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ABSTRACT

A superconducting tunnel junction with two-gap superconductors, such as MgB, and
iron-based superconductors, can lead to more interesting phase dynamics than those with
one-gap superconductors. The phase dynamics in a long Josephson junction (LJJ) may be
described by using the sine-Gordon equation. The difference in the phase dynamics
between the LJJ with two-gap superconductors and that with the one-gap
superconductors arises due to the presence of multiple tunneling channels between the
superconductor (S) layers and the inter-band Josephson effect within the same S layer.
The inter-band Josephson effect leads to both spatial and temporal modulation of the
critical current between the two adjacent S layers. In this work, the effects of critical
current modulation on the trajectories of the single Josephson vortex (i.e., fluxon) and the
current-voltage characteristics of the two-gap superconductor-based LJJ are estimated.
Also, the possibility of a broken time-reversal symmetry state ground state of a single LJJ
due to the presence of additional tunneling channels is investigated by using a
microscopic model for two-gap superconductors. The consequence of this broken time
reversal ground state is discussed. Finally, the equation of motion for fluxon for coupled
LJJs interacting via both the magnetic induction effect and charging effect is investigated.
As the inter-band Josephson effect is found to affect the dynamics of a single fluxon in a

single LJJ, this effect is explicitly taken into account for a two-coupled LJJ stack. This

X



equation of motion is expected to be an excellent starting point for exploring interesting

LJJ properties such as collective dynamics of fluxons as well as fractional fluxons.



CHAPTER I
INTRODUCTION

1.1 Josephson Effect

Tunneling of electron pairs between two superconductors across an insulator is
essential for electronics application of superconductors. In 1962, Josephson predicted a
phenomenon of Cooper pair tunneling in a superconductor junction. This junction
consists of two superconductor (S) layers that are separated by an insulating material.
The tunneling phenomenon is called the Josephson effect, which was confirmed by
Anderson and Rowell in 1963. In the absence of a bias voltage between the two S layers,
the tunneling of a Cooper pair through the insulator in the junction leads to Josephson
current. The Josephson current density at zero bias voltage is given by

J=Jesing, (L.1)
where /. is the critical current density which depends on the physical properties of the
junction, and ¢ = 6; — 6, is the phase difference between the order parameter of the two
superconductor layers. Here 6; denotes the phase of the order parameter for [-th
superconductor layer. Note that the superconductor order parameter is represented by a
complex variable ¥; (i.e., ¥; = [YP;| exp(0;), where |y;| is the amplitude). The
phenomenon described by the current-phase relation of Eq. (1.1) is called the DC
Josephson effect. In other words, this effect represents a nonlinear current flow across

the junction in the absence of bias voltage.



When a bias voltage is applied across the junction, a normal current begins to flow.
The applied bias voltage is related to the temporal dependence of the phase difference.
Applying a constant DC bias voltage V across the junction, the temporal dependence of

the phase difference ¢ may expressed as

__ @y do
T 2w odt’

(1.2)
where @, = h/2e is the magnetic flux quantum. This relation between the voltage and
phase difference indicates that the Josephson current oscillates with the frequency w =
2rtV /h. The phenomenon described by the voltage-phase relation of Eq. (1.2) is called
the AC Josephson effect.

In device applications, the Josephson junctions may be separated into two types,

depending on their length. The junction is either short or long depending on the size of

the system relative to the Josephson magnetic length A;. This length

A= \/W characterizes the scale in which an external magnetic field can yield
a spatial variation in the phase difference. Here, p, is the magnetic permeability of free
space and d’ is an effective thickness of the superconducting electrodes. Note that
Josephson magnetic length 4, is different than the London penetration depth A;,. The
London penetration depth is the length scale over which an external magnetic field can
penetrate into the superconducting layer. If the length of the junction L, 1s much shorter
than the Josephson length (i.e., L, < A;), then only the temporal dependence of the phase
difference between the superconducting order parameters is important. This type of
junction is called short Josephson junction (SJJ). Among many device applications of the
SJJ, the superconducting quantum interference device (SQUID) is one of the well-known

examples. The SQUID is used to measure very weak magnetic field of order of
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hundredth of pico-tesla (i.e., 10™"* T) in a living organism. On the other hand, when the
length L, is much longer than the Josephson length (i.e., Ly > A,), then the spatial
dependence of the phase difference is important in determining the junction property in a
magnetic field. This type of junction is called long Josephson junction (LJJ). Among
many device applications of L]Js, the Josephson vortex quantum bit may serve as a good
candidate for realizing quantum computers [52] due to its long decoherence time. LlJs
may be used in integrated digital circuits for fast digital information processing due to
low heat generation. Also, Josephson flux-flow transistors and ultra-fast switches are

other applications for LJs.
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Figure 1. The effect of magnetic field on the tunneling currents in a uniform LJJ is schematically
illustrated. Arrows indicate the strength and direction of Josephson currents.

When an external magnetic field is applied in a LJJ, a super-current flows on the

surface of the superconductor layers to screen out the field. On the other hand, the



Josephson current flows across the junction through the insulator. The applied magnetic
field affects this tunneling current because the phase difference between the two
superconducting layers varies with the position. The effect of magnetic field on the
tunneling currents in a LJJ is illustrated in Fig. 1. The figure illustrates the spatial
variation of the Josephson current in an external magnetic field. The Josephson current
and the super-current are combined to form a current loop as shown below in Fig. 2. This
current loop, which is called Josephson vortex or fluxon, contains one unit of magnetic

flux quantum (i.e., ®,).

& o

Figure 2. A schematic diagram of a long Josephson junction showing a circulating current loop due to
super-current in the superconductor (S) layers and Josephson current in the insulator layer,
forming a Josephson vortex is illustrated. The cross inside the circle indicates that the magnetic
field is pointing into the page. A4, and 4; are London penetration depth and Josephson length,
respectively.

For fabrication of a LJJ, various superconductors such as niobium [56], aluminum,
MgB;, and iron-pnictides may be used. As the junction property depends on the
superconducting state, the nature of superconductivity in these materials can strongly
influence the phase dynamics of a LJJ. This suggests that a LJJ with one-gap

superconductors will have a different junction property that with two-gap
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superconductors. In next section, the differences between the one-gap and two-gap
superconductors as well as LJJ with these two types of superconductors are discussed.
Also, the microscopic theory of the superconductivity for both one-gap and two-gap

superconductors will be discussed.

1.2 BCS Theory: One-Gap and Two-Gap Superconductors

A single energy gap is present in one-gap superconductors. Hence, one gap
superconductors have only one electronic band participating in superconductivity. Here,
one-gap refers to the fact that there is only one type of superconducting condensate in the
system, resulting in only one energy gap in the quasi-particle excitation spectrum. In
general, for a superconductor that has one energy gap, the critical temperature (i.e.,
superconducting transition temperature) is lower than that for a multi-gap
superconductor. The phase dynamics of a LJJ with one-gap superconductors, such as
aluminum and lead, had been extensively studied by many authors [2, 40, 45, and 60].
For the LJJ with the one gap superconductors, there exists one possible tunneling channel
between the two S layers. Therefore, a LJJ exhibits the conventional Josephson effect.
Physics involving the fluxon dynamics in the LJJ has been studied extensively for the
conventional one-gap superconductors. However the phase dynamics of LJJ with multi-
gap superconductors has been much less studied [4, 5, 6].

As a way to understand the remarkable phenomenon of the sudden disappearance of
electrical resistivity of a material at low temperature, the pairing theory for electrons was

proposed. The temperature at which the electrical resistivity drops to zero is called the



critical temperature. At this temperature, the material changes its ground state from the
normal to superconducting phase as the temperature is decreased. The critical
temperature of a superconductor depends on the nature of the pairing interaction. The
critical temperature of mercury, a well-known one-gap superconductor, is 4.1 K.
Recently discovered multi-gap superconductors such as MgB; and iron-pnictides have a
much higher critical temperature than that of the conventional S-wave one-gap
superconductor.

Theoretical [50, 51, 58, 59, 64, 65, 66, 67] and experimental studies [49] suggest that
a strongly anisotropic electron-phonon interaction for high density (E,,) phonon. These
specific modes couple strongly to the electrons in the ¢ -bands, rather than those in the nt-
bands, and play an important role in the superconducting state of MgB,. From these
studies indicate the evidence of two stable energy gaps. Note that the two-gap
superconductivity allows the critical temperature to remain large. This useful property
may be exploited in the device applications involving LJJs. Both MgB, and iron-
pnictides have multiple gap energies, reflecting the presence of multiple condensates.
Here the two-gap superconductor refers to the fact that the two electronic bands are
participating in superconductivity. In Fig. 3, the electronic bands that participate in
superconductivity are schematically illustrated as those crossing the Fermi energy &f.
When one band crosses the Fermi energy as shown in Fig. 3a, only one condensate is
form in the superconducting state. However, when two bands cross the Fermi energy as
shown in Fig. 3b, two condensates are formed. Each condensate is represented by an

order parameter. Hence MgB, and iron-pnictides have two-pseudo order parameters.
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Figure 3. Energy spectrum of a single electron as a function of wave vector for (a) one-gap and (b) two-
gap superconductor are schematically illustrated.

A microscopic description of the superconducting state for both one-gap and two-gap
superconductors is possible by extending the theory of superconductivity, which is
known as BCS theory, developed by Bardeen, Cooper, and Schrieffer in 1957 [28]. This
BCS theory was used to model the property of type-I superconductors successfully.
According to the BCS theory, electrons that are close to the Fermi-level form into pairs
known as Cooper pair. The pairing interaction between the electrons is mediated by the
crystal lattice vibration (i.e., phonon). Due to the interaction between electrons and
phonons, an effective attractive interaction between electrons appears. Although
electrons are fermions and obey the Pauli’s exclusion principle, the Cooper pairs behave
like bosons are therefore they can condense into the same lowest energy state.

For an one-gap superconductor, the BCS Hamiltonian for a type-I superconductor in

the momentum-space representation is given by

g .= t t ot
Hpcs = Yk €k CroCho — 2kk! Vik! CrrCokiC—k'L Ck'1 (1.3)



where V., is the pairing matrix element. Here, &, = (h*k?/2m) — € is the kinetic
energy. The second term in Eq. (1.3) is the pairing interaction Hamiltonian, which
indicates that two electrons with an up-spin in the —&’ state and a down-spin in the &’ state

are destroyed, while two electrons with a down-spin in the & state and an up-spin in the —k
states are created. Note that c,'(ro and ¢y, denote, respectively, an operator which creates
and destroys an electron with the momentum k and spin . These fermion operators obey

the anti-commutation relation

{CkO" C]IIO‘I} = CkO'C]-cl_lo'/ + Cl-cl_lo'lckz)' = 6kk160'0'19 (14)

and

{Cko > Cricr} = {C,Jcra,c;cr,a,} = 0. (1.5)
The particle number operator ny, is given by n, = c,'cro_ Cxo- Within the BCS theory,
one can obtain the ground state energy and quasi-particle energy spectrum of the system.
The mean-field theory of the BCS model can be solved by making a rotational
transformation to diagonalize the Hamiltonian. This rotation of the Hamiltonian is called
Bogoliubov transformation.

The BCS theory can be extended to multi-band systems. Applying the Bogoliubov
transformations, Suhl et al. obtained the critical temperature for multi-band systems. In a
two-gap superconductor, there are two types of superconducting condensates in the
system, yielding two pseudo-order parameters. Hence, the BCS model for a one-gap
superconductor must be extended to account for these two condensates. The BCS

Hamiltonian for the two-gap superconductor is given by

Hrpg, =Y ¢€ c:,rlcf,,l + 7P, (1.6)



where i = s, d denotes that electronic bands that participate in pairing interaction. Here

the pair interaction contribution to the Hamiltonian is given by

npair _ st dt .dt st
HPT = —VieiTesTes o8, = Vaac el el = Vsa(eiTelTeficf + h.c.). (1.7)

Here, for definiteness, the superscripts s and d are used to represent the two electronic

bands. The last term of Eq. (1.7) accounts for the pair interaction between electrons in

the s and d bands. Here the cT ] CJCl 1¢t, term indicates that a Cooper pair in the s-band

of the /-th S layer is destroyed while another Cooper-pair is created in the same band.
dt _dt

Similarly, the ¢; /¢, cuc” term represents creation of a Cooper pair by destroying

another Cooper pair in the same d-band. Also, the c7; cf;rc 1 lc“ term represents tunneling

of'a Cooper from the d-band to s-band and depends on the phase of the two condensates.

Figure 4: A schematic diagram for a LJJ with two-gap superconductors is illustrated.

The inter-band phase difference in the two-gap superconductors can lead to a

different tunneling property than that for one-gap superconductors. This difference is



attributed to the two tunneling channels for electrons in two-gap superconductor
junctions due to the presence of two condensates. This internal freedom reflects the
number of electronic bands participating in superconductivity. Therefore, the phase
dynamics of the order parameters for the two-gap superconductor tunnel junction, as
illustrated in Fig. 4, differs from that of the one-gap superconductor junction. In Fig. 4, a
LJJ with a two-gap superconductor, represented by two pseudo-order parameters
Yo, exp(i6°) and l/)&lexp(iﬁd), is shown schematically. Here, Ly and L, denote the
dimensions of the junction in the x- and y- direction, respectively. Note that J® is the bias
current density and B is the externally applied magnetic field. The thickness of both the
S and I layer are denoted by ds and d, respectively. There are two tunneling channels
between the two superconducting layers. One channel is between the two s-bands of two
adjacent layers and other is the channel between the s-band of one layer and d-band of the
other layer. When an electron tunnels leaving one band, a hole is created in that band.
The presence of two tunneling channels in the LJJ shows that there are two types of
relative phase dynamics. These phase dynamics are due to the interplay between the
inter-band Josephson effect and the conventional Josephson effect. The inter-band
Josephson effect describes tunneling between two electronic bands in the same S layer.
This effect determines the dynamics of the phase difference between the two
condensates. On the other hand, the conventional Josephson effect describes tunneling
between two adjacent S layers. This effect determines the dynamics of the phase
difference across two adjacent S layers. The effects due to two tunneling channels in a

LJJ, as shown in Fig. 4, may appear in measurable physical quantities such as changes in

10



the macroscopic quantum tunneling rate and the presence of extra step structure [17], in
addition to the conventional Shapiro steps, in the current voltage (I-V) characteristics.

The phase dynamics of a LJJ may depend on the symmetry of the superconducting
order parameter. As suggested by Ota and coworkers, the gap symmetry can affect [12]
the Josephson current across the grain boundaries in poly-crystalline samples as well as
the current-voltage (I-V) characteristics of the multi-gap intrinsic LJJ stacks. In the two-
gap superconductor based LJJ, multiple channels are expected for superconducting
tunneling current between the two superconducting electrodes. Two-gap superconductor
has two types of pairing symmetry. The ground state of the system is the phase-locked
state.  If the two S-wave pseudo-order parameters have the same phase in o- and -
band, then there will be 0-phase locked between holes and electrons. This is the Si
pairing symmetry. Similarly, if the two bands are in opposite phase, then there will be -
phase locked between the electrons and holes. This is the S, _ pairing symmetry.

The fluctuations about the phase-locked state of the two condensates can arise. When
these fluctuations are small, the inter-band Josephson effect can yield collective
excitation [5]. In a multi-gap superconductor, there are two small phase oscillation
modes: the in-phase and out-of-phase mode. The out-of phase mode is called the
Josephson-Leggett (JL) mode, and the in-phase mode is called the Josephson-plasma
mode. Blumberg and coworkers observed the JL mode in MgB, using Raman scattering
[4]. Theoretical studies of a hetero-Josephson junction suggest that the phase dynamics
of a LJJ are affected by the JL mode since the total energy of the two-gap
superconductors depends on the relative phase of the two condensates as well as the

relative density of electrons.
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Figure 5. Relative phase difference y of two pseudo-order parameters is plotted as a function of
position x to illustrate the single-kink solution.

Fluctuations about the phase-locked state may not necessarily remain small, but they
may become large. Tanaka and coworkers claim that when the amplitude of relative
phase fluctuation grows to the non-linear region and becomes stabilized, excitation of an
i-soliton can change the amplitude of the critical current density [21]. Results of the
magnetic response of a superconducting ring experiment with two pseudo-order
parameters by H. Bluhm and co-workers indicate that a stable soliton-shaped phase
difference y between the two condensates is attainable [18]. This result supports the

suggestion that the phase fluctuations can grow and produce a 2n-phase texture [19]. The

12



i-soliton is the topological excitation of the phase fluctuation in which the inter-band
phase difference rotates by 2w, as shown in Fig. 5. The i-soliton does not carry a
magnetic flux. The excitation of i-soliton represents the phase fluctuations due to the
inter-band Josephson effect which is the hallmark of multi-gap superconductors.

Kupulevaksky and coworkers explored soliton states in two-gap superconductors in
mesoscopic thin-walled cylinders in external magnetic fields by using the Ginzburg-
Landau approach [22]. Tanaka and coworkers [21] suggested that a phase domain
surrounded by i-soliton wall, can arise in two dimensions since an i-soliton may be
considered as a one-dimensional quantum phase dislocation. Also, an i-soliton wall may
carry a fractional flux quantum when one end of the soliton wall is terminated by the
fractional vortex while the other end is attached to a sample edge [21]. A vortex-molecule
may be formed when two fractional vortices, with a unit fluxoid quantum as the total
magnetic flux, are connected by an i-soliton bond [23]. These fractional vortices have
been observed in a multi-layered superconductor by using both magnetic force and
scanning Hall probe microscopy [31].

The i-solitons are different than the fluxons (i.e., Josephson vortices). A Josephson
vortex arises due to the tunneling of Cooper pair between two separate superconductors,
but the i-soliton arises due to the interaction between particles within the same
superconductor. Also, the fluxons have one unit of magnetic flux quantum, but the i-
solitons do not carry any magnetic flux. Hence, they do not interact with either magnetic
field or super-currents. However, an i-soliton may be formed and driven by a non-
equilibrium charge density or by sufficiently strong superconducting currents. From the

study of phase texture in a weakly coupled multilayer structure and two-gap
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superconductors, Gurevich and Vinokur suggested that spontaneous appearance of a
soliton-like phase texture represents the breakdown of phase-locked state. This
breakdown can arise when the applied current density along the superconductor layers

exceeds the critical value [24].

Figure 6. Formation of phase texture in current carrying bi-layer [24] is shown schematically. The bold
line indicates the interlayer Josephson contact and the gray rectangles represent the current leads.

