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Abstract

The topological matrix M of a graph G are indexed by V(G). If i, j € L then the (i, j) — entry of M(G) is 1 and the
(i, j) —entry of M(G) is O for otherwise. In this paper, an upper bound for this topological matrix is found and the weighted
topological matrix is defined. Also, some inequalities for the topological energy and the weighted Laplacian topological energy
and of M(G) are obtained.

The Topological index T1(G) of a graph G is qualified by T/ = |A + D|. Some relations are found for basic mathematical
operations of 7/(G) and some bounds are reported for some topological indices in this paper.

Keywords: Topological matrix; Topological indices; Bounds

1. Introduction

Let G be a simple connected graph on the vertex set V(G) and the edge set E(G). If v; and v; are adjacent, then
we use the notation v; ~ v;. For v; € V(G), the degree of v;, denoted by d; is the number of the vertices adjacent
to v;. Let A(G) be adjacency matrix of G and A, Ay, ..., A, be its eigenvalues (A; is the greatest eigenvalue). The
graph eigenvalues provide these well-known results: >/, A; = 0, ) 1, A? = 2m,A; > 2’% [1,2]. In this paper,
the reciprocals of the graph indices are examined under these basic concepts. The graph indices which is one of
the topics involved in the studies of graph theory. An important part of these graph indices is topological indices
that is used in chemical graph theory, particularly. Chemical graph theory can make topological representation of
a molecule. The numerical values of this chemical structure are descriptors. A topological index is calculated from
a graph representing a molecule and this index is also invariant number of graphs. Most recommended topological
indices consists of vertex, edge, degree relationship. This, describes the atomic relationship in chemical graph theory.
This means that, graph theory contributes organic compounds with calculations and creating diagrams. This paper
indicates special bounds for some topological indices by the help of different mathematical formulas and series.
These topological indices are described as follows:

Let A be an adjacency matrix and D be a graph distance matrix. The topological index defined by

TI=|A+ D|

where |A + D| denotes the determinant of the matrix addition.

Peer review under responsibility of Kalasalingam University.
E-mail address: gulistankayagok @hakkari.edu.tr.

https://doi.org/10.1016/j.akcej.2019.07.001

© 2018 Kalasalingam University. Published with license by Taylor & Francis Group, LLC

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Please cite this article as: G.Kaya Gok, On the topological matrix and topological indices, AKCE International Journal of Graphs and Combinatorics (2019),
https://doi.org/10.1016/j.akcej.2019.07.001.



http://www.elsevier.com/locate/akcej
https://doi.org/10.1016/j.akcej.2019.07.001
http://www.elsevier.com/locate/akcej
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:gulistankayagok@hakkari.edu.tr
https://doi.org/10.1016/j.akcej.2019.07.001
http://creativecommons.org/licenses/by-nc-nd/4.0/

G. Kaya Gok / AKCE International Journal of Graphs and Combinatorics 17 (1) 253-258 253

The atom-bond connectivity index ABC is one of the popular degree-based topological indices in chemical graph
theory [3] such that

dit+d; -2
ABC = ABC(G)= Zd
vjv;€E(G)

Randi¢ index is a well known topological structure such that
1
ROI= D
vinEE(G) i«

It is referred that the articles [4] and [5] for the various properties on the Randi¢ index. Another remarkable
topological descriptor is the Harmonic index, characterized in [6] as

2
HG) = ) .
vivj €E(G) di +d;

Recently [7], a graph invariant came into the focus of attention, defined as
n
F=FG) =) d

which for historical reasons [8] was named forgotten topological index. F satisfies the identities

F(G)=Y d}+d;.
i~j
One of the aim of this paper is to define the weighted topological matrix of a graph and to provide upper bounds
on the weighted topological matrix M;; and the eigenvalues of the graph G. It is needed that the following results
in order to effect these bounds:
The Topological matrix M;; of a graph G is defined by
1 ;: i, jelL
0 :; otherwise.

