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ABSTRACT

An important recent development in mediation analysis is the use of causal mediation analysis. Causal
mediation analysis decomposes the total exposure effect into causal direct and indirect effects in the
presence of exposure-mediator interaction. However, in practice, traditional mediation analysis is still
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most widely used. The aim of this paper is to demonstrate the similarities and differences between the
causal and traditional estimators for mediation models with a continuous mediator, a binary outcome, and
exposure-mediator interaction. A real-life data example, analytical comparisons, and a simulation study
were used to demonstrate the similarities and differences between the traditional and causal estimators.
The causal and traditional estimators provide similar indirect effect estimates, but different direct and total
effect estimates. Traditional mediation analysis may only be used when conditional direct effect estimates
are of interest. Causal mediation analysis is the generally preferred method as its casual effect estimates

help unravel causal mechanisms.

Introduction

Mediating variables are central to structural equation modeling
(SEM) methodology, serving as a motivation for methods
development (Judd & Kenny, 1981; Sobel, 1982) and the sub-
stantive applications of SEM (Bollen, 1989; Kline, 2015; Little,
2013). SEM developments for mediating variables include
effect decomposition (Alwin & Hauser, 1975), general formulas
for standard errors (Sobel, 1982), resampling methods (Bollen
& Stine, 1990), methods for non-normal distributions
(Browne, 1984), and most recently, modern causal inference
methods (Bollen & Pearl, 2013). The purpose of this paper is to
elucidate the application of modern causal inference methods
for mediation models with a binary outcome variable.
Mediation analysis disentangles the total exposure effect
into direct and indirect effects (Judd & Kenny, 1981;
MacKinnon, 2008, 2020). However, the underlying causal
mechanisms of exposure effects are often more complex than
this. In addition to mediating the exposure effect, a mediator
can also moderate the exposure effect, resulting in exposure-
mediator (XM) interaction (Holland, 1988; Judd & Kenny,
1981). When there is XM interaction, the magnitude of the
direct effect depends on mediator values and the magnitude of
the indirect effect depends on exposure values (Judd & Kenny,
1981). However, in the traditional mediation analysis litera-
ture, limited guidance is provided for estimating direct and
indirect effects in the presence of XM interaction (Judd &
Kenny, 1981; MacKinnon, 2008, 2020). Reporting average
direct and indirect effect estimates is therefore common prac-
tice. The reporting of average effect estimates is problematic

when the XM interaction is present, because average effect
estimates ignore important information on the direct and
indirect effects at specific exposure and mediator values and
therefore do not provide complete insight into the causal
mechanisms underlying the total effect (Pearl, 2001).

An important recent development in mediation analysis is
the application of causal mediation analysis (Imai et al., 2010;
Pearl, 2001; Vanderweele & Vansteelandt, 2010). Causal med-
iation analysis provides definitions and estimators of direct and
indirect effects that naturally incorporate the XM interaction
(Pearl, 2001; Robins & Greenland, 1992). Causal mediation
analysis is based on the potential outcomes framework and
the more general counterfactual framework, and defines causal
effects as the difference between two potential outcomes or
counterfactuals (Holland, 1986; Pearl, 2001).

A recent study demonstrated how, in the presence of XM
interaction, traditional mediation analysis can be used to esti-
mate causal effects for models with a continuous mediator and
a continuous outcome variable (MacKinnon et al.,, 2020).
However, the traditional mediation analysis methodology is
less suited for the estimation of causal mediation effects when
the outcome is binary. This is due to differences in the types of
effects estimated by causal and traditional mediation analysis
when the underlying models are non-linear, i.e., average effects
versus conditional effects, respectively. Since in practice both
causal and traditional mediation analysis are used for the
analysis of mediation models with binary outcomes (Vo et al.,
2020), it is important that researchers know when they can
expect traditional mediation analysis to yield causal effect
estimates. When the traditional and causal methods provide
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different effect estimates, it is important that researchers know
which of the two methods is better suited to answer their
research questions.

The aim of this paper is to demonstrate the similarities and
differences between the causal and traditional estimators for
mediation models with a continuous mediator, a binary out-
come, and XM interaction. We first provide a short overview of
the basic concepts of statistical mediation analysis, followed by
an introduction of the causal and traditional mediation analy-
sis methodologies. To assess the similarities and differences
between the causal and traditional estimators, we perform
analytical comparisons. Then, we use a simulation study to
demonstrate when researchers should expect to observe differ-
ences between the causal and traditional direct and total effect
estimates. Subsequently, the estimation and interpretation of
the causal and traditional effects are demonstrated using a real-
life data example. Finally, we provide recommendations for the
estimation of effects for models with a continuous mediator,
a binary outcome, and XM interaction.

Statistical mediation analysis

Mediation analysis was developed based on path analysis and
decomposes the total exposure effect (the ¢ path in Figure 1)
into an indirect and direct effect (Judd & Kenny, 1981;
MacKinnon, 2008, 2020; Wright, 1923). The indirect effect is
the part of the total effect that is explained by the mediator (the
a and b paths in Figure 1), and the direct effect is the part of the
total effect that is not explained by the mediator (the ¢’ path in
Figure 1).

