” the w-language is complete in XL, ,
with respect to XT,-reductions. A similar result was obtained in [40] for w-
languages accepted by Turing machines, and (implicitly) in [21] for regular
w-languages.

Theorem 3.4. (1) XL,,, « =XT,({1°}),
XLign.n=XT, ' ({0*1.{0, 1}*}),
XLinf‘g=XTUJ_1({{O,1}*.1(U}), and
XLy =XTy ' ({(0%1)°}),

(2) The same equalities hold for the families of deterministic w-languages d-X L, , and
deterministic transductions d-XT,,*.
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Proof. The inclusions from right to left are clear from Theorem 3.3 and the fact that
the four given w-languages, can be accepted by deterministic finite-state automata
using the four respective acceptance conditions (cf. Example 2.6).

Let us consider the converse inclusions. By Lemma 2.7, we may assume that an
w-language L in XL, , with pe{<, m} is (o, p)-accepted by an X-automaton .o/ with
single state set D: L=L, ,(«/, {D}). As in the proof of Lemma 3.1, we change .« into
an X-transducer .#. Here, however, .# has the output alphabet {0, 1}, rather than the
state set of .o7; at each step .# outputs the letter 1 if its state belongs to D, and the letter
0 otherwise.

[t is clear that .# outputs an w-word from 0*1.{0, 1}* if and only if during its run it
enters at least once a state from D or, equivalently, if the run is (ran, m)-accept-
ing. Hence, L, (o7, {D})=T(.#)"" (0¥1.{0, 1}®). In the same way, we see that
4 outputs an w-word from (0* 1)* if and only if during its run it enters some
state from D infinitely often or, equivalently, if the run is (inf, m)-accepting:
Liy. (2, {D})=T(.#)~" ((0*1)®). The remaining two acceptance types can be
handled analogously. []

Using Theorem 3.3, the known inclusions for the families FSL, , (Proposition 2.10)
can be carried over directly to the families XL, , for an arbitrary storage type X,
without being forced to generalize all the proofs for FS w-languages. Thus, we obtain
the following main result. (The corresponding result for deterministic automata will
be presented in Section 5.)

Theorem 3.5. XLran. c gXLran.r—\ = XL,a,,‘ = :XL,',,j" = gXLinf,r—\ = XLinf, =.

Proof. By Proposition 2.10, FSL,, < SFSL,., . Hence, XT_,'(FSL,y <)
S XT, ' (FSL,y, ) Thus, by Theorem 3.3(1), XL,4, < € X L4, ~ . The same argument
holds for the other inclusions and equalities. []

We cannot conclude that the inclusions are strict in general, like for finite-state
w-languages (Proposition 2.10) or pushdown automata [6]. In fact, for certain storage
types all six families XL, , are equal (e.g., for Turing machines, see [8]). In Section 3.3
we will give a sufficient condition on X for all six families to be equal. To state that
result in a neat way, we will use the notion of simulation of storage types.

3.2. Simulation of storage types

In order to compare the strength of two storage types, we introduce a notion of
simulation. Rather than requiring that every instruction and every test of one storage
type can be simulated by a “subroutine” using the other storage (an approach which
was taken in [11]) we use deterministic transductions to formalize simulation. This
turns out to be more convenient to work with. We will show in Corollary 3.9 that the
definition is strong enough to ensure a fact that intuitively should follow from any
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notion of simulation: if the storage type X can be simulated by the storage type Y,
then XL, , is included in YL, ,.

Definition 3.6. Let X and Y be storage types. X is simulated by Y, denoted X <Y, if
d-XT,=d-YT,.

Thus, we require that, in the finitary case, deterministic X-transducers can be
simulated by deterministic Y-transducers. Taking transducers rather than automata
forces the simulation to be straightforward. All the usual simulations satisfy our
definition. Thus, e.g., since a pushdown stack can be used to simulate a counter, we
have CTR<PD. Similarly, PD*<T and T<PD? where T is the storage type of
a Turing machine work-tape (and PD*=PD x PD is the storage type having two
pushdowns, cf. the end of Section 2.1). Also, clearly, FS < X for every storage type X.

First we show that simulation can be carried over from the finitary to the infinitary
case.

Lemma 3.7. Ifd-XT,<=d-YT,, then d-XT<d-YT and d-XT,<=d-YT,,.

Proof. Let .# be a deterministic X-transducer, with set of states Q. Observe that for
a deterministic transducer the behaviour on infinite words is determined by its finitary
transduction. If « is an infinite input word, then there is an infinite run of .# on u with
output v (finite or infinite) if and only if there is an infinite sequence {(x;, y;)>;cn Of
elements from T, (.#, Q) with u=Iub{x;>icn and v=Iub{y;Dicn.

By assumption there is a deterministic Y-transducer .# | (with set of states Q,) and
a state set D= Q, such that T (4, Q)=T, (4, D). Since T, (M, Q)= Ty (A ,Q,), the
above observation implies that T(.#)< T(.# ). Hence, for infinite inputs, we wish to
restrict the domain of .#, to that of .#. Thus, .#, should be restricted in such a way
that it has a run on an infinite input u only if it accepts all prefixes of u. We first change
4 ; such that, when reading a new letter, it knows whether it has accepted the word
read so far. Introduce a new state g for every geQ, . Intuitively, the bar means that the
transducer has been in a state of D, and since then has read A only. According to this
intuition, change the finite control of .#, as follows:
— if (g, A, B, q', @, w) is a transition of .#, with qe D, then replaceitby (g, A, B, 7', @, w),
—if (g, A, B, q', @, w) is a transition of .#, then add the transition (g, A, B, ', ¢, w),
— if(q, a, B, ¢, @, w)is a transition of .# | with a # A, then add the transition (g, a, 8, 4,

@, ). ~

Let .#, be the so obtained transducer, with set of states Q;uQ,, where
0.=1{GlqeQ,}. Finally, we change .#, by dropping all transitions (g, a, f, g, ¢, W)
with a#A and g¢(DuQ,), thus obtaining the deterministic Y-transducer .4 ; that
satisfies the above restriction. For any infinite input word u, .# 5 has a run on u with
output v (finite or infinite) if and only if .# has a run on u with output v. This shows
that T(.#3)=T(.#), and that if .# is w-preserving, then so is .#y. O
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It is well known that the languages accepted by deterministic and nondeterministic
automata can be related using homomorphisms — for finitary (context-free) languages
this was first shown in the Chomsky-Schiitzenberger theorem; for w-languages, see
the “projection lemmas” used to characterize nondeterministic behaviour of finite-
state automata [34], Turing machines [40], and transition systems [ 30]. Such a result
is also valid in our framework, for every storage type. (This should be compared with
the mode of acceptance used by Staiger and Wagner, where a projection lemma for
pushdown automata seems to be missing, cf. the first open problem at the end of
Section 2 in [32]. Note, however, that our “projections” are not necessarily w-
preserving.)

Lemma 38. XL, ,=HOM(d-XL, ,)

Proof. Taking X,;=FS and X,=X in Lemma 3.2(1) we get FST,' (XL, ,)<
(FSx X)L, ,. Since, obviously, (FSx X)L, ,=XL, ,, this implies that XL, , is
closed under inverses of w-preserving FS-transductions and, in particular, under
homomorphisms (see Lemma 2.11). Consequently, HOM(d-XL, ,) € XL, ,.

In order to prove the converse inclusion, let .« be an X-automaton with finite
control 6 and input alphabet X. We change ./ into a deterministic (real-time)
X-automaton .27’ by replacing each transition t=(q, a, §, q¢’, @)in d by (¢, t, B, ¢', @)
This means that each transition now reads its own name from the input; J is the input
alphabet of .7’. It is clear that (for an arbitrary family of state sets @) L, (<,
Z)=WL, (', Z)), where h:d— 2 U{A} is the homomorphism that maps t=(g, a, §,
q, ¢)ontoa [

The following result justifies the notion of simulation of storage types we have
defined above.

Corollary 39. If X< Y, then d-XL, ,=d-YL, ,and XL, ,= YL, ,.

Proof. In Lemma 3.7 it was shown that X <Y implies d-XT,=d-YT,. By Theorem
331, d-XL, ,=d-XT;'(d-FSL, ,). Thus, d-XT,=d-YT, implies d-XL, ,<
d-YL, ,. Now, by Lemma 3.8, also XL, ,= YL, , follows. [

G, p—

3.3. Equality of the six families

In order to give a sufficient condition for the equality of all the families in Theorem
3.5, we use the following result. It is based on the inclusion FSL,, ,<PDL,, «,
which was proved in (6] using the pushdown essentially as a counter.

The storage type blind counter, denoted by BC, is equal to the storage type counter
(see Example 2.2), except that it has no predicate symbols (cf. [14], where it is called
a partially blind counter).
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Lemma 3.10. XL, <(X X BC)Lyg. < .

Proof. By Theorem 3.4, XL, -=XT, '({(0*1)°}), while, according to Lemma 3.2,
XT,; Y (BCL,y <)=(X x BC)L,,, <. Hence, in order to prove the lemma, it suffices to
show that (0*1)°eBCL,,, < .

We construct a BC-automaton ./ that uses its (blind) counter to ensure that during
its runs it can read any finite number of consecutive 0’s, but not infinitely many
consecutive 0s.

o/ has two states g, and g, and, for i€ {0, 1}, the transitions (q;, 0, true, g, decr) and
(g:, 1, true, q,, A), and the transition (g;, A, true, q,, incr). The initial state of = is q;.
Take 2= {{qo, 9. }}.

Hence, for each step on the letter 0, .o decreases its counter. Whenever .o reads the
letter 1 it enters state g,. In this state, before reading the next input letter, <7 guesses
the number of 0’s on the tape before the next 1, and increases its counter value by (at
least) this amount. Consequently, L,,, <(&/, 2)=(0*1)*. O

We now give the sufficient condition: if the storage type X can simulate an
additional blind counter, then all XL, , are the same.

