Taylor & Francis
Taylor & Francis Group

AKCE International Journal of Graphs and Combinatorics

ISSN: 0972-8600 (Print) 2543-3474 (Online) Journal homepage: https://www.tandfonline.com/loi/uakc20

Further results on Erddés-Faber-Lovasz conjecture

S.M. Hegde & Suresh Dara

To cite this article: S.M. Hegde & Suresh Dara (2020) Further results on Erd6s—Faber—Lovasz
conjecture, AKCE International Journal of Graphs and Combinatorics, 17:1, 614-631, DOI: 10.1016/
j-akcej.2019.03.003

To link to this article: https://doi.org/10.1016/j.akcej.2019.03.003

© 2018 Kalasalingam University. Published
with license by Taylor & Francis Group, LLC.

ﬁ Published online: 08 Jun 2020.

\]
[:J/ Submit your article to this journal (&

||I| Article views: 137

A
& View related articles &'

@ View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=uakc20


https://www.tandfonline.com/action/journalInformation?journalCode=uakc20
https://www.tandfonline.com/loi/uakc20
https://www.tandfonline.com/action/showCitFormats?doi=10.1016/j.akcej.2019.03.003
https://www.tandfonline.com/action/showCitFormats?doi=10.1016/j.akcej.2019.03.003
https://doi.org/10.1016/j.akcej.2019.03.003
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.03.003
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.03.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.03.003&domain=pdf&date_stamp=2020-06-08
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.03.003&domain=pdf&date_stamp=2020-06-08

Taylor & Francis

2020,VOL.17,NO. 1,614-631 °
Taylor &Francis Group

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS e
https://doi.org/10.1016/j.akcej.2019.03.003

AKCE
International
Journal of
Graphs and
Combinatorics

Further results on Erdés—Faber—Lovasz conjecture
S.M. Hegde®, Suresh Dara"*"

4 Department of Mathematical and Computational Sciences, National Institute of Technology Karnataka, Surathkal, Mangalore, India
b Institute of Mathematical Sciences, HBNI, Chennai, India
¢ Department of Mathematics, Birla Institute of Technology, Mesra, Ranchi, India

Received 29 August 2017; accepted 4 March 2019

Abstract

In 1972, Erdés—Faber—Lovasz (EFL) conjectured that, if H is a linear hypergraph consisting of n edges of cardinality n,
then it is possible to color the vertices with n colors so that no two vertices with the same color are in the same edge. In
1978, Deza, Erdos and Frankl had given an equivalent version of the same for graphs: Let G = U?:] A; denote a graph with
n complete graphs Aq, Ay, ..., A,, each having exactly n vertices and have the property that every pair of complete graphs
has at most one common vertex, then the chromatic number of G is n.

The clique degree dX(v) of a vertex v in G is given by dK(v) = |{A; :v e V(A;),1 <i <n}|. In this paper we give
a method for assigning colors to the graphs satisfying the hypothesis of the Erdds—Faber—-Lovasz conjecture and every A;
(1 <i < n) has atmost % vertices of clique degree greater than one using Symmetric latin Squares and clique degrees of the
vertices of G.

Keywords: Chromatic number; Erd6s—Faber—Lovasz conjecture; Symmetric latin square

1. Introduction

One of the famous conjectures in graph theory is Erd6s—Faber-Lovéasz conjecture. It states that, if H is a linear
hypergraph consisting of n edges of cardinality n, then it is possible to color the vertices of H with n colors so that
no two vertices with the same color are in the same edge [1]. Erdds, in 1975, offered 50 USD [2,3] and in 1981,
offered 500 USD [3,4] for the proof or disproof of the conjecture.

Vance Faber quoted: “In 1972, Paul Erdos, Lasz16 Lovasz and I got together at a tea party in Colorado. This was
a continuation of the discussions we had a few weeks before in Columbus, Ohio, at a conference on hypergraphs.
We talked about various conjectures for linear hypergraphs analogous to Vizing’s theorem for graphs. Finding tight
bounds in general seemed difficult, so we created an elementary conjecture that we thought that it would be easy
to prove. We called this the n sets problem: given n sets, no two of which meet more than once and each with n
elements, color the elements with n colors so that each set contains all the colors. In fact, we agreed to meet the
next day to write down the solution. Thirty-Eight years later, this problem is still unsolved in general”.
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Fig. 1. All graphs satisfying the hypothesis of the conjecture for n = 3.

Chang and Lawler [5] presented a simple proof that the edges of a simple hypergraph on n vertices can be
colored with at most [1.5n-2] colors. Kahn [6] showed that the chromatic number of H is at most n + o(n). Jackson
et al. [7] proved that the conjecture is true when the partial hypergraph S of H determined by the edges of size at
least three can be Ag-edge-colored and satisfies Ag < 3. In particular, the conjecture holds when S is unimodular
and Ag < 3. Viji Paul and Germina [8] established the truth of the conjecture for all linear hypergraphs on n vertices
with A(H) < v/n + /n + 1 . Sanchez-Arroyo [9] proved the conjecture for dense hypergraphs. We consider the
equivalent version of the conjecture for graphs given by Deza, Erd6s and Frankl in 1978 [4,9-11].