When the outcome is binary and the mediator is continu-
ous, the paths in Figure 1 can be estimated using three equa-
tions (Judd & Kenny, 1981; MacKinnon et al., 2007):

C
Exposure Outcome
d;
Confounder
=)
Mediator
a b
A
C b
Exposure Outcome
dz
d3
Confounder

Figure 1. Path diagram of the single mediator model, including a confounder.

logit(Pr(Y = 1|x,2)) = i1 + X + di1 Z (1)
M:i2+aX+d2Z+$2 (2)

logit(Pr(Y = 1|x,m,z)) = is + (X + bM +dsZ  (3)

where Equations 1 and 3 are estimated using logistic regres-
sion, yielding path coefficients on the log-odds scale, and
Equation 2 is estimated using linear regression. In Equation
1, the ¢ coeflicient represents the effect of the exposure (X) on
the outcome (Y). In Equation 2, the a coeflicient represents the
effect of the exposure on the mediator (M), and ¢, represents
the linear regression residual term. In Equation 3, the ¢’ coeffi-
cient represents the effect of the exposure on the outcome
when adjusted for the mediator, and the b coefficient repre-
sents the effect of the mediator on the outcome when adjusted
for the exposure. The i}, i,, and i3 terms represent intercepts,
and the d;, d, and d; terms represent the effects of
a confounder on the outcome and mediator. In the absence
of confounding the d;, d,, and d; terms drop out of Equations
1,2, and 3.

Equation 3 assumes the absence of an XM interaction, but
the XM interaction can be investigated by extending Equation
3 with an XMe-interactioin term (Judd & Kenny, 1981;
MacKinnon, 2008, 2020; Vanderweele & Vansteelandt, 2010),
yielding the following equation:

logit(Pr(Y = 1|x,m,z)) = iy + ¢ X + bM + hXM + dyZ (4)

where the h coefficient represents the effect of the exposure-
mediator interaction on the outcome. In the following two
sections we describe how the path coeflicients from
Equations 1, 2, and 4 can be used to estimate the causal and
traditional direct, indirect, and total effects.

Causal mediation analysis

Causal mediation analysis distinguishes between causal effect
definitions and causal effect estimation (Holland, 1988; Robins
& Greenland, 1992). A strength of causal mediation analysis is
that its effect definitions are general and can be applied to any
mediation model (Pearl, 2001). Various estimation methods can
be used to estimate the causal effects, including a simulation-
based approach, a numerical integration approach, and
a regression-based approach (Imai et al., 2010; Muthén et al.,
2017; VanderWeele, 2009). In this paper, we focus on the regres-
sion-based approach, as this approach is most similar to tradi-
tional mediation analysis.

Causal effect definitions

Causal mediation analysis defines causal effects as the differ-
ence between two potential outcomes (Holland, 1988; Pearl,
2001; Robins & Greenland, 1992). Consider that we are inter-
ested in the effect of an intervention X, where x represents the
intervention group and x* represents the control group, on an
outcome Y. In this situation, two potential outcome values can
be observed for one participant; the outcome value when in the
intervention group, i.e., Y(x), and the outcome value when in
the control group, ie., Y(x*) (Holland, 1986). The causal



intervention effect is defined as the comparison of the partici-
pant’s outcome values simultaneously observed under both
groups, ie., Y(x) — Y(x*).

In mediation analysis, the potential outcome values are not
only dependent on exposure values, but also on mediator
values (Holland, 1988; Pearl, 2001). The potential outcomes
notation is therefore extended to also include the mediator
value, ie., Y(x, m) and Y(x* m), where m represents
a mediator value of interest. Suppose that we are interested in
physical activity as a mediator of the relation between an
intervention (where X = 1 represents intervention and X = 0
represents control) and hypertension (where Y = 1 represents
hypertension and Y = 0 represents no hypertension).
A participant’s risk of hypertension had the participant been
in the intervention group (X = 1), while holding physical
activity constant at, for instance, 3 hours, is denoted as Y(x -
= 1, m = 3). The participant’s risk of hypertension had the
participant been in the control group (X = 0), while holding
physical activity constantat 3 hours, is denoted as Y(x =0, m =3).
The difference between the two potential outcomes Y(x, m)
and Y(x*, m) is the controlled direct effect (CDE) (Pearl, 2001).
The CDE is therefore the direct exposure effect when holding
the mediator constant at a predetermined value. In other
words, the CDE is the direct exposure effect when we intervene
on the mediator value. In our theoretical example the CDE is
the difference between Y(x = 1, m = 3) and Y(x = 0, m = 3),
which is interpreted as the direct effect of the intervention on
hypertension when the participant is forced to adhere to 3
hours of physical activity per week.

Instead of holding the mediator constant at a predetermined
value, e.g., 3 hours of physical activity, the mediator can also be
set to values that would naturally be observed in the control
and intervention group (Holland, 1988; Pearl, 2001). The
potential outcomes then take the natural relation between the
exposure and mediator into account. This extends the potential
outcomes notation to Y(x, M(x)), Y(x, M(x¥)), Y(x*, M(x)), and
Y(x* M(x*)), where M(x) represents the participant’s naturally
observed mediator value when in the intervention group, and
M(x*) represents the participant’s naturally observed mediator
value when in the control group. These potential outcomes are
referred to as nested potential outcomes, as the potential med-
iator values are nested within the potential outcome values
(Pearl, 2001). Whereas in a non-nested potential outcome
the m value indicates that the researcher intervenes on the
mediator value, in a nested potential outcome M(x*) and
M(x) indicates that the mediator takes on the value that
would naturally be observed for a specific participant had
that participant been exposed to values x* and x, respectively.