The effects of phase fluctuations may appear as either additional resonances in the
AC Josephson effect or a static 2n-kink in the phase difference. If the 2n-phase texture
exists in each S layer, then this i-soliton may change the phase dynamics of the LJJ by
inducing a critical current density modulation [68]. In Fig. 6, the formation of phase
textures in current-carrying bi-layer is illustrated. Here, the bold line indicates the
interlayer Josephson contact and the gray rectangles represent the current leads. Previous
studies [6, 23, 24, 25, 48, 69] show that a moving fluxon can radiate electromagnetic

(EM) waves when its speed varies due to the bias current larger than the critical
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(threshold) value. The interference between the emitted EM waves can rise to clearly
discernible steps in the I-V characteristics. This suggests that, if the critical current
modulation is generated by large fluctuations of the phase difference, this may affect the

properties of the junction due to change in the phase dynamics.

1.3 Broken Time Reversal Symmetry State

The dynamics of the relative phase of the two condensates may produce an
interesting phenomenon in the ground state of the system. One of these interesting
properties is a broken time reversal symmetry state. In the absence of external magnetic
field, there are no net currents in the ground state of a LJJ. However, in the LJJ with one-
gap and two-gap superconductor layer, the ground state satisfies the condition of no net
current density via maintaining the inter-band phase difference of either 0 or m. This state
is called the time-reversal symmetry invariant (TRSI) state. On the other hand, if the
phase difference between the two condensates differs from either 0 or m, then system is
said to have phase frustration. When the phase frustration is maintained, the ground state
may have non-zero current density in the absence of an external magnetic field while
satisfying the condition of zero net current flow. This ground state is called the broken
time-reversal symmetry (BTRS) state. Theoretical studies of superconductor-insulator-
superconductor (hetero-Josephson) junctions between one- and two-gap superconductors
suggest that the [15] the time-reversal symmetry is violated in the ground state.

The relative phases of the condensates in the ground state reflect the time-reversal

symmetry of the junction. To study the TRSI and BTRS state, one needs to focus on the
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phase frustration. The time-reversal symmetry breaking within two-gap superconductors
was studied by Tanaka et al. [32] and Lin et. al. [33]. They realized that when the inter-
band interaction is very weak compared with the intra-band interaction, it can break time-
reversal symmetry as a result of competition between inter-band Josephson and
biquadratic interaction. The inter-band Josephson interaction tends to lock the relative
phase to either 0 or m, while the biquadratic interaction tends to lock the relative phase to
+m/2. Tanaka and coworkers claim that when the inter-band coupling J is greater than
zero (i.e. J > 0), the Josephson interaction in the S, -symmetry state will lock the
relative phase y to 0. However, when | < 0, the Josephson interaction in the S,_-
symmetry state will lock the relative phase to .  If the phase difference between two
condensates differs from the phase-locked value of either O or m, then there is phase

frustration which breaks the time-reversal symmetry in the ground state.

(b)

> N

> X

Figure 7: Josephson junction between two-gap superconductors with (a) S, and (b) S, _ pairing symmetry
and s-wave one-gap superconductor [33].

Phase frustration may also occur in a Josephson junction. This situation is similar to

a two-gap superconductor with both inter-band Josephson and biquadratic interaction. A
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junction between a two-gap superconductor with either the S, , or S,_-symmetry and a
conventional S-wave superconductor may yield a different behavior due to either absence
or presence of phase frustration, respectively. In Fig. 7a, the Josephson junctions
between two-gap superconductor with the S, pairing symmetry (i.e., /] > 0) and one-
gap S-wave superconductor is illustrated. In this case the effective interaction between
condensates is attractive, and they have the same phase (i.e., 6; = 6, = 6;). This means
that there is no phase frustration, and the time-reversal symmetry is preserved. Similarly,
a junction between a two-gap superconductor with the S, _-symmetry (J < 0) and a one-
gap S-wave superconductor is illustrated in Fig. 7b. The effective interaction between
condensates is repulsive, and their phases are not the same in the ground state.

The phase frustration and the BTRS state can also be described in terms of boundary
conditions in the junction interface. Boundary conditions in the junction interface are
described in terms of current density of the individual condensate. When the non-zero
individual currents satisfy the condition of zero net current flow in the ground state, the
system 1s strongly frustrated, resulting in broken time-reversal symmetry state. In
Chapter III, the time reversal symmetry invariant and broken time-reversal symmetry

state in junction with two-gap superconductors will be investigated.

1.4 Coupled Long Josephson Junctions

Another interesting aspect of a LJJ is the phase dynamics of coupled junctions. When
a multiple number of coupled junctions are stacked vertically, the single LJJ property

which was discussed above may be enhanced. For one-gap superconductors, there have

17



been numerous studies of phase dynamics in a stack of long Josephson junctions [34, 36,
37, 38, 57]. Machida et al. proposed [34] a theoretical model for describing the
superconducting phase and charge dynamics in intrinsic LJJ stacks. Starting with a BCS
Hamiltonian and using functional integral formalism and accounting for the low energy
fluctuations in the very thin superconductor layers, Machida et al. obtained the effective
action for the system. Using the Euler-Lagrange equation for relevant variables, they
derived the equations of motion for the relative phases. In a stack of LIJs, conventional
Josephson tunneling as well as magnetic induction interaction between the junctions
determines the dynamics of the phase difference. Here, the magnetic induction coupling
arises as the induced magnetic field of the super-current in one S layer affects the
magnetic field of the adjacent S layers. The magnetic induction coupling between the
junctions induces the collective dynamics of the fluxons in the presence of the bias
current. If the thickness of the superconductor layers is comparable to the charge
screening length, then the charging effect is not negligible. In this case, the capacitive
coupling between junctions may also have to be accounted for. Machida et al.[34] and
Sakai et al. [35-36] obtained the set of coupled equations of motion for the phases by
using two different approaches. These two approaches had been shown to yield an

identical result when the charging effect is neglected.

The outline of the remainder of this dissertation work is as follows. In Chapter II,
fluxon dynamics in a LJJ with two-gap superconductors is discussed. In Chapter III, the
time reversal symmetry invariance and broken time-reversal symmetry state in the

ground state of a single LJJ with two superconductors is reported. In Chapter 1V, the
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magnetic induction coupling effect is used to derive the equation of motion for a fluxon
in coupled LJJs with two-gap superconductors. The result of this work is discussed in

Chapter V. Finally, the conclusions of the dissertation work are presented in Chapter VI.
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CHAPTER 1II

FLUXON DYNAMICS OF LJJS WITH TWO-GAP SUPERCONDUCTORS

In this chapter, the equation of motion for the phase difference is derived by starting
from the microscopic model for two-gap superconductors. Namely, the phase dynamics
in the long Josephson junction (LJJ) is described by using BCS theory. For LJJ, with
two-gap superconductors, variation in the relative phase of condensates in the two
electronic bands plays an important role in characterizing the junction property. To study
the effect of inter-band Josephson effect in the fluxon dynamics, the equation of motion
for the inter-band phase difference is derived.  Also, the effect of large fluctuations in

the relative phase on the phase dynamics is discussed.

2.1 Theoretical Model for Phase Dynamics

In this section, a microscopic model is used to describe the LJJ. Namely, the
superconductor layers are described by the BCS Hamiltonian while the dissipation and
boundary effects of the junction are neglected for simplicity. In Chapter V, these effects,
which account for realistic LJJs, are included in numerical calculations. The model
Hamiltonian H for describing superconductivity in each superconductor (S) layer is
expressed as a sum of two contributions: H = Hyg, + Hy. The Hamiltonian Hypp,

denotes the contribution due to two-gap superconductivity while the Hamiltonian Hy

20



accounts for electron tunneling between the two adjacent S layers. One may write the
Hamiltonian I’-I\TB,I for the two-gap superconductor as

HTB,[ = fdr(Zle ColCO'l + Hpalr) (2.1)
where €' is the energy of electrons in the i-band (i = s, d) about the Fermi energy. For
definiteness, it is assumed that s and d are the two electronic bands that participate in
superconductivity. The Hamiltonian H? “Taccounts for the pairing interaction between

electrons in the /-th S layer and may be written as

st dt

grair _ dt st st
H™ = —VSSC”C“C“C” VaaCyy €y c“c“ Sd(c“c“c“c“ + h.c.), (2.2)

where V;; is the pairing interaction matrix element for the electrons in i and j-bands.
Also, c(i;rl and cg’l denote the creation and annihilation operators for an electron with spin
o in i-band. The Hamiltonian H; describes the electron tunneling between the two

adjacent S layers and is expressed in terms of tunneling matrix element T;; for an electron

from j to i-band as

Ay = Y is(Tijciticl, + h.c.). (2.3)
In the discussion below, theses Hamiltonians ﬁTB,l and Ay are used to account for
interesting phase dynamics in LJJ with two-gap superconductors.

One interesting hallmark of two-gap superconductivity is an inter-band Josephson
effect between electrons in the two different electronic bands within the same S layer.
The inter-band pairing interaction describes the Josephson effect due to tunneling of the
condensates between the two bands. The presence of inter-band Josephson effect in a

multi-gap superconductor had been suggested by Leggett. By following Leggett [5], one
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can see that the eigenvalues of the pairing operator (! may be introduced to express the

free energy contribution from the two-band Hamiltonian H B, A8

Ay = £E(WE1D) + FE(E 1) = Vos 12 = Vaalwft|” = . (2.4)
where fli(ll,bﬂz) corresponds to the kinetic energy of electrons in the i-band. The
complex pseudo-order parameter 1} for a two-gap superconductor is given by

i = |yilet. 2.5)
In Eq. (2.4), the | term accounts for the contribution from inter-band Josephson-coupling.
This contribution arises as a result of the pairing interaction between the electrons in s
and d electronic bands which are participating in superconductivity. This term depends
explicitly on the relative phase of the two pseudo-order parameters. The inter-band
Josephson-coupling term is given by

Ji = Va0 + i y7)
= 2Vsal971[wf] cos xu, (2.6)

where y; = 8% — 67 is the phase difference between the pseudo-order parameters
representing two superconducting condensates. It is straightforward to see that when
there is no inter-band pairing interaction between electrons (i.e., Vs = 0), the order
parameters which minimize the free energy of Eq. (2.4) can be considered as being
independent. However, the non-zero inter-band interaction between electrons in the two-
bands of the same S layer will be considered in this work.

The conditions for minimizing the free energy yield the coupled gap equations of the

form
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It is straightforward to see that the relative phase y for the non-trivial solutions of this
coupled gap equations are either y = 0 or m. These solutions y; = 0 and m represent the
phase-locked states and correspond to the S,, (forVy; > 0) and S,_ (for Vi, < 0)
pairing symmetry state, respectively.

Due to the presence of various other interactions in the system, small as well as large
phase fluctuations about the phase-locked state can occur in the two-gap superconductors.
These fluctuations can yield small phase oscillations when the amplitude is small and can
lead to 2m-phase textures which may appear as kinks in y; when the amplitude is large.
These phase textures can modify the phase dynamics of LJJ by causing resonances in the
AC Josephson effect when two electronic bands are not in equilibrium. The effects of the
phase textures can be examined by using the functional integral formulation. The
partition function Z for the LJJ in the presence of electromagnetic field is given by

Z=TreFH (2.8)
where f§ = 1/T and T is the absolute temperature. For simplicity, the fundamental
constants are set to unity: A = ¢ = kg = 1. The Hamiltonian A of Eq. (2.1) is used to
derive the Ginzburg-Landau free energy for the two-gap superconductor by writing the

partition function Z in terms of Grassmann variables c_,im and c,im as
Z = [ D[¢%, c*]D[%, c¥]eSlete’etet], (2.9)
where the action S is given by
S = [ dt[Sip(h 50, ckp) + H], (2.10)
where d; = d/0dt. The momentum-space representation of the BCS Hamiltonian for the

two-gap superconductor in terms of Grassmann variables is given by
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— S =S N d=d d
H = z (gk Ck,a a‘[ck,a + €k Ck,aar Ck,a)

k,o
d d

S =S =S N S
- Z Vick! CitCoiel €ty Crrt —

kk' kk'

— Yk Vigr (cch Kl Co lekT+hC) (2.11)
where VY k,lS the pairing interaction matrix element for the i- and j-band electrons. For
describing the pairing interaction between electrons, it may be convenient to introduce
the Nambu representation:

Ci=(cky clyy), and Ck—< l“) .

C okl
In this representation, the pair fields /ﬁc and A}; are expressed as
AL = Clt,CL, (2.12)
AL = Clt_C}, (2.13)

by using Pauli matrices. Here 7 = (71 % i7;)/2 and three Pauli matrices are given by

T, = ((1) é),
Ty = ((l) _Oi),
n=(y °)

Substituting C. and C\ into Egs. (2.12) and (2.13), one can obtain the pair fields A% and

% as

L
A = CrrCpys

i
A = C_piCrr-

(2.14)

(2.15)

In the Nambu representation, one can rewrite the partition function Z as
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Z = [ D[CS, CSID[C?, C*]e~SICococte], (2.16)
where the action S is given by
S=[Vde 5. [C3@ + ef3)CE + CR(01 + ef73)CE]
ﬁ — — — —
— Jy AT T [ViR AR AL, + VESALAL, + VL (AL AL + ALAL)] . (2.17)
Here, the interaction contributions in the action S represent the two-body Coulomb
interaction. As a way to reduce the two-body interaction terms, one needs to introduce
the Hubbard-Stratonovich transformation. Before making this transformation, it is
convenient to write the action S as
ﬁ — —
S = [ dt i [CE (0,1 + &873)Ci + CE(0:1 + £73)CE]

- Ay
- foﬁ dt T (A AR)Vi! (AI;) (2.18)
k
where V = V. is the pairing interaction matrix

_ Vss Vsd
V—(Vsd Vdd)' (2.19)

The Hubbard-Stratonovich transformation maps the two-body interaction terms into non-
interacting terms by introducing an auxiliary field (i.e., the Hubbard-Stratonovich field)
representing electron pairing. For complex auxiliary fields ¢p = ¢; + i¢p, and p = p; —
i¢,, it is straightforward to see that

_(#%+9D)
fd¢1d¢2 e v =V )

indicating that unity may be express in terms of these complex fields as
dpdp -9¢
[a2ag 5Py (2.20)

This relation, along with the transformations
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_ o AS
A, = (& AY), and Ak=<A’;>,
k

may be used to rewrite the partition function Z and the action § as
Z = [ D[C,CID[, ple SICCH4] (2.21)
and
S = foﬁ dt {Zk[Ci (0.1 + e573)CE + C2(0.] + elv3)CE]

Yk [PV " s + AV T Ak, (2.22)
respectively. By shifting the auxiliary fields ¢ and ¢ (i.e., ¢y = P + A,V and ¢y -
¢ + VAy,), one can rewrite the action S as

S= foﬁ dt[Y ik Ch(0:1 + €473)Ch + Sk i@V s + Arpie + PrAr)]. (2.23)

Here, ¢ and ¢ represent the two-component auxiliary fields
T _ s T d _ ¢Ii
¢r = (Ppx ¢Px) and ¢ = (l),? .

The inverse of the interaction matrix, V'l, may be written as

-1 1 Vdd _Vsd
V ! - Vssvdd_(vsd)2 (_VSd VSS > . (224)

Hence, one can express the ¢,V ~1¢,,, term in the action of Eq. (2.23) as

— _ _ yad  _ vss —d . d ysd — d —d
DV " b = s Pkl + oy Ph P — qera (Prie + Bicdir)

= Bt B0 o (gt + G0}, (225)
where det(V) = 1/[V5V44 — (V59)?] is the determinant of the matrix V, gs =
det(V)/V4, gaq = det(V)/VSS, and goq = det(V) V52 /V 44 ySS. By substituting Eq.
(2.25) into Eq. (2.23), one may evaluate the partition function of Eq. (2.16). The fermion

freedom in the functional integral may be integrated out by performing Grassmann
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integration. When the fermion degrees are integrated out, the effective action S,y may be

written as

Sopy = Ji dv g [£: 80k - B0 (G 4 Glgn)| - mimnG . (226
Similarly the effective action for the LJJ with two-gap superconductors can be expressed
as

Serf = Sgap + Srieta — TTG ™Y,
where the actions Sgq, and  Spieq are the contribution from the pairing energy
represented by the pseudo-order parameters and electromagnetic field, respectively. The
fermion contribution of the TrG ~* term is obtained by carrying out the functional integral
over the Grassmann variables C and C. Here the inverse Green function G~ 'is a 8 X 8
matrix which consists of a 4 X 4 matrix for each two-gap superconductor layer. One can
extract the contribution to the action S involving the superconducting phase degree of
freedom by doing the unitary transformation on the Green function and by taking only
second order tunneling contributions [47, 48]. The phase contribution Sppes to the
effective action S.rr can be obtained by using the imaginary-time functional integral
approach [34]. As the phase contribution S, 45, may be written as
Sphase = Jdr [d7F Lyhase »

one can obtain the Lagrange density L. of the system from Eq. (2.26). A detailed
discussion on the expansion of the Y; T,.InG;* term of Eq. (2.26) may be found in
appendix A. The phase contribution L, pqs. to the effective Lagrange density is needed to

obtain the equation of motion for the fluxon. The Lagrange density L,u. (see appendix

A) for describing the phase dynamics can be expressed as
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. 2 .

d, 1 (6] 1 (6]
L __° N *AO N R .4
phase 8ne*zzi,l[,ui2<6‘r+e l) +/1.2<6x e A

L

ij iy .
+Zi'j]e_* cospY + Zz% cosy; + Lgy, (2.27)
where e*=2e is the charge of Cooper pair and d; is thickness of the /-th superconductor

layer. Here, p; =+/A%;/4me;  denotes the charge screening length, and A; =

m?/4mn;e*?  denotes the magnetic penetration depth in the S layer. Here, App =
i g |y p Y TF

\/m is the Thomas-Fermi screening length, €; is dielectric constant of the S layer,
a, is Bohr’s radius, and kj is the Fermi vector. Also, /¥ is the critical current density
between the electronic bands (i-th and j-th) of the adjacent S layers and J;,, is the inter-
band Josephson critical current density between the two bands of the same S layers. The

phase difference of the order parameter in a magnetic field is denoted by ¢/ = 6 —
sz — e*Af,, where A7, = |, 12 A%(z) dz. The inter-band critical current density between

the two bands within the same S layer is given by

VSdll)SlPd
Vssvdd_(ysd)z :

Jin = 2€”