Conjecture 1.1. Ler G = |J'_, A; denote a graph with n complete graphs (A1, A, ..., A,), each having exactly
n vertices and have the property that every pair of complete graphs has at most one common vertex, then the
chromatic number of G is n.

Example 1.2. Fig. 1 shows all the graphs for n = 3 which are satisfying the hypothesis of Conjecture 1.1.

Haddad & Tardif (2004) [12] introduced the problem with a story about seating assignment in committees:
suppose that, in a university department, there are k committees, each consisting of k faculty members, and that
all committees meet in the same room, which has k chairs. Suppose also that at most one person belongs to the
intersection of any two committees. Is it possible to assign the committee members to chairs in such a way that
each member sits in the same chair for all the different committees to which he or she belongs? In this model of the
problem, the faculty members correspond to graph vertices, committees correspond to complete graphs, and chairs
correspond to vertex colors.
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Definition 1.3. Let G = (J/_; A; denote a graph with n complete graphs A;, As, ..., A,, each having exactly
n vertices and the property that every pair of complete graphs has at most one common vertex. The clique degree
d¥(v) of a vertex v in G is given by d¥(v) = |{A; : v € V(A;), 1 <i < n}|. The maximum clique degree AX(G)
of the graph G is given by AX(G) = max,cy(G)d® (v).

From the above definition, one can observe that degree of a vertex in hypergraph is same as the clique degree
of a vertex in a graph.

Definition 1.4. Let G| and G, be two vertex disjoint graphs, and let x|, x, be two vertices of G|, G, respectively.
Then, the graph G(x;x,) obtained by merging the vertices x; and x, into a single vertex is called the concatenation
of G; and G, at the points x; and x; (see [13]).

Definition 1.5. A Latin Square is an n x n array containing n different symbols such that each symbol appears
exactly once in each row and once in each column. Moreover, a Latin Square of order n is an n xn matrix M = [m;;]
with entries from an n-set V = {1, 2, ..., n}, where every row and every column is a permutation of V (see [14]).
If the matrix M is symmetric, then the Latin Square is called Symmetric Latin Square.

In this paper we give a method of coloring to the graph G satisfying the hypothesis of the conjecture using a
Symmetric Latin Square in the following steps:

e Construct the graph H, having the minimum number of vertices among the graphs satisfying the hypothesis
of the conjecture for given n

e Construct any other graph satisfying the hypothesis of the conjecture for the same n.

e We give a coloring to the graph H, with n colors using a Symmetric Latin Square.

e Extend the n-coloring of H, to the other graphs satisfying the hypothesis of Conjecture 1.1 for any given n.

2. Construction of H,

We know that a symmetric n X n matrix is determined by w

an n-coloring of H, constructed below.

scalars. Using symmetric latin squares we give

Construction of H,:

Let n be a positive integer and By, B,, ..., B, be n copies of K,,. Let the vertex set V(B;) = {ai.1, a2, ai 3,
e ain), 1 <i <n.

Step 1. Let H! = B;.

Step 2. Consider the vertices a; , of H Iand ap,1 of By. Let b; » be the vertex obtained by the concatenation of the
vertices a;» and ap ;. Let the resultant graph be H 2,

Step 3. Consider the vertices a3, ap3 of H? and as1, azp of B3. Let b;3 be the vertex obtained by the
concatenation of vertices a; 3, as,; and let b, 3 be the vertex obtained by the concatenation of vertices as 3,
as . Let the resultant graph be H?.

Continuing in the similar way, at the nth step we obtain the graph H" = H, (for the sake of convenience we
take H" as H,).

By the construction of H, one can observe the following:

1. H, is a connected graph and also it is satisfying the hypothesis of Conjecture 1.1.

2. H, has exactly n vertices of clique degree one and @ vertices of clique degree 2 (each B; has exactly
(n — 1) vertices of clique degree 2 and one vertex of clique degree one, 1 <i < n).

. H, = Ule B;, where B; = A; and B;, B; have exactly one common vertex for 1 <i < j <n.

4. H, has exactly "D vertices.

w
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a1 ai ai az; as as, ayq a,;
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(a) By (b) Bz (c) Bs (d) Bs
Fig. 2. 4 copies of Kj.
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Fig. 3. Construction of H? from H', B,.

5. One can observe that in a connected graph G if clique degree increases the number of vertices also increases.
From this it follows that, H, is the graph with minimum number of vertices satisfying the hypothesis
of Conjecture 1.1. If all the vertices of G are of clique degree one, then G will have n? vertices. Thus,
2t < |V(G)| < n.

Following example is an illustration of the graph H, for n = 4

Example 2.1. Let n =4 and By, B, B3, B4 be the 4 copies of K. Let the vertex set V(B;) = {a; 1, ai2, ai 3, a; 4},
1 <i<4.

Step 1: Let H' = B;. The graph H' is shown in Fig. 2a.

Step 2: Consider the vertices a; , of H Uand a, | of B,. Let b > be the vertex obtained by the concatenation of
vertices aj 2, ap,1. Let the resultant graph be H 2 as shown in Fig. 3b.