We illustrate the interpretation of the nested potential
outcomes with a theoretical example. Suppose that we would
naturally observe 4 hours of physical activity had a participant
been in the intervention group, i.e., M(x = 1) = 4, and 2
hours had the same participant been in the control group,
i.e., M(x = 0) = 2. The nested potential outcome Y(x, M(x))
then represents the participant’s risk of hypertension when in
the intervention group, while holding physical activity constant
at the value that would naturally have been observed had that
participant been in the intervention group, ie., Y(x = I,
M(x = 1) = 4). The nested potential outcome Y(x, M(x*))
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represents the participant’s risk of hypertension in the inter-
vention group, while holding physical activity constant at the
value that would naturally have been observed in the control
group, ie, Y(x = 1, M(x = 0) = 2). The nested potential
outcome Y(x* M(x)) represents the participant’s risk of hyper-
tension when in the control group, while holding physical
activity constant at the value that would naturally have been
observed had that participant been in the intervention group,
ie, Y(x = 0, M(x = 1) = 4). Finally, the nested potential out-
come Y(x* M(x*)) represents the participant’s risk of hyper-
tension when in the control group, while holding physical
activity constant at the value that would naturally have
been observed had that participant been in the control group,
ie, Y(x =0, M(x =0) = 2).

Based on the differences between the nested potential
outcome values, two natural direct effects, two natural
indirect effects, and the total effect are defined (Pearl,
2001; Robins & Greenland, 1992). The pure natural direct
effect (PNDE) is the direct effect when the participant’s
mediator is held constant at the value naturally observed
had that participant been in the control group, and
therefore equals the difference between Y(x, M(x*)) and
Y(x* M(x*)). The total natural direct effect (TNDE) is the
direct effect when the participant’s mediator is held con-
stant at the value naturally observed had that participant
been in the intervention group, and therefore equals the
difference between Y(x, M(x)) and Y(x* M(x)). The pure
natural indirect effect (PNIE) is the indirect effect of chan-
ging the participant’s mediator from that participant’s natu-
rally observed value in the treatment group to that
participant’s naturally observed value in the control group,
while the direct exposure effect is held constant at the
control group level, and therefore equals the difference
between Y(x*, M(x)) and Y(x*, M(x*)). The total natural
indirect effect (TNIE) is the indirect effect of changing the
participant’s mediator from that participant’s naturally
observed value in the treatment group to that participant’s
naturally observed value in the control group, while the
direct exposure effect is held constant at the intervention
group level, and therefore equals the difference between
Y(x, M(x)) and Y(x, M(x*)). The total effect (TE) is the
total effect of changing the exposure from the intervention
group value to the control group value, and therefore
equals the difference between Y(x, M(x)) and Y(x* M(x¥)).

The definitions of the natural direct and indirect effects
allow for XM interaction, as the PNDE and TNDE are
estimated based on different mediator values and the
PNIE and TNIE are estimated based on different exposure
values. That is, the PNDE is based on the comparison of
two potential outcomes for which the mediator is held
constant at the participant’s value naturally observed in
the control group, i.e., M(x*), while the TNDE is based
on the comparison of two potential outcomes for which
the mediator is held constant at the participant’s value
naturally observed in the treatment group, i.e., M(x). The
PNIE is based on the comparison of two potential out-
comes for which the exposure is held constant at x*
while the TNIE is based on the comparison of two potential
outcomes for which the exposure is held constant at x.
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Causal effect estimation

In practice it is not feasible to simultaneously observe two
potential outcomes for the same participant (Holland, 1986).
It is also not feasible to observe the two nested potential out-
comes Y(x, M(x*)) and Y(x* M(x)) for the same participant, as
these nested potential outcomes assume that one participant is
simultaneously exposed to the intervention and control condi-
tion (Pearl, 2001). Instead of observing the (nested) potential
outcomes at the individual level, the (nested) potential out-
comes are estimated at the population-average level (Holland,
1988; Pearl, 2001; Robins & Greenland, 1992). The notation of
the potential outcomes changes slightly when estimated at the
population-average level. For example, at the population-
average level the potential outcomes Y(x, m) and Y(x* m) are
denoted as E[Y(x, m)] and E[Y(x* m)], respectively.

At the population-average level, all participants take on the
same mediator value for the non-nested potential outcomes,
while the mediator values for the nested potential outcomes
differ from participant to participant depending on each parti-
cipant’s naturally observed mediator values under x* and
x (Holland, 1988; Pearl, 2001; Robins & Greenland, 1992).
For example, when we estimate the average potential outcome
E[Y(x = 0, m = 3)], the mediator is held constant at a value of
three for all participants in the population. In contrast, when
we estimate the average nested potential outcome E[Y(x =0, M
(x = 0))], we allow the mediator value to vary across partici-
pants. For example, for one participant the mediator value
naturally observed when in the control group might be two,
i.e., M(x = 0) = 2, while for another participant the mediator
value naturally observed when in the control group might be
one, i.e., M(x = 0) = 1. Since the four nested potential outcomes
allow every participant to take on their own mediator values,
a distribution of mediator values is observed for participants in
the control and intervention group. The four nested potential
outcomes are subsequently averaged over the distribution of
mediator values observed in either the control or intervention
group, rather than estimated conditional on a fixed mediator
value.

