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ABSTRACT
Structural properties and phase behavior of crosslinked networks
embedded in polymer solutions are theoretically investigated. The
partial structure factor of the network is calculated using a matrix
formulation of the random phase approximation and the forward
scattering limit is correlated with the phase behavior. Swelling and
deswelling processes are analyzed in terms of the polymer
concentration, the mismatch of solvent quality with respect to polymer
and network, the polymers incompatibility and their characteristic
sizes. Most studies reported so far in the literature have focussed on
the swelling of crosslinked networks and gels in pure solvents but the
correlation of the structural properties with the phase behavior in the
presence of high molecular weight polymers in solution has not been
given sufficient attention. The present work is intended to fill this gap
in view of the current efforts to develop novel drug encapsulating and
targeted delivery devices.

KEYWORDS
crosslinked networks;
fluctuations; phase behavior;
solvent quality; spinodal;
structure factor; swelling

Introduction

Swelling and deswelling of crosslinked networks and gels in low molecular weight sol-
vents have been the subject of studies described in the literature for a long time (see,
e.g., references[1–4]). It is known that polymer chain coils swell substantially in good
solvents but, in poor ones, they shrink and eventually collapse. Free chains have no
particular constraints coming from their ends, but network strands have a much lower
entropy due to the presence of crosslinks inhibiting their extension beyond a certain
limit. The interplay between forces inducing swelling and those opposing it remains a
subject of special interest from the fundamental point of view and needs to be well
understood in the context of new applications in modern technologies, health sciences,
and drugs design.[5–8] There is now, particularly, a renewed interest in the phase behav-
ior of crosslinked networks and gels embedded in polymer solutions due to their
importance in the development of drug delivery and targeted therapy methods. For
example, sustained efforts are being made to design implantable hydrogels for intersti-
tial controled release chemiotherapy to cure diseases currently of major concern, such
as cancer.[9] Hydrogels are also present in bioseparation devices[10] and intelligent drug
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containers with inherent reponsiveness capability.[11] Polymeric particles encapsulated
in dry gels or networks are being intensively investigated with the aim of developing
new and efficient methods of synthesis. This is why a good knowledge of the conditions
under which one could reach a precise control of the release mechanism and evaluation
of the impact of the major system parameters on swelling and deswelling processes are
of crucial importance and are thus given particular attention in current research trends
(see, e.g., reference[12]).

Surprisingly, there has been a lack of interest in the structural properties of networks
immersed in polymer solutions in spite of their importance and direct link to the phase
behavior.[13,14] The present work is an attempt to fill this gap, scrutinizing the scattering sig-
nal of such systems under a variety of conditions from the theoretical point of view. A direct
correlation is established with the phase behavior and a quantitative analysis is presented to
highlight the effects of relevant parameters of the system. The model used is based on the
random phase approximation (RPA) first introduced by Jannink and de Gennes[15,16] and
later generalized by others to multicomponent polymer systems.[17–19]

The structural properties

The general formalism

The structural properties of multicomponent polymer systems can be probed by small angle
neutron scattering using the contrast between hydrogen and deuterium, with selective deu-
teration to enhance the signal from a particular polymer species. In general, the scattered
intensity can be expressed in the matrix form as follows:

I.q/DaTS.q/a (1)

where S(q) is a square matrix whose elements are partial structure factors, a is a column vec-
tor of contrast factors, and aT is its transpose. Within the RPA model, the matrix of structure
factors is given in the reciprocal form by

S¡ 1 qð ÞD S¡ 1
0 qð ÞC v (2)

where q is the amplitude of the scattering wave vector, S0(q) is the bare structure matrix, and
v is the matrix of excluded volume interactions. Eq. (2) can be viewed as a generalization of
the celebrated Zimm’s formula[20] frequently used in standard polymer characterization.

In the present work, we are interested in the ternary mixture shown in Fig. 1 consisting of
a crosslinked network A, linear chains B, and a low molecular weight solvent S. Using the
incompressibility condition, one can reduce S(q) to a two-by-two matrix with three indepen-
dent components only, Saa(q), Sbb(q), and Sab(q) D Sba(q). Then, combining Eqs. (1) and (2),
yields

I.q/D a¡ sð Þ2Saa.q/C b¡ sð Þ2Sbb.q/C 2 a¡ sð Þ b¡ sð ÞSab.q/ (3)

where a, b, and s represent the scattering lengths of species A, B, and S, respectively. The
contrast factors (a–s) and (b–s) are such that if the experimental conditions satisfy the
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equality b D s, one gets a direct access to the signal Saa(q). Solving Eq. (2) gives, in this case