Step 3: Consider the vertices a; 3, a3 of H? and as,1, aszp of Bz. Let b3 be the vertex obtained by the
concatenation of vertices a3, as,; and let b, 3 be the vertex obtained by the concatenation of vertices as 3, a3 2. Let
the resultant graph be H? as shown in Fig. 4b.

Step 4: Consider the vertices aj 4, az.4, az.4 of H 3 and as1, a4, as 3 of By. Let by 4 be the vertex obtained by
the concatenation of vertices a; 4, a4.1, let by 4 be the vertex obtained by the concatenation of vertices a 4, as» and
let b3 4 be the vertex obtained by the concatenation of vertices a3 4, a43. Let the resultant graph be H* as shown
in Fig. 5b.

Example 2.2. For n = 6, the graph Hg is shown in Fig. 6.

Lemma 2.3. If G is a graph satisfying the hypothesis of Conjecture 1.1, then G can be obtained from H,, n
in N.

Proof. Let G be a graph satisfying the hypothesis of Conjecture 1.1. Let by be the new labeling to the vertices v of
clique degree greater than 1 in G, where x = {i : vertex v is in A;}. Define N; = {bx : |X| =i} fori =2,3,...,n.
Then the graph G is constructed from H, as given below:
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(a) H2,B3

Fig. 4. Construction of H? from H2, Bs.

(L 4,3

(a) 1?37 B4

Fig. 5. Construction of H* from H3, Bs.

Step 1: For every common vertex b; ; in H, which is not in N, split the vertex b; ; into two vertices u; j, u;
such that vertex u; ; is adjacent only to the vertices of B; and the vertex u; is adjacent only to the vertices of B;
in H,.

Step 2: For every vertex by in N; where i = 3,4, ..., n, merge the vertices uy, ,, Upy 155 - - -5 Uiy 1> Ul,.1, DO
a single vertex uy in H, where [; € X and [; < [; fori < j.

Let G’ be the graph obtained in Step 2. Let V(B;), V(A!) be the set of all clique degree 1 vertices of B; of
G’, A; of G respectively, 1 < i < n. Thus, by splitting all the common vertices of H, which are not in N, and
merging the vertices of H, corresponding to the vertices in N;,i > 3, we get the graph G’. One can observe that
[V(AD| = |V(B))|, 1 <i <n.Define a function f : V(G) - V(G’) by

f(sz) = b,'7j for bi,j S N2
FDiyiy,in) = Uiy iy, i for bi iy, € UisNi
Flvean = & (any 1-1 map g, : V(A)) — V(B))), for | <i <n

One can observe that f is an isomorphism from G to G'. W
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(a) Graph G (b) Graph G after relabeling the vertices

Fig. 7. Graph G, before and after relabeling the vertices.

From Lemma 2.3, one can observe that in G there are at most 2= common vertices.

Following example is an illustration of the graph G obtained from H, for n = 4.

Example 2.4. Let G be the graph shown in Fig. 7a.
Relabel the vertices of clique degree greater than one in G by by where A = {i : v € A; for 1 <i < 4}. The
labeled graph is shown in Fig. 7.
Let N; = {b, : |x| =i} fori =2,3,4, then N, = {b1!4, b2,4, b3y4}, N3 = {b1!2,3}.
Consider the graph Hy as shown in Fig. 5b, then V(Hy) = {ay,1, a2.2, a3 3, as 4,
b]qz, bly3, b1,4, b2!3, b2,4, b3'4} and common vertices of H4 are {blqg, b1!3, b1‘4, bzy3, b2’4,
b3 4} = A(say). Then A\ N, = {b|, by 3, by 3}. By the construction given in the proof of Lemma 2.3 we get,
Step 1: Since A \ N, # 0, split the common vertices of H; which are not in N,, as shown in Fig. 8.
Step 2: Since Uj‘:zN,- = {b12.3} # ¥, merge the vertices u; o, us 3, 13, into a single vertex u; 3, as shown in
Fig. 9. Let the resultant graph be G’.
The isomorphism f : V(G) — V(G’) is given below.

f)=ain fw)=uiz f(vs) =u2
fvs) =an f(ve) =uz f(v7)=as;
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Fig. 8. Splitting the common vertices of Hs which are not in N,.

