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Abstract

A (2, 3)-knight’s move on the m x n cylinder chessboard is the move of the knight 2 squares vertically or 2 squares
horizontally and then 3 squares perpendicular to it. In this paper, we show a closed (2, 3)-knight’s tour on the 5k x n cylinder
chessboard for all positive integers k and n, and a closed (2, 3)-knight’s tour on the 9k x n cylinder chessboard for all positive
integers k and n € {4,5,7,8,9, 10, 11, 12, 13}. Moreover, we show that there is no closed (2, 3)-knight’s tours on the m x n
cylinder chessboard where (i) m € {1,2,3,4,6,7,8} and (i) m =9 and n € {1, 2, 3, 6}.

Keywords: Closed (a, b)-knight’s tour; Cylinder chessboard; Hamiltonian cycle

1. Introduction and preliminaries

The m x n chessboard is an array with m rows and n columns. A legal knight’s move is the moves from one
square vertically or one square horizontally and then two squares perpendicular to it. A question of the m x n
chessboard is “which chessboard that the knight can move to all squares of the chessboard exactly once and return
to the starting square?” The knight’s moves that move to all squares of the chessboard exactly once and return to
the starting square is called a closed knight’s tour. The answer of this question was obtained by Schwenk [1] in
1991 as follows.

Theorem 1 ([1]). The m x n chessboard with m < n admits a closed knight’s tour unless one or more of the
following conditions hold :

(i) m and n are both odd;

(ii)m=1,2, or4; or

(iii) m =3 and n = 4, 6 or 8.

In 2005, Chia et al. [2] generalized the legal knight’s move to an (a, b)-knight’s move. That is, the knight can
move a squares vertically or a squares horizontally and then b squares perpendicular to it. Then, the legal knight’s
move is a (1, 2)-knight’s move. The problem is similar to the legal knight’s move. The (a, b)-knight’s moves that
move to all squares of the chessboard exactly once and return to the starting square is called a closed (a, b)-knight’s
tour. The authors in [2] obtained the following result for the (2, 3)-knight’s move.
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Theorem 2 (/2]). The 5k x n chessboard where (5k, n) # (5, 18) admits a closed (2, 3)-knight’s tour if and only if

(i) k=1 and n > 16 is even; or

(ii) k =2 and n > 10 and n # 12; or
(iii) k > 3 is odd and n > 10 is even and n # 12; or
(iv) k >4 is even and n = 5,9, 10, 11 or n > 13.

The knight’s tour problem was discussed in the m x n cylinder chessboard. We can think of creating the m x n
cylinder chessboard by starting with an m x n chessboard and then joining the left end with the right end. In [3],
Watkins obtained the following result.

Theorem 3 (/3]). An m xn cylinder chessboard has a closed knight’s tour unless one of the following two conditions
holds: (a) m =1 and n > 1, or (b) m =2 or 4 and n is even.

In this paper, we consider a (2, 3)-knight’s move on the cylinder chessboard. A closed (2, 3)-knight’s tour on
the 5k x n cylinder chessboard for all positive integers k and n, and a closed (2, 3)-knight’s tour on the 9% x n
cylinder chessboard for all positive integers k and n € {4,5,7, 8,9, 10, 11, 12, 13} are shown in Theorems 6 and
8, respectively. Moreover, we show that the m x n cylinder chessboard, where m € {1, 2, 3,4, 6,7, 8} contains no
closed (2, 3)-knight’s tours (in Theorem 5) and the 9 x n cylinder chessboard, where n € {1, 2, 3, 6}, also contains
no closed (2, 3)-knight’s tours (in Lemma 2).

2. Main results

For an m x n cylinder chessboard, we start with an m x n chessboard. When we consider the m x n cylinder
chessboard with an m x n chessboard, let each square be (i, j) where (7, j) is counting in the matrix fashion. If the
knight stands at (i, j), then the knight can move to at most eight squares : (i =2, j £3) and (i £ 3, j = 2) where
j£3and j &+ 2 are in modulo n.

