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Abstract

For a graph G we define k-labeling p such that the edges of G are labeled with integers {1, 2, ..., k.} and the vertices of G are
labeled with even integers {0, 2, ..., 2ky}, where k = max{k,, 2k, }. The labeling p is called a vertex irregular reflexive k-labeling
if distinct vertices have distinct weights, where the vertex weight is defined as the sum of the label of that vertex and the labels of
all edges incident this vertex. The smallest k for which such labeling exists is called the reflexive vertex strength of G.

In this paper, we give exact values of reflexive vertex strength for prisms, wheels, fan graphs and baskets.

Keywords: Vertex irregular reflexive labeling; Reflexive vertex strength; Prism; Wheel; Fan graph

1. Introduction

All graphs considered in this article are connected, finite and undirected. A graph G consists of a vertex set V(G)
and an edge set E(G) or just V and E when the graph G is clear. The graphs are also simple though they have their
origin in multigraphs. In [1] the problem was posed “In a loopless multigraph, determine the fewest parallel edges
required to ensure that all vertices have distinct degree”. In terms of simple graphs the problem becomes a graph
labeling problem in which the number of parallel edges is represented as a positive integer on an edge and irregularity
requires that the sum of all edge labels at vertices be pairwise distinct. The problem may be now expressed “assign
positive values to the edges of a simply connected graph of order at least 3, in such a way that the graph becomes
irregular. What is the minimum largest label over all such irregular assignments”? This minimum largest label is
known as irregularity strength. Finding the irregularity strength of a graph seems to be hard even for graphs with
simple structure, see [2—7].
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Once the problem was considered as an edge labeling it is a simple step to pose it as a problem in total labeling
in which both vertices and edges are labeled. This was first introduced by Baca et al. [8] where the authors defined
vertex weight as the sum of all incident edge labels along with the label of the vertex. Now the problem is the same
as in paragraph 1 except that the positive values are ascribed to both vertices and edges and we can remove the
restriction of the graph being of order at least 3. The question remains one of finding the minimum largest label over
all assignments. Such labeling is known as vertex irregular total k-labeling and total vertex irregularity strength of
graph is the minimum k for which the graph has a vertex irregular total k-labeling. The bounds for the total vertex
irregularity strength given in [8] were then improved in [9,10] and recently by Majerski and Przybylo in [11].

In [12] the authors combined the total labeling problem with the original multigraph problem by identifying the
vertex labels as representing loops. They referred to this labeling as an irregular reflexive labeling. This helped pose
the problem in terms of real world networks but also had an effect on the vertex labels. Firstly, the vertex labels were
required to be non-negative even integers (since each loop adds 2 to the vertex degree) and secondly, the vertex label
0 was permitted as representing a loopless vertex.

For a graph G we define k-labeling p such that the edges of G are labeled with integers {1, 2, ..., k.} and the
vertices of G are labeled with even integers {0, 2, ..., 2k, }, where k = max{k., 2k,}.

Specifically, under a total labeling o the weight of a vertex u, denoted by wt,(u), is defined as

wiy@) = p) + Y puv)

uveE(G)
while the weight of an edge uv, denoted by wt,(uv), is defined as
wt,(uv) = p(u) + p(v) + puv).

A labeling p is said to be a vertex irregular reflexive k-labeling (resp. edge irregular reflexive k-labeling) if for
u,v € V(G)is wt,(u) # wt,(v) (resp. fore, f € E(G) is wt,(e) # wt,(f)). The smallest k for which such labelings
exist is called the reflexive vertex strength (resp. reflexive edge strength).

In this paper we provide exact values for the reflexive vertex strength for prisms, wheels, fans and baskets.

2. Vertex irregular reflexive labeling of prisms

Before we give the exact value of reflexive vertex strength for prisms we first prove one auxiliary lemma.
Lemma 1. The largest vertex weight of a graph G of order p and the minimum degree § under any vertex irregular
reflexive labeling is at least

. p+5—1if p=0(mod 4), p=1 (mod 4)and § =0 (mod 2), or p =3 (mod 4) and § =1 (mod 2),

2. p + § otherwise.