S¡ 1
aa qð ÞD S¡ 1

a0 qð ÞC vaa ¡ v2ab
S¡ 1
b0 qð ÞC vbb

; (4)

where Sa0(q) and Sb0(q) are the bare structure factors of the network and linear chains,
respectively, and vaa, vbb, and vab are the excluded volume parameters for interactions
between A–A, B–B, and A–B monomer pairs, respectively. For the system under consider-
ation, we have

S¡ 1
a0 qð ÞD S¡ 1

a0 qD 0ð Þ½1C q2ξ2� (5)

where ξ is the end to end distance of the network strand and Sa0 qD 0ð ÞDNafa ; Na is
expressed in terms of Nc, the number of monomers between consecutive crosslinks, accord-
ing to the Flory–Rehner theory of rubber elasticity[21]

Na D Nc

1
2 ¡ 1

3
f0
fa

� �2=3
: (6)

We will return to this expression later in this work; f0 and fa, are the volume fractions of
A-polymer before and after crosslinking, respectively. The bare structure factor of B chains,
Sb0(q), is given by

S¡ 1
b0 qð ÞD S¡ 1

b0 qD 0ð Þ 1C 1
2
q2R2

gb

� �
; (7)

where Sb0 qD 0ð ÞDNbfb, fb is the volume fraction of B chains and Nb and Rgb represent
their number of monomers and radius of gyration, respectively.

The excluded volumes appearing in Eq. (4) are defined in terms of the Flory–Huggins
binary interaction parameters, xas, xbs, and xab, and the solvent volume fraction,

Figure 1. Schematic representation of the system under consideration.
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fs D 1¡f;fDfa Cfb as follows:

vaaD v0
1

1¡f
¡ 2xas

� �
(8a)

vbbD v0
1

1¡f
¡ 2xbs

� �
(8b)

vabD v0
1

1¡f
¡xas ¡xbs Cxab

� �
(8c)

v0 is a reference volume (i.e., volume of the unit cell in the Flory–Huggins lattice) which we
shall set to unity for simplicity. Letting x D fa/f be the fraction of the volume occupied by
the network, one finds

S¡ 1
aa qð ÞD

1
2
¡ 1

3
f0

xf

� �2=3
( )

xfNc
C 1

1¡fð Þ ¡ 2χas C q2ξ2

1
2
¡ 1

3
f0

xf

� �2=3
( )

xfNc

¡
1

1¡fð Þ ¡ χas ¡ χbs C χab

� �2

1
1¡ xð ÞfNb

C 1
1¡fð Þ ¡ 2χbs C

q2R2
gb

2N 1¡ xð Þf

(9)

Structural properties predicted from Saa(q)

In order to illustrate the structural properties as predicted by Eq. (9), we represent in
Fig. 2 the variations of Saa(q) as a function of q2l2, where l is the monomer length
(assumed to be the same for A and B monomers), under different conditions. Panel (a)
describes the effect of composition x, corroborating the expected trend for a very dilute
solution, where linear chains produce only a slight departure from the behavior of
swollen networks by a low molecular weight solvent. As the solution concentration
goes up, the fluctuations get stronger with longer ranges, consistent with the behavior
depicted by the curves in the small q domain. These fluctuations are enhanced for a
higher incompatibility between the two polymer species whereby the interaction param-
eter xab increases (see panel (b)). Similar observations are made for Nb > Nc since the
upper curve of panel (c) indicates that the signal is higher and the tendency of phase
separation is more pronounced. On the other hand, the mismatch of solvent quality
toward network and linear chains is due to differences between xas and xbs. Panel (d)
describes their significant impact on the scattering curves and one observes that the
system with xas D 0.5, xbs D 0 exhibits the strongest fluctuations compared to the
other cases covered in this example. One notes that if the solvent develops a better
affinity for the linear chains, then the network/solution tends to phase separate quickly,
inducing a deswelling process. However, when the solvent has a better affinity for the
network, its swelling tends to favor mixing with the polymer solution, leading to
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weaker fluctuations. These results demonstrate the direct link between structural prop-
erties and phase behavior which is further inherent into the forward scattering limit as
we shall see in the next paragraph.

The forward scattering limit

In view of the intimate link between the forward scattering limit and the thermodynamic
properties or the phase behavior, we consider in Fig. 3 the variation of the normalized struc-
ture factor faS

¡ 1
aa qD 0ð Þ versus the total polymer volume fraction f according to Eq. (10)

Figure 2. The partial structure factor Saa(q) vs. q
2l2 showing the effects of: (a) x D fa/f, from bottom up

