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Abstract

In this paper we study one parameter generalization of the Fibonacci numbers, Lucas numbers which generalizes the
Jacobsthal numbers, Jacobsthal-Lucas numbers simultaneously. We present some their properties and interpretations also
in graphs. Presented results generalize well-known results for Fibonacci numbers, Lucas numbers, Jacobsthal numbers and
Jacobsthal-Lucas numbers.

Keywords: Fibonacci numbers; Jacobsthal numbers; Recurrence relations

1. Introduction and preliminary results

The Fibonacci numbers F,, are defined by the recurrence relation F,, = F,_; + F,,_,, for n > 2 with F, = 0,
F =1

The nth Lucas number L, is defined recursively by L, = L,_; + L,—» for n > 2 with initial terms Ly = 2,
Li=1.

Apart from the Fibonacci numbers and the Lucas numbers the well-known are the Jacobsthal numbers and the
Jacobsthal-Lucas numbers.

For an integer n > 0 the nth Jacobsthal number J, is defined recursively by J, = J,—1 + 2J,_», for n > 2
with Jy = 0, J; = 1. The nth Jacobsthal-Lucas number j, is defined by j, = j,—1 + 2j,—2, for n > 2 with
Jo=2, h =1L

Let us consider one parameter generalization of the Fibonacci numbers.

Letn > 0, ¢ > 1 be integers. The nth generalized Fibonacci number J; , is defined recursively as follows

Jt,n - Jt,n—l +1- Jt,n—2’ (l)

for n > 2 with initial conditions J; o =0 and J;; = 1.

It is interesting to note that J; , generalizes the Fibonacci numbers and the Jacobsthal numbers. If + = 1 then
Jin = F, and for t = 2 holds J,, = J,. For these reasons numbers J; , also are named as generalized Jacobsthal
numbers.
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In the same way we can define the generalized Lucas numbers, which are a generalization of Lucas numbers
and Jacobsthal-Lucas numbers.
Let n > 0, ¢ > 1 be integers. The nth generalized Lucas number j, , is defined recursively as follows

jr,n = jt,n—l +1- jt,n—29 (2)
for n > 2 with initial conditions j; o =2 and j,; = 1.
If t =1 then j;, = L, and for t =2 holds j,, = j,.
Since the characteristic equation of relations (1) and (2) is 7> — 7 — ¢t = 0, so roots of it are o = —H'zl 4

B = =it V;“". Consequently for n > 0 the direct formulas (named also as Binet formulas) for J; , and j; , have the
forms

;o] 1+ VT+4 "_ 1—JIv4\ )
T T+ 4 2 2 ’

_ 1+VT+4a\  [1—Vi+ar\

Jton = f + f . 4)

The Fibonacci numbers have many interpretations also in graph theory, see [1-6]. It was shown that the
generalized Fibonacci numbers J; , are related to the Merrifield-Simmons index of a special graph product, see
for details [7]. In this paper we show another graph interpretation of J; ,.

Only undirected, connected simple graphs are considered. A subset S € V(G) is independent if for each
x,y € S, there is no edge between them. Moreover the empty set and every subset containing exactly one vertex
are independent. Let n > 1 be an integer. Let us consider n copies of edgeless graph N, of order ¢, t > 1, denoted
by NI, with V(N}) = {xi,...,x/} fori = 1,...,n. Then G, is a graph such that V(G,) = |J/_, V(N/) and
EG,) = Ul'.'zl{x;x,iH; 1 <i<n,1<jk<t} Let 0(G,) be the number of all independent sets S of G, such
that [SNV(N)| <1fori=1,...,n.

Theorem 1. Letn > 1, t > 1 be integers. Then

o(G,) = ]t,n+2- (5)

Proof (By Induction on n). Let n,t be as in the statement of the theorem. If n = 1, 2 then the result is obvious.
Suppose that n > 3 and let 0(Gy) = J; x4+2 for k < n. We shall show that o(G,) = J; ,42. Let S € V(G,) be an
arbitrary independent set such that |S N V(N,i )| <1fori=1,...,n. We consider the following cases.

1. SNV(N!') = 0.
Then § is an arbitrary independent set of a graph G,_; with the condition ‘S N V(th )‘ <1 for j =
1,...,n — 1. By the induction hypothesis there are 0 (G,_1) = J; ,11 subsets S in this case.

2. SNV(N) #0.
Clearly |Sﬂ V(N{’)| = 1 and by the definition of the graph G, holds S N V(N"~!) = ¢. Since the
unique vertex belonging to S N V(N]') can be chosen in ¢ ways and by induction hypothesis there are
t-0(Gy—y)=1t-J,, subsets S in this case.

Finally 0(G,) =0(G,-1)+t-0(Gy—2) = Jrns1 +t - J1.w = Jiny2 which ends the proof. [

2. Identities for generalized Fibonacci and Lucas numbers

In this section we give some properties of generalized Fibonacci numbers and generalized Lucas numbers.