Proof. Let f be a vertex irregular reflexive labeling of a graph G of order p and the minimum degree é. Let us denote
the vertices of G by the symbols vy, vy, ..., v, such that wt(v;) < wty(viyq) fori =1,2,..., p—1.
Then the vertex weight of a vertex v; is

wipu) = f)+ Y fav) =0+ Y 1z

uv; €E(G) uv;€E(G)

As the vertex weights are distinct we get
wtr(vp) > wtp(v)+p—-1=p+§—1.

Let us consider that wts(v,) = p + 6 — 1 which means that
{fwtru):i=1,2,...,p}={66+1,....,p+6—1}.

Thus the sum of all vertex weights is

P P
Zwlf(vi)z E G+i—1= w_
i=1 i=1
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Evidently, this sum must be an even integer as

Zwtfw)—Zf(v)H > [

¢€E(G)
and every vertex label is even. Thus

p(p+28—1)=0 (mod 4),

but it is not possible if p = 1 (mod 4) and § = 1 (mod 2), p = 2 (mod 4), or p = 3 (mod 4) and § =
0 (mod 2). O

For regular graphs we immediately deduce the following corollary.

Corollary 1. Let G be an r-regular graph of order p. Then

—1
[%—‘ if p=0,1 (mod 4),
G) >
rvs(G) > ptr .
1 if p=2,3 (mod 4).
p

The prism D,, n > 3, is a trivalent graph which can be defined as the Cartesian product P,[JC,, of a path on two
vertices with a cycle on n vertices. We denote the vertex set and the edge set of D, such that V(D,) = {x;,y; : i =
1,2,...,n}and E(D,) = {x;iXj41, yiyi+1, X;yi : i = 1,2, ..., n}, where indices are taken modulo n.

Theorem 1. Forn > 3,
rvs(D,) = ('ﬂ + 1.

Proof. As the prism D, is a 3-regular graph of order 2n, by Corollary 1 we obtain that rvs(D,,) > |_§-| + 1.
We define the total labeling f of D, in the following way

fGi)=fi)=0 i=1,2....[4]+1L
f&)=fOo)=1%] i=(§-|+2 [2]+3,..
andn =0,3 (mod 4),
fa)=fo)=[4]+1 i=[%]+2[%]+3,....n
andn=1,2 (mod 4),
Sxixip) =1 i=1,2,....,n—1,
flxx,) =1,
FOivie) =[4]+1 i=1,2,...,n—1,
fOuy) =[%]+1,
flxiyi) =i i=1,2....[53]+1,
Fos =i = [4] =44 2[4 43

andn =0,3 (mod 4),
=[%]+2[4]+3.....n
andn=1,2 (mod 4).

~.

faiy) =i—1-[4]

Evidently f is ([ %] + 1)-labeling and the vertices are labeled with even numbers.
For the vertex weights of the vertices x;,i = 1,2, ..., |_§-| + 1 in D, under the labeling f we have

wtp(x)=0+1+14+i=i+2.
Ifi=[%]+2[%]+3,....nandn = 0,3 (mod 4) then
wip) = [§]+1+1+ (- [5]) =i +2
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and fori = |_§-| +2, |_§-| +3,...,nandn = 1,2 (mod 4)
wip(x) = ([8]+ 1) +1+1+(—1-[%])=i+2.
Thus {wts(x;) :i =1,2,...,n}={3,4,...,n+2}.
For the vertex weights of the vertices y;,i = 1,2, ..., n in D, under the labeling f we have the following
iy =0+ (414 1)+ (13 + 1) +i =i+ 242 ]3]
fori=1,2,...,[%]+1

wirGo = [3]+ (51 + ) + ([5]+ )+ (= [5]) =i+2+2[3]
fori =[4%]+2[4]+3.....n, andn=0,3 (mod 4),
wirGo = ([5]+ 1) + (51 + )+ (5] + 1)+ (@~ 1-[3])
=i+2+2[%]

fori = [%—| +2, [%—| +3,...,n,andn=1,2 (mod 4).
‘Which means
fwepi) i =1,2,...,n} = 2[5 +3,2[5] +4,....,n+2[5] +2}

(n+3,n+4,...,2n+2} forneven,
{n+4,n+5,...,2n+3} forn odd.