The critical current density between the i-th and j-th electronic bands in the two S layers

is given by [34, 40, 47]
i 2e* _i AbAL, EL-EL, i i
J7 == @f dt Y €™ Xokkr T5- E{;El:r {(Ei+;§u)§+w% [f(Ell() - f(E'l(')]
Ej+E/ _ iy _ i
# e [1 p(81) - (EL] .29

where w,, = 2nm/f is the Matsubara frequency. Here, n = 0,+1,+2, ..., and E} =
(sk + Ak) is the quasiparticle energy in the superconducting state, and f(E) is the
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Fermi function. The electromagnetic field contribution Lg,, to the Lagrange density Lpqse
is
Lew = 22 [e (Bz)” + (B1,) . (2.29)
where € is the dielectric constant and d; is the thickness of the insulator layer. Also,
Ef;,, and Bl)-/l-l,l denote electric and magnetic field in the insulator between the two
adjacent S layers.
The equation of motion for the phase difference may be obtained by minimizing
the action. As in classical mechanics, this minimization procedure leads to the Euler-

Lagrange equation. The Euler-Lagrange equations for the variables 65, 65, 6%, 6%, 12

¥, A3 A9 and A take the following form:

3000 oxael gl 0 (2.30)

where 8} and 6]° denote the derivative of the phase 6} with respect to time and position,
respectively. Note that 8} represents the phase of the pseudo-order parameter for the
condensates in the i- band in /-th S layer. As the equations of motion may be described in
terms of the phase differences ¢%5,$%% and y;, it is be useful to define the following
phase differences of /-th two-gap S layer:

X =67 —6f,

¢ =67 — 67 —e*Af,,

¢ = 0f — 65 — e 12-
and

¢Sd =6] — 951 —e"Af,.
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Euler-Lagrange equations for different variables can be combined to obtain the coupled
equation involving three phase variables. After some substitutions, one can show that
this coupled equation has three contributions. One is contribution of phase difference
between the two adjacent S layers ¢*Sand other two are the contributions due to the
relative phases y; and y, within the S layer. Therefore, the coupled equation can be

represented as the sum of three parts as

P1+P2+P3=0, (231)
where
_ 62¢55 62¢55 2155 i ss
Py = ae—"-+be——+——sin¢
]Sd . ]dS .
+-sin(@% + x) + sin(@** — x1), (2.32)

Note that Eq. (2.32) accounts for the contribution of phase difference between the two
adjacent S layers ¢*°. From this equation it is clear that the contribution of ¢*5 in the

equation of motion is affected by inter-band Josephson effect. Other two contributions

are
dsd; 0%, dsd;0%x1 | Jin .
= — sin 2.33
2 2u3 o2 214 9x2 + e* A1 ( )
and
dsdg 62)(2 bdsdlaz)fz Jin .
= — —Zsin y,. 2.34
3 2u% 9t2 212 0x? too s (2.34)

Note that P, and Ps denote the phase difference equation for the pseudo-order parameters

in the first and second S layer, respectively. Here, the constants a and b are given by

a= dskg and b = dsAg
2ndgdre*2(u2+p3)+amepZpu? 2mdsdje*2(A242%)+4mAZ Ay’

(2.35)
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The critical current density /55 (J%4) denotes the tunneling between two s (d)-bands of
two adjacent S layers. The inter-band current density J;,, accounts for the interaction
between electrons in the two electronic bands of the same S layer. Note that due to
creation and destruction of pair of particles in each electronic band, this process appears
as if there is current density J;,,, but this is not a physical current density.

In writing the equation of motion, it would be convenient to work with the
dimensionless coordinates. Hence, for convenience, one can introduce new temporal and

spatial coordinates as

[y

— 2mdgdre*? (u2+u?)+4ameu2u? )2
£ = ¢ |ttt unadi) (2:36a)
dspg
and
1
_ 2mdgdie*2(A2+2%)+4mA22%]2
x=x[ sdie?(As+g) tanisAg |2 (2.36b)
ds12

Two other dimensionless coordinates used in the discussion below for convenience can

be defined as follows:

SS 1/2 SS 1/2
x' = (2] ) x, and t' = (2] ) t,

e* *
and
1/2 2 (1/2
2] in A2 _ 2] inl2e _
xll — ( Jin d) X, and t// — ( Jinltg ) t.
e*d,ds e*d,ds

For simplicity, one may make an assumption that the relative phase in each
superconductor is the same (i.e., y; = ¥, = x). This assumption implies that the phase
differences ¢Sand %% between the superconductor layers are the same (i.e., ¢ =

¢$?%). With this assumption, one can simplify Eq. (2.31) by making simple substitutions
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and one can obtain a coupled equation of motion for the phases in the dimensionless

coordinates as

62¢SS d)ss
PR [1 T cosx] sin ¢*°
o’y _ x
M e siny=0. (2.37)

The equation of motion of (2.37) shows that if one can obtain the sine-Gordon equation
for relative phase ¥ phase dynamics in the LJJ becomes simpler.  This is one of the

important result of the present work.

2.2 Inter-band Josephson Effect

In this section, the equation of motion for the relative phase Y of the two condensates

is shown to be described by the sine-Gordon equation. Note that this interesting point is
due to the fact that the inter-band Josephson effect is present in the two-gap
superconductors. As the sine-Gordon equation has a kink-solution, the single kink
solution for the relative phase represents an i-soliton.

As a way to derive the sine-Gordon equation for the relative phase of two condensates,
one may start with the two-band BCS Hamiltonian in the momentum-space [5]

representation as

—~

s _ __ysd st st .d at .dt
Hrp = Hy— Ey — V5 Yprr (CkTC kLC_k lckT+CkTC K C g lck’T)

+YK? + E,y,

(2.38)
where H, denotes the BCS Hamiltonian for both s and d band electrons

_ st .s ss st st s s
Hy = X €€t Cir — V™ Xker Cot €11 €211 Cet
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+ Skt iy = VO S e ¢2F e el (2.39)
The yK? term in Eq. (2.38) denotes the contribution from the charge imbalance between
the two condensates. This contribution depends on both the number of electrons in two
condensates N and the equilibrium number N°. This contribution can be written as
yR? = y[(N, — N?) — (N, — N9, (2.40)
where K is the relative density fluctuation operator of the system
K =(Ns—NQ) = (Ng — N).
The number operator for the electrons in the s and d-bands are denoted by N; and N,
respectively. Here, N0 and N2 denotes the number of electrons in s and d-band at
equilibrium, respectively. The number of electrons in the s and d-band is determined by
assuming that there is no tunneling between the electronic bands. Note that y =
[(1/ps) + (1/pa)]/8, where pg and p, are the densities of state for the s and d-band
electrons at the Fermi energy, respectively. By noting that the total number of electrons
of the system remains conserved (i.e., Ng + N; = N) and by using the Ginzburg-Landau
free energy obtained from the BCS Hamiltonian, one may write the Hamiltonian of the

system in terms of the pseudo-order parameter Y, as [6]
R [ R e (G VA
=2V 3| [ cos(6° — 6F) + E,y + YK?, (2.41)
where 0 is the phase of the pseudo-order parameter, and f; is a constant which depends

on the i-band parameters. Here, the vector potential A is set to zero (i.e., A=0) by

assuming the absence of an external magnetic field. The relative density fluctuation (K)
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of the system is obtained by using the following two relations: i) the number-phase
uncertainty relation

[K, (85— 8%)] = —4i, (2.42)
and i1) the Heisenberg equation of motion for the phase difference
(65 —69) = —1[(6% — 64), H]. (2.43)
Here, the phase difference 8° — 8¢ commutes with other terms of the Hamiltonian
except yK?. This indicates that
2 (65— 8%) = —+[(6° - 6),¥R]. (2.44)

and

Hence, by substituting the expression for K and by using Eq. (2.41), one may obtain the

Gibb’s free energy for the superconducting state of the two-gap superconductor as

E =S|y I - 5 | GO
—2V S| [1h¢| cos x + (%) (2.45)
where y = 0% — 05. The Gibb’s free energy of Eq. (2.45) may be minimized by

setting dE /dy = 0 and by noting that

Ph = [yile'?,

and

] = " (45)

Also, by using the condition

|2 d9

|¢ (2.46)
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that the super-current vanishes in the bulk superconductor, it is straightforward to

relate 6%’s as
S|12
—%%95, for VS% < 0
S

5|12
_||Z,)d||2 %95+n, for V¢ > 0

ge = (2.47)

Noting that the relative phase of the two condensates is y = 85 — 8% + §,m, it is helpful
to denote that 6,=0 for J;, > 0 (i.e., S, ,-symmetry) and that §, = 1 for J;, <O (i.e.,

S,_ -symmetry). After some simplification, one may obtain the sine-Gordon equation

sl %X _ 1 X
2 el P 0x7  oayvsalyelpd] oz S0 X = 0 (248)

for describing the dynamics of the relative phase y. As discussed above, it is convenient
to write the equation of motion in dimensionless coordinates. Hence, one may introduce

the following dimensionless coordinates:

1/2
b [2vsiangyp® malys12)
X =[ mthuzlp;Td X, (2.49)
t" = t(64yVe S| [p /2. (2.50)

The equation of motion for the relative phase y written in terms of these dimensionless
condensates yields the usual sine-Gordon equation

0%y 0%y .
o g SNy = 0. (2.51)

A general single-soliton solution of Eq. (2.51) may be written as

X! —vyt!!

x(x",t") = 4arctan |exp| + , (2.52)

1-v2

where v, is the speed of the soliton. This kink solution, which is known as the i-soliton,

is identical to the functional form of the unperturbed fluxon. However, the property of an
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i-soliton is different than that of the fluxon. Unlike i-solitons, each fluxon carries a unit
of magnetic flux quantum and can be driven by the Lorentz force of the bias current.
Note that the i-soliton cannot be driven by the bias current. The i-soliton solution
describes the perturbation effect in the two-gap superconductor system where it may
yield large amplitude fluctuations in the relative phase y of the condensates.

The equation of motion of q. (2.51) for the relative phase y indicates that Eq. (2.37)
which describes the phase dynamics of the LJJ may be simplified. By substituting Egs.
(2.51) and (2.52) into Eq. (2.37), one may see that

62¢Ss 82¢Ss

ax'? B at'?

— [1 +— COS)(] sin % = 0, (2.53)

indicating that the inter-band Josephson effect induces modulation in the critical current
density. The critical current density modulation has two main effects. First, the shape of
the fluxon may change, but for small modulation this effect is negligible. Second, the
speed of the fluxon becomes modified because the critical current density modulation
behaves as a scattering potential for fluxons. To make progress, one may substitute Eq.
(2.52) into Eq. (2.37) by writing y = 46, 0 = arctan[exp(+{)] and
(=" =vyt")/ m to obtain equation of motion in the dimensionless

coordinates as

(e Y SRLAE

0x at'? cosh2(a’x'+p't")

where a' = y(a; — B1v), B’ = y(a v — B;) and v is the speed of the unperturbed fluxon.

Here, the constants @; and [; depend on the speed v, of the i-soliton as a; =
Um/1 /]sst’ dl)l/z/\/ 1- UO and ﬁl - vO(]m.udE/]SSd dl)l/z/\/ - 170 NOtlng that
cosy =1 —(2/cosh?{), one can see that Eq. (2.55) indicates that the i-soliton
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excitation in the two-band superconductor can lead to both spatial and temporal
modulation of the critical current density across the LJJ. A variation in the critical
current density with respect to both position and time can influence the fluxon dynamics.

A soliton in a LJJ behaves as a relativistic particle when its speed approaches the
Swihart velocity. The sine-Gordon equation is invariant under a Lorentz transformation.
Hence, one may perform the Lorentz transformation, t' = y(t"” —vx"") and x' =
y(x" —wvt"), and obtain a;x" — Bt =a'x’ + Bt’ where a' =y(a; —piv) and
B’ =y(a;v— ;). Here, y = (1 —v?)~%/? and v is the speed of the unperturbed fluxon.
Noted that the fluxon in both the s and d bands are similar (i.e., $?¢ = ¢%). By making
the Lorentz transformation and by considering the phase dynamics in a moving reference
frame, one can rewrite the sine-Gordon equation of Eq. (2.53) as

aZd)SS 62¢SS
ax'*  at'?

- [1 + (1 - 2 )] sin %S = 0. (2.56)

]? cosh?(a’'x'+B't")

Although Eq. (2.56) is a good starting point for describing the LJJ property, one needs to
add few more phenomenological terms to account for the effects of dissipation and bias
current in realistic systems.

To estimate the phase dynamics for a realistic LJJ, one may include additional terms
which describe bias current 8 and dissipation terms I} (d¢/dt") and T, (3¢ /dt’d%x")
to account for the dissipative interaction between the fluxon and the environment. The
bias current in the LJJ acts as a driving force for the fluxon, and the dissipative effects
tend to damp the fluxon motion in the LJJ. Accounting for both effects of dissipation and

bias current, one may obtain a sine-Gordon equation of

92 92 .
2t -2 f—sing = F(¢,x',t"). 2.57)
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Assuming that B’ = 0, perturbation terms in F (¢, x’, t") are given by

F(¢,x',t") = 2 [1 — 2sech?(ax)]sin¢ — Ly, 2, 2¢ (2.58)
) ) ]C ]C 1 atl 2 atlale' *
Hence, one may account for these realistic junction effects by writing the equation of the

motion for a fluxon in a LJJ as

62¢ss achss [ ]Sd( 2 )] . ss
ax'? at'? 1+]55 1 coshZa’x’ Slnd)

Ss _ 63¢ss ]B .
7Lyt =0 (2.59)

_1"1 aa
where J5¢ is the inter-band Josephson current, and I; and I, are small parameters
associated with the dissipative terms. Assuming that the perturbation effects are small,
one may consider the solution to the perturbed sine-Gordon equation of Eq. (2.59) as the
sum of unperturbed fluxon motion in the LJJ and the perturbation effects on the junction
experienced by the fluxon. Thus one can write the unperturbed part of the sine-Gordon

equation of Eq. (2.58) as

62¢Ss 62¢Ss

ax'? at'?

—singss =0, (2.60)

assuming that each perturbation term in F is small. The single-fluxon solution to the sine-

Gordon equation of (2.60) is given by

x’—x('J—fotv(t’)dt’ >] 2.61)

¢S = 4tan~? [exp (i Ty
Here, the fluxon speed v(t") accounts for the time dependence of fluxon motion induced
by the critical current modulation. The solution of the unperturbed sine-Gordon equation
represents a solitary wave (i.e., kink) propagating with the speed v(t") and is similar to

the curve shown in Fig. 5. Here, the solitary wave is representing the changes in the

phase ¢*° either from 0 to 27 (soliton) or from 27 to 0 (anti-soliton) and is traveling with
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the speed v(t"). The solitary wave can propagate for a long time without changing its
shape. The + sign in Eq. (2.61) indicates the propagation direction of fluxon. The + sign
indicates that the fluxon moves to the right and the — sign denotes that the fluxon moves
to the left. The fluxon moving to the left is generally called an anti-fluxon.

To examine the trajectories of the fluxon in a LJJ, one may follow McLaughlin
and Scott [25]. According to McLaughlin and Scott, for a single fluxon under the
perturbation, the equation of motion for the modulated waveform can be expressed as a
pair of first order differential equations. These two equations describe the velocity and
position of the fluxon. By carrying out numerical integration of the sine-Gordon equation
of Eq. (2.53), one may write the second order differential equation of Eq. (2.53) as two
first order differential equation describing velocity v and the position x; of the fluxon

[25], respectively, as

& T [ dxF(¢o,x,t") sechd, (2.62)
= —IVT—v2 [7 dx'F (o, x',t") sechd, (2.63)

where

!
x'—fot v(t")dt’ -x{

Z = Z(x,’ t’) = i \/m

(2.64)

Equations (2.62) and (2.63) describe the fluxon trajectories in the (v, x;) phase plane.
The fluxon trajectories in the presence of perturbation terms F may be determined by
computing the fluxon speed and the position as a function of time t'. The perturbation
terms modulate the unperturbed wave form of Eq. (2.61) and yield the time dependence
of fluxon speed. Equations (2.62) and (2.63) describing the fluxon dynamics can be

rewritten as
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Ly g (1—v2)2 — (1 - v?) — Zv 4(1 - v2)§%‘jf0"° dyy, 2L (2.65)
and
% =v+ @Ww—v3) % (1 -2 fooo dyy, i::syy) , (2.66)
where
v+ = sech? @ (V1 —v2y + X) + sech? a (V1 — v2y + X)
and

X = [rdt' v(t") + x (t).
Velocity of the fluxon far away from the region of the critical current modulation is

determined from

d JB 2 1
d—:, = i% T 1- 172)2 - vl - v?) — grzv- (2.67)

The power-balance velocity v,, of a single fluxon which is far away from the critical
current modulation is determined by setting dv/dt = 0. The fluxon speed may be

obtained by solving the cubic equation of

[ZgPy2 +12] 27 + (B2 1) 22 + (2 -2, - B = (2.68)
which may be written as
ioaiz' =0, (2.69)
where z = (1 — vy,)V%, ay = —T2/9,a, = —(T%/9) — (2I11,/3), a, = (2[y[,/3) —
I'Z,and a; = w2j3/16 + T?.  Here, the solution is bounded by the condition that
0 < v, <1, since the power-balance velocity is given in units of the Swihart velocity.

Solving Eq. (2.67) numerically, one may find the velocity v as a function of position.

By substituting this result into the perturbed sine-Gordon equation, one may compute the
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trajectories of the fluxon. The fluxon trajectories indicate that the fluctuations of the
relative phase lead to formation of an i-soliton in the LJJ which affects the fluxon
dynamics. One of the effects of i-soliton on the fluxon dynamics is the emission of EM

wave by a decelerating fluxon.

2.3 Effects of i-soliton on Phase Dynamics

In this section, the effects of large fluctuations in the relative phase of the s and d
condensates on the fluxon dynamics are examined. According to Tanaka [21], when the
amplitude of phase fluctuation grows to the non-linear region and becomes stabilized, a
2p-phase texture representing an i-soliton may be excited. Excitation of an i-soliton can
change the amplitude of the critical current density. Equation (2.37) describes the effects

of i-soliton excitation on the phase dynamics of the LJJ. From Eq. (2.51) one can obtain

that
62¢Ss _ 62¢Ss _ ]_Csin ¢SS _ (2 70)
ax'? at’> ]2 ’ ’

where J./J2 =1+ (J5¢/J55)[1 — 2 sech?(ayx — Bot)] is the normalized critical current,
ao = 5923/ (1 — v))Jdyd, 12, By = volJ*ude/(1 — vR)J*5dd)]2, and JO is the
critical current density in the absence of the inter-band Josephson effect (i.e., J5¢ = 0).
This equation (2.70) indicates that an i-soliton, representing a moving 2m-phase texture,
yields both spatial and temporal dependent modulation of the critical current. For

simplicity, only the spatial modulation of the critical current density is considered here.
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Figure 8. Amplitude modulation of the Josephson current due to an i-soliton representing 2m-phase texture
with its center at x = 0 for J¢/J5 = 0.10, (solid curve) and J5¢/J*5 —0.10 (dashed curve).