Four no-confounding assumptions are needed to ensure the
causal interpretation of the average (nested) potential out-
comes and the average causal effect estimates (Pearl, 2001;
Vanderweele & Vansteelandt, 2010):

1. no unmeasured confounding of the exposure-mediator
effect, i.e., the a path;

2. no unmeasured confounding of the mediator-outcome
effect, i.e., the b path;

3. no unmeasured confounding of the exposure-outcome
effect, i.e., the ¢’ path;

4. there are no confounders of the mediator-outcome effect,
i.e., b path, that are affected by the exposure.

In the regression-based approach, the average potential out-
comes are estimated based on the path coefficients from
Equations 2 and 4 (Vanderweele & Vansteelandt, 2010). Both
multiple regression analysis and SEM may be used to estimate
Equations 2 and 4 (Miocevi¢ et al, 2018; Muthén &
Asparouhov, 2015). The path coefficients from these equations

are subsequently used to estimate the average potential out-
comes for a model with a continuous mediator and a binary
outcome:

E[Y(x",m)|z] =iy + bm + dyz (5)
E[Y(x,m)|z] =iy + ¢ + bm + hm + dyz (6)

E[Y(x,M(x"))|z] = iy + ¢ + daz + (b + h) (i + ds2)
+0.5(b+ h)’oZ, (7)

E[Y(x*, M(x"))|z] = iy + daz + b(ia + da2) + 0.5b%0%,, (8)

E[Y(x,M(x))|z] = is + ¢ +dsz+ (b+ h)(i» + a + daz)
+0.5(b+ h)’oZ, 9)

E[Y(x*,M(x))|2] = is + daz + b(i> + a + dpz) + 0.5b07,
(10)

The two potential outcomes E[Y(x*, m)] and E[Y(x, m)] are
both estimated conditional on a predetermined mediator
value m (Pearl, 2001), hence the multiplication of the b and
h coeflicients with the predetermined mediator value m. The
four nested potential outcomes E[Y(x, M(x*))], E[Y(x*, M
(x)], E[Y(x, M(x*)], and E[Y(x, M(x))] are averaged over
the distribution of mediator values in the control and inter-
vention group. The regression-based approach approximates
this process by estimating the potential outcomes conditional
on the mean mediator value observed in the control and inter-
vention group, i.e., M(x*) and M(x) respectively (Vanderweele
& Vansteelandt, 2010). When the mediator follows a normal
distribution, the mean mediator values in the control and
intervention group provide summary estimates of the mediator
distributions in these groups. The intercept in Equation 2, i.e.,
i5, represents the mean mediator value in the control group,
and the summation of i, and a coefficient in Equation 2
represents the mean mediator value in the intervention
group. If the outcome is continuous and Equation 4 is esti-
mated with linear regression, the average-nested potential out-
comes can be estimated by plugging these path coeflicients
from Equation 2 into Equation 4 (VanderWeele &
Vansteelandt, 2009). However, when the outcome is binary,
the average-level potential outcomes are defined on the odds
ratio (OR) scale (Vanderweele & Vansteelandt, 2010). When
estimating the nested potential outcomes on the OR scale, the
mediator variable is assumed to follow a log-normal distribu-
tion instead of a normal distribution. The mean of a log-
normal distribution is a function of the mean and variance of
the respective normally distributed variable. Therefore, the
residual variance from Equation 2 is introduced in the equa-
tions of the nested potential outcomes to approximate aver-
aging over the log-normal distribution of the mediator values
in the control and intervention group (Vanderweele &
Vansteelandt, 2010).

The average causal effects are estimated as the difference
between two average (nested) potential outcomes (Vanderweele
& Vansteelandt, 2010). Table 1 provides an overview of the logis-
tic-regression-based causal estimators on the log-odds scale for
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Table 1. Overview of the regression-based causal estimators on the log-odds scale for models with a continuous

mediator, a binary outcome, and XM interaction.

Causal effect Definition Estimator

CDE E[Y(1, m) —Y(0,m)|z]  +hm

PNDE E[Y(1,M(0)) — Y(0,M(0))|Z] d + h(ia + dyz + bal ) + 0.5h%07

TNDE E[Y(1,M(1)) — Y(0,M(1))|] ¢ +h(ia + a + dyz + bal)) 4+ 0.5h%02

PNIE E[Y(0,M(1)) — Y(0,M(0))|Z] ab

TNIE E[Y(1,M(1)) — Y(1,M(0))|2] ab + ha

TE E[Y(1,M(1)) — Y(0,M(0))]z] ' + h(iy + dyz + bal ) + 0.5h*a2 + ab + ha

Abbreviations: CDE, controlled direct effect; PNDE, pure natural direct effect; TNDE, total natural direct effect; PNIE,
pure natural indirect effect; TNIE, total natural indirect effect; TE, total effect.

models with a continuous mediator and a binary outcome.
The m value in the CDE estimator can be fixed to any mediator
value of substantive interest (Pearl, 2001). The CDE estimator is,
therefore, conditional on one specific mediator value and provides
insight in the average direct effect when for all participants the
mediator is held constant at this specific value. In contrast with the
conditional CDE estimator, the PNDE and TNDE estimators
provide population-average effect estimates. To estimate the
PNDE and TNDE the conditional direct effect estimates for each
observed mediator value observed in the control and intervention
group are averaged over the mediator distribution in the control
and intervention group, respectively (Pearl, 2001). The PNIE and
TNIE are estimated conditional on the control and intervention
group level of the direct effect, respectively, since these are the only
two exposure values of substantive interest. The TE estimator on
the log-odds scale is algebraically equivalent to the sum of the
PNDE and TNIE estimators, and the sum of the TNDE and PNIE
estimators (Pearl, 2001; Vanderweele & Vansteelandt, 2010). The
effect estimates based on the causal estimators in Table 1 can be
exponentiated to yield effect estimates on the OR scale.