0.9, 0.8, 0.7 and 0.5 (f D 0.4, Nb D 20, xab D 0.1, xas D xbs D 0.5), (b) xab, from bottom up 0.1, 0.15, 0.2.
(f D 0.4, Nb D 20, x D 0.7, xas D xbs D 0.5), (c) Nb, from bottom up 30, 20, 10 (f D 0.4, x D 0.7, xab D
0.1, xas D xbs D 0.5), (d) mismatch in the polymer/solvent affinity, from bottom up (xas D 0, xbs D 0.5);
(xas D xbs D 0); (xas D xbs D 0.5); (xas D 0.5, xbs D 0), (f D 0.4, x D 0.7, xab D 0.1, Nb D 20). In plotting
these curves, we used f0 D 0.2 and Nc D 20.
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under different conditions

faS
¡ 1
aa qD 0ð ÞD

1
2 ¡ 1

3
f0
fa

� �2=3
� 	

Nc
Cfa

1
1¡fð Þ ¡ 2xas ¡

1
1¡fð Þ ¡xas ¡xbs Cxab

� �2

1
1¡ xð ÞfNb

C 1
1¡fð Þ ¡ 2xbs

8><
>:

9>=
>;
(10)

It is worthwhile to note here that in the Zimm[20] representation, the slope of such a curve
is proportional to the second virial coefficient.

Figure 3. The normalized reciprocal partial structure factor faSaa
¡1(q D 0) vs. f showing the effects of:

(a) x D fa/f, from bottom up 0.5, 0.7, 0.8, and 0.9 (f D 0.4, Nb D 20, xab D 0.1, xas D xbs D 0.5), (b) xab,
from bottom up 0.2, 0.15, 0.1 (f D 0.4, Nb D 20, x D 0.7, xas D xbs D 0.5), (c) Nb, from bottom up 30, 20,
10 (f D 0.4, x D 0.7, xab D 0.1, xas D xbs D 0.5), (d) mismatch in the polymer /solvent affinity, from bot-
tom up (xas D 0, xbs D 0.5); (xas D xbs D 0); (xas D xbs D 0.5); (xas D 0.5, xbs D 0), (f D 0.4, x D 0.7,
xab D 0.1, Nb D 20). In plotting these curves, we used f0 D 0.2 and Nc D 20.
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In panel (a) of Fig. 3, one sees that for a small amount of linear chains, where x is near
unity, the system behaves as a network swollen by a pure solvent and the slope is positive.
As x drops, corresponding to an increase in the linear chain content, the slope tends to van-
ish and eventually turns negative. If the polymer miscibility drops due to an increase in the
parameter xab, then the network expels the surrounding solution and a phase separation
transition takes place. This is shown in panel (b), where one observes that for xab D 0.2 the
slope quickly becomes negative and the forward scattering diverges at a relatively low value
of f. Likewise, for longer chains (see panel (c)) the network/solution affinity drops and a
deswelling process is triggered. The network expels the solution, speeding up the phase sepa-
ration process. Mismatch of quality of the low molecular weight solvent with respect to both
polymers results in a significant impact on the forward scattering signal, as seen from panel
(d) of Fig. 3. The case where the solvent has a better affinity toward linear chains is largely
distinct from the other cases and is not represented in this figure because, under the selected
conditions, the system undergoes a premature phase separation and the forward scattering
quickly turns negative.

The phase behavior

The effective interaction parameter

An effective interaction of the network in the polymer solution is introduced through the
lumped parameter xeff that collects the impact of various effects and leads to a simpler analy-
sis of the correlation between structural properties and phase behavior. This parameter is
introduced by casting Eq. (9) into the form

S¡ 1
aa qð ÞD 1

S0a qð Þ C
1

1¡f
¡ 2xeff (11)

where one obtains, by comparison with Eq. (10),

xeff Dxas C 1
2

1
1¡fð Þ ¡xas ¡xbs Cxab

� �2

1
1¡ xð ÞfNb

C 1
1¡f

¡ 2xbs
(12)

The second term in the right-hand side of this equation describes the impact of linear
chains on the effective parameter, xeff, hence the network swelling behavior. In the case of
pure solvent, x D 1, the swelling degree is determined by xas. Equation (12) shows that xeff
increases both with the fraction of linear chains, given by 1 ¡ x, and their length, Nb, consis-
tent with the observations made above. The selective affinity of solvent with respect to both
polymer species has a strong influence on the variation of xeff with f, as shown by Fig. 4.
Interestingly, if the low molecular weight solvent exhibits equal affinity with respect to A
and B polymers, xeff is not affected much, but with a solvent showing a better affinity for lin-
ear chains, the effective parameter becomes large and the deswelling process is more
pronounced.
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The spinodal curve

The spinodal curve provides a good example of the direct correlation between structural
properties and phase behavior. This curve corresponds to the limit of stability or onset of
phase separation induced by critical fluctuations of the polymer concentration. These effects
emerge when the scattering function given in Eq. (10) diverges and 1/Saa(qD 0)D 0, yielding
the following spinodal equation:

1
S0a qD 0ð Þ C

1
1¡fð Þ ¡ 2xas

� �
1

S0b qD 0ð Þ C
1

1¡fð Þ ¡ 2xbs

� �
¡ 1

1¡fð Þ ¡xas¡xbs Cxsp

� �2

D 0

(13)

where the interaction parameter between A and B polymers, xab, coincides with the spinodal
limit, denoted as xsp.