To examine the spatial variation of the critical current J./J2, the plot of J./J as a
function of dimensionless position x for J5¢/J2= 0.10 (solid curve) and J5¢/J0 =
—0.10 (dashed curve) are shown in Fig. 8. The curves illustrate the effects of a single i-
soliton excitation in the S,, and S,_-symmetry superconductor, respectively. These
curves show that the shape of the critical current modulation depends on the symmetry of
the order parameter. However, for J5¢/J55 « 1, the symmetry of the order parameter

does not affect the fluxon motion significantly.
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The critical current modulation induced by the inter-band Josephson effect
influences the fluxon motion in two main ways. First, the shape of the fluxon may
become deformed. Second, the speed of the fluxon becomes modified since the critical
current modulation behaves as an effective potential. However, only small fluxon
potential modulation is taken into account here since the deformation on the shape of
fluxon is negligible. In the region of critical current modulation, the fluxon speed may
become significantly changed from its unperturbed value. These changes may cause the
emission of the electromagnetic waves by a moving fluxon when it decelerates.

To examine the effects of critical current modulation on the emission of EM
waves, the perturbation method is used. The calculation is carried out in an inertial
reference frame which is moving with the speed of the unperturbed fluxon. This
approach is similar to the rest frame of the fluxon [45, 46] considered by Fogal and

coworkers. In this approach, one performs the Lorentz transformation

: 2.71)

where v is the speed of the unperturbed fluxon. Using this transformation, one can write
the sine-Gordon equation of Eq. (2.70) as

62¢SS 62¢55 ]_ i
972 - OET - ﬁSID 55 = 0, (272)

where J./J¢ =1+ (J°?/]*)[1 — 2sech?(apX’ + Bot")], ap = (@ — Bov)/V1 — v?,
and B} = (ayv — By)/V1 — v2. When the inter-band Josephson effect is weak (i.e., J5¢/

J*° « 1), the solution of Eq. (2.72) may be written as

(0 = B0 + o9 (). @.73)
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Note that a new notation (x',t") — (x,t) is used in Eq. (2.73). The ¢§°(x) term is the
unperturbed part and the J5¢¢3%(x, t) /]S term is the leading order correction term of the
solution for the unperturbed sine-Gordon equation. Substituting Eq. (2.73) in the sine-

Gordon equation of (2.72), one can express it as

62¢SS 624)55
P atz‘) sin ¢5° cos []ss b3 (x, t)]
- (azd}is - azﬁs) qbss (x, t)] cos ¢’ (2.74)
Jss \ 9x2 at2 ]ss 1 .

Note that when /¢ /5 « 1 one can approximate

sin [F5 68°(,0)] = Z5 (1,0

]SS ]SS

and

cos B“ 5 (x, t)] =1-= % 1 (x, t)]2

With this approximation, Eq. (2.74) is separated into the unperturbed and correction

terms. The unperturbed part of the sine-Gordon equation is given by

62¢SS 62¢SS
= atzo sin ¢pg° (2.75)

A solution to this unperturbed sine-Gordon equation is
55(x) = 4 tan YHexp(x)].
The spatial and temporal dependence of correction term of ¢7° due to the critical current

modulation may be separated as

¢1°(x, ) = f(x)e™ " (2.76)
The separation of variables for the perturbation contribution ¢;° in the rest frame of the

fluxon (i.e. v = 0) leads to an eigenvalue equation for f(x) as

[— — + (1 — 2 sech? x)] f(x) = w?f(x). (2.77)
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The eigenvalue problem of Eq. (2.77) yields one bound state with w = w, = 0 and a
continuum of scattering states with w? = w2 = 1 + k2. The corresponding normalized

eigenfunctions are

f(x) = fp(x) = 2sechx (2.78)
for w = wy, and
f@) = £, x) = T g (2.79)

for w = w,. Here the subscripts b and k denote the bound state and continuum of the
scattering state k, respectively. The bound state f;,(x) is associated with the Goldstone
translation mode of the fluxon, while the continuum eigenfunctions f (k, x) represent the
radiation modes. Eigen functions of Egs. (2.78) and (2.79) indicate that the first-order
correction ¢3°(x,t) due to the critical current modulation may be separated into two
parts as

B0, 0) = Pans (6, 0) + P50 (%, 1). (2.80)
Here, ¢iians and ¢75,; represent the bound and continuum eigenstate contribution,

respectively. The bound state contribution ¢7,,; may be written as

BEans (0, 1) = S P55 () (X). (2.81)

The amplitude ¢3°(t) of the bound state is determined straightforwardly from the

equation of

sech x

> ¢ () _ 0 _ 2
— = 4 [ dx(1— sech® &) — (2.82)
where &y = agx + Byt. The solution to Eq. (2.81) may be obtained as
ss 8a0 _ sech?x
o0 =~ (1- 7, dx ). (2.83)
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Note that ¢p3°(t) may be used to evaluate the translation mode contribution ¢y, (x, t).

This contribution has no effect on the motion of the fluxon center. The continuum

eigenstate contribution, representing the radiation modes, is given by

seaCet) = [7 dre (e, ) f (i, %). (2.84)

The amplitude ¢ (k, t) is determined from

LD 1 (14 K2k, 1) = Q, 1), 2.85)

where

sin hx

QU,t) =2 [ dxf*(x,t)(1 — 2 sec h?&) (2.86)

cosh2x
The contribution to the radiation mode of ¢;° may be estimated by solving Eq. (2.85).
For a single modulation of the critical current density a solution to Eq. (2.85) can be
obtained more easily by using the relation,

© gk Tk ik,

sech?§, =

0 27 s (2.87)
which is the Fourier representation of the critical current variation. Using this

substitution, one can rewrite Q(k, t) by integrating the right-hand side of Eq. (2.86) over

x and one can obtain

—___~im 2 kr
Q(x,t) = KZ){(l + k“) sech .

— % k=2 [1 4k — (ka)Z]keikﬁéf}, (2.88)

2sin hT
where 1, = a, — (k) . The solution ¢ (k, t) may be written as

b, t) = © do  Q(xw) elot (2.89)

—00 21 (1+k?2)—w?
where Q(k,w) = [dt'Q(k,t') exp(—iwt’). One can evaluate the integration over t’
and w, and write the solution ¢ (x, t) as
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k1

R km oo sech—= ™ 1+x%—(kao)® | ikpht
Pl t) = s [sech =~ [ dk S o e | (2.90)

However, as indicated in Eq. (2.84), one needs to integrate over the continuum variable k
SS

to compute ¢, ,(x,t). This integral may be evaluated by using the contour integration

method.
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Figure 9. The pole structure for the radiation contribution of Eq. (2.84) to ¢, (k, t) for a fixed k is shown
schematically. The solid circles represent the poles yielding the exponentially localized
contribution. The open circles are in the location of z; as the fluxon velocity v changes from
U < Uy, to U > vy, the shift direction for the pole z, is indicated by the arrows.
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SS

The radiation contribution ¢, ;(x, t) of Eq. (2.84) indicates that all the poles are simple,
and the residue of each pole may be evaluated separately. The position of the poles that
are shown in Fig. 9 are given as follows:

Z, = +I,

22 = +iT= QB

zy =+i(2n+1),
and

zE = tka, +i(2n+ 1),
where n = 0,1,2, ... The residues of the poles structure yield two types of contribution:
(1) an exponentially localized contribution around the fluxon center and (ii) a linear

traveling wave contribution. Hence, the radiation mode ¢33, may be decomposed into

SS ex : 1 1
P and traveling wave ¢33 %€ contributions: ¢33, =

the exponentially localized ¢,.,,

55 CXP 4 pSSWave  Note that the exponentially localized contribution ¢2>> P does not
rad rad p y rad
produce a true radiative correction. Only the traveling wave ¢, y*"¢ gives rise to a true

radiative contribution.

The poles that give rise to the traveling wave contribution to the radiation
correction are examined below. As indicated by Fourier components of the critical
current modulation described by the (1 — 2 sech? &,) factor in Eq. (2.86), the condition
for the traveling wave radiative contribution depends on k. For fixed k < (1/8,), the
pole at z; lies on the imaginary axis. However, as the fluxon speed v increases, the pole
z, moves down the imaginary axis. At the critical value v = vy, the pole z; lies in the
complex plane and it becomes real for v > v,;,. The changes in the radiation contribution

in Eq. (2.86) from this pole may be easily identified by the contour integration since it is
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not exponentially localized around the fluxon center but oscillates with x. The oscillatory
contribution only arises when v > v,;,. This leads to a radiative contribution of

. i R 1’

ss wave o dk mwkE . eik(Bot+nx)  o—ik(Bot—mx)
x,t)=— — + itanh x +

rad (1) . 21 s (m ) —

(2.91)

k D)
s R ZE I+
2 2

where & =1— (a2/Bs), n =+ (kBy)? — 1, and ny = a, ¥ (n/k). Equation (2.91)
indicates that, for a fixed k, this radiation correction is the superposition of two linear
traveling waves with different amplitudes. The two waves travel in opposite directions.

The threshold velocity v, for the fluxon is given by

e\ ?

Vep = 1, (E) . (2.92)
The dependence of v;,on the i-solition velocity v,indicates that, for the case of static
spatial variation of the phase (i.e., v, = 0), EM radiation may be emitted by the fluxon
whenever it passes through a region where the critical current is affected by the inter-
band Josephson effect. Hence, when an array of static i-solitions is excited to yield a
spatially periodic modulation of the critical current density, the threshold velocity vy,
becomes finite. This radiative threshold is similar to that found in earlier studies [26, 28,
29].

The effects of i-solitions on the LJJ was discussed in Chapter II. This revels that the
two-gap superconductor has an interesting property. Another interesting property of a
LJJ with two-gap superconductors is the appearance of the broken time reversal
symmetry state as the ground state of the LJJ. A possibility of phase frustration and the
presence of broken time-reversal symmetry ground state of the LJJ is examined in

Chapter I1I.
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CHAPTER III

BROKEN TIME REVERSAL-SYMMETRY STATE IN A LJJ

In this chapter, the relationship between phase frustration and the broken time-reversal
symmetry state in a LJJ with two-gap superconductors is discussed. To understand the
time-reversal symmetry invariant (TRSI) and broken time-reversal symmetry state
(BTRS) in the LJJ based on two-gap superconductors, one can first review the TRSI and
BTRS state in the tunnel junction between the two-gap and one-gap superconductors [9-
15]. Finally, the ground state of the LJJ with two-gap superconductors is examined by
using the free energy obtained from the BCS model. By minimizing this free energy, the
conditions for the phase frustration for two different S-wave symmetries are obtained.
Based on the ground state conditions for the current densities, the TSRI state and BTSR

state for Josephson junction with two-gap superconductors are discussed.

3.1 Review of Possibility of Phase Frustration

In this section, the possibility of phase frustration in a two-gap superconductor is
reviewed by computing the free energy of the system. Earlier studies [9, 10, 11, 12, 13,
14, 15] indicate that phase frustration and the appearance of broken time reversal
symmetry state in a tunnel junction between two-gap and one-gap superconductors are

closed related.
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The ground state of the junction may be examined by computing the free energy. The
free energy for the two-gap superconductor in the absence of an external magnetic field
[15] is given by

F = ag|yi|? + K (VO*)? + BolWil* + aglVi|? + Ka(VOD? + Bal W |*

= 2J1¥il1¥{|cos(8® — 6°), 3.1)
where the pseudo-order parameters s and (¢ are non-zero and ®sq) < 0. Note that two
pseudo-order parameters are coupled by the inter-band Josephson coupling J,
representing interactions between electrons in the s- and d-bands. From Eq. (3.1),
for ] > 0, it is clear that the free energy becomes a minimum for 85 = 8¢. However, for
] < 0, the free energy becomes a minimum for 8% = % = . Thus, there is no phase
frustration in two-gap superconductors for either / > 0 or /] < 0.

The situation is different in the tunnel junction involving a two-gap superconductor
and a one-gap superconductor. Ng and Nagaosa [15] suggested that the free energy
density for a Josephson junction [15] is given by

F = 0(x)[—2] cos(8° — %) + K;(VO5)? + K, (V64)?]
+ 28(x)[T; cos(8° — 0) + T, cos(8° — 0)]
+0(—x)K(VO)? + F , (3.2)

where | = Jin W8I 1W?], Tg = TlWllW°l, Ty = TalWllW?, K; = K;[W'|?, F is the part of
free energy that is independent of phase angle, and the index i = s,d denotes electronic
bands in the two-gap superconductor. Here, T; represents the coupling between the one-

gap superconductor and the electronic bands of the two-gap superconductor. To study a

deviation from the phase-locked state, one needs to minimize the free energy with respect
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to the phase variables. By minimizing the free energy with respect to the phase of the
one-gap superconductor, one can obtain
Kv?0 = —5(x)(Ts sin 05 — T, sin 64). (3.3)

Here, the phase variable 6 is set to zero (i.e., 8 = 0) as a convenient reference point to
measure the phases 6°. Note that Eq. (3.3) becomes

Kv2o=0
away from the junction interface (i.e., x#0). The solution of this equation may be written
as

0 = fsx.
Similarly, for the phases of the two pseudo-order parameters, one may obtain the

following equations of motion:

726° — Lsin(6* - 0%) = 0, (3.4)
and
726 — Lsin(6° — 64) = o. (3.5)
d

By subtracting Eq. (3.5) from Eq. (3.4), one can easily obtain the equation of motion for

the relative phase y = 8% — 05 as

a’y 1 .
—z = Esiny, (3.6)
where 172 = | J | (K, + K3)/K;K,;. A single soliton solution to the steady state sine-

Gordon equation of (3.6) is given by

_x
x(x) =4tan™! (ae /1), (3.7)
where a is a constant which is determined by the boundary conditions. Therefore, one

may decomposed the solution of Eq. (3.7) and write 8% and ¢ as
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S(4) — 0, _4Ka -1 -2
0°5(x) = Box +6° + AR tan (ae A), (3.8)
and

0%(x) = Box + 0% + 1 — = H? =L tan~! (ae73), (3.9)

d

respectively. The current density in a weak electromagnetic field is given by

IR

>Ir—~

J=120v0, (3.10)

where @, is a magnetic flux quantum, A = m/nge?, n, is the number density of the

particle. The current density may also be obtained by using the relation

J=2e o (3.11)
The current density computed from the above two relations satisfies the boundary
conditions at the junction interface. Similarly, one may compute dF /d@‘ for § = 0 at the

junction interface (i.e., x=0) and obtain the current densities for the s and d bands. By

substituting Eq. (3.8) and Eq. (3.9) into the expression for dF /d#*, one can obtain

oF _ 0

205 = = 2T, sin 65 = 2T sin (0 t ez +I?d ———tan~ a) (3.12)
OF = . = . 4K -

= 2T, sin6% = 2T, sin (6% + 7 — e tan 'a). (3.13)

By matching the boundary condition to reflect the requirement that the current density is
conserved at the junction interface, one can get
KBs = —4e[T,sin(6° + by tan~t a)—T,sin(A° — bstan~ a)],  (3.14)
where by = 4K,/ (K, + K3)) and b, = 4K, /(K + K;).
In the ground state, the Josephson junction does not introduce any additional bulk

energy to the system. This condition implies that there is no net current flow in the
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ground state of the system. Therefore, one can set f; = 0. Now Eq. (3.14) indicates that
one can obtain

T,sin0° — T;sin0° = 0
when a=0. This implies that 8% = 0 orm. On the other hand, when a # 0, but a is
small, one may write Eq. (3.12) as

0 = T,[sin 8° cos(aby) + cos 8° sin(ab,)]

—T4[sin 8° cos(abs) — cos 8° sin(aby)]. (3.15)
Equation (3.15) indicates that 8° must be different than either 0 or . If the phase
difference between the two condensates becomes something other than 0 or =, then
system is said to have phase frustration. The ground state of the junction with phase
frustration has non-zero current flow, which breaks the time-reversal symmetry. For LJJ
with two-gap and one-gap superconductor, the net current in the Josephson junction is
zero (i.e., J¢ + J4 = 0) in the ground state. The time-reversal symmetry invariant state is
represented by the trivial solutions of Egs. (3.14) and (3.15). These solutions are 8° = 0
or © and a = 0, indicating that J; = J; = 0. Also, there are non-trivial solutions(48°,
+a) # 0, representing the broken time-reversal states. These solutions are degenerate.
The 8° < 0 solutions correspond to two degenerate time-reversal pairs [15]. In the
BTRS state, the current loop circulates through the junction in momentum-space, and not

in real space.

3.2 Broken Time-Reversal Symmetry State in the Two-gap LJJ

The broken time-reversal symmetry (BTRS) states in the Josephson junction with two-

gap superconductors are examined by using the free energy derived from the BCS
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Hamiltonian. By minimizing the free energy with respect to phase variables, one can
determine the conditions for phase frustration, yielding the broken time-reversal
symmetry state. As in the section 2.1 of Chapter II, the BCS Hamiltonian extended for
two-gap superconductors is rewritten as H = I’-I\TB‘I + H; . The Hamiltonians I’-I\TB,Z and
H; account for the contribution due to two-gap superconductivity and electron tunneling
between the two adjacent superconductor (S) layers. The two-gap Hamiltonian I:I\TBJ
may be written in terms of Grassmann variables as
Hrpy = [ dr(Ticsact et ek, + APYT), (3.16)
where &' is the energy of electrons in the i-band (i = s, d) about the Fermi energy. The
pairing interaction between electrons in the /-th S layer is given by
ﬁfair = —VssC11€0165168 - VaaCTi ety — Vsa(GRieliclicts + hac.) (.17)
where V;; is the pairing interaction strength between electrons in the i and j bands and c_é'.‘l
and cg’l are the Grassmann variables. The Hamiltonian H; due to tunneling of an
electron between the two adjacent S layers is given in terms of the tunneling matrix
element T;; as
Ay = Y5 02(Tijch ¢l , + hoc.). (3.18)
To obtain the free energy, one may start with the BCS Hamiltonian for a two-gap
superconductor and carry out a number of steps as discussed in appendix A. First, one
may use the Nambu notation and Hubbard-Stratonovich transformation to simplify the
partition function. Also, by using the Grassmann integrals to integrate the fermion fields,
one can obtain the effective action for the system.