Theorem 3.11. If X x BC< X, then XL,,, c =XLiy .

Proof. By Lemma 3.10, XL, -<(X x BC)L,,, <. According to Corollary 3.9,
X x BC<X implies that (X x BC)L,,, c €XL,,, « and, consequently, XL, S
XL,,, <. Equality (of these and the other families XL, ,) now follows from
Theorem 3.5. [J

Using this result we clearly reobtain the equality of the families of w-languages
(o, p)-accepted by Turing machines as given in [8]. As observed after Definition 2.5,
this differs from the results of [40], where a proper hierarchy for Turing machines is
obtained (due to a slightly different definition of acceptance).

It is obvious that the storage type BC* can simulate an additional blind counter
(where BC* is the union of all BC”, neN, see the end of Section 2.1). BC*-automata
are blind multicounter automata, i.e., automata of which the storage consists of an
arbitrary number of blind counters. It follows from Theorem 3.11 that for these
automata the six acceptance criteria have the same power, i.e, the six families BC*L, ,
are the same. This has some consequences for Petri nets. It is explained in [38] how,
concerning their (infinite) sequential behaviour, Petri nets can be seen as blind
multicounter automata (see also [18, 14]). In fact, the places of a Petri net can be
divided (by analyzing its “reachability tree”) into bounded places (ie. places with
a uniform bound on the number of tokens at the place at any time) and unbounded
places. Clearly, each unbounded place may be viewed as a blind counter, the tokens at
the bounded places together may be viewed as the state, and the transitions of the net
as the finite control of the BC*-automaton (where the labels of the transitions are
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viewed as input symbols). This should explain that the families BC*L, , equal the
families of Petri net w-languages, with (o, p)-acceptance with respect to bounded
markings, and with A-labeled transitions allowed. Although these families were not
(explicitly) compared in the literature (the Petri nets in [38] are assumed to be
A-free, ie., real-time), the inclusion r-BC*L,, < BC*L,, - has been shown in
[5, Theorem 3].

A particular case of Lemma 3.10 is of independer:t interest (and will be used in the
sequel). For X=FS we get FSL,,  <BCL,,, <. From this and Corollary 3.9 it
follows that if BC < X [in fact, if (0*1)*e X L,,, < ] then the family XL,,, < (and, hence,
each family XL, ,) contains all regular w-languages. Note that BC< X is a rather
weak assumption on a storage type X; it is satisfied by all the usual storage types
(except FS of course).

Theorem 3.12. If BC< X, then FSL,, S XL, ,.

4. Real-time automata

Similar to the basic characterization in Section 3 we now obtain a characterization
of the families r-XZ, , in terms of X-transductions and finite-state w-languages
(Theorem 4.4). As before, we then use it to transfer the inclusions known for the
families FSL, , directly to the families r-X L, ,. This gives a diagram as we have found
in Section 3 for the families X L, ,: a “hierarchy” of three levels, and the two inclusions
between these levels may or may not be strict.

As in Section 3 we study the strictness of these two inclusions. We obtain upper
bounds (in topological terms) on the w-languages in the bottom two levels of the
real-time hierarchy (Lemma 4.7). Using these upper bounds, we show that the two
inclusions are strict for each storage type (Theorem 4.9).

The arguments used in this section, especially those in the proof of Lemma 4.6, are
applicable to a class of automata more general than real-time automata, viz., auto-
mata that do not have an infinite computation on a finite input — we say that these
automata have finite delay. Thus, both the hierarchy results and the topological upper
bounds that can be obtained for real-time automata can be shown using the same
techniques for automata with finite delay.

In Section 4.3 we investigate the expressive power of real-time automata and
automata with finite delay. On the one hand, we show in Theorem 4.17 that real-time
automata are equivalent to automata with finite delay whenever the storage type is
powerful enough to simulate an additional queue (“in real time™). On the other hand,
we show that for the two-counter storage the real-time restriction is strictly less
powerful than the limitation to finite delay (Theorem 4.19). Finite-delay automata
may have the same power as or strictly less power than unrestricted automata,
depending on the storage type (Theorem 4.21).
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4.1. The basic characterization for real-time automata

As mentioned in the above introduction, we investigate the real-time automata
together with a slightly more general class of automata.

Definition 4.1. An X-transducer .o/ has finite delay if there is no infinite run of .« on
a finite input word.

We use the prefix f- in the same way as we have used the prefixes d- and r-, i.e,, to
indicate families of (infinitary) languages (or transductions) defined by automata that
have finite delay. Obviously, every real-time automaton has finite delay; so, we have
r-XL, ,<f-XL, ,=XL, ,. By Lemma 29, we have equality for the trivial storage
type: 1-FSL, ,={-FSL, ,=FSL, ,.

Automata with finite delay were already considered in the context of w-languages.
In [4] BC*-automata (i.e., Petri nets) having our finite-delay property are called
prompt nets. That paper, however, focuses on nets that are 1-prompt, i.e., nets in which
A-transitions are allowed, but not two consecutive A-transitions in a firing sequence
(run). Note that the “finite delay” in the title of [4] refers to a fairness notion!

We have a decomposition result similar to the ones presented in Section 3.

Lemma 4.2. Let pe{r, {}. Then p-XL, ,=p-X T au(d-FSL, ,).

Proof. The construction used in the proof of Lemma 3.1 transforms an X-automaton
&/ into a 1-output X-transducer .# by requiring that the automaton outputs its state
at each step. Clearly, this does not change the input behaviour of the automaton; so,
A is real-time (has finite delay) if and only if o7 is real-time (has finite delay). O

As in Section 3 the reverse inclusion can be stated in a slightly strengthened
formulation. This time we have to be careful in the statement (and the proof)
concerning the output behaviour of the transducer in the real-time case. Recall from
Section 2.1 that a storage type is blind if it has no predicate symbols.

Lemma 4.3. Let X, and X, be two storage types.
() -x, T(;I(f-XZLo',p)gf_(Xl xX3)L; .,
(2) r-X, Tl_-éut(r'XZLa‘,p)gr'(Xl XX3)Lg,,-
(3) If X, is a blind storage type, then r-X, T, (r-X, L, ,)S1-(X | X X)L, ,.

Proof. (1): In the case of automata with finite delay the proof of Lemma 3.2 is valid.

(2) and (3): For real-time automata we cannot split the simulation of the X -
transducer .# and the X ,-automaton o as we did in the proof of Lemma 3.2, because
this introduces A-transitions. Hence, we simulate in a single step (of an X, x X-
automaton 2) one step of .# and |w| steps of .o/ on the output w of .#. This implies,
however, that the intermediate configurations of ./ are not available to apply tests to.
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Consequently, this construction will work only if either .# is l-output (so, # has to
simulate only a single step of .7) or the storage type of .o/ is blind (which means that
«/ cannot perform any tests on its storage configurations). Since the intermediate
states of .o/ are important for the acceptance of a run, we use (as in the proof of Lemma
2.9) the states of # to store these states.

Formally, let . #=(Q,,Z1,5,.¢in.15Cin, 1, >2) be a real-time w-preserving X ;-trans-
ducer and let .o/ =(Q3,25, 03, qin. 2 Cin. 2) be a real-time X ,-automaton.

The real-time X, x X,-automaton #Z=(Q, 2, 6, ¢;,. ¢;a) is constructed as follows:
0=0; <05 %22, ¢;n=(Gin. 1> Gin.2- {4in.2 1), and, for each U, U'=Q,, 6 contains the
transition ((41, g2, U), @ f1 A Bz i A -+ A Bais(qh 5 g2 U') @y @21 - ¢21) When-
ever there is a transition (q,, a, By, 4}, @1, a1 ---4;)€0,, q;€Z, for 1<i<k, and
a SeqUeNce G, o, dz2.1,---» §2.x of states in @, such that U'={q, 1, ..., 2.k }» 42=92,0.
(q2.i-1 @i» B2.is 92,0, @2,)€0 for 1<i<k, and ;=4 ;.

We stress again that in # the tests f,.4,f5.2,....02,x are applied to a
single configuration c¢, rather than to the configurations c;, py(¢@2 1)(c2), ...,
Ua(@s.1 - @2.6-1)(c2), respectively. Hence, the construction will not work uniess (i)
k=1, which is the case when .# is 1-output, or (ii) f, ;= =p, ;=true, which is
satisfied when X, is a blind storage type.

We accept runs of # by considering the third component of the states entered
(infinitely often) during the run. Formally, this can be justified by applying Lemma 2.8,
with ¥({(q,, g2, U)})=U, and R=T(.#)"'. [

As for the corresponding results of Section 3, we now combine the above two
lemmas to obtain a characterization of the families f-XL, , and r-XL, , in terms of
X-transductions and finite-state w-languages.

Theorem 4.4. (1) XL, ,={-XT;(FSL, ,),
2y r-XL, ,=r1-XT, ! (FSL, ,),
(3) dr-XL, ,=dr-XT, ' (d-FSL, ,).

Proof. (1): According to Lemma 4.2, and Lemma 4.3 (with X, =X and X, =FS), we
have XL, ,=f-XT;}(d-FSL, )=f-XT,'({-FSL, ,)<f-(X x FS)L, ,=f-XL,,
and, consequently, f-XL, ,=f-XT,'(FSL, ,). Note that we used the fact that
f-FSL, ,=FSL, ,.

Similarly, one proves (2). Note that FS is a blind storage type.

In order to prove (3), observe that the constructions used in the proofs of Lemma
4.2 (i.e., the proof of Lemma 3.1) and Lemma 4.3 preserve determinism. [

This allows us, as in Section 3, to transfer the inclusions known for the families
FSL,, , directly to the families f-X 1, , and r-XL, ,, using (1) and (2) of Theorem 4.4.