When there is confounding, the d,z term is included in the
PNDE, TNDE, and TE estimators, where z represents
a confounder value. Two types of confounder adjusted effects
can be estimated, i.e., conditional on a specific confounder
value and marginal over the confounder distribution. To
estimate the PNDE, TNDE, and TE conditional on
a specific confounder value, z is set to a value of substantive
interest. To estimate the PNDE, TNDE, and TE marginal
over the confounder distribution, z is set to the observed
mean of the confounder. When there is no confounding, the
d,z term drops out of the PNDE, TNDE, and TE estimators.

Traditional mediation analysis

Traditional mediation analysis defines its effects in terms of
linear path coefficients (Baron & Kenny, 1986; MacKinnon &
Dwyer, 1993). If Equations 1, 2, and 3 are all estimated with
linear regression, the total effect is defined as the ¢ coefficient
from Equation 1. The direct effect is defined as the ¢’
coefficient from Equation 3. The indirect effect is defined
as the product of the a and b coefficients, i.e., the product-of
-coefficients estimator, and as the difference between the
¢ and ¢’ coeflicients, i.e., the difference-between-coeflicients
estimator (MacKinnon, 2008, 2020; MacKinnon & Dwryer,
1993). These indirect effect estimators are algebraically
equivalent when based on linear path coeflicients
(Mackinnon et al., 1995), but not when based on logistic

path coefficients (MacKinnon & Dwyer, 1993; MacKinnon
et al., 2007). The difference between these indirect effect
estimators is caused by the non-collapsibility of the expo-
sure-outcome effect across mediator values (MacKinnon
et al, 2007; Rijnhart et al, 2020). The scale of a logistic
path coefficient is dependent on the variables in the model
(Greenland et al., 1999; Mood, 2010). As a result, logistic
path coefficients change when variables are added to the
model, even if the added variables are not associated with
the other variables in the model. For mediation models this
means that ¢ and ¢’ are estimated on different scales, causing
the ¢ and ¢’ coeflicients to differ in magnitude, even in the
absence of mediation (MacKinnon et al., 2007; Rijnhart et al.,
2020). As a result, effect estimates based on the difference-in-
coeflicients estimator do not only represent the indirect effect,
but also non-collapsibility. The product-of-coefficients estimator
is therefore the preferred indirect effect estimator for models
with a continuous mediator and a binary outcome
(MacKinnon et al., 2007; Rijnhart et al., 2019, 2020).

The traditional effect definitions do not automatically
incorporate XM interaction. As early as 1981, Judd and
Kenny advised the examination of XM interaction through
the estimation of Equation 4 (Judd & Kenny, 1981).
However, only limited guidance was available on the esti-
mation of direct and indirect effects in the presence of
a significant XM interaction effect (Judd & Kenny, 1981;
MacKinnon, 2008, 2020). A recent study by MacKinnon
et al. (2020) showed how recoding of the exposure variable
and group-mean centering of the mediator variable in tra-
ditional mediation analysis can be used to estimate causal
direct and indirect effects for models with a continuous
mediator and a continuous outcome. That is, the CDE is
estimated as the ¢’ coefficient in Equation 4 when the
mediator is centered at the substantive mediator value of
interest, i.e., m. The PNDE is estimated as the ¢’ coefficient
in Equation 4 when the mediator is centered at the
observed mean value in the control group. The TNDE is
estimated as the ¢’ coefficient in Equation 4 when the
mediator is centered at the observed mean value in the
intervention group. The PNIE is estimated as the product
of the a and b coefficients when the exposure variable is
coded in such a way that the zero value represents the
control group. The TNIE is estimated as the product of
the a and b coefficients, when the exposure variable is
coded in such a way that the zero value represents the
intervention group. When the exposure is a continuous
variable, the PNIE and TNIE can be estimated by centering
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the exposure at the values that represent the contrast of
substantive interest, i.e., x* and x.

Analytical comparisons

To assess whether the methodology described by MacKinnon
et al. (2020) is also successful for the estimation of causal effects
for mediation models with a continuous mediator and binary
outcome, we analytically compared the causal estimators for
models with a continuous mediator and a continuous outcome
with the causal estimators for models with a continuous med-
iator and a binary outcome. Table 2 shows the results of these
analytical comparisons. There are no differences in the causal
estimators of the CDE, PNIE, and TNIE for models with
a continuous outcome and models with a binary outcome.
This implies that traditional mediation analysis can also be
used to estimate the CDE, PNIE, and TNIE for models with
a continuous mediator and a binary outcome. However, there
are differences in the causal estimators of the PNDE, TNDE,
and TE for models with a continuous outcome and models
with a binary outcome. This implies that traditional mediation
analysis cannot be used to estimate the PNDE, TNDE, and TE
for mediation models with a continuous mediator and a binary
outcome.

