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Abstract

The status of a vertex u, denoted by og(u), is the sum of the distances between u and all other vertices in a graph
G. The first and second status connectivity indices of a graph G are defined as S1(G) = Y, E(G)[O'G(u) + og(v)] and
$H(G) = ZuueE(G)"G(”)"G(U) respectively, where E(G) denotes the edge set of G. In this paper we have defined the first and
second status co-indices of a graph G as §7(G) = Zung(G)[UG(”) +oc ()] and $5(G) = ZMU¢E(G)GG(M)GG(U) respectively.
Relations between status connectivity indices and status co-indices are established. Also these indices are computed for intersection
graph, hypercube, Kneser graph and achiral polyhex nanotorus.

Keywords: Distance in graph; Status indices; Distance-balanced graphs

1. Introduction

The graph theoretic models can be used to study the properties of molecules in theoretical chemistry. The oldest
well known graph parameter is the Wiener index which was used to study the chemical properties of paraffins [1]. The
Zagreb indices were used to study the structural property models [2,3]. Ramane and Yalnaik [4] obtained the status
connectivity indices and analyzed its correlation with the boiling point of benzenoid hydrocarbons. In this paper we
define the status co-indices of a graph and establish the relations between the status connectivity indices and status
co-indices. Also we obtain the bounds for the status connectivity indices of connected complement graphs. Further
we compute these status indices for intersection graph, hypercube, Kneser graph and achiral polyhex nanotorus.

Let G be a connected graph with n vertices and m edges. Let V(G) be the vertex set of G and E(G) be an edge set
of G. The edge joining the vertices u and v is denoted by uv. The degree of a vertex u in a graph G is the number of
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edges incident to u and is denoted by dg(u). The distance between the vertices 1 and v is the length of shortest path
joining u and v and is denoted by d(u, v). The diameter of G is the maximum distance between all pair of vertices
of G and is denoted by diam(G).

The status (or transmission) of a vertex u € V(G), denoted by o (1) is defined as [5],

ocu)= Y dg(u,v).
VeV (G)
A connected graph G is self-median if the value og(u) is constant for all vertices u of G [6]. A graph G is
distance-balanced if for all edges uv of G, the following equality holds [7,8],
Hw € V(G) | do(w, u) < dg(w, v)}| = {w € V(G) | dg(w, v) < dg(w, u)}|.

Balakrishnan et al. [9] noticed that the concepts of distance-balanced and self-median are the same. A connected
graph is distance-balanced if and only if it is self-median.

A connected graph G is said to be k-distance-balanced if o (u) = k for every vertex u € V(G).

The Wiener index W (G) of a connected graph G is defined as [1],

W)= Y dG(u,v>=% > oc).

{u,v}CV(G) ueV(G)

More results about Wiener index can be found in [10-16].
The first and second Zagreb indices of a graph G are defined as [2]

Mi(G)= ) [dew)+de)] and MyG)= Y doudg(v).
uveE(G) uveE(G)

Results on the Zagreb indices can be found in [17-23].
The first and second Zagreb co-indices of a graph G are defined as [24]

M(G)= ) lde)+dc()] and MyG)= > deds(v).
uvg¢E(G) uvgE(G)

More results on Zagreb co-indices can be found in [25,26].
The first status connectivity index S1(G) and second status connectivity index S,(G) of a graph G are defined as [4]

$IG)= Y logw)+ocw)] and  $H(G)= > o6)og). )
uveE(G) uveE(G)
We observe that the first status connectivity index is nothing but the degree distance of a graph introduced by
Dobrynin and Kotchetova [27] and Gutman [28]. The degree distance of G is
D'G)= Y dewocw)= Y [dew)+dc)ldeu, v).
ueV(G) {u,v}CV(G)

The degree distance of graphs is well studied in the literature [29-36]. .
Analog to Eq._ (1) and the definition of Zagreb co-indices, we define the first status co-index S)(G) and the second
status co-index S>(G) as

SiG)= Y log)+ocw)] and G = Y [ogoc(v)].

uvgE(G) uvgE(G)
For a graph given in Fig. 1, S; = 74, S, = 169, S| = 22 and S, = 60.