Lemma 4.5. Ler pe{r, f}. Then
p'XLran. < gp')(Lran,m :p'XLran, = =p'XLinf, < gp')(Linf.ﬂ =p'XLinf. =
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4.2. Topological upper bounds

Again we investigate when the remaining two inclusions are equalities and when
they are strict. Perhaps somewhat surprisingly they turn out to be always strict. We
use the following two lemmas to demonstrate this. They lead to topological upper
bounds on the w-languages that can be (ran, )-accepted and (inf, <)-accepted by
X-automata having finite delay. These can then be used to exhibit w-languages that
“separate” the acceptance types (ran, <), (inf, <), and (inf, m).

In the context of infinite finitely branching structures, Kénig’s Lemma is a basic and
important tool. It was used in [38] to show that if every finite prefix of an w-word is
the label of a firing sequence (run) of a given A-free Petri net, then the w-word itself is
the label of an infinite firing sequence of the net. From this it follows that the
w-languages in r-BC*L,,, < are all closed in the topology on X (like the result
Landweber [20] obtained for d-FSL,,, <). In a straightforward way, this result can be
extended not only to arbitrary storage, but also to automata with finite delay.

Lemma 4.6. Let o/ be an X-automaton with finite delay, with state set Q. Then
Lran, E(‘M’ {Q}):adh(L*(ds Q))

Proof. Let o/ =(Q, Z, 8, gy, ¢in) and let L=L, (<7, Q). Then, obviously, L=pref(L);
so, adh(L)=lim(pref (L)) =lim(L). Note that L,,, < (<, {Q}) is the set of all w-words
on which there exists a run of .o/, without additional requirements for the state
sequence of the run.

Assume that uel,,, <(</,{Q}). This implies that u[n]eL for each neN and,
consequently, uelim(L)=adh(L).

To prove the inclusion adh(LYS L,,, < (7,{Q}), let uecadh(L). For each neN there
exists a finite run of .« on the prefix u[n] of u; it has at least length n. We use Konig’s
Lemma to show that there exists an infinite run of .« on w.

Define the sets E,,, neN, of instantaneous descriptions of ./ that are reachable from
the initial instantaneous description in n steps on a prefix of u, as follows.

EO:{(qina A, Cin)}, and fOr n; 1’
E,={(q, x, ¢)| xepref (u), and
(¢, X', ) (q, x, ¢) for some (¢, X', ¢')eE,~ }.

Clearly, each of these sets is finite and nonempty. According to K&nig’s Lemma,
there exists an infinite sequence {(q,, Xu, Cn) Pnen such that (qo, xo, co)€E( and, for
N2 1, (qu1s Xu—15> Cu—1) o (@ns X ¢); this is an infinite run of .7 on v=1Iub<{x, dnen -
Note that v cannot be finite because ./ has finite delay. Moreover, every x, is a prefix
of u and, hence, u=v.

Since every infinite run of .7 is (ran, <)-accepting with respect to {Q}, this proves
GdW(L)E Lygn < (4, (Q}). O
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Lemma 4.6 links (ran, < )-accepted w-languages to closed sets in the topology on
2°, and using an additional argument it shows that (inf, < )-accepted w-languages are
countable unions of closed sets.

Lemma 4.7. (1) £-XL,,, < CZ.
() XLy c SF,.

Proof. Both .# and #, are closed under (finite) union. Hence, it suffices to consider
w-languages (o, p)-accepted with respect to a single state set. Let .o/ =(Q, 2, 3, Gin» Cin)
be an X-automaton with finite delay and let D<= Q.

(1): Obviously, L, < (o, {D})=L,., < (/|p, {D}), where /| is the automaton
=/ restricted to states from D. Hence, the result is a consequence of Lemma 4.6 (and
the observation that .«7 |, has finite delay whenever .« has finite delay). Recall that the
adherences are the sets in # (i.e., the closed sets), see Proposition 1.2.

(2): Each (inf, <)-accepting state sequence (with respect to {D}) of &/ can be divided
into two parts: an initial part in which all states from @ may occur, followed
by an infinite part that enters only states from D. Thus, L, c(s/,{D})=
Ui Lran, < (4 (g, %,6), {DUQg +.c}) | (@ins A Cin) =¥ (g, x, ¢) }, where o7 (g, x, ¢) equals o7,
except that it has a new initial state gi, and a new path leading from ¢, to g, reading
x from the input, and transforming ¢;, into ¢ — this path copies the computation
(Gin> As Cin) F* (g, X, €). O, .. 1s the set of states that are added to .27 in order to form the
new path.

The above union is countable; this follows from the fact that the number of
instantaneous descriptions reachable from (g;,, A, ¢;,) in # steps is finite for each .

Consequently, by (1), every w-language in f-XL,,; < is a countable union of closed
sets, hence an % -set. [

Using Proposition 1.3 and the topological upper bounds from the above result, we
find the w-languages we are looking for.

Corollary 4.8. (1) 0*1.{0,1}°er-XL;y; c —f-XL,gy < .
(2) O*1)?er-X Ly — XLy <

Proof. (1): According to Proposition 1.3 and Lemma 4.7, 0%1.{0, 1}°¢# =2f-XL,,, < ;
however, 0%1.{0, 1}*€FSL;,; c =1-XL,,; c (see Example 2.6).
(2): Similarly, (0*1)°¢% ,2f-X L;,; < ; however, (0* )€ FSL;,; <r-XLjy . O

These two w-languages can now be used to show that the inclusions from Lemma
4.5 are strict for all storage types. This gives the following main result.

Theorem 4.9. Let pe{r, {}. Then

p'XLran, = Cp'XLran.r-\ :p'XLran. = =p'XLinf. o Cp'XLinf.m :p'XLinf, =
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Apart from FS, as far as we know the only specific storage type that was studied for
its real-time behaviour is BC*. Real-time blind multicounter automata (i.e., Petri nets)
were studied in [38], both for acceptance with respect to states (i.e., bounded places)
and for acceptance with respect to storage configurations (i.e., markings). We reobtain
the results of Valk for acceptance with respect to states. The results obtained for the
latter way of accepting infinitary languages are incomparable to those we have found
in Theorem 4.9.

We now ask ourselves whether the same methods can be used to show strictness of
the hierarchy of families XL, , for specific storage types X. As an example, as
mentioned at the end of Section 3.1, such a strict hierarchy has been obtained for
PD-automata with A-transitions. In [6, Section 3.3] this was shown using the
following result. Let L be any finitary nonregular context-free language, e.g.,
L={a"b"|neN}, and let d be a letter not occurring in L, then L.d%e
PDLiyy < —PDL,,, c and (L.d)*€PDLiy ,—PDLyy < .

Unfortunately, one should realize that topological arguments are of no use in
obtaining these counterexamples for the hierarchy PDL, ,. Both L.d® and (L.d)”
belong to %, (they are the limits of Ld.d* and (Ld)*), whereas even PDL,,, < contains
w-languages outside F,uU%; because of the inclusion FSL;,SPDL,, <
([6], or Theorem 3.12). Such a regular w-language is 0.{0, 1}*.1°U1.(0*1)* (see
[20] for this example and for topological characterizations of the families d-
FSL, ,)

It is quite striking that the w-languages used to show the strictness of the inclusions
in the hierarchy PDL, , are structurally very similar to ones that can be used to
separate the families in the real-time and finite-delay hierarchies: in Corollary 4.8 one
may replace 0%1.{0,1}* by 0*.1¢; thus, L.d“ and (L.d)* remind us of 0*.1° and
(0*1)°. Note that 0*.1° is of a higher topological complexity than 0*1.{0,1}*:
0*1.{0,1}°e% — F, whereas 0*.1°e(F ,n¥;)—(F %), cl. Proposition 1.3.

4.3. The power of real-time automata

We compare the families -X L, , and r-X L, , (and XL, ,). We start by investigat-
ing under what conditions (and how) an w-language accepted by an automaton with
finite delay (or even an unrestricted automaton) can be accepted by a real-time
automaton.

For real-time automata we need a stronger notion of simulation.

Definition 4.10. Let X and Y be storage types. X is real-time simulated by Y, denoted
X <,7Y,ifboth X<Y and dr-XT, <dr-YT,.

Unfortunately, we cannot show that dr-X 7, =dr- YT, implies d-X T, =d-YT; so,
we explicitly require that <, implies <. A stronger alternative to Definition 4.10
would be: there should be a transformation of deterministic X-transducers into
deterministic Y-transducers that turns every X-transducer into an equivalent
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Y-transducer, and that preserves the real-time property; however, the present defini-
tion is easier to state and is all we need.
As in Section 3, we transfer simulation to infinitary transductions and w-languages.

Lemma 4.11. Ifdr-XT,<dr-YT,, then dr-XT<dr-YT and dr-XT,<=dr-YT,,.

Proof. Let .# be a deterministic real-time X-transducer, with set of states Q. By
assumption, there is a deterministic real-time Y-transducer .#, (with set of states Q)
and a state set D= Q, such that T, (.#, Q)=T,(.#,, D). As in the proof of Lemma 3.7,
we observe that T(.#)< T(.# ). Again, we wish to restrict (for infinite inputs) the
domain of .# to that of .#, and we change .# | such that it accepts all prefixes of its
input. In the absence of A-transitions this can be done by simply dropping all
transitions (q, a, f, ¢, @, w) with q¢D or ¢'¢D, thus obtaining the deterministic
real-time Y-transducer .#, which satisfies the above restriction. For any infinite input
word u, .# , has a run on u with output v (finite or infinite) if and only if .# has a run
on u with output v. This shows that T(.#,)=T(.#), and that if .# is w-preserving,
thensois .#,. U

Lemma 4.12. r-XL, ,— HOM 4, (dr-XL, ).