Theorem 2. Letn >0, t > 1 be integers. Then

Jl,n+2 +1- Jt,n = jt,n+l- (6)

Proof (By Induction on n). Forn =0 we have J,, +t-Jo=14+1-0=1= j, ;.
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Let k > 0 be given and suppose that (6) is true for all n = 0,1, 2, ..., k. We shall show that (6) holds for
n =k + 1. Using induction’s assumption for n =k and n =k — 1 and (1), (2) we have
Jogye2 1 Jrk =
=Jixz+t-Jipp =
=i+t Jag) + 1 (S +1- o)
=g+t J) it (S +1 Jar) =

= jikr1 T ik = Jokr2 = JrGgrDa1-

Thus, (6) holds for n = k + 1, and the proof of the induction step is complete. [

Theorem 3. Let n > 0, t > 1 be integers. Then
Jt,n + jt,n =2 Jt,n+1- (7)
Proof (By Induction on n). Forn =0 we have J, o+ j,0=0+2=2-1=2-J;,.

Let k > 0 be given and suppose that (7) is true for all n = 0,1, 2, ..., k. We shall show that (7) holds for
n =k + 1. Using induction’s assumption for n = k and n =k — 1 and (1), (2) we have

kw1 + Jrkr1 =

= (Jt,k +1- Jz,k—l) + (jt,k +t- jz,k—l) =
= (Jt,k + jt,k) +1- (Jz,k—l + jt,k—l) =
=2-Jikr1+1t-2-Jp =

=2 (g1 +1-Jek) =2 Jrpg2 =2 Jr a1
Thus, (7) holds for n = k + 1, and the proof of the induction step is complete. [

Theorem 4. Let n > 0, t > 1 be integers. Then

Jin Ji
ZJZ, = S ®

Proof. Using (1) we have J;, = %(J,,Hz — Jint1)-
For integers 0, 1, ..., n we obtain

1

Jz,O = ?(11,2 - ]z,l)
1

]z,l = ?(11,3 - Jz,2)

1
]z,2 = ;(11,4 - Jz,3)

1
Jr,n—l = ;(Jz,n-&-] - Jr,n)

1
Jt.n = ;(Jz,n+2 - Jr,n+l)~
Adding these equalities we obtain (8). [

In the same way one can easily prove the next theorem.

Theorem 5. Let n > 0, t > 1 be integers. Then

ZJ“——””“ £l ©)
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From the above theorems we obtain the well-known identities for Fibonacci numbers, Lucas numbers, Jacobsthal
numbers and Jacobsthal-Lucas numbers.

Corollary 6. Let n > 0 be an integer. Then

n
Y Fi=Fup—Fi=Fu—1,
i =0

n
ZLi =Lypo—Li=Lyn—1,

i=0
. N A
2 2

=0

n . . .

Z] 2= 01 Jny2 T 1

ol 2 2

i=0
Some identities for numbers J; , and j; , can be found using their matrix generators.
For integers n > 1 and t > 1 let J(¢t,n) = 5”" jt’"_l be a matrix with entries being generalized

t,n+1 t,n

Fibonacci numbers.
Theorem 7. Letn > 1, t > 1 be integers. Then
n—1
Jin i | | o Jo |11
Jint1 Jin Ji2 I t 0 '
Proof (By Induction on n). If n = 1 then the result is obvious. Assume that
- n—1
Jin i | | o Jo |11
L Jt,n+l Jt,n Jt,2 Jt,l t 0 ’
We shall show that
(et e [ da Jo 11T
L Jint2  Jrat Ji2 Jia t 0|~
By simple calculation using induction’s hypothesis we have
[ Jo P[0 0] T 0] [ Ja 11T
| Ji2 Jia t 0 t 0 | | Jonsr Jin t 0]
— |: -It,n +1- Jl,nfl ]l,n ] — |: Jt,n+1 ]t,n ]

Jinpr 1 Jin Jian Jint2  Jrnt1
which ends the proof. [

This generator immediately gives the Cassini formula for the generalized Fibonacci numbers.

Corollary 8. Let n > 1, t > 1 be integers. Then
T = Jenet T = (I = o - i) - (=)' = (=)'

If t = 1 and r = 2 then we obtain the well-known Cassini formulas for the Fibonacci numbers and the Jacobsthal
numbers, respectively.

Corollary 9. Let n > 1 be an integer. Then

F?— Fui - Fopp = (=1
JE = Jnot - T = (=2

n
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Analogously we can define the matrix generator and the Cassini formula for the generalized Lucas numbers.
jt,n jt,nfl

For integers n > 1 and r > 1 let j(t,n) = . .
Jtn+1l  Jtn

be a matrix with entries being generalized Lucas

numbers.

Theorem 10. Let n > 1, t > 1 be integers. Then
. . . . -1
Jt.n Jt.n—1 _ Jui Joo | I
jz,n+1 jt,n jt,2 jt,l t 0 ’

Corollary 11. Let n > 1, t > 1 be integers. Then
jtz,n = Jin=1"Jiny1 = (=1 —41) - (=" 1.

If t+ = 1 and t+ = 2 then we have the well-known Cassini formulas for the Lucas numbers and the
Jacobsthal-Lucas numbers, respectively.

Corollary 12. Let n > 1 be an integer. Then
L;% - Ln—l ' Ln+1 =-5- (_l)n—],
Ji = Jnt ey = =9 (=27
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