The discrepancy in the causal and traditional direct effect
estimators can be explained by the fact that traditional media-
tion analysis provides direct effect estimates that are condi-
tional on a specific mediator value, while the PNDE and TNDE
estimates from causal mediation analysis provide direct effect
estimates that are averaged over the mediator distributions
observed in the control and intervention group, respectively.
For mediation models with a continuous mediator and
a continuous outcome, the direct effects estimated conditional
on group-mean centered mediator variables approximate aver-
aging over the mediator distribution in the control and inter-
vention group. However, this does not work for models with
a continuous mediator and a binary outcome, as now the
mediator value is assumed to follow a log-normal distribution,
rather than a normal distribution. The differences in the tradi-
tional and causal direct effect estimates are also reflected in the
total effect estimates.

Simulation study

We performed a simulation study to demonstrate when
researchers should expect to observe differences between the
causal and traditional direct and total effect estimates. The

variables were generated from a normal distribution with
a mean of 0 and a variance of 1 using the RANNOR function
in SAS 9.4 programming language (SAS Institute, 2017). The
values of the a, b, ¢, and h coefficients corresponded to zero,
small (i.e., 0.14, corresponding to 2% of the variance in the
dependent variable), medium (i.e., 0.39, corresponding to 13%
of the variance in the dependent variable), and large (i.e., 0.59,
corresponding to 26% of the variance in the dependent vari-
able) effect sizes for the continuous variables (Cohen, 1988).
The d, and d; coefficients were set to either 0, representing
conditions without confounding, or 0.39, representing condi-
tions with medium confounder effects. The continuous expo-
sure and outcome variables were split at the median to create
binary variables. Three values were considered for the residual
variance in Equation 2: 1, 4, and 9. Five sample sizes were
considered: 50, 100, 200, 500, and 1,000. A total of 7,680
conditions were created with 1,000 replications per condition.

Figure 2 plots the difference between the PNDE estimates
(solid lines) and the traditional control-group direct effect
estimates (dashed lines) on the log-odds scale for the condi-
tions with confounder effects of zero. The differences between
the PNDE and traditional control-group direct effect estimates
increased as the residual variance, the h coeflicient, and the
b coefficient increased in magnitude. These differences were
more pronounced as the sample size decreased. Similar pat-
terns were observed for conditions with medium confounder
effects, and for the TNDE and TE (detailed plots can be found
in the supplementary materials).

Real-life data example

Data were used from a randomized-controlled trial aiming to
prevent unhealthy weight gain among school-aged children
through an educational program and changes in the assort-
ment of school canteens (Singh et al., 2006). The study protocol
was approved by the Medical Ethical Committee of the VU
University Medical Center and informed consent was obtained
from all individual study participants. Of the 546 children in
this trial, 285 were randomized to the intervention group and
261 to the control group. As displayed in Figure 3, we investi-
gated screen behavior, measured as the average hours of TV
watching and daily computer use (mean = 3.847), as a mediator
of the relation between the intervention and being overweight
(normal weight n = 465; overweight n = 81). Both screen
behavior and overweight were measured 8 months after the
intervention. The average amount of screen behavior was
4.242 hours per week in the control group and 3.485 hours per

Table 2. Comparison of causal estimators for models with a continuous mediator and a continuous outcome and for models with a continuous mediator and a binary

outcome.*

Effect estimate Continuous outcome

Binary outcome Difference

CDE '+ hm

PNDE '+ h(i, + dyz)

TNDE '+ h(i,+a+dz2)

PNIE ab

TNIE ab + ha

TE '+ h(i, + dyz) + ab + ha

¢+ hm

¢+ hii + doz + ba2 ) + 0.5h%02,
¢+ hli, + a + dyz + ba? ) + 0.5h°02,
ab No difference
ab + ha

¢+ hli; + doz + bo?) + 0.5h%0% + ab + ha

No difference
(b+05 h)haﬁz
(b + 0.5h)hoZ,

No difference
(b + 0.5h)ha?

Abbreviations: CDE, controlled direct effect; PNDE, pure natural direct effect; TNDE, total natural direct effect; PNIE, pure natural indirect effect; TNIE, total natural indirect

effect; TE, total effect.
Equations are derived from VanderWeele and Vansteelandt (2009, 2010)
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Figure 2. The PNDE estimates (solid lines) and traditional control-group direct effect estimates (dashed lines) as a function of the residual variance in the mediator
model, the h coefficient, and the b coefficient, when the confounder effects are zero.

Screen behavior

Intervention

Weight status

Figure 3. Path diagram of the data example in which screen behavior is hypothesized as a mediator of the relation between an intervention and weight status.

week in the intervention group. Equations 1, 2, and 4 were
estimated using the ‘gsem’ command in Stata version 14.1
(StataCorp, 2016). The causal and traditional mediation effect
estimates were accompanied by 95% percentile bootstrap con-
fidence intervals based on 1,000 resamples (Cheung, 2007,
MacKinnon et al. 2004). The data example in this paper does
not include a confounder. A data example with a confounder
can be found in the supplementary materials. Example Stata
code for these analyses is also provided in the supplementary
materials.

Table 3 shows the estimated path coefhicients from Equations 1,
2, and 4. The coefficients in Table 3 were based on the non-
centered mediator variable, as the causal estimators require the
variables in Equations 2 and 4 to be non-centered. This means that

the ¢ coefficient in Table 3 was estimated conditional on
a mediator value of zero. To derive the traditional estimates of
the CDE, control-group direct effect, and intervention-group
direct effect, we also estimated the ¢ coefficient conditional on
the grand-mean centered mediator variable (i.e., ¢’ = —0.341), on
the control-group mean-centered mediator variable (ie.,
¢’ =-0.276), and on the intervention-group mean-centered med-
iator variable (i.e., ¢’ = —0.340), respectively. The b coefficient in
Table 3 was estimated conditional on an exposure value of zero,
i.e., the control group. To estimate the traditional intervention-
group indirect effect, we also estimated the b coeflicient based on
amodel in which the exposure was recoded, yielding the mediator-
outcome effect estimate for children in the intervention group (i.e.,
b = 0.218). The h coefficient in this example was not statistically
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Table 3. Estimated path coefficients for the data example.