M ={ (1.1)

where L is a link.
Let A{(M) be greatest eigenvalue and M = (m;;) be an nxn irreducible nonnegative matrix. Let R;(M) =
Z.’;?:] mi; [9] Then,

(minR;(M):1<i<n)<MM)<@maxR;(M):1<i<n). (1.2)
Let V be a vertex set, v; € V and e; be an average degree . If G is a simple, connected graph then [10]
AM(G) <max(\feie; : 1 <1i,j <n,v,v; € E) (1.3)

The energy of a graph G is described as E(G) = Y+, |A;| where A;, i = 1,2,...,n are the eigenvalues of
graph G. The Laplacian energy of a graph G is qualified as LE(G) = Y | | — 27m| where pu;, i =1,2,...,n
are the laplacian eigenvalues of graph G [2,11].

Lemma 1.1. [//] Let a;,b; € R and a, b, A, B be real constants such thati =1,2,...,n, 0 <a <a; < A and
0 <b <b; < B. Then,

|n iaib,’ — ’Zlaj ibl| <am)(A—a)B—b)
i=1 i=1 i=l

where a(n) = n[%]([1 — 1][%]).

See [1,12—16] for details about graph theory and topological structures.

The scheme of the paper is as follows: In Section 1, a list of some previously known definitions and results
are introduced. In Section 2, a new topological matrix and topological energy are defined for the weighted graphs.
Also, some relations are established in terms of edges, vertices and degrees. In addition, different relationships are
obtained for topological indices.
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2. Main results

2.1. On the topological matrix

In this section, the weighted Topological matrix and the weighted Topological energy are defined. Furthermore,
a relationship is found between the weighted Topological energy and the eigenvalues of the weighted Topological
matrix.

Definition 2.1. Let G be a simple, connected, edge weighted graph. The weighted Topological matrix M"Y =
MY (G) of G defined by,

wo__ Wij i»j elL
M;; = { 0 ; otherwise. @1
where wu) =), , t;, w) = ij cj.
The weighted Topological eigenvalues p}’, o3, ..., p, are the eigenvalues of its weighted Topological matrix
M™. These eigenvalues can be put in order such that p}” > oy > --- > p».

Definition 2.2. Let G be a simple, connected weighted graph with n vertex. Let G be edge weighted graph and
these weights be positive real numbers. The weighted Topological energy ME = ME(G,) of G, is defined as
follows:

ME =ME(G.,) =) |p'| 22)
i=1
where p;" is the eigenvalue of weighted Topological matrix M™.

Definition 2.3. Let G be a simple, connected weighted graph. The weighted Laplacian Topological energy
LME = LME(G,) of G, is defined as follows:

n
2m
ME = ME(Gy) =) 1p ——| 23)
i=1

where p;" is the laplacian eigenvalue of weighted Topological matrix M".

Theorem 2.4. If G is a simple, connected graph of M, then

(G) < 2e
1 =4

where d; is the degree of G.

Proof. Let multiply the topological matrix with the diagonal matrix and the inverse of diagonal matrix. Let show
this multiplication by D(G)~'M(G)D(G). Let consider an eigenvector of D(G)~! M(G)D(G) and this eigenvector
be X = (x1,x2,...,x,)". Let one eigencomponent x; = 1 and the other eigencomponent 0 < x; < 1 for every k.
Let x; = max(x; : vivx € E, i ~ k). It is known that

d
(D(G)'M(G)D(G))X = 1i(G)X. It is implies that A(G)x; = Zk(mlkd—k)xk. Since (1,k) € L then,
M(Gx; = % Zk(dk)xk. It is well known that Z;’zl d; = 2e. Thus, A(G) < d—e. From (1.3), the inequality
1

2
results that 1;(G) < d—e. O
1

Corollary 2.5. Let G has n vertices and m edges. Let G be the complement of a graph G. If G and G be connected
non-singular graphs of M then,
(n — 1)Qe — ndy)

MG = 1(G) = == s
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Proof. Using Theorem 2.4,
2e
n—1—d;’
Since, 2e + 2¢ = n(n — 1), then
(n — 1)Q2e — ndy)
(n—1-—d)d,

- 2e
2(G) —1(G) = o
1

M(G) — 1M(G) <

Theorem 2.6. Let G be a simple, connected graph with m edges and M E(G) be a Topological energy of G then,

IME(G)+ ME(G — e)| < \/4m + 4/ m(m — 5).