Proof. The proof is similar to that of Lemma 3.8. Here one shows, using Lemma
4.3(2), that r-X L, , is closed under inverses of real-time l-output FS-transductions
and, in particular, under length-preserving homomorphisms: HOM | o, S1r-FST| o, S
cr-FST L., see Lemma 2.11(2). O

Corollary 4.13. If X £, Y, then dr-XL, ,<dr-YL, , and r-XL, ,<1-YL, ,.

a,p =

Proof. Similar to the proof of Coroliary 3.9, we have [using Theorem 4.4(3)]
dr-XL, ,=dr-XT_,'(d-FSL, ,) and r-XL,,=HOM, o(dr-XL, ,). Hence, dr-
XT,=dr-YT, implies both dr-XL, ,<dr-YL, , and r-XL, ,cr-YL, ,. U

We will show that every w-language (inf, m)-accepted by some automaton can be
(inf, M)-accepted by a real-time automaton, provided we extend the storage with
a queue. This is not true for the acceptance types (ran, <) and (inf, <). However,
starting with an automaton with finite delay we can prove an even stronger property.
For each acceptance condition (o, p), every w-language (o, p)-accepted by an automa-
ton with finite delay can be (g, p)-accepted by a real-time automaton, when the storage
is extended with a queue.

We use Q to denote a formalization of the queue as a storage type. Analogously to
the storage type PD the configurations of Q are finite words; it has instructions for
adding a letter to the rear of the queue and for removing a letter from the front, and it
has tests to determine the first letter of the queue.
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We need the following closure property of the family of w-languages (inf, m)-
accepted by real-time X-automata. Analogous properties hold for other acceptance

types.
Lemma 4.14. r-X L, - is closed under intersection with w-languages from FSL;; .

Proof. Since the acceptance types (inf, M) and (inf, =) are equivalent for real-time
automata (Theorem 4.9), we may demonstrate the lemma for r-X L;,, - and FSL;,, - .
Recall that FSL;, - =1-FSL;, —.

Generalizing the lemma, given a real-time X;-automaton «/;, and a family 2; of
state sets for .«/;, i=1,2, by an obvious direct product construction one obtains
a real-time (X; x X,)-automaton ./ simulating <, and ./, in parallel. We wish a run
of .o/ to be accepting if its state sequence, when projected onto the ith component, is
(inf, =)-accepting with respect to Z; for both i=1 and i=2. To realize this, we use as
a family of state sets for o/ exactly those sets that, when projected onto the ith
component, belong to &;, i=1,2. O

Lemma 4.15. (1) XL,y ~S1-(Q X X)Ly, -

(2 XL, ,=r-(Qx X)L, ,.

Proof. (1): Given an X-automaton .»/ with input alphabet X, we transform .« into
a real-time X-automaton /" over the alphabet XU {¢} by changing every A-
transition into a transition that reads ¢ (where ¢ is a letter not in X).

Additionally, we construct a real-time l-output Q-transducer .# that “delays”
input: in each move it stores its input letter at the end of the queue, and it outputs
nondeterministically either the first letter of the queue (while removing it) or the
symbol ¢.

According to Lemma 4.3(2), there exists a (real-time) (@ x X )-automaton (inf, r)-
accepting T(#) ™" (L. (7", 2)). However, in general, this language strictly contains
the original w-language L;,; ~(«/, Z). This is a consequence of the fact that L;,, (=",
%) may contain w-words of the form x.¢¢, xe(Z U {¢})*; these w-words correspond to
infinite runs of .o/ on finite words that happen to have accepting state sequences (with
respect to 2). The acceptance of such an w-word by /* would imply that
Tp(x). 29 T(M) " (Ling. (%, Z)), while not necessarily my(x).2” S Ly, (7, D).
Here we have used iy to denote the projection onto the alphabet Z; it removes the
symbol ¢.

Hence, before applying the transduction T(.#)~ "', we first intersect the w-language
Liyr. (2%, 2) with the regular w-language (¢*.2)°=(Zu{¢})*—(Zu{d})*.¢“; by
Lemma 4.14, this intersection again yields an w-language from r-XL;,; ~. According
to Lemma 4.3(2), Ly (o, Dy=T(M) (L, (L7, D) (¢*.2)°) belongs to r-
(O x X)Ly

(2): We now have L, (<7, 2)=T(#)" (L, (", 2)). In fact, o/ does not accept
words from (Zu {¢})*.¢* because <7 is an automaton with finite delay. [
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Remark 4.16. The first statement of the above lemma cannot be generalized to less
powerful acceptance types like (ran, <) and (inf, <). Intuitively, this is due to the fact
that these acceptance types cannot force an automaton to perform a certain action (in
the above proof: removing a letter from the queue) infinitely often.

Recall that, if BC < X, then all w-languages accepted by FS-automata are included
in XL, , for each acceptance type (Theorem 3.12). We then may use the counter-
examples of Corollary 4.8: 0%¥1.{0, 1}“eXL,,, <, whereas, for every storage type ¥,
0%1.{0, 1}*¢f-YL,,, < . Similarly, (0*1)°e X L;,; <, while (0¥1)*¢f-YL,,¢ .

In Section 3 we have shown that the hierarchy of the families XL, , collapses into
a single family when the storage type X can simulate an extra blind counter (Theorem
3.11). Now Lemma 4.15 tells us that for each acceptance type automata with finite
delay are equivalent to real-time automata, for storage types (like Q*) that can
simulate an additional queue in real time. More precisely, in this case the class of
familiesr-XL, ,,f-XL, ,,and XL, , consists of precisely three families: r-X L,,, < c1-
XLy ccr-XL,, ~, as shown in Theorem 4.17.

Theorem 4.17. If Q x X <, X then the diagram of Fig. 2 holds.

Proof. The strict inclusions from left to right for real-time (and finite delay)
automata are presented in Theorem 4.9. We consider the equalities from the
diagram.

Using Lemma 4.15, the assumption of the theorem, and Corollary 4.13, we have
XLy o Sr-(Qx X)Ly nSr-X Ly, o and f-XL, c €1-(Qx X)L, c Sr-XL,, c.

In order to show the equality of the families XL, ,, it suffices to demonstrate that
BC x X < X (Theorem 3.11). First we observe that by definition Q x X <, X implies
Q x X < X. Since, clearly, BC<Q we have BCx X<QxX<X. O

We have now seen some examples of storage types for which automata with finite
delay are equivalent to real-time automata. In particular, we have the equalities
f-FSL, ,=t-FSL, ,for the simple storage type FS as well as -X L, ,=r-XL, , for the
more powerful storage types that satisfy Q x X <, X.

ran, < inf, c

f_XLzan,c —_— f_XLinf,: — f-XLinf,n

ll | |

r-XL r-XL r-XL

ran,c inf,

XL

H

inf,n

inf,n

Fig. 2. Inclusion diagram in the case that 0 x X <, X.
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However, in general, the families f-X L, , and r-X L, , are not equal. We will show
that the w-language

BIN,={x.a"|xe{0, 1}* k=nr(x)}.b®u {0, 1}°,

where nr(x) denotes the integer represented by xe{0, 1}* as a binary number, can be
accepted by an automaton with finite delay having two counters as storage but not by
such an automaton that is real-time. This example is essentially the one given by
Jantzen in [18] for finitary languages accepted by (real-time) Petri nets.

Lemma 4.18. BIN ,ef-CTR?L,,, c —t-CTR*L,,; ...

Proof. (a) BIN,,ef-CTR?L,,, = . We use incr; and decr; to denote the increment and
decrement instructions for the ith counter (ie{1, 2}).

Let </ be the (deterministic) CTR?-automaton with initial state p, and the follow-
ing transitions:

(p1, 0, true, p;, A), (p1, 1, true, p,, incr,),

(p2, A, T1zeroy, p,, decr, incryincry), {p2, A, zeroy, p3, A),

(ps, A, T1zero,, ps, decryincry), (pa, A, zeroy, py, A),

(pi, @, T1zeroy, ps, decry), ie{1,4}, and (p;, b, zeroy, ps, A), i€{l, 4, 5}.

Let Q=1{pi, P2, P3» P4, Ps |- One casily verifies that L,,, < (o, {Q})=BIN,,: the first
counter represents the value nr(y), where y is the prefix (in {0, 1}*) of the input read,
the second counter is used (in states p, and p,) to multiply the first counter by two. We
still have to show that .o/ has finite delay. Observe that any sequence of A-moves of
o must — from some moment on — either take place in state p, or in state p;. However,
the number of successive applications of the instructions decr, incr,incr, (decryincr,)
is bounded by the value of the first (second) counter. Hence, infinite sequences of
A-moves are impossible.

(b) BIN,¢r-CTR?*L,,, .. The argument closely follows [18]. Assume that BIN ,=
Lins. (7, {D}), where < is a real-time CTR?-automaton with state set Q. Let m be the
maximal value that can be added to the counters in a single step of «7. Thus, if .« reads
a word xe{0, 1}* from its input tape with |x| =n, then the total value of the counters is
at most n-m. Consequently, there exists a constant ¢ such that there are at most c-n?
possibilities for the storage configuration of .« after reading a word of length n.

Choose noeN such that 2> # Q¢ nd.

For each word xe {0, 1}* with | x| = n, there exists an infinite run r(x) = {(q:(x), v[{],
¢i(x))dien Of o7 on v=xa"™ b that is (inf, m)-accepting with respect to {D}. Since
there are 2" words of length n, in {0, 1}* but less possibilities for the pairs (gy,(x),
Cny(X)), there are two different words x,, x, of length no over {0,1} — say with
nr(x,)<nr(x,) — such that (g, (x1), ay(%1))=(gn,(X2), Cno(x2)). Following the
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definition of r(x,), starting in (g, (x2), X2, ¢, (x2)) & may read a” 2 b® from its input
while entering some state in D infinitely often. By a combination of the two runs r(x,)
and r(x,) [switching from the one to the other when reaching state g, (x;)=g,,(x2)
and configuration ¢, (x;)=¢,,(x2)], we obtain a run of </ on x;a"*2'p* which
is (inf, m)-accepting with respect to {D}. This contradicts our assumption since
x,a"*2p*¢BIN,, . This proves BIN ,¢r-CTR* Ly .. [

Hence, BIN,, is an w-language that distinguishes the real-time two-counter auto-
mata from the two-counter automata with finite delay.