Coefficient Estimate Standard error p-value 95% confidence interval
Equation (1)% logit(Pr(Y = 1]x)) = iy + cX

Intercept iy —-1.569

¢ coefficient —-0.365 0.242 0.131 —0.840 to 0.109
Equation (2)° M = i, + aX + &°

Intercept iy 4.242

a coefficient —0.758 0.191 <0.001 —-1.131 to —0.384
Equation (4)* logit(Pr(Y = 1|x,m)) = iy + X + bM + hXM

Intercept iy —-1.804

¢’ coefficient -0.970 0.501 0.053 —1.951 to 0.011
b coefficient 0.054 0.067 0.422 —0.078 to 0.187
h coefficient 0.164 0.101 0.106 —0.035 to 0.362

Equations (1) and (4) were estimated using logistic regression, yielding coefficients on the log-odds scale.

PEquation (2) was estimated using linear regression.

“The residual term of the mediator model, i.e., 0?2, equaled 4.946.

Table 4. The causal and traditional effect estimates for the real-life data example.

Causal mediation analysis

Traditional mediation analysis

Estimate (OR) 95% Confidence Interval

Estimate (OR) 95% Confidence Interval

CDE at M = 3.847 0.711 0.422 to 1.140
CDE at M = 4.242 0.759 0.447 to 1.227
CDE at M = 3.485 0.670 0.390 to 1.091
PNDE 0.847 0.493 to 1.412
TNDE 0.749 0.442 to 1.238
PNIE 0.960 0.870 to 1.054
TNIE 0.848 0.714 to 0.966
TE 0.718 0.426 to 1.161

Direct at M = 3.847 0.711 0.422 to 1.140
Direct (control) 0.759 0.448 to 1.235
Direct (intervention) 0.670 0.393 to 1.090
Indirect (control) 0.960 0.870 to 1.054
Indirect (intervention) 0.848 0.714 to 0.966
Total 0.694 0.419 to 1.092

Abbreviations: OR, odds ratio; M, mediator; CDE, controlled direct effect; PNDE, pure natural direct effect; TNDE, total natural direct effect; PNIE, pure natural indirect

effect; TNIE, total natural indirect effect; TE, total effect.

significant, but based on its magnitude relative to the b coefficient,
the h coefficient can be considered relevant and was therefore
included in the estimation of the direct and indirect effects.

Table 4 shows the causal and traditional effect estimates on
the odds ratio scale. As expected based on the analytical com-
parisons, the causal and traditional estimators provided iden-
tical CDE, PNIE, and TNIE estimates, but different PNDE,
TNDE, and TE estimates.

Since causal and traditional mediation analysis provide iden-
tical CDE, PNIE, and TNIE estimates, the interpretations of these
estimates are also identical across the two methods. The CDE
estimate in Table 4 was estimated conditional on the grand mean
mediator value, i.e., 3.847 hours of screen behavior daily. The
CDE estimate therefore indicated that children in the intervention
group, who spend 3.847 hours daily on screen behavior, on
average had a 0.711 times lower odds of being overweight com-
pared to children in the control group who spent a similar amount
of time on screen behavior. The PNIE estimate indicated that
children in the intervention group on average had a 0.960 times
lower odds of being overweight compared to children in the
control group, through a decrease in the daily time spent on
screen behavior, when the exposure effect was held constant at
the control group level. The TNIE estimate indicated that children
in the intervention group on average had a 0.848 times lower odds
of being compared to children in the control group, through
a decrease in the daily time spent on screen behavior, when the
exposure effect was held constant at the intervention group level.

Because causal and traditional mediation analysis provide
different PNDE, TNDE, and TE estimates, the interpretations

of these estimates also differ. The traditional control-group and
intervention-group direct effect estimates have the same inter-
pretation as the CDE when estimated conditional on 4.242 and
3.485 hours of screen time respectively. For example, the tradi-
tional control-group direct effect of 0.759 indicated that chil-
dren in the control group, who spent 4.242 hours daily on
screen behavior, on average had a 0.759 times lower odds of
being overweight compared to children in the control group
who spent a similar amount of time on screen behavior. The
causal PNDE estimate indicated that children in the interven-
tion group on average had a 0.847 times lower odds of being
overweight compared to children in the control group, when
for each child the hours of screen behavior was held constant at
the value that would naturally have been observed for that child
when in the control group. Both the causal and traditional total
effect estimates were interpreted as the ratio of the odds of
being overweight in the intervention group and the odds of
being overweight in the control group.