The free energy F of the system may be obtained from the effective action as
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F= %S[q.')k], (3.19)

where ¢, is the Hubbard-Stratonovich field. Here the components of the auxiliary field

¢_>k = ((Eli (Elsc) and ¢, = <£k>,
k

where ¢} = }'(eiel. Using the effective action derived in appendix A, one can write the

free energy

s [adf
Iss g

BF =Y, {foﬁ dr I 2954 ASAD cos )(ll

dd Iss9dd

B - 1 (@, 06} 2
+ [, dr X Imipévé,zz + <_O_l+ <Pl) l} 0(t2)

8mu? \2m o9t

+ {foﬁ S—f, (eEZ +Bj) + foﬁ ? foﬁ dt ’Baﬁ} 8(2) (3.20)

where y; = 6% — 65 and Bap is the second order tunneling contribution to free energy

defined in appendix A. Also the phase difference between two S layers in the presence of

an external magnetic field is

¢/t = 0] — 6} — 2e43,. (3.21)
and

>7 1 i 2 re

Us1 = Py (VH{ - g’:Az), (3.22)

is superfluid velocity. For simplicity, one can make the local approximation for the
integral kernel 8/¢(t — ') in Bgp by writing

it =) = —]* (- 1t)8(x - 1).
Within this local approximation, noting that the Ohmic quasi-particle contributions

@’ (t— 1) cospY (r,7;7,7") in Bgg do not depend on the phases, one may write

56



d 2
1

af” [
Iss g

295
BF = Z,{foﬁ dr | Isd_ As G cosxll

dd Issddd

: 2
B P 1 [®y00;
+ fo dr ) Imipév;,zl + P—" (2_,26_; + <Pl> l} 0(£z)
1
+{=- [ dr (eEZ + BY) o 1Y drBg}5(2). (3.23)
Note that, under local approximation, B,z becomes

Bap = Bg = J* cos ¢ + ]9 cos ¢4 + J45 cos ¢%5 + 5% cos 2. (3.24)

In the steady state, the free energy of the system in the absence of magnetic field is

2
8517 8] 2000 pspa
= 0(+ — —
F G(_Z) Zl { Iss 9dd Iss9dd AlAl cos X
1 1 2
PO + o p (V6(1)'} = Bo 8(2). (3.25)
where

Bgo = J*% cos ¢S + ]2 cos ¢4 + ] cos(0F — 67) + J* cos(65 — 68), (3.26)
¢SS =65 —65 and ¢ = 0% — 6%, In the remainder of Chapter III, the phase
configuration that minimizes the free energy is discussed. In the steady state, the phase
part of the free energy Fy = F — F, of the LJJ based on two-gap superconductors is

Fg = —gsq(cos xq + cos y,) — J55(cos ¢S + cos ¢p4%)

—J*4[cos(05 — 68) + cos(6F — 65)], (3.27)
where Joq = 295aA30Y ) GssGsar X1 = 02 — 65, and y, = 8¢ — 5. Note that one may
set that J5 = J55/d, = J% /d,, and J5¢ = J5¢/d, = ]S /d, for simplicity. Here F, is
the part of the free energy density which is independent of the 8’s. Note that g, =
det(V)/V4e, g.q = det(V)/V5S, and goq = det(V) VS¢/V42 VS where V is given in

Eq. (2.18). To examine the phase configurations which minimize the free energy density,

57



the first derivative of Fg with respect to phase variables is set to zero. The extrema of
the free energy function F(Hl, 0%,05, 64 ) F(x1, X2, 955, 9%%) may be found by using
the two sets of conditions. The first set of conditions is

(i) ¢*=¢"+x2— 1

() ¢ + Xl = nm,

(i) gsa SIH(X2+X1 %) + (=" (_ J5s Sin% + J5%sin Xz;)h) =0
The second set of conditions is
(@) ¢dd =¢¥ + x2— X1,

(i)  J%Scos (%) + J54 cos (%) =0,

(i)  Gog Sln(X2+X1 X2 Xl) cos( P + Ty Xl)(]ss XZ;Xl_ jsa Sin)(z;rxl) —

0.
(See appendix A for a detailed discussion.) Using the conditions for minimum free
energy, Eq. (3.59) is solved for z = 0 numerically. To study the phase frustration in the
ground state of the LJJ, the free energy Fy/J°° is plotted in the Fig. 10 as a function of
inter-band relative phase for (a) gsp = gsa/J** = 1.0, Jop = J5¢/]55 = 1.0, ¢S = 0.0
(b) Jsp = 1.0 gsp = —1, ¢*° =0.0and (¢) gsp = —1.0, Jgp = 1.0, ¢*°* = 1.4. Also,
in Fig. 11, the free energy contours are plotted as a function of relative phase for the same
set of parameters as used in Fig. 10. These free energy plots indicate that the value of
relative phases (y{, x5) for the free energy minimum depends on ¢5°. From the free
energy contour plot of Fig. 11, one can easily see that the ground state value for (x7, x5)
is (0, 0), when the phase difference ¢°° across the two adjacent layers is zero (i.e.,

¢*° = 0). However, when ¢*° # 0, the free energy minimum occurs for gsp=-1.0 and
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Jsp=1.0 at a non-zero value of (x7, ¥5), indicating the appearance of phase frustration in

the ground state. This dependence on ¢*° may be seen easily in Fig. 10c. Similarly for

9sp=-1.0, Jsp=1.0, and ¢*5= 0.0, the free energy surface and contours in the (y, x>)

space is shown in Figs. 10b and 11b, respectively.

Figure 10. The free energy Fy/J*° is plotted as a function of inter-band relative phase difference y; and y,

— =sd
for (a) gop =Gsg/)” =10, Jp=] [/]* =10, ¢==0 (b) Jsp =10, ggp=—1,
¢ =0and (¢) gsp = —1.0, Jsp = 1.0, ¢*° = 1.4. These free energy surfaces illustrate the
dependence of the ground state phase configuration on the parameters gsp, Jsp, and ¢°5.
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Figure 11: The free energy Fy//*° is plotted as a function of inter-band relative phase difference y; and y,

— =sd
for @) gsp=Tgu/]” =10, Jp=] /] =10, ¢==0 (b) Jsp =10, gsp =1,
¢ =0 and (¢) gsp =—1.0, Jsp = 1.0, ¢>° = 1.4. These free energy contours illustrate
the location of the minimum free energy and to estimate the coordinates (yy, x,) for given

parameters gsp, Jsp, and ¢5° .
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One may estimate the phase frustration in the ground state from the phase equation of
motion derived from the free energy of Eq. (3.27). One uses the Euler-Lagrange
equations for different phase variables to obtain the equations of motion. For an

example, for the 8¢ variable, the equation of motion is given by

n2p¢ _2pd 2Gsd d d
—=2 Vegs — =2 ASAY sin(85 — 65
2mg 2 Iss9dd 272 ( 2 2)

= [ sin(6g — 0) + Zsin(6¢ — 65)] 6(2). (3.28)
dg ds

Similar equations of motion can be obtained for the phase variables 65, 6%, and 65.

When the Euler-Lagrange equations for 8¢ and 85 are added, one can obtain
9s 4 (m mg . _
G R e (p—g + p—) sin(64 — 05) = 0 (3.29)
for z > 0. Noting that y, = 65 — 8%, one can write Eq. (3.30) as
VZy, — lizsin ¥y =0, (3.30)
where

1 Isd ASA94 (md ms
L= fsa_ Dd 4 Ts),
A2 Issddd 272 pg p3

A single-soliton solution to the sine-Gordon equation of Eq. (3.30) for the relative phase

X2 1s given by
x2(z) = 4tan™?! (aze_z) . (3.31)

One can decompose Eq. (3.31) and obtain the expression for < and 65 as

s _Zz
0% = B9z + 00 + m — —=25Md__an-1 (a e /12>, 3.32
2 =P 2 oTmatpSma 2 (3.32)
and
d _z
05 = B0z + 00 + ——L5™s __tan-1 (a e ’12), 3.33
2 =P 2 ¥ Tt pema 2 (3.33)
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respectively. Similarly, one may add the Euler-Lagrange equation for 82 and 65 to
obtain the sine-Gordon equation for y; = 65 — 02 (i.e., forz < 0). By following the

decomposition approach for y, , one can write the phase variables 8%and 65 as

S z
0% = BO7 + 00 + r — —2Md__yap—1 (a e_ﬂ), 3.34
1 = b1 1 Tt pima 1 (3.34)
and
0; =Pz + 00 + af“pAtan_1 (ale_i), (3.35)
psms+pimg

respectively. The current density J¢ = 2e (9F /6}) for I=1,2 at z = 0 leads to

- ss sd

Js =2 [=sin(6s - 65) +L-sin(os - 6] (3.36)
and

- Ss sd

J =2 [-Lsin(6s - 67) — L-sin(eg - 65)] . (337)

Similar relation for J¢ and J5 can be obtained easily. Also, noting that the current density

is given by
> 1d, 0 = 2 dF
J =m0 = %
one may write for
s _ o, hps no biay
]1 - ze mg ﬁl + /11(1+a1)

= —{d—sin[60° + b,(tan"'a, + tan"'a,)]
S

sd
- %sin[69° + m + by(tan~a, + tan"ta,)], (3.38)

S

where §0° = 639 — 67 denotes the relative phase constant which does not depend on
position, by = 8epipd/(pdms + pimg) and b, = 4pdmg /(pdms + pimy). For the

simple case of a; = 0 and a, = 0, one can obtain
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s ss ds
2P B0 — —Z—sin(w") + Jd—sin(ée"). (3.39)

ms
This means that when B = 0 and 65 = (0,7) = 6, the ground state is time-reversal

symmetry invariant since j§ = 0 and /% = 0. On the other hand, when a; # 0 and a, #

0, but both a; and a, are small, one may expand

-1 a3

a=a—?+“5+---

5
and write Eq. (3.40) as

2eps o , b1ar
Zhep) 4 A

mg A1

SS ds
—Lsin[66° + b, (az + a1) ] +Z=sin(66° + bya, + byay),  (3.40)

indicating the relations between the constants 52, §6°, a,, and a,.

S
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Figure 12. Boundary conditions for current density in the ground state of LJJ are schematically illustrated.
A LJJ with two layers of two-gap superconductors which are separated by an insulator in the z-
direction is shown. The /=2 and /=1 superconductor layers are above (z > 0) and below (z <

0) the junction interface.

At the junction interface (i.e., z =0), the current density is conserved (Fig. 12). This

boundary condition for the current densities may be summarized as
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T =05+, (3.41)
One may see how this boundary condition may lead to phase frustration by first

evaluating the current densities at z = 0 as

- oF I Js4 .

5= 266—95 = 2e [d_s sin(65 — 67) + d—ssm(eg - 0{1)], (3.42)

5 dd ds

J4 = 2e 27 = 2¢ [L—sin(6¢ — 6f) + Lsin(6¢ - 65)| . (3.43)
692 ds dS

- SSs ds

J =202 = —2e|—sin(63 - 67) + Lsin(6¢ - 65)] . (3.44)
691 ds dS

and
- oF jdd Jse
Ji =26 550 =2 [d—ssm(eg — 68 + L-sin(05 - 6f))| (3.45)

Now, one can impose the boundary condition of Eq. (3.44) at z = 0. Applying the
boundary condition, one can show that J§ =0 when 2 =0, a; =a, =0 and 6 =
(0,m) = 62. This means that J§ = J% = J5 = J¢ =0, indicating that there is no net
current flowing through the system in the ground state. This solution obeys the time-
reversal symmetry. Another solution that satisfies the boundary condition at z = 0 may
also be found. The solution J§ + J¢ = 0 (and J5 + J¢ = 0) indicates that the net current
density is zero when i = —¢ (and J5 = —j%). This solution breaks time-reversal
symmetry.

The appearance of the BTRS state in the ground state is indicated by the non-zero
value of the relative phase constant §6° = 89 — 8. This constant may be computed by
evaluating the phases at the junction interface (i.e., z = 0). At z = 0, the phases can be

obtained using Egs. (3.37) and (3.38) as

4psmg

0f =00 +m— tan"!aq,, (3.46)

d
pSmg+pimg
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and

65 = 00 + 21 __tan=lgq,. (3.47)

plms+pimy
Subtracting Eq. (3.46) from Eq. (3.47), one can obtain
xi=m—4tan"laq,. (3.48)
Now, the relative phase constant §6° = 89 — 6} indicating that the ground state breaks
the time-reversal symmetry is obtained by imposing the boundary conditions 5 = —j¢

and J5 = —J¢. By using Egs. (3.46) and (3.47), one can obtain

sd
500 = tan-1 sin Ka (8 —x9)-sin Ks(x8 ~x9)~Ssslsin(Ks x8 ~Kax?)-sin(Kax§—Ksx9)]
= tan

. (3.49)

cos K8 ~X)+c0s Ks (8 ~X9)+ogglcos(Kex§ ~Kax§)+cos(Kaxg—Kexd)
where y7 is the relative phase of the two condensates of I-th S layer in the ground state
where the system has minimum free energy. From Eq. (3.44) it is clear that 85 — 67 = 0
when the relative phases for both the S layers are zero. Similarly, when two relative

phases are equal, but have opposite signs (i.e. 5 = x° and y{ = —x°), one can obtain

sd
sin2 Kgx°—sin ZKd)(o—ZJJSS sin y°(Kq4—Ks)

56° = tan™?! (3.50)

275d .
cos 2Kgx°+cos 2K g y°+ ]]SS cos y°(Kq4—Ks)

To study the variation of phase constant §6° = 62 — 62 as a function of ¢S, the relative
phases at the minimum free energy was obtained by plotting free energy as a function of
relative phase as shown in Fig. 13. For a given value of ¢*°, the phase configuration ()4,
X2) which corresponds to the ground state (y7,x5) is determined.  This value is
substituted into Eq. (3.50) to calculate 66° numerically. In Fig. 13, a plot
of §0° versus ¢*° is shown to illustrate the dependence on K;.  The three lines
corresponds to Kg = 0.49 (solid line), K; = 0.47 (dashed line), and K; = 0.45 (dot-

dashed line). The curves in Fig. 13 show that the relative phase constant §6°in the
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ground state varies linearly with ¢*5. Also, one can see from Fig. 14 that the rate of
variation §6° of for K; = 0.45 is higher than that for K = 0.47 and K = 0.49. This
dependence on K indicates that greater charge imbalance between the charge densities of
the s and d-band present in the system leads to stronger frustration in the ground state

phase configurations.

- NN -
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Figure 13. The phase constant §6° for the ground state is plotted as a function of ¢p*° for three different
values of K; = 0.49 (solid line), 0.47 (dashed line), and 0.45 (dot-dashed line). These curves
illustrate the effect of relative phase on the phase constant.
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Figure 14: The current density ] in the ground state is plotted as a function of ¢°°. The curve illustrates
the effect of relative phase on the current density at the junction interface (z = 0).

In Fig. 14 the current density J = |J7| at the junction interface (i.e., z = 0) is plotted as
a function of the phase difference ¢*°. The curve indicates clearly that current density
varies as the sine function with the phase difference. The results of phase frustration in
the ground state of the Josephson junction with two-gap superconductors and its

consequences are discussed in Chapter V.
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CHAPTER IV

FLUXON DYNAMICS IN TWO COUPLED LJJS

In this chapter, the equation of motion for a fluxon in the two-coupled LJJs with two-
gap superconductors is derived from the microscopic Hamiltonian. This equation of
motion can serve as a starting point for investigating the phase dynamics of two coupled
LJJs in future work. As a way to derive the equation of motion, the effective action for a
stack of LJJs is obtained by starting with the BCS model. Equations of motion for
different phase variables in the LJJ are obtained by using Euler-Lagrange equations.

These Euler-Lagrange equations are expressed as a set of coupled sine-Gordon equations.

4.1 Effective Action for Two-Coupled LJJs

A system of two vertically stacked LJJs that are based on two-gap superconductors
will interact with each other via the charging effect and magnetic induction effect. These
two coupled LJJs may have interesting phase dynamics due to the magnetic induction
effect between junctions. In this junction, each superconducting layer is represented by
two pseudo-order parameters 1§ ,exp(i6;) and g exp(i67). For the two coupled LIJs,
there are three superconductor layers as shown schematically in Fig. 15. Here, L, and Ly
denote the dimensions in x- and y- direction, respectively. The external magnetic field B

is applied in the y-direction. Here dg and d; denote the thickness of the superconductor
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(S) and insulator (I) layer, respectively. In this LJJ system, there are three types of
interactions: 1) the conventional Josephson interaction between two adjacent S layers, ii)
the inter-band Josephson effects between two condensates in the same S layer, and iii) the
interaction between the Josephson vortices of the two LJJs via the magnetic induction

effect.

(=
-

Figure 15. A Schematic diagram illustrating two coupled LJJ with two-gap superconductors is shown.

One may include these three types of interactions in the LJJ and examine the phase
dynamics by using the functional integral approach. By using the BCS model for two-
gap superconductors, one may write the partition function Z for the system of coupled

LJJs. In this functional integral approach, the fermion fields are represented by
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Grassmann variables due to its anti-commutation property. The partition function Z is
given by

Z =1 DICk,, ciDAD AL,y Dop, DAY~ Corcornafuspndll, (4.1)
where Af;;; = fl Azdz and A? is the z-component of the vector potential in the

insulator between the (I+1)-th and /-th S layers. Here, A7 and ¢, are the vector potential
and scalar potential in the /-th S layer, respectively. The Euclidean action S includes
three contributions: S = Sgje1q + Sgap + Smatter- The action Sripq accounts for the

electromagnetic field contribution

Sfleld - Zlfatde [ (El+1l) + (Bl+1l) ]’ (4‘2)

where the electric field E7;; ; and magnetic field Blj-]l-l,l in the I layer are given by

7 _ 104L41  @ua-o

Eivip =75 PR (4.3)
y __ 1 aAlz+1,l _ Af+1_Aic

By, = T ox P 4.4

The action S44, Which accounts for the gap energy contribution is given by
14717, 18P gsads d 4 Aspd
at [ dr [ L= ASAY + ASAT)] . 4.5
Sgap =X J 0T [ gss  9dd  Iss gdd( ) *5)

This action may be rewritten in terms of the phase as

Sgap = 1 J 0T J dF ['Al' + P 25 ASAE cos(B — ef)], (4.6)

9aa gssgdd

where the first two terms of Eq. (4.6) are due to the energy gap contributions in the s- and
d-band of I-th S layer. Here, g5 = det(V)/V4®, guq=det(V)/VSS, geq =
det(V) V52 /V 3@ V5SS and the pairing matrix V is defined in Eq. (2.18). Note that the

A$A¢ term accounts for the contribution from the process of a Cooper pair creation in the
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d-band and a Cooper pair destruction in the s-band of /-th S layer. Similarly, the ASA?
term describes the process of a Cooper pair creation in the s-band and Cooper pair
destruction in the d-band of /-th S layer. Finally, the action S,,,:te;r accounts for the
contributions from the matter field. The action S,,,¢¢er for the two-gap superconductors

based LJJ is given by

Smatter = Ly J dt [ dF { az(aT— iep)cy — al[ (V leﬁl)z +lll] C(irl}
+ % [ dr [ dr [Ajchcl, + Ajeg Tk, ]

+X; [ dr [dF (Tz+1 eledlvgt | ol +hc), 4.7
where A! annihilates and Al creates a Cooper pair in the i-band of I-th S layer. The first
two terms of Eq. (4.7) represent the non-interacting Hamiltonian contribution. The pair
interaction term, Alc’,cl,, denotes the destruction of two electrons while creating a
Cooper pair in the same i-electronic band of /-th S layer. Similarly, the Aic_g,lc_g,’l term
denotes the destruction of a Cooper pair while creating two electrons in the i-th electronic
band of /-th S layer. The last two terms of Eq. (4.7) represent the contribution from
tunneling between the two adjacent S layers. For example, the ca ch term represents
destruction of an electron in the i-band of /-th S layer and creation of an electron in the j-
th band of (/+17)-th S layer. The hermitian conjugate of the c(r l+1c term represents
destruction of an electron in the i-band of (/+7)-th S layer and creation of an electron in

the j-band of /-th S layer of the system. Here, the tunneling matrix T, describes the

l+1l

amplitude of electron tunneling between the two adjacent S layers.