Theorem 4.19. r-CTR?*L, ,=f-CTR*L, ,.

Remark 4.20. Note that the same line of reasoning can be used to show that
BIN,¢r-CTR* L, ...

Lemma 4.18 can also be proved for the storage type BC?. One then uses the
w-language BIN, ={w.a*|we{0, 1}* 0<k<nr(w)}.b*u{0,1}* (see again [18]). In
fact, BIN,,ef-BC*L,,, c —~1-BC* L,y .

From Theorem 3.11, Corollary 4.8, and the above remark on BIN,,, it now follows
that the diagram of Fig. 3 holds for Petri nets (with acceptance with respect to
bounded places, see [38] for real-time nets). We conjecture that the inclusion in-
dicated by = is an equality.

A diagram with the same inclusions and equalities holds for the storage types CTR*
and CTR2.

Each of the inclusions r-X L, ,=f-XL, ,= XL, , may be either an equality (as, e.g.,
for X =FS) or may be strict (as for X =BC*), except perhaps the inclusion f-
XLy~ XLy~ for which no example of strictness has yet been given. We do this

now.

Theorem 4.21. There is a storage type Z such that £-Z L,  cZ L, .

BC*'L ===  BC'L

ran,c inf,c

f-BC'L,,, o —— f-BC'Lie . — [-BC'Lyy

T T T

r-BC'L,,, . — I-BC'L;,,  — I-BC'L

inf.n

inf,n

Fig. 3. Inclusion diagram for the storage type BC*.
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Proof. Let Z be the rather exotic storage type (N x N x {1, |}, {(1, 1, 1)}, {zero}, {incr,
decry, decr,, half\}, u), where

u(zero)(r,s,d)=true if and only if r=s5=0,

ulincr)(r,s,d)=(r+1,s+1,d) if d=1, and undefined otherwise,

uldecr)(r,s,d)=(r—1,s,]) if r>1, and undefined otherwise,
wldecry)(r,s,d)=(r,s—1,]) if s> 1, and undefined otherwise,
uthalf e, s, d)=(r,5,]) if  is even, and undefined otherwise.

Note that Z is a “one-turn” two-counter storage, in the sense that the counters can
be incremented (synchronously) in the first phase, and can only be decremented in the
second phase of a run.

Consider the following variant of BIN,:

BIN ={x.d"|xe{0, 1}*, k=nr(x"")}.b"

rev

where x"" is the mirror image of x.

A Z-automaton o7 (inf, m)-accepting BIN[" can be constructed in the following
way. .o/ starts by nondeterministically guessing a value for k, and puts this value in
both its counters. Then it checks whether this value is represented by x*¥ in binary: on
input 0 it halves the first counter, on input ! it does the same after first decrementing
the counter by one. Finally, using its second counter, it checks whether the number of
a’s on the input tape also equals k. After reading the last g, the zero test is performed.
Obviously, .7 does not have finite delay because it has an infinite run on A (guessing
an infinite value for k).

BINY cannot be (inf, m)-accepted by a Z-automaton with finite delay. For each
Z-automaton with finite delay there is a fixed bound on the number that can be added
to the counters in a computation that uses only A-transitions. In fact, if such a bound
would not exist, there would be arbitrary long sequences of A-transitions increment-
ing the counter. Consequently, there would be a cycle of such transitions in the
automaton, contradicting the finite-delay property. Now that we have obtained the
bound, the proof is similar to the proof of Lemma 4.18: the contents of the counters
after reading x can be bounded by a linear function in |x|. We leave the details to the
reader. [J

5. Deterministic automata

By now the reader will have guessed the type of results we want to derive in this
section. Using the characterization result for deterministic automata given in
Theorem 3.3, we obtain a diagram for the families d-X L, ,, which is similar to the
well-known diagram for the families d-FSL, , (wWhich was presented in Proposition
2.10). As in the previous sections, this does not yet give any information concerning
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the strictness of the inclusions. Like for real-time automata, we give simple topological
upper bounds on the families d-XL, , which are then used to obtain strictness
of the inclusions (Theorem 5.5). After comparing the strength of deterministic and
nondeterministic automata in Theorem 5.6, we close the section by studying a
property of storage types related to the closure under complement of the families
d-XL, -.

For deterministic automata there are some well-known relations between accept-
ance type and language-theoretic operations.

Lemma 5.1. Let .o be a deterministic X-automaton with state set Q and alphabet 2, and
let 2 <29 Then

(1) Lyan, < (£, {Q}))=adh(Ly(,Q)),

(2) Lyn, (A, 2)=Ly (A, | JZ).2°Nnadh(L, (<, Q)), and

() L., Z)=lim(l (2, | ] 2)).

Proof. (1): L,,, <(</, {Q})) is the set of all w-words over 2 on which there exists a run
of .o7. Clearly, each of these w-words belongs to adh(L (<7, Q)). The reverse inclusion
is also obvious. If .7 may read arbitrary long prefixes of an w-word u, then there exists
an infinite run of .o/ on u because .o/ is deterministic. (See also the proofs of Lemmas
3.7 and 4.6.)

(2): Lyan,~ (o7, Z) consists of all w-words on which there exists a run of ./, and,
additionally, for which this (unique) run enters, at least once, a state from one of the
sets from &. These w-words form the set adh(L (s, Q)N L, (<, UQ).Z“’.

(3): The proof is similar to that of (1) and (2). We only require that the run enters
infinitely often a state from { J2. O

The above result enables us to give topological upper bounds on the w-languages
that are accepted by deterministic automata and, consequently, to give examples of
elementary w-languages that cannot be accepted by any deterministic automaton
using a specific acceptance type.

Given two families o and % of w-languages we use # A ¥ to denote
{KNnL|KeX", Le#}, and #(4") to denote the Boolean closure of the family .
Note that Z(F )=2#(%) and HB(F ,)=RB(%;).

Lemma 5.2. (1) d-XL,,, c =% .
2) d-XL,ppSF N %
(3) d-XL,,, - SA(F).
(4) d-XLoy < S 7,.
(5) d-X Ly S %;.
(6) d-X Ly, - S HB(F,).

Proof. (1), (2), and (5) are clear from Lemma 5.1 and the relation between the
language-theoretic operations and topological families (Proposition 1.2).
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(4) can be shown just as the inclusion f-XL;,, « €%, in Lemma 4.7(2), using (1).

To show (3) and (6), consider an arbitrary deterministic X-automaton ./ and
a family 2 of state sets for /. Then L, —(, Z2)=)pcs [ L, (S, {Q})— L, (o,
{0—D})]. Now d-XL,,, - =%B(#) and d-X L., - = B(F,) follow from (1), (2), (4)
and (5). O

Corollary 5.3. (1) 0*1.{0, 1}*edr-XL,,,  —d-X L, < .
(2) (0*1)?edr-X Ly —d-X Ly <
(3) {0, 1}*.1°edr-X L,y < —d-XL,, .

Proof. Clear from Example 2.6, Lemma 5.2, and Proposition 1.3. [
Lemma 54. {0, 1}*—0*1.0°edr-XL,,, - —d-X L4~ -

Proof. Let K=1{0, 1}*—0*1.0°=0"U0*10*1.{0, 1}*.

Let o/ be the deterministic real-time FS-automaton with state set Q= {qo, g1, 42}
and transitions (g;, 0, true, g;, A) for i€{0,1,2}, (g;, 1, true, ¢;+, A) for i€{0, 1}, and
(g2, 1, true, g2, A). f @={{qo}, Q}, then L,,, - (o, Z)=K.

On the other hand, assume that Ked-XL,,, .. According to Lemma 5.2(2), d-
XLy~ SF A %. Thus, assume that K is of the form adh(L,)n L,.{0, 1}* for finitary
languages L, and L,. Since 0°eK <= L,.{0, 1}, we have 0"eL, for some neN. On
the other hand, 0"10*1.0°< K <adh(L,), so pref(0"10*)< pref (L;). Consequently,
0"1.0°<adh(L,)nL,.{0, 1}*=K; a contradiction.

We now present the next main result, the full diagram for the families d-XL, ,.

Theorem 5.5, (1) The diagram of Fig. 4 holds.
(2) The same diagram holds for the families dr-XL, ,.

Proof. (1): The inclusions (< rather than <) for the families d-X L, , can be obtained
from the finite-state case (Proposition 2.10) using our characterization in terms of
inverse transductions (Theorem 3.3(2)). The strictness of the inclusions d-X L,,, < =d-
XL, ~<=d-XL,,, -, and the incomparability of d-XL,,, < and d-XL;, . follow
from Corollary 5.3 and Lemma 5.4.

d_XLinf, c

d-XL —» d-XL — d-XL \" d-XL,

ran, c ran,n ran, = inf, =

\ d-XL

Fig. 4. Inclusion diagram for deterministic automata.

inf,n
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d-CTR?L;

inf, e

T \" d-CTR?Ly,, .
\ d-CTR?L

inf,n

d-CTR?L — d-CTR?L

ran,c ran,n

— d-CTR*L . .

dr-CTR*Ly; .

Th—
\

—dr-CTR?L,,, , —a= dr-CTR*L,,, . dr-CTR?Lypy,.