Thus the vertex weights are all distinct, that is f is a vertex irregular reflexive ([ %] 4 1)-labeling of a prism D,. [

3. Vertex irregular reflexive labeling of wheels

The wheel W,, n > 3, is a graph obtained by joining all vertices of C, to a further vertex called the center. We
denote the vertex set and the edge set of W, such that V(W,)) = {x,x; :i = 1,2,...,n}and E(W,) = {x;Xj41, xXx; :
i =1,2,...,n}, where indices are taken modulo n. The wheel is of order n + 1 and size 2n. We prove the following
result for wheels.

Theorem 2. Forn > 3,

[ fn#2 (mod 8)

Proof. Letn > 3. As §(W,) = 3 then the smallest vertex weight is at least 3. The wheel W, contains n vertices of
degree 3 thus the largest weight over all vertices of degree 3 is at least n 4 2. Every vertex weight of a vertex of degree
3 is the sum of four labels from which at least one is even thus we have

rvs(W,,) > |_"4i2-| .

However, if n = 8¢ 4+ 2, ¢t > 1, we get that the fraction
2] = [84] =20 41

is odd. The number n + 2 = 8¢ + 4 can be realizable as the sum of four labels not greater than 2¢ + 1 only in the
following way

n+2=8t+4=2t+D+Q2t+1D)+Q2t+ 1D+ 2t +1),

but this is a contradiction as the vertex label must be even. Thus, for n = 2 (mod 8) we obtain
rvs(W,) > (”%21 + 1.

Let

R [ ifn#2 (mod 8),
|'”4i21 +1 ifn =2 (mod 8).
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Fig. 1. The vertex irregular reflexive 2-labelings of wheels W3 and Wj.

Let us denote by K the largest even number not greater than R. Thus

o R ifn=23,4,56 (mod 8),
“1R-1 ifn=0,1,7 (mod 8).

For n = 3,4 we get that rvs(W,,) > 2. The corresponding vertex irregular reflexive 2-labelings for W5 and W, are
illustrated on Fig. 1.
For n > 5 we define the total R-labeling f of W, such that

fx) =K,

fx) =0 i=1,2,....,2R+K -2, i<n—1,
fx)=K i=2R+K —-1,2R+K, ..., n,

fix) =[4] i=1,2,....,2R+K~-2,i<n—1,
fxix)=i+3—2R—K i=2R+K—-1,2R+K,....,n—1,

f(xnx) =R,
fexip) =[5]+1 i=1,2,...2R+K—2,i<n—1,
Sxixip1) =R i=2R+K—-1,2R+K,....,n—1,

flxix,) =1

For the weight of vertices of degree 3 under the labeling f we obtain

wtp(x) =0+1+1+1=3,
wipCx) =0+ [5] + (T2 4 1) + (5] 4 1) =i +2
fori =2,3,...,2R+K -2, i <n-—1,
wtp(opik-1) = K +2+ ([BE=S] 4+ 1)+ R=2R+ K + 2,
wtr(x))=K+(G@+3—-2R—-K)+R+R=1i+3
fori =2R+ K,2R+ K +1,...,n—1,
wtp(x,) =K+14+R+R=2R+K+1.
It is easy to see that the weights of vertices x;,i = 1,2,...,n,n > 5and n # 10 are distinct numbers from the set
{3,4,...,n+2}. Forn = 10 we have {wt,(x;) : i =1,2,...,10} ={3,4,..., 11, 13}.
The weight of the vertex x is

n—1

wip(x) = f@)+ Y fix)=K+Y_ fxx)=K+R+ ) fxix)

i=1 i=1 i=l1

>K+R+n-—1.
Evidently, for n > 5, the vertex weights are distinct. [J

A fan graph F, is obtained from wheel W, if one rim edge, say x;x, is deleted. A basket B, is obtained by
removing a spoke, say xx,, from wheel W,. Before we will give the exact value of reflexive vertex strength of fans
and baskets we give the following observation.
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Observation 1. Ler f be a vertex irregular reflexive k-labeling of a graph G. If there exists an edge uv in G such
that

wip(u) — fuv) € {wip(x) :x € V(G) — {v}},
wtr(v) — fuv) € {wtp(x) : x € V(G) — {u}}

then f is a vertex irregular reflexive k-labeling of a graph G — {uv}.