Fig. 9. Graph G'.

fi) =as f(bra) =bia [f(br) = by
f(b34) = b3s f(b123) = u123

3. Coloring of H,
Lemma 3.1. The chromatic number of H, is n.

Proof. Let H, be the graph defined as above. Let M (given below) be an n x n matrix in which an entry m;; = b;;,
be a vertex of H,, belongs to both B;, B; for i # j and m;; = a;; be the vertex of H, which belongs to B;. i.e.,

air b bz ... by
b[z an b23 N bzn
M= |63 by az ... b3
bln bzn b3n N/
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Clearly M is a symmetric matrix. We know that, for every n in N there is a Symmetric Latin Square (see [15])
of order n x n. Bryant and Rodger [16] gave a necessary and sufficient condition for the existence of an (n — 1)-edge

coloring of K, (n even), and n-edge coloring of K,, (n odd) using Symmetric Latin Squares. Let vy, v,, ..., v, be
the vertices of K, and e;; be the edge joining the vertices v; and v; of K,, where i < j, then arrange the edges
of K, in the matrix form A = [a;;] where a;; = ¢;;, aj; = ¢;; fori < j and a;; = 0 for 1 < i < n, we have
0 €12 €13 ... €1 V1 0 0 0
€1 0 €3 ... €y 0 %) 0 e 0
A=|e3 e 0 ... en|andlet V be amatrix givenby V.= [0 0 v ... O Then, define a
el €y e 0 0o 0 O Up
matrix A’ as
vy €12 €3 ... €I
€12 1% €3 ... €
A/ = A + V = €13 €23 U3 Lo €3y
€in €m €3 ... Un

Let C = [c¢;;] be a matrix where ¢;; (i # j), is the color of ¢;; (i.e., ¢;j = c(e;;)) and ¢;; is the color of v;.
We call C as the color matrix of A’. Then C is the Symmetric Latin Square (see [16]). As the elements of M are
the vertices of H,, one can assign the colors to the vertices of H, from the color matrix C, by the color c¢;;, for
i,j=12,...,nand i # j to the vertex b;; in H, and the color ¢;;, fori = 1,2,...n to the vertex a;; in H,.
Hence H, is n colorable. W

H, is the graph satisfying the hypothesis of Conjecture 1.1. By using the coloring of H, which is the
graph satisfying the hypothesis of Conjecture 1.1 we extend the n-coloring of all possible graphs G satisfying
the hypothesis of Conjecture 1.1.

The following example is an illustration of assigning colors to the graph H, for n = 6.

Example 3.2. Consider the graph Hg as shown in Fig. 6. The corresponding Symmetric Latin Square C of order
6 x 6 is given below:

6 1 23 45
1356 2 4
c_|25 4163
1361 45 2
426 5 3 1
543216

Assign the six colors to the graph Hg using the above Symmetric Latin Square as follows:

Assign the color ¢; ; (where ¢; ; denotes the value at the (i, j)th entry in the color matrix C) for i # j and
i,j=1,2,...,6 to the vertex b; ; in Hs, and assign the color ¢;; (where ¢;; denotes the value at the (i, i)th entry
in the color matrix C) for i = 1, 2, ..., 6 to the vertex a;; in Hg. The colors Red, Green, Cyan, Blue, Tan, Maroon
in Fig. 10 corresponds to the numbers 1, 2, 3, 4, 5, 6 respectively in the matrix C.

Then one can verify that the resultant graph is 6 colorable as shown in Fig. 10.

4. Coloring of G

Let G be the graph satisfying the hypothesis of Conjecture 1.1. Let H be the graph obtained by removing the
vertices of clique degree one from graph G. i.e. H is the induced subgraph of G having all the common vertices
of G.

Method for assigning colors to graph G satisfying the hypothesis of Conjecture 1.1 and every A; (1 <i <n)
has atmost 7 vertices of clique degree greater than one:

Let G be a graph satisfying the hypothesis of Conjecture 1.1 and every A; (1 < i < n) has atmost 5 vertices
of clique degree greater than one. Let H be the induced subgraph of G consisting of the vertices of clique degree
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Fig. 10. A coloring of Hg with six colors . (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

greater than one in G. For every vertex v of clique degree greater than one in G, label the vertex v by u,4 where
A={i:ved;i=1,2,...,n}.Define X =1{b;; : AiNA; =0}, X;={ve G:dfw)=ilfori=1,2,...,m.
Let 1,2, ..., n be the n-colors and C be the color matrix (of size n x n) as defined in the proof of Lemma 3.1.
The following construction applied on the color matrix C, gives a modified color matrix Cj,, using which we assign
the colors to the graph H. Then this coloring can be extended to the graph G. Construct a new color matrix C; by
putting ¢; ; = 0, c;; = 0 for every b; ; in X. Also, let ¢;; =0 foreachi =1,2,...,n.
Let T =U! ,X;, P=0,T" =X, and P" = 0.

Step 1: If T = ¢, let C,, be the color matrix obtained in Step 4 and go to Step 5. Otherwise, choose a vertex

Wiy iy,..iy Trom T, where iy < iy < -+ < iy, and then choose () vertices b;, iy, biy.izs - - -+ iy ips Pinsigs - -
. .. . ,
b, i, from V(H,) corresponding to the set {iy,i2,...,in}. Take T = {b;, iy, bi) izs - - Diy i Dig,igs - - »

b, ,im)and P’ =@. Let T| = {b; ; : b; ; € T', c(b; ;) appear more than once in the ith row or jth column
in CYand Ty = {b; ; : b; j € T’, c(b; ;) appear exactly once in the ith row and jth column in C}. If 7| # 0,
choose a vertex by, from 7/, otherwise choose a vertex b;, from T,. Then add the vertex by, to P’ and
remove it from T’. Go to Step 2.