\ dr—CTRsz[‘ i

Fig. 5. Inclusion diagram for CTR?, also valid for CTR*.

dr-CTR2L

ran, c

(2): For dr-XL, , the inclusions can be obtained using the characterization in
Theorem 4.4(3). O

The diagram for the families d-X L, , and the one for the families dr-X L, , can be
combined into one figure. In general, the inclusion dr-XL, ,=d-XL, , can be an
equality as for FS [Lemma 2.9(2)] and for the storage type U which is studied in
Section 6 (see Theorem 6.3). Since the w-language BIN, given in Section 4 belongs to
d-CTR*L,,, < but not to r-CTR*L,,, - (see Lemma 4.18 and its proof), the diagram
of Fig. 5 holds for the storage type CTR? (as well as for CTR*).

The infinitary behaviour of deterministic machines was studied in several places.
We mention pushdown automata [23, 7], Turing machines [40, 8], and Petri nets [5].

Unfortunately, the results that were obtained in these papers concerning the
relative strength of the acceptance types do not follow directly from Theorem 5.5,
because several different choices with respect to determinism and acceptance were
made. We mention some of the differences.

In [7] pushdown automata are required to be total (“have the continuity property”),
in the “global” sense that they should have an infinite run on each possible input
(reading all letters). It is explained in that paper that this influences only the class
d-PDL,,, . In fact, with this requirement d-PDL,,, < and d-PDL,,, . become “com-
plementary” families (see the discussion preceding Definition 5.7). Thus, with the
exception of the family d-PDL,,, -, our families (and the relations between them) are
the same as those of Cohen and Gold.

As explained before, the acceptance conditions in [40] do not require a machine to
read all its input. Nevertheless, the relations (but not necessarily the families) obtained
by Wagner and Staiger for deterministic Turing machines are the same as the ones
from Theorem 5.5, except again for the acceptance type (ran, m).

For Petri nets our definition of determinism is not the usual one. In general, the
definition of determinism can be weakened in a natural way. A first alternative is to
require that for no configuration ¢ there are two transitions (¢, a;, f;, qi, @i, w;),i=1,2,
with a, =a, or a, = A, such that, for both i=1 and i=2, u(f;){c)=true and p(p;){c) is
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defined. For Petri nets (cf. [5]) this alternative is further weakened by restricting the
requirement to configurations c that can be reached from the initial configuration of
the automaton. Although this notion of determinism is weaker than the one we use, it
is still stronger than a “global” notion of determinism which requires that there is at
most one infinite run on each input.

Rather than confusing the reader with several notions of determinism treated at the
same time, we have chosen to illustrate our techniques using one, classical, definition.
We believe that similar results can be obtained for other, “reasonable”, definitions of
determinism, since the constructions used in the proof of our main characterization
result (i.e., in the proofs of Lemmas 3.1 and 3.2) do not introduce nondeterminism.

For finite-state automata the expressive power of determinism can be read from
Proposition 2.10: deterministic automata are as powerful as nondeterministic auto-
mata for the acceptance types (ran, <), (inf, <), and (inf, =), but they are less powerful
for the remaining three acceptance types. We compare deterministic and nondeter-
ministic automata in the next result.

Equivalence for the acceptance types (ran, ) and (inf, ) turns out to be a rare
property of storage types.

Theorem 5.6. (1) d-XL,,, XL, ~, d-XL,yn = XL,y =, and d-X L, < XL,y .
(2) If BC< X, then, additionally, d-X L, c € XLyyp <, and d-XLiy c € XLy <.

Proof. (1): Follows quite casily from Theorems 5.5 and 3.5.

(2): The strictness of these inclusions follows from the fact that d-XL,,, < and
d-XL;, c do not contain all regular w-languages (Corollary 5.3), whereas XL,,, <
and XL, c do (Theorem 3.12). [

Note that the case (inf,=) is left open. It is known that the inclusion d-
XLy - SXLiy - is proper for pushdown automata and Turing machines [7, 8].
A way to obtain a general result would be to give an w-language not in Z(%,) which
is included in XL;,, - (under some assumption for the storage type X). In [31] the
families of w-languages accepted by Turing machines are investigated in the Borel
hierarchy as well as in the arithmetical hierarchy for w-languages. It is explained that
the family of w-languages (inf, =)-accepted by nondeterministic Turing machines is
not included in any family of the Borel hierarchy (cf. the closing remarks of Section 3
in [317). This indicates that the strictness of the inclusion considered can be proved by
topological means.

For some of the specific storages studied in the literature it was observed that the
families d-X L, - are closed under complement, and that the families d-XZ, < and
d-XL, . are “complementary”, i.e., one contains the complements of the w-languages
of the other. This is due to the fact that deterministic automata are often assumed to
be total, i.e., they should have a run on every possible input. Since we do not have this
requirement we cannot directly derive such a result for arbitrary X-automata. Instead,
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we use the following notion which previously has been quite helpful in complementing
the finitary languages accepted by deterministic X-automata (cf. [11]).

Definition 5.7. Let X =(C, C,,, P, F, u) be a storage type. X with infinite look-ahead,
denoted by X, 4, is the storage type (C, Cin, P', F, 1), where P'=P U {inf (/) |« is an
X-automaton}, with p/(x) = u(x) for each xe PUF, aud g’ (inf (/))(c) = true if and only
if there exists an infinite run of .« on A starting it (qin, A, ¢), where g, is /s initial
state.

Note that a deterministic X, s-automaton may use tests inf(s/), where o/ is
nondeterministic. Similarly, for real-time automata: a real-time X, -automaton may
use tests inf (<), where .&/ has A-transitions.

Lemma 58. Let L=X? (1) If Led-XL, —, then X¥-Led-X AL, -.
(2) If Led-X L, c, then 2-Led-X , o Liys -
(3) If Led-X Ly, then 2°-Led-X , 5 Liyy. <.
(4) Analogous results hold for the corresponding families dr-X L, , and dr-X ,pa Ly .

Proof. Let .o/ =(Q, 2, J, ¢in, Cin) be a deterministic X-automaton.

(1): The complement with respect to 2¢ of the w-language L, - (o, Z) is equal to
L, _(«#/,22—2), provided for each w-word in X there is a run of .27 on this w-word.
Using infinite look-ahead, o/ may be transformed in such a way that it satisfies this
property. We add a special state gg,; to o/, together with transitions (ge.;, a, true,
Grain» A) for ae 2, to which we will lead all “unsuccessful” runs.

There are several possibilities for the behaviour of .«/ on a given input u to be
“unsuccessful”.

(a) o7 blocks due to an undefined instruction. We can avoid that by testing the
instruction as follows. For ¢eF*, consider the X-automaton %(¢) consisting of two
states go and g, (of which g, is initial), and having two transitions (go, A, true,
Groop> @) A0d (Gioop, A, trte, qioop, A). The X-automaton #(¢p) has an infinite run on
A starting in (qq, A, ¢) if and only if u(p)(c) ts defined. Now replace in &/ each
transition (q, a, f, ', ¢) by the transitions (q, a, BAinf (%(¢)), ¢, ¢) and (g, a, A
—inf (B(®)), gran> A)-

(b) 7 has an infinite run on a finite prefix of u. We replace in .o/ each transition
(g, a,0,q, @) by the transitions (g, a, BATinf(L(q)), ¢, ¢) and (q, a, BN inf (L (q)),
Grail» /\), Where o7 (g) is the X-automaton that equals .o/, except that its initial state is g.

(c) As a last possibility, </ may block because in some instantaneous description
there are no “useful” transitions: the present configuration satisfies none of the tests of
the transitions that start in the present state (with a suitable input). To take care of
this, we construct new transitions leading to g,;; whenever such a situation occurs.
For a state g of .7 let f8,(gq) be the disjunction of all tests in A-transitions starting in
state ¢; this means that the automaton can make a A-step in some instantaneous
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description (g, x, ) if and only if u(f8,(q))(c)=true. Similarly, we define f,(q) for each
letter @ in X. We add to o/ for each state ¢ and each aeX the transition
(@, a1 BA(@ A1 Ba(q)s Grairs A)-

It is important to note that this construction does not change the (o, p)-accepted
w-language of .o/ with respect to &, when (g, p) # (ran, M); these acceptance types can
be used to single out those runs which do not enter the state g, (or, equivalently,
which do not enter g;,; from some moment on). This is not true for (ran, m)-
acceptance: a run may first enter some “accepting” state and reach g;,; afterwards; this
leads to an accepting run which originally did not exist.

(2) and (3): For (inf, <) and (inf, m)-acceptance we may assume that we have
a single state set D with respect to which we accept runs (see Lemma 2.7). We have
demonstrated above that we may assume that .o/ has a (unique) run on each w-word
from X, but then 2°— L, (<Z, {D}) is equal to L;, c (7, {Q—D}).

(4): Note that we have introduced no A-transitions in the above construc-
tion. A-transitions were only used in the look-ahead automaton Z(¢), which is
allowed. (O

Note that if X, can be simulated by X (and this holds, ¢.g., for X=FS and
X = PD), then Lemma 5.8 shows that d-X L, _ is closed under complement, and that
d-XLi, < and d-XL,, ., contain the complements of each others w-languages. In
Section 6 we need this property for a specific storage type.

Remark 5.9. It is perhaps interesting to note that using look-ahead every determinis-
tic automaton ./ can be transformed into an equivalent deterministic automaton
having finite delay. This is done by adding to each transition starting in a state g, the
test —inf (7 (q)), where o/ (g) is the automaton that equals ./ except that its initial
state is ¢. Obviously, this implies that d-X L, ,=df-X ;5 L, ,. Using Corollary 4.8, we
then reobtain 0*1-{0, 1}°¢d-XL,,, c and (0¥1)°¢d-XL,,; <.

6. A universal storage type

In this section we study a storage type of “maximal power”, in the sense that it can
be used to simulate any other storage type. We show that most of its families of
accepted w-languages coincide with the families from the Borel hierarchy which were
used in Section 5 as topological upper bounds (Lemma 5.2). This illustrates within our
framework the strong connections that hold between acceptance types and topologi-
cal families.