The knight’s tour problem can be considered by using a graph. Let G be a graph with V(G) = {(, j)|i €
{1,2,3,...,m}and j € {1, 2,3,...,n}}. Two vertices, (i, j) and (k, ), are adjacent if the knight can move from
(i, j) to (k,1). Then, a closed (2, 3)-knight’s tour is a Hamiltonian cycle of a graph G, a cycle of G that contains
all vertices of G.

Before proving the main results, we need the following well-known result concerning Hamiltonian cycle (see
for example [4]).

Theorem 4. Let S be a proper subset of the vertex set of a graph G. If G contains a Hamiltonian cycle, then
G — S contains at most |S| components.

If G is a graph and A is a subset of V(G), let G[A] denote a subgraph of G induced by A.

Theorem 5. Suppose that m < 8 and m # 5. Then, the m xn cylinder chessboard contains no closed (2, 3)-knight’s
tours for any positive integer n.

Proof. Let G be a graph representing the m x n cylinder chessboard.

Case 1: m € {1,2,3,4}. If m € {1, 2, 3}, then G is a disconnected graph. Thus, it has no closed (2, 3)-knight’s
tours. Next, let m = 4.

If n=1,2,3 or n = 6, then the degree of vertices (2, 1) is 1. Then, G contains no Hamiltonian cycle.

If n > 4 and n # 6, then we consider vertices in the 2nd row. Since, for j € {1,2, 3, ..., n}, vertex (2, j) in
the 2nd row is adjacent to vertices (4, t;) and (4, t;) where r; = j + 3 (mod n) and t, = j — 3 (mod n), the degree
of each vertex in the 2nd row is 2. If G contains a Hamiltonian cycle, then such two edges that incident with each
vertex in the 2nd row must be in the Hamiltonian cycle. We see that edges incident with vertices in the 2nd row
form cycle which is not a Hamiltonian cycle. The cycle starts at (2, 1), goes on the right side of the chessboard and
then returns to the left side of the chessboard until we end at the right side.

Case (i): n = 0 (mod 3). Let n = 3¢ for some positive integer ¢t > 3. The cycle is in the following form.

2,1),4,4),2,7),4,10), (2, 13), (4, 16),...,(4,3t —5), (2,3t — 2),

4,1),2,4),4,7),2,10), 4, 13),(2,16),...,(2,3t —5), (4,3t —2), (2, 1).

Please cite this article as: S. Singhun, P. Ruengmanee and A. Sinna, A closed (2, 3)-knight’s tour on some cylinder chessboards, AKCE International Journal of Graphs and
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Fig. 1. G — S where the white vertices are in S.

Case (ii): n = 1 (mod 3). Let n = 3¢t 4+ 1 for some positive integer ¢. The cycle is in the following form.

2,1),4,4),2,7),4,10),(2,13),4,16),...,(2,3t —2), (4,3t + 1),

(2,3),(4,6),(2,9), 4, 12), (2, 15), (4, 18), ..., (4,3t — 3), (2, 31),

4,2),2,5),(4,8),2,11),4,14),2,17),...,(2,3t —4), (4,3t — 1), (2, 1).

Case (iii): n = 2 (mod 3). Let n = 3¢ 4 2 for some positive integer ¢. The cycle is in the following form.

2,1),4,4),2,7),4,10),(2,13),4,16),...,(2,3t —2), (4,3t + 1),

2,2),(4,5),(2,8),(4,11),(2,14), (4, 17), ..., (2,3t — 1), (4,3t + 2),

2,3),4,6),(2,9),(4,12),(2,15),(4,18),...,(4,3t — 3),(2,31)

4,1),2,4),4,7),2,10), 4, 13),(2,16),...,(4,3t —2), (2,3t + 1),

4,2),2,5),(4,8),(2,11),(4,14), 2, 17), ..., (4,3t — 1), (2,3t + 2),

4,3),(2,6),(4,9),12,12),(4,15),(2,18),...,(2,3t —3),(4,31), (2, 1).