Proof. The proof is trivial. [

Immediately from this observation we get the following corollary.

Corollary 2. Let rvs(G) = k and let f be the corresponding vertex irregular reflexive k-labeling of a graph G. If the
vertex weights of vertices u, v are the smallest over all vertex weights under the labeling f and uv € E(G) then

vs(G — {uv}) < rvs(G).

Proof. Let f be a vertex irregular reflexive k-labeling of a graph G. Let u, v be two adjacent vertices and let the vertex
weights of these vertices be the smallest over all vertices in G. Without loss of generality assume wi (1) < wiz(v).
This means that for every w € V(G) — {u, v},

wip(u) < wip(v) < wip(w). (D
Let g be the restriction of the labeling f on G — {uv}. Evidently

wig(u) = wiy(u) — f(uv),

witg(v) = wt(v) — f(uv),

wt,(w) = wty(w) for every w € V(G) — {u, v}.
Combining with (1) we obtain

wt,(u) = wtp(u) — fuv) < wip(v) — f(uv) = wt,(v) < wtp(w) = wig(w).
Thus, immediately using Observation | we have rvs(G — {uv}) < rvs(G). O

For the fan graph F,, we prove

Theorem 3. Forn > 3,

_ [ ifn#3 (mod 8),
rvs(Fn) = { 141 ifn=3 (mod 8).
Proof. The fan graph F, contains two vertices of degree 2, thus the smallest vertex weight is at least 2. The fan graph
F, contains n — 2 vertices of degree 3, thus the largest weight of a vertex of degree 3 is at least n.
If all vertex weights of vertices of degree 3 are at most n, then one of the vertices of degree 2 has to have weight at
least n + 1 and thus rvs(F,) > f%]. If a vertex of degree 3 has weight greater than n then rvs(F,) > [%]. As we
are trying to minimize the parameter £ for which there exists vertex irregular reflexive k-labeling of F,, we obtain

rvs(Fy) = [,
which can be obtained when both vertices of degree 2 in F,, will have weights less than n.
According to the proof of Theorem 2 and Corollary 2, forn > 5, we get
[242] ifn£2 (mod 8),
[M21+1  ifn=2 (mod 8).

Moreover, we can derive a vertex irregular reflexive rvs(W,,)-labeling of F, from a vertex irregular reflexive rvs(W,)-
labeling of W,,.
Combining the previous facts we have that for n % 2, 3, 7 (mod 8)

rvs(F,) = [

rvs(F,) <rvs(W,) = {
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Fig. 2. The vertex irregular reflexive 2-labelings of fans F3 and Fjy.

and forn =2, 3,7 (mod 8)
[ <rvs(F) < [+ 1

For n = 3,4 we get that rvs(F,) > 2. The corresponding vertex irregular reflexive 2-labelings for F3 and Fy are
illustrated on Fig. 2.

Letn =8t + 3,7 > 1, then (%1 = 2t + 1. As this value is odd we cannot get the number n + 1 = 8¢ + 4 as the
sum of four labels less or equal to 2¢ + 1 from which at least one is even. Thus rvs(F},) = (#] + 1 but in this case

rvs(W,) = [42] =[] + 1

and we are done.

We denote the vertex set and the edge set of F, such that V(F,) = {x,x; :i =1,2,...,n}and E(F,) = {x;x;j4] :
i=12,....n—1}U{xx; :i=1,2,...,n}L

Ifn=8t+2,t>1then ["T“] = 2t + 1. We define a (2t + 1)-labeling of F;, such that

fx) =21,
f(xi)=0 i=1,2,...,6t,
Sxi) =2t i=6t+1,6t+2,...,8t+2,
fx) =1,
faix) =[5 i=2,3,..., 6t
fxix)=i—6t i=6t+1,6t+2,...,8t+1,
fxgpax) =2t + 1,
fixi) =[5 +1 i=12 ..., 6t
Flxixipn) =2t + 1 i=6t+1,6t+2,...,8 +1.