Proof. Let A; be i — th eigenvalue of M(G). Define 1! = A;(G — e). It is known that M E(G) = Y_"_, |»;|. Since
Z;’zl(ki)z =2m and Z?:l(}‘;)z = 2(m — §) then,

D (hil + ID? < 2m — (1) +2m — 28 — (1)? (2.4)
i=2
+2\/(2m — (AD)HC2m — 28 — ()3 (2.5)
<4 4m? n 4m? — 4ms — 482 oo 4m? e 28 4m2) 2.6)
m— —— m— ——)2m —20 — ——). .
- n? n?—2n+1 n? n?
This means that,
ME(G)+MEG —e) < [l + M1+ Y 1l + 1Al @7
=2 i=2
< Ml + 3] 2.8)

4m?  4m? — 4ms — 48> 4m? 4m?
— +2,/Q2m — —2)(2m —26 — —2). 2.9)
n n

4m —
T n? n?2—-2n+1

Since |A1| > 27’” and [A}] > %, the inequality turns into

2m (m —96)

ME(G) + ME(G —e) < — +2 (2.10)
n

n—1

+ lam -2 4 Qm — —-)@2m — 28 — —).  (2.11)
n n

4m?  4m? — 4ms — 48> 4m? 4m?
+2
n? n?2—2n+1

It is constructed a sequence G,(n > 2) of graphs to complete the argument such that |M E(G,) + ME(G, —
e)|4,\/ 4m + 4/m(m — §). This completes argument. [J

Theorem 2.7. Let G, be a weighted graph with n vertices and m edges. Let p;” > p3 > --- > p’ | = pl(k < n)
be k non-zero laplacian eigenvalues of the weighted Topological matrix and M LE(G ) be a Topological Laplacian
energy of G, then,

)

2m(n — 1 ) 5
IMLE(Gy)| = (T) k —ak)lp” —p1"

where a(k) = k[%]([l — %][%]) while [x] denotes integer part of a real number x.

Proof.
If MLE(G,) is a weighted Topological Laplacian energy of G, then, MLE(G,) = Zle o) — 217’”| and
k 2 n 2 n
2m 2m 2m ,
wv_ | = w_ | = wo_ Ty 2.12
;21 o = — - ;Zl o = — - ;Zl(p, ) (2.12)
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Seeing that,

" 2m " dm 4m?
Dol == =) (0 = —p + =) (2.13)
i=1 n i=1 n n
8 2 4 2
—omy - 2 4 (2.14)
n n
It requires that,

k w  2m 2 2 8m?  4m?
Z|pi - =4m*— — + —-. (2.15)
— n n n

Setting a; = |pP — 2|, b; = [p¥ — 2|, a = b = [pf — 2| and A = B = [p}! — 2|, i = 1,2,...,k
Lemma 1.1 becomes

k k
2m 2m 2m 2m
K> 1ol = =1 = _1pf = = < att)lpl’ — = —lp} = =D (2.16)
— n — n n n
Thus, the inequality transforms into
2 8m?  Am? 2 w_ w2
(4m” — -t n_2)k —(MLE(Gw)” = alk)lpy —p|™ 2.17)

Hence,

)

2 —1
IMLE(G,)| > \/ ‘WT)”‘ —a)lpl —pPl. O

2.2. Some notes on the topological indices

In this section, some results are given for Topological indices of graph operations. These results are obtained in
terms of Topological indices and in fact, the bounds are tight. Also, upper bounds on the some topological indices
are determined involving just the forgotten topological index, the Randi¢ index, the ABC index, the Harmonic index
and the edges.

Theorem 2.8. Let G and H be two simple graph and Eg, Ey be edge sets, Vi, Vi be vertex sets, respectively.
Then,

() THG+ H)y= (=D’ (vt — 12",

) TIGUH) = (—1)"""1(vY — 12",

3) TIGNH)=(—D)""(v" = 1",
where |Vg + V| = V7T, [VoU Vy| = VY and |Vg N Vy| = V™.

Proof. (1) Let E; and Ep be edge sets, Vg, Vy be vertex sets, V. = Vs U Vy, E = Eg U Eg U
{(ug,up) | ug € V(G),ug € V(H)}. It is obvious from the definition,

TIG+ H)= (1" "'(vt—12"".