Case 2: m € {6, 7, 8}.
Case 2.1: m = 6. Let S = {3, j), &, j)lj € {1,2,3,...,n}}. Then, |S| = 2n.

If n = 1,3 0rn > 5, let G; be a subgraph of G induced by the set of vertices (2, j) and (4, j) where
je{l,2,3,...,n}. Then, G — S contains G| and 2n isolated vertices from the 1st and 6th rows. By Theorem 4,
G contains no Hamiltonian cycles. (See Fig. 1.)

If n = 2 (respectively n = 4), then G — S contains 6 (respectively 12) components. Fig. 1 shows the graph G — §
where the white vertices are in S. By Theorem 4, G contains no Hamiltonian cycles.

Case 2.2: m = 7. Let S = {3, ), @&, j), 5, j)lj € {1,2,3,...,n}}. Then, |S| = 3n and G — S contains 4n
isolated vertices from the 1%, 2", 6'* and 7th rows. By Theorem 4, G contains no Hamiltonian cycles.

Case 2.3: m =8. Let S = {4, j), (5, p)lj € {1,2,3,...,n}}. Then, |S| = 2n.

If n is odd, let G| be a subgraph of G induced by the set of vertices (1, j), (3, j), (6, j) and (8, j) where
je{l,2,3,...,n}. Then, G — S contains G and 2n isolated vertices from the 2nd and 7th rows. By Theorem 4,
G contains no Hamiltonian cycles.

If nis even, let Ay = {(1,),3,j+ D, 6,7 +1),@8, j)lj € {1,3,5,...,n—1}} and A, = {(1, j),(3,j —
1,6, — 1,8, )Hj € {2,4,6,...,n}}. Then, G — S contains G[A], G[A;] and 2n isolated vertices from 2nd
and 7th rows. By Theorem 4, G contains no Hamiltonian cycles.

This completes the proof. [J

Lemma 1. The 5 x n cylinder chessboard admits a closed (2, 3)-knight’s tour for any positive integer n.

Proof. Let n be a positive integer. We give two patterns to construct a closed (2, 3)-knight’s tour for the 5 x n
cylinder chessboard. Since the total number of squares of the 5 x n cylinder chessboard is 5n, for each pattern, we
start the first position at (1, 1) labeled with number 1. We define four directions of the knight’s move as follows.

a means the knight moves two squares downward and then goes three squares to the right,

b means the knight moves two squares downward and then goes three squares to the left,

¢ means the knight moves three squares upward and then goes two squares to the right, and

d means the knight moves three squares upward and then goes two squares to the left.

Then, we obtain two patterns of a closed (2, 3)-knight’s tour as follows.

For the 1st pattern, the first, second, third, fourth and fifth moves are a, b, ¢, b and c, respectively. We repeat
this algorithm for n times (see Fig. 2(a)).

For the 2nd pattern, the first, second, third, fourth and fifth moves are b, a, d, a and d, respectively. We repeat
this algorithm for n times (see Fig. 2(b)).

Please cite this article as: S. Singhun, P. Ruengmanee and A. Sinna, A closed (2, 3)-knight’s tour on some cylinder chessboards, AKCE International Journal of Graphs and
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1 6 11 16 21 26 5n-19 [ 5n-14 | 5n-9 | 5n-4
5n-6 | Sn-1 4 9 14 19 5n-26 | 5n-21 | 5n-16 | 5n-11
A5n-13 [ 5n-8 [ 5n-3 2 7 12 5n-33 [ 5n-28 | 5n-23 | Sn-184
10 15 20 25 30 35 5n-10| 5n-5 | 5n 5
3 8 13 18 23 28 5n-17 [5n-12 | 5n-7 | 5n-2