2. Status connectivity indices and co-indices

In [4] the results on status connectivity indices are obtained. In this section we obtain further results on the status
connectivity indices and co-indices of graphs.

Proposition 2.1. Let G be a connected graph on n vertices. Then

S1(G) =2(n — HYW(G) — $i(G)
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v
%) Vs
V3 V4
Fig. 1.
and
_ 1
S:AG) =2AW(G)* = 5 3 (06w) = S(G).
ueV(G)
Proof.
S1G) = Y logw)+oc)]
uvg¢E(G)
= > locw)+ocw]— Y [o6)+06(v)]
{u,v}CV(G) uveE(G)
=(n—1 Y ocu)—Si(G)
ueV(G)
=2n — HW(G) — S1(G).
Also
5G) =Y lococ(v)]
uveE(G)
= Y locwocm]— Y loG)oc)]
{u,v}CV(G) uveE(G)
2
1
=5 || 2 o] = 3 0w’ | - 5:6)
ueV(G) ueV(G)

1
=2WG) =5 ) (06w)* = SxG).

ueV(G)

Corollary 2.2. Let G be a connected graph with n vertices, m edges and diam(G) < 2. Then
$1(G) = 2n(n — 1)> — 6m(n — 1) + M, (G)

and
5:(G) = (n — 1)*[2n(n — 1) — 8m] + 2m?* + <2n — g) M (G) — My(G).
Proof. For any graph G of diam(G) < 2,06(u) = 2n — 2 — dg(u) and
|:n(n -1 :|
WG)=m+2 T—m =nn-—1)—m.

Also S1(G) = 4m(n—1)—M,(G) and S»(G) = 4m(n—1)>=2(n—1)M,(G)+M,(G) [4]. Therefore by Proposition 2.1,

S1(G) = 2(n — Dnn — 1) —m] — {4m(n — 1) — M1(G)}
= 2n(n — 1> — 6m(n — 1) + M;(G)
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and

5(G) =2[n(n — 1) —m)* — % Z 2n — 2 —dgw))* — [4m(n — 1)* = 2(n — DM (G) + M»(G)]
ueV(G)

= 2[n(n — 1) —m]* — % Z n —2)* —2(2n —2) Z dg(u) + Z (dg(u))?

ueV(G) ueV(G) ueV(G)
— [4m(n — 1)* = 2(n — DM(G) + M»(G)]
=2[n(n — 1) —m]* — % [n(2n — 2)* — 4m(2n — 2) + My(G)]
— [4m(n — 1)* —2(n — HM{(G) + M>(G)]

=m—17212n(n —1)—8m] +2m> + (2n - g) M(G) — Mx(G).

Proposition 2.3. Let G be a connected graph with n vertices, m edges and diam(G) < 2. Then
$1(G) =2(n — ) [n(n — 1) = 2m] — M\(G)
and

5(G) =2(n — 1)*[n(n — 1) — 2m] — 2(n — YM,(G) + Ma(G).

Proof. For any graph G of diam(G) < 2, o(u) = 2n — 2 — dg(u). Therefore

S1(G) = Z [(2n =2 —dg(u) + (2n — 2 —dg(v))]
uvg€E(G)

= [@ - mi| @n—4)— " [dew)+dc(v)]
uvgE(G)
201 — D [nn — 1) = 2m] — M{(G)

and

5(G) = Z [(2n —2 —d(u)2n —2 — dg(v))]
uv€E(G)

= [@ - m} @i—2 -2 -2 Y [de@) +de]+ Y. (dewds))

uvg¢E(G) uvgE(G)
=2(n— 1)*[n(n — 1) — 2m] — 2(n — )HYM,(G) + My(G).