On the other hand, the phase transition by spinodal decomposition is a thermodynamic
process that can be described by thermodynamic arguments only, starting from the free
energy of the system under consideration. To see this, we recall that, within the Flory–Reh-
ner theory of rubber elasticity,[21] the free energy density, f, is given in units of thermal
energy by

f D 3xf
2Nc

f0

xf

� �2=3

¡ 1

( )
C xf

Nc
ln
xf
f0

C 1¡ xð Þf
Nb

ln 1¡ xð ÞfCxabx 1¡ xð Þf2

Cf 1¡fð Þ xxas C 1¡ xð Þxbsð Þ
(14)

Figure 4. The network/solution effective interaction parameter xeff vs. f. Upper curve xas D 0.5, xbs D 0,
lower curve xas D xbs D 0.5, (xab D 0.1, Nb D 20, x D 0.7).
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Furthermore, the spinodal equation for the present ternary system (network A/linear
chains B/solvent S) is defined by the determinant of the second derivatives of f [13]

@2f
@’2

a

@2f
@’2b

¡ @2f
@’a@’b

� �2

D 0 (15)

Performing the derivatives of f, after some straightforward manipulations, one can easily
check that the same result for the spinodal equation is recovered. Substituting the definitions
of S0a qD 0ð Þ and S0b qD 0ð Þ, given by Eqs. (5)–(7), into Eq. (13) yields

xsp D
1
2 ¡ 1

3
f0
xf

� �2=3

xfNc
C 1

1¡f
¡ 2xas

0
B@

1
CA 1

1¡ xð ÞfNb
C 1

1¡f
¡ 2xbs

� �8><
>:

9>=
>;
1=2

¡ 1
1¡f

CxasCxbs

(16)

Figure 5. (a) xsp vs. x. This figure shows a schematic representation of the coexisting phases in the corre-
sponding regions (f D 0.4). (b) xsp vs. f, from bottom up x D 0.5, 0.6, 0.7. In plotting these curves, we
used (f0 D 0.2, Nb D Nc D 20, xab D 0.1, xas D xbs D 0.5).
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For a blend of linear chains, the spinodal equation is slightly different, as shown by
Eq. (17)

xsp D 1
xfNa

C 1
1¡f

¡ 2xas

� �
1

1¡ xð ÞfNb
C 1

1¡f
¡ 2xbs

� �� 	1=2

¡ 1
1¡f

Cxas Cxbs

(17)

One observes that Eqs. (16) and (17) are the same provided that Na is expressed in terms
of Nc according to Eq. (7) to include the network elasticity due to crosslinking.

Figure 5(a) shows the spinodal curve in which xsp is plotted versus x with a schematic
illustration of the phase behavior on both sides of the diagram. When crossing the line, say
from the right to the left, one goes from the single phase region with a swollen network to
the two-phase region, where a swollen network is coexisting with a linear chains solution. By
exploring the effects of the system parameters, such as Nb, Nc, xas, and xbs, one finds that the
curve shifts to a certain extent but its main features remain the same. Panel (b) of this figure
shows that xsp decreases with increasing total polymer concentration, implying that as the
amount of solvent decreases, instabilities develop and a phase separation takes place if there
is a slight incompatibility between the A and B species. This tendency is enhanced when x
decreases as the content of linear chains increases.

Conclusions

The RPA formalism was used to analyze the structural properties and phase behavior of
crosslinked networks in polymer solutions. The theory enabled us to characterize quantita-
tively the effects of the system parameters influencing network swelling and deswelling pro-
cesses. The partial structure factor of the network was scrutinized in detail together with its
correlation with the phase behavior. The scattering signal for a labeled network expresses
the polymer concentration fluctuations and yields useful information on the nature and
strength of interactions between different species. An effective network/solution interaction
parameter, xeff , was introduced to rationalize the impact of linear chain content and the
deswelling process. For a pure solvent, the effective parameter reduces to xas and the net-
work is swollen by a low molecular weight solvent. In the presence of linear chains, the net-
work undergoes a deswelling process which is controlled by monitoring the concentration of
chains in the solution. Swelling and deswelling phenomena were described under a variety
of conditions, including the degree of compatibility between polymer species, the mesh size
of the network and chain length. In addition, we showed that a selective affinity of the sol-
vent toward the network or linear chains has a strong impact on the swelling and deswelling
processes. The effect of the polymer interaction parameter, xab, is crucial in defining both
structural properties and phase behavior of the systems under consideration.
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