(a) The 1" pattern

1 | 504 | 5n-9 |5n-14|5n-19 | 5n-24 a0 16| 11| 6
5n-6 | 5n-115n-16 | 5n-21 | 5n-26 | 5n-31 14| 9 | 4 |snl
L50-13|50-18 | 50-23 | 5n-28 | 5n-33 | 5n-38 7 | 2 |53 |5n8)
10 | 5 | sn |5n05 5010|5015 30 [ 25 [ 20 | 15
3 | 502 | 507 |5n-12 | 5n-17 | 5n-22 23 [ 18|13 ] 8

(b) The 2™ pattern

Fig. 2. Two patterns of a closed (2, 3)-knight’s tour on the 5 x n cylinder chessboard.

We obtain some observations as follows.

(1) For each loop, the starting point is on the 1st row,

(ii) the 1st number of each loop is Sk — 4 where k € {1, 2, 3,...,n},

(iii) squares labeled with the five consecutive numbers are on different rows, for example, squares labeled with
1,2, 3,4 and 5 stand in the 1st, 3rd, S5th, 2nd and 4th rows, respectively,

(iv) if X is the first number of a loop and stands at (1, j), then X + 5 is the first number of the next loop and
stands at (1, j + 1) if the knight move with the first pattern or at (1, j — 1(mod) n) if the knight move with the
second pattern.

By the observation, the Ist number of each loop stands in the different squares. The 2nd, 3rd, 4th and 5th
numbers of each loop are considered in similar way. Then, the knight moves to all squares exactly once and the
number 5n is on (4, n — 1) if the knight move with the first pattern, or (4, 3) if the knight move with the second
pattern. Thus, the knight can move to the first position (1, 1). O

Theorem 6. The 5k x n cylinder chessboard admits a closed (2, 3)-knight’s tour for any positive integers k and n.

Proof. If k = 1, then a closed (2, 3)-knight’s tour is obtained by Lemma 1. Suppose that k > 2. The 5k x n cylinder
chessboard is obtained from k copies of the 5 x n cylinder chessboards by putting each copy from the top to the
bottom. We count all copies from the top to the bottom. Since each copy contains a closed (2, 3)-knight’s tour, we
combine each tour of each 5 x n cylinder chessboard to a single tour by deleting one edge from the top and the
bottom and two edges from the ith cylinder chessboard for all i € {2, 3,4, ...,k — 1} and then joining each piece
to a single cycle.

Case 1 : n < 5. We give another pattern for the 5 x n cylinder chessboard which is different from the two
patterns of Lemma 1 (shown in Fig. 3).

If n = 1, then delete edge 2-3 of the ith copy, and edge 1-2 of (i + 1)th copy and then join 2 (respectively 3)
of the ith copy to 1 (respectively 2) of the (i + 1)th copy for all i € {1,2,3,...,k—1}.

If n =2, 3 or 4, then delete edge 2-3 of the ith copy, and edge 6-7 of (i 4+ 1)th copy and then join 2 (respectively
3) of the ith copy to 6 (respectively 7) of the (i 4+ 1)th copy for all i € {1,2,3,...,k — 1}.

If n = 5, then delete edge 2-3 of the ith copy, and edge 11-12 of (i 4+ 1)th copy and then join 2 (respectively
3) of the ith copy to 11 (respectively 12) of the (i 4+ 1)th copy for all i € {1,2,3,...,k — 1}.