Proposition 2.4. Let G be a graph with n vertices and m edges. Let G be the complement of G and it is connected.
Then
51(G) = (n — Dln(n — 1) — 2m] + M\(G)

and
nn—1)

5(G) > (n— 1) [ — m} + (n — 1)M;(G) + Ma(G).

Equality in both cases holds if and only if diam(G) < 2.

Proof. For any vertex u in G there are n — 1 — dg (u) vertices which are at distance 1 and the remaining dg(u) vertices
are at distance at least 2. Therefore
o) > [n — 1+ dg(u)] + 2dg(u)
=n—14+dgu).
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Therefore,
$1G) = Y [og)+ oG]
uveE(G)
> > [n—1+dew)+n—1+ds(v)]
uveE(G)
= Y [2n—2+dc(u)+dg(v)]
uvgE(G)
nn—1)
= [T - m} @Qn—=2)+ Y [de)+dc(v)]
uvgE(G)
= [n(n — 1) = 2m](n — 1) + M,(G).
And
$G) = Y ogwog(v)
uveE(G)
> Y In—14+dewlin — 1 +de)]
uveE(G)
= Y [(— 1+ @ - Dldo) + de)] + [de(w)de(v)]]
uvgE(G)
n(n — 1) ) o
=75 (n—1"4+ @ — DHM(G) + Mx(G).

For equality: If the diameter of G is 1 or 2 then the equality holds.

Conversely, let §;(G) = (n — D[n(n — 1) — 2m] + M(G).

Suppose, di am(a) > 3, then there exists at least one pair of vertices, say u; and u, such that dg(uy, uz) > 3.

Therefore o5 (1) > dg(ui) + 3 + 2(n — 2 — dg(uy)) = n + dg(uy). Similarly og(u2) > n + dg(us) and for all
other vertices u of G, o) >n—14dg(u).

Partition the edge set of G into three sets E, E; and E5, where

E; ={uv | oguy) = n+dg(uy) and og(v) > n — 1 +dg(v)},

E> = {uyv | og(uz) > n +dg(uz) and og(v) > n — 1 +dg(v)}
and
E; ={uv | ogu) >n—1+dg(u) and og(v) > n — 1+ dg(v)}.

It is easy to check that | E1| = dg(uy), | E2| = dg(us) and |Es| = (3) — m — dg(uy) — dg(us).
Therefore

$1G) = Y [ogw)+ oG]

uveE(G)
= Y [os@) + o]+ Y [og) +o50)] + Y [o5) +o5(v)]
uvek) uveky uveky
> Y 2n—1+de)+dc)]+ Y [2n— 1 +dew) + de®)]
uveE uveEy
+ > 20— 2+de() + de(v)]
uveE3

= (2n — Ddg(uy) + 2n — Ddg(ua) + 2n — 2) [(’;) —m — dg(uy) — dG(ug):|
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Fig. 2. The distance-balanced but not degree regular graph.

+ Y ldo(w) +de(v)]

uveE(G)
= (n— Dln(n — 1) = 2m] + dg(uy) + dg(uz) + M (G),

which is a contradiction. Hence diam(G) < 2.
The equality of S,(G) can be proved analogously.

3. Status connectivity indices and co-indices of some distance-balanced graphs

A bijection « on V(G) is called an automorphism of G if it preserves E(G). In other words, « is an automorphism
if foreach u, v € V(G), e = uv € E(G) if and only if a(e) = a(u)x(v) € E(G). Let

Aut(G) = {a | a : V(G) —> V(G) such that o and o~ preserve adjacency}.

It is known that Aut(G) forms a group under the composition of mappings. A graph G is called vertex-transitive if
for every two vertices u and v of G, there exists an automorphism « of G such that «(#) = v. It is known that any
vertex-transitive graph is vertex degree regular, distance-balanced and self-centered. The graph depicted in Fig. 2 is
14-distance-balanced graph but not degree regular and therefore not vertex-transitive (see [37,38]).

The following lemma is straightforward from the definition of status connectivity indices.

Lemma 3.1. Let G be a connected k-distance-balanced graph with m edges. Then S1(G) = 2mk and S>(G) = mk?.