Similar results were obtained by Arnold (in [1]) for the more general framework of
transition systems. (They were reobtained in an elegant way in [30] using the relation
between deterministic and nondeterministic systems.) Considered in [1] are the
acceptance types (ran, <), (inf, <), and (inf, m) — somewhat reformulated to deal with
a possibly infinite number of states — for various kinds of transition systems. It should
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be intuitively clear that deterministic, finitely branching, and countably branching
transition systems (as defined in [1]) correspond, in our framework, closely to
automata that are deterministic, have finite delay, or are unrestricted, respectively.
Note that the definition of transition system given in [ 1] does not allow A-transitions,
whereas in our framework the number of transitions applicable to an ID (ie,
the “branching™ of an automaton) is bounded by a constant (depending on the
automaton).

We give the definition of our maximal storage type U. Intuitively, a U-atomaton
has a storage consisting of a one-way write-only tape. The automaton can test, for any

finitary language, whether or not the finite word on its tape belongs to the language.

........ J ianguagy, 1AV H woige © C ULV Clallgia

Decfinition 6.1. The universal storage type U equals (I'*, (A}, P, F,u), where I
is a fixed infinite set of symbols, P={inK|K<X* for a finite XTI},
F={store(x)|xel'*}, and, for ceI'*, u(in K)(c)=true iff ceK, and u(store(x)}(c)=cx.

Lemma 6.2. For every storage type X, X <, U.

Proof. Let X=(C, Ci,, P, F, u), let .# be a deterministic X-transducer with initial
configuration ¢;,, and let D be a set of states of .#. We will construct a deterministic
U-transducer .4’ (with the same state set as .# ) such that T, (.#, D)=T,(.#’, D). The
main idea behind this construction is to use the configurations of U to store the
sequences of instruction symbols that are performed by .# and to encode, in a suitable
language, those sequences that lead to a configuration in which a given test is satisfied.

Let F, be the (finite) subset of F of instruction symbols that are used in .#. With-
out restriction, we may assume that F, is included in I, the alphabet of U.
Let, for @eF*, Def(p)={yeF% |u(y.¢)(cy) is defined} and, for peBE(P), let
True(f)={WeF % |c=pn)(c;) is defined and u(B)(c)=true}. Now .#' is obtained by
replacing every transition (q, a, 5, ¢, @, w) of .4 by the transition (q, a, in True(f) A
in Def (@), q', store(p), w).

Clearly, if .# is real-time, then sois .#’. O

In particular, we have U, <,U and, consequently, dr-UL, ,=dr-U,s L, ,
(Corollary 4.13). This will be useful in the proof of the following result.

Recall that for families #° and ¥ of w-languages we use 4 A% to denote
{KnL|KeX', Le#}, and #(A") to denote the Boolean closure of the family 7",

Theorem 6.3. (1) dr-UL,,, < =d-UL,,, c =%.
2y dr-UL,,, =d-UL,, . =F N%.
(3) dr-UL,4n, - =d-UL,,, - = B(F ).
(4) dr-UL;y c =d-ULyy c =F,.
(5) dr-UL;,p =d-UL;;  =%;.
(6) dr-UL;,; - =d-ULy;y - = B(F,).



44 J. Engelfriet, H.J. Hoogeboom

Proof. The topological upper bounds follow from Lemma 5.2. We prove the inclusion
of the six topological families in the respective families of w-languages accepted by
deterministic real-time U-automata.

(I) and (5): Let K<X* and let &/ be the U-automaton with transitions
(g:»a,in K, q,, store(a)) and (q;, a,1in K, qo, store(a)) for aeZ, ie{0, 1}, and with
initial state ¢,. For this automaton we have L, (<7, {{q,}})=1lim(K). This shows
that ¥, <dr-UL,,, . (see Proposition 1.2).

If, additionally, K=pref(K), then L., (<, {{q,}})=adh(K). Since for every
language K, adh(K)=adh(pref (K)), the assumption K = pref (K ) is no loss of general-
ity. This shows that # =dr-UL,,, <.

(2: Let K,L<=X* and let # be the U-automaton with transitions
(g0, a,in L, qo, store(a)), (qo, a,in L, q,, store(a)), and (¢, a,in K, q,, store(a)) for
acX, and with initial state gqo. If K=pref(K), then L, (<, {{q:}})=
L.2°nadh(K). This shows that # A9 cdr-UL,,, -.

(3): In order to show the inclusion #(# )=d-UL,,, -,we demonstrate that # =dr-
UL,,, -, and that dr-UL,,, - is closed under the operations complement and union.
Since dr-UL,,, < =dr-UL,,, - [Theorem 5.5(2)], the inclusion & <dr-UL,,, - fol-
lows from (1). The closure of dr-UL,,, - =dr-U s L. = under complement is a con-
sequence of Lemma 5.8. So, it remains to prove the closure of dr-UL,,, - under union.
This is done as follows. Given two deterministic real-time U-automata <7 and &/, we
construct a deterministic real-time U x U-automaton .7 as the product of &7, and <7,
in an obvious way. If we assume that both .7, and ., have a run on each input word,
then we may use Lemma 2.8 to find for each family 2; a family 2] such that
Low = (i, @)= Lysn. = (A, Z}). According to the proof of Lemma 5.8, it is no restric-
tion to make this assumption. But then L., —(&,,Z )Vl (A2, D2)=
Lypn = (A, D270%5). Since UxU <, U (Lemma 6.2) this proves the closure of
dr-UL,,, - under union (Corollary 4.13).

(4): F,<dr-UL;, « follows by complementation from (5) (see Lemma 5.8).

(6). For the inclusion #(#,)<=dr-UL,,, - we use an argument analogous to the
one in (3). [

Note that these classes are related by the diagram of Fig. 4. Note also that for
automata accepting finitary languages U is of no interest: every finitary language can
be accepted by a deterministic U-automaton.

According to the previous result, in the deterministic case the maximal power of
U can be expressed as a topological family, depending on the acceptance criterion.
Also the deterministic U-transductions are of topological significance (cf. [33]), as
shown in the next result.

Theorem 6.4, (1) dr-UT=d-UT equals the family of continuous functions with domain
in {qa .

(2) dr-UT,,=d-UT, equals the family of continuous functions with domain
in F.
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Proof. Recall that the function f: Z¥— A® is continuous in a word u if for each meN
there exists neN such that f(u[n].2°)=f (u)[m].A4°.

(a) Clearly, every deterministic transducer defines a continuous function: if
(u, v)e T(.#) for some deterministic transducer .#, and .# outputs the first m symbols
of v on the first n symbols of u, then T(# ) (u[n].2“°)=v[m]. 4%, where X and A are the
input alphabet and output alphabet of .#.

Regarding the domain of transductions, we observe that it is straightforward
to extend Lemma 2.13 to deterministic transductions. Hence, dom(d-UT)=d-
UL,s.=%;,and dom(d-UT,)=d-UL,,, c =%.

(b) We now have to show that every continuous function (with a suitable domain)
can be implemented as a deterministic real-time (w-preserving) U-automaton. We will
do this in an indirect way by using the storage type FUNC(f, K), which allows one to
simulate functions in a simple way, rather than the storage type U. The result then
follows since by Lemmas 6.2 and 4.11, dr-FUNC(f, K)T,<=dr-UT,, and dr-
FUNC(f, K)T<dr-UT.

For a given function f:X“—A4“ and a language K<ZX* the storage type
FUNC(f, K) is given by (2* x 4*, {{A, A)}, P, F, ), where P contains the predicate
symbols next(b), for every beZ, nonext, and in K, and F contains the instruction
symbols store, (a), for every aeZ, and store,(b), for every beA. The meaning of these
symbols is given by

u(next(b))(x, y)y=true iff f(x.Z°)=y.b.4°,
u(nonext)(x, yy=true iff there is no be4 such that f(x.Z°)=y.b.A°,
win K)(x, y)=true iff xeKk,

p(store,(a))(x, y)=(x.a, y)

and, similarly,

pu(store; (b)) (x, y)=(x, y.b).

Let .# be the deterministic real-time one-state FUNC(f, K)-transducer with the
transitions (q, a,1in K, g, store,(a), A), (g, a, in K A next(b), q, store,(a)store,(b), b),
and (q, a, in K A nonext, q, store,(a), A), for acX and beA.

(b.1) Note that .# can only output a letter if the prefix of the input which has been
read belongs to K. Hence, the domain of T(.#) is included in lim(K). On the other
hand, if fis a continuous function with domain lim(K), then the continuity will
guarantee that infinitely often for some appropriate be A the test next(b) is satisfied.
Hence, .# then realizes the function f: T(.# )= {(u, v)|uelim(K), f (u)=v}. This proves
(1) of the theorem.

(b.2) Assume now that fis a continuous function with domain adh(K) in #, and
assume that the language K is prefix closed. We transform .# into an w-preserving
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transducer by omitting the transitions (g, a,1in K, g, store, (a), A),ac2. Again .4
realizes f: T(#4 )= {(u, v)jucadh(K), f(u)=v}. This proves (2) of the theorem. [J

We now turn to nondeterministic U-automata.
Theorem 6.5. UL, , equals the family of continuous images of %s-sets.

Proof. Since, according to Theorem 3.11 and Lemma 6.2, all families UL, , are equal,
it suffices to consider one of them. On the one hand, by Lemma 3.8, UL, , = HOM (d-
ULy, ~)<=dr-FST(d-UL,, ). This implies that each set in UL, is the continuous
image of the intersection of two %;-sets: the domain of the transducer [see Theorem
6.4(1)] and the d-UL,,, . set (Theorem 6.3) which again is a %,-set.

On the other hand, again by Theorem 6.4(1), the continuous images of ¥;-sets are
exactly the ranges of deterministic real-time U-transductions. We have the inclusions
ran(dr-UT)Sran(UT)=UL;; - [cf Lemma 2.13(1)]. O

Continuous functions on w-languages were studied in [33], where they were called
sequential mappings. The continuous images of %;-sets are known under the name
analytic sets (or Souslin sets, sets of first projective class) in the literature. They are
equal to the continuous images (or projections) of the Borel sets.