Step 2: If T, # ¢, go to Step 3. Otherwise, choose a vertex b;, i, from 7). Let A = {c; j : ¢;j # 0;i =ijp_1, 1 <
J=<ny,B={cj:c;#0;j=i,1=<i<n}If |[ANB| < n, then construct a new color matrix C»,
replacing ¢;, | i.> Cim.i,_, DY X, where x € {1,2,...,n} \ AU B. Then add the vertex b;, ,;, to 7, and
remove it from 7. Go to Step 3. Otherwise choose a color x which appears exactly once either in i,,_th
row or in i,th column of the color matrix and construct a new color matrix C, replacing ¢; | .i,»> Cip.inn_; DY
x. Then add the vertex b; _, ;, to T, and remove it from 7. Go to Step 3.

Step 3: If 7' = ¢, then add the vertex u;, ;,, . ;, to P and remove it from 7', go to Step 1. Otherwise, if 7'NT| # @
choose a vertex b; ; from T’ N T}, if not choose a vertex b; ; from T’ N T;. Go to Step 4.

Step 4: Let c(b; ;) = x, c(bs,) = y. If c(b; ;) = c(by,), then add the vertex b; ; to P’ and remove it from 7'.
Go to Step 3. Otherwise, let A = {c;n : 1w = x}, B ={c1m : ctm = Y} \{Clim, Cmy : bim € P',1 < m}.
Construct a new color matrix C3 by putting ¢;,, = y for every ¢;,, in A and ¢;,, = x for every ¢;,, in B.
Then add the vertex b; ; to P’ and remove it from 7’. Go to Step 3.

Step 5: If T” = ¢, consider Cyy = C,,, stop the process. Otherwise, choose a vertex u; ; from 7" and go to Step 6.
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degree greater than one

Fig. 11. Graph G: before and after relabeling the vertices.

Step 6: If ¢; ; appears exactly once in both ith row and jth column of the color matrix C,,, then add the vertex
b;j to P” and remove it from T”, go to Step 5. Otherwise, let A = {¢;; : ¢;; # 0;1 < j < n},
B = {c¢j 1 ¢ij #0;1 < i < n}. Construct a new color matrix C,,, by putting x in ¢; ;, c;; where
x €{l,2,...,n} \ AU B (since every A; (1 <i < n) has atmost 5 vertices of clique degree greater than
one, |A U B| < n). Then add the vertex u; ; to P” and remove it from 7", go to Step 5.

Thus, in step 6, we get the modified color matrix Cy,. Then, color the vertex v of H by c; ; of Cy, whenever
v € A; N A;. Then, extend the coloring of H to G by assigning the remaining colors which are not used for A;
from the set of n-colors, to the vertices of clique degree one in A;, 1 <i < n. Thus G is n-colorable.

Remark 4.1. One can see that the above method covers the following cases:

1. G has no clique degree 2 vertices.
2. G has atmost % vertices of clique degree greater than one in each A;, 1 <i < n.

Following is an example illustrating the above method.

Example 4.2. Let G be the graph shown in Fig. 11a.

Let V(A1) = {v1, v2, v3, vg, U5, U6}, V(A2) = {v1, v7, U8, V9, V10, V11},

V(A3) = {v1, v12, V13, V14, V15, V16}, V(A4) = {v1, v17, V18, V19, V20, V21},

V(As) = {ve, v7, V16, V22, V23, V2a}, V(Ag) = {v9, V16, V19, V25, V26, V27}.

Relabel the vertices of clique degree greater than one in G by us where A = {i : v € A; for 1 <i < 6}. The
labeled graph is shown in Fig. 11b. Fig. 12 is the graph H, where H is obtained by removing the vertices of clique
degree 1 from G.

Let X = {blj . Ai N A] = @} = {b1’6, b475},

LK
X1 ={veG:d"(v) =1} = {va, v3, v5, 3, V10, V11, V12, V13, V14, V15,

V17, V13, V20, V21, V22, V23, V24, V25, V26, V27},

X, ={v e G :d¥w) =2} = {vs, v7, Vo, Vio} = {u1 5, a5, Ua 6, Ua 6},
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Fig. 12. Graph H.

L5

Xs={veG:d"w) =3} = {vig} = {uss,},
and X4 = {v e G :d¥(v) =4} = {v1} = {u1234}.

6 1 2 3 4 5

1 3 5 6 2 4

. 254 1 6 3

Let 1,2, ..., 6 be the six colors and C = 36 1 4 5 2
4 2 6 5 3 1

543 2 16
be the color matrix (as well as symmetric latin square) of order 6 x 6.

Consider the sets T = X3 U X4 = {u3,5,6’ M1,2,3q4}, T =X, = {M1,5, Uz s, U6, u4,6}, P =@ and P” = (4. Then,
by applying the aforementioned method we get a new color matrix C; by putting ¢; ; = 0, ¢;; = 0 for every b; ;
in X and ¢;; =0 foreachi =1,2,...,6 and go to Step 1.