Theorem 3.2 (/39]). Let G be a connected graph on n vertices with the automorphism group Aut(G) and the vertex
set V(G). Let Vy, Vo, ..., V; be all orbits of the action Aut(G) on V(G). Suppose that for each 1 <i < t, k; are the
status of vertices in the orbit V;. Then

l t
W(G) =5 ) Vilki.
i=1

Specially, if G is vertex-transitive (that is, t = 1), then W(G) = %nk, where k is the status of each vertex of G.

Analogous to Theorem 3.2 and as a consequence of Proposition 2.1, we have the following.

Theorem 3.3. Let G be a connected graph on n vertices with the automorphism group Aut(G) and the vertex set
V(G). Let Vi, Vs, ..., V, be all orbits of the action Aut(G) on V(G). Suppose that for each 1 < i <'t, d; and k; are
the vertex degree and the status of vertices in the orbit V;, respectively. Then

t o ! d;
$1(G) =Y _|Vildik; and Si(G)=(n—1))_ ['Vf"‘f (1 e 1)} '

i=1 i=1
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Specially, if G is vertex-transitive (that is, t = 1), then

1
S1(G) = ndk, $,(G) = Endkz,

_ _ d
$,(G) = 2<;>k —ndk, $(G) = [(;) — ”7] K2,

where d and k are the degree and the status of each vertex of G respectively.

The following is a direct consequence of Proposition 2.1, Lemma 3.1 and Theorem 3.2.

Lemma 3.4. Let G be a connected k-distance-balanced graph with m edges. Then
< n N ny. 2 2
Si(G)=2 5 k—2mk and $(G)= 5 k= —mk”.

Let S be a set and F = {Sj,...,S,} be a non-empty family of distinct non-empty subsets of S such that
S = ?zlSi. The intersection graph [40] of S which is denoted by {2(F) has F as its set of vertices and two distinct
vertices S; and S;, i # j, are adjacent if and only if S; (1) S; # ¥. Here we will consider a set S of cardinality p and
let F be the set of all subsets of S of cardinality ¢, | <t < p, which is denoted by S}. Upon convenience we may
set S = {1,2, ..., p}. Let us denote the intersection graph 2(S}) by I''"} = (V, E). The number of vertices of this
graphis |V| = (f ) and the degree d of each vertex is as follows:

—1
d= t t
<It)>—1, p < 2t.

The number of its edges is as follows:

1 —t
(N0 -] rze
|E|l = |
P\[(r
= —-11, 2t.
(LC) -] <
Lemma 3.5 ([41]). The intersection graph I'" is vertex-transitive and for any t-element subset A of S we have
-1
(M)+ (7)1 pzn
opn(a) =1\ !

<p> —1, p <2t
t
Moreover,

Lip\((P p—t _
W(F{t})z §<t><(t>+( ! >_1)’ =2
Lip\((P
§<t><(t)_l>’ p < 2t.
Theorem 3.6. For intersection graph I'",

p 4 p—t p p—1
- -1 + —-1), > 2t;
s = W) =C )0+ (7)) o

p 4
(t>(<t) — 1) , p <2t
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{1.2}

{3.4} {4.5}
.5 e~

1.4} 2.

2,4}
/ \
— |

>

1.9

}

Fig. 3. The odd graph O3 = KGs5 5.

STy = %(l;)((f) - <p3z_ t) - 1)((?) + (p . t) - 1)2, p =2
5<lf?>(<f> B 1) ’ p <2t

p—t\(p p p—t
+ -1}, > 2t;
S (G0 160](6 A W) S A
2

St =

() -]

Proof. It is a direct consequence of Theorem 3.3 and Lemma 3.5.

The vertex set of the hypercube H, consists of all n-tuples (by, by, ..., b,) with b; € {0, 1}. Two vertices are
adjacent if the corresponding tuples differ in precisely one place. Moreover, H, has exactly 2n vertices and n2"~!
edges. Darafsheh [41] proved that H, is vertex-transitive and for every vertex u, oy, (u) = n2"~!. Therefore, by
Lemmas 3.1 and 3.4 we have following result.