It is easy to verify that the set of all vertex weights is {2, 3, ..., 8t + 3, 8% + 8¢ + 3}.
Ifn =8t +7,¢t > 0then [%] = 2t 4+ 2. We define (2t + 2)-labeling of F), in the following way

f(x)=2t+2,
fGxi)=0 i=1,2,...,6t+4,
fi)=2t+2 i=6t+56t+6,...,8t+7,
flax) =1,
fix) =[5 i=23,...,6t+4,
fix)=i—6t —4 i=6t+5,6t+6,...,8t+6,
fxgip7x) =2t + 2,
flxip) =[52]+1 i=1,2,...,60 +4,
fxixip) =2t +2 i=6t+5,6t+6,...,8 +6.

Evidently the vertex weights are distinct. [

Theorem 4. Forn > 3,
B ifn#3 (mod 8),
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Fig. 3. The vertex irregular reflexive 2-labeling of basket Bj.

Proof. The basket B, contains one vertex of degree 2, therefore the smallest vertex weight is at least 2 and it contains
n — 1 vertices of degree 3, hence the largest weight of a vertex of degree 3 is at least n + 1. Thus

rvs(B,) > [,

Analogously as in the proof of the previous theorem, using Theorem 2 and Observation 1, for n > 5, we have

[ ifn#£2 (mod 8),

rvs(By) < rvs(Wi) = {r"%ﬁ +1  ifn=2 (mod 8).

Moreover, we can derive a vertex irregular reflexive rvs(W,,)-labeling of B, from the vertex irregular reflexive rvs(W,,)-
labeling of W, defined in the proof of Theorem 2 by deleting the spoke x;x in W,,.
Combining the previous facts we get that for n # 2, 3, 7 (mod 8)

rvs(B,) = [
andn =2,3,7 (mod 8)
] <rvs(B,) < [T+ 1.

For n = 3,4 we get that rvs(B,) > 2. The basket Bj3 is isomorphic to the fan F3. The vertex irregular reflexive
2-labelings for By is illustrated on Fig. 3.

Letn = 8t + 3, > 1, then f%] = 2t + 1. As this is odd we cannot get the number n + 1 = 8¢ + 4 as the sum
of four labels less or equal to 2¢ + 1 from which at least one is even. Thus rvs(B,) = (%] + 1 but in this case

rvs(W,) = ["2] + 1 = "] + 1

and we are done.

Let us denote the vertex set and the edge set of the basket B, such that V(B,) = {x,x; : i = 1,2,...,n} and
EB,) ={xx;:i=2,3,...,n}U{xjxi1:i=1,2,...,n— 1} U {x,x}.

Ifn =8t +2,t > 1then r%} = 2t + 1. We define (2¢ + 1)-labeling of B, such that

fx) =21,
fxi)=0 i=1,2,...,6t +1,
fxi) =2t i=6t+2,60+3,...,8+2,
fix) =[5 i=2,3,...,6t+1,
fxix)=1i—6t i=6r+2,6t+3,...,8+1,
fxgryox) =2t + 1,
feixie) =[52] +1 i=1,2,..., 6t
fixip) =2t +1 i=6t+1,6t+2,...,8+1,

Sflxixg2) = 1.
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Ifn=8¢t+7,t > 0 then ["T“] = 2t + 2. We define (2t + 2)-labeling of B, in the following way

fx)=2t+2,
fxi)=0 i=1,2,...,6t+5,
fx)=2t+2 i=6t+6,6t+7,...,8t+7,
faix) =[5 i=23,...,60+5,
fix)=1i—6t —4 i=6t+6,6t+7,...,8t+6,
fxgi7x) =2t +2,
faixin) =[52] +1 i=1,2,...,60+5,
fxixip) =2t +2 i=6t+6,6t+7,...,8t+6,

fxixg7) =1

It is not difficult to show that in both cases the described labelings have desired properties. [

4. Conclusion

In this paper we determined exact values of the reflexive vertex strength for prisms D,, wheels W,,, fan graphs F,
and for baskets B, n > 3.
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