012 3 40
1 056 2 4
co_|250163
713 6 1 0 0 2
4 2 6 00 1
0 43210

Step 1: Since T # ¥, choose the vertex u; 234 from T. Let T’ = {by2, b13, b1.4,b23, b24,b34} and P’ = §,
then 7/ =@ and T, = T'. Since T| = ¥, choose the vertex b, 4 from T, add it to P’ and remove it from 7". Then
T = {bl’g, b1’3, b1,4, b2!3, b3'4} and P’ = {b2,4}. Go to step 2.

Step 2: Since 7, # , go to step 3.

Step 3: Since 7' % @ and 7' N T| = @, choose the vertex by, from 77 N T, and go to step 4.

Step 4: Since c(b12) = 1, c(by4) = 6 and c(b;2) # c(ba,4), interchange 1, 6 in the matrix C; except the color
of by 4. Add the vertex by, to P’ and remove it from 7’. Then

06 23 40

C,

Il
S b~ W
F-N S le NV, )
W = QN O W
N O OO
ANO O =
S AN WA
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T = {b1,3, b1!4, b2,3, b374} and P/ = {b]qz, by 4}. Go to step 3.

Step 3: Since T’ # @ and 7' N T, = @, choose the vertex b; 3 from 7' N T, and go to step 4.

Step 4: Since c(b13) = 2, c(b24) = 6 and c(b1.3) # c(ba.4), interchange 2, 6 in the matrix C, except the color
of by, by4. Add the vertex b; 3 to P’ and remove it from 7"’. Then

0 6 6 3 40

6 0 56 6 4

ng650213
; 36 2 00 6}’

4 6 1 0 0 2

0 4 3 6 20

T = {b 4, b2,3, b3’4} and P’ = {b .2, b],3, b2,4}. Go to step 3.

Step 3: Since T’ # ¢ and T’ N T = @, choose the vertex b; 4 from T’ N T, and go to step 4.

Step 4: Since c(by4) = 3, c(by4) = 6 and c(b;.4) # c(ba,4), interchange 3, 6 in the matrix C; except the color
of by, by 3, by 4. Add the vertex by 4 to P’ and remove it from 7’. Then

06 6 6 40
6 056 3 4
co_|6 50216
*~le 6 2 0 0 3)|°
4 3100 2
046 3 20

T = {b2!3, b3’4} and P’ = {blﬁg, b1!3, b1!4, b2,4}. Go to step 3.

Step 3: Since T’ # @ and T’ N T| = @, choose the vertex b, 3 from 7' N T, and go to step 4.

Step 4: Since c(by3) = 35, c(b24) = 6 and c(b2.3) # c(ba,4), interchange 5, 6 in the matrix C4 except the color
of by, by 3, b1 4, by g. Add the vertex by 3 to P’ and remove it from 7’. Then

06 6 6 40
6 0 6 6 3 4
co_|6 60215
S=le 6 2 0 0 3)|°
43100 2
045320

T = {b3,4} and P’ = {bl,Z» b1’3, b1,4, b2,3, b2,4}. Go to step 3.

Step 3: Since T’ # @ and 7' N T, = @, choose the vertex b3 4 from 7' N T, and go to step 4.

Step 4: Since c(b34) = 2, c(b24) = 6 and c(b3.4) # c(ba,4), interchange 2, 6 in the matrix Cs except the color
of b1, b13, b14,by3, bys. Add the vertex b3 4 to P’ and remove it from 7'. Then

06 6 6 40
6 06 6 3 4
c_|6 606 15
=16 6 6 0 0 3|°
4 31006
0 45360

T'=@ and P = {b[_]z, b1,3, b1!47 b2!3, b2,4, b3‘4}. Go to step 3.

Step 3: Since 7’ = , add the vertex u; 34 to P and remove it from 7, then T = {uss¢} and P = {u;2.3.4)}.
Go to step 1.

Step 1: Since T # ¢, choose the vertex usz s from 7. Let T' = {b3 5, b3 6, b5} and P’ = ¢, then T) = ¢ and
T, = T'. Since T, = ¥, choose the vertex bs ¢ from T,, add it to P’ and remove it from 7’. Then T’ = {bs3 5, b3 ¢}
and P’ = {bs5¢}. Go to step 2.

Step 2: Since T, # ), go to step 3.

Step 3: Since T’ # ¢ and T’ N T = @, choose the vertex b3 ¢ from T’ N T, and go to step 4.
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Step 4: Since c(bsz) = 35, c(bs) = 6 and c(b36) # c(bs), interchange 5, 6 in the matrix Cg¢ except the color
of bs . Add the vertex b3 ¢ to P’ and remove it from 7’. Then

055540

5055 3 4
|55 05 16
15 5 5 0 0 3|’

43100 6

0 46 3 60

T' = {b35} and P’ = {bs, bs}. Go to step 3.

Step 3: Since T’ # ¢ and T’ N T = @, choose the vertex b3 s from 7' N T, and go to step 4.

Step 4: Since c(bszs) = 1, c(bs) = 6 and c(b35) # c(bs), interchange 1, 6 in the matrix C7 except the color
of b3, bse. Add the vertex b3 s to P’ and remove it from 7’. Then

055540
5055 3 4
co_|3505 66
=15 5 5 0 0 3|’
436 0 0 6
0 46 3 60

T'=0¢ and P’ = {b3s, b3, bs}. Go to step 3.