Theorem 3.7. For hypercube H,,
Si(G) =n*2"""" and S$»(G) =n2""73,

SU(G)=n’2"Cn—1-2""Y and S,(G)=n*2""2Q2n—1-2""").

The Kneser graph K G, ; is the graph whose vertices correspond to the k-element subsets of a set of p elements,
and where two vertices are adjacent if and only if the two corresponding sets are disjoint. Clearly we must impose the
restriction p > 2k. The Kneser graph K G, ; has (‘Z) vertices and it is regular of degree (” ;k) Therefore the number
of edges of KG,  is %(Z) (” ;k) (see [42]). The Kneser graph K G, | is the complete graph on n vertices. The Kneser
graph K Gj,_1,,—1 is known as the odd graph O,. The odd graph O3 = K G5, is isomorphic to the Petersen graph
(see Fig. 3).

Lemma 3.8 ([42]). The Kneser graph K G,  is vertex-transitive and for each k-subset A, okG, [(A) = %
’ k

Following proposition follows from Lemmas 3.8 and 3.1.
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Fig. 4. A achiral polyhex nanotorus (or toroidal fullerenes) 7'[p, ¢].

Fig. 5. A 2-dimensional lattice for an achiral polyhex nanotorus 7'[p, ¢].

Proposition 3.9. For a Kneser graph K G, x we have

—k
16y =2w(kG,0(” )
and
b k> [2(W(KG,,,k))2]
k ()

Following proposition follows from Proposition 2.1, Lemma 3.8 and Proposition 3.9.

S$2KGpi) = (

Proposition 3.10. For a Kneser graph K G, ; we have

_ —k
SI(KG i) = 2W(KG p) [(‘Z) - (p ) ) - 1}

< p—k\ | 2W(KG,)
S2(KGpp) = 2W(KG 1) — W(KG, 1) — ( L ) [T" :
k
A nanostructure called achiral polyhex nanotorus (or toroidal fullerenes) of perimeter p and length ¢, denoted by
T[p, q] is depicted in Fig. 4 and its 2-dimensional molecular graph is in Fig. 5. It is regular of degree 3 and has pg
vertices and 3%" edges.
The following lemma was proved in [39,43].

and
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Lemma 3.11 ([39,43]). The achiral polyhex nanotorus T = T|[p, q] is vertex-transitive such that for an arbitrary
vertexu € V(T),

%(61)2 +q* —4), q < p;
or(u) =

%(&12 +3pg+p*—4), q=p.

The following is a direct consequence of Lemmas 3.1 and 3.11.

Corollary 3.12. Let T = T[p, q] be a achiral polyhex nanotorus. Then

pa’

ST =1 4
%(3612 +3pg+p* =4, q=p

6p* + g% — 4), q <p;

and

3
%(6192 +q° — 47, q < p;
S (T) =

Pq
¥(3q2 +3pg+p°—4?% q=p.

Corollary 3.13. Let T = T|[p, q] be a achiral polyhex nanotorus. Then

pq? D602+ o — 4 .
D E(pq— )6p~ +q~ —4), q < p;
1 =
Pq 4(3q? +3 2_y
H(pq— 3¢ +3pg+p°—4), g=p
and
3
Pq
S a5 P4~ 4)(6p* 4+ q* — 47, q < p;
2 f—
3
P’q
25 P4~ 43q* +3pg+p° —4°. q=p.

Proof. Since 2W(G) = ZMEV(G)UG(M) and polyhex nanotorus 7'[p, g] has pg vertices, by Lemma 3.11, the Wiener
index of polyhex nanotorus 7'[p, ¢] is as follows [43]:

2
pq
H(@v2 +q° — 4, q < p;
W =12
p’q
§(3q2 +3pg+p*—4), q=p.

Substituting this and Corollary 3.12 in Proposition 2.1 we get the results.
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