(2) Let denote G = G x H edge sets. To define the product G x H of two graphs think any two points u = (ug, ugy)
and v = (vg,vy) and u,v € V = Vi x Vy. Hence, u and v are adjacent in G x H whenever [ug = vg and uy
adjacent to vy] or [uy = vy and ug adjacent to vg]. Then,

TIGUH)=(—1)"""Y(vY - 12",

(3) If two graphs G and H have at least one common vertex then their intersection will be a graph such that
VI(GNH)=V(G)NV(H) and E(GN H) = E(G)N E(H). Hence,

TIGNH)=(—D"""'(v"—12"". O

Please cite this article as: G. Kaya Gok, On the topological matrix and topological indices, AKCE International Journal of Graphs and Combinatorics (2019),
https://doi.org/10.1016/j.akcej.2019.07.001.




G. Kaya Gok / AKCE International Journal of Graphs and Combinatorics 17 (1) 257-258 257

Theorem 2.9. Let G and H be two simple graphs. If G and H are isomorf then topological indices of G and H
are equal.

Proof. Let Vi and Vg be vertex sets of G and H, respectively. Let Eg and Ey be edge sets of G and H,
respectively. Since G and H are isomorf graphs then V¢ = Vy and Eg = Epg. Thus, the adjacency matrix
and the distance matrix of these graphs are equal that is ; A(G) = A(H) and D(G) = D(H). It is seen that
TIG)=TI(H). O

Furthermore, some formulas for Topological index of popular graphs are obtained, directly. Let K,,, P,, C, and
S, show the n-vertex complete graph, path, cycle and star graph, respectively.

Corollary 2.10.
Let G be a simple connected graph with n vertices. Then,
(1) For 2 <n <6,

TI(K,)=TI(C,) =TI(S,).
(2) For2 <n <3,

TI(K,)=TI(C,) =TI(S,) =TI(P,).
(3) For n > 2,

TI(K,) =TI(S,) =(—1)""'(n—1)2".

Theorem 2.11. Let G be a connected graph with m edges, then

4H_1(G) ~ F(G) = 2R (G) = 2,/m(F(G) + 2R2,(G)).

Proof. Minkowski inequality gives
(Y @Hdi+DHT < Y @+dDr+( Y. D
v,-vjeE(G) U,'UjEE(G) viijE(G)
In the Bernoulli inequality, (14x)* is greater than or equal to 14+ax for x > —1. It gives (1+d;+d j)2 > 142(d;+d;).
Hence, 3, cp)(1 +2(di +dp) =m+23 ., cpc)(di +d;). 1t follows that,
m+2 Y @+d)i<( Y di+dpDE +m.
Ul'vjEE(G) v,-UjEE(G)

From the above inequality,

m+2 Y (ditd)< Y di+d)+m+2 fm Y (d+dp)
U,'ijE(G) vinGE(G) vinGE(G)

It is known that, Zv'_ vjeE(G)(a’i2 + dj?) = Zv,- v_,eE(G)((di + d_,~)2 —2d;d,). By expanding the terms under summation,
> (di+d)’ = F(G)+2R*(G).
v,-vjeE(G)

It is concluded that

2 Y (@ +d)) < F(G)+2R%,(G) + 2,/m(F(G) + 2R (G)).
U,'UjEE(G)

Hence,

4H_1(G) — F(G) — 2R31(G) < 2\/m(F(G) + ZREI(G)). (]
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Theorem 2.12. Let G be a connected regular graph with m edges, then

ABCS) _ AH G =m).

R(G)

Proof. By the definition of ABC index,

5 di+d =2 > di+d;—2
vivj €E(G) did; vivj €E(G) did;

It follows that,
ZvivjeE(G) di + d] - 2

ZvivjEE(G)didj

ABC?*(G) >

Indeed, it is seen that
2H_(G) —2m

2
ABCYG) = =5

Hence,

M > 2(H_1(G)—m). O

R(G)
3. Conclusion

Topological indices is the corner stone of the theories in this paper. Therefore, new inequalities and relations
are obtained for topological structures throughout this paper. Firstly, the weighted graphs are examined and some
special bounds are formed. In continuation, to gain a more intuitive understanding of the topological index of
composite graphs and original graphs, some relations are found. Lastly, some relationships are stated between
different topological indices.
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