Step 3: Since T’ = @, add the vertex u3 s to P and remove it from 7, then T = @ and P = {us s, U1.2.3.4}-
Go to step 1.

Step 1: Since T = ¢ consider C,, = Cg, go to step 5.

Step 5: Since T” # @, choose the vertex u; 5 from T”. Go to step 6.

Step 6: Since c¢; 5 = 4 appears exactly once in both 1st row and 5th column of the color matrix C,,. Add the
vertex u; s to P” and remove it from 7”. Then 7" = {us s, uz 6, us 6} and P” = {u; s}. Go to Step 5.

Step 5: Since T” # @, choose the vertex u, 5 from T”. Go to step 6.

Step 6: Since ¢, s = 3 appears exactly once in both 2nd row and 5th column of the color matrix C,,. Add the
vertex u, s to P” and remove it from 7”. Then 7" = {uz6, use} and P” = {u; s, uzs}. Go to Step 5.

Step 5: Since T” # (J, choose the vertex us ¢ from T”. Go to step 6.

Step 6: Since ¢, ¢ = 4 appears exactly once in both 2nd row and 6th column of the color matrix C,,. Add the
vertex uz ¢ to P” and remove it from 7. Then T” = {u46} and P” = {uy s, uz 5.4, ,}. Go to Step 5.

Step 5: Since T” # @, choose the vertex iy ¢ from T”. Go to step 6.

Step 6: Since c4 6 = 3 appears exactly once in both 4th row and 6th column of the color matrix C,,. Add the
vertex u4 ¢ to P” and remove it from 7”. Then 7”7 = ¢ and P” = {u, 5, uz s, uz6, us6}. Go to Step 5.

Step 5: Since T” = @, consider Cy; = C,,,.

Stop the process.

Assign the colors to the graph H using the matrix Cy, i.e., color the vertex v by the (i, j)th entry ¢; ; of the
matrix Cy, whenever A;NA; # 0 (see Fig. 13a), where the numbers 1, 2, 3, 4, 5, 6 correspond to the colors Green,
Cyan, Blue, Maroon, Tan, Red respectively. Extend the coloring of Hto G by assigning the remaining colors which
are not used for A; from the set of 6-colors to the vertices of clique degree one in each A;, 1 <i < 6. The colored
graph G is shown in Fig. 13b.

Following example shows that the aforementioned method does not work, if the graph G has more than 75 vertices
of clique degree greater than one in some A;, 1 <i < n.

Example 4.3. Let G be the graph shown in Fig. 14a.

Let V(A1) = {v1, v2, v3, va, v5, U6}, V(A2) = {v2, v7, 8, V9, V10, V11,

V(A3) = {vs, vs, vi2, V13, Vs, Vis}, V(Ag) = {va, vo, vie, V17, Vis, V20, V21 }s

V(As) = {vs, vio, vi4, v1g, V20, V21}, V(Ag) = {ve, V10, V15, V19, V22, V23}.

Relabel the vertices of clique degree greater than one in G by us where A = {i : v € A; for 1 <i < 6}. The
labeled graph is shown in Fig. 14b. Fig. 15 is the graph H, where H is obtained by removing the vertices of clique
degree 1 from G.

Please cite this article as: S.M. Hegde and S. Dara, Further results on Erdés—Faber—Lovasz conjecture, AKCE International Journal of Graphs and Combinatorics (2019),
https://doi.org/10.1016/j.akcej.2019.03.003.




S.M. Hegde and S. Dara / AKCE International Journal of Graphs and Combinatorics 17 (1) 627-631 627

e

(a) Graph H (b) A 6 coloring of graph G

Fig. 13. The graphs H and G, after colors have been assigned to their vertices . (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

/ ' |>
v, L V.
15 10 L
A ' 7
Via s— L Via U5 — < Via

(a) Graph G (b) Graph G after relabeling the vertices of clique
degree greater than one

Fig. 14. Graph G: before and after relabeling the vertices.

Let X = {b” . Ai N AJ = @} = {b3,4},

LK
Xi={veG:d"(v) =1} = {vi, v7, v11, V12, V13, V16, V17, V20, V21, V22, V23},
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. K
X, ={veG:d"(v) =2} = {va, v3, V4, Vs, Vs, Vg, V9, V14, V15, Vig, V19}
= {Ml,z’ Uyz, U4, U155, 1,6, 2,3, U2 4, U35, U3 6, U4 5, u4,6}a

and X3 = {v € G : d¥(v) =3} = {vio} = {u256}.