Since O x U <, U, the relations between the families r-UL, , and f-UL, , are
already given in Theorem 4.17. Now we are able to give the exact topological
characterizations of these families (cf. Lemma 4.7).

Theorem 6.6. (1) r-UL,,, c =f-UL, . c=%.
(2) r-ULyyy e =t-ULjyy. c =7,.
(3) r'ULinf,m =f'ULinf,r1 = ULinf.r‘l -

Proof. The topological upper bounds -UL,,, « =& and f-UL;, <« €&, follow from
Lemma 4.7. The converse inclusions # =r-UL,,, < and #,<=r1-UL,,, c are shown in
Theorem 6.3.

The equalities in (3) follow from Theorem 4.17 (and Lemma 6.2). U

The relations between acceptance types and topological families were considered in
this paper at a rather elementary level, as a simple technical tool to provide us with
examples to prove the strictness of some inclusions. A deeper study of the w-languages
accepted by Turing machines, and their relation to the arithmetical hierarchy from
recursion theory and the topological Borel hierarchy is presented in [31]. In [37]
a common framework underlying these two hierarchies is presented, with some
explicit comments on the technical differences between the classical definitions and
their adaptation to language theory (where finite alphabets and w-words take the
place of natural numbers and number-theoretic functions). It also contains variants of
these hierarchies based on regular w-languages.
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7. Logical acceptance criteria

In this paper we have studied, within a common framework, the acceptance of
w-languages for several types of automata. We have illustrated our methods by
investigating both unrestricted automata, as well as some restrictions like real time
and determinism. We did not succeed in deriving all related results from the literature
using our general approach, but some interesting phenomena (such as the strictness of
the inclusion diagrams for real-time and deterministic automata) could be generalized
to X-automata.

The acceptance types (o, p) we have used are the six conditions one usually finds in
the literature. The reader may wonder whether this choice is not too restrictive:
certainly, there should be other, natural, acceptance conditions that cannot be
expressed as some property of the range or the infinity set of the state sequence of
a run. If this were true, then a broad framework for studying the acceptance of
w-languages should not only allow arbitrary storage types but also a general notion
of acceptance.

If we restrict the acceptance criterion to be a property of the state sequence of a
run (including the contents of the storage will change the theory radically), it is
natural to require that this property can be expressed in some well-defined formal
language.

A well-known language for specifying properties of infinite sequences (i.e., w-words
over some alphabet) is Biichi’s sequential calculus, a monadic second-order logic [3].
This logic is powerful enough to express each of the (o, p)-acceptance types (even as
first-order formulas). We will show in this section the converse of this fact: for
X-automata all acceptance criteria definable in the sequential calculus will give
w-languages inside X L, - ,1.e., {inf, =)-acceptance is as powerful as monadic second-
order acceptance. This generalizes one of the results from [19], stating that first-
order acceptance is as powerful as (inf, =)-acceptance for finite-state automata, in two
respects: we consider second-order formulas for X-automata rather than just first-
order formulas for finite-state automata.

For a fixed alphabet A, we will denote Biicht’s sequential calculus here by MSO 4 its
formulas will be referred to as A-formulas.

MSO, contains variables i,j, k,... (ranging over N) and set-variables U, V,...
(ranging over 2™), used to indicate positions, and sets of positions, respectively, in an
w-word. The terms of MSO , are constructed from the constant 0 and the variables
i,j,... by applying the successor-function + 1.

The atomic formulas of MSO 4 are of one of the forms ¢, <t,, t, €U, or P,(t,), where
t; and t, are terms, U is a set variable, and aec 4. Here < and € have their usual
meaning; P,(m) means that the mth letter of the w-word equals a. From these atomic
formulas we construct the 4-formulas in the usual way using the connectives —1, V,
A, —, and the quantifiers 3 and V (for both types of variables).

First of all (as in the work of Biichi [3], see also the exposition in [36]) such
a formula can be used directly to specify a property of w-words and, consequently, to



48 J. Engelfriet, HJ. Hoogeboom

define the w-language consisting of the w-words that satisfy the formula. On the other
hand (as is done in [19]), the formula may also be used in an indirect fashion to define
w-languages by specifying an acceptance condition for an automaton, i.e., by specify-
ing accepting state sequences of runs.

We will give the corresponding formal definitions.

Let 2 be an alphabet. For a closed X-formula ¢ of MSO;, the w-language defined by
@ equals L(p)={uecX®|u satisfies ¢}. We use MSOL to denote the family of these
mso-definable w-languages.

Given an X-automaton «/ with state set Q and input alphabet Z, and a closed
Q-formula ¢, the w-language @-accepted by o/, denoted by L(<Z, ¢), is {ueX®| there is
a run of o/ on u of which the state sequence satisfies ¢}. For any collection & of
monadic second-order formulas, X L, is the corresponding family of w-languages that
can be accepted by X-automata using monadic second-order formulas from @; in
particular, XL, and XL, are the families where all mso formulas are allowed,
respectively, where only first-order formulas are allowed (i.e., the ones not involving
set variables).

As an example, the w-language (0*1)® is defined by the {0, 1}-formula
Vidj (j>iA Py(j)). All the (o, p)-acceptance types are mso-expressible; e.g., if .« is an
X-automaton with state set Q, and % is a family of state sets for .o/, then
Lins, - (4, 2)=L(, @), where ¢ is the formula

\/ /\ (@eDVidj(j>iAP,(j))).

De% qeQ

From the results of Biichi and McNaughton [3, 25] we know that the family of
mso-definable w-languages coincides with the family of regular w-languages. On the
other hand, when considering logical formulas to specify acceptance conditions, one
of the results obtained in [19] shows that also the w-languages accepted by determin-
istic finite-state automata using a first-order definable acceptance condition are
exactly the regular w-languages.

Proposition 7.1. (1) d-FSL;,; - =FSL;,; - =MSOL.
(2) d'FSL,'nJ" == d'F‘SLf0 .

As already stated in the introduction above we will extend the result of [19] to
monadic second-order acceptance for arbitrary storage types. For the storage type FS
the equality FSL;,, - =FSL,,, can be shown directly with a simple variation of the
ideas used by Biichi and in [19]. We will prove the result for arbitrary storage types by
applying Biichi’s characterization and the decomposition technique we have used
before.

Theorem 7.2. (1) XLy - =X Lo
(2) d-XLinf' == d'XLmso .
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Proof. (1): The equality is shown using a series of inclusions.

(i) XLy, - =X Linso- As we have seen, the property “for one of the sets DeZ each
state occurs infinitely often if and only if it belongs to D” is monadic second-order
(and even first-order) expressible.

(i) XL SXT,;(MSOL). As in the proof of Lemma 3.1, an X-automaton
o/ (with state set Q) can be transformed into an X-transducer .# with the same
behaviour as .o/ except that it outputs its state in each transition. Any Q-formula
acting as acceptance condition for .« can now be tested on the output of .#:

L(o, @)= {ueX®|there is a run of .&/ on u of which the state sequence
satisfies ¢}

={ueX|there is a run of .# on u with output satisfying ¢}
=T AM)L(p)).

(i) XT, ' (MSOL)=S XT5'(FSL;,, -). This is due to Biichi’s characterization
[Proposition 7.1(1)].

(iv) XT 5 ' (FSLy,;.-)= XLy, -, by Theorem 3.3.

(2): The proof of the deterministic case is analogous. [

Corollary 7.3. FSL,,.,=MSOL.
Proof. Take X =FS in Theorem 7.2 and combine with Proposition 7.1(1). [J

Also some of the other characterizations given in [19] can be extended to X-
automata. Let IT, be the subset of closed first-order formulas of the form
Vi . Vi 3j1.c.3ju Wiy e iy j1s---Ju), Wwhere y(--+) is a formula without quantifiers, and
let d-XL,;, and IT,L be the corresponding subfamilies of d-XL,., and MSOL,
respectively. Then it is shown in [19] that d-FSL;,; =d-FSLy,.

Using this equality, the corresponding equality d-X L, ., =d-XL,,, for X-automata
can be obtained using a series of inclusions like those given in the proof of Theorem
72.0Onehasd-XL,, =d-XL, =d-XT,'(I1,L)=d-XT ;"' (d-FSL;,; . )=d-XLi,s .,
where the inclusions are shown as before, except that we need a new argument for the
inclusion /1, L=d-FSL;,; ., which replaces Biichi’s characterization in this proof. By
the result of [19] it suffices to prove the inclusion I1,L<d-FSLy,.

Let ¢ be a Z-formula in II, for some alphabet 2. We will construct a FS-
automaton with a IT,-acceptance condition accepting L(¢p). Similar to the proof of
Lemma 3.1, consider the deterministic finite-state automaton Z=(2u{q°}, X, d,, ¢°,
c0) with ¢°¢2 and 6,= {(¢', 0, true, 6, A)|oc’'eZU{q"}, g€ X'}. One easily sees that for
ue X, the state sequence of the corresponding run r of Z on u equals q°u (i.e., it equals
u except for the initial ¢°). Let ¢’ be the formula that one obtains from ¢ by changing
each predicate P, () into P,(t+1). Then u satisfies ¢ if and only if ¢°u satisfies ¢’. This
implies that L(p)=L(%, ¢').
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Similarly, for the subclass IT, of closed first-order formulas of the form
Viy...VipY(iy,..., iy), the characterization d-FSL,,, < =d-FSL, from [19] leads to
the same result for X-automata.

It would be interesting to develop a theory of X-automata with a general
notion of acceptance. As suggested above one could define the notion of acceptance
criterion to be a set ¢ of MSO formulas, satisfying certain natural conditions. These
conditions should be taken in such a way that one could prove, e.g., the analogue of
Theorem 3.3.
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