71



The matter field contribution S,,4¢er to the action § may be simplified by
introducing the Nambu representation. In this representation, the fermion fields are
written as

_. . . . cL
Ci =(Cky ciyy), and Cf= <_ik’T ) :
Cokl
The pair fields A%, and A%which represent creation and destruction of a Cooper pairs,
respectively, are written as operators. These operators may be written in terms of the
Pauli matrices as
AL = Clt,Cl, (4.8)
AL = Cit_ci, (4.9)

where 74 = %(rl + i7,) and the three Pauli matrices are

71 = (2 (1)),
)
n=(y °)

By substituting C ,ﬁ ,C ,i , and Pauli matrices into Egs. (4.8) and (4.9), one can show that
1l = ¢k, iy, (4.10)
Al =Ly chre (4.11)

Similarly, the Nambu representation may be expanded to include both s- and d-band

electrons as

S
Cry

_ Cy
_ (=S s =d d _
R

Cu
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By following Machida et al. [34], one can write the matter field contribution to the action

in a matrix form as

Smatter = 2t f dt f dr {EG_lc}- (4.12)
The action S,,,4¢¢er May be written more explicitly as

( (-, )
0 0 0 0

-1
~ T1+2,1+1 G

Smatter = 21 J dt [d7{C ! \ Ct,  (413)

0 Tl+l,l Gl_l Tl,l—l
0 0 0 0

L ) )

where the electron Green function G; is given by

g A 0 0\
Ef g’ 0 0

Gl = . 4.14)
: k o 0 g™ A?} (
0 0 AY g¢

Here, the matrix elements of the Green function G; ‘are

. 1 . 2 \2
g = =0, —iep +—(V, —ied;) +uj, (4.15)
—s , 1 . 2N\2 s
91> = —0; +iep, — %(Vl + leAl) — U, (4.16)
. 1 . 2N\2
g% =—0, —iep, + %(Vl — leAl) + u, (4.17)
_ , 1 . 2 N\2
g1 d — —0; +iep; — %(Vl + leAl) — ,uld, (4.18)

and the ul’s are the chemical potential of the i-band of the I-th S layer. Similarly, the

tunneling matrix ;. for the electrons is given by
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S ieAlZJrl,l
T;..€ 0 0 0
—i AZ+
o 0 —T*,, e 0 0
L d Al . (4.19)
0 0 T, e 0
* —ieA”
0 0 0 — T4 e

The fermion contribution in the S,,,:te Mmust be integrated out to obtain the effective
action S, s which includes the phase contribution.
To obtain the effective action S5r, one writes the partition function Z for the stack of
two LlJs as
Z =11, J DIC, CIDA,DA?,, Do, DALe~SICC A A% 1oul] (4.20)
Integrating out the fermion degrees (i.e., C, and C) in the functional integral by using
Grassmann integration, one may simplify the partition function Z as
Z =Tl f DADA?,1 DDA} e~ 06" g ~(Spicta*Sgap) (4.21)
Equation (4.21) indicates that the effective action Sgrr of the LJJ system may now be
written as
Sefr = Stieta + Sgap + Ty InG 1. (4.22)
To obtain an explicit expression for the effective action, one needs to evaluate the last
term of Eq. (4.22). The trace of the logarithm of inverse Green’s function
(i.e,Tr InG™1) may be evaluated by making a unitary transformation (ie., G —

U,GU;Y). The unitary transformation matrix U, is written as
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L0
e 2 0 0 0
o
—~ 2
0= 0 ¢ 0 0
0 0 6_17 ik (4.23)
o
0 0 0 e
and the inverse of the transformation matrix is given by
e ? 0 0 0
40
~ 2
gio| 0 e 0, 0
0 0 617 0 | (4.24)
ed
—i—L
0 0 0 e ?

As the Green function G can be decomposed into the non-interacting part G, and the
interaction contribution G, one may write G™1 = G;* + §G~1. By taking the trace of
logarithm of G™1, one may write the last term of Eq. (4.24) as
TrinG™! = Tr In[0,(Gy* + 66T
= TrIn[0,G5*(1 + Go6G~H)|T1 Y, (4.25)
One can simplify Eq. (4.24) by expanding the logarithm of G™* as
InG™* = Tr In(0,6510;*) + Tr U,(Go,66G~ )Tt
—Tr[(0,6o0; 0,670 1) (06,071 0,66 7107 1)] . (4.26)

Here one may write Gy ' and §G~1 more explicitly as
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G 0
G—l

-1 _ 1+1

G, = G (4.27)

and

0 0 0 0
T _

SG—I — 1+2,1+1 (428)

Multiplying these matrices, one can obtain the expression for the unitary transformation

of G as

U,.,G.,\ U

1+1

UG,'U" = U,G;'U;’ . (4.29)

Here, the matrix elements U,G; U ! are obtained by carrying out simple matrix

multiplications as

97> A 0 0
P AS g5 0 0 P
geiort=| "t + 0,610
Yy l 0 0 gl-l—d A? LYo L >
0 0 AL g

the first term does not affect the phase dynamics. Here, glﬂ is given in Eq. (4.15)-Eq.

(4.18). The second term of U;G;1U; ! is given by
U
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Gl 0 0 O

SR 0 G2 0 0 G
0,650, = 0o 0 G o and GO=<°(£)+1

0 0 0 G4

where the diagonal elements of the matrix U,G, U * are

=S2
_ . T s muvg; g =
Gl——quOW —— 1t VaD,

. I mTJSZ -
G2 =i W +=L+ 055,
63 _ . T d mﬁglz ->d =
——quoW _7+vsl-p:

. mvs? L4 o
G4=i—W+—L+ 3% p,

(4.30)

and W' = (®,/2mc) (860} /91) + @, Here, the superfluid velocity B, at the i-band is

> 1 i 271'13
51, = — L (v — 21
m CI)O

The non-interacting Green function G, is given by
ml m2 0 O
G =1 m3 m4 O 0
o=

0 0 m5 mey/
0 0 m7 m8

where D is the determinant of the matrix Gy ! which may be written as
D =(g/°g:° — A{A)) (9“9 — AFAT),
ml = g9 97" - gr°ATAL,
m2 = —A7g; %9, + AJATAY,
m3 = AJAFAT + AJATAY,
+s ,+d

m4 = g,°g, gl_d - g;-SA?Ed’

m5 = 9,9 °g; ¢ — A A g1 C.
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m6 = —g;*gr *Af + AATA,
m7 = —g/gr *Af + AAJAY,
and
m8 = g/ g/ g/ " — A{A{ g
Combining these results, one can obtain the explicit expression for the Tr ln(ﬁl GolUr 1)
term as
Tr In(0,G510;) = mep$dssF + mgpdd B3

2

S d 2
2 (2 ) + (ﬂaﬂ + <pl,) . (4.33)

8mu? \2m at 8mul \2m ot
Note that the calculation of both matrices, U,GoU;' and U,6G~U;!, involve
multiplications of 8 X 8 matrices since the U is a 8 X 8 unitary matrix. From the
calculation, one can show that Tr U;G,U; 1U,6G~*U;* = 0. The last term of Eq. (4.25)
may be computed as follows. First, one needs to calculate the matrix
U,GoUr1U,6G1U; for time T and 7. Second, one needs to multiply the two matrices
evaluated at different times. Finally, one needs to take the trace of the product of the two

matrices. This procedure allows one to obtain the result

i [(ﬁlcoﬁl—lﬁlac-lﬁfl)(m) (ﬁlGoﬁl_IUlaG_IUl_l)(r,r’)] =

+B55(t — 1') cos [alsil'l(r’r)?ﬁl'l(T'T’)] — @ (t—1') cos [$7i1,l(r'f)—Zafil,z(nr’)

+5 (x — 1) cos [Pt DML _ g 1 o [Fsr0 - BHElr1)

+ B’ds (T _ T,) cos [@ffl,z(r.f)*ffﬁ,z(m')] _ dds (T _ T,) cos [&ﬁl,l(r'f)_26521:1,1(7"'1,)]

+Edd (T _ T’) cos [a’fﬁLl(T’,T)2&7?4911_1(7'5’)] _ &dd (T _ T’) cos [J)iifl,l(rrT)_Za;ld-il—iLl(r'T,)], (434)
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where the derivation of the coefficients fY(t —t') and @Y(t — ') is discussed in

appendix B. Hence the effective action S,zf is given by
Serr = Stieta + Sgap + Tr (0,63 U ") + TrU,(GodG~ 1)U
— ST [(0,6,0; 10,0670 )(0,6o U 0067207 Y)] . (439)
Substituting Egs. (4.33) and (4.34) into Eq. (4.35), one may obtain the effective action
Seff as
2
fq_

2
|a7]
Iss

2954 ASAZ cos(6F — 67)

_ 5 a
Sefr = Y. [dr[df { + gad  Fssggq

i 2
+3if dv [msp;'dsﬁ§%+ 2 (ﬂﬂwl)]

8mu? \2m a1
+ X, [ dr’ [ BY (=) cos qbij —a¥(t—1)cosp¥]}, (4.36)
where ¢f_rj = ij(r, Tr,T) = [‘[’;11,1(7" ) + (f)lif;l’l(r, )]/2. Note that Eq. (4.36)
includes both the Josephson current (%) and the quasi-particle current (@) contribution

in the junction. The effective action S, obtained for the system of coupled LJJs with

two-gap superconductors can now be used to derive the equation of motion for the

fluxon.
4.2 Equation of Motion for Two-Coupled LJJs

In this section, the equation of motion for the phases in the LJJ will be derived from

the effective action S, ¢ discussed in the previous section. It is straightforward to obtain
the equation of motion from the effective action S.rr by applying the calculus of

variation. The variations of effective action S,sf with respect to different phase variables
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are equivalent to the Euler-Lagrange equations. Noting that the effective action S,z may
be used to obtain the phase contribution S,pqs. and thereby the phase part of the
Lagrange density L via the relation

Sphase = de fd? Lphase 5

one can obtain the phase contribution to the Lagrange density as

; 2
20sd_ pspd ig piz  _ds (006
L = ——==AJA i v
phase = Xl Treg gy LA COSXI + 2 | mspsdsvsi + smu? \2n ot 1 ¢!

+ X fdt’ [BY(t—1)cos ¢ — @ (t— 1) cos Y]}, (4.37)
where y; = % — 67. One can minimize the action S, 77 with respect to variation of the

phase variable 6/ (i.e., 5S, £r/ 6 6} = 0) to obtain the familiar equation of motion

ada 0 a 0 a
(53_9; - aaglli - a_ell> Lphase =0, (4.38)

where 6} and ;' denote the time and spatial derivative of 6}, respectively. By following
this approach, one can minimize the action with respect to the phase variable 6; (i.e.,
0Serr/867 = 0) and obtain the equation of motion for 67. The Euler-Lagrange equation

for the phase variable 6; may be written as

Jd 9 Jd o0 d
<6t66f ax 26/° a_els)l'phase = 0. (4.39)

The Euler-Lagrange equation of the phase variable 6; may be obtained as

ds i(&a_els_ x)_ ds a(&a_gf_i_(pl)_i_] Sin){l
mn

4mAZ 9x \2m dx L 4amp? ot \2m at
B.,ss B,ss a,ss a,ss B.ds B,sd a,ds a,sd __
i e i Y Y e i - = 0. (4.40)

where [;;, = (zgsd/gss gdd)AlsA? and

ij
¢l+1,l

]lﬁ;ilj,l = —2e[dt'B(t—t") sin—=~,
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Similarly, the equation of motion for the phase variable 6 can be obtained by

taking 6Srr /8 6% = 0. This leads to the Euler-Lagrange equation for 6{*as
a a a d d

The equation of motion for 6 may be expressed as

ds 0 (D, 068 x ds 9 (dy 068 )
FY ==t — Jin SIN
4123 9x (211' dx L o or 91 Jin Xl

" amm? ot

I It SIS I S S =0 (44
where Ji,, = 2dg gsaAi A} /gssgaqa- The equation of motion for the phase variables 67,
and 0, in the (I+1)-th S layer can be obtained by following the same procedure as
above and by setting 8S.rr/86;,; =0 and SSeff/SHIdH = 0. By computing both

8Serr/865,1 = 0and 8S,f;/86%, = 0, one can obtain the following equation of motion

for the phase variables 65, ,and 82, as

ds i(&aefﬂ_[lx )_ ds 0 (qno 067, 4
4mm? ot

4mA2 0x \2m  Ox I+1 om0t +‘Pl+1)_]in SIN X141

B.ss __gBss _ jass a,ss B.ds __yBsd _ jads a,ds _
+]l+2,l+1 1+1,1 ]l+2,l+1 +]l+1,l +]l+2,l+1 1+1,1 ]l+2,l+1 +]l+1,l =0 ’ (443)

and

ds 0 ﬂagldﬂ_ x y__4 0 &691‘11
4mm3 ot

— Jin Sin
4-1'[/1‘213)6 2T Ox l+1 27 Ot +(pl+1) ]ln Xi+1

pdd _ ,Bdd _ jadd add | Bsd i Bds _ asd asd _
iz — Dty iz Vi Y iz i Sz i =0, (444)

respectively. These four equations of motion (i.e., Eqs (4.40), (4.42), (4.43), and (4.44))
may be combined to obtain the equation for phase dynamics of the junction. To obtain

the coupled equation of motion for the stacked LJJs, one computes

4mA2 Sseff SSeff Sseff 8Seff 4—71’/13
- - = 0. 4.4
de,< 565 + 562, + 568 + 568,/ dsd; 0 (4.45)
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By substituting Eqgs. (4.40) - (4.44) into Eq. (4.45), one may obtain the following

equation of motion

_2( do A20B. | an®o 0BiL. @ 93y, 4nawa(p;ﬂ—p;)>

2mdy p?  9t? 2mdu?  at? 2md; 9x? d; ot
JinAmA% .
TTdS (sin y;41 — siny;) — —d (sin y741 — siny;)
422 amA?
—8mjg +—> Us +Jo] + d‘: Us +J7,1=0, (4.46)

where a, = (2epug + ugA; — uiAg)/(ug — ud),

Js = ( lB-;SZle +]iglssl ﬁl—isl) (]la+szs,l+1 +I02 = 2050 (4.47)

Jo = 1050 I8 = 20580 — Ufa8 e + I8 — 22559, (4.48)

Jo = (Ul + I8 =0 —IE5) = U5 + I8 — I - TS, (449)

Jo = JE + IS I+ O I + RS+ IS + I (4.50)
and

Jo= llilczl:glﬂ +]5iici - l[i(isl - l[iidl (]ﬁrgslﬂ lalsi - la+'(i,sl - loislc,il . (4.51)

One may now simplify the equation of motion of Eq. (4.45) by recognizing that

bih = 6 — 0f —2eA 1 = PR~ T X0 (4.52)
Note that y; denotes the relative phase between two condensates in the same S layer. By
making use of the fact that the phase difference (i.e., (ﬁffl'l) between the d-band of two
adjacent S-layers can be expressed in terms of that between two s-bands (i.e., (ﬁfﬁl,l) via Eq.

(4.52), one can write the sine-Gordon equation as

€ cDoK 62

2dsdy ®o 0*Pii1y
— + (2 + ) ] —o —_bl_ gy
2ndgd? atz[ 21+ Bl 1111 2md,  9x2 Js
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edy A 92 2dd
+ Znomﬁ[)aﬂ ~ X2 T Xi-1 X~ ( n S) Oa = Xz+1)]

‘1301\a (ti—x1+1)

411'15 4mAZ
F I (s +J7) + 28U + o) — g T

Do 0%(x1—X141) am(23-22) , . ) -
ZnZl, (;le+1 —Jin (dedI )(Sm)(l+1_51n)(z) =0, (4.53)

where A = [(3/u3) + (A3/uD]/ (u* + 13> . 5us?® — 2uz™)/ us? + ug®). and
Ji' s are defined in Eqgs. (4.47) - (4.51) The equation of motion of (4.51) for stacked LJJs

with two-gap superconductors can now serve as the starting point for describing the

phase dynamics of a two coupled LJJ.
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CHAPTER V
RESULTS AND DISCUSSION

5.1 Single LJJ with Two-Gap Superconductors

In this dissertation work, the phase dynamics of a single LJJ with two-gap
superconductors was studied. This investigation was carried out by extending the BCS
Hamiltonian to describe the two-gap superconductivity. Also, the functional integral
formalism had been applied to obtain the effective action for the LJJ system. This
effective action approach allowed the derivation of the perturbed sine-Gordon equations
for describing the dynamics of phase differences. The derivation of the equation of
motion was carried out analytically. From this analysis, the phase dynamics of a two-gap
superconductor based LJJ is found to be more complex than that for the usual LJJ with
one-gap superconductors. The complexity of the two-gap superconductor based LJJ
arises from the presence of an inter-band Josephson current which passes from one-band
to the other band in the same S layer. This inter-band Josephson effect is found to yields
a soliton-like excitation (i.e., i-soliton) representing a 2m-phase texture.