6 1 2 3 4 5
1 3 56 2 4
. 2 541 6 3 . .
Let 1, 2, ..., 6 be the six colors and C = 36 1 4 5 2 be the color matrix (as well as symmetric
4 2 6 5 3 1
54 3 2 1 6

latin square) of order 6 x 6.
Consider the sets T = X3 = {uz 5},
T" = Xo ={uip, u13, U4, U15, U16, U2 3, Up 4, U35, U3 6, Uas, Uscs), P =9 and P” = . Then by applying the

aforementioned method we get a new color matrix C; by putting ¢; ; =0, ¢;; = 0 for every b; ; in X and ¢;; =0
for eachi =1,2,...,6 and go to Step 1.
01 2 3 45
1 05 6 2 4
C, = 2 50 0 6 3
36 00 5 2
4 2 6 5 01
54 3 2 10

Step 1: Since T # @, choose the vertex us s from T. Let T = {by 5, by s, bs ¢} and P’ = @, then T = ¢ and
T, =T'. Since T, = @, choose the vertex bs ¢ from 75, add it to P’ and remove it from 7’. Then T’ = {b, 5, b2 ¢}
and P’ = {bs¢}. Go to step 2.

Step 2: Since 7, # @, go to step 3.

Step 3: Since 7’ # ¥ and T’ N T{ =, choose the vertex by 5 from T’ N T, and go to step 4.

Step 4: Since c(bys5) = 2, c(bs) = 1 and c(b25) # c(bs ), interchange 2, 1 in the matrix C; except the color
of bs . Add the vertex by s to P’ and remove it from 7’. Then

0213435
205 6 1 4
|t 500063
2713 6 0 0 5 2|
416 5 0 1
5 43210
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T’ = {by6} and P' = {b, s, bs}. Go to step 3.

Step 3: Since T’ # @ and T’ N T = @, choose the vertex b, ¢ from T’ N T, and go to step 4.

Step 4: Since c(by ) = 4, c(bss) = 1 and c(by6) # c(bs,6), interchange 4, 1 in the matrix C, except the color
of by s, bs . Add the vertex by ¢ to P’ and remove it from 7’. Then

0 243 1S5
2 0 56 11
C%=450063
; 360 05 2}
1 1 6 501
513210

T’ =0 and P’ = {bas, by, bs}. Go to step 3.

Step 3: Since 7’ = 0, add the vertex uys¢ to P and remove it from 7, then T = @ and P = {us56}. Go to
step 1.

Step 1: Since T = ¢ consider C,, = C3, go to step 5.

Step 5: Since 7" # (J, choose the vertex u;, from 7”. Go to step 6.

Step 6: Since c¢;, = 2 appears exactly once in both 1st row and 2nd column of the color matrix C,. Add
the vertex upp to P’ and remove it from T”. Then T” = {uy3, U4, U5, UG, U3, U 4, U35, U3 6, U4 5, Lt4’6} and
P” = {u,}. Go to Step 5.

Step 5: Since 7" # (J, choose the vertex u; 3 from T”. Go to step 6.

Step 6: Since ¢;3 = 4 appears exactly once in both 1st row and 3rd column of the color matrix C,,. Add
the vertex upsz to P” and remove it from T”. Then T” = {u1,4,u1,5,u1,6,u2,3,u2,4,u3,5,u3,6,u4,5,u4,6} and
P” = {uy,u13}. Go to Step 5.

Step 5: Since 7" # (J, choose the vertex u; 4 from T”. Go to step 6.

Step 6: Since c¢; 4 = 3 appears exactly once in both 1st row and 4th column of the color matrix C,,. Add the vertex
up 4 to P’ and remove it from T”. Then T" = {u175, Ui e, U3, U 4, U35, U3 6, U4 5, M4’6} and P = {MI,Z, U3, u1,4}.

Go to Step 5.
Step 5: Since 7" # ¢}, choose the vertex u; s from T”. Go to step 6.
Step 6: Since ¢; s = 1 and it appears more than once in the 5th column of the color matrix C,. Let

A=fcj:c,j #01 <j=<6}={1,2,345,B={cs5:¢5#0;1<i<6}=1{1,56},then AUB
={1,2,3,4,5 6}and {1,2,3,4,5,6} \AUB = 0.

It cannot be go further.

In the illustration of Example 4.3, if we choose the color matrix (symmetric latin square) given below, then exists
an n-coloring of G.

1 23 456
23 45 6 1
3456 1 2

[

LetC'=14 56 1 2 3

561 23 4

6 1 2 3 45
Applying the method in Example 4.3, we get

0 2 3 6 5 1

20 65 4 4
o 360012
M=l6 500 2 3
54120 4
1 423 40

Color the vertex v by the (i, j)th entry ¢; ; of the matrix C},, whenever A; N A; # ) (see Fig. 16a), where the
numbers 1, 2, 3, 4, 5, 6 correspond to the colors Blue, Red, Green, Maroon, Tan, Cyan respectively. Extend the
coloring of Ht G by assigning the remaining colors which are not used for A; from the set of 6-colors to the
vertices of clique degree one in each A;, 1 <i < 6. The colored graph G is shown in Fig. 16b.
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Uz4
(a) Graph H (b) A 6 coloring of graph G

Fig. 16. The graphs H and G, after colors have been assigned to their vertices . (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Remark 4.4. From the above example, one can see that the method will work for some symmetric latin squares
and will not work for some other, for the graphs having more than 3 vertices of clique degree greater than one in
some A; (1 <i <n)inG.
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