Case 2 : n > 5. If k = 2, the 10 x n cylinder chessboard is obtained from 2 copies of the 5 x n cylinder
chessboards by putting each copy from the top to the bottom. The top copy is assigned by the st pattern of a

Please cite this article as: S. Singhun, P. Ruengmanee and A. Sinna, A closed (2, 3)-knight’s tour on some cylinder chessboards, AKCE International Journal of Graphs and
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1 6 1 6 |11 1 6 [11]16 1 [11]21) 6 (16
419 9 (14| 4 419 (14]19 249 119|414
A7 |24 A2 | 7 [ 124 A7 [12(17 | 24 422 7 |17 2| 124
105 10155 101520 5 20 5 |15]25(10
318 3 (8|13 13(18]1 3] 8 183 |13(23]8

5x2 5x3 S5x4 5x5

10| 1¥]20)25]30| 5

3 13]18]23]28

1 |26[21]16 6
ol Rl ol e 19] 14 9 2924
24129 | 4 9114119

A7| 12 2 | 27|24
17122127 2 7112 4

10| 5 [30[26420] 15
101 20(125(30| 5

3 | 2845 18[13] 8
3 A 131823 8
13 Tat [ 1 A1 & 1 6\‘I62126
ol 292 24]29[ 4 \o [14] 19
2|7 ]2 2]z di17]|22[27] 2 7 | 12h
105 [30 A0 |15 10[15420(2530] 35
39‘418 13(8 3 13]18]23] 28]
16\1162126 12621161/6
24 (29| 4\] 9 | 14|19 1911419 | 4 |£9]24
w2zl 2 17 2 Ai7[12] 7] 2 [27]224
10 [15]20 |25 [ 3035 10| 5 [30]25]20]15
3 s |i]s|n]s 3 2823 |18[13[ 8

15%6 20x6

Fig. 4. Tllustrated closed (2, 3)-knight’s tours on 15 x 6 and 20 x 6 cylinder chessboards.

closed (2, 3)-knight’s tour and the bottom copy is assigned by the 2nd pattern of a closed (2, 3)-knight’s tour from
Lemma 1. Thus, we combine each tour of each copy to a single tour by deleting edge (5n — 2) — (5n — 3) from
the top and edge 1 — 2 from the bottom and then joining 5n — 3 to 1 and 5n — 2 to 2.

Next, suppose that k > 3. The 5k x n cylinder chessboard is obtained from k copies of the 5 x n cylinder
chessboards by putting each copy from the top to the bottom and counting all copies from the top to the bottom.
If i is odd, then the ith copy is assigned by the 1st pattern of a closed (2, 3)-knight’s tour from Lemma 1. If i is
even, then the ith copy is assigned by the 2nd pattern of a closed (2, 3)-knight’s tour from Lemma 1. Thus, we
combine each tour of each copy to a single tour as follows.

1. Delete edge (5n — 2) — (5n — 3) from the 1st copy and edge 1 — 2 from the kth copy.

2. Forie{2,3,4,...,k— 1}, delete edges 1 — 2 and (5n — 2) — (5n — 3) from the ith copy.

3.Fori € {2,3,4,...,k—1}, join 1 and 2 of the ith copy to 5n—3 and 5n —2 of the (i — 1)th copy, respectively.

This completes the proof. [J

Fig. 4 illustrates closed (2, 3)-knight’s tours on 15 x 6 and 20 x 6 cylinder chessboards.
For the 9 x n cylinder chessboard, we consider n < 13.

Lemma 2. Lern € {l1,2,3,6}. Then, the 9 x n cylinder chessboard admits no closed (2, 3)-knight’s tours.

Proof. Letn € {1,2, 3,6} and G be a graph representing the 9 x n cylinder chessboard. For j € {1,2,3,...,n}, let
B; ={(, j)),3,0|t = j+3 (modn)} and C; = {(7, j), (9, )|t = j+3 (modn)}n. Let S = {(4, /), (5, /), (6, )Ij €
{1,2,3,...,n}}. Then, |S| = 3n and G — S contains 2n isolated from the 2nd and 8th rows, G[B;] and G[C|]
where j € {1,2,3,...,n}. By Theorem 4, G contains no Hamiltonian cycles. [
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1103 |12 13fs|7]9 t|fufof7|s]3 L Ti6l 7120 s [26] 3 |24
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182716 | 25 2729|2241 |34 37 (323057 52|47 |42 34513053 |36 5538 | 49