In the LJJ, a circulating current loop which extends within the superconductor (S)
layer is modified by the inter-band Josephson current. The excitation induced by the
inter-band Josephson effect can lead to a large stable variation of the relative phase

between the two condensates. This large amplitude fluctuation in the relative phase is
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described as soliton-like excitations. The soliton-like excitations in the S layer can lead
to a spatial modulation in the critical current density between two adjacent S layers.
Accounting for these excitations, one can find that the fluxon dynamics in the LJJ is
influenced by the modulation of critical current density. The soliton-like phase texture
plotted in Fig. 4 represents a single-kink solution of the unperturbed sine-Gordon
equation. This plot illustrates the variation of phase of the order parameter as a function
of the position along the I layer. The solitary wave represents a kink which changes the
Josephson phase either from 0 to 2w (soliton) or from 2m to O (anti-soliton). The
modulation of critical current within a region induced by the soliton-like excitations can
lead to a modulation of the fluxon velocity. Hence, the fluxon can become accelerated
and, as a result, it emits radiation during the deceleration phase of fluxon motion.
However, when the moving fluxon is located beyond the range of critical current
modulation, its velocity remains constant. Therefore, in this region, beyond the range of
the critical current modulation, the moving fluxon emits no radiation.

To estimate the effects of bias current JZ /]2 on the fluxon trajectories in the velocity-
position phase plane, the fluxon trajectories were obtained by numerically integrating the
equations representing velocity and position modulation. In Fig. 16, position X of the
fluxon is plotted as a function of velocity v for I; = I', = 0.1. The solid curves represent
the inter-band Josephson current density J5¢/J5¢ = 0.1 for three different values of
JB/JQ =0.01,0.02, and 0.04. Similarly the dashed curves represent the inter-band
Josephson current density J5¢/J° = —0.1 for three different values of J5/J0 =

0.01,0.02, and 0.04. Here, v, is the uniform initial speed of the fluxon at a position far
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away from the region of 2w —phase texture which is centered at X=0. The values of v,

depends on JB/J0.

50

23

0.3

Figure 16. Fluxon trajectories in the (v, X) phase plane for, I; = 0.1, and I, = 0.1 are plotted to illustrate
their dependence on the strength of both the bias current /% /], and Josephson current ¢ /55,
Three curves, from left to right, correspond to J&/J. = 0.01, 0.02, and 0.04 for J¢/J55 = 0.1
(solid) and J*¢/J%5 = —0.1 (dashed). The vertical dotted lines represent the uniform fluxon
speed in the absence of critical current modulation.

From Fig. 16, it is clear that the curves show that when the bias current is small, the

fluxon almost becomes pinned due to pinning effects of the critical current modulation.
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For JB/J. < 0.01 speed becomes zero at X ~ 6.5 for J5¢/]J5 = 0.1 and X ~ —6.5 for
J5¢/]%5 = —0.1. However, for the higher value of the bias current, J8/J. > 0.01 the
driving force for the fluxon becomes stronger than the pinning force due to critical
current modulation. This indicates that with a high bias current the fluxon can absorb this
energy and can be accelerated. However, the fluxon can radiate energy during the
decelerate phase of the motion. The curves also show that the variation in fluxon speed
decreases with the increase of bias current density. The variation of fluxon speed from
the vertical straight line also depends on the Josephson current density J5¢/J55. The
curves show that the variation of fluxon speed increases with increasing J5¢/J5. When
there is no current density (i.e., J5¢/J5 = 0), there is no critical current modulation.
Hence, the speed remains constant. From Eq. (2.61), one may see clearly that the bias
current in a LJJ depends on the Josephson current and on the dissipation parameters
[hand I,. It indicates that for a given value of parameters, there exists a certain cut-off
for the bias current. This indicates that the bias current density must be larger than the
threshold value JB, in order for the fluxon to pass through the region of critical current
modulation.

The variation of the velocity (i.e., voltage) of a single fluxon with the bias current
depends on the modulation of the critical current density and dissipation parameters
Iand T,. However, the cut-off current density is the same for a given value of J5¢/J55.
In Fig. 17, the bias current is plotted as a function of voltage for J5¢/J55 = 0.1 (dotted
line) and J5¢/]55 = 0.2 (solid line) to illustrate the dependence of the threshold bias
current /£, on the Josephson current J5¢ /]SS, Here the dissipation parameters are set as

I, =T, = 0.1. The curves show that the threshold bias current increases with J5¢ /]SS,
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As the critical current modulation plays the role of an effective potential for the fluxon, a
larger bias current needed to overcome the pinning effect as J$¢ /]S increases. Hence the
threshold bias current is similar to the minimum current density needed to overcome the
pinning force. From Fig. 17 it is clear that the voltage increases steadily with increasing

bias current.

0.06 — T

0.04 =

\RAN

0.02f=

ad .58

I

*.’ 010
+ NPT, 020 e

1 I 1 I 1
00 0.1 0.2 0.3

Vv

Figure 17. The current-voltage curves for J5¢/J55= 0.1 (dotted line) and J5¢/J55 =0.2 (solid line)
illustrate the dependence of the threshold bias current on the Josephson current. Here, the
dissipation parameters are I; = 0.1, and I,=0.1.
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Figure 18. Variation of threshold bias current density as a function of the inter-band Josephson current
density (j*¢) for I} = 0.05,0.07,0.1 (dark-solid line, dashed line, light solid, respectively) for
I, =0.1,0.07,0.05,0.03, to illustrate the minimum bias current density necessary to overcome
the pinning effect of the critical current modulation.

To illustrate the dependence of the threshold bias current on the inter-band Josephson
effect the threshold bias current is plotted as a function of Josephson current density in

Fig. 18. The curves indicate that the threshold bias current increases linearly with the

Josephson current.

This indicates that, as the critical current modulation increases, a
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stronger driving force must be provided by the bias current density to pass the fluxon

through the region of an i-soliton excitation.

5.2 Phase Frustration and Broken Time Reversal-Symmetry State

To understand the time-reversal symmetry invariant (TRSI) and broken time-reversal
symmetry (BTRS) state in a Josephson junction with two-gap superconductors, the
ground state phase configuration was investigated. The ground state phase configuration
was obtained by minimizing the free energy of the LJJ with respect to phase variables in
the absence of an external magnetic field. The boundary conditions were obtained at the
junction interface. Applying the boundary conditions, the conditions for TRSI and BTRS
state were obtained. When the current density in the s and d electronic bands in the
ground state are zero, the ground state corresponds to TRSI state. In this case, the
relative phase constants attain the values either 0 or . Although the net current density
in the ground state is zero, the individual currents can be non-zero. In this case, 7 = —J¢
and the relative phase constants are different than either 0 or . This solution breaks
time-reversal symmetry. The relative phase in the ground state was numerically
calculated. The phase configuration of the ground state was determined from the free
energy calculation as a functions of relative phases (y;, x,) for different values of inter-
band current and Josephson current. When the ground state corresponds to the BTRS, the
relative phase constant §6° computed as a function of phase difference ¢*° showed
linearly dependence. The variation of current density |J7| with the phase difference ¢5°

behaves as the sine-curve.
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5.3 Two Coupled LJJ with Two-Gap Superconductors

The system of two coupled long Josephson junctions that are based on two-gap
superconductors has interesting phase dynamics due to the magnetic induction effect
between junctions. For the two coupled LJJs, there are three superconductor (S)
separated by insulators. In this LJJ system, there are three types of tunneling interactions:
1) the conventional Josephson interaction between the adjacent superconducting layers, ii)
the inter-band Josephson effects between the two condensates of the same S layer, and
ii1) the interaction between the Josephson vortices of the two LJJs. The phase dynamics
of two coupled LJJs that are based on the two-gap superconductors are studied by
deriving the equation of motion. As a way to obtain the equation of motion, the effective
action was obtained starting with the BCS model. Equations of motion for different
variables were obtained by using Euler-Lagrange equations, which are expressed as a set
of two coupled sine-Gordon equations. The coupled sine-Gordon equation for the two
coupled LJJ based on two-gap superconductor shows that the dynamics of the fluxon in
such a system is influenced by the inter-band Josephson effect in the superconducting

layers.
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CHAPTER VI

CONCLUSION

The present dissertation work is focused on the following three aspects of long
Josephson junction (LJJ) with two-gap superconductors: i) inter-band Josephson effect
and excitation of i-soliton, ii) the ground state which breaks the time-reversal symmetry,
and iii) the equation of motion for the two-coupled LJJ stack.

The present investigation shows that the fluxon dynamics of LJJ with two-gap
superconductors is influenced by the inter-band Josephson current. Due to the presence
of two superconducting pseudo-order parameters, when the fluctuations in the relative
phases become large, a 2m-phase texture may appear in each S layer. Accounting for the
charge imbalance effect between two electronic bands, the equation of motion expressed
as the sine-Gordon equation for relative phase was obtained for the large amplitude
fluctuations. This equation is similar to that describing the motion of fluxon in the LJJ.
The single-kink solution (i-soliton) for the equation of motion for the relative phase and
the usual fluxon solution have the same functional form. However, they have a different
physical interpretation because only the fluxon can carry a magnetic flux quantum.
Excitation of an i-soliton which represents a large stable fluctuation in the relative phase
can lead to a modulation of the critical current density in a LJJ. A modulation of critical

current behaves as an effective pinning potential for the fluxon, modifying the fluxon
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trajectories. When the bias current is applied to drive the fluxon in a dissipative
environment, the fluxon motion was found to be uniform far away from the region of
critical current modulation. However, the motion of a fluxon becomes non-uniform in
the critical current modulation region. This allows the fluxon to be accelerated and then
decelerated. During the deceleration phase of the motion, the fluxon can emit EM
radiation. However, if the applied bias current is less than the threshold value, the speed
of the fluxon may reduce to zero, thereby trapping the fluxon. The threshold value for
the bias current density increases with increasing the inter-band Josephson current.

In the ground state of LJJ, phase frustration and broken time-reversal symmetry state
are closely related and are an interesting property of LJJs with two-gap superconductors.
Minimizing the steady state free energy with respect to phase variables, one can compute
the current density associated with the s- and d-condensates at the junction interface as a
function of parameters such as ¢*5 and K;. From both analytical and numerical
calculations, the possibility of the phase frustration in the LJJ was studied. The
conditions at which the solution breaks the time-reversal symmetry were obtained. The
computed free energy as a function of relative phase indicates that the ground state phase
configurations can have frustration, similar to a frustrated spin system. When the phase
variables in a LJJ are frustrated, the relative phases which minimize the free energy can
leads to the TRSB state. The numerically computed relative phase constant in the ground
state varies linearly with relative the phase difference ¢*°. Also the ground state current
density contribution from either s- or d-condensates at the junction interface satisfies that

there is no net current but varies with the relative phase as a sine-function.
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Also, the equation of motion for studying the phase dynamics of two coupled LJJs
that are based on two-gap superconductors was derived. As a way to derive this equation
of motion, the effective action was obtained from the BCS model and obtained through
Euler-Lagrange equations for the phase variables equations, which are in turn expressed
as a set of two coupled sine-Gordon equations. The coupled sine-Gordon for the two
coupled LJJs based on a two-gap superconductor indicates that the dynamics of the
fluxon can be influenced by the inter-band Josephson effect. This suggests that the
nature of bunched fluxons in a coupled LJJs, originally is investigated for a single-gap
superconductor, is modified. Hence, the inter-band Josephson effect studied in the
present work can affect the collective excitation of fluxons in the intrinsic Josephson
junction as well as the “Cherenkov” radiation emitted by the fluxon.

As shown in the present dissertation work, the fluxon dynamics of a LJJ with two-gap
superconductors leads to a more interesting junction property than that with one-gap
superconductors. Similarly, fluxon dynamics of LJJs with three-gap superconductors
may even lead to an even more interesting junction property than that described in this
dissertation work. Although the present research work shows that an unexpected
property such as the BTRS state in the ground state can appear in a LJJ with two-gap
superconductors, further investigation in clearly needed in future. Many other
interesting properties of two-gap superconductors based LJJ, such as the presence of in-
gap state at the junction interface and a formation of fractional fluxon has, not been
investigated. A derivation of the equation of motion for the two-coupled LJJs with two-
gap superconductors presented in the current dissertation work and can be taken as an

excellent starting point for future research.
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APPENDIX A

Ginzburg-Landau Free Energy

The BCS model Hamiltonian for a long Josephson junction (LJJ) with two-gap
superconductors may be expressed as the sum of two contributions: H = HTB,I + H;.
Here, the Hamiltonian ﬁTB_l accounts for the interacting electrons in the two-gap

superconductor, and H; accounts for electron tunneling between the two adjacent
superconducting (S) layers. Starting with the BCS Hamiltonian one can obtain the
partition function and effective action as discussed in Chapter III. In using the Nambu
notation in Grassmann variables and passing through the Hubbard-Stratonovich identity

one may write the partition function Z to
Z = [ D[C,CID[}, ple~SICCo9], (A.1)

where the action S is given by
ﬁ —_ —_
S = j dr Z[C,ﬁ(@,l + &513)Cp + CR (0.1 + elt5)CE|
0
K

~ Y PV " bw + AV AL (A2)
By shifting the auxiliary fields ¢, and ¢, ¢x = Py + A,V and ¢, — ¢y + VA, one

may simplify the action S as
_(F ~i i i T 1 i T
S=J,dr [Zi,k Cr(0c] + €;73)C + T (¢k;¢>k1 + Axdr + ¢kAkl)] ; (A.3)

where ¢, and ¢, are the two component auxiliary field
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b = (¢i  #%) and Py = <Z§)
k

The inverse of the pair interaction matrix V is given by

-1 _ 1 Vdd _VSd
4 - Vssvdd_(Vsd)z (_Vsd AN ’ (A4)

where det(V) = 1/V55V 4 — (V5%)2 is the determinant of V. The ¢,V ~'¢, term can

be expressed as

— 1 _ Vdd _ Vvss —d . d Vsd _ d <d .S
¢kV ¢kl - det(V) ¢I§¢Iil + det(V) d)k d)k’ - det(V) (d)li(pk’ + d)k (pk’) (A-S)
— zd d
Pidir | PkPu  Gsa (Fspd | Fd s
= - li 1), A6
Iss + ddd Issddd (¢k¢k + d)k d)k ) ( )

where g, = det(V)/V, guq = det(V)/VSS, and ggq = det(V) VS¢/V4dyss. By
substituting Eq. (A.6) into Eq. (A.3) and by removing the fermion fields via the

Grassmann integration of the fermion part, one obtains the effective action S as

B &i i/ S iy Y =
S = [} S| 2Bk - B (Gt + Gt | - 2ot G,

(A7)

where the inverse Green function G;'* = G; ! or G;* is given by

GS_1=(6T+«8;§ bi )

d_)ls a‘r _eli
_ 0, + e a
Gdl — < T 4 k ¢)l d) (A.g)
¢l a‘r — &

After Grassmann integration, the partition function Z of the system is given by

— =d . d
_ (Bl®Rtkr PkP 9sa (75 ,d L 7d s
0 [ dss  9dd gssgdd\¢k¢k’+¢k¢k’)

Z =[lidetG:" [D[$, ] Ziwre ) (A.9)
where G;* = exp[TrInG; '] . The partition function of the system can be expressed in

terms of the effective thermodynamic potential as
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Z = [ D[}, ple PP, (A.10)
From Eq. (A.9) and Eq. (A.10) it is clear that effective thermodynamic potential (0 is

given by the relation

pALG, ¢) = [] ar [Bilh o B8L_ v (gt 1 o)

Iss gdd
—TrlnG;! — TrinG;?t (A.11)
One can now simplify Q of Eq. (A.10) by writing the pairing fields as
¢ = Aie'®, it = Afe'®”,

—19 — Ad —LBd
P = , i = Age

Noting that ¢i¢f = |ALI%, drdi = |AR|%, and PLdi + Pfdi = 28547 cos(6° — 67),

one can obtain the effective thermodynamic potential as

B gp [18R2 L 18K _ 205 ps pd s d]_l . o
f v T gee  aogns Dkl cos(6® — 09— 2 ¥, TrinG; (A.12)

Note that the last two terms of Eq. (A.12) can be evaluated by expanding them as

(6. + gd d
TrinG;' = Trln < T(;)_dgk 5 Pi d>l
I k T~ &

i d
~Trln ag—1+<9d m)l .
i ¢ O

Here, the inverse of the non-interacting Green function G3~* has been factored out. In

the expansion, it is useful to know that

0 d
e %)

This allows one to simplify the expansion as

0 ¢d\]*
TrinGz' = TrinGy™* — %T lad <¢ 0")] + e (A.13)
k
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where

0-1 0; + €8 0 [Gc(i)'p]_l 0
Gd = _.d = oR -1 .
0 0 — &k 0 [Ga"]

Here, the superscripts p and & denote particle and hole, respectively. The second term of

Eq. (A.11) is evaluated as

0 d\ 12 GO,p dGO,h +d 0
G, = Tr[Gd Pi l _ (G PicGa” Pk oh o 0 . (A1)
¢i 0 0 Gy PRGy " it

A further simplification of Eq. (A.14) may be made by assuming that the pairing field is

—

time independent and by using the momentum variables p = (E + E’) /2,and g = k—k'

- - ' -

(i.e., k= p+q/2,and k' = p — q/2). These simplifications lead to

8m lwy—&p lwytep

_Lqﬁdzl[hzﬁz(1_1)
ﬂVoZﬂ’qul(ka’l wﬁ+(£g)2 i d : d

+1+— - )<, et —— —— >+ l (A.15)
(lwu“sg)

(lwu+ed)’  wi+(ed)’
where the G?/8m) [(ia)ﬂ - s{,’)_l — (iwy, + e{})_l]/[wﬁ + (6{})2] term can be neglected
in the high density limit. Therefore, by noting (5 - §)* = X.;; pip; q:4,» and by taking the
angular average of p;p; = 6;;p>/3, one may write (p - §)*> = p* §*/3. This result may

be used to rewrite Eq. (A.33) a

d|2
q

Gy = — 1%, 52 — o —— (A.16)
2 BVo ®a pw%ﬁ(s 12m2 (lwu_sp (iw#+£g)2 w121+(£g)2 ' .