Discussion

The aim of this paper was to demonstrate the similarities and
differences between the causal and traditional estimators for
mediation models with a continuous mediator, a binary out-
come, and XM interaction. We showed that traditional media-
tion analysis can be used to estimate the CDE, PNIE, and TNIE
from causal mediation analysis, but not the PNDE, TNDE, and
TE. The differences between the causal and traditional direct
effect estimates occur because of the different types of effects



estimated by causal and traditional mediation analysis when
based on non-linear models. Whereas the PNDE and TNDE
are averaged over the distribution of mediator values in the
control and intervention group, respectively, the traditional
direct effects are estimated conditional on one specific media-
tor value. The traditional direct effect estimates are therefore
comparable to the CDE estimate in causal mediation analysis.
With our analytical comparisons and simulation study we
showed that the differences between the causal and traditional
direct and total effect estimates increase as a function of the
residual variance from Equation 2, the h coefficient, and the
b coefficient. We also showed that the inclusion of confounders
in the equations does not affect the similarities and differences
between the causal and traditional effect estimates.

Even though causal mediation analysis is gaining in popu-
larity, the uptake of causal mediation analysis for models with
binary variables is still relatively low (Vo et al., 2020). A reason
for this is the high level of technical details in the literature on
causal mediation analysis (Naimi et al., 2017; Vo et al., 2020).
This paper aimed to inform researchers about the similarities
and differences between the causal estimators and the, still
widely applied, traditional estimators for models with
a continuous mediator, binary outcome, and XM interaction.
It is important that researchers are aware of these similarities
and differences, as the differences between the causal and
traditional estimators have important implications for the
interpretations of their respective effect estimates. The tradi-
tional direct effect estimates and the CDE estimate will be of
interest when the goal is to inform policy, such as intervention
protocols, while the causal direct effects will be of interest when
the goal is to unravel causal mechanisms (Pearl, 2001).

For the mediation models described in this paper (estimated
based on Equations 1, 2, 3, and 4), causal and traditional media-
tion analysis pose similar confounding and temporal precedence
assumptions. That is, both methods require that the estimated
regression equations are adjusted for the confounders of all paths
in the mediation model (MacKinnon, 2008, 2020; Vanderweele
& Vansteelandt, 2010). Both methods therefore also assume that,
conditional on the confounders included in Equations 1, 2, 3,
and 4, there are no unmeasured confounders of the paths in the
mediation model. In the causal mediation literature, this is
typically referred to as the sequential ignorability assumption
(Imai et al., 2010), which is a non-parametric assumption, while
in traditional mediation analysis the no-unmeasured confoun-
ders assumptions are specified within the context of specific
parametric models. It is important to note that confounders of
the mediator-outcome path always need to be considered, as this
path is even observational when the participants are randomized
to the exposure (Holland, 1988; MacKinnon, 2008, 2020). Both
causal and traditional mediation analysis assume the temporal
precedence of the exposure, mediator, and outcome in the med-
iation model (MacKinnon, 2008, 2020; Pearl, 2012). In other
words, changes in the exposure are assumed to precede changes
in the mediator, and changes in the mediator are assumed to
precede changes in the outcome.

Compared to traditional mediation analysis, causal mediation
analysis poses an additional rare outcome assumption for med-
iation models with a binary outcome. This means that the effect
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estimates on the OR scale only have a causal interpretation when
the outcome prevalence is low, i.e., 10% or lower across both
exposure groups, because then the estimated ORs approximate
risk ratios (RRs) (Greenland, 1987; Nguyen et al, 2016;
Vanderweele & Vansteelandt, 2010). Effect estimates on the RR
scale have a population average interpretation, while effect esti-
mates on the OR scale need to be interpreted with reference to
the underlying study population (Greenland, 1987). When the
outcome prevalence is higher than 10% in both exposure groups,
the effect estimates on the OR scale no longer approximate RRs,
and can only be used to statistically test the presence of the causal
effects (Vanderweele & Vansteelandt, 2010). When the outcome
prevalence is higher than 10%, Equation 4 may be estimated with
log-linear regression, yielding effect estimates on the RR scale
(Valeri & Vanderweele, 2013). The causal estimators in Table 1
can also be applied based on log-linear path coefficients, yielding
causal effect estimates on the RR scale.

The implications of XM interaction for mediation analysis are
not new (Judd & Kenny, 1981), but the rising popularity of
causal mediation analysis raises awareness about the importance
of investigating this interaction (Pearl, 2001; Vanderweele &
Vansteelandt, 2010). It seems rare to observe a statistically sig-
nificant XM interaction in practice (Anthopolos et al., 2014;
Bauer & Scheim, 2019). An explanation might be that research-
ers choose mediators that are unlikely to have differential effects
across the exposure groups (MacKinnon et al, 2020).
Furthermore, significance tests of the h coefficient and the
mediated interaction, i.e., ha, are underpowered in small samples
and for small effect sizes (MacKinnon et al., 2020). However,
even when there is no statistically significant XM interaction,
a substantively relevant XM interaction effect can still substan-
tially affect the direct and indirect effect estimates (Vanderweele
& Vansteelandt, 2010). In such a situation it is recommended to
include the XM-interaction term in the mediation model.

In this paper, we demonstrated that causal and traditional
mediation analysis provide different direct and total effect esti-
mates for models with a continuous mediator, a binary outcome,
and XM interaction. We also demonstrated that causal and
traditional mediation analysis provide identical indirect effect
estimates. Based on the comparisons in this paper we conclude
that, for models with a continuous mediator and binary outcome,
traditional mediation analysis may only be used to estimate the
direct effects when the aim is to determine the direct effect
conditional on specific mediator values, and to estimate the
indirect effects. Causal mediation analysis is the generally pre-
ferred method for mediation analysis, as its average causal direct
and indirect effect estimates can be used to unravel causal
mechanisms.
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