3120|2922 1618201214 22 (20| 18| 16|28 2624 61|40 63 4257445046

2417|2615 23 (4235|2830 53|48 |43 |38 |33 [31]s8 sa 3748|3350 20] 5231

21(30]19]28 2013|1517 |19 2927|2523 |21 ]19]17 43| 58145 | 6039623556

9x4 9x5 9x7 9x8
14205 (121193 (10]23 1|22 5 (169|203 (14] 7|18 LS9 (1317|213 (7 |11[15]19
17|53 8 | 73|80 [64]|71]|55]|62 80 [65[12]51]70|89|82| 75|60 |53 54171 |88 [76(93|81|98|86]|61 (4966
4 |11 (242 |15]22( 6 |13]20 IS8 (19] 2236 (17]10(21] 4 12(1620(2 |6 (101418224 |8
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Fig. 5. Closed (2, 3)-knight’s tours on the 9 x n cylinder chessboard where n € {4,5,7, 8,9, 10, 11}.
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Fig. 6. Closed (2, 3)-knight’s tours on the 9 x n cylinder chessboard where n € {12, 13}.

Theorem 7. Let n be an integer such that n < 13. Then, the 9 x n cylinder chessboard admits a closed (2,
3)-knight’s tour if and only if n ¢ {1, 2, 3, 6}.

Proof. If n € {1, 2, 3, 6}, then by Lemma 2, the 9 x n cylinder chessboard admits no closed (2, 3)-knight’s tours.
Closed (2, 3)-knight’s tours on the 9 x n cylinder chessboard where n € {4,5,7, 8,9, 10, 11, 12, 13} are shown in
Figs. 5 and 6. [

Theorem 8. Suppose that n < 13 and n ¢ {1,2,3,6}. Then, the 9 x n cylinder chessboard admits a closed
(2, 3)-knight’s tour for any positive integer k.

Proof. If k = 1, then a closed (2, 3)-knight’s tour is obtained by Theorem 7. Suppose that k > 2. The 9% x n
cylinder chessboard is obtained from the k copies of 9 x n cylinder chessboards by putting each copy from the top
to the bottom. We count all copies from the top to the bottom. Since each copy contains a closed (2, 3)-knight’s
tour, we combine each tour of each 9 x n cylinder chessboard to a single tour by deleting one edge from the top
and the bottom and two edges from the ith copy where i € {2,3,4, ...,k — 1} and then joining each piece to a
single cycle.
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Fig. 7. Illustrated closed (2, 3)-knight’s tours on the 27 x 4,27 x 5 and 27 x 7 cylinder chessboards.

Case 1: n = 4. Delete edge 29-30 of the ith copy and edge 1-2 of the (i 4-1)th copy and then join 29 (respectively
30) of the ith copy to 1 (respectively 2) of the (i + 1)th copy for all i € {1,2,3,...,k— 1}.

Case 2: n = 5. Delete edge 12—13 of the ith copy and edge 1-2 of the (i 4-1)th copy and then join 12 (respectively
13) of the ith copy to 1 (respectively 2) of the (i + 1)th copy for alli € {1,2,3,...,k — 1}.

Case 3 :n > 7. Let A be a number X of (n — 2, 3). Then, for each n, the number X + 1 or X — 1 is on (n, 6).
Assume that B € {X + 1, X — 1}. Delete edge A — B of the ith copy and edge 1-2 of the (i + 1)th copy and then
join A (respectively B) of the ith copy to 1 (respectively 2) of the (i 4+ 1)th copy foralli € {1,2,3,...,k—1}. O

Fig. 7 illustrates closed (2,3)-knight’s tours on the 27 x 4, 27 x 5 and 27 x 7 cylinder chessboards. In future
research, we will try to see whether the 9k x n cylinder chessboard has a closed (2, 3)-knight’s tour or not.
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