One may now convert the summation over p into an integral and obtain the following

result:

a3p 1 2BAe~Y
_Zu_ f (27:))3 ( )2 = pd ln T[e : (A.17)
&p
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daép {
i G = paln s (A.18)

(21-[)3 ( ﬁ+(gg)2) 87-[27-'2’
® ded ! == A.19
s Y
and
o 4 (B oz
E = (A.20)

(of(eg)?’) lowt”
where p; = m kp/2n? and B = 1/T. These results allow one to simplify the express for

G, as

G, = —pgIn ZﬁAe

NSk >
Soldl +pa 5 32 " (A21)
Also, noting that
Sdlegl = f a*%|og]” = 1971
q1%Pq Vo q
and
22 | 4d|? — L 332 |vgd|?
2qd ¢4 =V_ofd ived|,
where Vj is the volume of the junction. One may write

2’”‘9 %12 + pa =LK [ 437 |V . (A.22)

48m?2m2T2

G, = —pgIn=——

Combining the result, one can again rewrite Eq. (A.13) as

(-1)n+1 0 ¢d n
TrinGg' = TrinGy™ + X3, —— Tr [Gd <¢ ok >l . (A.23)
k

The fourth order contribution for the uniform pairing field ¢¢ may be written as
4
~ 0 d
4BVo ~ 4BVo ¢ 0
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_ 141 a3k 1 _ nSpakf |9%*
= Zﬂ f (2”)3 [w2+(£d)2]2 - 8m2n'2T2 2 (A.24)
pri&p
The thermodynamic potential in the normal state (), is given by
Q, = —%Tr InGo™t — %Tr In GO, (A.25)

This indicates that the Ginzburg-Landau free energy of the system may be written as

Iy 7d d
a-q, = lfd%_c’ ¢1§¢zsc+¢k¢k_ Isa
V Yss Yaad IssGdd

+57r |68 (d_?k dz)'i)]:ﬁn[c;g (ql_?k (%i)r

0 oA\] 0 oA\]"
+%Trl63<¢_)g 0")] +$Tr[6§<¢;g O")l (A.26)

Now by combining the result into Eq. (A.26), one can obtain the Ginzburg-Landau free

(FLot + qszqs;)]

energy of the system as

Q—nn=vifd3»?{zi[ai|¢s<x)|2 DL |pleo]" + T vgico)|”|

16m2m2T?2 48m; 2272

2L G5 () (x) + PP ()]} (A27)

" Ussaa
where a; = (1/gi) — ps In[(2BK exp(=Y) /m)].

Similarly, one may consider a LJJ with two layers of two-gap superconductors
separated by an insulator in the z-direction. Assuming that /=2 layer of superconductor is
above the junction (z > 0) and /=1 layer is below the junction (z < 0). Therefore the
Ginsburg-Landau free energy for such a system may be written as

F =2S[¢xl. (A.28)

and then
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1 B ias1z |88 2gsa
F=0(+z)= f dt — - ASAY cos(62 — 67
( ):B { 0 [gss Jaa  9ss9aa (6 )

2 1 (D, 065 2 2 1 (D, 064 2
+ foﬁ dt lmspss(vss,l) t oz (2—726—; + <P1) +mapd (vlh)" + 5= (_O_l + <Pl> l}

g2 \2m ot
{7 (eE2 +B3) +[) < fﬁ dt'(Aug + Bap)}6(2) (A.29)
where
Bog = = B(t—1)cosp35(r,7;7,7") — @5 (t — ') cos ¢S5 (r, T; 7, T")
+ B4 (t — 1) cos p3¢(r,7;7,7') — @%% (1 — ') cos 3% (r,7;7,7")
+ B4 (t — 1) cos pS(r,7;7,7") — @%(t — ') cos ¥ (r,T; 7, T")
+ g4 (t — 1) cos p%(r,1;1,17") — &% (t — ') cos %% (r,17;1,7"), (A.30)
where gbi_j(r, Tr,T) = [~lsf;1’l(r, T)+ (ﬁfﬁl_l(r, 1)]/2. Here, the coefficients § and

aY are given is given by

- T Tixa,0l” 12
ss N Lo +5 +s
as(t—1)= G1°915 + 90° 9150,

AlA14+1
ad(t— 1 |Tz+1z| (g_dg‘d +d
BlBl I+1 l+1 5
~ i+1,
an(T _ |
BiAj4+1

~d. | 1 ll — d
a®(t-1) = Az;’lz (9890 gi9)

«dd 250d 0d
~ T, A%9A
dd ’ 1+1,1 21 2l+1
ﬁ (T -t ) BBj11
- T*sd A dAOS
sd l 1+1,1 21 2l+1
'B (T -t ) BiA14+q

xss 27 05 A0S

~ T, A
SS(t — T/ +1,1 7L 2l+1
B ( )= AlAL41
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and

«ds 2
5ds T, AP AR,
T—T —_ ==
B ( )= A1Biyq

The free energy density which depends on the 8’s is given by

295a_pspd cos(6F — 63)

Fy = — 29sd =24 ASAY cos(6 — 65) e
ssYsd

IssIsd
]SS s d
—d—scos(ﬁ2 )——cos(e2 )

sd

—Lcos(05 - 04) - fd—dscos(ag —65). (A.31)

To examine the phase configurations which minimize the free energy density, first the

derivative of Fy with respect to phase variables is set to yield

— g'sasin(6f — 65) —Lsin(es — 65) - Lsin(of - 65) = o,
g'sasin(68 — 67) — %sin(@f —-0f) - %sin(ezs -65) =0,
—g'sasin(6¢ — 63) + gsin(ezs -05) + %sin(@iq -04) =0,
9'sasin(0g — 65) + %sin(@% -04) + %sin(eg -6§) =0, (A.32)

where we denote g'sq = gzg;d NAY, 61— 67 =y, 05 —61 =", ¢+ =5+
d

X2, and ¢% = ¢ — y, — x;. Substituting these to Eq. (3.32), one can get a set of four
equations. Next subtracting the third part of Eq. (3.32) from the fourth part, one can

obtain the following relation

dd

] i s ]dS . s ]Sd i s ]SS . s _
d—ssm(d) —X2—X1) + d—ssm(qb + x2) + d—ssm(d) —x1) + d—ssmq.’) =0. (A.33)
One can write a set of three equations in the exponential form using the relation sin X =

Im eX as
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d
Im [glsdelXI _ d_ l(d) X2~ Xl) d el(¢ Xl)] 0’ (A.34)

N

Im|g'sqes + et 4+ i@t = o, (A.35)
]dd . _ ]ds . ]sd . JsS . .S
Im [(d—se‘(xz x) 4 d—se”(2 te X1 +d_s) et ] =0. (A.36)

Suppose one write Eq. (A.37) as

Im [ei(X2;X1+¢S) (]dd it ]ds ]Sd ]SS —l—x)] — 0' (A37)
One can consider a simple case in which J%¢ = J55 and J% = J¢. By taking the

explip® + i(x2 — x1)/2] factor out of Eq. (A.37), one can write

sin (d)s + %) []ddcos (M) + /54 cos (w)] =0. (A.38)

2 2

If J%cos (%) + J5% cos (%) # 0 then the following condition must be satisfied:

. s X2—X1\ __
sin (qb +557 ) =0.
This implies that ¢* + (x, — x1)/2 = nr(n = 0,11). Now, by adding Egs. (A.35) and

(A.36), one can obtain

Ss _ sd
g'sasiny; + (1" (- ’d—ssin% + ]d—ssin i) - o, (A.39)

Thus for the minimum of the free energy, the free energy function F (Hf ,08,03, 951) =
F(x1, x2, 5, ¢%) satisfies the following two set of conditions. The first set of conditions
is given by

(1) Pt = +x2—1a

(i) ¢S +2E =nm,

(iii) gsdsm( Xl X22X1)+
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JS o oxe—xa, 54 )(2+)(1)
n
+ (-1) (__ds sin == + a4 sin == =0.

The second set of conditions is given by

i) Pt =¢ +x2—x1,

sd

SS _
(ii) ]d—scos X—ZZXI + ]d_s s%224 —
(i) g'sasin(* 220

sd

- 55, - +
+cos(¢° + X—ZZXI) (—]d—ssm X—ZZXI + ]d—ssmx—zz)“) =0

These are the conditions for the minimum free energy of the system. This is useful to

estimate phase configuration of the ground state of the system.
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APPENDIX B

Two Coupled LJJs With Two-Gap Superconductors

In this appendix, a derivation of the equation of motion from the effective action
Sesy for the system of two coupled LIJs with two-gap superconductors is discussed. The

effective action obtained from the functional integral representation of the partition

function after integrating out the fermion field is given by
Seff = Srieta + Sgap + Ty InG™1
= Stieta + Sgap + Tr n(0,G3* U7 Y) + T, Uy(GodG 1Tt
~T,(0,6o0; 10,0610 1) (0,607 10,0672 0;71) . (B.1)

From the discussion presented in Chapter IV, it is useful note that

i 2
~~ i~ P g ds [®00]
Tr lr‘l(UlGO 1Ul 1) = Zi [mip;dsvsllz + 8nul-2 (2_126_1'1 + (pl.) la (B.2)
and
GoUrtU,067U = 0. (B.3)

Also, it is useful to note that the second order terms in the expansion may be written as
— T (0,607 0,06 720; 1) (0,607 0,067 0;) =
B (t— 1) cos pS5(r,7;7,7') — @S (1 — 1) cos 35 (r, 7; 7, T")
+ B4 (t — 1) cos p$4(r,T;1,7") — @4 (t — ') cos p34(r, T; 1, T")
+ B4 (t— 1) cos ¢S (r,7;7,7') — @%(t — ') cos ¢35 (v, 7; 7, T")
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+ B4 (t — 1) cos p(r,T;7,7") — &% (1 — ') cos 4% (r,T;7,7") (B.4)

where ¢g(7‘, 5;7,7) = [@551,(r,T) £ ¢751,(r,T')]/2. Here, the coefficients Y and

aY are given is given by

~ 2 IT® , —s -

SS N — +1,1 S S +s +s

@ (t—1) =<Ypr 91°9i51 + 90 915D,
S AlAl+1

dd ' 2 T332 f a4 —a +d
a*(t—1) =§Zk,kr —91 "91+1 T 9151) >

BiBi+1
dsd(T_Tr) — 32 M (g—s g—d +g+s g+d)
s&kki g 1+191 1+191
dds(‘t—‘t') :EZ |Tl‘}rsl.l|2( —-d —s_l_ +d +s)
s&ik g —\Ji+191 T Ji+191

«dd 270d ro0d
Gdd(r _ ") = 2 Teray A7 Al
e (t—1) = SZk,kl B1Bes

+sd 270d »0s
Tiyrg A Apy
BiAj+1

Bt —1) = 2Tk

*SS 270508
GsS(r—1) =2 Tivti A°AL
p (t—1) = SZk,k, At

and

2
- 2 T*ds A0S k, AOd k’, !
,BdS(T_ ) = ‘Zk,kl 1+11 A (kD) lia (kT ) (B.5)
S ABi41

Hence, the effective action is given by

2
(18, B 205 pspd ocfpd — ps
= - ASA -
Sepr =X J ot [dr {[ PR 7os g DIA cos(62 — 67)
S dg (®o 065 2
+ Zi [mspgdsvglz + W (2_7:3_.; + (pl.) ] (B-6)

+ X [dT’[ BY(x—T') cos qbij — @Y (t—1)cos p¥]}.
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One may now use the effective action to find the equation of motion by finding the
minimum of free energy with respect to a variation in the phase variable. =~ One can find
to minimum of the action by setting 8S.rr/86; = 0. This yields the Euler-Lagrage

equation of

Jd dL 0 OL JL

ocaey acaer ooy 0 (B.7)
By using the Lagrange density L obtained from the effective action, the Euler-Lagrange
equation of Eq. (B.7) for the phase variable ;] may be obtained as

ds 6(¢03¢f x ds 0 (®oad; )
izoe\on o A ) =\ i SN
4mAf 0x \2m 0x L 4amm?2 ot \2m at t @)+ Jinsing

B,ss B,ss a,ss a,ss B.ds B,sd a,ds a,sd _
i — T~ I Yt T — i — Jia s = 0. (B.8)
where y; = 67 — 6 denotes the relative phase of the condensates and J;, =

2dgsqASAT/ gesgss is the inter-band current density. The electric field of E= —V(p —

(1/c) 0A/dt may be written as

N 0A} 1 1
F = =47 Za(pfis — o) = [ (ot — o8 + 2524 (S ). B9)

m2 = mg
Similarly, one may find the minimum of the action with respect to a variation of the

phase variable 87 from the condition &5, 77/ 6 62 = 0. This condition yields the Euler-

Lagrange equation for 8% which may be written as

d d

4mA3 ox \2m 9x L 4mtm3 ot \ 2w 9t
B.dd a,dd a,dd B,sd a,sd ads _
L Rl O o A S [POR Rl (PO I e (B.10)

One may carry out a similar calculation for the phase variables 85, and 6., for the
(I+1)-th S layer. By setting the conditions §S,¢¢/66;; = 0 and 6Seff/591d+1 = 0, one
can obtain the Euler-Lagrange equation for 65, ,and 82, as

108



9 L 9 oL oL
= — =0, (B.11)
0t 965, 0toer,, 065,

ds i(&_aefﬂ _Ax ) ds 0 (q’o 00714 +(Pl+1) — Jin SIN Y141
in

4mA? 9x \2m  Ox 1) " 4mmZ ot \2r ot
+]l'[1;fl+1 - l'[i-slsl - laJ;SzS,l+1 +]loisls,l +]£|:§,Sl+1 - ﬁrsidl - loig,sl+1 +]loio1l,sl =0, (B.12)
and

oz (3 ) = g (322 4 01a) s
e T ~ Tt H IS e — T S I =0, (B13)

respectively. One may now combine the Euler-Lagrange equation for the phase variables

65, 82,605, ,and O/ to obtain the equation of motion for the coupled LJJs. One may

calculated
4172 65 S 65 6S 4123
s off | O%eff) 4 eff 4 22eff d—, (B.14)
dgdy 565 562, s0¢  §68,) dsd;

by substituting the result from above and obtain the equation of motion as

_ 2% (0 [®00(6541-6) _ Po 9(674,-67) _
dps {at [Zn ot s = ‘pl)] [Z,T 9% — (@41 <Pl)]}
1)o &6(6&1 6;) x (91+1 0 ) x
* dy {ax [Zn ox (Al"'l A )] ax 27T dx (Al+1 Al )

amAz . . amA% , . .
_]inrdj (Sm)(l+1 - Sm)(l) _]in?d‘; (Sm)(l+1 - Sm)(l)

4mAf B.ss B.ss ,8 ss a,ss a,ss a,ss

+ dsd; [( 1+2,1+1 +]ll 1 l+1l) (]l+21+1 11—1 - 2]l+1,l
B.ds Bssd B.ds [)’sd a,ds asd _gqads _ ja,sd
(]l+2,l+1 +]l,l—1 ]l+1,l l+1l (]l+2 l+1 ll—1 ]l+1,l ]l+1,l

4nA [ (1 B.dd pdd _ 5 Bad a,dd Jedd add
+ dsd; [( 1+2,1+1 +]ll 1 l+1l (]l+2 1 T 11—1 - 2]l+1,l

B,sd pds _ ;Bsd _ Bds a,sd ads _ jasd _ jads _
+ ( 1+2,l+1 +]l,l—1 l+1,l l+1l (]l+2,l+1 +]l,l—1 1+1,1 1+1,1 =0. (Bls)

The equation of motion of (B.15) can be simplified by using the following relations:
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@ 1 6¢ i i 0A
021 —ul — 47TZi(Pll+1 - Pll) - [(‘Pl+1 @) + lHl] Zl pri (B.16)

) . ) 1 [ Dy 0P 1
Ja+Ia -0 = amAZ ( . al;ll dy l+ll) + ( —d; l+1l) (B.17)

2 AT /’12

The magnetic and electric field in the insulator layer between [-th and (I+1)-th S layer

are given by

aAZ Ax _Ax
y — 1l Alp1™4
Biiy, = ( . ’ ) (B.18)
% = _ (pre1—pD) 1 04Lq
+1,1 —

dj dy x

By using the above result, one may rewrite Eq. (B.15) as

22
.. 2€— 5 _d . .
_ D . A7 a¢l+1,l Dy o i1, ui wh| @ . 1 6q5l+1l 4_772.6('0%*'1_’)%)
2md; “Lu? ae2 ana; < 92 il |2ma  “lu? ox? a <t ot
5 Hd
4m(A%-23%) 47r/15
+lm—(Ssz+1 —siny,) +- ]8 (]5 +Jo+Js+],)

_ 6¢0A[62(Xz+1—)a)_ *(i—x1+1) +62()a-1—)a) € PoAd; 0*(xi—X141) _ Po 0*(Xi—X1+1)
at2 at2 at2 27 at2 2md; ot2

4-7'[( a— AS

amr% , .
+Jin 2 (sin K141 = S0 + Jin TGl sin g4 —sing) =0, (B.19)

by noting that the Maxwell’ equation V x B — €(9E/dt) = 47/ may be written as

aBY aE .. ..
az;u =4 Zl]( 1B+l1jl + 10-11111) : (B.20)
One may now use the fact that the phase difference between the d-bands (i.e., (;le 1) of the

two adjacent S layers may be written in terms of that between the two s-bands (i.e., @ffu

as

d d Z __ J.sS
¢1+1l =01 — 0] —2eA[11; =Pk — X1 T
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where y; = 8% — 65 is the relative phase difference between the two condensates of the
same S layer. This substitution allows one to obtain the sine-Gordon equation for the phase

difference ¢y ; which can be written as

eDoA 92 [ ( 2de1 Do 02 Pray
2 2 — 2o TPl _ gy
2y o Uiaier + Plioa + [111 omd;  9x? Js
edy A 92 [ ( Zdlds) ]
+ 2md; Whdsdy O Xi+1 — Xi+2 T Xi-1 — Xu Qo — Xi+1)

+4 /15 4mA oA 9% (x )
- (/5 +]7)+ - d(/e +Jo) — Ol—étflﬂ
@y 3%(—x141) 4m(A3-22
* 211:(31 ;xz HE = Jin (ddd )(Sm)(l+1 —siny;) =0, (B.21)

where A = [(A2/u2) + (A5/ud]/(us? + uz?®) and A= (A2p5? — Bug®)/(us? + uz?).
Here, the Josephson current density ]l +1l and the quasi-particle current density ]{i’il].‘l to

define the following current density terms in the phase equation of motion:

Js = ( lB-;Zle +]i81551 l[islsl) (]la+szs,l+1 +I02 = 21500 (B.22)

Jo =J00 o H I = 20080 = U8 + I = 2U39), (B.23)

Jr = (Jhan 08 = IE = IESS) = UFsian + IS - IS8 - IE8S). (B24)

Jo = Jo I I+ I+ I IS+ IS + IS (B.25)
and

Jo = Il IS — I = I — Ul + IS = IS — I, (B.26)

Note that the equation of motion of Eq. (B.21) may be used to account for the phase

dynamics in the two-coupled LJJs by considering only =1 and [=2 superconducting layers.
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